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1. Introduction

1.1 General introduction

This paper is devoted to developing a systematic approach to the analysis of the long
time behaviour of the dynamics of certain mean field spin systems, where by dynamics we
understand of course a stochastic dynamics of Glauber type. For the purposes of this paper,
we will always choose this as reversible with respect to the Gibbs measure of the model. By
long time behaviour we mean that we are interested in time scales on which the phenomena
of “meta-stability” occur, i.e. time scales that increase with the volume of the system ex-
ponentially fast. Our primary motivation comes from the study of disordered spin systems,
and most particularly the so called Hopfield model [Ho,BG1], although in the present paper
we only illustrate our results in a much simpler setting, that of the random field Curie-Weiss
(RFCWM) model (see e.g. [K1]). Our chief objective is to be able to control in a precise
manner the effect of the randomness on the metastable phenomena.

On a heuristic level, metastable phenomena in mean field models are well understood.
The main idea is to consider the dynamics induced on the order parameters by the Glauber
dynamics on the spin space, i.e. the macroscopic variables that characterize the model. A first
issue that arises here, and that we will discuss at length below, is that this induced dynamics
is in general not Markovian. However, one may always define a new Markovian dynamics that
“mimics” the old one and that is reversible with respect to the measures induced on order
parameters by the Gibbs measures. This dynamics on the order parameters is essentially a
random walk in a landscape given by the “rate function” associated to the distribution of the
order parameters. The accepted picture of the resulting motion is that this walk will spend
most of its time in the “most profound valleys” of the rate function and stay in a given valley
for an exponentially long time of order exp(NAF') where AF is the difference between the
minimal value of the rate function in the valley and its value at the lowest “saddle point”
over which the process may exit the valley. An excellent survey on this type of processes
is given in van Kampen’s textbook [vK], although most of the results presented there, and
in particular all those related to the long time behaviour, concern the one-dimensional case.
Rather surprisingly, one finds very few papers in the literature that really treat this problem
with any degree of mathematical rigour. One exception is the classical paper by Cassandro,
Galves, Olivieri, and Vares [CGOV] (see also [Va] for a broader review on metastability) who
consider (amongst others) the case of the Curie-Weiss model in which there is only a single
order parameter and thus the resulting dynamics is that of a one-dimensional random walk.
More recently, a particular version of the RFCWM that leads to a two-dimensional problem
was treated by Mathieu and Picco [MP]. However, there is an abundant literature on two
types of related problems. One of these concerns Markov chains with finite state space and
exponentially small transition probabilities. They are treated in the work of Freidlin and
Wentzell (but see below for a discussion) and have since then been investigated intensely
(for a small selection of recent references see [0S1,052,CC,GT]. In the context of stochastic
dynamics of spin systems, they occur if finite systems are considered in the limit of zero
temperature.® A second class of problems, that is in a sense closer to our situation, and that

5Let us mention, however, that there has been condiderable work done on the dynamics of spin systems
on infinite lattices; see inparticular the recent paper by Schonmann and Shlosman [SS] on the metastable
behaviour in the two-dimensional Ising model in infinite volume, and references therein.
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can be obtained from it formally by passing to the limit of continuous space and time, is that
of “small random perturbations of dynamical systems” i.e. a stochastic differential equation
of the form

dz(t) = b(z°(t))dt + v/ea(z® (£))dW (t) (1.1)

where z¢(t) € R?, and W (t) is a d-dimensional Wiener process, and in the case of a reversible
dynamics the drift term b(x(¢), €) is given by b(x, €) = VF (z), F.(z) being the rate function.

The basic reference on the problem (1.1) is the seminal book by Wentzell and Freidlin
[FW] which discusses this problem (as well as a number of related ones) in great detail.
Many further references can be found in the forthcoming second edition of this book. One of
the important aspects of this work is that is devises a scheme that allows to control the long-
time dynamics of the problem through an associated Markov chain with finite state space
and exponentially small transition probabilities. The basic input here are large deviation
estimates on the short time behaviour of the associated processes. This treatment has inspired
a lot of consecutive works which it is impossible to summarize to any degree of completeness.
For our purposes, an important development is a refinement of the estimates which in [FW]
are given only to the leading exponential order in € to a full asymptotic expansion. Relevant
references are [Kil-4,Az,FJ]. The work of [FJ] in particular is very interesting in that it
develops full asymptotic expansions to all orders for certain exit probabilities using purely
analytic techniques based on WKB methods. Very similar results are obtained in [Az] using
refined large deviation techniques. To our knowledge all the refined treatments that have
appeared in the literature treat only specific “local” questions, and there seems to be no
coherent treatment of the global problem in a complicated (multi-valley) situation that takes
into account sub-leading terms.

The problems we will study require essentially to redo the work of Freidlin and Wentzell
in the setting of our Markov chains. Moreover, for the problems we are interested in, it will
be important to have a more precise control, beyond the leading exponential asymptotics,
for the global problem, if we want to be able to exhibit the influence of the residual random-
ness. The point is that in many disordered mean field models very precise estimates of the
large deviation properties of the Gibbs measures are available. Typically, the rate function
is deterministic to leading order (although not equal to the rate function of the averaged
system®!) while the next order corrections (typically, but not always, of order N~'/2) are
random. To capture this effect, some degree of precision in the estimates is thus needed. On
the other hand, we will not really need a full asymptotic expansion” of our quantities, and
we will put more effort on the control of the “global” behaviour than on the overly precise
treatment of “local” problems. A main difference is of course that we do not have a stochastic
differential equation but a Markov chain on a discrete state space®. Therefore one may draw
intuition from the proofs given in the continuous case without being able to use any result
proved in that context directly. Finally, our goal is to give a treatment that is as simple and

61t is important to keep in mind that the main effect of the disorder manifests itself in a deterministic
modification of the rate function. This effect is somewhat reminiscent to the phenomenon of homogenization.

"We believe that it is possible to obtain such an expansion for the global problem. However, this will
require a much more elaborate analysis which we postpone to future publications.

8The state space is even finite for any N, but its size increases with N, which renders this fact rather
useless.
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transparent as possible. This is the main reason to concentrate on the reversible case, and
one of our strategies is to use reversibility to as large an extent as possible. This allows to
replace refined large deviation estimates by simple reversibility arguments. Large deviation
estimates are then only used in a less delicate situations. In the same spirit, we will take
advantage of the discrete nature of the problem whenever this is possible (just to compensate
for all the disadvantages we encounter elsewhere). This will surprise the reader familiar with
the continuous case, but we hope she will be convinced at the end that this was a pleasant
surprise.

Let us say a final word concerning our preoccupations with the dependence on dimension-
ality. One of our ultimate goals is to be able to treat, e.g., the Hopfield model in the case
where the number of order parameters grows with the volume of the system. On the level of
the mean field dynamics, this requires us to be able to treat a system where the dimension
of the space grows with the large parameter. Although we will not consider this situation in
this first paper, we will achieve a precise control of the dimension dependence of sub-leading
corrections.

1.2. The general set-up.

We will now describe the general class of Markov chains we will consider. Their relation to
disordered spin systems will be explained in Section 7 and a specific example will be discussed
in Section 8. Section 7 can be read now, if desired; on the other hand, the bulk of the paper
can also be read without reference to this motivation.

We consider canonical Markov chains on a state space I'y where I'y is the intersection
of some lattice® (of spacing O(1/N)) in R? with some connected A C R? which is either
open or the closure of an open set. To avoid some irrelevant issues, we will assume that A
is either R? or a bounded and convex subset of R?. I'y is assumed to have spacing of order
1/N, i.e. the cardinality of the state space is of order N¢. Moreover, we identify T'x; with a
graph with finite (d-dependent) coordination number respecting the Euclidean structure in
the sense that a vertex = € 'y is connected only to vertices at Euclidean distances less than
¢/N from z. The main example the reader should have in mind is Ty = Z4¢/N N A, with
edges only between nearest neighbors. We denote the set of edges of I'y by E(I'n).

Let Qn be a probability measure on (I'y, B(I'y)). We will set, for z € I'y,

Fy(z) = —% In Qy () (1.2)

We will assume the following properties of Fy(z).

Assumptions:

R1 F = limyqoo Fiyv exists and is a smooth function A — R; the convergence is uniform in
compact subsets of R?.

R2 Fy can be represented as Fiy = Fiy o+ %FN,I where F'y o is twice Lipshitz, i.e. [Fno(z)—
Fno(y)| < Cllz —y|| and for any generator of the lattice, k, N|Fn o(z) — Fno(z+k/N)—

9The requirement that I is a lattice is made for convenience and can be weakened considerably, if desired.
What is needed are some homogeneity and rather minimal isotropy assumptions.
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(Fno(y) —Fno(y+k/N)| < C|lz—yl||, with C uniform on compact subsets of the interior
of A. Fiy, is only required to be Lipshitz, i.e. |[Fn1(z) — Fn,1(y)| < Cllz —y]l.

For the purposes of the present paper we will make a number of assumptions concerning
the functions Fy which we will consider as “generic”. An important assumption concerns the
structure of the set of minima of the functions Fy. We will assume that the set My C 'y,
of local minima of Fly is finite and of constant cardinality for all N large enough, and that
the sets My converge, as N tends to infinity, to the set M of local minima of the function
F10,

Another set of points that will be important is the set, £y, of “essential” saddle points
(i.e. the lowest saddle points one has to cross to go from one minimum to another) of Fl.
A precise definition of essential saddle points will be given in Section 4. By the assumptions
on My this set is also finite.

G1 We will assume that there exists o > 0 such that mingzyemyuey |Fn(z) — Fn(y)| =
Ky > No— 1,

G2 We assume that at each minimum the eigenvalues of the Hessian of F' are strictly positive
and at each essential saddle there is one strictly negative eigenvalue while all others are
strictly positive.

G3 All minima and saddles are well in the interior of A, i.e. there exists a § > 0 such that for
any ¢ € My UEp, dist(z, A¢) > 6.

Remark: We make the rather strong assumptions above in order to be able to formulate
very general theorems that do not depend on specific properties of the model. They can
certainly be relaxed. The regularity conditions R2 are necessary only for the application of
certain large deviation results in Section 4 and are otherwise not needed.

We recall that in our main applications, Qn will be random measures, but we will forget
this fact for the time being and think of Qn as some particular realization.

We can now construct a Markov chain Xy (t) with state space given by the set of vertices
of I'y and time parameter set either N or R, . For this we first define for any z,y such that
(z,y) € E(I'y) transition rates

pr(e) = | e D Ina) (1.3

for some non-negative, symmetric function fn. We will assume that fx does not introduce
too much anisotropy. This can be expressed by demanding that

R3 There exists ¢ > 0 such that if (z,y) € E(I'y), and dist(z, A®) > §/2, (where J is the same
as in assumption G3) py(z,y) > c.

10This assumption can easily be relaxed somewhat. For example, it would be no problem if the function
Fp is degenerate on a small set of points in the very close (order N71/2) neighborhood of a minimum. One
then would just choose one of them to represent this cluster. Other situations, e.g. when the function F' has
local minima on large sets and would lead to new effects would require special treatments.
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Moreover, for applications of large deviation results we need stronger regularity properties
analogous to R2.

R4 In fy(z,y) as a function of any of its arguments is uniformly Lipshitz on compact
subsets of the interior of A.

For the case of discrete time, i.e. ¢ € N, we then define the transition matrix

PN(CE,y) = 1 _ZzeI‘N:(a:,z)EE(I‘N)pN(m’Z)’ if z =Yy (14)
0, else

choosing f such that sup,ery >, erp:(e,)epry) PN(@Y) < 1.

Similarly, in the continuous time case, we can use the rates to define the generator

AN(.’L’,y) = _ZzEFN:(a:,z)EE(FN)pN(m’y)’ if =z =Y (15)
0, else

Our basic approach to the analysis of these Markov chains is to observe the process when
it is visiting the positions of the minima of the function Fl, i.e. the points of the set My,
and to record the elapsed time. The ideology behind this is that we suspect the process
to show the following typical behaviour: starting at any given point, it will rather quickly
(i.e. in some time of order N*) visit a nearby minimum, and then visit this same minimum
at similar time interval an exponentially large number of times without visiting any other
minimum between successive returns. Then, at some random moment it will go, quickly
again, to some other minimum which will then be visited regularly a large number of times,
and so on. Moreover, between successive visits of a minimum the process will typically not
only avoid visits at other minima, but will actually stay very close to the given minimum.
Thus, recording the visits at the minima will be sufficient information on the behaviour
of the process. These expectations will be shown to be justified (see in particular Section
7). Incidentally, we mention that the “quick” processes of transitions can be analysed in
detail using large deviation methods [WF1-4]. In [BG2] a large deviation principle is proven
for a class of Markov chains including those considered here that shows that the “paths”
of such quick processes concentrate asymptotically near the classical trajectories of some
(relativistic) Hamiltonian system. More precisely, the transitions between minima can be
identified as instanton solutions of the corresponding Hamiltonian system.

Let us mention that the strategy to record visits at single points is specific to the discrete
state space. In the diffusion setting, visits at single points do not happen with sufficient
probability to contain pertinent information on the process. Indeed, the crucial fact we use
is that in the discrete case it is excessively difficult for the process to stay for a time of order
N* (we will discuss the values of k later) in the vicinity of a minimum without visiting it

1 The reader may wonder at this point why the minima are so special compared e.g. with their neighboring
points. In fact they are not, and nothing would change if we chose some other point close to the minimum
rather than the exact minimum. But of course the minima themselves are the optimal choice, and also the
most natural ones.
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which in the continuum is not the case. For this reason Freidlin and Wentzell record visits
not at single points but at certain neighborhoods of minima and critical points which has
the disadvantage that such visits do not exactly allow a splitting of the process and this
introduces some error terms in estimates which in our setting can easily be avoided. This is
the main advantage we draw from working in a discrete space.

The informal discussion above will be made precise in the sequel. We place ourselves
in the discrete time setting throughout this paper, but everything can be transferred to
the continuous time setup with mild modifications, if desired. Let us first introduce some
notation. We will use the symbol PP for the law of our Markov chain, omitting the explicit
mention of the index N, and denote by X; the coordinate variables. We will write 7¥ for the
first time the process conditioned to starting at y hits the point z, i.e. we write

Plrd =t] =P[Xy = 7, Vo<t Xs # [ Xo = ] (1.6)
for t > 0. In the case z = y, we will insist that 77/ is the time of the first visit to y after

t =0, ie. P[ry = 0] = 0. This notation may look unusual at first sight, but we are convinced
that the reader will come to appreciate its convenience.

One of the most useful basic identities which follows directly from the strong Markov
property and the fact that 7¥ is a stopping time is the following:

Lemma 1.1: Let z,y,z be arbitrary points in I'yy. Then

Plry =1l =Plrf =t, 77 <7f]

+ > Pl =, <TYP[rl =t ] (1.7)
0<s<t

Proof: Just note that the process either arrives at « before visiting z, or it visits z a first
time before z.

A simple consequence is the following basic renewal equation.

Lemma 1.2: Letxz,y € U'y. Then

Py =t] = Z Z HIP’ [T;j =t 1) < T}j] P [T}EI =tpnt1,72 < Tfj] (1.8)
n=0 t1, i=1

The fundamental importance in the decomposition of Lemma 1.2 lies in the fact that
objects like the last factor in (1.8) are “reversible”, i.e. they can be compared to their time-
reversed counterpart. To formulate a general principle, let us define the time-reversed chain
corresponding to a transition from y to z via X} = X, v_,. For an event A that is measurable
with respect to the sigma algebra F (X,,0 < s < 7¥) we then define the time reversed event
A" as the event that takes place for the chain X; if and only if the event A takes place for
the chain X]. This allows us to formulate the next lemma:
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Lemma 1.3: Letz,y € I'y, and let A be any event measurable with respect to the sigma
algebra F (X,,0 < s < 71Y). Let A" denote the time reversion of the event A. Then

Qn (y)P [.A, TY < T;’] = Qn (z)P [.AT, T; < T:] (1.9)

For example, we have
Qn (y)P [be/ =t,7 < 7'5] = Qn (z)P [7‘; =t 1, < T;] (1.10)

Of course the power of Lemma 1.3 comes to bear when z and y are such that the ratio
between Qn (z) and Qu (y) is very large or very small.

