Weierstraß–Institut

für Angew andte Analysis und Sto chastik

im Forschungsverbund Berlin e.V.

Preprin t ISSN 0946 – 8633

Some Analytic Solutions for Sto chastic Reactor Mo dels Based on the Join t Comp osition PDF

Markus Kraft^1, Harald Fey^2

submitted: 3rd December 1998

1 Weierstraß Institute

for Applied Analysis and Stochastics Mohrenstr 39 D-10117 Berlin German y E-Mail: kraft@wias-b erlin.de

2 University of Kaiserslautern Departmen t of Mathematics D-67653 Kaiserslautern German y

Preprin t No. 456

Berlin 1998

1991 Mathematics Subject Classification. 60K40, 35L99. Key words and phrases. Probabilit y density function transp ort equation, analytic solution, stochatic reactor model, partially stirred reactor, partially stirred plug flow reactor.

Edited by Weierstraß–Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 D — 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail (X.400): c=de;a=d400-gw;p=WIAS-BERLIN;s=preprin t E-Mail (Internet): preprint@wias-berlin.de World Wide Web: http://www.wias-b erlin.de/

Abstract

The stochastic reactor models Partially Stirred Reactor (PaSR) and Partially Stirred Plug Flow Reactor (PaSPFR) have been investigated. These models are based on a simplified joint composition PDF transp ort equation. Analytic solutions for five differen t Cauchy problems for the PDF transp ort equation as given by the stochastic reactor models are presented. In all cases, molecular mixing in the stochastic reactor models is describ ed by the LMSE mixing model. The analytic solutions have been found by combining the metho d of characteristics with a set of ordinary differen tial equations for the statistical moments to account for the functional dependence of the coefficien ts in the corresp onding PDF transp ort equation. For each case an example problem is discussed to illustrate the behavior of the analytic solution.

Con ten ts

1 Intro duction 2

2 PaSPFR-LMSE, No Reaction 5

3 PaSPFR-LMSE, First Order Reaction 9

4 PaSR, No Mixing, No Reaction 11

5 PaSR-LMSE, No Reaction 12

6 PaSR-LMSE, First Order Reaction 15

7 Conclusion 16

References 17

1 Intro duction

Stochastic reactor models (SRMs) like the partially stirred reactor (PaSR) and partially stirred plug flow reactor (PaSPFR) have been recently applied to investigate a variety of combustion related problems. These models account for micromixing effects while they are computationally feasible for chemical systems with a large number of chemical species and many chemical reactions. Therefore, SRMs are particularly suited to study pollutant formation in combustion devices. Curl [1] introduced a random dispersion model that can be regarded as one ofthe first SRMs. This model has been applied in conjunction with a simple chemical mechanism to simulate NOx formation [2]. More recently, Correa [3] used the PaSR model with a detailed chemical mechanism to study the turbulence-c hemistry interaction. Several chemical systems have been investigated using SRMs. NO formation has been studied in a gas turbine environment in cases of both premixed [4] and nonpremixed [5] combustion systems. Another field in which SRMs have been applied is in the incineration of hazardous waste whereby the influence of turbulence mixing on the combustion of chlorinated hydrocarbons has been studied [6, 7]. SRMs have also been used to investigate differences between molecular mixing models. In [8] and [9] a computational study is presented in which different mixing models have been compared with each other. Another field of application for SRMs is the validation of simplified chemistry models because simplified and detailed chemistry models can both be compared in a range of Damköhler numbers that is relevant for turbulen t combustion. In [10] a global step reaction has been fitted to describe nonpremixed CO oxidation for a certain range of turbulen t time scales. In [11] and [12] systematically reduced chemical mechanisms for CO and NO chemistry have been validated for several degrees of turbulen t mixing. SRMs have also been applied to investigate numerical properties that are importan t for the numerical treatmen t of more complicated equations. For example, the accuracy of operator splitting has been investigated employing the PaSR model [13]. In [11] a new algorithm for the PaSR has been developed that eliminates time step dependence. While the work mentioned thus far has been purely computational, SRMs have been also used to model real combustion devices. In [14], soot formation in a diesel engine was modeled using a SRM which included a detailed model for soot formation combined with a reduced gas phase mechanism. In [15], an experimental and a computational study of the influence of turbulence intensit y on the formation of products of incomplete combustion in a stationary turbulen t flow reactor has been presented. Good agreement between experiments and simulation results has been achieved. In [16] the same reactor has been studied but a more detailed gas phase model and a detailed model for the formation of soot has been implemented in the PaSPFR model. Both SRMs can be rigorously derived from the one-point joint scalar PDF transp ort equation [17] as demonstrated in [18] by assuming statistical homogeneity. The resulting equation contains a term for the chemical reactions and the molecular mixing in case of the PaSPFR and an additional in and outflow term in case of 2 the PaSR model. As in the case of the full PDF transp ort equation, the term that describes the micromixing has to be modeled. The random dispersion model introduced by Curl is just one out of many known mixing models. In the most general case, the SRMs are given by the following integro-differen tial equation that describes the evolution of the joint composition mass density function (MDF):

