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ABsTRACT. Analogues of stepping—stone models are considered where the
site-space is continuous, the migration process is a general Markov process,
and the type—space is infinite. Such processes were defined in previous work of
the second author by specifying a Feller transition semigroup in terms of ex-
pectations of suitable functionals for systems of coalescing Markov processes.
An alternative representation is obtained here in terms of a limit of interacting
particle systems. It is shown that, under a mild condition on the migration
process, the continuum-sites stepping-stone process has continuous sample
paths. The case when the migration process is Brownian motion on the circle
is examined in detail using a duality relation between coalescing and annihilat-
ing Brownian motion. This duality relation is also used to show that a random
compact metric space that is naturally associated to an infinite family of coa-
lescing Brownian motions on the circle has Hausdorff and packing dimension
both almost surely equal to % and, moreover, this space is capacity equivalent
to the middlefé Cantor set (and hence also to the Brownian zero set).

1. INTRODUCTION

Stepping—stone models originally arose in population genetics. The simplest ver-
sion can be described as follows. There is a a finite or countable collection of sites
(the site—space). At each site there is a finite population. Each population is com-
posed of individuals who can be one of two possible genetic types, say A or B. At
each site the genetic composition of the population evolves via a continuous—time
resampling mechanism. Independently of each other, individuals migrate from one
site to another according to a continuous—time Markov chain (the migration chain)
on the site—space.

If the number of individuals at each site becomes large, then, under appropriate
conditions, the process describing the proportion of individuals of type A at the
various sites converges to a diffusion limit. This limit can be thought of informally
as an ensemble of Fisher—Wright diffusions (one diffusion at each site) that are
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coupled together with a drift determined by the jump rates of the migration chain
(see, for example, [Shi80]).

A natural refinement of this two—type diffusion model, considered in [Han90,
DGV95], is the corresponding infinitely-many—types model. Here the Fisher—Wright
processes at each site are replaced by mutationless Fleming—Viot processes of evolv-
ing random probability measures on a suitable uncountable type—space (typically
the unit interval [0, 1]).

Much of the research on such interacting Fisher—-Wright and Fleming—Viot diffu-
sion models (see, for example, [BCG86, FG94, FG96, Kle95]) has centred on their
clustering behaviour in the case when the space of sites is either the integer lattice
Z% or a discrete hierarchical group and the migration chain is a random walk. That
is, one asks how regions where “most of the populations are mostly of one type”
grow and interact with each other. The primary tool for analysing this behaviour
is the duality (in the sense of duality of martingale problems) between these models
and sytems of delayed coalescing random walks that was first exploited by [Shi80].

One of the factors that lead to interesting clustering is the scaling behaviour of
the migration process. However, because random walks on Z% in the domain of
attraction of a stable law and their analogues on discrete hierarchical group only
have approximate scaling, the role that scaling plays is somewhat obscured. In
order to make the effect of scaling clearer, related two—type models were considered
in [EF96] in the hierarchical group setting. In essence, the processes in [EF96] are
the result of taking a further limit in which one “stands back” from the site—space
so that the discrete hierarchical group approaches a continuous one and the random
walk converges to a “stable” Lévy process on the continuous hierarchical group that
does have exact rescaling. These continuum—sites, two—type stepping—stone models
have as their state—space the collection of measurable functions z from the site—
space (that is, the continuous hierarchical group) into [0, 1]. For a state = and site
e, the value z(e) is interpreted intuitively as the proportion of the population at
the site that is of type A.

One of the noteworthy feature of [EF96] is that the limit models are defined by
specifying moment—like quantities for the associated Feller transition semigroup in
terms of systems of delayed or instantaneously coalescing Lévy processes, using for-
mulae that are analogues of the duality relations between the discrete—sites models
and delayed coalescing random walks mentioned above (see Theorems 3 and 4 of
[EF96]). In particular, the limit models are not defined infinitesimally via a gen-
erator, SDE/SPDE, or martingale problem formulation analogous to that of the
discrete—sites models. We note, however, that it should be possible to “stand back”
in a similar manner from a discrete—sites model where the migration chain is sim-
ple random walk on Z and obtain the process considered in [MT95]: this process is
constructed there as an SPDE on R but is also dual to delayed coalescing Brownian
motions via the same sort of formulae considered in [EF96]. However, the processes
in [EF96] that have their semigroups defined in terms of instantaneously coalesc-
ing Lévy processes do not appear to have even a very informal interpretation as
SPDE-like objects. Rather, a typical value for such a process is a function x such
that z(e) € {0,1} for all sites e, and so such processes are more like continuum
analogues of particle systems (see Theorem 6 of [EF96]).

The programme of defining continuum-sites models in terms of “duality” for-
mulae using instantaneously coalescing Markov processes was continued in [Eva97]
(see Section 4 below for a recapitulation). There the infinitely-many—types case
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was considered and the migration process (that is, the process used to build the
coalescing system) was taken to be a general Borel right process subject only to
a duality condition (with duality here taken in the sense of the general theory of
Markov processes). Now a state of the process, which we denote from now on by X,
will be a function z from the site—space into the collection of probability measures
on an uncountable type—space. For a state x, a site e and a measurable subset G
of the type—space, the value z(e)(G) is interpreted intuitively as the proportion of
the population at the site possessing types from G.

We give a more concrete description of the infinitely-many—-types, continuum-—
sites process X in Section 5. Under suitable conditions on the migration process, we
show (at the level of convergence of finite—dimensional distributions) that X is the
high—density limit of a family of particle systems with the following description. The
particles move about in the Cartesian product of the site—space and the type—space.
The site—space—valued components of the particles evolve according to independent
copies of the migration process. When particles collide in the site—space a type
is chosen at random from the types of the particles participating in the collision
and the types of all the participating particles are changed to this randomly chosen
type.

One of the open problems left by [Eva97] was to determine conditions on the mi-
gration under which the process X (which is again a Feller process) has continuous
rather than just cadlag sample paths. In Theorem 7.2, we establish the sufficiency
of a mild condition to the effect that the coalescing system doesn’t coalesce too
rapidly. The condition holds, for example, for all Lévy processes on R.

By the same argument as in the proof of Proposition 5.1 of [Eva97], it is pos-
sible to show that if the migration process is a stable process on the circle T that
hits points, then, for fixed ¢ > 0, there almost surely exists a random countable
subset {ki, k2,...} of the type—space such that for Lebesgue almost all e € T the
probability measure X;(e) is a point mass at one of the k;. That is, rather loosely
speaking, at each site all individuals in the population have the same type and the
total number of types seen across all sites is countable. We improve this result in
Theorem 10.2 for the case of Brownian motion migration on T by showing that
the total number of types is, in fact, almost surely finite and such a result holds
simultaneously at all positive times rather than just for fixed times.

The primary tool used in the proof of Theorem 10.2 is a duality relation be-
tween systems of coalescing and annihilating Brownian motions that is developed
in Section 9. This relation enables us to perform detailed computations with the
system of coalescing Brownian motions that begins with countably many particles
independently and uniformly distributed on T.

The latter process is an interesting object in its own right. In particular, it can
be used to define a random metric on the positive integers by declaring that the
distance between ¢ and j is the time until the descendents of the 3" and j** particles
at time zero coalesce. In Theorem 11.2 we adapt the methods of [Eva98| to show
that the completion of the integers in this metric is almost surely compact, with
Hausdorff and packing dimensions both equal to % Moreover, this space is capacity
equivalent to the middlef% Cantor set (and hence also to the Brownian zero set).

Notation 1.1. Write N := {1,2,...}. We will adopt the convention throughout that
the infimum of a subset of R or N is defined to be oo when the subset is empty.
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2. COALESCING MARKOV PROCESSES AND LABELLED PARTITIONS

Suppose that E is a Lusin space and that (Z, P*) is a Borel right process on E
with semigroup {P; };+>o satisfying P;1 =1, ¢ > 0, so that Z has infinite lifetime (see
[Sha88] for a discussion of Lusin spaces and Borel right processes). Suppose that
there is another Borel right process (Z, Pz) with semigroup {Pt}tZO and a diffuse,
Radon measure m # 0 on (F,&) such that for all non-negative Borel functions
on f,g on E we have [ m(de) P.f(e)g(e) = [ m(de) f(e)P,g(e) (our definition of
Radon measure is that given in Section II1.46 of [DM78]). The space E is the site—
space and Z is the migration process for the continuum-sites stepping—stone model
X, whereas Z will serve as the basic motion in the coalescing systems “dual” to X.

We remark that our assumption on the Markov processes Z and Z is not quite
the usual notion of weak duality with respect to m (see, for example, Section 9 of
[GS84]); in order for weak duality to hold we would also require that P™—a.s. (resp.
Pm-as.) the left-limit Z(t—) (resp. Z(t—)) exists for all ¢ > 0.

The following notation will be convenient for us. Given e = (eq,... ,e,) € E™,
for some n € N, with e; # e; for i # j, let Z® = (Z°,...,Z°") be an E"-
valued process defined on some probability space (2, F,P) such that Z% has the
distribution of Z under P® and Z°,...,Z° are independent.

We now define the system of coalescing Markov processes Z° associated with
Ze. Adjoin a point f, the cemetery, to E to form E' := E U {t}. Construct the
(E')"—valued process Z® = (Z¢, ... , Z¢) inductively as follows. Suppose that times
0=:79<...<7 <ooandsets {1,...,n} =: 0y D ... 2 O D {1} have already
been defined and that Z® has already been defined on [0, Tk [. If 7, = oo, then just
set g1 1= 00 and Oy1 := O. Otherwise, put

(2.1) Tht1 = inf{t > 7, : 3i,j € O, @ £ j, Z°(t) = Z% (1)},
(2.2)

9"” if Tk+1 = OO,

Okt1 =94 . S .. .. )

{i€Op:Aj<i,j€ Ok, Z%(Tp41) = Z% (Tp41)}, otherwise,

and
y Zei(t), m, < t ifico
(2.3) 72(t) = (), me <t <mepr, ifi€ )
T, e <t < T, otherwise.

In other words, the coordinate processes of the coalescing Markov process Z® evolve
as independent copies of Z until they collide. When two or more coordinate pro-
cesses collide (which happens at one of the times 74 with 0 < 7, < 00), the one with
the smallest index “lives on” while the other coordinates involved in the collision
are sent to the cemetery 7. The set O is the set of coordinates that are still alive
at time 71,. As the following lemma shows, for m®"-a.e. e almost surely only one
coordinate process of Z¢ is sent to the cemetery at a time in the construction of Ze.
(Recall that (Z, P*) is said to be a Hunt process if Z has cadlag sample paths and
is also quasi-left—continuous; that is, if whenever T7 < Ty < ... are stopping times
for Z and T = sup,, T, then P*{lim,, Z(T,,) = Z(T), T < oo} = P*{T < oo} for
allze€ E.)



CONTINUUM-SITES STEPPING-STONE MODELS 5

Lemma 2.1. Let Y be an E-valued Markov process on some probability space
(Q,F,P) with the same law as Z under P? := [z a(dz) P*, where q is a prob-
ability measure on (E,E) that is absolutely continuous with respect to m. Let
(T, V) be a [0,00[xE-valued random wvariable that is independent of Y. Then
P{Y(T) = V} = 0. Moreover, if Z is Hunt process, then P{Y(T—) = V} = 0,
also. A similar result holds with Y replaced by a process Y with the same law as Z

under P7 := [ a(dz) Pz,

Proof. For fixed t > 0 and v € E we have, writing h for the Radon—Nikodym
derivative of ¢ with respect to m,

(24) P{Y(t) =0} = /Em(dz) h(2) Pl (2) = /Em(dz) l{v}(z)f’th(z) =0

by the duality assumption and the assumption that m is diffuse. Moreover, under
the Hunt assumption,

(2.5) P{Y(t) #Y(t—)} = 0.
The result now follows by Fubini. O

It will be convenient to embellish Z® somewhat and consider an enriched process
(® defined below that keeps track of which particles have collided with each other.

Let II,, denote the set of partitions of N,, := {1,...,n}. That is, an element
7 of II,, is a collection m = {A1,...,An} of subsets of N,, with the property that
U;4i =N, and A; N A; = 0 for i # j. The sets A;,... Ay, are the blocks of the
partition w. Equivalently, we can think of II,, as the set of equivalence relations on
N, and write ¢ ~, 5 if ¢ and j belong to the same block of 7 € II,,.