Formulas like (1.8) invite the use of Laplace transforms. Let us first generalize the notion
of stopping times to arrival times in sets. I.e. for any set I C I'y we will set 77 to be the
time of the first visit of the process, starting at z, to the set I. With this notion we define
the corresponding Laplace transforms

Y (w) =D Py =t STV =E [ ey ] (1.11)

>0

(We want to include the possibility that I contains z and/or y for later convenience). Note
that in particular
G, 1(0) =P[rY < 7] (1.12)
and q
—GY (u=0) = GY ,(0) = E[ ¥ Ly<ry] (1.13)
The expected time of reaching x from y conditioned on the event not to visit I in the meantime
is expressed in terms of these functions as

G,1(0)
G.1(0)

=E[r¥|r¥ < 1{] (1.14)

It is important to keep in mind that the Laplace transforms defined in (1.11) are Laplace
transforms of the distributions of positive random variables. Thus, all these functions exist
and are analytic at least for all u € C with Re(u) < 0. Moreover, if G ;(uo) is finite for
some uy € Ry, then it is analytic in the half-space Re(u) < up. As we will see later, all the
functions introduced in (1.11) will exist for some ug > 0.

An important consequence of Lemma 1.3 is

Lemma 1.4: Assume that I is any subset of I'y containing x and y. Then

Qn (y)GZ’I(u) = Qn (z)Gy, 1(u) (1.15)
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Proof: Immediate from Lemma 1.3. $

Lemma 1.4 implies in particular that the Laplace transforms of the conditional times are
invariant under reversal, i.e.

GY(w) _ G (u)
GZ,,(0) ~ G ,(0)

(1.16)

and in particular
E[r¥|7¥ <1} =E[rg|ry <7F] (1.17)

(1.16) expresses the well-known but remarkable fact that in a reversible process the con-
ditional times to reach a point x from y without return to y are equal to those to reach y
from z without return to z.

A special role will be played by the Laplace transforms for which the exclusion set are all
the minima. We will denote these by g¥(u) = GY ,, (u). Indeed, we think of the events
{r¢ < T/yMN}, for z,y € My, as elementary transitions and decompose any process going
from one minimum to another into such elementary transitions. This gives:

Lemma 1.5: Let z,y € My. denote by w an arbitrary sequence
W = W, w1, w2, ws, - .., W), of elements w; € Mn. Then we have

lwl w4
)= Y plw) [ e (1.18)

wir—yY i=1 7Y (0)
where o
pw) = [[P[rei- < 7] (1.19)
=1

and w : y — x indicates that the sum is over such walks for which wo =y and wy,| =z, and
w; #x for all 0 < i < |w|.

Lemma 1.5 can be thought of as a random walk representation of our process as observed
wi_1

on the minima only. As we will show soon, the quantities gf,"i,l((z))
they do not explode in a small neighborhood of zero, and e.g. their derivative at zero is
at most polynomially large in N. On the other hand, we will also see that the “transition
probabilities” P [/ " < T;\Z;\]l] are all exponentially small provided that w;_; # w;. This
means that a typical walk will contain enormously long “boring” chains of repeated returns to
the same point. It is instructive to observe that these repeated returns to a given minimum
can be re-summed, to obtain a representation in terms of walks that do not contain zero

steps:

are rather harmless, i.e.

Lemma 1.6: Let z,y € My. denote by @ a sequence @ = wp,w1,ws,ws, . ..,Wy| of
elements w; € My such that for all i, w; # w;+1. Then we have

|o]

Gu) = > @] 1:3;:;8; Zz_iig; (1.20)

wiz—y i=1
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where

@) =]] wl = -Z“ (1.21)
[ ]

i=1 P T \wioy < Twi

The reason for writing Lemma 1.6 in the above form is that it entails as a corollary the
following expression for the expected transition time:

|w| . Wi Wi
y _ . gw;Z1 (0) gw: ' (0)
Ery = > B(@®))) (1_ O wi_1(0)> (1.22)

wir—Yy =1 Jwi-1 G

Note that p(@) has indeed a natural interpretation as the probability of the sequence of steps
@, while each term in the sum is the expected time such a step takes. Moreover, this time
consists of two pieces: the first is a waiting time which in fact arises from the re-summation
of the many returns before a transition takes place while the second is the time of the actual
transition, once it really happens. Note that the first term is enormous since the denominator,

1—goisi(0)=P [Tﬁ;\wi_l < 1aiZll, is, as we will see, exponentially small.
Remark: Lemma 1.6 does provide a representation of the process on the minima in terms
of an embedded Markov chain with exponentially small transition probabilities. Moreover,
we expect that for N large, the waiting times will be almost exponentially distributed (but
with very different rates!), while transitions happen essentially instantaneously on the scale
of even the fastest waiting time. This is the analogue of the controlling Markov processes
constructed in Freidlin and Wentzell (see in particular Chap. 6.2 of [FW]).

In the case where My consists of only two points, Lemma 1.6 already provides the full
solution to the problem since the only walk left is the single step (y, x).

Corollary 1.7: Assume that My = {z,y}. Then

2(w)

GY(u) = 227 (1.23)
1—gy(u)
and 4(0)
v (0
gy — 90 8:(0) (1.24)
1—gy(0)  92(0)
Proof: Just use that in this particular setting, 1 — g¥(0) = g¥(0). ¢
Remark: (1.24) can be written in the maybe more instructive form
1—g¥%(0) g2(0 7Y (0
ErY — ygq:( )gz( )+gzz1( ) (1.25)
9z(0) g4(0) ~ gz(0)

As we will see, all the ratios of the type ¢(0)/g(0) represent the expected times of a transition
conditioned on the event that this transition happens and should be thought of as “small”.
On the other hand, the probability g¥(0) will be shown to be exponentially small so that the
first factor in the first term in (1.25) is extremely large. Thus, to get a precise estimate on
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the expected transition time in this case, it suffices to compute precisely the two quantities
g¥(0) and g¥(0) only (the second term in (1.25) being negligible in comparison). One might
be tempted to think that in the general case the random walk representation given through
Lemma 1.6 would similarly lead to a reduction to the problem to that of computing the
corresponding quantities at and between all minima. This however is not so. The reason
is that the walks @ still can perform more complicated multiple loops and these loops will
introduce new and more singular terms when appear explicitly in (1.20) and (1.22). This
renders this representation much less useful than it appears at first sight. On the other hand,
the structure of the representation of Corollary 1.7 will be rather universal. Indeed, it is easy
to see that with our notations we have the following

Lemma 1.8: LetI CTy. Then for ally ¢ I Uz,

Yy
@ () = Cntion ™)
eI 1— GZ’{IUE}(u)

(1.26)

holds for all u for which the left-hand side exists.

Proof: Separating paths that reach xz from y without return to y from those that do return,
and splitting the latter at the first return time, using the strong Markov inequality, we get
that

Go (@) = GF 10y (W) + Gy 104y ()G 1 (w) (1.27)

By construction, if G‘;i ;(u) is finite, the second summand being less than the left-hand side,

we have that +GJ (7, (u) <1 and so (1.26) follows.{

Lemma 1.8 will be one of our crucial tools. In particular, since it relates functions with
exclusion sets I to functions with larger exclusion sets, it suggests control over the Laplace
transforms via induction over the size of the exclusion sets.

A special case of particular importance is obtained by setting 4 = 0 in Lemma 1.8. This
give the

Corollary 1.9: LetI CTy. Then for ally ¢ I Uz,

P |:Ty <717, ]
T Yy
Plrd <tl= pro =7 T (1.28)
Uz

1.3. Outline of the general strategy.

As indicated above, an important tool in our analysis will be the use of induction over the
size of exclusion sets by the help of Lemmata 1.1 and 1.8. One of the basic inputs for this will
be a priori estimates on the quantities g7 (u). These will be based on the representation of
these functions as solutions of certain Dirichlet problems associated to the operator (1—e* Py )
with Dirichlet boundary conditions in set containing My.

The crucial point here is to have Dirichlet boundary conditions at all the minima of Fiy
and at y. Without these boundary conditions, the stochastic matrix P is symmetric in the
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space {3(I'y,Qn) and has a maximal eigenvalue 1 with corresponding (right) eigenvector 1;
since this eigenvector does not satisfy the Dirichlet boundary conditions at the minima, the
spectrum of the Dirichlet operator lies strictly below 1, so that for sufficiently small values
of u, 1 —e“P is invertible. It is essential to know by how much the Dirichlet conditions push
the spectrum down. It turns out that Dirichlet boundary conditions at all the minima push
the spectrum by an amount of at least C N ~9~1 below one, and this will allow us not only to
construct the solution but to get very good control on its behaviour. If, on the other hand,
not all the minima had received Dirichlet conditions, we must expect that the spectrum is
only pushed down by an exponentially small amount, and we will have to devise different
techniques to deal with these quantities.

As a matter of fact, while the spectral properties discussed above follow from our esti-
mates, we will not use these to derive them. The point is that what we really need are
pointwise estimates on our functions, rather than £, estimates, and we will actually use more
probabilistic techniques to prove /., estimates as key inputs. The main result, proven in
Section 3, will be the following theorem:

Theorem 1.10: There exists a constant ¢ > 0 such that for all x € 'y, y € My the
functions g3 (u) are analytic in the half-plane Re(u) < ecN—9-3/2 Moreover, for such u, for
any non-negative integer k there exists a constant C}, such that

dk

mg;(u) S Cka(d+3/2)+d/2€N[FN(a:)—FN(z*(z,y))] (129)

where

z*(y,z) = arg inf sup [Fn(c(t))] (1.30)
c:c(0)=y,c(l)== te[0,1]

where the infimum is over all paths c: [0,1] — 'y going from y to .2 Ty with jumps along

the edges of I'n only.

These estimates are not overly sharp, and there are no corresponding lower bounds. There-
fore, our strategy will be to use these estimates only to control sub-leading expressions and
to use different methods to control the leading quantities which will be seen to be certain of

gzgg; and the transition probabilities [P [7‘; < Tzz]. The latter

quantities will be estimated up to a multiplicative error of order N'/2 in Section 2. In fact
we will prove there the following theorem:

the expected return times, like

Theorem 1.11: With the notation of Theorem 1.10 there exists finite positive constants
¢, C such that if x #y € My, then

Plr¥ <7y] < N7 e NIEN (" (wa) = Fr W) (1.31)

and
P[r¥ < 1¥] > CN'7 e NN (we))-Fn )] (1.32)

12Note that here we think of a path as a discontinuous (cadlag) function that stay at a site in I'y for some
time interval §¢ and then jumps to a neighboring site along an edge of I' y. This parametrization will however
be of no importance and allows just some convenient notation. If z*(z,y) € {z,y}, we will call 2*(z,y) the
essential saddle between z and y.
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The estimates for the return times require some more preparation and will be stated only
in Section 5, but let us mention that the main idea in getting sharp estimates for them is the
use of the ergodic theorem .

Equipped with these inputs we will, in Section 4, proceed to the analysis of general tran-
sition processes. We will introduce a natural tree structure on the set of minima and show
that any transition between two minima can be uniquely decomposed into a sequence of
so-called “admissible transitions” in such a way that with probability rapidly tending to one
(as N T o), the process will consist of this precise sequence of transitions. This will require
large deviation estimates in path space that are special cases of more general results that
have recently been proven in [BG2].

In Section 5 we will investigate the transition times of admissible transitions. In the first
sub-section we will prove sharp bounds on the expected times of such admissible transitions
with upper and lower bounds differing only be a factor of N'/2. This will be based on
more general upper bounds on expected times of general types of transitions that will be
proven by induction. In the second sub-section we show that the rescaled transition times
converge (along subsequences) to exponentially distributed random variables. This result
again is based on an inductive proof establishing control on the rather complicated analytic
structure of the Laplace transforms of a general class of transition times. In Section 6 we use
these results to derive some consequences: We show that during an admissible transition, at
any given time, the process is close to the starting point with probability close to 1, that it
converges exponentially to equilibrium, etc. Section 7 motivates the connection between our
Markov chains and Glauber dynamics of disordered mean field models, and in Section 8 we
discuss a specific example, the random field Curie-Weiss model.

Notation: We have made an effort to use a notation that is at the same time concise and
unambiguous. This has required some compromise and it may be useful to outline our policy
here. First, all objects associated with our Markov chains depend on N. We make this
evident in some cases by a subscript N. However, we have omitted this subscript in other
cases, in particular when there is already a number of other indices that are more important
(as in G (u)), or in ever recurring objects like I’ and E, and which sometimes will have to be
distinguished from the laws of modified Markov chains by other subscript. Constants ¢, C, k
etc. will always be understood to depend on the details of the Markov chain, but to be
independent of N for N large. There will appear constants Ky > 0 that will depend on NV
in a way depending on the details of the chain, but such that for some a > 0, N'=*Kx 1 0o
(this can be seen as a requirement on the chain). Specific letters are reserved for a particular
meaning only locally in the text.

Acknowledgements: A.B. would like to thank Enzo Olivieri for an inspiring discussion
on reversible dynamics that has laid the foundation of this work. M. K. thanks Johannes
Sjostrand and B. Helffer for helpful discussions. Finally, V.G. and A.B. we thank the
Weierstrass-Institute, Berlin, and the Centre de Physique Théorique, Marseille, for hospi-
tality and financial support that has made this collaboration possible.
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2. Precise estimates on transition probabilities

In this section we will prove the upper and lower bounds of Theorem 1.11 for the quantities
GY0)=P[r¥ <7Y], myeMy (2.1)
Proof of Theorem 1.11.: The proof of the upper bound (1.31) is very easy. We construct
a ‘hyper-surface’'® Sy C I'y separating x and y such that
i) z*(y,z) € Sn.
i) Vz € SN, Fn(2) > Fn(2*(y, x)).

Path splitting allows then the simple upper bounds:

]P’[T;J<Tfj]§ ZP[T3<T’J TySTgN]]P)[T;<T;]

yr'z
Z€SN (2.2)
< S Pl <tr<rd]
zZESN

Using reversibility, we have furthermore that

Plry<rlmd<7i ]|= e NN (2)=Fn(y)]p (72 <7i,7i <7, < e NIFNGE)=FnW - (93)
Since we assume that we have a generic situation with no more than a finite number of
equivalent escape saddles and that, by G2, F is quadratic at these saddle points, then a
straightforward computation shows that (2.3) implies (1.31).

The main task of this section will be to establish the corresponding lower bound (1.32). The
main idea of the proof of the lower bound is to reduce the problem to a sum of essentially
one-dimensional ones which can be solved explicitly. The key observation is the following
monotonicity property of the transition probabilities.

Lemma 2.1: Let A C 'y be a subgraph of 'y and let Pa denote the law of the Markov
chain with transition rates

pn (', x"), if ' #2",and (2',2") € E(A)
pa(e’,2") = 1= @ yyera) PN (T Y), if o =2" (2.4)
0, else

Assume that y,z € A. Then

P[r¥<7y] > Pa (T4 < 7Y] (2.5)

13We actually require no analytic properties for the set Sy and the term hyper-surface should not be
taken very seriously.
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Proof: This lemma is an almost immediate consequence of the following variational repre-
sentation of the transition probability that can be found in the book by Liggett ([Li], p. 99,
Theorem 6.1):

Theorem 2.2: [Li] Let HY denote the space of functions
HY ={h:T'n —[0,1] : h(y) =0,h(z) =1} (2.6)

and define the Dirichlet form

by (h) = Z Qn (z")pn(z',2")[h(z') — h(z")]? (2.7)

z' "€l N

Then
P [Tg < Tfj] =

20 (o) 1z "V (2

Proof: See Ligget [Li|, Chapter I1.6. Note that the set R in Liggett’s book in will be I'y\{z},
and our HY would be Hr\ (5} in his notation.$

To prove Lemma 2.1 from here, just note that for any h € HY

Py (h) > Z Qn («")pn (', 2")[h(z") — h(z")]?

(z',z")EA (2 9)
—Qn(a) > Qa)pale’,z")h(a') — h(z")]?
(z",2'")EA
where Qa (z) = Qy (z)/Qu (A). This implies immediately that

heHY heHY heHi(A)

where HY(A) = {h: A — [0,1] : h(y) = 0,h(z) = 1}. Thus, using Theorem 2.2 for the pro-
cess Pa, we see that

1 ~
inf ®x(h) > inf  ®a(h) =Pa [r¥ < 7Y] (2.11)

Plry < 7Y = =
[Tq; Ty] 2QN (y) heHY = 2QA (y) heHI (A)

which proves the lemma.