∂F (ψ;t) ∂t + K +1� k=1 ∂ ∂ψ_k

(A_kF (ψ;t))

� � �

O_1 − 1 2 K +1�

k,l=1

∂^2 ∂ψ_k∂ψ_l

(B_{kl}F (ψ;t))

� � �

O_2 − � W(ψ|ψ_a;t)F (ψ_a;t) − W(ψ_a|ψ;t)F (ψ;t)dψ_a

� � �

O_3 = 1 τ_{P aS R} � F_{in} (ψ) − F (ψ;t) � � � �

O_4

. (1)

starting from some initial condition:

F (ψ;0) = F_0(ψ). (2)

Equation (1) describes the PaSR model. Without the inhomogeneity, i.e. if O_4 is zero, equation (1) describes the PaSPFR model. It is a first order quasi-linear partial differential equation. Equation (1), with an initial condition (2), represents a Cauchy problem. The residence time in the PaSR is denoted as τ_{P aS R} . The sample variable, ψ_k, represents the realization of the random variable, ϕ_k. Scalar variables are bounded, and therefore the MDF, F (ψ;t), at any time, t ∈ [0,∞ ), can be assumed to have compact support. The different operators represent different models for micromixing and chemical reaction. The operator O_1 describes a drift in compositions space. The deterministic mixing model LMSE (also called IEM model) has this form. This operator also describes the change of the MDF in composition space due to chemical reactions. Other mixing models like the binomial Langevin mixing model [19] are given by a combination of the operators O_1 and O_2 . Mixing models that belong to the group of coalescence dispersion models, like the CURL model, are described by operator O_3. For a typical combustion problem, equation (1) has the following properties:

• The joint composition MDF has a high dimension. Detailed chemistry models can contain up to 100 chemical species and 1000 elementary reactions.

• The chemical source term in equation (1) is highly nonlinear and couples different species and temp erature. Due to different time scales inherent in the set of elementary reactions, the resulting operator is usually stiff.

• The coefficien ts for some mixing models depend on functionals of the MDF, i.e. they contain statistic al moments as the mean or the variance. 3

• The PaSR-model transp ort equation is inhomogeneous.

In this paper we focus on the LMSE-mixing model. The coefficien ts of equation (1) are set to:

A_k(ψ, ~ϕ) = − 1 2 C_ϕ τ (ψ_k − ~ϕ_k) + S_k

B_{kl} = 0 (3) W(ψ|ψ_a;t) = W(ψ_a|ψ;t) = 0.

In the following, we call equation (1) with coefficien ts (3) PaSPFR-LMSE or PaSR- LMSE, depending on whether we look at the homogeneous or inhomogeneous equation. The factor C_ϕ represents a model constant that is usually of order unity and τ denotes the mixing time. Besides the chemical source term S_k, the coefficien t A_k contains the scalar Favre mean ~ϕ_k. It is defined as:

~ϕ_k =

�_∞

−∞ ψ_kF (ψ;t)dψ

�_∞

−∞ F (ψ;t)dψ

. (4)