An E-labelled partition of N, is a collection

(2'6) )‘:{(A176A1)7"- 7(Ah7eAh)}7

with {41,...,4Ar} € II,, {ea,,...,ea,} C E, and es;, # ey, for i # j. Let
A, denote the set of E-labelled partitions of N,,. Put a()) := {41,...,4,} and
e(A) := (ea) aca(n)-

For e € E™ with e; # e; for ¢ # j, we wish to define a A,,—valued process (® (the
process of coalescing Markov labelled partitions) with the following intuitive descrip-
tion. The initial value of ¢® is the labelled partition {({1},e1),...,({n},en)}. As
t increases, the corresponding partition a((®(t)) remains unchanged and the labels
£(¢®(t)) evolve as a vector of independent copies of Z until immediately before two
(or more) such labels coincide. At the time of such a collision, the blocks of the
partition corresponding to the coincident labels are merged into one block (that is,
they coalesce). This new block is labelled with the common element of E. The
evolution then continues in the same way.

More formally, we will take (® to be defined in terms of Z® as follows (using
the ingredients 7 and ©j that went into the definition of Ze) The corresponding
partition—valued process £° := «((®) is constant on intervals of the form [rg, Tp4+1]
and &%(m) = {{1},...,{n}}. Suppose for & > 0 that &%(r),...,£%(7%) have
been defined and 741 < oo. Let €%(7k11) be the partition that is obtained by
merging for each i € @41 those blocks of £°(7t) whose least elements j are such
that Z¢ (1g+1) = Z% (Tg+1). Thus each block A of £€%(7;41) is such that the least
element min A of A is the unique element i € A for which Z8(r,11) # t. The
definition of ¢® is completed by labelling each block A of the partition £°(t) with
Ze. ,(t) = Zemina(t).

min A
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For 1 <4 <m, put v¢ = (7%,...,78), where

(2.7) ¥ (t) :=min{j : j ~eer) i},
and write
(2.8) Po(t) = {(72(1) : 1 <i<n) = {j: 25(t) £ 1)

for the set of surviving indices at time ¢. Note that ['®(7;) = Oy.

3. THE STATE-SPACE Z OF THE STEPPING—STONE PROCESS

We need some elementary ideas from the theory of vector measures. A good
reference is [DU77]. Recall the measure space (E,€, m) introduced in Section 2,
and let B be a Banach space with norm || - ||. We say that a function ¢ : E — B
is simple if ¢ = Zle z;lg, for z1,... ,2, € B and Ei,... ,E; € £ for some
kE € N. We say that a function ¢ : E — B is m—measurable if there exists a
sequence {¢, }nen of simple functions such that lim,_, ||¢n(e) — ¢(e)]| = 0 for
m-a.e. e € E.

Write K for the compact, metrisable coin-tossing space {0, 1} equipped with the
product topology, and let K denote the corresponding Borel o-field. Equivalently,
K is the o-field generated by the cylinder sets.

Write M (K) for the Banach space of finite signed measures on (K, K) equipped
with the total variation norm || - ||ar(x). Let L°(m, M(K)) denote the space
of (equivalence classes of) m-measurable maps p : E — M(K) such that
esssup{||u(e)llmx) : e € E} < oo, and equip L*>°(m,M(K)) with the obvious
norm to make it a Banach space.

Write C(K) for the Banach space of continuous functions on K equipped
with the usual supremum norm || - ||c(k)- Let L'(m,C(K)), denote the Banach
space of (equivalence classes of) m-measurable maps p : E — C(K) such that
S m(de) ||u(e)llcx) < oo, and equip L'(m,C(K)) with the obvious norm to make
it a Banach space.

From the discussion at the beginning of §IV.1 in [DU77] and the fact that
M(K) is isometric to the dual space of C(K) under the pairing (v,y) — (v,y) =
Jv(dk)y(k), v € M(K), y € C(K), we see that L>°(m,M(K)) is isometric
to a closed subspace of the dual of L'(m,C(K)) under the pairing (u,z) ~
[ m(de) (u(e),z(e)), p € L>®(m,M(K)), z € L*(m,C(K)). Write M;(K) for
the closed subset of M(K) consisting of probability measures, and let = denote
the closed subset of L (m, M (K)) consisting of (equivalence classes of) maps with
values in M7 (K). From Corollary V.4.3 and Theorem V.5.1 of [DS58] we see that,
as L'(m, C(K)) is separable, = equipped with the relative weak* topology is a com-
pact, metrisable space. From now on, we always take = to be equipped with the
relative weak* topology.

We think of the set K as the space of possible types in the infinitely-many—
types, continuum-sites, stepping—stone model X we will define in Section 4. As we
remarked in Section 1, the type—space for infinitely-many—types models is usually
taken to be [0,1]. However, from a modelling perspective any uncountable set is
equally suitable, and, as pointed out in [Eva97], the set K is technically easier to
work with. The set F is the corresponding space of sites. The intuitive interpreta-
tion is that u € E describes an ensemble of populations at the various sites: u(e)(L)
is the “proportion of the population at site e € F that has a type belonging to the
set L € K”.
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Remark 3.1. One can think of = as a subset of the space of Radon measures on
E x K by identifying p € E with the measure that assigns mass [, m(de) p(e)(B) to
the set A x B, where A € £ and B € K. The topology we are using on = is not the
same as the trace of the usual topology of vague convergence of Radon measures.
However, the corresponding Borel o—fields do coincide. In particular, we can think
of E—valued random variables as random Radon measures on E x K.

For n € N let M(K™) (respectively, C(K™)) denote the Banach space of finite
signed measures (respectively, continuous functions) on the Cartesian product K™
with the usual norm || - ||ar(xn) (respectively, || - [[c(x=)). With a slight abuse of
notation, write (-, -) for the pairing between these two spaces.

Definition 3.2. Given ¢ € L'(m®", C(K™")), define I,,(-;¢) € C(Z) (:= the space
of continuous real-valued functions on =) by

En

Io(sd) i= [ m®n(de) (R ues), ble))
(3.1) =
= m®"(de € )b (e =.
= [, mee) [ @utearsed, e

Write I for I;.

4. DEFINITION OF THE STEPPING—STONE PROCESS X

Theorem 4.1 below is Theorem 4.1 of [Eva97]|. As discussed in Section 1, it is
motivated by the characterisation of infinitely-many—types, discrete—sites stepping—
stone processes via duality with systems of delayed coalescing continuous—time
Markov chains (see [DGV95] and [Han90]). Recall that (2, F,P) is the probability

space on which the processes Z¢, Z®, (®, £°, et cetera are defined.

Theorem 4.1. There exists a unique, Feller, Markov semigroup {Q:}:>0 on 2
such that for allt >0, u € E, ¢ € L*(m®",C(K™)), n € N, we have

/ Qv dv) L (v; )

(4.1)
_ [ mE(de)p / R w28 (1) (dks)ble) (ks ey - s )
En )
JEr=(t)
Consequently, there is a Hunt process, (X,Q*), with state-space = and transition
semigroup {Qt}tZO'

Remark 4.2. The integrand P[- - -] in (4.1) should be interpreted as 0 on the m®"—
null set of e such that e; = e; for some pair (¢,5). The integral inside the [ | is
over a Cartesian product of copies of K, with the copies indexed by the elements

of T (t).

Remark 4.3. The following equivalent formulation of Theorem 4.1 will be useful.
For n € N let ZI" = (Zgn]7 . ,ZLn]) be an E™—valued process defined on a o-finite
measure space (Q[, Fl* P?) with

(4.2) plrl{zl" € A} .= / m®"(de)P{Z® € A}.
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Define Z™, ¢l7, 47l and T from Z[™ in the same manner that Ze, £°, 4° and
I'® were defined from Z®. The right—hand side of (4.1) is just

(4.3) P {f 0% u(Z}-’ﬂ(t))(dkjw(z[”](o»(kﬂnl(t),...,kﬁ](tp}.

JETM(2)

Remark 4.4. As we noted in Remark 3.1, we can think of the process X as taking
values in the space of Radon measure on F x K by identifying X; with the random
measure that assigns mass [, m(de)X;(e)(B) to the set A x B, where A € £ and
B € K. A standard monotone class argument shows that if ¢ is any non-negative
Borel function on E™ x K™, then

m®™(de . t(e:)(dk;) (e,
@“[En @) [ @Xileak v k)]

way = [ e | [ Q@ w5k ks k)

Br jeTe(t)

= Pl f Q w2 O) (k)2 (0), koo Ko )
jerml(t)

5. A PARTICLE CONSTRUCTION FOR THE STEPPING—STONE MODEL X

In this section we first construct a finite particle model in which particles move
through F x K, where we recall that F is our site—space and K is our type—space.
The E—valued components of the particles move independently according to the
dynamics of the migration process Z. The particles interact only when they are
located at the same site in F, and the interaction that occurs is that the type of
one of the particles is replaced by the type of the other. The particle whose type
“wins” is chosen at random from the two particles, with both outcomes equally
likely. For our purposes here, we assume that the types are constant except for
these replacement interactions, although we could allow “mutation” of the types
between the replacement interactions.

Under suitable conditions on the migration process, we then pass to a high—
density limit and obtain a process taking values in the space of Radon measures p
on E x K with the property that p(A4 x K) = m(A) for A € £. Recalling Remark
3.1, we can think of the limit model as a Z—valued process, and we establish that
as such it has the same finite-dimensional distributions as the continuum-sites
stepping—stone process X.

Throughout this section we will work on a probability space (Q,]}, ]f") and we
will assume the following hypothesis (the definition of a Hunt process is recalled in
Section 2).

Assumption 5.1. The processes Z and Z are Hunt.
For completeness, we recall the following definition and some of its consequences.

Definition 5.2. Let (S,S) be a measurable space, and let v be a o-finite measure
on S. Say that a map N from () into the collection of measures on (S,S) is a
Poisson random measure with mean measure v if
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a) For each A € S, N(A4) is a {0,1,... ,00}—valued random variable.

b) For each A € S with v(A4) < oo, the random variable N(A) is Poisson dis-
tributed with parameter v(A).

c) For A, As,... € S disjoint, the random variables N(A;), N(As2),... are in-
dependent.

Remark 5.3. Assume that v is diffuse. Then for z € S, N({z}) must be zero or
one, and so we can identify N with its support. We will write z € N if N({z}) = 1.
Note that

6 ][ Nawrw) =ﬂ3[2 f(w)] — [ wan)s@), 1),

zEN

and more generally, for f € L(v®"),

(5.2) P > [T :/ v (dx) f(z1,. .. ,2n).
T1y... 2y €N
T FTj, 1 F]
5.1. Finite particle systems. Fix a non-zero diffuse finite measure vy on E
and a probability kernel p : E x K — [0,1]. Write Dg[0,o00[ for the Skorohod

space of cadlag E—valued paths and let M denote a Poisson random measure on
DEgl0, co[x K with mean measure

(5.3) FxG /uo(dz) P*(F) u(z,G)

(recall that P? is the law of Z starting at z € E). Thus the push—forward of M by
the map (¢, k) — ¢(0) (:= the value of the path ¢ at time 0) is a Poisson random
measure on F with mean measure vy. More generally, the push—forward of M by
the map ({, k) — ((t) is a Poisson random measure on F with mean measure v,
where v, (H) = [, vo(dz) P,(z,H). We assume that v; is diffuse for each ¢ > 0. By
our duality assumption, this will certainly be the case if vy is absolutely continuous
with respect to m.

Enumerate the atoms of M as (Z1,K9),... ,(ZJ,R(}) in such a way that the
conditional distribution of this collection given J = j is that of j i.i.d. Dg[0, co[x K—
valued random variables with common distribution

(5.4) FxG— w(E)™t /uo(dz) P*(F) u(z,G).
We wish to deﬁneA a collectionAnl, ...,ky of K—valued processes in such way
that the collection (Z1,k1),...,(Zs,ks) has the dynamics described above: that

is, we think of k;(t) as the type of the particle Z; at time ¢, and, after two or
more such particles collide, the particles participating in the collision must be of
the same type with the common type selected at random from among the types of
the participating particles (with each possible outcome equally likely).

Suppose that on the probability space (Q,]:', IF’) we also have defined for each
k € N a collection {6k, i € N} of i.i.d. random variables uniformly distributed on
[0,1]. We will implement a specific construction of the 8;; below. Define k1,... ks
and times 75 < 71 < ... (with 7, < 741 when 7 < 00) as follows.
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Put x;(0) = k? and 7y = 0. Suppose that 7o, ..., 7, have already been defined
and, for 1 <17 < J, the processes «; has been defined on [0, 7] (or [0, ool if 7, = 00).
If 74 = oo, then the definition of k;, 1 < i < J, is complete and just define 7y = 0o
for £ > k. Suppose, then, that 7 < co. Put

(5.5) Frp1 o= Inf{t > 7y, 2 Zi(t) = Z;(t), ki(Tr) # K;(7x), some i # j}.

