ON THE HOT SPOTS
OF A CATALYTIC SUPER-BROWNIAN MOTION

JEAN-FRANCOIS DELMAS AND KLAUS FLEISCHMANN

ABSTRACT. Consider the catalytic super-Brownian motion X¢ (reactant) in RY, d < 3,
which branching rates vary randomly in time and space and in fact are given by an ordinary
super-Brownian motion p (catalyst). Our main object of study is the collision local time
L = Ly, xe) (d[s,z]) of catalyst and reactant. It determines the covariance measure in the
martingale problem for X? and reflects the occurence of “hot spots” of reactant which can
be seen in simulations of X?. In dimension 2, spatial marginal collision densities exist and,
via self-similarity, enter as factor in the long-term random ergodic limit of L (diffusiveness
of the 2-dimensional model).

1. INTRODUCTION

The ordinary super-Brownian motion o = (o;,t > 0) in Euclidean space R? can be obtained
as a limit of branching particle systems. In this branching particle system, the particles evolve
according to independent Brownian motions in R?, and additionally, with constant rate v > 0,
each particle splits independently into 2 or 0 particles with equal probability (this is a critical
binary branching mechanism).

We now interpret g as a catalyst process: g¢(dzx) is the amount of catalytic “particles” at
time ¢ in the volume element dz of R?. We then let a super-Brownian motion X¢ = (X?,¢ > 0)
evolve in this catalytic random medium p. Intuitively X ¢ describes reactant “particles” which
are evolving according to independent Brownian motions and which are performing a critical
binary branching, but at random time-space varying rates given by p. In fact, the rate of
branching of an intrinsic reactant particle with Brownian path W is controlled by the collision
local time Ly, of o and W, defined as the measure

L w)(ds) = 1613)1 dS/ s(dy) p(e,y — W),

where p is the standard heat kernel p(t,z) = [27t] %2 exp [—|$|2/2t], (t,z) € (0,00) x R4,
According to [BEP91], this collision local time L, w) makes sense non-trivially in dimension
d < 3, and vanishes for d > 4 (where the Brownian reactant particles do not hit the catalyst
0). Thus we restrict our attention to d < 3 (since otherwise X ¢ degenerates to the heat flow).
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The catalytic super-Brownian motion X¢ was constructed in [DF97a]. Let ¢ and X start
at time 0 with Lebesgue measures /. and /,, respectively. From the papers [DF97a, DF97b,
EF98, FK97]| it is known that X7 converges in law as T’ 1 oo to a limit X§, with full expectation
¢, (persistence) ). The approach of [FK97] to solve the most difficult case, namely convergence
in the critical dimension d = 2, was to study the local structure of X¢ and then to use a self-
similarity argument. In fact, they showed that in dimensions d = 2, 3, given the catalyst o,
the reactant X¢ has a density field £9 :

X7 (dz) = &(z)dxz, t>0.

Moreover, off the time-space support of the catalyst o (which is a Lebesgue zero set), £¢ can
be chosen as a (time-space) C*°-function that solves the heat equation, just as intuitively
expected.

Simulations of (g, X?¢) in dimension d = 2 (see the figure in [FK97]) confirm the heuristic
picture one has. Namely, at late times T,

- the reactant X7 is rather uniform outside of the catalyst or,

- it is absent inside of the clumps of pr (since a huge rate of branching causes mainly
killing),

- but occasionally also some hot spots of the reactant occur in the interface of oy and
X2, that is in the boundary region of the catalytic clumps.

According to [FK97], in the two-dimensional case, the (local) long-term limit X5, is in
fact a random multiple of Lebesgue measure [the factor is given by £7(0)]. But so far the
investigations on the catalytic super-Brownian motion X?¢ do not reflect anything on the hot
spots seen in the pictures. Our approach to gain some information about them is to study
the collision local time L := L, xe) of 0 and X defined as the limit of

1) Le (ds,a]) = ds ou(dz) /Xs(dwp(s,m ),

ase | 0.

Actually there is a further motivation to study this collision local time L, xe]. It occurs
indeed in the description of the martingale problem for the process X ¢ (see Corollary 4 below).
For martingale problems of catalytic super-Brownian motions, see also [DF94, Del96, Led97].