Therefore, the coefficien t vector (A_k)_{k=1 ,...,K +1} , as defined by equation (3), depends on the Favre mean and, as a consequence on the MDF itself. To obtain a solution for the Cauchy problem (1) and (2) a numerical method is needed to account for the special features described earlier. The high dimension of the function F requires that a finite difference or a finite element method must be highly adaptiv e to the solution to reduce storage and time cost. For a low dimensional F , an adaptiv e Galerkin method using moving weights as a prefactor to orthogonal polynomials has been developed [20]. Nevertheless, an extension of this numerical method to higher dimensions is not straightforward if possible at all [21]. Alternativ ely, particle methods can be used. The complexity of particle methods increases only linearly with the dimension of F at the expense of a high approximation error between the set of particles and F [17]. The different character of the operators in (1) motivate the application of an operator splitting technique. Operator splitting techniques are used to split evolution equations into simpler problems. The common advantage of all splittings is the possibility to solve the splitted equations independently with different numerical schemes. The accuracy of operator splitting, the numerical approximation of the splitted operator, and the particle method is an importan t issue in order to determine whether one can rely on the numerical solution. In [17] numerical experiments have been performed to estimate the order of convergence for different splitting schemes. If there were an analytic solution available then we could not only give the order of convergence but we could also determine the absolute size of the numerical error as distinguishing between the contributions of error coming from the different approximations. One purp ose ofthis paper is to present an analytic solution for simple cases ofthe Cauchy 4 problem (1) and (2). These analytic solutions can then be used for different purp oses. They provide insight in each term appearing in the SRM equations. They can be used to investigate the approximation error of numerical schemes [22]. Moreover, it is possible to use these analytical solutions for a simple case to construct a new numerical scheme [18, 22]. Another purp ose of this paper is to present the technique to obtain analytic solutions of the Cauchy problem (1) and (2) for these simple cases. Equation (1) represents a first order quasi-linear partial differential equation. Due to the functional dependence of the coefficien ts A_k the method of characteristics can not be applied in a straightforward manner. In the next section a technique is presented that uses the method of characteristics as well as ordinary differential equations for the moments of F . In the following we present the analytic solutions of five cases. The first case is the PaSPFR-LMSE assuming there are no chemical reactions and mixing only. A slightly more complex case follows in which a first order chemical reaction and mixing are analyzed simultaneously. For the PaSR-LMSE reactor model, we examine three different cases. The PaSR model only with an inflow and outflow without mixing and reaction is studied first. This analytic solution has been used in [18]to construct a time step independent particle algorithm for the PaSR. Second, the PaSR with mixing is studied and third the analytic solution to the full PaSR equation, including inflow and outflow, a first order reaction, and mixing is presented.

2 PaSPFR-LMSE, No Reaction

In order to demonstrate the solution technique we start with the most simple case. The PaSPFR-LMSE model for one inert species. First, we show how to find the solution, then we state a theorem, and finally proof the assertion made. Consider the following Cauchy problem

∂F (ψ;t) ∂t = 1 2 C_ϕ τ ∂ ∂ψ � (ψ − ϕ̃)F (ψ;t) � (5)

F (ψ;0) = F_0(ψ) (6)

and assume that at any time t ∈ [0,∞ ) the MDF F (ψ;t) has compact support in ψ. The dependence of the coefficien ts on ϕ̃ can be removed by solving a system of ordinary differential equations for the moments that are functionals of F (ψ;t). The idea is to substitute the integral terms in the Favre average by two functions a(t),b(t), i.e. the total mass and the mean mass fraction of ϕ. Then the time evolution of this functions is calculated and fed into the partial differential equation. The resulting PDE is solved by the method of characteristics. Derive right hand

5 side of equation (5)

∂F (ψ;t) ∂t = 1 2 C_ϕ τ ∂ ∂ψ � (ψ − ϕ̃)F (ψ;t) �

= 1 2 C_ϕ τ F (ψ;t) + � 1 2 C_ϕ τ ψ − 1 2 C_ϕ τ ϕ̃ � ∂ ∂ψ F (ψ;t)

Substitute the term for the Favre average ϕ̃

b(t) a(t)

:= ϕ̃ =

�_∞

−∞ ψF (ψ;t)dψ

�_∞

−∞ F (ψ;t)dψ

Calculate time evolution of b(t),a(t)

b(t) =

�_∞ −∞ ψF (ψ;t)dψ d dt b(t) = d dt �_∞ −∞ ψF (ψ;t)dψ = �_∞ −∞ ψ ∂ ∂t F (ψ;t)dψ

Replace^∂_{∂t} F (ψ;t) by the right hand side of the evolution equation (5). d dt b(t) =

�_∞ −∞ ψ � 1 2 C_ϕ τ F (ψ;t) + � 1 2 C_ϕ τ ψ − 1 2 C_ϕ τ b(t) a(t) � ∂ ∂ψ F (ψ;t) � dψ = 1 2 C_ϕ τ � �_∞ −∞ ψ � F (ψ;t) + ψ ∂ ∂ψ F (ψ;t) − b(t) a(t) ∂ ∂ψ F (ψ;t) � dψ �

= 1 2 C_ϕ τ � b(t) + � ψ^2F (ψ;t) |^∞_{−∞} − 2

�_∞ −∞ ψF (ψ;t)dψ �

− b(t) a(t) � ψF (ψ;t) |^∞_{−∞} −

�_∞ −∞ F (ψ;t)dψ �

= 1 2 C_ϕ τ (b(t) − 2b(t) + b(t)) = 0 It follows that b(t) = const. = b_0 = � R ψF_0(ψ)dψ. Analogously we have for a(t)

a(t) =

�_∞ −∞ F (ψ;t)dψ d dt a(t) = d dt �_∞ −∞ F (ψ;t)dψ = 1 2 C_ϕ τ �_∞ −∞ ∂ ∂t F (ψ;t)dψ = �_∞ −∞ F (ψ;t)dψ +

�_∞ −∞ ψ ∂ ∂ψ F (ψ;t)dψ − b(t) a(t)

�_∞ −∞ ∂ ∂ψ F (ψ;t)dψ

= 0. 6

Therefore, a(t) = a_0 is also constant in time. The characteristic equations are then given as: d dt ψ = −

C_ϕ 2τ � ψ − b_0 a_0 � ψ(0) = ψ_0 d dt F = C_ϕ 2τ F F (0) = F_0.

The corresponding inverse characteristic curve is given by

ψ^∗(t) = b_0 a_0 − b_0 a_0 exp[

C_ϕ 2τ t]+ ψ exp[

C_ϕ 2τ t] and we can write the solution as

F (ψ;t) = F_0(ψ^∗(t)) exp[

C_ϕ 2τ t]. Theorem 1 Let the initial function F_0(ψ) be sufficiently smooth and assume that at any time t ∈ [0,∞ ) the MDF F (ψ;t) has compact support in ψ. Then, the analytic solution for equation (5) is given by

F (ψ;t) = F_0 � ψ exp(

C_ϕ 2τ t) + b_0 a_0

(1 − exp(

C_ϕ 2τ t)) � exp(

C_ϕ 2τ t) (7)

with

a_0 =

�_∞ −∞ F_0(ψ)dψ (8)

b_0 =

�_∞ −∞ ψF_0(ψ)dψ. (9)

Proof : This solution is validated by calculating the different terms in the transp ort equation and combining them zero. First, we calculate the t-derivative of the solution. ∂ ∂t F = ∂ ∂t � F_0(ψ^∗(t)) exp[

C_ϕ 2τ t] �

= F_0(ψ^∗(t)) ∂ ∂t exp[

C_ϕ 2τ t]+ exp[

C_ϕ 2τ t] ∂ ∂t F_0(ψ^∗(t))

= exp[

C_ϕ 2τ t]F^′_0(ψ^∗(t)) × � ψ C_ϕ 2τ exp[

C_ϕ 2τ t]− b_0 a_0

C_ϕ 2τ exp[

C_ϕ 2τ t] �

+ C_ϕ 2τ F_0(ψ^∗(t)) exp[

C_ϕ 2τ t] = C_ϕ 2τ F_0(ψ^∗(t)) exp[

C_ϕ 2τ t]+ ψ

C_ϕ 2τ F^′_0(ψ^∗(t)) exp[

C_ϕ τ t] − b_0 a_0

C_ϕ 2τ F^′_0(ψ^∗(t)) exp[

C_ϕ τ t] 7

Then, we calculate ψ-derivative of solution. ∂ ∂ψ F (ψ;t) = ∂ ∂ψ F_0(ψ^∗(t)) exp[

C_ϕ 2τ t] = exp[

C_ϕ 2τ t] ∂ ∂ψ F_0(ψ^∗(t))

= exp[

C_ϕ 2τ t]F^′_0(ψ^∗(t)) exp[

C_ϕ 2τ t] = exp[

C_ϕ τ t]F^′_0(ψ^∗(t))

Finally, we have ∂ ∂t F (ψ;t) − � 1 2 C_ϕ τ ψ − 1 2 C_ϕ τ b_0 a_0 � ∂ ∂ψ F (ψ;t) − 1 2 C_ϕ τ F (ψ;t)

= F_0(ψ^∗(t))

C_ϕ 2τ exp[

C_ϕ 2τ t]+ ψF^′_0(ψ^∗(t))