To make use of this lemma, we will choose A in a special way. Note that the simplest
choice would be to choose A as one single path connecting y and = over the saddle point
z*(y,z) in an optimal way. However, such a choice would produce a bound of the form
CN~'2exp (—~NFy(z*(y,z)) — Fn(y)) which differs from the upper bound by a factor N4/2.
I seems clear that in order to improve this bound we must choose A in such a way that it
still provides “many” paths connecting y and z. To do this we proceed as follows. Let E be
any number s.t. Fx(2*(y,z)) > E > max (Fn(y), Fx(z)) (e.g. choose E = Fn(2*(y,z)) —
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3 (Fn(2*(y,z)) — max (Fn(y), Fx(z))). Denote by D, D, the connected components of the
level set {z' € 'y : Fx(2') < E} that contain the points y, resp. z.

Note that of course we cannot, due to the discrete nature of the set 'y, achieve that the
function Fy is constant on the actual discrete boundary of the sets D,, D,. The discrete
boundary 0D of any set D C 'y, will be defined as

0D ={z € D|qy € I'y\D,s.t. (z,y) € I'n} (2.12)
We have, however, that

sup |Fn(z') — Fy(2")| < CN™t (2.13)
2'€0Dy,x""€0D,

Next we choose a family of paths 7, : [0,1] — I'y, indexed by z € B C Sy with the
following properties:

i) 'YZ(O) € aDy; 'Yz(l) € 0D,
ii) For z # 2, v, and 7, are disjoint (i.e. they do not have common sites or common edges.
iii) Fi restricted to 7, attains its maximum at z.

Of course we will choose the set B C Sy to be a small relative neighborhood in Sy of the
saddle z*(y, ). In fact it will turn out to be enough to take B a disc of diameter CN~1/2 so
that its cardinality is bounded by |B| < CN(4-1)/2,

For such a collection, we will set

A=D,uD, U V(%) (2.14)
z€EB

where V(y,) denotes the graph composed of the vertices that ~y, visits and the edges along
which it jumps; the unions are to be understoof in the sense of the union of the corresponding
subgraphs of I' .

Lemma 2.3: With A defined above we have, for any § > 0, and for N large enough

~ _ (g Qn (v:(1)) 5 .a -1
Ba [t <] > (1- CNU/2e NN G en=ET) § o) P (7o) < 7
zEB

(2.15)

Proof: All paths on A contributing to the event {Tg <7y } must now pass along one of the
paths «v,. Using the strong Markov property, we split the paths at the first arrival point in
D, which gives the equality

@A TY < Ty Z Pa [ < TD Uy] Pa [T’YZ(l) < T’YZ(l)] (2.16)
z€EB
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By reversibility,

o Qv (1:(1)) 5 -1
PA ng(l) S T%zuy] = PA |:7-;z(1) S Tgw( )}

QQZY(ZZ)U) o
q ( F . ) y ' P = z 0
- BleQg, [0 < ) B [0 < )

where in the last line we used that the path going from 7,(1) to y without further visits to
D, must follow ,. Note further that we have the equality

5 @ o 0] 5 [0 o O
N [TMO) <l } ~B,, [TMO) < Tyz(l)} (2.18)

where the right hand side is a purely one-dimensional object. We will now show that the
probabilities Pa [722(1) < T;’Z(l)] and P [T;’Z(O) < TZ,‘Z(O)] are exponentially close to 1. To
see this, write

1— D, [T;z(l) < Tyvzm] — P, [T;z(l) < ng(”]

=(1) =(1)
_ Pa [T;/ < T;/Un/z(l)} (2.19)
1-— IF’A [T;/:((ll)) < T;/szgll)]

The latter equality arises from the by now usual decomposition of the path into multiple
returns to 7,(1) and by summing the resulting geometric series. Now by reversibility, the
denominator in (2.19) satisfies the bound

Py [Tyvz(l) < TZG(;Z)(U] < Z i [T;/Iz(l) < TZGSZ)(l)]
wes . (2.20)
o QA(’YZ(]‘)) QN(FYZ(]‘))
On the other hand,
1-Pa [7':,/:((11)) < T;/G.gll)] =Pa [T;:YLZJ,SJI) < T:,/:((ll))]
> Pa [r;’z(l) < r;’;((ll))] (2.21)
~ «
> P, [T;’Z(l) < T,;Yz((l))]
where v is a a one dimensional path going from 7,(1) to z. We will show later that
P, [r;/z(l) < T]:((f))] > CN™/2 (2.22)

Thus we get that

Pa [7.;1;(1) < 7—;/2(1)} > 1 — CN%2eNIFn(z"(y,2)) - E] (2.23)
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By the same procedure, we get also that
ﬁA TJZ(O) < ng(o) >1-— CN&/2e—NIFn(z"(y;z)) - E] (2.24)

Putting all these estimates together, we arrive at the affirmation of the lemma.<>

We are left to prove the lower bounds for the purely one-dimensional problems whose
treatment is explained for instance in [vK]. In fact, we will show that

Proposition 2.4: Let v, be a one dimensional path such that Fy attains its maximum on

v, at z. Then there is a constant 0 < C' < oo such that

~ . 1 2 1 — — z)— z
Py |7 [ ) < T > CNTH2em NN (=)= Fr (- () (2.25)

Proof: Let K = |v,| denote the number of edges in the path 7,. Let us fix the notation
wo, w1, .. .,wk, for the ordered sites of the path v, with v.(1) = wo,7.(0) = wy,,|-

For any site w, we introduce the probabilities to jump to the right, resp. the left
p(n) :pN(wnawn+1)a q(n) :pN(wnawn—l) (226)
We will first show that

Lemma 2.5: With the notation introduced above,

-1
5 [ =) _ (1) (wo) 1
P, |7 [ y.(0) < 72(1)] [Z Qn (@ p(n)] (2.27)

Proof: Let us denote by r(n) the solution of the boundary value problem

r(n)(p(n) +q(n)) =pn)r(n+1)+q(n)r(n—1), for0<n< K

r(0)=0, r(K)= (2:28)
Obviously we have that
P, |77°0) < 77| =p(0)r(1) (2.29)
(2.28) has the following well know unique solution
r(n) = Z;fil H%E 0 (2.30)
ppamey | P %
hence,
B, |70) <m0 = PO i P(0) (2.31)

z 2 (0 (1 - _
R SN § e ORI Sy )
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Now reversibility reads Qn (we)p(4) = Qn (we4+1)q(£ + 1), and this allows to simplify

k—1
p(€) _ q(k)Qn (wk)
e:Hl g(f)  q(1)Qn (w1) (2.32)
and finally
P 1
B |7 < i) = (2.33)

Qn (wo) Y ey [a(k)Quv (wi)] ™

which is the assertion of the lemma.

We are left to estimate the sum Qpn (wq) Zk 1 W uniformly in K. Since g(k) >
c¢>0forall 1 <k <K, for an upper bound on this sum it is enough to consider

K K
wo Z (@N(wo) ZG_N[FN(Z)_FN(wk)] (234)

k:l k=1

Now in the neighborhood of z, we can certainly bound

Fn(2) — Fy(wi) > ¢ (%)2 (2.35)

while elsewhere Fiy(z) — Fn(wg) > € > 0 (of course nothing changes if the paths have to
pass over finitely many saddle points of equal height), and from this it follows immediately
by elementary estimates that uniformly in K

K
Ze—N[FN(Z)—FN(wk)] < CN1/2 (2.36)
k=1

which in turn concludes the proof of Proposition 2.4.'* <&

Combining Proposition 2.4 with Lemma 2.3, we get that

S Ly oy d/2,~N[Fx (=" (y.2))~ E] Qn(7:(1)) Qn(2) ~1/2
Palrt <) = (1-on )2 ey onm Y

— e NIFn(="(4:2))=Fx ()] (1 _ CNd/ze—N[FNu*(y,z))—E]) CN"Y2 Y e NEWE)-Fn (=" we))]
z€B

(2.37)

By our assumptions Fn(z) — Fn(2z*(y, z)) restricted to the surface Sy is bounded from above

by a quadratic function in a small neighborhood of z*(y, ) and so, if B is chosen to be such a

140Of course we could easily be more precise and identify the constant in (2.36) to leading order with the
second derivative of F'(z) in the direction of v (see e.g. [vK] where this computation is given in the case of
the continuum setting, and [KMST] where a formal asymptotic expansion is derived in the discrete case), but
this would not really help us as we do not have the corresponding upper bound.
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neighborhood, the lower bound claimed in Theorem 1.11 follows immediately by a standard
gaussian approximation of the last sum. {$<&

3. Laplace transforms of transition times in the elementary situation

In this section we shall prove Theorem 1.10, which is our basic estimate for the Laplace
transforms of elementary transition times. We shall need the sharp estimates on the transition
probabilities which we obtained in the previous section based on Lemma 2.2. Combined with
reversibility they lead to an estimate on the hitting time 73, . This is the basic analytic
result needed to estimate the Laplace transforms, using their usual representation as solutions
of an appropriate boundary value problem. Let us recall the notation

Gz,z(u) = E [euTyz ]IT;ST;] ’ g;(u) = Gz,MN(u)

In this section ¥ will always denote a proper nonempty subset of I'y that contains My.
Moreover, we will assume that y is not in the interior of ¥, i.e. it is not impossible that y is
reached before X\y from z, since otherwise Gy (u) = 0 trivially.

To prove Theorem 1.10, it is enough to show that
9% (u) < Co N 2eNEN (27 (2.9)—Fn ()] (3.1)

for real and positive u < ¢N~¢~3/2, Note that z*(z,y) is defined in (1.30) in such a way that
z*(z,y) equals to z if y can be reached from z without passing a point at which Fly is larger
than F(z). Analyticity then follows since gy (u) is a Laplace transform of the distribution
of a positive random variable, and the estimates for k£ > 1 follow using Cauchy’s inequality.

In the sequel we will fix y € ¥ and My C ¥ C I'y. It will be useful to define the function

sn(uw) for z¢X
vu(z) =<1 for z=y (3.2)
0 for zeX\y.

As explained in the introduction, v, (z) is analytic near v = 0 (so far without any control in
N on the region of analyticity).

Similarly, we define the function

wo(z) = (3.3)

Elr},] for = ¢ Mn
0 for ze€ My

Observe that as a consequence of Lemma 1.1 of the introduction we get (for any z,y €
I'y, X C FN) that

o s(u) =€"Py(z,y) +e* Y Py(z,2)G} 5(u). (3.4)
2¢%
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Using this identity one readily deduces that v, is the unique solution of the boundary value
problem

(1 - euPN)Uu("‘C) =0 ("‘C ¢ E)a Uu(y) = ]-a Uu(x) =0 ("‘C € E\y) (35)
and, in the same way, w, is the unique solution of

(1 — Py)wo(z) =1 (z ¢ Mn), wo(z) =0 (z € Mp). (3.6)

We shall use these auxiliary functions to prove the crucial

Lemma 3.1: There is a constant C € R such that for all y € Ty and all N large enough

Ty := max E[r}, ] < CNH! (3.7)
yel'n

Proof: In view of the Kolmogorov forward equations it suffices to consider the case y ¢ My.
We set ¥ = My Uy, where y ¢ M. Then vo(z) defined in (3.2) solves the Dirichlet problem

(1= Pn)vo(z) =0 (= ¢E)

(3.8)
v(y) =1,  wv(z)=0 (z€Mn)
Moreover, (3.4) with w =0 and z = yS reads (since G, (0) = P[ry < 73)])
1 —IP’ 7'2 < Ty Z N (Y, 2)vo(z (3.9)
zel'n
which can be written as
(1= Pn)vo(y) = Py, <72 (3.10)

We shall use vy(z) as a fundamental solution for 1 — Py and, using the symmetry of Py in
(Tn, Qn), we get

Qu ()P, < 1B, ] = (1= Pr)vo, wo)q

= QN + Z QN T < Tj{’t}v]’
z¢X

where in the last step we have used equation (3.6) and the fact that y ¢ My. This gives the
crucial formula for the expected hitting time in terms of Boltzmann factors and transition
probabilities, namely

Z (z) Plry < miay] ! (3.12)

T .
M = Q N (y) [TM <7'y] Plriey <7y
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We remark that in this sum only those values of z with Fy(z) < Fn(y) contribute. To
estimate the probabilities in equation (3.12) we choose, given the starting point y ¢ My,
an appropriate minimum z € My near y such that there is a path v : y—z (of moderate
cardinality) so that F attains its maximum on 7 at y (note that such a z exists trivially
always). Then the variational principle in equation (2.11) (with v as the subgraph A) gives

PlrY,, <71V >Plr¥ <7¥] > P, [r¥ < 1], (3.13)

where the first inequality is a trivial consequence of z € My. But then Proposition 2.5 can
be applied to get the lower bound

Py, <TY]>CN~'/? (3.14)
for some constant C.
To estimate the other probability in (3.12) we use Corollary 1.9 to write, for z ¢ 3,

]P)[T; < Tﬁ/lNUa:]

Plry < Thinl = Pz < 12] (3.15)
Since My C X, we obtain from (3.14) that for z € %,
Plrs < 77] 2 Plrig, < 72] 2 CN~'/? (3.16)
Reversibility then gives the upper bound
Plry < Thiyuz) = gxg; Plr¥ < Th4yu,] < min (1, %) . (3.17)
Thus, inserting (3.16) and (3.17) into (3.15) we obtain from the representation (3.12) that
Er¥, J<CN(1+) 1) <CN*. (3.18)
o¢%

for some constant C. This proves the lemma. <

Next we need an estimate on the Laplace transform G 5,(u). This will be obtained from an
integral representation of our auxiliary function v, (z), choosing u smaller than the estimate
on the inverse of the maximal expected time T\ obtained in Lemma 3.1. More precisely, we
shall prove

Lemma 3.2: Assume that My C X CI'y. Then there is a constant ¢ > 0 such that for
allu < ecN~9 1 and all z,y € Ty,
sn(u) <2 (3.19)

Furthermore, there are constants b,c > 0 such that for all u < cN~973/2 gnd y € C'n\Mn,

1-GY o(u) >bN1/2 (3.20)
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Proof: As mentioned in the beginning of this chapter we can assume without loss of general-
ity that y € 0%. Then it follows from equation (3.5) that the function w,(z) := v, () —vo(z)
solves the Dirichlet problem

(1 = Py)wu(z) = (1 = Py)vu(z) = (1 —e ™ )ou(z), (2 ¢ %)

wy(z) =0 (z€X) (3:21)

The relation between resolvent and semi-group gives the following representation for z ¢ ¥

xr
T —1

wy(@) =E| Y f(X)|, f(2):=(1-e")vu(z) (3.22)
t=0

that in turn yields the integral equation

r
T —1

vu(z) =P =7+ (1—e™™)E | Y vu(X4)] . (3.23)
t=0

for the function v,. We can now use our a priori bounds from Lemma 3.1 on the expectation
of the stopping time 73, to extract an upper bound for the sup-norm of this function. Namely,
setting M (u) := sup,¢x vu(z) We obtain the estimate

1
M(u)<1+4+|1—e7" max Elrg|M(u) <1+ gM(u), (3.24)
z€l'n

where we have used that |u] < cN~9~! with ¢ sufficiently small. This gives for z ¢ 3,
vx(u) <3/2 (3.25)

The estimate of the Laplace transform G§ y,(u) is trivial for negative u or for z € ¥\0%. In
the case z € 9%, (3.19) follows from (3.4), using (3.25).

To prove the estimate (3.20) on the Laplace transform Gg,z of the recurrence time to the
boundary point y € 9%, (in particular y € X\ My under our assumptions), observe that
for any & > 0, there exists ¢ > such that for |u| < ¢N~%73/2 using Lemma, 3.2 to estimate
E[rg] < E[r},, | from above, it follows that

To—1
E|Y (1—e™)| <éNT/2 (3.26)
t=0

Inserting this estimate and the a priori bound (3.19) into (3.23) together with the a priori
bound gives then that
G2 5(u) < Plr? = 7E] + 26N ~1/2, (3.27)
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Inserting (3.27) into (3.4), which represents G} y,(u) via G} (u) for z ¢ %, it follows that
modulo §N~1/2 one has, for |u| < cN—4-3/2,

1-GY 5 (u) > 1—e“Pn(y,y) —e* Y pn(y,o)Prf = 78]
z¢®

= Plrg < 7Y].
Since My C X and y € X\ My one obtains from (3.16) that
1-GY 5(u) > P}, <7y] —20N"1/2 >bpN~1/2 (3.29)

for some b > 0, choosing § sufficiently small in equation (3.26). This proves Lemma 3.3.
We are now ready to give the

Proof of Theorem 1.10: Note that when Fy(z) = Fn(z*(z,y)), Lemma 3.3 already
provides the desired (actually a sharper) estimate. It remains to consider the case z*(z,y) #
T.