Let us present the results. We prove that in all dimensions of non-trivial existence of X¢
the collision local time L of catalyst and reactant makes non-trivially sense (see Theorem
3 below). [In dimension 1, it is known that both o, and X? are absolutely continuous (cf.
[KS88] and [DFRI1], respectively); thus L. and hence L simplify in this case.| This non-trivial
existence of L reflects the high fluctuations of X¢ in the interface of catalyst and reactant,
seen as hot spots in simulations. Our main result however is that for d = 2 the marginal
measure of L = L, x| concerning the space variable is absolutely continuous (Theorem 5).
Note that this is in contrast, for instance, with the (one-dimensional) single-point catalytic
model of [DF94], say X%, where, together with the catalyst &y, the space marginal of the
collision local time L[éo,X%] is concentrated in the single space point 0, hence is singular (even
atomic). Finally, in dimension 2, using the self-similarity of Ly xe) which follows from the

D) In the three-dimensional case, for simplification it was assumed in [DF97b] that the catalyst process p
is already in its corresponding equilibrium.
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self-similarity of (o, X¢) , we show that T'L ([0,T] x (-)) has a random ergodic limit as
T 1 oo, which indicates diffusive features in the long-term behavior in d = 2.

It remains open whether also in dimension 3 space-marginal collision densities exist since
our L2-approach fails in this case (see Remark 6 below).

The outline of the paper is as follows. In Section 2 we introduce formal definitions of the
processes ¢ and X ¢ and state the results. The following two sections are then devoted to the
proofs of our two theorems. In an appendix we collect some results on ordinary and catalytic
super-Brownian motions used in the proofs.

2. STATEMENT OF RESULTS

2.1. Notation. The lower index 4+ on a set will always refer to the collection of all its
nonnegative members. Similarly, f, is the nonnegative part of f. The supremum norm is
denoted by || - || - Let ¢ always refer to a (finite) constant whose value may vary from place
to place.

We denote by B(FE) the space of all real Borel measurable functions defined on a polish
space E. We also denote by B(E) the Borel o—field of E.

For a fixed constant ¢ > d, introduce the reference function ¢, € B(R?) :

(2) d(2) = [1+]2P]*, zeR.
Set B := {f € B(RY); || f/dqll, < oo} Let C.(R?) denote the collection of all continuous

functions on R with compact support.

If v is a Radon measure on RY, we write (v, f) for [v(dz) f(z) (if the integral makes sense).
Let M, denote the set of all Radon measures v on R? such that (v, ¢q) < oo. This space
of tempered measures is endowed with the coarsest topology such that the maps v — (v, f)
are continuous for f € C,(R?) U{¢,}, getting a Polish space. Since q > d, Lebesgue measure
belongs to M, .

We consider the polish space C := C(R;, M) of all continuous functions from R to M,
equipped with the topology of uniform convergence on compacta.

Let (P;,t > 0) denote the semigroup of heat flow on R%:

3) Blf)(z) = /dyp(t,x—y)f(y), >0, fe B, (RY.

2.2. Catalyst and reactant process. We start by introducing the catalyst process.

Definition 1 (catalyst process). Let v > 0 and v € M, . There exists a unique probability
measure P, on (C,B(C)), such that the coordinate process ¢ = (g;,¢t > 0) on C is a super-
Brownian motion with constant branching rate « and starting measure v. That is, g is a
continuous time-homogeneous strong Markov process with the following properties:

- PP,-almost surely, oy = v,

- for every f € BL, t >r >0, we have 2)

(4) ]Ey [e_(gt »f) ‘ O'(QS,S € [0,’)"]) — e*(Qr 7w(t77,)),

2) We use the following convention: If P is a probability law, then the corresponding letter £ refers to the
related expectation symbol.
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where w is the unique nonnegative solution on R x R? of the log-Laplace equation

t
(5) w(t, ) +7/0 ds Py[w?(t — s)|(z) = P:[f](=).
We write P for P, in the case v = i.f, where i. > 0 and £ is the (normalized) Lebesgue
measure on RY. &

From now on we assume that d < 3, and that p is distributed®) according to P. Next we

recall the definition of the catalytic super-Brownian motion X in the random medium p (see
[DF97a] for details).