C_ϕ 2τ exp[

C_ϕ τ t] − b_0 a_0

C_ϕ 2τ F^′_0(ψ^∗(t)) exp[

C_ϕ τ t] − ψ C_ϕ 2τ exp[

C_ϕ τ t]F^′_0(ψ^∗(t)) + b_0 a_0

C_ϕ 2τ exp[

C_ϕ τ t]F^′_0(ψ^∗(t)) − C_ϕ 2τ exp[−

C_ϕ 2τ t]F_0(ψ^∗(t)) = 0 This completes the proof. To find this solution the Favre average has been substituted by the expressions a(t),b(t). In fact these expressions represent the zeroth and first moment of the random variable ϕ. Here, the zeroth and first moment are constant in time. Since we only look at the mixing this result was to expect because it is a requirement for a mixing model as proposed in [17]. We shall see in the next section that the moments are not constant in time if there is also a chemical reaction taking place, i.e. the chemical source term is not zero. The analytic solution provides a representation of the MDF for a certain initial condition at an arbitrary time t. For a better understanding and to provide insight into the mixing process we discuss a simple example. Typically for mixing problems we start with two different states of the composition variable. This is represented by two δ-distributions at points ψ^{(1)} and ψ^{(2)} in the composition space. Here, we approximate the two delta distributions with Gauß functions because the initial function has to be smooth. These two functions are centered at ψ^{(1)} and ψ^{(2)} and set to zero at some distance from these center to guarantee compact support. Therefore, we can write the initial condition as

F_0(ψ) = ⟨ρ⟩ 2 1 √ 2πσ^2 � exp � − (ψ − ψ^{(1)} )^2

2σ^2 � + exp � − (ψ − ψ^{(2)} )^2

2σ^2 � � . (10) 8

The initial condition, given by equation (10), is displayed in figure 1. We set C_ϕ = 2.0,τ = 1s, and ⟨ρ⟩ = 1. This initial condition and the choice of parameters will be used throughout the paper. For the initial condition as given in figure 1 the

Figure 1: Two δ-distributions are approximated by Gauß functions with parameters σ = 0.01 and ⟨ρ⟩ = 1. The two delta peaks represent two different points in composition space (i.e. ψ^{(1)} = 0.2 and ψ^{(2)} = 0.8).

PaSPFR-LMSE models the mixing of two mass streams in a turbulen t plug flow reactor. The characteristic curves for this case are shown in figure 2. The mean, as given by the initial distribution at t = 0, remains constant in time. In figure 3 the time evolution of the MDF is displayed.

Figure 2: Characteristic curves for the PaSPFR in the inert case for constant mean mass fraction ψ = 0.5 corresponding to the initial condition as given in Figure 1. The mixing time is set to τ = 1s.

3 PaSPFR-LMSE, First Order Reaction

The PaSPFR-LMSE model equation for the inert case has been solved in the previous section. In this section we consider the simple first order reaction of a species A 9

Figure 3: MDF for inert PaSPFR case. The mass remains constant therefore the maximum values of the MDF increase with time, since the standard deviation of the Gauß functions decrease. The LMSE mixing model (with mixing time τ = 1s) causes the two delta peaks to evolve along the characteristic curves and to tend to a δ at ψ = 0.5 with time.

that reacts to a species B: A → B. (11) This chemical system with two species A and B can be represented by a onedimensional hyper plane in the two-dimensional composition space. The mass fraction of the species B can be described by Y_B = 1− Y_A. Therefore it is sufficien t to describe the MDF in one dimension only. For this simple isothermal first order reaction (11) the chemical source term is given by S = − kψ. The corresponding transp ort equation for the MDF, which is also a first order partial differential equation is given as

∂F (ψ;t) ∂t = ∂ ∂ψ � ( 1 2 C_ϕ τ (ψ − ϕ̃) + kψ)F (ψ;t) � (12)

with initial function

F (ψ;0) = F_0(ψ). (13)

For this equation the analytic solution is given in the following Theorem.

Theorem 2 Let the initial function F_0(ψ) be sufficiently smooth and assume that at any time t ∈ [0,∞ ) the MDF F (ψ;t) has compact support in ψ. Then the analytic solution for Cauchy problem (12) and (13) is given by

F (ψ;t) = exp((k +

C_ϕ 2τ )t)F_0(ψ^∗) (14) 10 with

ψ^∗ = b_0 a_0

(1 − exp(

C_ϕ 2τ t)) + ψ exp(kt +

C_ϕ 2τ t), (15)

where a_0 is defined as in (8) and b_0 as in (9).