Here we can, as in the proof of Theorem 1.11 in Section 2, construct a discrete separating
hyper-surface Sy containing the minimal saddle z*(z,y) and separating y and z. Since the
process starting at x must hit Sy before hitting y, path splitting at Sy gives

gi(u) =Y GIo(ugi(u), Q=MyUSy. (3.30)
z€ESN

We treat the cases ¢ € My and z ¢ My separately. In the latter case we need an additional
renewal argument, while in the former all loops are suppressed since the process is killed
upon arrival at € My. For ¢ My the renewal equation (1.26) reads

zow) = (1 - G3 o(u) 7 GE gua(u) (3.31)
By Lemma 3.2 and reversibility we have

_ Qv (2)

:,QUz(u) - QN (CL') z,Q

Qn (2)
Qn (z)’

(u) <2

(3.32)

using Lemma 3.3. Combining (3.32) and (3.20) of Lemma 3.2 we get from the renewal
equation (3.31)

7 alu) < CN1/2QN7E3, (z € Sy, u < cN~973/2) (3.33)
N

for ¢ > 0 sufficiently small.

If z € My, we directly apply the reversibility argument to G7 (u) (without renewal) and
obtain a sharper estimate, i.e. (3.33) with N'/2 deleted on the right hand side.
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Inserting (3.33) into (3.30) and using (3.19) to estimate the Laplace transform g2(u) =
Z My (1) we finally get, for u < cN—9-3/2

g2(w) < ONV2Qu(2)t 3 Qu(z) = O(NU/2)e NEWE wad~Fx(@) | (334)
zESN

where the last equality is obtained by a standard gaussian approximation as (2.37). All
estimates on the derivatives k& > 1 now follow from Cauchy’s inequality and the obvious
extension of our estimates to complex values of u. This completes the proof of Theorem

1.10.$:<$

4. Valleys, trees and graphs

In this chapter we provide the setup for the inductive treatment of the global problem.
Although this description is not particularly original, and is essentially equivalent to the
approach of Freidlin and Wentzell [WF], we give a self-contained exposition of our version
that we find particularly suitable for the specific problem at hand. To keep the description
as simple as possible, we make the assumption that Fjy is “generic” in the sense that no
accidental symmetries or other “unusual” structures occur. This will be made more precise
below. For the case of a random system, this appears a natural assumption.

4.1. The valley structure and its tree-representation

The first important concept will be that of the set of essential saddle points.

Definition 4.1: We call a point z € 'y an essential saddle point, if the connected (accord-
ing to the graph structure on I'y ) component of the level set A, = {x € 'y : Fn(z) < Fn(2)}
that contains z falls into two'® disconnected components when z is removed from it.

These two components are called “valleys” and denoted by V*(z), with the understanding
that

inf F < inf F 4.1
mEgIJF(z) ~(2) zeglf(z) n(@) (4.1)

holds. We denote by En the set of all essential saddle points.

With any valley we associated two characteristics: its “height”,

h(Vi(z)) = Fy(2) (4.2)
and its “depth” _
d(V*(z)) = Fn(z) — zei‘glif(z) Fn(z) (4.3)

The essential topological structure of the landscape Fy is encoded in a tree structure that
we now define on the set My U Ex. To construct this, we define, for any essential saddle

15Under the assumption G1 no points will exist where this connected component would fall into several
components.



Metastability 27

z € En, the two points

z

+ _ { arg MaX,, ceynv(z) Fn(z), if ExN Vi(z) #0 (4.4)

My NVE(2), else

(note that necessarily the set My NV *(z) consists of a single point if E5 NV (2) = 0). Now
draw a link from any essential saddle to the two points z;t. This produces a connected tree,
Tn, with vertex set £ U My having the property that all the vertices with coordination
number 1 (endpoints) correspond to local minima, while all other vertices are essential saddle
points. An alternative equivalent way to construct this tree is by starting from below: Form
each local minimum, draw a link to the lowest essential saddle connecting it to other minima.
Then from each saddle point that was reached before, draw a line to the lowest saddle above
it that connects it to further minima. Continue until exhaustion. We see that under our
assumption of non-degeneracy, both procedures give a unique answer. (But note that in a
random system the answer can depend on the value of N!)

The tree T induces a natural hierarchical distance between two points in £x UMy, given
by the length of the shortest path on 7x needed to join them. We will also call the “level”
of a vertex its distance to the root, zj.

The properties of the long-time behaviour of the process will be mainly read-off from
the structure of the tree 7y and the values of Fiy on the vertices of Tn. However, this
information will not be quite sufficient. In fact, we will see that the information encoded
in the tree contains all information on the time-scales of “exits” from valleys; what is still
missing is how the process descends into a neighboring valley after such an exit. It turns out
that all we need to know in addition is which minimum the process visits first after crossing
a saddle point. This point deserves some discussion. First, we note that the techniques we
have employed so far in this paper are insufficient to answer such a question. Second, it
is clear that without further assumptions, there will not be a deterministic answer to this
question; that is, in general it is possible that the process has the option to visit various
minima first with certain probabilities. If this situation occurs, one should compute these
probabilities; this appears, however, an exceedingly difficult task that is beyond the scope
of the present paper. We will therefore restrict our attention to the situation where Fi is
such that there is always one minimum that is visited first with overwhelming probability.
To analyse this problem, we need to discuss an issue that we have so far avoided, that
of sample path large deviations for the (relatively) short time behaviour of our processes.
A detailed treatment of this problem is given in [BG2] and, as this issues concerns the
present paper only marginally, we will refer the interested reader to that paper and keep the
discussion here to a minimum. What we will need here is that for “short” times, i.e. for
times t = TN, T < oo, the process starting at any point zy at time 0 will remain (arbitrarily)
close (on the macroscopic scale) to certain deterministic trajectories z(¢, zy) with probability
exponentially close to one'®. These trajectories are solutions of certain differential equations
involving the function F. In the continuum approximation they are just the gradient flow of
F,ie. %z(t)=—VF(2(t)), =z(0)= zo, and while the equations are more complicated in

16Convergence of this type of processes to deterministic trajectories was first proved on the level of the
law of large numbers by Kurtz [Ku].
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the discrete case they are essentially of similar nature. In particular, all critical points are
always fixpoints. We will assume that the probability to reach and J§-neighborhood of the
boundary of A in finite time T will be exponentially small for all fixed T'. We will assume
further that at each essential saddle the deterministic paths starting in a neighborhood of z
lead into uniquely specified minima within the two valleys connected through z. As we will
see, these paths will determine the behaviour of the process.

We will incorporate these information in our graphical representation by decorating the
tree by adding two yellow!” arrows pointing from each essential saddle to the minima in each
of the branches of the tree emanating from it into which the deterministic paths lead. (These
branches are essentially obtained by following the gradient flow from the saddle into the next
minimum on both sides.) We denote the tree decorated with the yellow arrows by %N.

4.2. Construction of the transition process

We are in principle interested in questions like “how long does the process take to get from
one minimum to another?”. This question is more subtle than one might think. A related
question, that should precede the previous one, is actually “how does the process get from
one minimum to another one?”, and we will first make this question precise and provide an
answer.

We recall that in (1.18) we have given a representation of the process going from y to z
in terms of a random walk on the minima. As we pointed out there, this representation was
not extremely useful. We will now show that it is possible to give another decomposition of
the process that is much more useful.

Let us consider the event F(z,y) = {7¢¥ < oo} with z,y € My. Of course this event has
probability one. We now describe an algorithm that will allow to decompose this event, up
to a set of exponentially small measure, into a sequence of “elementary” transitions of the
form

F(zi, ziyTig1) = {T:ii—O—I < 7-’/z“z w-”MN} (45)

where z;, ;11 € My, z; is the first common ancestor of z; and z;;; in the tree Ty, and
T..,z; is the branch of Ty emanating from z; that contains both z; and ’Tzcm = Tn\Tz; z;-
We will write 7, for the union of all branches emanating from z. The motivation for this
definition is contained in the following

Proposition 4.2: Let z,y € T,, N My, and § € TS, N Mn. Then there is a constant
C < oo such that

Plry <7y] < inf CV/Ne~ NIFn(z)=Fx(2")] (4.6)

2'€T.,y\z

Remark: Note that by construction we have Fy(z) — Fy(z') > 0 for all lower saddles in
the branch 7, ,. Thus the proposition asserts that with enormous probability, the process
starting from any minimum in a given valley visits all other minima in that same valley
before visiting any minimum outside of this valley. As a matter of fact, the same also holds

17This color was used in the original drawing on a blackboard in the office of V. G. in the CPT, Marseille,
and is retained here for historical reasons.
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for general points. Thus what the proposition says is that up to the first exit from a valley,
the process restricted to this valley behaves like an ergodic one.

Proof: We use as usual path-splitting at the consecutive returns of the process to x. This
yields

P [T_z < Tm] _ P [ng <715, TS < T;] + P [Tg < Ty, Ty < T;]
Y Y IP’[T;<T§,T;<T5’]+P[T§<T§,T§<T;]
:P[T5<T§]—P[T;<Tg<rﬂ (47)
P[T;<T§]+P[T5’<T§<T;] '
P [ng < T;]
- P [T; < Tj]
Now using the upper and lower bounds from Theorem 1.11, we get
P [ng < Tym] < CV/Ne NIFN(z)=Fn(=")] (4.8)

where 2’ is the lowest saddle connecting = and y. (4.8) yields the proposition.<

Proposition 4.2 implies in particular that the process will visit the lowest minimum in a
given valley before exiting from it, with enormous probability. This holds true on any level
of the hierarchy of valleys. These visits at the lowest minima thus serve as a convenient
breakpoint to organize any transition into elementary steps that start at a lowest minimum
of a given valley and exit just into the next hierarchy. This leads to the following definition.

Definition 4.3: A transition F(z,z,y) is called admissible, if
i) x is the deepest minimum in the branch T, 5, i.e. Fy(z) = infycr, | Fn(z).

it) z and y are connected by a yellow arrow in Tn.

Remark: We already understand why an admissible transition should start at deepest
minimum: if it would not, we would know that the process would first go there, and we could
decompose it into a first transition to this lowest minimum, and then an admissible transition
to y. What we do not see yet, is where the condition on the endpoint (the yellow arrow)
comes from. The point here is that upon exiting the branch 7 ., the process has to arrive
somewhere in the other branch emanating from z. We will show later that with exponentially
large probability this is the first minimum which the deterministic path staring from z leads
to.

Proposition 4.4: If F(z,z,y) is an admissible transition, then there ezists Ky > 0,
satisfying N' =Ky 1 oo such that

P[F(z,z,y)] >1— e VKN (4.9)

Remark: To proof this proposition, we will use the large deviation estimates that require
the stronger regularity assumptions R2, R4, as well as the structural assumptions discussed
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in the beginning of this section. These are to some extent technical and clearly not necessary.
Alternatively, one can replace these by the assumption that Proposition 4.4 holds, i.e. for
any z € £ and = € T, , there is a unique y € 7%, U My such that (4.9) holds.

Proof: The proof is based on the fact that the process will, with probability one, hit the
set 7%, eventually. Thus, if we show that given z and 2, for all gy € 77, with g # y,
P [Tg < TI. \g] is exponentially small, the proposition follows. To simplify the notation, let

us set I =T, N Mn. Note that the case y € 7. is already covered by Proposition 4.2, so
we assume that § € 7,. Using Corollary 1.9

P[5 <o) (4.10)
Plrf < 12]

By reversibility,
p [r;; < Tf\gUz} — NIFx(2)~Fn(@)p [ng < T;?] (4.11)

Now construct the separating hyper-surface Sy passing through z as in the proof of Theorem
1.11. Then i i i
P [r;;’ < T}/] = Z P [Tf, < T;/UsN:| P |:T; < 7f } (4.12)
z'edSn

Putting all things together, and using reversibility once more, we see that

T T 1 —N[Fn(2')—Fn(z z' z' z' z!
z N

Using that P[r7 < 77] > P[r}, < 77] for any y’ € I, together with the lower bound of Theorem
1.11 and the trivial bound P [T;’ < TIZI} <1, we see that

p [Tg < Tf\g} < CTINTE2/2 3 NI -Fr()]p [ry < T;QSN}
z'€SN

< C-1N-(d-2)/2 Z e~ NIFN(z')=Fn(2)]p [T; < TfLIJSN] (4.14)

z’ESN
FN(z)-FN(2)<KN

4 N4/24+1~NKx

Under our assumptions the condition Fy(z') — Fn(z) < Ky implies that |2’ — z| < C'v/KN,

i.e. all depends on the term P |:T5’ < 7'IZL'J sy | for 2’ very close to the saddle point z. Now,

heuristically, we must expect that with large probability the process will first arrive at the
minimum that is reached from 2z’ by following the ‘gradient’ of Fly.

Let us now show that this is the case. Let us first remark that using the same arguments
as in the proof of Proposition 4.2, it is clear that the probability that the process will hit the
set where Fiy(z') > Fn(z*(z,g)) +6', 8’ > 0, before reaching § is of order exp(—d’N) so that
this possibility is negligible. Denote the complement of this set by Ls. Now consider the
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ball Ds of radius ¢ centered at z, where § should be large enough such that the intersection
of Ls with Sy is well contained in the interior of Ds. The set Ls N Dy is then separated by
Sy into two parts, and we call Cs the part that is on the side of I. According to the previous
discussion, if the process is to reach I, it has to pass through the surface 3> = 0Cs N 9Ds.
Finally, let Rs denote the ball of radius § centered at y. Note first that

Z’ Z’
P [Tg < TIUSNULE,}

zl zl zl zl zl zl zl zl
S P |:Tg < TIUSNULE,’TQ < TR6j| + P [Tg < TIUSNULE, y Tg > TR5] (415)
<P|rZ <71} + Z P2 < 2"
<Plry <Thusyur, g <7y
z'"€Rgs

The second term is exponentially small by standard reversibility arguments. It remains to
control the first.

z! z!
P |:Tg < TRJUSNULE,:|

= Z P [T:/ < 75 } P [Tg < Tﬁ5:| (4.16)
z' €Y
< |¥| sup P |:Tg, < Tﬁ;]
/€Y

Now under the assumptions on F, for all 2’ € ¥, the deterministic paths z(¢, z') reach Rs in
finite time 7' (i.e. in a microscopic time T'N') without getting close to §. Therefore, for some
p>0

Pl <rf] <P

; sup | Xy —z(t,2')| > p|Xo =2

te[0,NT]

(4.17)

But the large deviation theorem of [BG2| implies that there exists € = ¢(p,T") > 0, such that

1
limsup—InP| sup |X;—=x(t,a')] > p|Xo=2"| < —€(p,T) (4.18)
Ntoo t€[0,NT]

so that, e.g., for all large enough N,

P
te[0,NT]

sup | Xy — z(t, @) > p|Xo = :c'] < e Nelp1)/2 (4.19)

Tt then suffices to observe that

S P [T;, < Tf\y,] = P[rf <oo] =1 (4.20)
y'el

and so, since P [Tg < Tf\g} <exp(—NKy), forall g #y, P |:T; < Tf\y} > 1—exp(—NKy).$
Note that the above argument also shows that if F(z, z,y) is admissible, and y' € I, then

Py < 1fie) SPrd < 1, e VKN (4.21)
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Theorem 4.5: Let x,y € My. Then there is a unique sequence of admissible events
F(zi, 2i,Tig1), i = 1,...,k, such that'8

k k
{T; < OO} D) {T; = ZT:ii+l < OO} N m .7(.’171',2,',1,‘,‘4_1) (422)
i=1 i=1
and such that the sequences are free of cycles, i.e. the points x;,t = 1,...k+1 are all distinct.