Definition 2 (catalytic super-Brownian motion). Fix (r,u) € Ry x Mgy and k > 0. For
convenience, set C' := C ([T,oo), Mq). There exists a (measurable) probability kernel o —
P¢, from (C,B(C)) to (C', B(C')) such that the coordinate process X¢ = (XZ,¢t >r) on C' is
a super-Brownian motion in the catalytic medium p. That is, P-a.s. under P?,, the process
X? is continuous time-inhomogeneous Markov with the following properties:

- P? ,-almost surely, X7 = u,

- for every f € Bi, t > s > r, we have

(6) Eg’u |:ef(thvf) o (Xg,u (= I:rr, s]):| — e_(ngyvt(s)),

where v; is the unique nonnegative solution on [r, 00) X R? of the catalytic log-Laplace
equation

(7) v(s,x) + n/oodu/ wW(dy) p(u — s,z —y) v (u,y) = J(s,2),
with J(s) 1= 155 Prs[f].

Often, we also pass from the quenched distributions Pf, to the annealed law E[P? ,]. O

2.3. Existence of collision local time of catalyst and reactant. For our constant ¢ > d,
we introduce the function space H? := [y, H%, where

(8) HY := {g € B(R; x R?); suppg C [0,T] x R?, |lg/¢qlo0 < 00},

with [|g/@¢lloc = SUP(s z)cRr, x4 [9(8;2)[/P¢(7), and suppg denoting the support of g.

Recall the approximated collision local time L. of ¢ and X? introduced already in (1). We
are now ready to state our first result, the existence of the collision local time L = L, xe) of
o and X?¢. Recall that d <3 and (r,p) € Ry x M,.

Theorem 3 (collision local time). There ezists a random variable denoted by L = L, xo)

defined on (C x C',B(C x C')), taking values in the set of Radon measures on [r,00) x R? with
the following properties:

(i) (tempered measure): For every T > r, we have E [P,‘f,u(L, 1,7 qﬁq)] < 00.
(ii) (existence via convergence): For every o € H?,
161}})1 (LE ) 90) = (La QO)’ E[Pf,u]_a's'

3 In [FK97] more generally a class of so-called n-diffusive measures v is introduced which allow that o
under P, may serve as the catalyst for X?°.
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(iii) (regularity): For every ¢ € H??, and E[P£ ,]-a.s., the process ((L, 1,q9), t > 7‘) is
continuous and adapted to the filtration

(.7:15 =0(0) Vo (X2 s€ent]), t> r) ‘

(iv) (moments): For every m > 1, p € H*, P-a.s.,
m m k

where the functions xn, n > 1, belong to H? and are recursively defined by

oo n—1
(10)  xn(s,2) = ﬁ/ dU/ u(dy) p(u — s,z —y) [sz-(u,y) xn—i(u,y)] ,  n>2,
s i=1
with the initial condition
(1) o) = [ du feldy) pu-so-petu),  (s2) Ry xR

Consequently, in dimensions d < 3, the collision local time L = L, xe] of catalyst and reac-
tant exists non-trivially, reflecting in particular the occurrence of hot spots in the mentioned
2-dimensional simulations.

The proof of this theorem is postponed to Section 3.

As an application, we can now describe the covariance measure of the martingale measure

associated with X¢. Let C’;’Q denote the set of bounded functions ¢ € B(R; x R?) such that

. . . 2 . . .
the partial derivatives %—"z and axa, a— exist and are continuous and bounded. It is easy to
10

check that under E[P? ] the process (M, ;, t > r) defined by

(2)  Men = (X2p(0) = (¥te(r) = [as (2, 520+ 5 80).

is an (F;,t > r)-martingale [note that F, = o(p) V 0(X,)]. Thanks to the Markov property
of X?¢ (given p), and the moment formula (A.9) for X¢ stated in the appendix, we get that
for ¢, in C,}’z, P-a.s. for all s > r and t > r,

(13) B2, [Mep M| = 2 /u(dw) / " du / W(dy) plu — 2 — y) ot y) (1, ).

The functional M : ¢ — M defined on Cb1’2 can be extended to an orthogonal martingale
measure on HY. Let (M) denote its covariance measure. Now we show how (M) can be
expressed in terms of the collision local time L = Lj, xe]. Recall that d < 3 and that

(’I’,,U,) ERF XM(I'

Corollary 4 (covariance measure). For every ¢ € H%, E[P? ,]-a.s. for every t > r, we have

(14) (My),, = 2*6/[t]XRdL(d[s,y])wz(s,y)-
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Proof. Using the Markov property of X¢ (given g) and an obvious extension of the second
moment formula (13), we obtain for ¢ € H?, P-a.s. for all t > s > r,

EES , [(Mone) | ] = (Mopra)? + 25 /Xs(dx) / du / W(dy) plu— 5,2 — ) P (u,y).