Proof : Proceed as in the previous proof. In this case mixing and reaction take place simultaneously. Again, as in the inert case, the mixing causes a movement of the two peaks towards the mean. In contrast to the nonreacting case the mean does not remain constant. The calculation of the mean evolution yields the exponential decay of the observed species starting from the mean mass fraction of the initial distribution. The characteristic curves are displayed in figure 4 and the solution, F (ψ;t), shown in figure 5.

Figure 4: Characteristic curves for the PaSPFR with LMSE mixing time τ = 1s and reaction rate constant k = 1. At early times mixing causes the characteristic curve, which starts at ψ = 0.0 to increase. Simultaneously, the reaction takes place and leads to decreases for larger times.

4 PaSR, No Mixing, No Reaction

In contrast to the PaSPFR model the PaSR model contains an inhomogeneity that is given by O_4 in equation (1). To understand this term and to have the analytic solution, we first investigate the PaSR equation without mixing and without reactions. This solution has been used in [18, 22] to construct a new particle algorithm for the PaSR equation. This simplified equation is then given by the following partial differential equation. ∂F (ψ;t) ∂t = 1 τ_{P aS R}

(F_{in} (ψ) − F (ψ;t)) (16)

F (ψ;0) = F_0(ψ) (17)

We can now state the following theorem. 11

Figure 5: MDF for the PaSPFR with LMSE mixing model (τ = 1s) and first order chemical reaction (rate constant k = 1) for the initial distribution as given in figure 1.

Theorem 3 Let the initial data (17) and F^{in} be sufficiently smooth, then the analytic solution of the Cauchy problem (16), (17) is

F (ψ;t) = F_{in} (ψ)(1 − exp(− t τ_{P aS R}

)) + F_0(ψ) exp(− t τ_{P aS R}

). (18)

Proof : Separation of variables. The solution is displayed in figure 6. In this case the characteristic curves are all constant. The inflow and outflow alters the shape of the MDF.

5 PaSR-LMSE, No Reaction

In this section we consider the more complicated case of PaSR with mixing but no chemical reaction. This means the chemical source term, S, is zero. The first order inhomogeneous partial differential equation and the initial condition is then given by ∂F (ψ;t) ∂t − ∂ ∂ψ ( 1 2 C_ϕ τ (ψ − ϕ̃))F (ψ;t)) (19) = 1 τ_{P aS R}

(F_{in} (ψ) − F (ψ;t))

F (ψ;0) = F_0(ψ). (20)

The analytic solution of the PaSR-LMSE for inert mixing is given in the following theorem.

12

Figure 6: MDF for the PaSR without mixing and without reaction. The inflow is defined as a Gauß function on the mean mass fraction ψ = 0.4 with σ = 0.01. The residence time is set on τ_{P aS R} = 3s. The initial distribution has been defined as in figure 1

Theorem 4 Let the initial data (20) and the inflow F^{in} be sufficiently smooth and assume they have compact support, then the analytic solution of the Cauchy problem (19), (20) is

F (ψ;t) =

2τF^{in} (ψ^∗) 2τ − C_ϕτ_{P aS R}

(1 − exp(t(

C_ϕ 2τ − 1 τ_{P aS R} ))) + exp(t(

C_ϕ 2τ − 1 τ_{P aS R}

))F_0(ψ^∗) (21)

with

ψ^∗ = ψ exp( 1 2 C_ϕ τ t) (22) − 1 2 C_ϕ τ �_t 0 b_{in} + b_0 exp(−^{t′}_{τP aS R} ) − b_{in} exp(−^{t′}_{τP aS R} ) a_{in} + a_0 exp(−^{t′}_{τP aS R} ) − a_{in} exp(−^{t′}_{τP aS R} ) exp( 1 2 C_ϕ τ t^′)dt^′,

where a_0 is defined as in (8) and b_0 as in (9) and

a_{in} =

�_∞ −∞ F^{in} (ψ)dψ (23)

b_{in} =

�_∞ −∞ ψF^{in} (ψ)dψ. (24)

Proof : Proceed as in the first proof. To demonstrate the behavior ofthe solution we choosethe residence time τ_{P aS R} = 3s, the mixing time τ = 2s, the initial conditions as in figure 1, and the inflow to be an approximated delta distribution. The characteristic curves are displayed in figure 13

Figure 7: Characteristic curves for the PaSR with inert mixing at mixing time τ = 2s and residence time τ_{P aS R} = 3s. Here the inflow is represented by a Gauß function centered at ψ = 0.9 with σ = 0.01. In contrast to the last case the characteristic curves tend to ψ = 0.9.