Moreover, there is a strictly positive constant Ky, such that

K K
P {ry =Y 7o, <o} () Flwi zi,mip1) | > 1—e NN (4.23)
=1 =1

Proof: There is a simple algorithm that allows to construct the sequence of admissible
transitions. Let z be the first common ancestor of z and y in 7. First we notice that
we will ‘never’ (that is to say with exponentially small probability) visit a minimum that
is not contained in the two branches emanating from z before visiting all of 7,. Given this
restriction, starting from z, we make the maximal admissible transition, i.e. one traverses
the highest possible saddle for which the starting point is a lowest minimum of its branch.
This leads to some point xo, from which we continue as before, with the restriction that the
first common ancestor of xs and y now determines the maximal allowed transition. This
process is continued until an admissible transition reaches y. It is clear that this algorithm
determines a sequence of admissible transitions. We have to show that this is the only one
containing no loops.

Note first that the condition that no transition leaves the branches of the youngest common
ancestor follows since Proposition 4.4 ensures that the target point is reached before exit from
this valley with probability close to one. It is easy to see that we should always choose the
maximal admissible transition. Suppose we start in some point that is the deepest minimum
in some valley that does not contain the target point, and we perform an admissible transition
that does not exit from this valley. Then we must return to this point at least once more before
reaching the target which means that our sequence of admissible transitions contains a loop.
Therefore, at each step the choice of the next admissible transition is uniquely determined.

Finally, from Proposition 4.4 the estimate (4.23) follows immediately.

Remark: We see that the same type of reasoning would also allow us to deal with degener-
ate situations where e.g. integral curves of the gradient bifurcate and transitions to several
points y may have non-vanishing probabilities. The picture of the deterministic sequence of
admissible transitions should then be replaced by a (cycle free) random process of admissi-
ble transitions. The precise computation of the corresponding probabilities would however
require more refined estimates than those presented here (except if this can be done by using
exact symmetries).

18We hope the notation used here is self-explanatory: E.g. {’7’; < oo} stands for Uicoo{X0o = z, X1 #
y,---,Xt71 :/éy7Xt‘ :y}
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Remark: Theorem 4.5 asserts that for fixed large IV a transition occurs along an essentially
deterministic sequence of admissible transitions. When dealing with the dynamics of system
with quenched disorder, this deterministic (with respect to the Markov chain) sequence will
however depend on the realization of the quenched disorder, and on the volume N. In a typical
situation, this will give rise to a manifestation of dynamical “chaotic size dependence” (in
the spirit of Newman and Stein (see e.g. [NS] for an overview).

In the sequel we will always be interested in computing the times (expected or distribution)
of transitions conditioned on the canonical chain of admissible transitions constructed in
Theorem 4.5. We mention that in general, these do not coincide with the unconditional
transition times. Namely, in general, there can occur unlikely excursions (into deeper valleys)
that take extremely long times so that they dominate e.g. the expected transition times.
Physically, this is clearly not the most interesting quantity.

5. Transition times of admissible transitions

From the discussion above it is clear that the most basic quantities we need to control to
describe the long time behaviour of our processes are the times associated with an admissible
transition. Note that an admissible transition F(z,z,y) can also be considered as a first
exit from the valley associated with the saddle z and the minimum . We proceed in three
steps, considering first the expectations the expectations of these times, then the Laplace
transforms, and finally the probability distributions themselves.

5.1. Expected times of admissible transitions.

A first main result is the following theorem.

Theorem 5.1: Let F(z,z,y) be an admissible transition, and assume that x is a generic
quadratic minimum. Then there exist finite positive constants c,C such that

ET; ]If(a:,Z,y) < CNGN[FN(Z)_FN(Z)](l + e—NKN)

5.1
ET; ]I]_—(m’z’y) > ch/ZeN[FN(z)—FN(z)](l N e_NKN) ( )

where Ky satisfies N'=*Ky 1 oo for some o > 0.

Remark: In dimension d = 1 the upper bound captures the true behaviour (see e.g. [vK]
where the expected transition time in d = 1 is computed in the continuous case. Note that
the extra factor IV in our estimates is just a trivial scaling factor between the microscopic
discrete time and the appropriate macroscopic time scale). We expect that the upper bound
has the correct behaviour in all dimensions.

Before proving the theorem, we will prove some more crude but more general estimates.
For this we introduce some notation. Let I C My. We define

difw,y) = _inf [F(#"(2,0) = Fy(o)] (5.2)

to be the effective depth of a valley associated with the minimum z with exclusion at the
set I. Here z*(z,y) is the lowest saddle connecting x and y, as defined in (1.30). Note that
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equivalently we have that

2" (z,y) = arg inf Fn(z) (5.3)
mETzz,iay]\éTZ,y

With these notations we will show the following

Lemma 5.2: Let I C My. There ezist C < 0o and k < oo such that for any z,y € My,
we have that for all N large enough,

]E[T;|7'; < Tf] < CN*

4 CNH sup min (e—N[F'N(z*(z,z’))_FN(z*(.’my))]’ 1) eNdI(q;’7y) (54)
z'e My \{ITUy}

If the set MN\{I Uy} is empty, we use the convention that the sup takes the value one.
Moreover, we set z*(z,z) = .

Remark: In order to understand (5.4), it is helpful to realise that
min (e_N[FN(z*(m’z’))_FN(Z*(z’y))], 1) ~P [Tf, < 7';/':|7'yz < Tf] (5.5)

is essentially the probability that the process visits =’ on its way to y. Also, eNdr(=" ) should
be thought of as the time it takes to reach I or y from z’. Note that formula (5.4) implies
that the process conditioned on avoiding a set [ will leave a valley in a time that corresponds
to reaching the point in I “closest” to it. This may at the first glance appear surprising.

Proof: Note first that if I = My the estimate follows from the estimates of Theorems 1.10
and 1.11. starting point to prove the lemma by downward induction over the size of the set
1. Actually, the structure of the induction is a bit more complicated. We have to distinguish
the cases where the starting point = is contained in the exclusion set I and where it is not.
We will then proceed in two steps:

(i) Show that if (5.4) holds for all J C My with cardinality |J| = k and all z,y € My, and
if (5.4) holds for all J of cardinality |J| =k — 1 for all y € My and = ¢ J Uy, then (5.4)
holds for all I with cardinality |I| =k — 1 and all z,y € M.

(ii) Show that if (5.4) holds for all J with cardinality |J| = k and all z,y € My, then (5.4)
holds for all J of cardinality |J| =k —1forally € My and z & J U y.

If we can establish both steps, we can conclude that since (5.4) holds for I = My and all
x,y € My, it holds for all I C My.

We now proof both assertions. Note that C and k will denote in the course of the proof
generic finite numerical constants. We will not keep track of the changes of their values in
the course of the induction.
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Case (i): (z € JUy). We can assume without loss that y ¢ J.
E |:7-ym ]Iryw <T§}

S iAETE N B DR A CES-AL NS e
'€ Mn\J\{z,y}

:E[T;HT;STﬁAN] + Z <E [T;’HT:ISTﬁAN]P[T; <7'}:]
z' EMN\J\{z,y}

+ P [T:’ S TJQ\}AN] E [T;’]IT;'<T§':|>

(5.6)

The first summand in (5.6), divided by the probability P[] < 7], produces a term of the
order of the first terms in (5.4), by Theorems 1.10 and 1.11. The second term in (5.6), again
divided by the same probability, is at most of the order N*. Thus the only dangerous term
is the last one. We see that we have to bound, for any of the z’' occuring in (5.6), a term of
the form

Plrs <15 | E [TEIJIT,;: rw’] P15 <1} P |:TE, < TE,:| ., ,
[ .MN] y 2Ty _ [ MN] y J E[T; |T; < T} (5.7)
P [T; < Tf] P [Tym < T}]

The conditional expectation on the right hand side satisfies (5.4) by the inductive hypothesis.
Now we have that

P [T; < T}] > O N(@-2)/2o=NI[Fn(z"(z.y))~Fn ()]

5.8
P [Tz, <72, ] < ON(d=1)/2,=N[Fn(z"(z,2"))—Fn (2)] (58)
! = N] =
and
P [T;/ < T;/] S min (C /N ilpefl]e—N[FN(z*(z',y))_FN(z*(a:’,q:l,))], 1) (59)

This last inequality is proven using first that P [T;’ < T}I:| < infyrneg P |:T;’ < 7':,’/] Now
Proposition 4.2 and Theorem 1.11 give (5.9). Therefore we get

Plrs < i, | P <77

E |:Tzl 2 < Tz,j|
P[re < %] v I <

< C2N"eNFy (" (@9) min (e—NFN(z*(z',y», e—NFN(z*(z,m'») (5.10)

x sup  min (eN[FN<z*(z',y))—FN(z*(z',z”))l, 1) eNds(@"9) | N+
z'"eMn\J\y

We will bound each term in the supremum over z” and treat all the four cases corresponding
to the different possibilities in the minimum separately. A crucial observation is the following
general statement that is tied to the tree structure of the set of saddle points: Whenever
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z,z', " are minima, Fy(z*(z,z')) < Fy(z*(z,z")) implies that z*(z',z") = 2*(x,z"). This
observation will be used repeatedly in what follows.

a) Fn(z*(z',y)) > Fn(2*(z,2")), Fn(z*(2',y)) < Fn(z*(z',2")). Then

NN (" (2.9)) min (e—NFN(z*(a:',y)), e—NFN(z*(z,m')))

* ! * ’ ” * * ! 1" (5‘11)
« min (eN[FN(z (2 9)—Fn (=" (a' 0 ))1,1) _ NIFx (=" (@.9)—Fn (=" (')

But in this case we must have z*(z,z") = z*(2'z"), and Fy(z*(z,y)) < Fn(z*(z,z")) so
that the left hand side of (5.11) in fact equals

eN[FN(z*(a:,y))—FN(z*(a:,z”))] _ min (eN[FN(Z*(z,y))_FN(Z*(z%E”))], 1) (5.12)

b) Fn(z"(2',y)) 2 Fn(2"(z,2")), Fn(z"(2',y)) > Fn (2" (2, 2")).
Here the left hand side of (5.11) equals

eN[FN(z*(a:,y))—F'N(Z*(EI,y))] =1 (5.13)

since we must have that z*(z',y) = 2*(y, ). Moreover, it is also clear that Fy(z*(z,y)) >
Fn(z*(z,z")), so that (5.13) is also equal to
min (eN[FNu*(z,y))—FN(z*(z,z”m, 1)_

c) Fn(z"(z',y)) < Fn(2"(z,2")), Fn(2"(2',y)) < Fn(z" (2", 2")).
Here we get

eNIFN (2" (z:9)—Fn (2" (2,2")+Fn (2" (2" ) - Fn (2" (2" ,2"))] (5.14)

There are two sub-cases to consider:

c.l) Fy(z*(z,2')) > Fn(2*(2', 2")).
In that case we must have z*(z,z’) = z*(z,2") = 2*(z,y). Thus (5.14) is

< NN G (@) =Fn (=" (®.2")] — | — pin (BN[FN(z*(z,y))—FN(z*(z,z”))l, 1) (5.15)

c.2) Fn(z*(z,z')) < Fn(z*(z',z")).
Then 2*(z',2") = z*(z,2") and Fn(z*(z,y)) < Fn(z*(z,z")), so that (5.14) satisfies

S eN[F'N(z*(a:,y))—FN(z*(:c,a:”))] _ mln (eN[FN(z*(;E,y))—FN(Z*(z,zll))], 1) (516)

d) Fn(2*(z',y)) < Fn(2*(z,2")), Fn(2*(2,y)) > Fn(2*(2', 2")).
Here we obtain
eNIFN (2" (2,y))—Fn (27 (2,2")] — oNIFn (2" (2,9))—Fn (2" (2,2"))] —

min (BN[FN(z*(z,y))—FN(z*(z,m”m, 1) (5.17)
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since z*(z,z') = z*(z,2") = z*(z, y).
We have seen that in all cases we get the claimed bound.
To complete the proof we need to turn to the case

Case (ii): = ¢ J Uy. Using the by now familiar renewal argument, we get

E [Tz Lrocre } E [TZ]ITZQJ } P [Tz < T3, ]
E [T;|T; < T}}] _ Yy Y JUz T JUy Y x

. (5.18)
P |:T}:Uy < sz} P [T}Uy < T§j|

Since P [T}Uy < 78] > P[r¥ <15,,], and J Uz has cardinality k, the first term in (5.18)
satisfies the desired bound by the induction hypothesis. For the second term we have

@

2 —
P [T}Uy < qu} P [T}}Uy < Tg}

E [TgLKT;UJ Plr=<7?,] E [Tgﬂrmq;w]

(5.19)

Since P [7% < T}Uy] > 1 — e 9W) we can replace the numerator by the corresponding con-
ditional expectation. Since J U y has cardinality k, we can use the induction hypothesis for
this term. On the other hand, by Theorem 1.11,

P [T}Uy < T:] > oN(4-2)/2 sup e~ NIFn(z"(z,a")) = Fn (o)] (5.20)
z''€JUy

This gives

T
E|rilcn,|

P [T;Uy < Tg]

< Can inf eN[FN(z*(z,z"))—FN(z)]+
- z''€JUy

(5.21)
+ sup inf eN[FN(Z*(z,w”))—FN(z*(m,z'))+dJUy(z',z)])

z'eMn\{Juyua} @' €Uy

We want to show that this is equal to the left hand side of (5.4). Note first that the first term
in the bracket corresponds to the choice 2’ = z in the sup in (5.4). To see that the remaining
terms are o.k., we just have to observe that by definition

! _ . w0 I\ !

dro@ )= inf  [Fy(e*(a,a") ~ P (o)
< inf [Fn(z*(z',2")) — Fn(2)] (5.22)
z''eJUy
:d.]('r’ay)

Let z* b any point in JUyUz that realizes the minimum of Fi (2*(z’,z")) over ' € JUyU=.
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a) z* #z, Fn(2*(2',2*)) < Fn(2*(2', z)).
In this case dju,(z',z) = ds(2',y). Moreover, we have that z*(z,z*) = z*(z2', z), so that

inf  eNIFN G (a")=Fn (2" (2,2") +duy (o' )]
z''eJUy
< min (eN[FN(z*(z,z*))—FN(z*(z,z'))l, eN[sz(z*(z,y))—FN(z*u,z'))]) oNds(a' ) (5.23)

= min ]-) eN[FN(z*(z’y))_FN(Z*(“’733’))]) eNdJ(z',y)

b) z* = =z.
Set z** = arginf ey, Fn(2*(2', 2")).
Then dyuy(z',z) —ds(z',y) = Fn(z* (2, ) — Fn(2*(2', 2**)). Now again Fy(z*(z,z")) <
Fn(z*(z',z**)) implies that
Fn(z*(z,z**)) < Fn(2*(2',2**)). Therefore,
inf eNFN(GE" (@) —Fn (2" (z,2") +dsuy (2" )]
z''eJUy

< min (eN[FN(z*u,z**))—FN(z*(z',z**m, eN[FN(z*(z,y))—FN(z*(z,z'))l) N ) (5.04)

< min (1, eN[FN(Z*<$’y))—FN(z*(z,z'))1) N (@' )

Thus in all cases we obtain the claimed estimate. Putting everything together we have
finally proven Lemma 5.2.$

Proof of Theorem 5.1: Lemma 5.2 can now be used to prove the theorem. For this, let
F(z,z,y) be an admissible transition and fix I = T7,\y N My. We rewrite (5.18) in the

form
E [T;|T; < Tf] =F [T;|T; < TfUz]

xr &Tr &Tr xr xr xr T 5-25
E[re|rz < 18] Plre < 8, JPlre < 78,,] (5.25)

P [Tfuy < T§:| HD[TIUy <77

Corollary 1.9 gives
P |:T; < Tf\yUz]

P [T;UI < qu}

=P [} < 17] (5.26)

Thus
E [T;|T; <tf] =E [7';|7'ym < 7. P [Tym <77

E [T§|T§ < Tfuy] P [7‘; < T:]

Ply <mz] p [Tfuy < Tg]

(5.27)

x P [7‘; < Tf] P [Tf < T}"Uy]

But
Plry <75] =P[ry < i) +P[rf <75 <77 (5.28)



Metastability 39

where the last term satisfies, by virtue of (4.21),
Plrf <7y <75 = Z P75 < Tfuauy) P [T;jl < rg'}
y'el
< Z P [7‘;, < T}’Uzuy] (5.29)
y'el

<Plry < Tf.) |T|e=NE~

for some K > 0. This implies that

P [T; < Tff] _IP’ [7‘; < Tzz] P [7‘; < TIZ]

P [Tny < Tf] P 7y < Tie] (5.30)
=P[ry <7f]+ [I|e=VEN =14 0O (e"VEW)
Putting everything together we arrive at
E (72|78 < Tiy)

E[T;|T; < TIZ] = P [7-3: < 7—:1:]
y T

(1+0(™) +E[rlry < 7i.] (1= 0™ )

(5.31)
Now we have already precise bounds on the denominator of the first term (seeSection 2),
and using the upper bound from Lemma 5.2 we see that, under the assumptions of the
theorem, the second term is by a factor N* exp(—KyN) smaller than the first. It remains
to estimate precisely the numerator in the first term. The essential idea here is to use the
ergodic theorem. It may be useful to explain this first in a simpler situation where there
is only a single minimum present and consider the quantity g¥(u). Let D C T'y be the
local valley associated to y, that is the connected component of the level set of the saddle
point that connects y to the rest of the world. The basic idea is to show that the expected
recurrence time at y (without visits at other points of M ) is up to exponentially small errors
equal to the same time of another Markov chain Xp (t) with state space D with transition
rates pp(z, z) defined as in (2.4) and whose invariant measure, @D, is easily seen to be just
Qn conditioned on D, i.e. @D(m) = Qn(z)/Qn (D) for any x € D. Then, by the ergodic
theorem, we have that
Epr! = = L _ Qv(D) (5.32)
Q(y) )
This quantity can be estimated very precisely via sharp large deviation estimates. It will
typically exhibits a behaviour of the form CN%/2.