Since

(/ L (d[s,y]) ¥*(s,y), tZT)
[r,t]x R4

is in ¢ non-decreasing and continuous, is adapted to (F;,t > r), and zero for t = r, we get
that

((M90>T,t - 2'6/[ . L (d[s,y]) ¢°(s,y), t > r)

is a continuous martingale under E[P? ,] with bounded variation starting at time ¢ = r from
0. This martingale is then constant and, in fact, equal to 0, giving the claim (14). U

2.4. Collision local time in dimension two. We now state our results for the collision
local time in the “critical” dimension d = 2. For convenience, we introduce the following
abbreviation for an annealed law:

P = ]E[Po,irg] = Eicl [Pg’irg], where i > 0.
(That is, we now focus on the situation 7 = 0 and p = i.£.)

Theorem 5 (two-dimensional collision local time). Let d = 2.

(a) (local spatial L? collision densities): For everyt > s >0 and z € R?,

</[s,t]de L (dlr,y]) p(e, 2 —y), € > 0)

converges in L?(P) as € | 0 to a random variable denoted by Ais,(2). It has expectation

E [\, 4(2)] = icix (¢ —s),
and its finite variance is non-zero provided that s < t.
(b) (spatial absolute continuity): For t > s > 0, there ezxists a measurable version of
Als,) with respect to B(R?)x F;, and P-a.s. the measure L ([s,t] x (-)) on R? is absolutely
continuous and can be represented as

L ([s,t] x dz) = As,g(z)dz.
(c) (self-similarity): Under P, the laws of the scaled collision local times
K2L (K(-) X K1/2(-))

are independent of the scaling factor K > 0.
(d) (random ergodic limit): The following convergence in My holds in law with respect
toP:

%%rcr)lo T7'L([0,T] x (-)) = App,1(0) £

(with £ the Lebesgue measure and 0 < Var [)\[0’1} (0)] < o0).
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Consequently, in dimension 2, the spatial marginal measures L ([s, t] x ()) of the collision
local time L, xe¢] of catalyst and reactant have non-degenerated densities )\[s,t](z) (provided
that s < t). Moreover, Ajo,1] (0) enters as random factor of Lebesgue measure in the long-term
ergodic limit. Recall that this reflects the diffusive features of the hot spots.

Remark 6 (dimension three). The L?(P)-convergence in part (a) does not hold for d = 3.
In fact, in the three-dimensional case an infinite term would be involved in our calculations,
see the remark following (29) in the proof below. Recall on the other hand that in dimension
one, L, x¢ should be rather “regular”. &

Remark 7 (regularity). It is an open problem whether the spatial collision density functions
Als,4) have some regularities properties in the space variable. Note also that the exceptional
set in the P-a.s. statement in (b) depends on [s,¢]. One would also like to know whether this
situation can be improved. &

The statement (c) follows from the self-similarity of (g, X¢) by standard arguments (com-
pare with [DF97b, Subsections 4.1 and 4.2]). Otherwise the proof of Theorem 5 will be
provided in Section 4.

3. EXISTENCE OF COLLISION LOCAL TIME (PROOF OF THEOREM 3)
Recall that d < 3. First of all we state the following lemma.

Lemma 8 (approximated moment increments). For every m > 1, r > 0, p € Mgy, T > 0,
€ € (0,1/4), P-a.s. there exists a finite constant My, (depending on ) such that for every
e HX, ¢!/ >1t>0, 1>¢ >e>0,

2m
(15) B2, [(Le,@u)®™] < M llo/dagl P [t = ¢| (1+10g, (1/1E—¢]))]

(16) B2, [[(Lero) — (Lot @)]™] < M o/ 2gl20 [|e —<'f (14 og, (171 —<'))] ™

Based on this lemma, the proof of Theorem 3 (ii) and (iii) are similar to the proof of
Proposition 5.1 based on Lemma 5.2 in [Del96] with the obvious changes and is left to the
reader. (iv) is not stated in Proposition 5.1 there, but it is a by-product of its proof [take the
limit in (32)]. Eventually, (i) is proved by using the monotone convergence theorem with the
moment formula (9) and (A.2) (in the appendix) with m = 1 and the inequality (A.1).