7. The residence time determines the speed of change from initial to inflow density. The solution displays the simultaneous processes mixing and inflow, see figure 8. We start with the initial density given in figure 1. The stationary solution corresponds to the inflow condition.

Figure 8: MDF for the PaSR, inert case with mixing time τ = 2s and residence time τ_{P aS R} = 3s.

14

6 PaSR-LMSE, First Order Reaction

Finally, we discuss the most complicated case of our examples. The PaSR-LMSE model equation with a first order reaction as given in (11). Hence, the chemical source term is S = − kψ. The inhomogeneous first order partial differential equation with initial data is given by

∂F (ψ;t) ∂t − ∂ ∂ψ ( 1 2 C_ϕ τ (ψ − ϕ̃) + kψ)F (ψ;t)) (25) = 1 τ_{P aS R}

(F_{in} (ψ) − F (ψ;t))

F (ψ;0) = F_0(ψ). (26)

The solution is given in the theorem.

Theorem 5 Let the initial data (26) and the inflow F^{in} be sufficiently smooth and assume they have compact support, then the analytic solution of the Cauchy problem (25), (26) is the following

F (ψ;t) =

2τF^{in} (ψ^∗) 2τ − C_ϕτ_{P aS R} − 2kττ_{P aS R}

(1 − exp(t(k +

C_ϕ 2τ − 1 τ_{P aS R}

))) (27)

+ exp(t(k +

C_ϕ 2τ − 1 τ_{P aS R}

))F_0(ψ^∗)

with

ψ^∗ = ψ exp(t(k + 1 2 C_ϕ τ )) (28) − C_ϕ τ �_t 0 b_0 exp(t^′(− k −^1_{τP aS R} )) − b_{in} (1 − exp(t^′(− k −^1_{τP aS R} )))(1 + kτ_{P aS R} )^{− 1} a_{in} + a_0 exp(−^{t′}_{τP aS R} ) − a_{in} exp(−^{t′}_{τP aS R} )

× exp(t^′(k + 1 2 C_ϕ τ ))dt^′

where a_0 is defined as in (8), b_0 as in (9), a_{in} as in (23), and b_{in} as in (24).

Proof : Proceed as in the proof for the first case. In figure 9 and 10 the reaction rate constant is chosen as k = 1. The reaction has strong influence on the solution. In the steady state inflow and chemical reaction are in a balance determined by the residence time and the reaction rate constant.

15

Figure 9: Characteristic curves for the PaSR with LMSE mixing model at mixing time τ = 2s, reaction rate constant k = 1 and residence time τ_{P aS R} = 3s.

Figure 10: The solution for the PaSR with LMSE mixing model (τ = 2s), reaction rate constant k = 1 and residence time τ_{P aS R} = 3s. The solution starts with two Gauß functions centered at ψ^{(1)} = 0.2 and ψ^{(2)} = 0.8 with σ = 0.01 as displayed in figure 1 and an inflow also given as a Gauß function at ψ^{in} = 0.9 with σ = 0.01. The three processes, chemical reaction, mixing and in/outfl ow interact, and reach a stationary state at ψ ≈ 0.1.

7 Conclusion

In this work we presented analytic solutions for the stochastic reactor models PaSPFR and PaSR using the LMSE mixing model. These solutions were obtained by removing the functional dependence of the coefficien ts in the PaSPFR-LMSE/P aSR-LMSE equation and then applying the method of characteristics to the resulting equation. Five different cases with ascending complexity were discussed. For each case an example was presented that illustrated the typical features of the solution. All 16 cases showed combinations of three different processes: turbulen t mixing, chemical reaction, and inflow and outflow. The first case displays the turbulen t mixing as given by the LMSE mixing model. In the second case a first order chemical reaction superimposed the mixing process. The third case describes the PaSR model without mixing and without reactions. Cases four and five describe inflow/outfl ow and mixing effects, without and with first order reaction, respectively. These results can be used for the analysis and construction of numerical schemes for stochastic reactor models but also the full PDF transp ort equation.

Ackno wledgmen ts

The authors would like to thank Prof. H. Bockhorn, head of the ICT at University of Karlsruhe, for his support and Prof. J. Struckmeier from the departmen t of Mathematics at the University of Kaiserslautern for fruitful discussion.