To arrive at this comparison, we simply divide the paths in our process into those reaching
the boundary of D and those who don’t, i.e. we write

ut? ut?
ggj (u) =E [6 Y HT;’ST%AN ]ITgD<T5] + E |:€ v ]ITgD>T5} (5.33)

Let us denote by D* and D~ the two sets obtained by adding and removing, respectively,
one layer of points to, resp. from, D. Note that on the event {75, > 7Y} the processes X (t)

and Xp+ (t) have the same law until time 7/, so that

u'ry ™ ’LLTy ™ ’LLTy
] <o ] <Ba ] G
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We will show that this is the dominant term in (5.33), the first summand on the right being
exponentially small. Indeed

y _ y+ z
]E[eu‘ry ]Iré’STLN]ITy <.,_g] = E E[eU(TZ Ty)]ITgST;JUB T,:<,-

8D p Ty MN:|
z€0D

ut? ur?
) z Yy z z
SR LTI
z€EOD

(5.35)

Using Theorem 1.10, for small enough w, the first factor is bounded by
const. Nt e~ NIFN(2)=Fn ()] while the second is bounded by const.N*. This gives the desired
upper bound

gy() < Bpa [e7V] + ONme NI )= Fr W) (5.36)

where z* denotes the lowest saddle point in 0D. To get the corresponding lower bound, just
note that _ _ _
ED+ ey ]ITgD>T5:| = ED+ |:EUTy:| - IED-O— |:e'“-y ]I.,.gDS-rg] (537)

But the last term in (5.37) can be treated precisely as in (5.35), so that we arrive at
gu(u) > Bps [V — ONmem NI ()= Fr ()] (5.38)

Differenting and using reversibility and the upper bounds from Theorem 1.10, as well as the
obvious lower bound

g0 =1-P[f <] 21— Y g20) =1~ [My|NIleNIENEI=-Fv@I (5 39)
zEMnN\y

gives then that
95(0) _ Qn (D7)

_ + O Nn e—N[FN(Z*)_FN(y)] 540
g(0) Qn (v) () .

The same ideas can now be carried over to the estimation of the return time in an admissible
situation, using the estimates from Lemma 5.2.

Proposition 5.3: Let F(z,z,y) be an admissible transition. Let D denote the level set of
the saddle z. Then there are finite constants C,k and Ky > 0 such that

Qn (D7) o~ NEx
o O ( ) (5.41)

E[T§|T;’ < Tfuy] =

where I =T, \yN My

Proof: Basically, the proof goes as outlined above. With D defined as the level set of the
saddle z, we can decompose

E [T: Hr:<rny] —E [T; Lrscrp,, 11T§<T3D} +E [T: Wrscrg, Lerses, (5.42)
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The first summand gives precisely
E|ro1 E<TIUH1IT;<T3D] :]E[T:LKT;;D} (5.43)

so that from this term alone we would get the same estimate as in (5.40). We have to show
that the second term does not give a relevant contribution. Note that as in (5.35) we can
split paths at the first visits to 0D. This gives

Bm lrrary, Mporg, | = 3 B3l cog, Mon | P [ <78
z'€dD (544)

+IP[T/<T3D,T/<T]E|:T ]IT2<TI }
Uy

—N[FN(Z) FN(.’E

Now P[72 < 75p, 75 < 72] is bounded by e )l and by reversibility

E |:Tz/]ITw’<TgD ]ITz,<,.w] < e~ NFn(z)-Fn(2)lg [T 1 <! } , so all we have to show is that the
zl = z z 8D

7_;l<7_(;;’D:| and E |:T I[ <TI/y

not too large. But this follows from our previous bounds by splitting the process going from

z' to x at its first visit to a point in 7, , N My, e.g.

two quantities E [Tzz’]I (which are more or less the same) are

Bri | = E[Tﬂ " ]
IUy M

+ (]E [Tzz' ]IT;IST;QN] ¥ [T: < TIzUy] +F [TZZ’ = TX/‘N] ]E[T: I <TMD
z'e Mn\I

(5.45)

Lemma 5.2 and Theorem 1.10 can now be used on the expectations in (5.45), and this implies
the desired result.$>

Now if (as we assume) z is a quadratic minimum of Fy, Q&\E(D )) CN??2, and using this
together with Theorem 4.1 we get the estimates of Theorem 5.1.$<

Remark: The reader will have observed that we could also prove lower bounds for more
general transitions, complementing Lemma 5.2. But the point is that these would depend
in a complicated way on the global specifics of the function Fly, contrary to the situation
of admissible transitions for which we get the very simple estimates of Theorem 5.1. The
beauty of the construction lies in some sense in the fact that the general “worst case” upper
bounds of Lemma 5.2 suffice to obtain the precise estimates of the theorem.

5.2 Laplace transforms of transition times of admissible transitions

Theorem 5.1 gives precise estimates on the expected transition times for an elementary
transition. We will now show that as expected, the distribution of these transition times is
asymptotically exponential. This will be done by controlling the Laplace transforms for small
arguments.
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Theorem 5.4:  Let F(x,z,y) be an admissible transition. Set 7, = E[T;|.7:(x,z,y)].

Then
1

—+ e NVEN f(4) (5.46)

E[e /7 |F(,2,y)| =

where for any § > 0, for N large enough, f is bounded and analytic in the domain |Re(v)| <
1—46,|Im(v)| < exp(NKn).

Proof: The main ingredient of the proof lies in controlling the analytic structure of the
Laplace transforms. The procedure will be similar to that in the proof of Lemma, 5.2, that is
we consider the entire family of functions G ;(u) and establish the corresponding domains
by induction, starting with the case I = My where the analytic estimates of Theorem 1.10
hold. It will be convenient to use functions where the argument u has been properly rescaled.
The naive expectation might be that the Laplace transform will exist for values of u up to
the inverse of the corresponding expected transition time. However, this is not so. The point
is that Laplace transforms are much more sensitive to “deep valleys” than the expected times
for which such valleys contribute less if they are unlikely to be visited. However the Laplace
transform will only partly benefit from this, but simply explode at a value corresponding to
the deepest valley that is at all allowed to be visited.

We introduce some more notation for convenience. Set

tr(z,y) = V(@) (5.47)
and
Tr(y)=  sup  ti(z,y) (5.48)
zeMn\{IUy}
With the notation of Section 1, we define
~ GZ . (v/T,
6= oy = G W/Til0) a0

P [re < 7]

The following key lemma gives us control over how this happens. It is the analogue of Lemma
5.2.

Lemma 5.5: Let I C My, and let z,y € Mn. Then Gy (u) can be represented in the

form
@Z,I(”) = ag,y,[(v/TI(y))
n Z min (eN[FN(z*(a:,y))—FN(z*(a:,a:'))], 1) a;'y ; (Utz(ﬂf',y)> (5.50)
reMa\{IU i T1(y)
T N y}
where a%y’l and aijy’l, for any ' € MN\{I Uy} are complex functions that have the prop-

erties (for finite constants C, k):
(i) They are bounded by CN* and analytic in the domain |Re(u)] < CN~*, |[Im(u)| < N,

(11) They are real positive for real v.
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Proof: An important corollary of analyticity are corresponding bounds on the derivatives.
Namely, by a standard application of the Cauchy integral formula it follows that for any
function a which is bounded and analytic in the domain |Re(v)| < CN~", |[Im(v)| < N, for
|Re(v)] < $N~" we have,

dn n nKk
dv—"a(v)

<nlC sup a(v) (5.51)

viRe(v)<CN—*

This will be used repeatedly in the sequel.

We observe that for I = My, the representation (5.50) holds trivially due to Theorem
1.10. This provides the starting point for our induction like in Lemma 5.2. Again we assume
that the Lemma holds for all I of cardinality greater than or equal to ¢, and we consider sets
J C My of cardinality £ — 1. As before, we first show that the case = € J reduces easily to
the case ¢ ¢ J. Without loss of generality we assume y ¢ J. Namely, in the former case,

Ao gy (v/Ts(y))
Gy,J(U) = W

92, (v/Ty(y))P [T;” < T}”] Ny
+ > G2 (v)
P [Tz < T}] ’
z" e Mny\{JUy} Y

Inserting the induction hypothesis for the éz’ ;(v), we get

Ao _g9y(/Ts(y))
Gy,](v) = W

"
T

g/ Ty ) Pl <R JP " <5
+ D D 9%.(0) P [y < 5] >

z'eMn\{JUy} 2"’ e Mn\{JUy}

* (ol YN ’ t !
X min (eN[FN(z (=)= (= (e ))]’1) azu,y,-] (’l) ‘TIZ—(’.;D(Z’/:;J)>

Remember that in the proof of Lemma 5.2 we have established that

P15, < Ry | P[5 < 73]

min (eN[FNu*(z",y))—FN(z*(z",z'm, 1)
P[rz < 73]

< min (eN[FN(Z*(Z,y))—FN(z*(z,m'))], 1)

(5.53)

which shows that (5.52) provides the claimed representation.

The more subtle part of the proof concerns the case x ¢ J. Here we use of course that

T Gy J z(u)
Gy,](u) = 1 _2mu

mJUy(u) (5.54)
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which implies

x x x xr T x
P [Ty < TJUz|Ty < TJ] Gy JUz ( ’;"3(15?)}))

1-P [r; < T}Uy} G310y ( Té“:l(laf)m))
P12 < m504lT8 < 75] GZ JUz ( T;“L;?y(il))

- T @ T T Uy T T T Uy xr
P [Tg > TJij| —P |:7'm < TJij| T (;)) fo dtQG”z Ty (91} ,}J(;)))

The numerator again poses no problem since it permits to obtain the desired representation
by the inductive hypothesis. Potential danger comes from the denominator. But using the
induction hypothesis, we see that

Tyuy(®) 51s Truy(2)
T (y) ey (ev Ts(y) )

_ TJUy(x) [ Z min (eN[FN(Z*(Z,E))_FN(Z*(Z,EI))]’ 1)

G2 ;(v) =

(5.55)

T1(y) o' €My \{JUzUy}
! tJuy(.iC,, :1))) tJUy(x,;x) 0 ( Ov ) 1
X a'z z v +ay, (5.56)
S ( ) ) Tooyw 7 \Ti(y)) Tooy(@)

_ 3 NPy (@)= Fy (=" (2,0)] E703 (8, 2) 1o (91} troy(e x))

z,x,JUy
o' €M \{JUzUy} T;(y) T5(y)

L g ( Ov ) 1
Ay o T N\
2T Ty (y) ) Ta(y)

All we need is to bound the modulus of this expression from above. This gives

‘TJU?} ("‘C) Al
Ti(y) — =7

N eN*
< eNIEN (@)= Fn (2" (2,0 )] ZJUY 2 0 %) e =20
< ) T (y) T;(y)

(5.57)
z'e My \{JUzUy}
Now in the second part of the proof of Lemma 5.2 we have shown that

NPy (2)~Fy (=" (a.2"))] L70y (€, 2)
ts(z',y) (5.58)
<P[r%,, < %] min (eN[FN(z*(z,y))—FN(z*(z',ym, 1)

Thus we deduce from (5.57) that

TJUy(x) Az cN*
z <+
‘ Ty(y) ~ =7 Ts(y) (5.59)
ti(z'y) . [ NFN - *(a' '
CNF P [+2 x J [Fn (2" (zy)—Fn (27 (2"9))] 1
+ [TJUy < Tz] Z 0 min (e ) )

z'eMn\{JUzUy}
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Since T;(y) > tj(z',y), we see that in any case the numerator in (5.55) will not vanish
for v < C7'N~*. Now we have to distinguish two cases. If there exists an z’ such that
T;(y) =ts(z',y) and min (eN[FN(Z*(m’y))_FN(z*(z"y))], 1) = 1, then the considerations above
show that

P78 < 150, lT8 < 75)

T A T (z)
1-P [rg < TJUy] G2 0y (v ;,;”(y) )
is a function of v analytic in the strip Re(v) < C~1N~F. Since there exists an z’ with the

above properties, in the representation of (5.50) such a term weighted with a factor one is
allowed to appear, so we are some.

(5.60)

Otherwise, the denominator is far from vanishing and we can simply expand in geometric
series. Since tju,(z',z) <ts(z',y), one sees that

1 ! l /
0 Ti(y) =% Ts(y) " Ts(y)

is an analytic function in the required domain and bounded by N*. Note that this requirement
is the reason why we must restrict ourselves to bounded imaginary parts of v. Using that
sums and products preserve the structure required in (5.50), we see that again we obtain the
desired representation for our function. This concludes the proof of the lemma.<

We are now ready to prove Theorem 5.4. For this we have to improve the previous analysis
in the case where z is the deepest minimum in the allowed set My \I. In that case T (y) is
strictly larger than any of the terms t7y,(z',y) and ¢y, (2', z) and it will pay to use Taylor
expansions to second order. Also, we will be more precise in the rescaling of the variables u
and define

G2 [ (v) = G2 ,(vT1(y)/T) (5.62)
with
E|rilcr,]

T =
P [leuy < Tg}

(5.63)

Note that we use T instead of 7 in the proof because this will simplify the following formulas.
But in the present situation the two quantities are essentially equal, namely

E [r;|r,j < 7¥]
T

—1| < e”OW) (5.64)

This follows easily from equation (5.18) together with estimates on the expected transition
times and probabilities (which shows that the first term in (5.18) is negligible in our situation),
and the fact that by definition of an admissible transition, P[r; < 77,/ P[rf,, < 75| is
exponentially close to one (use (5.26)!). Thus in the final results they can be interchanged
without harm.
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Then
P[rg < rhoelre < 78] Go s (v752)

1-P |:Ta::6 < TImUy:| @z,IUy (’l) TIU’%’(E))

Using the analyticity properties established in the preceding lemma, we now proceed to a
more careful computation, using second order Taylor expansions. This yields

G2 (v) = (5.65)

é;l(v)

Plry < Tfu.lTy < 771 (1 + %]E[Tym 1T < Tfuel + 7(”’2“;2(”))2 @"z’wz (év—T’U;(y))) (5.66)

N e o] _ Y [w _ GTuy 3Dl e oz (AN 3o Truy (2)
HJ>[7—yUI < Ta:] T]E[Ta: ]ITf<Tfuy] 272 ]P)[T:c < TIUy]G z,[Uy Ov T

for some 0 < 0 < 1. We use (5.26) to get

2 ~ ~
_ 14+ %]E [T;|T; < TIEUE] + (”TIZU%Z(U)) G”Z,IU.’E (QUTIU%(y))

Gy.1(v) = .
y,I 1_e E[r2 ][r;" <rfuy] B (szuE(Z))2P[T§<Tny] @,,z (é’l} TIUg(z))
T P[T;u1<"'§] 2T?Plry,, <77l @, IUy T (5.67)
2 A~ ~
1+ %E[Tyzh.yz < TIEUE] + (UTI;%Z(U)) G”Z,IUE (OUTIU%(U))