Proof of Lemma 8. Fix p € My, £ € (0,1/4), and T > r > 0 (otherwise the moments
disappear). We will verify (15); the proof of (16) is similar and is left to the reader.
Note first that for fixed € > 0,
(17) sp  LaW)PET—Y)
z€RI, ycRd d’q(x)

< 00.

Let p € H%q. Since g is P-a.s. a continuous M g-valued path, it is then clear that the functions
(s,z) = [o0s(dy) p(e,z — y) (s, y) belong to HY.. Thanks to the remarks at the beginning of
Subsection A.1, we see that, for fixed ¢,#, e, the functions

(18) (s,z) — Je(s,z) = /oodu /dz p(u—s,z—z) / u(dy) p(e, 2 —y) p(u,y) 1 v (u)
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are well-defined and belong to H..

We will now prove that P-a.s. there exists a finite constant ¢ such that for every ¢ € H%q,
#>t>0,1>e>0,

(19)  |Je(s,2)| < elr(s) gq(@) /gl ||t =] (1+10g, (11— ¢1))] -

Clearly ‘Jg(s,x)‘ /ll/d24ll, is bounded from above by

T
K = 1oz(s) / du / W(dy) Pl — 5+ 2,7 — ) bog(y) Lipn (u).

We assume that T' > ¢ (otherwise K1 = 0). Introduce the quantity

TAY

Ky = 1[0,T/\t'}(3)/

Thanks to (A.6), we have K < 1j1(s) C2 |t — t'|£ ¢q(z). Now

du / W(dy) Pl — 5V 1,3 — ) g (4).

Vi

TAt
Nﬁ—lﬁlﬁlmmwﬂﬂ/‘ dU/uMw\Mu—s+ax—y%—mu—svtx—yﬂ@dw-
sVt

Using the inequality

(20) Ip(v1, ) — plv2, 2)| < c / v v p(2v,2),

v1

where the constant ¢ is independent of z € R¢ and vy > vy > 0, we get that

TAY u—s—+e
Ky — Ka| < e Ligzmen(s) / du / o(dy) bag(v) / dv v p(20, — 1)
sVt u

—sVt

TAY —s+e ) TAE A(v+sVi) )
—cloana® [ oot | du [ouldy) ¢3()pl20,2 — ).
0 sVtV(v+s—e)

In view of (A.5) and (A.1), we may continue with

TNt —s+e ¢
< c1[07T/\tq(s)q§q(x)/ dv vt ITAEA(v+sVE)—sVEV(v+s—e)|,
0
where c is independent of ¢, ¢, e, z. It is easy to check that
TAt —s+e ¢
/ dov | TAYA(w+sVE)—sVEV(v+s—e)
0

(21) < c\ﬂ——ﬂf(1-+log+(1/u’—tn),

where c is independent of ¢,¢ and €. As a conclusion we obtain (19).
Using the estimate (A.6), a straight forward induction shows that all the functions x,,
n > 1, of the recurrence relation (10) with initial condition x; = J; belong to H7. and satisfy

[Xa(s,2)| < eLiori(s) 64(®) 0/ b2qlI% [|¢ = ¥'|° (14 10g. (1/1t )]

n
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(Note that ¢ is independent of ¢, ¢,t' and .) Then the claim (15) is a consequence of (A.9)
with f =0 and

(22) g(s,2) = / (dy) ple, 2 — ) 0(5,9) L) (5),
finishing the proof. U
4. TWO-DIMENSIONAL COLLISION LOCAL TIME (PROOF OF THEOREM 5)

We now assume that d = 2.

4.1. Local spatial collision densities [proof of (a)]. For the claimed L2-convergence, it
is enough to check that, for fixed s, t, z,

/ L (dlr,y]) p(e,z — y) / L(d[r', 1) ple,z— )
[s,t] xR2

[s,t] xR2

(23)  J¥¥ = E

converges in Ry as € and €’ decrease to 0.
For f € L}i_(]RZ) with [dz f(z) =1, and € > 0, z € R?, we set
(24) fs,z(x) = E_If (5_1/2(113 — Z)) .

Note that f; ,(z)dz converges weakly to d,(dx), the Dirac mass at z, as € decreases to 0. We
will prove the following stronger result.

Lemma 9. For fized s,t,2,2, f,f € LY(R?) such that [dx f(z) = 1 = [dz f'(z), the
well-defined quantity

Jee (2,7)) == E

/ L (d[r,y]) fe.2(y) / L(dr',y') £l ()
[s,t] xR?