References

[1] Curl 1963 Dispersed phase mixing. I theory and effects in a simple reactor A.I.Ch.E.J. 9 175

[2] Pratt D T 1976 Mixing and chemical reaction in continuous combustion Prog.

Energy Combust. Sci. 1 73-86

[3] Correa S M 1993 Turbulence-chemistry interactions in the intermediate regime of premixed combustion Combustion and Flame 93 41-60

[4] Correa S M and Braaten M E 1993 Parallel simulation of partially stirred methane combustion Combustion and Flame 94 469-486

[5] Kraft M, Fey H, Schlegel A, Chen J Y and Bockhorn H 1996 A Numerical study on the influence of mixing intensit y on NOx formation Modelling of Chemical Reaction Systems, Proc. of an Int. Workshop (Heidelberg) ed. J Warnatz and F Behrendt (Berlin Springer)

[6] Kraft M Schneider K Schmitt F and Bockhorn H 1995 Dynamische Simulation der Wechselwirkung von Turbulenz und chemischer Reaktion am Beispiel der Chloroformpyrolyse Chem.-Ing.-T ech. 67 1131-1132

[7] Kraft M Fey H Procaccini C Longwell J P Sarofim A F and Bockhorn H 1997 Modeling the thermal decomposition of chlorinated hydrocarbons in an ideal turbulen t incinerator Progress in Industrial Mathematics at ECMI 96 ed Brons Bendsoe and Soerensen (Teubner, Stuttgart) 118-125

17

[8] Chang W-C and Chen J-Y 1996 Impact of mixing model on predicted NO formation in a nonpremixed partially stirred reactor 26th Int. Symposium on Combustion (Pittsburgh, PA: Combustion Institute) 2223-2229

[9] Kraft M Stöckelmann E and Bockhorn H 1996 Influence of turbulen t mixing on the pyrolysis of chloroform using detailed chemical kinetics 26th Int. Symposium on Combustion (Pittsburgh, PA: Combustion Institute) 2431-2437

[10] Kraft M Stöckelmann E and Bockhorn H 1996 Analysis of wet CO oxidation under turbulen t non-premixed conditions using a PDF method and detailed chemical kinetics 26th Int. Symposium on Combustion (Pittsburgh, PA: Combustion Institute) 807-813

[11] Chen J-Y 1997 Stochastic modeling of partially stirred reactors Combust. Sci.

and Tech. 122 63-94

[12] Cannon S M Brewster B S and Smoot L D 1998 Stochastic modeling of CO and NO in premixed methane combustion Combustion and Flame 113 135-146

[13] Yang B and Pope S B 1998An investigation ofthe accuracy ofmanifold methods and splitting schemes in the computational implementation of combustion chemistry Combustion and Flame 112 16-32

[14] Yoshihara Y Kazakov A Wang H and Frenklach M 1994 Reduced mechanism of soot formation - application to natural gas-fueled diesel combustion 25th Int. Symposium on Combustion (Pittsburgh, PA: Combustion Institute) 941-948

[15] Procaccini C Kraft M Fey H Bockhorn H Longwell J P Sarofim A F and Smith K A 1998 PIC formation during the combustion of simple hydrocarbons in inhomogeneous incineration systems 27th Int. Symposium on Combustion (Pittsburgh, PA: Combustion Institute) in Press

[16] Mauss F Balthasar M Kraft M Procaccini C Sarofim A F Longwell J P Smith K A 1998 Influence of microscale mixing on soot and NOx formation 27th Int. Symposium on Combustion WIP Poster, Soot, Number W5A10, 422

[17] Pope S B 1985 Pdf methods for turbulen t reactive flows Prog. Energy Combust.

Sci 11 119-192

[18] Kraft M 1998 Stochastic Modeling of Turbulent Reacting Flow in Chemical Engineering VDI Verlag, Fortschrittsb erichte des VDI, Reihe 6, Nr. 391

[19] Valino L and Dopazo C 1991 A binomial Langevin model for turbulen t mixing Phys. Fluids 3 3034-3037

[20] Fröhlich J and Deufelhardt P 1994 Moving Weight Galerkin Methods for Turbulent Reactive Flow ZIB Preprint SC 94-36

[21] Fröhlich J 1994 Personal comm.

[22] Kraft M 1998 Publication in preperation 18