1—v—

T e )

2T]E[T§|T§<Tfuy] z,IUy

The term we must be most concerned with is the second order term in the denominator.
Here we must use the full analyticity properties proven in Lemma 5.5. This gives, after
computations analogous to those leading to (5.57) and using the obvious lower bound on T’

(vTruy(2))®  Ane <§DTIU+($)>

_ z,IUy
2TE [T§|T§ < Tfuy]

2
S 02N2k |'U| (568)

2
2K [T§|T§ < Tfuy}
% Z e—N[FN(Z*(EI,E))—FN(E)"‘FN(Z*(E,Z/))—FN@)] (tIuy(ﬂfl,ﬂf))z
z’eMn\{JUyUz}

Now according to our hypothesis that z is the lowest minimum in I, it follows that ¢y, (z', z) <
eNFN (=" (@.2")=Fn(2)] g5 that (5.68) is finally bounded by

2
CzNsz’N_d%m sup o~ NIFN (2" (2,y)—Fn (2" (2" 12))]
2£E’EMN\{IUyU:E} (5‘69)
— 02N2kclN—d%|I|e—N5

where ¢ is strictly positive.
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All the other terms in (5.67) except the leading ones are even smaller. Note moreover
that both Ty, (x) and Truz(y) are exponentially small compared to T', so that all these error
terms as functions of v are analytic if |Re(v)| < 1, and |Im(v)| < exp(N Ky /4). This allows
to write éZI(U) in the form

~ 1 ser(v €2\v
pa(v) = g0 eV Eq); T —(ezNKN/2e3(v)) (5.70)

where all e; are analytic and uniformly (in N) bounded in the domain |Re(v)| < 1, [Im(v)| <
eNEN/4 This concludes the proof of the theorem.{<$

5.3. The distribution of transition times.

From Theorem 5.4 one obtains of course some information on the distribution function.
Corollary 5.6: Under the same assumptions as in Theorem 5.4, we have:

(i) For any § >0, for sufficiently large N,

P17 > tT|F(z,2,y)] <e 079/5 (5.71)

(11) Assume that N; is a sequence of volumes tending to infinity such that for all i, F(z,z,y)
is an admissible transition. Then, for any t > 0,

1%m Py, [15 > t7n, | F(z, 2,y)] =" (5.72)

Proof: (i) is an immediate consequence of the the Laplace transform is bounded for real
positive v with v < 1 and the exponential Chebyshev inequality. (ii) is a standard consequence
of the fact that the Laplace transform converges pointwise for any purely imaginary v to that
of the exponential distribution, and is analytic in a neighborhood of zero.{

With a little more work we can also complement the upper bound (5.71) by a lower bound
on the distribution of the survival time in a valley.

Proposition 5.7: Let F(z,z,y) be an admissible transition, and set I = Mpy\T, . Let
h(N) be any sequence tending to zero as N tends to infinity. Then, for some k < oo, for any
0 < ay <1 we have that

e~t/T(1=a)g2 (1 — h(N)) if t > h(N) 2
Plre >4 > ‘ N (=) (5.73)

. d/2
1—o(1) if t < h(N)%TI(E)

Proof: The proof of this lower bound consists essentially in guessing the strategy the process
will follow in order to realize the event in question which will be to return a specific number
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of times to x without visiting the set I. For, obviously,

Plry > ] > Z PIVio1 Xs, =2, Vo<s ots, Xs & 1]
SN

S1sensn>1 f=1
s1t+-tsp>t

=Pl <) Y HIP’ r = 8ilTy < 7f]
51+ tsp >t

We introduce the family of independent, identically distributed variables Y; taking values in
the positive integers such that for P[Y; = s] = P[r7 = s|77 < 7F]. Then (5.74) can be written

as "
d Vit
=1

We have good control on the first factor in (5.75). We need a lower bound on the second
probability. The simplest way to proceed is to use the inequality, going back to Paley and
Zygmund, that asserts that for any random variable X with finite expectation, and any a > 0,

P[X > (1 — )EX] > o2 EXL . We will use this with X = 3, Y;. Thus

Plrf > t] > (P[rZ < 1f)" P (5.75)

EX?2
n n t
P Y,;>t| =P Y, > ——nlEY;
2
t (EYq)
> 11— .
—( nEY1> n(n— 1)(EY; )2 + nEY? (5.76)
_(1 t )2 1
U nEy, 1 [ EY?
"BV 1+ L (e )

Now using Lemma 5.5 one verifies easily that
EY;> < CN* + Ty(z)e” NE~ (5.77)

So that (5.76) gives

i=1

Thus the second factor is essentially equal to one if n > max(N*,T;). We now choose n as
the integer part of n(t) where

2

t 1
> 11— 5.78
- ( nIEY1> 1+ L (CN*®+ Ty(z)e-NEN) (5.78)

. t 1
n(t) = min (Exq (0 —a) K(N)(ON* T m) (5.79)



Metastability 49

where 0 < a; < 1 is such that n(t) € N. This yields

1
Plrf > 1] > (1-Plrf <72)"Pa?
[TI ]—( [TI —Tm]) atl_i_ﬁ(CNH_i_TI(m)e_NKN)

(5.80)

xr xr
PP <r 2]

> e tmitiman tOFITST) 02 (1 _ ()

if t is such that the n(t) is given by the second term in the minimum in (5.79). This yields
the first case in (5.78). If ¢ is smaller than that, one sees easily that n(¢)P[rf < 77] tends to
zero uniformly in ¢, as N 1 oo (in fact exponentially fast!) This implies the second case. {

6. Miscellaneous consequences for the processes

In this section we collect some soft consequences of the preceding analysis. We begin by
substantiating the claim made in Section 1 that the process spends most of the time in the
immediate vicinity of the minima. We formulate this in the following form.

Proposition 6.1: There exists finite positive constants C,k such that for any p > 0,
zr €My andt >0,

P || X —z| > p‘TfMN\z >t, Xy = x] < CN* inf sup e NIENW-Fn (@] (6.1)
P'<PyerN:p'<|z—y|<3p' /2

Proof: We start to decompose the event {3, \, >t} as follows:

{TﬁAN\m >t} = U {T/q\}AN\z > s} N{X,s = z,VscoctXs € Mn} (6.2)
0<s<t

Then
P [|Xt —z| > p‘Tf\AN\E >t, Xy = x]

P |:T7{4N\z >, X, = m}

P (| Xi—s — 2| > p,Thy, >t — 8| X0 = 1]

0<s<t P {TMN\E > t}

< 2.

o<t P [TJEMN\E > 8, X, = x} P [Tj{,tN\m >t — s]

P [waN\m > 5, X, = m}

P[|Xi—s — @] > p, T84, >t — 8| X0 = 2]

inf < Z P[T;<T/z\AN,Tf4N>t—s]
P<p , Z P |r® t—s
yip'<|o—y|<3p' /2 0<s<t Mn\e =
. min(}P’[Tz<TJf/l ],IP’[TXA >t—s])
< f y N N
<l > )

yip'<|z—y|<3p' /2 0<s<t P [TXAN\m >t 3]



50 Section 6

Now
P[rf < 13y, ] < e NENWI=Fr(=)] (6.4)
while
P, >t—s] = Z P |:T; >t— sty < Tj’(,lN\y] P |:T; < TXAN\y} (6.5)
yeEMN

Note that by Theorem 1.10 and the exponential Markov inequality, for some k < oo

P |:T; >t—s|ty) < T/z\AN\y] < ONre (t=s)eN™" (6.6)

while the factors P [T; < T/fAN\y] are exponentially small except if y = . The denominator

is bounded below by Proposition 5.7. Since it decays with t — s at an exponentially smaller
rate than the numerator (see (6.6)), and is close to one for times up to the order exp(NC)
(for some C), it is completely irrelevant.

Thus we see that the second term in the minimum takes over for ¢t — s > N**1[Fy(y) —
Fn(z)], a number small compared to the inverse of the first term in the minimum. Thus
using that, for a,b < 1,

N L b| Inb| b b
“ p) < ~ —(|Inb| +1 6.7
gmln(e ,)_ . +1—e—‘1 a(|n|+ ) (6.7)

the result follows immediately. <>

Based on this result, we will now show that during an admissible transition the process
also stays mostly close to its starting point, i.e. the lowest minimum of the valley concerned.
The following proposition makes this precise.

Proposition 6.2:Let F(z,z,z') be an admissible transition. Then there ezists finite posi-
tive constants C,k and Ky s.t. im N'=*Kx 1 oo, for some a > 0, such that for any t and
p>0,

P || X —z| > p‘T%;Z >t,Xo=1

S CNK‘ inf Sup e_N[FN(y)_FN(z)] +C€_NKN
P'<Pyel n:p'<|z—y|<3p"/2

Proof: The proof of this proposition is in principle similar to that of Proposition 6.1. We
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begin by applying the same decomposition as before to get

P [|Xt —z| > p‘T%—zcm >t X = x]

>

0<s<t P [Tf“}zc’w > t}

P [T%’w >, X = :c}

P [|Xt_s — | > p Ty, >t —8[Xo = x]

_ i [T; < TEe oy The g > b s] (6.9)
we Y Y e
p<p : , P |:Tz >t — s]

y:p' <|z—y|<3p’ /2 0<s<t Te,

min (]P’ |:T; < Tre Um} ,P [T%—C Uz >t — SD
S inf Z z,x z,x
pI<p Plr2, >t—s
y:p' <|z—y|<3p! /2 0<s<E Te,

As in the proof of Proposition 6.1, the denominator is bounded by Proposition 5.7 and is
seen to be insignificant. We concentrate on the estimates of the numerator. Again we have
the obvious bound

P |:7_ya: < T%ﬁmum} S e—N[FN(y)—FN(m)] (6.10)

but to deal with the second probability in the minimum will be a little more complicated.
Note first that as in (6.5) we can write

P [T%C,ZUZ >t— s} =P [T: >t—s|ty < T%C,J P [Tzz < 7'7%-”}

+ Z P |:T; >t —s|t,) <77 Uz\y] P |:T; < e Uz\y}
YeT e ’ ’

(6.11)

Now the terms in the second sum are all harmless, since by the estimates of Lemma 5.10 and
the geometry of our setting

P [T; >t—s|ry < T%C,ZUE\y:| P [T; < T%ﬁwUz\y] < e~ =)/ Tre ,ue (V) = NI[Fn ()~ Fn (a)]
(6.12)
with T7- . (y) much smaller than e The remaining term is potentially dan-
gerous. To deal with this efficiently, we need to classify the trajectories according to the
deepest minimum they have visited before returning to z. In the present situation the rele-
vant effective depth of a minimum y € T, is (recall (5.2))

N[Fy(z)~Fn ()]

d(y) =dre,(y,2) = Fn(2"(y,2)) — Fn(y) (6.13)

We will enumerate the minima in 7, , according to increasing depth by z = yo,...,yr (we
assume for simplicity that no degeneracies occur). We set L(y) = {y' € T, . : d(y') > d(y)}.
Then the family of disjoint events {77 > 77} N {77 < 77} can serve as a partition of
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unity, i.e. we have that

k

P [ij >t—s|ts < T%c’m] = Z}P’ [ij >t—58,Ty 27,78 < Tf(yi+1)|7'f < T%J
i=0
k
<) min (IP’ [Tf > 1y |Te < Tf,z—zc,z] , P |:T;f >t—8,Ty <Tlyin)lTe < T%c’w]) (6.14)
i=0
k
< Zmin (]P’ [Tf > Ty |Ts < Tf,z—zcw] , P |:T;f >t =8|ty <T L) Te < T%c’w])
i=0
Now again
—(t—s5)e—Nd(y;)
P [T,’f >t—s|ty < TLlyii1) To < T%-ZC,J < e (tms)em 70 (6.15)
while
P[re > g |re <. | < e MG i) =P (o) (6.16)
T — "yl z,x -

which is much smaller than e=™4(¥:) (except in the case i = 0 where we are back in the
situation of Proposition 6.1). Combining all these estimates and using again (6.7) yields the
claim of the proposition.

Remark: Note that Proposition 6.2 again exhibits the special role played by admissible
transitions. It justifies the idea that the behaviour of the process during an admissible
transition can be described, on the time scale of the expected transition time!®, as waiting
in the immediate vicinity of the starting minimum for an exponential time until jumping
quasi-instantaneously to the destination point. This idea can also be expressed by passing to
a measure valued description (as was done in [GOSV]) which will exhibit that the empirical
measure of the process on any time scale small compared to the expected transition time but
long compared to the next-smallest transition time within the admissible transition, is close
to the Dirac mass at the minimum; since this, in turn, is asymptotically the invariant measure
of the process conditioned to stay in the valley associated to the admissible transition, it can
thus justly be seen as a metastable state associated with this time scale. The corresponding
measure-valued process is than close to a jump process on the Dirac measures centered at
these points. These results can be derived easily from the preceding Propositions, and we
will not go into the details.

Let us also mention that from the preceding results and Theorem 5.9 one can easily extract
statements concerning “exponential convergence to equilibrium”. E.g., one has the following.

Corollary 6.3: Let N 1 co be a subsequence such that for all k the topological structure
of the tree from Section 5 is the same and such that along the subsequence, F, ts generic.
Let mq denote the lowest minimum of Fy,. Let f € C(A,R) be any continuous function
on the state space. Consider the process starting in some point x € I'y. Then there is

19A finer resolution will of course exhibit rare and rapid excursions to other minima during the time of
the admissible transition, and we have all the tools to investigate these interior cycles.
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a unique minimum m(z) of Fy,, converging to a minium m(xz) of F, such that, setting

7 (k) = B [
lim Ef (X,/ex a9) = €™ (m(2)) + (1 e7)f (ma) (6.17)

(where on the right hand side m(zx),mq denote the corresponding minima of the limiting
function F'). The point m(x) is the lowest minimum of the deepest valley visited by the
process in the canonical decomposition of the transition x,mg given in Theorem 4.5.

We leave the proof of the corollary to the reader. In a way such statements that involve
convergence on a single time-scale are rather poor reflections of the complex structure of the
behaviour of the process that is encoded in the description given in Section 4.

Relation to spectral theory.

Contrary to much of the work on the dynamics of spin systems we have not used the notion
of “spectral gap” in this paper, and in fact the analysis of spectra has been limited in general
to the rather auxiliary estimates in Section 2. Of course these approaches are closely related
and our results could be re-interpreted in terms of spectral theory.

Most evidently, the estimate given in Theorem 5.1 can also be seen as precise estimates
on the largest eigenvalue of the Dirichlet operator associated with the admissible transition
F(z,z,y). Moreover, these Dirichlet eigenvalues are closely related to the low-lying spectrum
of the stochastic matrix Py. Sharp estimates on this relation require however some work,
and we will not pursue this analysis in this paper but relegate it to forthcoming work in
which the relation between the metastability problem and associated quantum mechanical
tunneling problem will be further elucidated.

7. Mean field models and mean field dynamics

Our main motivation is to study the properties of stochastic dynamics for a class of models
called “generalized random mean field models” that were introduced in [BG1]. We recall that
such models require the following ingredients:

(i) A single spin space S that we will always take to be a subset of some linear space, equipped
with some a priori probability measure gq.

(ii) A state space SV whose elements we denote by o and call spin configurations, equipped
with the product measure [ [, ¢(do;).

(iii) The dual space (SN)*M of linear maps €4 5, : SV — RM.
(iv) A mean field potential which is some real valued function Ep; : RM — R

(v) An abstract probability space (Q2, F,P) and measurable maps 7 : Q — (SN)*N. Note that
if Ty is the canonical projection RY — RN, then £f; y[w] = TaéT [w] o ITy' are random

elements of (SN)*M.
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(vi) The random order parameter

m lel(0) = 1-€H vl € B (7.1)

(vii) A random Hamiltonian

HN,M[Q)](O') = —NEM (mN,M[w](a)) (72)

In [BG1] the equilibrium properties of such models were studied in the case where M =
M(N) grows with N. Our aim in the long run is to be able to study dynamics in this
situation, but in the present paper we restrict us to the case of fixed M = d. Also, we will
only consider the case where S is a finite set.