[s,t] xR?
converges to a finite limit independent of f,f', as € and €' decrease to 0.

Note that we need the convergence for z = 2’ to prove (23) and then (a). Note also that
although f and f' are not in BY a priori, we show that J&¢ is well-defined.

Proof of Lemma 9. By a standard monotone class argument, we deduce from the quenched
moment formula (9) for collision local time with m = 2, that for g € By ((R})? x (R?)?),

E [/R+XR2L (d[r,y]) /RMW L (d[r',y') g(r, T’,y,y’)]

— E|2x /dm / ds, /QSI(dyl)p(sl,yl—m / dss /gsz(dw)p(sa—sl,yz—yl)
0 s1

oo
/ ds3 /ng(dy3)P(S3 — 51,3 — Y1) 9(52, 83,92, ¥3)
81

+ i?/dfb‘l/o dsy /Qs1(dy1)P(31,y1—$1)

/dwz/ dso /Qsz(dy2)P(82,y2—582)9(31,82,311,&/2)]-
0
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Thus we can write
(25) T = 20k 25T

where

t t t
J° (z,7) = /Udsl IE[/ dSz/ dss /Qsl(dm)/QsZ(dya)/953(dy3)
s1Vs s1Vs

p(s2 — 81,92 — y1) p(83 — 81,93 — Y1) fs,z(y2) f;’,z’(y3):|

and

U5 (2, ) = E[ / s, / dsy Jeutdn) [on(ae) fa,z(yl)f;,,zl(yg)]

are third and second moment expressions of the catalyst process only, respectively. We easily

compute J; ' thanks to the moment formula (A.2) for ordinary super-Brownian motion (with
f =0 and g properly chosen):

t ¢ ¢
J5€ (2,2) = 2vi. /dx/ d33/ dsl/ dssy /dy1 /dy2 /dy3
53\/5 s3Vs

p(s3,y3 — ) p(s1 — 83,y1 — p(s2 — 83,92 — ¥3) fa,z(yl) fé’,z’(yZ)

/d:l)l /d:l)z/ dsl/dSZ /dyl /dyg

p(s1,y1 — =1) p(s2,y2 — 2) fe (1) for 1 (y2)
= 27ic/dy1 fe.z yl)/dy2 fir 1(y2)

/dss/ d31/ dso p(s1 + s2 — 283,y1 — y2)
s3Vs s3Vs

+ @2 (t — s)?

< 2’in/ d53/ dsl/ dsy p(s1 + s2 — 2s3,0) + zz (t—s)? = Ky < 00.
0 s3Vs s3Vs
As (g,€') | 0, the quantity J;’El(z,z') converges to

t t t
(26) JI(z,7') == 2v ic/ d33/ ds; / dso p(s1 + 83 — 283,z —2') +i2 (t — s)? < Ko.
0 s3Vs s3Vs
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We can also compute JIE’E, using the Markov property of g at time s; and twice the moment

formula (A.2):

Jee(z Z') = 2’y/d31 [/ d34/ dsz/ ds:;/gsl dy1) /gsl dys) /dy4/dy2 /dy3
s4Vs s4Vs

84 —S81,Y4 —y5 82 — 84,Y2 —y4) (33 — 54,93 —Z/4

p(s2 — 81,92 — y1) p(83 — 81,43 — Y1) fe,2(y2) féf,zf(y3)]

t t t
+ / dslﬂz[ / dss / dss /gsl(dyl) /gsl(dyn /gsl(dya) /dy2 /dy3
0 s1Vs s1Vs

P(Sz —S1,Y2 — y4)P(33 — S1,Y3 — y5)P(32 — S1,Y2 — yl)

p(s3 — 51,5 — 91) foru2) Flr (ys)] .

With obvious notation we write

(27) T = 2y g 4 Jo
Using again the moment formula, we get
(28) I = 2y JE 2 I,
where
J = / dsy / d35/ d34/ dss / dss /dyl /dy2 /dy3 /dy4 /dy5 /dy6
s4Vs s4Vs
p(s1 — 85,y1 — p(s1 — 85,Y5 — Ys) P(54 — 81,94 — Y5) P(82 — 84, Y2 — Ya4)

p(s3 — 84,93 — y4)P(82 —s1,y2 — Y1) P(83 — 81,43 — Y1) fe,2(y2) fer 21 (y3)