Put k;(t) := ki(fg) for 7, <t < fry1 and 1 <4 < J. If 7411 = oo, then this
completes the definition of k;, 1 < 7 < J. Otherwise, if 7411 < 0o, then define
ki(fep1), 1 < i < J, as follows. Let Ti(fpi1) == {j : Z;(Fer1) = Zi(Frr1)}
and let 4;(F41) € D(Frp1) satisfy O, (s, ,) 01 < Ojk1 for all § € Ti(Fry1). We
set ki (Fe1) = Kgi(7pp0)(Fe). Note that if Zi(fry1) = Zj(Fe1), then Ti(fpy1) =
f‘j(i’]ﬁ_l), '?z(%lﬁ-l) = ’?j(i’]ﬁ_l), and ""/i('f—k—i-l) = ""/j('f—k—i-l)-

Our requirement that the types of colliding particles be changed to a type inde-
pendently and uniformly selected from those of the participants in a collision will
be met if for k¥ € N, the collection {6;x, 7 € N} is independent of .7-'+Z; v FE

Th—1"
where {FZ }+>0 is the filtration generated by (Z1,...Z5) and {Ff}i>0 is the filtra-
tion generated by (k1,...,%s). In particular, the distribution of the process (Z, K)

will be the same regardless of how we define the {;;} as long as for each k, the
conditional distribution of {3} given FZ V F£ _is ii.d. uniform on [0,1].

We note that P-a.s. there exists £ € N such that 7 = 00, so that the above
construction does indeed lead to a value of k;(t), 1 <4 < J, forall ¢ > 0. To see this,
let Rp(t) = {1 <j<J:kij(t) =kp(t)} for 1 <h < Jand 0 <t < sup 7. Since
there are only finitely many particles, HAJ’{Rh(i'k) C Ru(fy1) C -+~ |]:+Zk VFEY >
2=7 > 0. Consequently, either there exists 7 < oo such that Rp(7) = {1,...,J}
or there exists a time after which Z;, does not collide with any particle having a
different type.

Now we will give an explicit construction of the {;;} which leads to a useful
construction of our particle system (Zl 2 IR (ZJ, k). We assign to each parti-
cle a distinct [0, 1]-valued initial level U?, 1 < i < J, at time 0 and use these initial
levels to define a family of [0, 1]-valued processes of levels {U;(t)}¢>0, 1 <1 < J.
The {0;r} will be defined using these level processes. We will assume that the con-
ditional distribution of {U?} given M is that of J i.i.d. random variables uniformly
distributed on [0,1]. This assumption implies

J

(5.6) >0z m0,00)

i=1

is a Poisson random measure with mean measure
(5.7) FxGxHw / vo(dz) P*(F) u(z,G) I(H),
E

where [ denotes Lebesgue measure on [0,1]. We define 0;; := U?. For 0 <t < 7y,
set U;(t) := U;(0) := U, If 7 < oo and |[;(#1)| = 1, then put U;(#) := Ui(H—).
If 74 < oo and ['y(71) = {i1,... ,in}, n > 1, then put U, (1) := Ui, (71—) where
01,...,0, 18 a uniform random permutation of 1, ... ,n selected independently of all
other quantities. Observe that Uy (71),...,Us(71) are conditionally i.i.d. uniform
on [0,1] given .7-;22 vV FE . Define 0y := Ui(1). Put Ui(t) := Ui(71), 71 <t < Ta.
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We continue inductively, at each time 7; < oo randomly permuting the levels with
indices in each f‘i('f'k) and defining 6; 41 = U;(%).

Although the level assigned to a particle may change at the time of a collision,
since these changes only involve the permuation of the assignment of the levels,
the set of levels is the fixed random set & := {U?}. Consequently, we could index
the particles and their types by their corresponding level; that is, for u € U, define
Zu(t) = Z;(t) and k,(t) = k;(t) if and only if U;(t) = u. Since the particle assigned
to level u changes only when the newly assigned particle is at the same location
as the prev1ously assigned particle, the strong Markov property 1mp11es that the
processes {Zu, u € U} are conditionally independent given U and {Z (0), u € U},
and conditionally each Z. is a Markov process with transition semigroup {Pt}
Note that

(5.8) Frpr = Inf{t > 7% : Zy(t) = Zy(t), kult—) # Ko(t—), some u # v},

and if we define T'y(7%) := {v € U : Zy(7) = Zu(7%)} and 4, (73) := min(Ty (7)),
then K, (%) = K4, (7,)(Te—). That is, if two or more particles collide, the particles
involved in the collision “look down” to the lowest level particle at the same location,
and change types to the type of that particle. (We note in passing that this construc-
tion is reminiscent of the “look down” construction of the Moran model in [DK96].)
Consequently, if we start with a Poisson random measure on Dg[0,c0[X K x [0, 1]

(5.9) > Szt

ueU

with mean measure specified by (5.7), then a particle model

(5.10) U= 020wt

u€U

is completely determined by the requirement that whenever two or more particles
“collide” the types of the higher level particles involved in the collision switches
to the type of the lowest level particle in the collision. This observation allows
us to extend the construction to systems with infinitely many particles with mild
additional assumptions.

5.2. Particle systems with stationary location processes. We now want to
extend the construction of the previous section to arrive at a model in which the
distribution of locations of particles is stationary in time, and we want to allow
for the possibility of there being infinitely many particles. We emphasize that
Assumption 5.1 is in force throughout this section.

Consider a Poisson random measure

(5.11) D Sismt )
uel

on Dg[0,00[xK x [0,1] with mean measure specified by (5.7) with vy = m. By
the assumption that m is Radon, there exist open sets E; C Ey C --- such that
m(E,) < oo for alln € Nand E = J,, E, (of course, if m(FE) is finite we can take

E,=EforallneN). PutUU,={ucl: ZH(O) € E,}, and note that
(5.12) Z 5(Zu,n0u,u)

ueUy,
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is a Poisson random measure on Dg[0,00[xK X [0,1] with finite mean measure
specified by (5.7) with vy = m(- N E,). As in the previous subsection, we can
construct a corresponding finite particle model

(nl(p) —
(5.13) SIOEY 82 1)l (1))
u€EUn
and times ’T'([)n] < 7“'1[71] < .... We would like to define ¥; = lim,,_, o, ¥[" (t); however,

[n]

the type processes ki - may not converge without some additional assumptions
regarding the behavior of the migration processes {Zu, uw € U}.

Henceforth, we will also assume the following, which will ensure that for all
n € N and ¢ > 0 the expectation ]@H{u eU: Zu(s) € E, for some 0 < s < t}|] is
finite.

Assumption 5.4. The sequence {E,} of open sets can be chosen so that
pm{oEn <t} <oo, foralln e Nandt >0,

where

oa:=inf{t >0:Z(t) € A}, A€&.

Remark 5.5. By our duality assumption, the measure m is stationary for Z. It
follows easily that if for A € £ the condition ﬁm{gA <t} < oo holds for some t > 0,
then it holds for all ¢ > 0. Furthermore, the condition Pm{O'A <t}<ooforallt >0
is also equivalent to P™[exp(—Ao4)] < oo for all (equivalently, some) A > 0. Using
this equivalence, the question of whether or not Asssumption 5.4 is satisfied becomes
a standard question in capacity theory. Under our duality assumption and the
Assumption 5.1 that Z, Z are Hunt, Assumption 5.4 will certainly hold (with {E,}
any increasing sequence of relatively compact open sets such that | J,, E, = E) if the
Lusin space E is locally compact and A-excessive functions for both semigroups { P;}
and {P,} are lower semi-continuous (see, for example, Remark 2.10 of [Get84]). In
particular, Assumption 5.4 holds if E is locally compact and Z and Z have strong
Feller A-resolvent operators (see Exercise I1.2.16 of [BG68]). Also, Assumption 5.4
holds when Z and Z are Lévy processes on R? and m is Lebesgue measure (see
Lemma II.6 of [Ber96]).

Fixt>0and u € U,,. Let
(5.14) o (u,t) == 0V sup{0 < s < t: Z,(s) = Z,(s) some v < u, v € Uy},

and let B, (u, t) be the corresponding value of v € U,,, with B, (u,t) := uif a,(u,t) =
0. Lemma 2.1 implies that 8, (u,t) is well-defined. In general, o, (u,t) will not be

one of the times {’T’,[Cn]}, but we will have
(5.15) Kl () = Kl (an (0, 1)) = w7 o (0 (u, 1)),
Define g} ,(s) = u for an(u,t) < s < t and G} ,(s) = PBn(u,t) for

an(Bn(u,t), an(u,t)) < s < an(u,t). This definition extends iteratively to de-
termine 3, ,(s) on the interval 0 < s < ¢ with the property that
(5.16) Rl () = K () (),

= Klﬁi
so, in particular, ki (t) = Ii%t (0" Consequently, convergence of ki (t) is equiva-

lent to convergence of 3t .
;
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Fort > 0 and u € U set
(5.17) a(u,t) ;== 0Vsup{0 < s < t: Zy(s) = Zy,(s) some v < u, v € U}.

Let U be a [0, 1]-valued random variable that is o(/)—measurable and takes values
in the random set U (that is, U is a o(U)—measurable selection from U). By the
duality assumption and the Hunt hypothesis Assumption 5.1 (cf. Proposition 15.7
of [GS84]), t — a(U, t) has the same distribution as

(5.18) inf{s > 0: Zy(s) = Z,(s) some v < U,v € U} At

where }7 1, 9(z,,u) is any Poisson random measure with mean measure
(5.19) FxH »—)/ m(dz) P*(F)I(H)
E

constructed from U using suitable further randomisation. Let B(u,t) be the corre-
sponding value of v € U in (5.17), with B(u,t) := u if a(u,t) = 0. Define 3 (s) := u
for a(u,t) < s < tand 3 (s) := B(u,t) for a(B(u,t),a(u,t)) < s < alu,t). Extend-
ing this definition iteratively, either we determine 8% (s) on the interval 0 < s <t
and there are only finitely many levels in the range of 8¢ or there exists T > 0
such that lim,y7: B (s) = 0. We show that this latter possibility cannot occur.
Suppose that the latter possibility does occur. As above, let U be a o(U)—
measurable random variable taking values in U. Define T}, by analogy with T,
with the convention that T}, := t if there are only finitely many levels in the range

of Bt Set
(5.20) Zh(r) = lim Zge (4 (t—1"), 0 <1 <t — T

Then by the strong Markov property, the duality assumption and Assumption 5.1,
{Z}(r),0 < r < t—Tk} is a cadlag Markov process with transition semigroup
{P.}. In particular, the range of this process is almost surely relatively compact
and is contained in one of the E,, for n sufficiently large. Now, by Assumption 5.4,
the cardinality of the set

(5.21) {fveUu:v<U, Z,(s) € E, some 0 < s <t}

is P-a.s. finite for all n € N. Consequently, P-a.s. there are indeed only finitely
many levels in the range of 8}, and hence only finitely many levels in the range of
BE for all u € U. Tt follows that P-a.s. we have lim,_,o0 ﬂ;,u = 8! and hence

u
n—oo

(5.22) lim w17 (8) = K o) = Fu(t)
for all u € U.

If 6%, (s) = BL,(s) for some 0 < s < t, then B, (s") =B, (s") forall 0 < s' <'s.
Moreover, if we define
(5.23) Zt(r) = lim Zgi oyt —1"), 0< T < 8,
for each u € U, then conditional on U each Z! is a Markov process with transition
semigroup {P,.}. In particular, {Z¢, u € U} form a coalescing system of Markov
processes, and for 0 < r < t the equivalence relation defined by u ~ v if and
only if B (t —r) = Bt(t — r) determines a partition {U}(r)} of the set of levels
U. For definiteness, assume that U is ordered U = {U;,Us, ...} where the U; are
U-measurable random variables, and let Uf(r) be the equivalence class containing
Ui, let Uk(r) be the equivalence class containing the U; with smallest index not
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contained in Uf(r), etc. For each k, ZE(r) has the same value for all u € UL(r),
which we denote by Zf(r). Then ((Z%,U}),(Z5,Uf),...) forms a coalescing Markov
labelled partition of U.