Typical dynamics studied for such models are Glauber dynamics, i.e. (random) Markov
chains o(t), defined on the configuration space SV that are reversible with respect to the
(random) Gibbs measures

e PHNII(@) TN L q(o3)

pp,n(0)[w] = 7 N[u;]: (7.3)

and in which the transition rates are non-zero only if the final configuration can be obtained
from the initial one by changing the value of one spin only. To simplify notation we will
henceforth drop the reference to the random parameter w.

As always the final goal will be to understand the macroscopic dynamics, i.e. the behaviour
of my(o(t)) as a function of time. It would be very convenient in this situation if my (o (t))
were itself a Markov chain with state space R*. Such a Markov chain would be reversible
with respect to the measure induced by the Gibbs measure on R? through the map %gT, and
this measure has nice large deviation properties. Unfortunately, my(c(t)) is almost never
a Markov chain. A notable exception is the (non-random) Curie-Weiss model (see the next
section). There are special situations in which it is possible to introduce a larger number of
macroscopic order parameters in such a way that the corresponding induced process will be
Markovian; in general this will not be possible. However, there is a canonical construction
of a new Markov process on R? that can be expected to be a good approximation to the
induced process. This construction and the following results are all adapted from Ligget [Li],
Section IL.6.

Let ry(o,0’) be transition rates of a Glauber dynamics reversible with respect to the

measure pg n, i.e. for o # o', pn(0,0') = ,/’L’L((U))gN(o o') where gn(o,0') = gn (o', 0).
We denote by Ry the law of this Markov chain and by o(t) the coordinate variables. Define
the induced measure

Qs,n = pa,N 0 My (7.4)

and the new transition rates for a Markov chain with state space the I'y = my 4(SV) (we
drop the indices of my 4 in the sequel) by

N(:Lla y) =5 7 Q@ N Z Z BN (U)TN(U’ OJ) (75)

a'm(a') z o':m(o')=y
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Theorem 7.1: Let Py be the law of the Markov chain x(t) with state space I'y and tran-
sitions rates pn(z,y) given by (7.5). Then Qg n is the unique reversible invariant measure
for the chain x(t). Moreover, for any o € Sy and D C Sy, one has

us.N ()R [75 < 771 < Qa,y (m(0)) Py 75} < 7le) (7.6)

Finally, the image process m(o(t)) is Markovian and has law Py if for all o,0" such that
m(o) =m(o"”), r(o,:) = r(c",-). If the initial measure my is such that for all o, mo(o) > 0,
then this condition is also necessary.

Remark: Notice that by the ergodic theorem, we can rewrite (7.6) in the less disturbing

form
Erg Ermie)

>
Ry [t5 <712 — m(o) . m(o)
D ="l PITD) S To(o)

(7.7)

from which we see that the theorem really implies an ineqality for the arrival times in D.

Proof: Note that we can write

o) = Q) Vipy(@poN(a)
pN( ay) Q,@,N(x Gm% . m%) y\/QgN QﬁN( )gN( ’ ) (78)

which makes the reversibility of the new chain obvious. Note also that if 7 (o, o) is constant
on the sets m~!(z), then

pn(@y)= Y rn(o,0") =Ry [m(o(t+1)) = ylo(t) = o] (7.9)

o':m(o’)=y

which is only a function of m(o). From this one sees easily that in this case, the law of
m(co(t)) is P. The proof of the converse statement is a little more involved and can be found
in [BR].

Finally, the inequality (7.8) is proven in [Li] (Theorem 6.10). However, the proof given
there is rather cumbersome, and meant to illustrate coupling techniques, while the result
follows in a much simpler way from Theorem 6.1 in the same book. It may be worthwhile to
outline the argument. Theorem 6.1 in [Li] states that

Mﬁ,N(O')RN [TD ] = — 1nf (I)N(h) (7.10)
where HY, is the set of functions

={h:8N - [0,1]: h(0) = 0,Ypreph(o’) = 1} (7.11)

and ® is the Dirichlet form associated to the chain Ry,

= > ppn(0)RN(0,0") [h(0) — h(c")] (7.12)
o,s'€exN
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Now we clearly majorize the infimum by restricting it to functions that are constant on the
level sets of the map m, that is if we define the set

e = {E Ty = [0,1] : h(z) =0,¥ _5h(y) = 1} (7.13)

we have that

. < 3 7
Jnf @n(h) < Ee;{nﬁ{g) O (hom) (7.14)

But

oy(hom)= > [h(e) - k()] 3 up.x (o) R (0,0")

= 38 7 (0)=(a).0" (o) ="
~ o " (7.15)
= > [h(fv)—h(“’)] Qp.n(z)pn (z,2") = On(h)

z,2' €l N

where @y is the Dirichlet form of the chain P. Using the analog of (7.10) for this new chain
we arrive at the inequality (7.6).

We certainly expect that in many situations the Markov chain z(¢) under the law Py has
essentially the same long-time behaviour than the non-Markovian image process m(o(t)).
However, we have no general results and there are clearly situations imaginable in which this
would not be true. In the next section we will apply our general results to a specific model
where this issue in particular can be studied nicely.

8. The random field Curie-Weiss model

The simplest example of disordered mean field models is the random field Curie-Weiss
model. Here § = {—1,1}, ¢ is the uniform distribution on this set. Its Hamiltonian is

1) XN
Hylw](o) = —NW ) " bi[wlo; (8.1)

i=1
where

N
My(o) = 1 Yo (8.2)

is called the magnetization. Here 6;, ¢ € N are i.i.d. random variables. The dynamics of this
model has been studied before: dai Pra and den Hollander studied the short-time dynam-
ics using large deviation results and obtained the analog of the McKeane-Vlasov equations
[dPdH]. Matthieu and Picco [MP1] considered convergence to equilibrium in a particularly
simple case where the random field takes only the two values +e (with further restrictions on
the parameters that exclude the presence of more than two minima).

In this section we take up this simple model in the more general situation where the
random field is allowed to take values in an arbitrary finite set. The main idea here is that in
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this case we are, as we will see, in the position to construct an image of the Glauber dynamic
in a finite dimensional space that is Markovian, while it will be possible to compare this to
the Markovian dynamics defined on the single parameter My in the manner described in the
previous section.

We consider the Hamiltonian (8.1) where 0; take values in the set
HE{hl,...,h[{_l,h[{} (83)

Each realization of the random field {f[w]}ien induces a random partition of the set A =
{1,..., N} into subsets

We may introduce k order parameters

1
mgw](o) = N Z o (8.5)
We denote by m[w] the K-dimensional vector (mq[w], ..., mk|w]). Note that these take values
in the set

Pnlw] = 352y {—pvplw], —pnilw] + &, pnilw] = &5 oWl } (8.6)

where A

w

pr ] = L] (8.7)

Note that the random variables py  concentrate exponentially (in N) around their mean
values E, oy = P[0; = hi] = pr. Obviously m!w](o) = Zszl m|w](o) and m?[w](o) =
Zle hxmy (o), so that the Hamiltonian can be written as a function of the variables m|w](o),
via

Hy[w](0) = =NE(m[w](c)) (8.8)

where F : RE — R is the deterministic function

WA 2 kK
E(:L‘) = 5 <Z xk> + Z hrzk (8.9)
k=1 k=1

The point is now that the image of the Glauber dynamics under the family of functions my,
is again Markovian. This follows easily by verifying the criterion given in Theorem 7.1.

On the other hand, it is easy to compute the equilibrium distribution of the variables m|w].
Obviously,

K
o mle](0) = 2) = Qo) = 5 eV EE) [T o onatel( APVHSD ) (10)
k=1
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where Zpy|w] is the normalizing partition function. Stirling’s formula yields the well know
asymptotic expansion for the binomial coefficients

2—NpN,k[w1< e ) _ e~ Nowalwlll(@i/px @) +In (@r.pn k[w])] (8.11)
N(1+=z)/2

where

1+=x

Ie)= 2 (1 +2) + = " In(1 ~ ) (8.12)

is the usual Cramer entropy and

JN(x,p):_piNlnC—(I/p) n 1_227[))2) +O((p e )+—C( N) (8.13)

with C(pN) a constant independent of zj (and thus irrelevant) that satisfies C(pN) =
O (In(pN)). Thus

Fylw|(z) = == InQg v [w](z) = Fo,n[w](z) + Fi,n[w](z) + Cn (8.14)

with

K
Fon(e) = ~B(a) + 5 3 pw sl (an/o) (8.15)

Cy =571 ZkK 1PN C(pN i N) is constant and of order In N, and Fy n of order 1/N, uni-
formly on compact subsets of I' = x&_ (—pg, px). Moreover, Fy(z) converges almost surely
to the deterministic function

K

Fy(z) = Z (zx/pk) (8.16)

k

uniformly on compact subsets of I'. The dominant contribution to the finite volume cor-
rections thus comes from the fluctuations part of the function Fy n, Fy n(z) — Fo(z). One
easily verifies that all conditions imposed on the functions Fy in Section 1 are verified in this
example.

The landscape given by F. The deterministic picture.

To see how the landscape of the function Fy looks like, we begin by studying the deter-
ministic limiting function Fy. Let us first look at the critical points. They are solutions of
the equation VFy(z) = 0, which reads explicitly

K

1
£=0
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or equivalently
zr = p tanh(B(m + ht)), k=1,..., K

K
m = E T
k=1

These equations have a particularly pleasant structure. Their solutions are generated by
solutions of the transcendental equation

(8.18)

K
m = Zpk tanh(8(m + hy)) = Ep tanh 8(m + h) (8.19)
k=1
Thus if m®), ..., m(") are the solutions of (8.19), then the full set of solutions of the equations

(8.17) is given by the vectors (1), ... 2(") defined by

x,(f) = pr tanh B(m® + hy) (8.20)
Next we analyze the structure of the critical points. Using that I"(z) = 1_—1mz, we see that
0?2 Ok k'
—— Fy(x) = -1+ ’ 8.21
Oz Oy (=) Bpk (1 — 3 /pR) (8:21)
Thus at a critical point z(®,
o ®) (*)
S Fy (29) = -1 A 8.22
dzpozy O \” Ok A (m ) (8.22)
where .
Ak (m) (8.23)

= Bpe(1 — tanh?(B(m + hy)))

Lemma 8.1: The Hessian of Fy at (¥)) has at most one negative eigenvalue. A negative
eigenvalue exists if and only if

GEy, (1 — tanh?(B(z® + h))) >1 (8.24)

Proof: Consider any matrix of the form Agr = —1 + 0 ' Ar with A > 0. To see this, let
{¢1,...,¢L} denote the set of distinct values that are taken by A1,...,Agx. Put k, = {k :
A = (¢} and denote by |k¢| the cardinalities of these sets. Now the eigenvalue equations read

K
— (Z uk> + Ak —7)uk =0 (8.25)
k=1

Let (; be such that |k, > 1, if such a (; exists. Then we will construct |x;| — 1 orthogonal
solutions to (8.25) with eigenvalue v = (,. Namely, we set ur = 0 for all k& ¢ k,. The
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remaining components must satisfy >, .. ur = 0. But obviously, this equation has [r,| — 1

orthonormal solutions. Doing this for every (s, we construct altogether K — L eigenvectors

corresponding to the eigenvalues ;. Note that for all these solutions, ), ux = 0. We are left

with finding the remaining L eigenfunctions. Now take v & {(3,...,¢{r}. Then (8.25) can be

rewritten as ZK
_ 2uk=1Y%k

UL )\k By (8.26)

Summing equation (8.26) over k, we get

K K K 1
Sw=Yud

k=1 k=1 k=1 B

(8.27)

Since we have already exhausted the solutions with Zle ug = 0, we get for the remaining
ones the condition

K L
1=y =y el (8.28)
— A=Y Ak —

1

k
Inspecting the right-hand side of (8.28) one sees immediately that this equation has precisely
L solutions +; that satisfy

N<G<7<<y<--<y<( (8.29)

of which at most ; can be negative. Moreover, a negative solution v implies that

Ll Lok K1
£ )
1= < — = — 8.30

which upon inserting the specific form of A, yields (8.24). On the other hand, if Zszl /\—lk > 1,
then by monotonicity there exists a negative solution to (8.28). This proves the lemma.{

The following general features are now easily verified due to the fact that the analysis of
the critical points is reduced to equations of one single variable. The following facts hold:

(i) For any distribution of the field, there exists (. such that: If 8 < (3., there exists a single
critical point and Fj is strictly convex. If 8 > ., there exist at least 3 critical points,
the first and the last of which (according to the value of m) are local minima, and each
minimum is followed by a saddle with one negative eigenvalue, and vice versa, with possibly
intermediate saddles with one zero eigenvalue interspersed.

(ii) Assume B > (.. Then each pair of consecutive critical points of Fy can be joined by a
unique integral curve of the the vector field V Fy(x).

The exact picture of the landscape depends of course on the particular distribution of the
magnetic field chosen. In particular, the exact number of critical points, and in particular
of minima, depends on the distribution (and on the temperature). The reader is invited to
use e.g. mathematica and produce diverse pictures for her favorite choices. We see that a
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major effect of the disorder enters into the form of the deterministic function Fj(z). Only
a secondary réle is played by the remnant disorder whose effect will be most notable in
symmetric situations where it can break symmetries present on the level of Fj.

Fluctuations

In the present simple situation it turns out that the fluctuations of the function Fy x5 can
also be controlled in a precise way. We will show the following result.

Proposition 8.3: Let gy, k= 1,...,K be a family of independent Gaussian random vari-
ables with mean zero and variance pi(1—pg). Then the function vV N[Fyn(xz)—Fy(x)] converges
in distribution, uniformly on compact subsets of I' to the random function

2
k

1 igk (ﬁ[/(xk/pk) — I(zk/pk)> (8.31)
B p

Proof: Since Fy — Fj,ny converges to zero uniformly, it is enough to consider

Fon(2) = Folz) = % > (onwI(zr/on k) — Pel(zk/pr))
P
= % Z((PN,k — o) (zr/pr) + pe(L(zk/pN k) — I(2k /1)) (8.32)
P

+ (o — ) (I(@n /pvs) — I(an/pi))

Now in the interior of I' we may develop

I(zx/pn k) — I(zk/Pr) = (PN .k _pk)piZI’(xk/pk) + O((pn .k — Pi)?) (8.33)

Now the py i are actually sums of independent Bernoulli random variables with mean py,
namely pn i = % vazl Ohy,0,- Thus, by the exponential Chebyshev inequality,

Pllonk — Pl > € < 2exp (=N, (€)) (8.34)

where I,,(¢) > 0 is a strictly convex function that takes its minimum value 0 at € = 0. Thus
with probability tending to one rapidly, we have that e.g. (pnx —pr)? < N —3/4 which allows
us to neglect all second order remainders. Finally, by the central limit theorem the family
of random variables v N (pn,k — pr) converges to a family of independent Gaussian random
variables with variances pg (1 — pg). This yields the proposition.{

Relation to a one-dimensional problem.

We note that the structure of the landscape in this case is quasi one-dimensional. This
is no coincidence. In fact, it is governed by the rate function of the total magnetization,
—ﬁiN pg,n(m! (o) = m) which to leading orders is computed, using standard techniques, as

2

K

1

Go,n(m) = _my sup | mt — — Zpva In cosh B(hy + t) (8.35)
2 er Bz
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The most important facts for us are collected in the following Lemma.
Lemma 8.2: The functions Gy n and Fy n are related in the following ways.

(i) For any m € [—1,1],

G07N(m) = inf FO’N(.'E) (836)
EERK:Zk Tp=m

(it) If £* is a critical point of Fy N, then m* =), x} is a critical point of Gy .

(iit) If m* is a critical point of Go,n, then z*(m™), with components x;(m) = pn, tanh B(m* +
hi) is a critical point of Fy n.

(iv) At any critical point m*, Go n(m*) = Fy n(z*(m*)).
The prove of this lemma is based on elementary analysis and will be left to the reader.

The point we want to make here is that while the dynamics induced by the Glauber
dynamics on the total magnetization is not Markovian, if we define a Markov chain m(t) that
is reversible with respect to the distribution of the magnetization in the spirit of Section 8
and compare its behaviour to that of the Markov chain m(t) = m(o(t)), the preceding result
assures that their long-time dynamics are identical since all that matters are the precise
values of the respective free-energies at its critical points, and these coincide according to the
preceding lemma (up to terms of order 1/N, and the asymptotics given in (8.12), (8.13), up
to (K-dependent) constants). In other words, the two dynamics, when observed on the set
of minima of their respective free energies, are identical on the level of our precision.
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