/d31/ d34/ d32/ dss3 /dyl /dyz /dy3 /dy4 /dy5
s4Vs s4Vs

S84 — 81,Y4 —ys) ( 82 — 84,Y2 —y4)P( 83 — 84,Y3 —y4)
P(32 —s1,y2 — Y1) P(S3 — 81,¥3 — Y1) fe,2(y2) fer 2 (y3)-

and

We now compute Jg e’ Integrating over dy, dys, and dy4 gives

/dsl/ d84/ d82/ d83 /dyZ /dy3
saVs saVs

p(s2 + 83 — 284,y2 — y3) p(s2 + 83 — 251, Y2 — Y3) fe,2(y2) fer ' (y3)-
The function
6(Y2, Y3) /dé‘l /d34/ dé‘z/ dss p(s2 + 83 — 284,y2 — y3) p(s2 + 83 — 281, Y2 — ¥3)
s4Vs saVs
is continuous in (y2,y3) and bounded from above by Hg(y,y) = Kg which is finite since d = 2.
Thus Jg* (z,2') is uniformly bounded by Kg. Using that f .(y2) fer ./ (y3)dy2dys converges
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weakly to d,(dy2)d, (dys), we deduce that Jg’sl converges to
(29) J(2,7') := Hg(z,7') < K.

Note that Hg(z,z) = oo if d = 3, which implies that J¢ (z,z) doesn’t converge for d = 3,
however it is well-defined at least for f(z) = f'(z) = p(1, z).

For J;’E, we get

J;E z, z /dsl/ d35/d34/v d82/v d33/dy1/dy2/dy3/dy4
sqaVs sqaVs

p(s1 4 84 — 285, y1 — ya) P(82 — 84, y2 — Y4) P(83 — 54,Y3 — Y1)
p(s2 —s1,92 — Y1) p(s3 — s1,y3 — Y1) fe,2(y2) fer 1 (y3).
We set

hs(s1, $2, $3, S4, S5, Y2, Y3)
= locss<si<si<sanss /dyl /dy4 p(81+ 84 —285,Y1 — Ya) p(S2 — S4, Y2 — Ya) P(S3 — S4, Y3 — Ya)

P(Sz — 81,92 — yl)P(S3 —$1,Y3 — yl),

5(y2,y3) = /dsl/dSZ/dSS/d34/d35 s<sa,s3<t N5(81, 52,583,584, 85,Y2,Y3),

J§’E’(z,z') - /dy2 /dys fe,2(y2) fer,2r(y3) Hs (Y2, y3)-

Let us now prove that Hj is bounded and continuous. Note first that p(s;+s4—2s5,y1 —y4) <
p(s1 + 84 — 285,0). Thus, we easily get

and

so that

hs (81, 82, 83, 84, 85, Y2, Y3)
< locss<si<sa<saAss p(sl + 84 — 285, 0) p(32 + 83 — 234, 0) p(32 + 83 — 281, 0)-
Now it is easy to check that

Hs(yo2,y3) = /dsl . "/d35 1s<sy.05 <t P5(S1, 52,83, S4, S5, Y2,Y3)

t t S2/\83 84 81
S / d82 / d33 / d84 / d31 / d85
s s 0 0 0

p(s1 + 84 — 285,0) p(s2 + s3 — 284,0) p(s2 + s3 — 281,0) = K5 < oo.

The function hy is continuous and bounded in (y2,y3). From dominated convergence we
deduce that Hj is continuous and bounded. Using that f. .(y2)f. ./ (y3)dy2dys converges

weakly to 6,(dy2)d, (dys), we see that Jg’el tends to
(30) J5(2,2') := Hs(z,2') < Ks

when € and €’ decrease to 0. Note that Jg’al(z, 2') is uniformly bounded by K.
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Finally, we study JZ’E,. Let g € By ((R2)3) and g(z1, o, z3) = Zag(zo(l),x(,@),xow)),
where the sum is over all the permutations o of {1,2,3}. By a standard monotone class
argument we deduce from the moment formula (A.2) for g that

B | foutan) [antdn) [on(d) gton,00)
= 2i.y’ / d84/ d35/dy1/dy4/dy5/dyspv+35—234,y1—y6)

p(v — 85,94 — Y6) P(v — S5,Ys5 — ¥6) (Y1, Y4, Y5)

+ i 7/ dsa /dy1 /dy4 /dysp 20 — 254,y1 — Y4) (Y1, Y4, Ys5)

+ —z /dyl /dy4/dy59 y17y4ay5)