Since the initial particle types {x2} are conditionally independent given {Zu, u €

U} and U, and

B [g(ngl,... OV {Z, u e UL, U
(5.24) . .
- / (2, (0), k) i Za (0), g B ),
for u,... ,u, € U, we have
525) B [£(Zun ) 5 (), s Zan (0 0, () [ {Zu0}, U]

A

= Htf(Zu1 (t)a tee 7Zun (t))’

where, in the notation of Section 2,

(526) Htf(el7"- 7en) = E\D / ® :u‘(Z]e(t)7dk])f(elak'yf(t)7 ,67—“]6,7;(15))
jere(t)

fore,...,en € E with e; #¢€;,1 # j.
By (5.2) and (5.25) we have

PP > F(Zus (), By (8), -+ Za, (), B, (2)
(527) ul,...,unEU
Uq ;é Uy, { 7&]

— [ m®n(de) Hif(e),
E'n
for f a bounded measurable function on (E x K)™. This identity gives a duality
in the sense of (4.4.36) of [EK86] between the discrete—particle, continuum-sites
model and the corresponding coalescing Markov labelled partition process.

Write

1 _ N
(528) ‘I’t - Z 6(Zu(t)y’€u(t)vu)
ueU
and
1 _ N
(5.29) X =2 8 zwm)
ueU

Set ]-'tXl =0(X! : s <t). The levels of the particles are independent of ]-'tXl, so if
f(e, k,u) satisfies fE‘x[O 1 m(de) l(du) sup,cg | f(e, k,u)| < oo, then

(5.30) P V le}f‘]-‘tXl] :/ X (de x dk) I(du) f (e, k, u).
Ex K x[0,1] Ex K x[0,1]
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Moreover, if f (e, k,u) satisfies fE‘x[O 1 m(de) l(du) (exp(suppex f(e, k,u))—1) < oo,

then
P lexp (/ dW%f) ‘ft}(l]
ExKx[0,1]

(5.31)
= exp < X} (de x dk) log/ I(du) exp(f(e,k,u))) .
ExK [0,1]

5.3. Measure—valued, continuum-sites, stepping—stone model. We empha-
size that Assumptions 5.1 and 5.4 are still in force. Consider A > 1. We increase
the “local density” of particles in the above construction by replacing m by Am and
select the levels U to be i.i.d. uniform on [0, A] rather than [0,1]. Following the
construction of ¥ and X! above, define

A R
(5.32) V=Y Sz
u€U>
and
1
A
(5.33) X =32 Sz )
u€U>

Note that x, only depends on locations and types of particles at levels v < u
and we can construct ¥* from ¥* simultaneously for all 1 < X’ < X by taking ¥}
to be the restriction of ¥} to the particles with levels in [0, \']; that is,

(5.34) V= Y St
ueUN, u<’

Consequently, we may carry out the obvious construction to build ¥2° and U
with levels in [0, co[. The initial locations and the levels are such that

(5.35) VE = D S0
ueU >

is a Poisson random measure with mean measure given by
(5.36) AXxBxCw / m(dz) p(z, B)I(C),
A

where [ is now Lebesgue measure on [0, c0[, and for 1 < A < oo each of the ¥} can
now be defined via (5.32) with Y := {u € U>® : u < A}. The analogue of (5.27)
becomes

P > F(Zuy (), 6y (), ooy Z, (1), o, (1))
(5.37) Ugy... Uy €U
Uq 7& uj>i ;é .7
= A" | m®"(de) H.f(e),
Bn
where H; is defined as in (5.26).
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Define F} = o(X2, ¥ — ¥2 : s < t), and note that, as in (5.30) and (5.31), we
have

(5.38) P l/ dqzﬁf‘fﬁl :/ XMde x dk) [(du) f(e, k,u)
EXKx[0,)] ExK x[0,\]

and

(5.39)

P exp / d‘Ili‘f ‘.7:3‘
ExKx[0,)]

= exp ( XM (de x dk) Xog <1 + % / [(du) (exp(f(e, k,u)) — 1))) .
ExK [0,7]

Suppose that f(e,k,u) = 0 for u > Ag. Then for A > Ag, the random variables
on the left of (5.38) and (5.39) do not depend on A. Since for fixed ¢ > 0 the o—
fields 7} are decreasing in ), the left sides of (5.38) and (5.39) are positive, reverse
martingales, and hence converge P-a.s. as A 1 co. It follows that X} converges
P-a.s. to a random measure X7° satisfying

P / d\l!?f‘]-'txm
Ex K x[0,00]

(5.40)
= / X7°(de x dk)l(du) f(e, k,u),
ExK x[0,00]
and
P [exp (/ dT?"f) ‘ftxw]
(5 41) ExK x[0,00]

= exp </ X7°(de x dk) l(du) (exp f(e, k,u) — 1)) .
ExK x[0,00]

In particular, by (5.41), for each ¢t > 0, U2° is a doubly stochastic Poisson process
(that is, a Cox process) with random mean measure given by X ® .
Dividing both sides of (5.37) by A™ and letting A — oo, we have

P / X.°(dey x dky) -+ X°(den, x dky,) f(er, k1, .. en,kn)
(ExK)™

(5.42)
= m®"(de) Hyf(e).
E‘n
Note also that
(5.43) X2 xK)=m.

By Remark 3.1 we can regard the measure m(de)u(e, dk) as an element of E (which
we will also denote by p) and the random measure X7° as a Z—valued random
variable. By Theorem 4.1, X;® has the same law as X; under Q* for each ¢ > 0.
In fact, it is not difficult to show that (X7°, ¢t > 0) is a Markov process with the
same finite—dimensional distributions as X under Q*. We stress, however, that we
have only constructed X° as an almost sure limit for each fixed ¢ > 0 rather than
as an almost sure limit in some space of cadlag paths.
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6. DISSIMILARITY FOR THE STEPPING—STONE PROCESS X

Suppose in this section that the reference measure m is finite. Without loss of
generality, we can take m to be a probability measure.

Definition 6.1. Consider v € Z. For n = 2,3, ... define the n*" —order dissimilar-
ity of v to be the quantity

n

(6.1) /m®” de) Q) v(e:) ({k € K™ : kj # ke, for all j # £}).
=1

Note that 1 > Dy(v) > D3(v) > --- > 0. Write D(v) := sup{n : D,(v) > 0} for
the mazimal dissimilarity of v, where we set sup() = 1.

As we remarked in the Introduction, it is possible, by exactly the same argument
used in Proposition 5.1 of [Eva97], to show that if Z (and hence also Z) is a
symmetric a—stable process on the circle T with index 1 < a < 2, then for fixed
t > 0 there Q*—a.s. exists a random countable subset {ki,ks,...} of the type-
space K such that for Lebesgue almost all e € T the probability measure X;(e) is a
point mass at one of the k;. Indeed, under suitable hypotheses a similar argument
should extend to certain other processes for which points are regular. It is clear
that if X, also has finite maximal dissimilarity Q*—a.s., then the set {k1,ko,...}
is, in fact, finite Q*—a.s. Theorem 6.4 below provides a sufficient condition for
the maximal dissimilarity ﬁ(Xt) to be finite. We are able to verify this condition
when Z (and hence also Z) is Brownian motion on T (see Corollary 9.3 and the
beginning of the proof of Theorem 10.2). We suspect that the condition is also true
for Lévy processes on T for which points are not essentially polar (see [EP98] for
an indication that this might be so).

Definition 6.2. Observe that if n’ > n, then
(6.2) (@, 2, o0, A

has the same distribution as (Z!",v[" ¢)), where we write §|[§;] (t) for the re-

striction of the partition 5["’]( t) to N,. Consequently, on some probability space
(Q["O] , Flool, ]P’["O]) there is an E°°—valued process Z, an N*° —valued process v, and a
process £ taking values in the space of partitions of N such that, in an obvious nota-
tion, ((Z1,.-.,Zn), (715--+ s "), €N, ) has the same distribution as (ZI"], Il glnly,

Remark 6.3. Recall the definition of Z[™, ZI" and ¢ from Remark 4.3. Let
Z"11 and € be defined from Z[™ in a similar manner to Z™ and ¢, with
the difference that when two coordinate processes of Z["l collide, rather than the
one with the higher index being killed, a colliding particle is killed at random
independently of the past (with both possibilities equally likely). It is immediate
from the strong Markov property that (Z["],E[”n) has the same distribution as
(ZI" ¢l7]) for all n € N. Consider ¢ > 0 and a bijection 8 : N — N and define
¢WP)(t), a random partition of N, by i ~ew@ (y) J if and only if BL(i) ~e(t) B7().
Then ((Zg(s)(0)):en, £P)) has the same distribution as ((Z;(0)):en, £). In particular,
for each ¢t > 0 the random partition £(t) is ezchangeable in the sense of Kingman’s
definition of exchangeable random partitions (see Section 11 of [Ald85]).
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Theorem 6.4. For any p € Z and t > 0, the mazimal dissimilarity ﬁ(Xt) under
Q* is stochastically dominated by the number of blocks in the partition £(t). In
particular, if for some t > 0 the partition £(t) has finitely many blocks Plelg.s.,
then D(X;) < oo, Q*-a.s.

Proof. Fix a diffuse probability measure k on K (for example, £ could be fair
coin—tossing measure). Given another probability measure p on K, let p— de-
note the push—forward of the measure p ® k on K x K by the mapping (k,h) —
(k1,h1,ko, ho,ks,...) from K x K into K. Let p* denote the push—forward of p
by the mapping k +— (k1, k3, ks, ...) from K into K. Thus the operations p — p~
and p — p* are one-sided inverses of each other: we have (p7) = p. Given
u € E, define 7, u" € Z by p7(e) := u(e)™ and p* (e) := u(e)*. Of course, the
operations p — p~ and p — p are also one-sided inverses of each other. Note
for any u € E that p=(e) is diffuse for all e € E.

Fix t > 0. It is straighforward to check from the definition in Theorem 4.1 that
the distribution of X~ under Q" coincides with the distribution of X; under Q.
(This is, of course, what we expect from the stepping—stone model interpretation:
a model that keeps track of the types for one trait should look the same as a model
that keeps track of the types for two traits if we don’t look at one of the traits.)
Clearly, D,,(v*") < D,(v) for any n and v € E, so D(v*") < D(v). Consequently,
D(X;) under Q* is stochastically dominated by D(X;) under Q* .

We can use Remark 4.4 to compute multivariate moments of the form

Q [{Dn, (X0)}* .. {Dn, (X)}™], ni € {2,3,...}, e €N, 1<i <, £ €N,

and discover that they are independent of v within the class of v € Z with the
property that v(e) is diffuse for all e € E. Because 0 < D (X;) <1 for all k& > 2,
the multivariate moment problem for each of the vectors (D, (Xt),. .., Dn, (X))
is well-posed and hence the joint distribution of (D2 (X}), D3(X}),...) under Q¥ is
the same for all such v. Consequently, the distribution of ﬁ(Xt) under @ is also
the same for all such v. In particular, if A € E is defined by A(e) := k for all e € E,
then the distributions of D(X;) under Q*~ and Q" are the same.

Putting the above observations together, we see that it suffices to show that
D(X;) under @ is stochastically dominated by the number of blocks of £(t).

Let (L;)ien be an i.i.d. sequence of K-valued random variables (which we sup-
pose are also defined on (Q[°°], Flo°l Pl<])) that is independent of Z with L; having
distribution k. Put L; = f/%.(t), so that L; = L; if and only if i ~¢ () 7, Pllas. It
follows from Remark 6.3 that the sequence ((Z;(0), L;))ien of E x K—valued random
variables is exchangeable.

Let A; denote the point mass at (Z;(0),L;). By an extension of the standard
reverse martingale proof of de Finetti’s theorem, as n — oo the sequence of random
probability measures Y, :=n"1! >, A; converges Pl*l_as. in the weak topology
to a random probability measure Y on E x K. Moreover, if we let Z denote
the permutation invariant o-field corresponding to ((Z;(0), Li))ien (that is, Z :=
N,,o{Yn,Ynt1,...}), then we have

(6.3) o (6 ((Z1(0), L), .-+ (Zn(0), L)) |Z] = / dyeng
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for any bounded Borel function ¢ on (E x K)™. (See the proof of Theorem 2.4 of
[DK96] for the details of this sort of argument.)

We claim that Y has the same distribution as X; under Q* (recall from Remark
3.1 that we can identify v € E with the probability measure m(de)v(e)(dk) on
FE x K and that =Z—valued random variables become random probability measures
on E x K when thought of in this way). If ¢ is a bounded Borel function on
(E x K)™ for some n € N, then, by (6.3),

Pplee] [ / dy®"¢

=PI ¢ ((Z1(0), L1), . .. , (Z0(0), Ln))]

— pin] / R n(dkj)qﬁ((ZE"](O),kvi"l(t))a---,(ZL"](O)”“%”@)))}

= Pl / ® M)k ((Z0), k pagy)s- -5 (Z1(0), k pgy))

Comparing this with the equivalent definition of (X, Q*) in Remark 4.3 shows that
Y does indeed have the same distribution as X; under Q*.
Finally, by (6.3) we have

D,(Y) =PI, #L;,1<i<j<n|T}
<PPld30, o by i Ly # Ly, 1<i < j<n|T}
:1{3@1,... ot Ly # Lg;, 1 <0 < j Sn}
= 1{£(t) has at least n blocks}.

(6.4)

It is thus certainly the case that ﬁ(Xt) under Q* is stochastically dominated by
the number of blocks of £(t). O

Remark 6.5. If Z and Z are both Hunt processes (that is, if Assumption 5.1 holds),
then the particle representation of Section 5 can be used to give a somewhat more
direct proof of Theorem 6.4 (note that Assumption 5.4 holds because m is a prob-
ability measure). We can sketch the proof as follows. The set of levels U in the
construction of Section 5 is the set of points of a Poisson random measure on [0, co[
with Lebesgue intensity and hence U is discrete. The dissimilarity D, (X;°) is
just the conditional probability (conditioning on X°) that the particles with the n
lowest levels are all of different types. The argument that lead to (5.27) establishes
that the total number of types exhibited by all particles is just the number of blocks
in the corresponding coalescing Markov labelled partition.

Remark 6.6. In the spirit of the previous remark, it is easy to see that b(Xt) is
almost surely finite for all ¢ > 0 when Z (and hence also Z) is Brownian motion on
the circle T and m is normalised Lebesgue measure. Once again, we just sketch the
argument as a more quantitative result will follow from Corollary 9.3 below. Almost
surely, there will exist two particles, say with the m'" and n' lowest levels, m < n,
such that by time ¢ these two particles have collided and after the collision the first
particle moved around the circle clockwise while the second particle moves around
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anti—clockwise until they collided again. The total number of types exhibited by
all particles at time t is then at most n — 1.

7. SAMPLE PATH CONTINUITY OF THE STEPPING—STONE PROCESS X

Our aim in this Section is to present a sufficient condition for X to have con-
tinuous sample paths (Theorem 7.2) and use it to establish that if the migration
Markov process is a Lévy process or a “nice” diffusion, then X has continuous sam-
ple paths (Corollary 7.3, Corollary 7.4 and Remark 7.5). The proof of Theorem 7.2
is postponed to the next section. We emphasize that we are no longer assuming
that the reference measure m is finite.

Definition 7.1. For e = (e1,e2) € E? with e; # e, let T® :=inf{t > 0: Z°(t) =
Z°(t)} denote the first time that Z° and Z¢ collide.

Theorem 7.2. Suppose there exists € > 0 such that for all non-negative ¢ €
L(m) N L>®(m),

limsupt~® /m®2(de)¢®2(e)]P’{Te <t} < oco.
£10

Then X has continuous sample paths Q*-a.s. for all p € =.

Corollary 7.3. Suppose that Z is a Lévy process on R? or the torus T? for some
d € N, and m is Lebesgue measure. Then X has continuous sample paths Q* -a.s.
for all p € =.

Proof. For d > 2 we have that T® = 0o, P-a.s. for m®2-a.e. e, and so Theorem 7.2
certainly gives the result. In fact, it follows from the remarks at the beginning of
Section 5 in [Eva97] that X evolves deterministically and continuously in this case.

Now consider the case where Z is R-valued. The T-valued case is similar and is
left to the reader.

Write (Z, P?) for the Lévy process that is the symmetrisation of Z. That is, the
distribution of Z starting at 0 is the same as that of Z' — Z", where Z', Z" are two
independent copies of Z both started at 0. Put

(7.1) T :=inf{t > 0: Z(t) = 0}.

Then for non-negative ¢ € L'(m) N L>(m),

[ m® ey @P(T <t} = [ mE ey )P (10 < 1)
(7.2)
= [ mi@)p@ P10 < 1),

where ¥(z) := [ m(dy)y(z +y)p(y) € L*(m)N L>(m) and we are, of course, using
the shift invariance of m.

For a > 0 write C%, U® and é* for the a-capacity, a-resolvent and a-energy
corresponding to Z (see Sections 1.2, I1.3 and II.4 of [Ber96] for definitions). Because
Z is symmetric, these coincide with the corresponding dual objects. Write ¥ for the
characteristic exponent of Z (see Section 1.1 of [Ber96]). Note that ¥ is real-valued
and non-negative.
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Using the convention % = 0, we have from Theorems II.7 and I1.13 of [Ber96]
that

n DT expl—o 70\ — O« o T [7041’5(0) “&Hoo
(7.3) /m(dz)¢(m)P [exp(—aT?)] = C*({0})TU*%(0) < 2= ({0) < e ({0))"

By Proposition 1.2 of [Ber96|,

(7.4) U(z) <cz?, |z| > 1,
for a suitable constant ¢, and so, for a > 1,

a [ 1 a 1
7.5 e*({0}) = — ———dz > — dz > cdaz
(7:5) ae*({0}) 2ﬂ[ma+W(z) “ = on |2|>1 @ +cz? zzoar

for a suitable constant c'.
2
Use the inequality 1jp 4(z) < e™*" +1— e” < e 4 ot and take @ =175 to
get, for t < 1,

(7.6) /m(dm)dj(m)px{TO <t} <[Pl + [lBllrat < e ([h]l1 + ]2,
for suitable constants ¢’ and ¢*. Now apply Theorem 7.2 with € = 1/3. O

Corollary 7.4. Let d be a metric inducing the topology of the Lusin space E. Write
B(z,r) :={y € E : d(z,y) <r} for the closed ball of radius r > 0 centred at z € E
and S™ ;= inf{t > 0 : Z(t) ¢ B(Z(0),r)} for the time taken by Z to first travel
distance r from its starting point. Suppose that there are constants a, 3,y > 0 such
that

lim sup r~% sup m(B(z,r)) < oo
r}0 zeFE

and

lim sup =7 sup P”{Srﬁ <r} < oo.
r}0 zeFE

Then X has continuous sample paths Q*-a.s. for all p € =.

Proof. For non-negative ) € L(m) N L>(m) and § > 0 we have
[ m® ey pire <)
= [ m ey )1 dler,e0) < ST < 1)
+ / m®2(de)y®2 (e)1{d(e1, es) > S}P{T® < t}
< 11l 50D m(B(,8) + 20} sup P57 < ).

Take § = % to get that the hypothesis of Theorem 7.2 holds with € = (aB8)Ay. O

Remark 7.5. The above result can be applied to the case where Z is a regular
diffusion on R in natural scale. In this case m is the speed measure and Z=2.1If
m(dz) = a(z)dz with a bounded away from 0 and oo and d is the usual Euclidean
metric on R, then it is not difficult to see that the conditions of the corollary hold
fora =1, 8 < 1/2, and any v > 0. We leave the details to the reader.
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8. PROOF OF THEOREM 7.2

The proof of Theorem 7.2 will involve checking Kolmogorov’s criterion for the
sample path continuity of real-valued processes of the form (I(Xy;¢)):>o for suit-
able ¢ € C(K), where I(-;-) is defined in Definition 3.2. The proof will be via
several lemmas.

Remark 8.1. In performing the necessary moment computations for Kolmogorov’s
criterion we will need to consider the various orders in which particles can coalesce
in the coalescing system that define these moments and estimate the contribution
of each possible sequence of collisions. We will repeatedly use the fact that if, for
fixed i # j, we “swap” Z¢(t) and Z% (t) immediately after a stopping time S for
Z° at which Z¢(S) = Z¢(S) to form a new process Z°, then Z° has the same
distribution as Z®. More precisely, if we define

~ .e <
(81) Z::(t) — ZZ (t), for t < S,
Zf(t), fort > S,
~ e <
(8.2) Z5(t) = Zg(t), fort<S,
zZg(t), fort> S,
and
®.3) Zg =22, h g i),

then, by the strong Markov property, Z® has the same distribution as Z®.

Definition 8.2. For n/,n” € N consider ¢ € E" and ¢ € E™ with

. . ! " . .
el,... e el,...el, distinct. Define a process ®° " taking values in the col-
lection of finite sequences of two element subsets of {e},...,e’,,e!,...e’,} and
1> y=nly 1 n
. . e'|e’’ e'|e’’ ' ’ ! :
stopping times 0 = T}, <T; < ... as follows. For e} € {e},... el }, write

S:,."e” =1inf{t >0: Z¢% (t) = Z¢ (t) for some j # i
or Z% (t) = AL (t) for some k such that Zfll(s) # tfor alls < t}.

n n n H
For e € {ef,... ,ell.} write

S::,le” =inf{t >0: 7 (t) = Z° (t) for some j
or Z¢ (t) = AL (t) for some k # i such that Zv,':” (s) # ffor alls < t}.

Loosely put, we are thinking of the particles starting at coordinates of €’ as evolving
freely without coalescence whereas the particles starting at coordinates of €' are

undergoing coalescence among themselves. Moreover, Sg le (if it is finite) is the
first time that the particle starting at e (where e is either a coordinate of € or e')
collides with a “living” particle starting at one of the other coordinates.

Let R®'1®" < n' +n” denote the cardinality of the random set of time points
(8.4) {S:Ile” ceede,... e el .. .el}and Sl < oo}

and, if R®'1€" > 0, write Ty e < T;J,Te” for an ordered listing of this set.

Put T(f " . 0 and Tle " .= oo for ¢ > Re'le”.



CONTINUUM-SITES STEPPING-STONE MODELS 23

Set @e'le” (T[f"e”) ;= 0. For 1 < k < R®l®" write

(8.5) {zr,yr} CHel, ... ,en,el, .. en},
for the P-a.s. unique unordered pair such that Z®+(Tj e ) = Zve (T, le ). By
definition, at most one of z; and y; belong to {z1,y1,...,Zk—1,Yk—1}. Put

pe'le” (T:"e”) = ({z1,11},-.- ,{zk,yr}). Complete the definition of ®°'¢" by
setting ®°' 1" (¢) := @e"e”(Tle le ), where £ > 0 is such that T} <t < Tle_i_‘f .

Definition 8.3. Given e € E™, n € N, with e;,... ,e, distinct, define a process
®° taking values in the collection of finite sequences of two element subsets of
{e1,... ,en} and stopping times 0 = T¢ < T¢ < ... by (with a slight abuse) re-

\e”

using the definitions of ®¢'/¢" and T:’ with ¢’ = e and e" the null vector. That
is, all particles evolve freely with none of them killed due to coalescence. Note that
if n =2, then T¥ = T'°, where T is the first collision time from Definition 7.1.

Notation 8.4. Given e’ € E™ and e” € E™", write €' : e for the concatenation of

. ’ "
these two vectors. That is, €' : €' := (e],... ,el,,ef,...e!,) e Emtn .

»nl n
Notation 8.5. For z € R write |z] for the greatest integer less than or equal to z.

Lemma 8.6. For non-negative 1 € L*(m) N L>(m), t > 0, and q,n',n" € N we
have

/ m®" @ m®" (de’ ® de" )y (/)" (") P{T; 1 < 1}

"

(8.6) < /m®n’ ® m®”” (de’ Q de/l)¢®n’ (el)¢®n (e")]P’{qu’:e" < t}

L]
<ol +n",a.0) ([ m®(depo* @P(T" < 1))
for some constant c(n’' +n',q,) that depends only on n' +n", q and .

o el e'|e’’
Proof. By definition, S¢¢ < S¢ <" for any e € {ef,... e, ef,...el.}, and so
! n

7 < T;Ile” for all q. It therefore suffices to show that for g,n € N

[ men e @p(zy <1}

<c(n,q,¢) (/ m®?(de)y®? (e)P{T* < t}>L

We begin with some notation. For any sequence of pairs

H = ({z1,y1},.-. ,{ze,ye}), with z;,y; € E, and z; # y, for 1 < i < |H|:= ¢,
and ¢t > 0, define an event
(8.8) AR = (Ton) < le2we) < < TlEeve) < ¢}

It is easy to see that Af’ D AH for any subsequence H' of H. Put H :=
Ule{mi,yi} C E. For z € H, define 1(z,H) = {1 < i < |H|: z € {zi,y;}} to
be the set of indices of the pairs in which z appears.

Now fix G = ({z1,91}, .- ,{2q,yq}), with z;,y; € E, z; # y;, 1 <1 < ¢, and
G := UL {zi,yi} C{e1,.-. ,en}. We wish to estimate P(AF).
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Let (é1,...,in) be the subsequence of (1,2,...,q) obtained by listing the ele-
ments of {max:(z,G), z € G} in increasing order. Define a subsequence G, of G

by

(8.9)  Gu:=({zi,¥ir b s %00y ¥in }) = ({zo,1,%0,1}, - 5 {0,j6. 1, Y0161 })
(the reason for the alternative indexing will become clear as we proceed). Note that
|G| = |G| because for all z € G, z € {®max o(2,6), Ymaxo(z,6)} C G.. By definition,
for 1 < j < |G| the inequalities max ¢(xz;;,G+) > j and max(y;;,G+) > j hold,
and at least one of these inequalities is an equality. In other words,

(8.10) min{max (2o j,G.), maxt(yo,;,G«)} =34, 1<7<|G.l.

Without loss of generality we can assume that i; = max ¢(z;,,G) < max(y;,, G).
Then z;, ¢ {z,,y,} for iy <r < g, and, a fortiori, z;, & {xs,,y;,} for 1 <p < h.
Hence, t(z9,1,G+) = t(zi,,G+) = {1} and we are now in one of the following three
cases:

Case I: |L(y071,G*ﬂ = 1. Let G; be the subsequence of G, obtained by deleting
{z0,1,90,1}. Then G1 N {zo,1,90,1} =0,
s P(AF) < P(AF") <P ({700 <t} 0 af)
= P{TGrn) < )P(AS),
and |G1| = |G| -2 = |G| - 2.
Case II: [1(yo,1, G+)| = 2. Write ¢(yo,1, G«) = {1,J2}. Define a subsequence G, of
G. by deleting {zo1,y0,1} and {zo j,,Y0,j,}) from G,. Then G1 N{zo1,%0,1} =0,
1) P(AT) <P(AF") <P ({Tlorwe) <t} 0 af)
— B{Tme) < B(A%),
and |G1| > |G.| -3 =G| - 3.

Case III: |t(yo,1,G4)| > 2. Write t(yo1,Gx) = {1,42,...,Jp} where 1 < ju <

. < jpand yo1 = Yo, = -.- = Yo,j,- Then maxui(zoj,,G.) = j2 because
max (Yo j,, G«) = jp > jo. Let
(8'13) Gux = ({mo,lay(,),l}a- e 7{$0,|G*\7y[l)7|G’*|})7
where

Yo,j, if j < j2 or yo; # yo,1,
(8.14) Yo.; = { / I

To,j,, if j > j2 and yo; = yo1-

We then have G, = G.. and by, switching Z”%42 and ZY°i2 at time T(®0.55,Y0.55)
in the manner described in Remark 8.1, we also have P(AS*) = P(AS**). More-
over, t(zo,1,Gsx) = 1 because zo1 ¢ U;I.:jz{wo,j,yg,j} = U;:jz{mg,j,y{)’j}. Now
|¢(y0,1, Gs«x)| = 2 and we are in Case II with G, replaced by G... From the dis-
Elssion in Case II we know that there exists a subsequence G; of G, such that
G1N{zo,1,y01} =0,

15 P(AT) < P(AF") = P(AT+) < P ({TCorwe) <1} 0 A
8.15

— P{T(mo,l,yo,1) < t}HD(AtGI),
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and [G1| > [Guu| — 3= [G.| -3 =G| - 3.

The reduction procedure that transformed G into G1 can be repeated at least
([|G]/3] — 1)* more times. That is, for 0 < £ < ||G|/3], there exist sequences
Gr = ({ze1,9e1},- - ,{mg,‘ge‘,ymc,vd} such that Go = G and for 0 < £ < ||G]/3] -1

(816) P(AF) <P ({Termed) <t}naft) = P{TE) < hp(aft),

with Goy1 N {ze 1,901} =0, Gi11 € Gy, and [Gii1| > |G| — 3.
It follows that

Ql

1

L3
]P{T(zi,hyi,1) < t},

(8.17)  P(AF) < P{T(orve) <typ(AP) <...< ]
i=0
where the sets {z;1,yi1},1=0,1,...,[|G|/3] — 1, are pairwise disjoint.
Write Gf for the set of possible values of ®¢(7’) on the event Ty < t. Note that

|G| > ¢ for any G € G® and so the rightmost product in (8.17) has at least |q/3|
terms. Therefore, if we let ¢(n, g,1) denote a constant that only depends on n,q, ¢
(but not t), we have from (8.17) that

[ men e @pizy <)
= [mer e e) 3 P{ET) =G T3 <1)

GeGe

< [meraewenie) 3 BA?)

GeGe

<c(n, g, 9) (/ m®? (de)y®* (e)P{T® < t]’)L

(8.18)

3

Notation 8.7. Given u € E, define u; € =, ¢t > 0, by

(8.19) Tlosi 9) := /m(dem [/N(Ze(t))(dk)qﬁ(e)(k)}

= [ mtaere | [ weramoz ym) .

so that I(u:; @) = Q*[I(X:; d)].

Lemma 8.8. Consider p € £, ¢t > 0, g € N, and ¢ = ¢ ® x with non-negative
¢ € L'(m) N L>*(m) and non-negative x € C(K). There exists a constant c(¢,q)
that only depends on ¢ and q (and not p or t) such that

Q@ [{I(Xe; ¢) — I(pe; 45)}211] < c(e,q) (/ m®2(de)y®? (e)P{T® < t}) L3)
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Proof. Given n',n" € N and vectors f' € E" and f' € E™ with f],...,f.,,
V.. fl distinet, write
fl‘fll /®/,L Zf dk’ ® ® Zf " kll)
(8.20) =1 =1
®n' 1.1 / n'’ " n
x x& (KL, ... kL) x (kvlf,,(t),... K (t))

Then, by definition,
2q

@ (11X - 19)y*"] = L0 () 2o s 9@ 11 (s )

_ 2q if2a m®2—i ;/ m® (de @20 (&) ® (o KN
;( 1>(i)/ ©20-1(def) @ m®'(de" )21 (¢/)4® ()P L1 ()]

Therefore, by Lemma 8.6, it suffices to show that

2q
/2 . . . .
510 (%) [ mntae) @ m®ae o e yue!
L i
(821) = A
le[Lele ()1 {Te‘e <t<Tol }]
=0
for0<p<qg-—1.

For € € E?7~% and €' € E' with e],... y€hy—ir€1,--- ,€; distinct, write
S;":H, 0 < j < 2¢q—-—14, 0 < h < 14, for the collection of subsets of
{el, .- e, ief, ... el } with exactly j elements from {e},... ,e5, ;} and exactly
h elements from {ef,...,ef}. Put

. U U 2 —_ 7 7
(8.22) c;h;:|the|:<q,’><;>, 0<j<2—i 0<h<i.
; , ]

It is clear by construction that, recalling the transformation H — H from the proof
of Lemma 8.6,

/ m®2 (de') @ m® (de" )y (e )y (e")P [L¢1¢" (1)1 {13 <t < 75" ]

— Z/m®2q*i(de') ® m®i(de")¢®2q7i(e')@b@i(e”)

Jsh

x P | Ll (1)1 {Te o < ¢ <1l } Y 1{q>e'|e"(T;’|9”) :S}
SES;,’LEH
=305 [ mOHi(de) & m® (de ) ey ")
7,h

X B L 01 {13 <0 < T BT = el el e} ]

»Cg0
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Note that |®e'le" (T}, le )| < 2p, and so a necessary condition on j, h for a summand
in the last term to be non-zero is that j + h < 2p < 2q.

For fixed e’ and e” write e* := (e},...,ey, ;€. ,...,¢e]) and e :=
(ef,...,e}). Observe that
{T; " <t < T B (TSN = (el el el }
(8.23) e

lar* o*le N TT

- {T;: " < < T BT ) = fe, L el el ,e',;}}.
Moreover, on this event the partition €2 (t) is the restriction of the partition I (t)
to Ny, and hence L®'1¢” (t) = L®"1®™" (¢) on this event. Therefore, the quantity

(8.24)
/m®2qfi(de’) ® m®i(de//)¢®2q7i(el),‘/}®i(en)

% P I:Le"e”(t)l {T:"e” S t < T:_Jf y (I)elle”(T;:lle”) = {6,1"" 78;-,6’1’,..- 76,}1 }:|

does not vary as ¢ ranges from h to 2q — j.
The proof is complete once we note that for fixed h, 7 with h < 2¢g — j we have

i=h
@t NS e a—i—h)!
(8.25) ~ (2q—j— MR & G—hCg—i— )
_ (Zq)!(_l)h 2q—j—
Bl 2q—j—h)!J'h'(1_1) '

O

Completion of the Proof of Theorem 7.2. Because X (as a Hunt process) has
cadlag paths Q*-a.s. for all p € E, it suffices to show that I(X.; #) has continuous
sample paths Q*-a.s. for all 4 € = and all ¢ belonging to some countable subset
of L'(m,C(K)) that is separating for =. Moreover, because I(X.;¢) already has
cadlag paths, verifying Kolmogorov’s criterion establishes that these paths are, in
fact, Q*—a.s. continuous. That is, verifying Kolmogorov’s criterion does more than
just establish the existence of a continuous version of X, it establishes that the
version we already have is continuous.

Let {U*}a>0 denote the resolvent corresponding to the semigroup {Pt}tZO- Sup-
pose that S is a countable collection of bounded, m-integrable, continuous, non-
negative functions on E with dense linear span in L'(m) (such a collection can
be seen to exist by combining Lemma A.1 of [Eva97] with Proposition 3.4.2 of
[EK86]). Note that if § € S, then aU>0 converges to 6 pointwise as a — oco.
Also, [m(dz)aU*8(z) = [m(dz)f(z) < oo by the duality hypothesis for the
pair Z, Z. By a standard extension of Lebesgue’s dominated convergence theorem
(see, for example, Proposition 18 in Chapter 11 of [Roy68]), if g € L*°(m), then

lima%wfm(dm)aUQG(m)g(m) = [m(dz)f(z)g(z).
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Write D := {U%6 : 0 € S, arational} C L*(m) N L*(m). It follows easily from
what we have just observed that if C is a countable dense subset of {x € C(K) :
X > 0}, then the countable collection of functions of the form 9 ® x, with ¢ € D
and x € C, is separating for =.

Fix ¢ € D (with ¢ = U0 for 6 € S and « rational), x € C, and ¢ € N such
that |¢/3]e > 1, where € > 0 is as in the statement of the theorem. In order to
show that I(X.;9 ® x) has Q#-a.s. continuous sample paths for all y, it suffices by
the Markov property of X and Kolmogorov’s continuity criterion to show for some
constants ¢ and ¢ which depend only on 1, x, ¢ that

(8.26) @ [{(I(Xep ®x) — I @ x)}] < et

forall t > 0 and p € Z. This, however, follows from Lemma 8.8 and the observation
that

s © ) = 156 80| < [ m(do) |Pio(a) - b
(8.27) = /m(dw) /t°° (e_”(s_t) — e_as) P.6(z) ds — /Ot e~ P,0(z) ds
<2a7M(1 —e ) /m(dm)O(m) < Zt/m(dm)H(m),

where we Aha,ve used the consequence of the duality hypothesis on Z, Z that
J m(dz)aPb(z) = [ m(dz)b(z). O

9. COALESCING AND ANNIHILATING CIRCULAR BROWNIAN MOTIONS

In this section we develop a duality relationship between systems of coalescing
Brownian motions on T, the circle of circumference 27, and systems of annihilating
Brownian motions on T (Proposition 9.1). This relation will be used in Section 10
to investigate the properties of the stepping—stone model X when the migration
process is Brownian motion on T. It will also be used in Section 11 to study the
random tree associated with infinitely many coalescing Brownian motions on T. We
mention in passing that coalescing Brownian motion has recently become a topic
of renewed interest (see, for example, [TW97] and [Tsi98]).

For the rest of this paper, Z (and hence Z) will be standard Brownian motion
on T, and m will be normalised Lebesgue measure on T.

Given a finite non-empty set A C T, enumerate A as {e1,...,e,}, put e :=
(e1,... ,en), and define a process W4, the set-valued coalescing circular Brownian
motion, taking values in the collection of non—empty finite subsets of T by

(9.1)  WAR) = {Z5e() (), -+ + L35y (1)} = {Z50 () (1), -+, Z5u () (1)}, £ >0,

Equivalently, W#(t) is the set of labels of the coalescing Markov labelled partition
process (®(t). Of course, different enumerations of A lead to different processes,
but all these processes will have the same distribution. In words, W# describes
the evolution of a finite set of indistinguishable Brownian particles with the feature
that particles evolve independently between collisions but when two particles collide
they coalesce into a single particle.

Write O for the collection of open subsets of T that are either empty or consist
of a finite union of open intervals with distinct end—points. Given B € O, define on
some probability space (£, G, Q) an O-valued process V2, the annihilating circular
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Brownian motion as follows. The end—points of the constituent intervals execute
independent Brownian motions on T until they collide, at which point they anni-
hilate each other. If the two colliding end—points are from different intervals, then
those two intervals merge into one interval. If the two colliding end—points are from
the same interval, then that interval vanishes (unless the interval was arbitrarily
close to T just before the collision, in which case the process takes the value T).
The process is stopped when it hits the empty set or T.
We have the following duality relation between W4 and VB,

Proposition 9.1. For all finite, non—empty subsets A C T, all sets B € O, and
allt > 0,

P{WA() C B} = QA C VE(1)}.
Proof. For N € N, let Zx := {0,1,...N — 1} denote the integers modulo N. Let

ZJ%V = {%, %, ey 2N2_1} denote the half-integers modulo N. A non-empty subset
D of Zy can be (uniquely) decomposed into “intervals” an interval of D is an
equivalence class for the equivalence relation on the points of D defined by x ~ y if
andonly ifz =y, {z,z+1,... ,y—1,y} C D,or {y,y+1,... ,2—1,2} C D (with

all arithmetic modulo N). Any interval other than Z y itself has an associated pair
of (distinct) “end—points” in ZJ%V: if the interval is {a,a + 1,... ,b — 1,b}, then the
corresponding end—points are a — % and b+ % (with all arithmetic modulo N). Note
that the end—points of different intervals of D are distinct.

For C C Zn;, let W§ be a process on some probability space (Q', F',P') taking
values in the collection of non—empty subsets of Zy that is defined in the same
manner as W4, with Brownian motion on T replaced by simple, symmetric (con-
tinuous time) random walk on Zy (that is, by the continuous time Markov chain
on Z y that only makes jumps from z to z+1 or z to z — 1 at a common rate A > 0
for all z € Zy). For D C Zn, let ng be a process taking values in the collection
of subsets of Zy that is defined on some probability space (X',G', Q) in the same
manner as VZ, with Brownian motion on T replaced by simple, symmetric (contin-

1
uous time) random walk on Z% (with the same jump rate A as in the definition of

WI\C,') That is, end—points of intervals evolve as annihilating random walks on ZI%V'

The proposition will follow by a straightforward weak limit argument if we can
show the following duality relationship between the coalescing “circular” random
walk WJ{’; and the annihilating “circular” random walk V2:

(9-2) P{W(t) C D} = Q{C C V¥ (1)}

for all non—empty subsets of C C Zy, all subsets of D C Zy, and all t > 0.

It is simple, but somewhat tedious, to establish (9.2) by a generator calculation
using the usual generator criterion for duality (see, for example, Corollary 4.4.13
of [EK86]). However, as Tom Liggett pointed out to us, there is an easier route. A
little thought shows that V;? is nothing other than the (simple, symmetric) voter
model on Zy. The analogous relationship between the annihilating random walk
and the voter model on Z due to [Sch76] is usually called the border equation (see
Section 2 of [BG80] for a discussion and further references). The relationship (9.2) is
then just the analogue of the usual duality between the voter model and coalescing
random walk on Z and it can be established in a similar manner by Harris’s graphical
method (again see Section 2 of [BG80] for a discussion and references). O
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Remark 9.2. We have been unable to find an explicit reference to Proposition 9.1
or its analogue for Brownian motion on R. However, if, in the R-valued analogue,
one considers a limit where A approaches a dense subset of R, so that the system
of coalescing Brownian motions converges to a coalescing Brownian flow, then the
analogous result for the limiting flow can be found on p18 of [Arr79].

Recall Z and « from Definition 6.2. Define set—valued processes whnl n e N,
and W by

(9.3) win @) = {Z,,y®),--., Zy,y()} C T, t >0,
and
(9.4) W(t) := {Z71(t) (1), sz(t) t),...} CT, ¢t>0.

Thus, W(t) € Wi(t) C ... and Unen Wnl(t) = W(t). Recall that (W (t):0
has the same law as ({Z—[ﬁll(t) t),... ,Z’[YT[LT]L]U) (t)Pe>0. Put N(t) := |W(t)], the
cardinality of the random set W (t). Note that N(t) is also the number of blocks
in the partition £(t), which is in turn the cardinality of the random set I'(¢). It is
clear that Pl*l-a.s. N(t) is a non-increasing, right-continuous function of ¢ and if
N(to) < oo for some tg > 0, then N(t) — N(¢t—) is either 0 or —1 for all ¢ > ¢;. By
the following corollary, N (t) < oo, Pl*®l-a.s., for all t > 0.

Corollary 9.3. Fort >0,

Pl [N ()] = 1+2§:exp (— (g)zt) < o0
and

ltifgt%IP[”] [N(t)] = 2/7.

Proof. Note that if B is a single open interval (and hence for all ¢ > 0 the set V2(t)
is either an interval or empty) and we let L(t) denote the length of VB(t), then L
is a Brownian motion on [0, 2] with VarL(t) = 2t that is stopped at the first time
it hits {0, 2 }.

Now, for M € N and 0 < i < M — 1 we have from the translation invariance of
Z and Proposition 9.1 that

Pl {Wlnl(e) 1 (2 /M, 2n (i + 1) /M) # 0}
(9.5) —1— Pl {W["] (t) C]0, 27 (M — 1)/M[}

— 1 _ ploc {W[n] (0) C V10,27r(M71)/M[(t)} 7

where we take the annihilating process V10:27(M-1)/M[ {4 he defined on the same

probability space (Q[Oo],]-'[m],]l"[m]) as the process Z that was used to construct
Wl and W, and we further take the processes V10:27(M—1)/M[ 314 Z to be inde-
pendent. Thus,

Pl (W (t) N [2mi /M, 27 (i + 1) /M] # 0}
(96) =1— ]P[oo] {V]0,2W(M71)/M[(t) — T}
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where NB is a standard one-dimensional Brownian motion on some probability space
(Q,F,P) and 7 =inf{s > 0: B(s) € {0,27}}.
By Theorem 4.1.1 of [Kni81] we have

PEI[|W (0)]]

M-—1
= lim P lz 1{W(t) N [27i/M, 27 (i + 1)/ M] # @}]

M — o0 .
=0

=1 g w2 3 E i (o (S572) e (< (5)")
= 1423 e (< (5)")
=0 (ﬁ < oo,

where

(9.7) 0(u) := n:i)o exp(—mn2u)

is the Jacobi theta function (we refer the reader to [BPY98] for a survey of many of
the other probabilistic interpretations of the theta function). The proof is completed
by recalling that # satisfies the functional equation #(u) = u=26(u~"!) and noting
that limy—00 O(u) = 1. O

We conjecture that t%N(t) — 2y/mastlO0, Pl>l-a.s. However, we are only able
to prove the following weaker result, which will be used in Section 11. The proof
will be given at the end of this section after some preliminaries.

Proposition 9.4. With P>l probability one,

0 < liminf#2 N(£) < limsuptz N(t) < oo.
tl0 t10

For ¢t > 0 the random partition £(t) is, by Remark 6.3 and Corollary 9.3, ex-
changeable with a finite number of blocks. Let 1 = 2zt < zf < ... < mﬁv(t) be

the list in increasing order of the minimal elements of the blocks of £(t) (that is,
a list in increasing order of the elements of the set I'(¢)). Results of Kingman (see
Section 11 of [Ald85] for a unified account) and the fact that £ evolves by pairwise
coalescence of blocks give that P[>®]-a.s. for all t > 0 the asymptotic frequencies

98) Fi(t) = lim nt{j € Ny +j gy o}
exist for 1 <4 < N(t) and Fy(t) +--- + Fy(y(t) = 1.

Lemma 9.5. With PI°° probability one,

N(t) )
. _1 : 2
ltlﬁ)lt 2 ; F;(t)* = TR
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Proof. Put T;; := inf{t > 0: Z;(t) = Z;(t)} for i # j. Observe that

plee] ZF — pleel

= PI™H1 ~g(p 2}
Plel{Ty, < .

tim L3 14~ ’“}]

i=1 k=1

From Theorem 4.1.1 of [Kni81] we have

Plel{Ty, <t}

1[4 2n — 1 1 on —1)°
= — 1—— sin (2n = L)z exp | — o t) dz
2m Jo T 2 2n—1 2

I
=‘M| [0°)
(8
o
S
| —
—_

N
V)
——
=

|

@

]
kel

|

I
§N|M
c\ﬁ
(e
@
o]
el
|
N
N
S
Nl
—_
N——
)
\m/ /N
&

I RUCGRIGIE

where 6 is again the Jacobi theta function defined in (9.7). By the properties of 8
recalled after (9.7),

N(t)
2
(9.9) ltlﬂf)lt 3 ploe Z Fi(t)?| = “splol{T, <t} = —7
Now
N(®) ?
Pl LS Fie)?
=1
ool | 1 & = = s o .
=P lim nt 2;1 Z:l Z:l Z:l 1{i1 ~g(e) B2, i3 ~g(r) ia}
= PP~y 2, 3 ~eqr) 4,
and so

Var Fi(t)? | = PPN~y 2, 3 gy 4} — PIOHT, <t
(9.10) > Fi(t) {1 ~eq et 4} — PN Tip < 1}?

= PIN1 ~g(y) 2, 3~y 4} — PIOTY, <o, Tog <t}
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Observe that
PN Ty <t, Tsy < t, Tiz >t, Tra > t, Tog > t, Tag > t}
<P g 2, 8~ 4, {{1,2,3,43) # €4(1)}
< PPNT, <t, Ty <t}

and

]P[oo]{le <t, Tsy <t} — P[oo]{le <t, T34 <t,Tiz >t, Tig > t, Tog > t, Toy >t}
<Y > PENTy, <t Ty < t, Ty <t}

i=1,2 j=3,4
Thus
N(t)
Var Z F; (t)2 < ]P[oo]{l ~e(t) 2 ~e(t) 3 ~e(t) 4}
(9.11) i=1

+ Z Z PlTy, <t, Ty <t, Ty; < t}.

i=1,2 j=3,4
Put D;; :=|Z;(0) — Z;(0)|]. We have

PIPH1 vy 2 ey 3 ~eqr 4}
= ]P[oo]{le <t, T1gAToz <t, Thia NTos ANT34 < t}

= ple°l ({le <t, T1g ATos <t, Tha ANToa AN T34 < t}

(9.12) \ {D1z < t5, (D13 A Dy3) < t5, (D1g A Doy A D3g) < t5}

+Pll{Dy, < té, (D13 A Da3) < té, (D14 A Doy A D3y) < té}

< [l fT.. < g 2 o] < 33
< > PPNT; <t Dy >t} +P | max  Dij <3t% ¢,
1<i<j<4 - =

where we have appealed to the triangle inequality in the last step. Because % < %,
an application of the reflection principle and Brownian scaling certainly gives that
the probability PI®{T}; < t, D;; > tg} is o(t*) as ¢ | 0 for any a > 0. Moreover, by
the translation invariance of m (the common distribution of the Z;(0)), the second
term in the rightmost member of (9.12) is at most

PI=I{| Z,(0) — Z1(0)] < 3t%, | Z5(0) — Z,(0)| < 3t%, | Z4(0) — Z1(0)| < 3t3}
= PI®){|Z5(0)] < 3¢5, | Z3(0)| < 3¢%, | Z4(0)] < 3t%}

6
5

=cts,

for a suitable constant ¢ when ¢ is sufficiently small. Therefore,
Pl e 2 ey 3 e 4}
(913) - ]P[oo]{{T12 S t, T13 A T23 S t, T14 A T24 A\ T34 S t}
= O(t%)7 ast 0.
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A similar argument establishes that
(9.14) PIoNTyy < t, Tyy <t, Tj; <t} = O(t3), astlO0,

fori=1,2 and j = 3,4.
Substituting (9.13) and (9.14) into (9.11) gives

N()
(9.15) Var [ Y Fi(t)? | =0(t3), astlo.
=1

This establishes the desired result when combined with the expectation calcula-
tion (9.9), Chebyshev’s inequality, a standard Borel-Cantelli argument, and the

monotonicity of Efi(lt) Fy(t)2. O

We may suppose that on our probability space (Q[°°],.7-[°°],]P’[°°]) there is a se-
quence By, By, ... of i.i.d. one-dimensional standard Brownian motions with initial
distribution the uniform distribution on [0,27] and that Z; is defined by setting
Z;(t) to be the image of B;(t) under the usual homomorphism from R onto T. For
n € Nand 0 < 7 < 2™ —1, let Iln’j < I;’j < ... be a list in increasing order
of the set of indices {i € N : B;(0) € [27j/2",27(j + 1)/2"[}. Put B}/ := Bir.i
and Z?’j = Zni. Thus (B?’j)ieN is an ii.d. sequence of standard R-valued

Brownian motions and (Z;"7);¢cn is an i.i.d. sequence of standard T-valued Brow-
nian motions. In each case the corresponding initial distribution is uniform on
[2mj/2™,27(j +1)/2™]. Moreover, for n € N fixed the sequences (B?’j)ieN are
independent as j varies and the same is true of the sequences (Z:’j)ieN.

Let W (resp. W™?, W™J) be the coalescing system defined in terms of (B;)ien
(resp. (B!")ien, (Z77)ien) in the same manner that W is defined in terms of
(Zi)ien.

It is clear by construction that

2" —1 2" —1

(016)  N@=W®< Y Wl S W], t>0,neN
=0 =0

Lemma 9.6. The ezpectation P[] |W (1)|] is finite.

Proof. There is an obvious analogue of the duality relation Proposition 9.1 for
systems of coalescing and annihilating one—dimensional Brownian motions. Using
this duality and arguing as in the proof of Corollary 9.3, it is easy to see that,
letting L and U be two independent, standard, real-valued Brownian motions on
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some probability space (2, F,P) with L(0) = U(0) =0,

Pl (1)]]
= lim_ ; Pl (W (1) N [27i /M, 27 (i + 1) /M] # 0}

Moo | 0<t<1

= lim i IF’{ min ((U(t) + 2n(i + 1)/M) — (L(t) + 2mi/M)) > 0,
[L(1) + 2mi/M,U(1) + 2n(i + 1) /M| N [0, 27] # @}
< limsup ¢ MP {1 { min (U(t) — L(t)) > —271'/M} (U@) — L(1) + ")

M —o00 0<t<1

for suitable constants ¢’ and ¢”. Noting that (U — L)/+/2 is a standard Brownian
motion, the result follows from a straightforward calculation with the joint distri-
bution of the minimum up to time 1 and value at time 1 of such a process (see, for
example, Corollary 30 in Section 1.3 of [Fre83]). O

Proof of Proposition 9.4. By the Cauchy—Schwarz inequality,

N(t) N(t)
(9.17) 1= Y F@®)] <N@®D FE@?,

and hence, by Lemma 9.5,

3
lQ| N|w

(9.18) liminft%N(t) >—, Pl g

tl

On the other hand, for each n € N, [W™¢(272")|, i =0,...,2" — 1, are i.i.d.
random variables which, by Brownian scaling, have the same distribution as |[W (1)].
By (9.16),

2" 1
1

=] Z |En,i(272n)|
=0

for 272" < ¢t < 272(»=1)_ Ap application of Lemma 9.6 and the following strong
law of large numbers for triangular arrays completes the proof. [l

(9.19) tEN(t) <

Lemma 9.7. Consider a triangular array {X,;:1 <1 < 2" n € N} of identically
distributed, real-valued, mean zero, random wvariables on some probability space
(Q,F,P) such that the collection {X,; : 1 < i < 2"} is independent for each
n € N. Then
le 27" (Xpa 4+ Xpon) =0, P—as.

Proof. This sort of result appears to be known in the theory of complete conver-
gence. For example, it follows from the much more general Theorem A in [AK80] by
taking N,, = 2™ and t(t) = 2! in the notation of that result (see also the Example
following that result). For the sake of completeness, we give a short proof that was
pointed out to us by Michael Klass.
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Let {Y,, : n € N} be an independent identically distributed sequence with the
same common distribution as the X,, ;. By the strong law of large numbers, for any
e > 0 the probability that |Y; + -+ + Yan| > £2™ infinitely often is 0. Therefore, by
the triangle inequality, for any £ > 0 the probability that |Yani1 + -+ 4+ Yont1| >
€2™ infinitely often is 0; and so, by the Borel-Cantelli lemma for sequences of
independent events,

(9.20) D P{|Yang1 4+ Yauia| > €27} < 00

for all € > 0. The last sum is also

(9.21) N P{| X oo Xnan| > €27},

and an application of the “other half” of the Borel-Cantelli lemma for possibly
dependent events establishes that for all € > 0 the probability of | X, 1 + --- +
Xpon| > 2™ infinitely often is 0, as required. O

10. FINITELY MANY PURE TYPES FOR CIRCULAR BROWNIAN MIGRATION

Recall that Z and Z are standard Brownian motions on the circle T and m is
normalised Lebesgue measure. Recall also that O is the collection of open subsets
of T that are either empty or the union of a finite number of disjoint intervals.

Definition 10.1. Let =° denote the subset of = consisting of v such that there
exists a finite set {k},... ,kN} C K (depending on v) with the property that for
m-a.e. e € T we can take v(e) = dgy for some i, and, moreover, we can choose a
version of v such that the sets {e € T: v(e) = dp:} € O for 1 <j < N.

Theorem 10.2. For all p € =, Q*{X; € E° for all t > 0} = 1.

Proof. Fix p € Z and t > 0. We will first show that
(10.1) Q*{X;eE°}=1.

By the same argument as in Proposition 5.1 of [Eva97], Q*-a.s. there is a random
countable set of types K* such that X;(e) € {0, : k € K*} for m-a.e. e € T. We
can also require that K* has been chosen “minimally” so that m({e € E : X;(e) =
0r}) > 0 for all k € K*, Q¥-a.s., and this requirement specifies K* uniquely, Q¥ -
a.s. For n € N it is clear that on the event where K* has cardinality at least n
the dissimilarity D,,(X}) (recall Definition 6.1) is strictly positive Q*-a.s. It follows
from Theorem 6.4 and Corollary 9.3 that K* is finite Q*-a.s.

In order to show that a representative of the equivalence class of X; in = may
be defined so that {e € T : X;(e) =} € O for all k € K*, it suffices by the device
used in the proof of Theorem 6.4 to consider the case where the probability measure
u(e) is diffuse for all e € T and to show in this case that Q*-a.s. for all k € K* the
support of the measure 1(X;(e) = ;) m(de) (which does not depend on the choice
of equivalence class representative) is a connected set. For this, it in turn suffices to
check that if a1, b1, ¢1,d1, as,bs, c2,dy are arranged in anti—clockwise order around
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T, then we have

/m®4(de)1 {e1 €la1,bi], ex €E]ag, bz, e3 €]c1,d1], es €E]ca, da[}

(10.2) s
x /®Xt(ei)(dki)1 {ks # by =k # ka} =0, Q-as.
=1

or, equivalently by Remark 4.4,
1{21(0) €lar, ba[, Z5(0) €lan, bal, 25°(0) €les, di[, Z4(0) €len, o[}

x 1 {3500 #2170 = %10 #4100} = 0, PUas.

Write, for our fixed ¢ > 0,

(10.3)

(10.4) Ty =inf{0<s<t:2s)=2%(s)}, 1<i<j<y,

for the first collision time of Zlm and Z 1[4] before time ¢, with our standing convention

that inf ) = co. We have ]P[4]{Tij = Tye # 0o} = 0 for (i,5) # (k,£). Suppose that

we have a realisation with the properties

(105)  2(0) €lar, bi[, Z,(0) €laz, bal, 237 (0) Eler, da[, Z,(0) €lea, da],

(10.6) ) £ = 1) £ 450,
and
(10.7) T;; # oo implies T;; # Ty for (4,5) # (k, £).

In order that 'yF] (t) = 'ygl] (t) holds, we must have T2 # oo. From the continuity

of the paths of circular Brownian motion and (10.7), in order that (10.5) holds it
must then be the case that

(108) T13 A T14 A T23 A T24 < T12 A T34.

By construction, this would imply that 7&4] (t) = 7&4](t) = 'ygl] (t) or 7‘[14](t) =
'y£4] t) = 7%4] (t), contradicting (10.6). Thus (10.3) holds and the proof of (10.1)
is complete.

In order to establish the claim of the theorem, it suffices by (10.1) and the
Markov property to consider the special case of p € Z°. Write {k7,... ,kx} C K
for the corresponding set of types k such that m({e € T : p(e) = d¢}) > 0. Fix
1 <i < N. Let G C K be a closed and open set such that ki € G and kj ¢ G
for j # i (writing kf = (h1,h2,...) one can take G = {(h],h),...) € K : b} =
hi,...,hl, = h,} for some sufficiently large n). It suffices to show for each such G
that if we put Yz(e) := X:(e)(G) € [0,1], then Q¥ -a.s. for all t > 0 we can choose
a representative of Y; € L°(T,m) such that Y;(e) € {0,1} for m-a.e. e € T and
{eeT:Y:(e) =1} € O.

By the remarks at the end of Section 4 of [Eva97], we have that Y is a Feller
process with state-space the subset L>°(T, m; [0, 1]) of L>°(T, m) consisting of [0, 1]-
valued functions (where L (T, m;[0,1]) is equipped with the relative weak* topol-
ogy). Put B:={e € T: u(e) = d:} € O. By the definition of X in Theorem 4.1
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and Proposition 9.1, for ¢ € L'(m),

02 l [ mentaesen@ ] viten

_ / m®"(de)P [¢"(e) [ 1s(Z3())
jere(o

(10.9) _ /m®"(de)1P [¢®n(e)1 {Wt{el,...,en} c B}]

=0 [ men (@ e {{er, . en} VI

=Q [ / m®"(de)y®" (e) H Lyn (ei)]

(recall that VP is defined on the probability space (%,G,Q)). Consequently, the
L*°(T,m; [0, 1])—valued processes Y and 1y s have the same finite-dimensional dis-
tributions. Clearly, ¢ = 1y s is continuous (in the weak* topology). Therefore,
choosing our representative of Y; to be 1y sy for all £ > 0 establishes the desired
conclusion. O

11. THE TREE ASSOCIATED WITH COALESCING CIRCULAR BROWNIAN MOTIONS

Recall that Z and Z are standard Brownian motions on T and m is normalised
Lebesgue measure.

Definition 11.1. Given 4,5 € N, let 7;; := inf{t > 0 : i ~¢q j} denote the first
time that ¢ and j belong to the same block. By Remark 6.3, the 7;; are identically
distributed. Metrise N with the (random) metric p given by p(i, j) := 7i;. Observe
that p is an ultrametric; that is, the strong triangle inequality p(i,7) < p(i, k)Vp(k, 7)
holds for all 7, j, k. Let (F, p) denote the completion of (N, p). The space (F,p) is
also ultrametric. We refer the reader to Sections 18 and 19 of [Sch84] for basic facts
about ultrametric spaces.

Some discussion of the space (I, p) can be found in Section 4 of [Ald93]. The
analogue of (IF, p) for another process of coalescing exchangeable partitions of N,
namely Kingman’s coalescent, is considered in [Eva98] and the counterpart of The-
orem 11.2 below is obtained.

For background on Hausdorff and packing dimension see [Mat95]. In order to
establish some notation, we quickly recall the definitions of energy and capacity.
Let (T, p) be a metric space. Write M7 (T) for the collection of (Borel) probability
measures on T'. A gauge is a continuous, non—increasing function f : [0, co[— [0, 0o],
such that f(r) < oo for r > 0, f(0) = oo, and lim,_,o f(r) = 0. Given p € M;(T)
and a gauge f, the energy of u in the gauge f is the quantity

&) = [ n(da) [ u(dy) £(p(a,9))
The capacity of T in the gauge [ is the quantity
Cap; (T) = (inf{&; () : p € My(T)})™
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(note by our assumptions on f that we need only consider diffuse p € M;(T') in the
infimum).
Let C% C [0,1] denote the middlef% Cantor set equipped with the usual Eu-

clidean metric inherited from [0,1]. One of the assertions of the following result
is, in the terminology of [PP95] (see, also, [BP92, PPS96, Per96|), that I is a.s.
capacity—equivalent to C%. Hence, by the results of [PPS96], I is also a.s. capacity—
equivalent to the zero set of (one-dimensional) Brownian motion.

Theorem 11.2. With PI>®l—probability one, the ultrametric space (F, p) is compact
with Hausdorff and packing dimensions both equal to % There exist random vari-
ables K*, K** such that P[>®l—almost surely 0 < K* < K** < oo and for every
gauge f

(11.1) K*Cap;(C;) < Capy(F) < K**Capy(Cy).

1
2

Proof. The proof is essentially a reprise of the proof of Theorem 1.1 in [Eva98],
with our Proposition 9.4 and Lemma 9.5 playing the role of the statements (2.1)
and (2.2) in [Eva98]. O
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