] . ! . ] ]_
(31) I8 = 20y +i2qdgt + 3 e 75 3

This implies

where

J;e (z, z = 2/dsl/ dsz/ d33/ d34/ d35/dy1/dy4/dy5/dy2/dy3/dy6
s1Vs s1Vs

32—81,y2—y4 (33—31,313—215) 32—31,312—311 33—31,y3—y1)

fez(y2) fir 1 (y3)
[p(81 + 85 — 254,y1 — Y6) P(S1 — 55,Ya — Ys) P(S1 — 85,Y5 — Ys)
+ p(s1 + 85 — 254,y4 — y6) P(51 — 85, Y1 — Y6) P(81 — 85,Y5 — Ys)
+ p(s1+ 85 — 284,y5 — ys) P(51 — 85, Y1 — Ys) P(51 — 85,91 — ys)]

and

J5° (2,2)) —2/d81/ d84/ d82/ d83/dy1/dy4/dy5/dyz/dy3p — 81,Y2 — Y1)
s1Vs s1Vs

p(s3 — s1,y3 — ys) p(s2 — s1,¥2 — Y1) p(s3 — 51,43 — Y1) fe2(y2) fir 1 (y3)
[p(281 —254,y1 — Ya) +P(281 — 254, y1 — y5) + P(281 — 284, Ys — y5)

as well as

J” (2,2') := 3'/d31/ d32/ d33/dy1/dy4/dy5/dy2/dy3p 83 — 81,Y2 — Y4)
s1Vs s1Vs

p(s3 —s1,y3 — ys) p(s2 — 51,52 — Y1) p(s3 — 51,93 — y1) fe,z(y2) fir i (y3).

We are left to study the convergence of J;’EI, Jg’al and J;’EI.
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First of all, we have
) t ¢ t
Jo© (2,7) = 3!/ dé‘l/ dé‘z/ dss3 /dyz /dy3 p(s2 + s3 — 2s1,Y2 — y3) fe,2(y2) for .+ (y3)
0 s1Vs s1Vs

¢ t t
< 6/ dsl/ dSQ/ ds3 p(s2 + s3 — 281,0) =: K9 < o0.
0 s1Vs s1Vs
As € and €' decrease to zero, Jg’el converges to

t ¢ ¢
(32) J(z,2) = 6/ dsq / dSQ/ dss p(sa + 83 — 281,z — 2') < K.
0 s1Vs s1Vs
Next, we have

Jg© (2,7) = /dyz /dys fe.2(y2) for i (y3) Hs(y2,3),

where

t 81 t t
Hs(yg,yg) = 2/ dsl/ d34/ ng/ d33
0 0 s1Vs s1Vs

[/dyl p(s2 + 51— 2s4,y1 — y2) p(s2 — 51,92 — Y1) p(s3 — 51,¥3 — Y1)
+ /dyl p(s3+ 51 —254,y3 — y1) p(s2 — s1,¥2 — Y1) p(S3 — s1,Y3 — Y1)
+ p(s2 + 83 —251,y2 — y3) p(s2 + 83 — 284, Y3 — ¥2) |-

Since p(s2+51—284,y1—Y2) < p(s2+51—254,0) and p(s3+81—284,y3—y1) < p(s3+81—284,0),
we deduce that

t 51 t t
Hg(y2,y3) < 6/ dSl/ d84/ dSz/ ds3p(s2 + 81 — 254,0) p(s2 + s3 — 251, 0)
0 0 s1Vs s1Vs
= Kg < 00.

Arguments similar to those used for the convergence of Jg ' show that Hg is continuous and

bounded. Thus Jg ’E’(z, 2') is uniformly bounded by Kg and converges to
(33) J§(z,7") := Hg(z,2') < K.

Finally, we have

I (2,2) = /dy2 /dy3 Fen(W2) £l (ys) He (g2, 13),
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where

t t t S1 81
Hy(y2,y3) ::2/ dsl/ dsz/ d33/ d34/ dss /dyl /dyg
0 s1Vs s1Vs 0 84

[P(SZ — S5,Y2 — ye)P(ss — 85,Y3 — ye)P(32 — 81,Y2 — yl)

p(s3 — s1,y3 — y1) p(s1 + 85 — 284, Y1 — Ye)
+ p(s2+ 85 — 254,92 — y6) P(83 — 85,Y3 — Ys) P(S2 — 51,Y2 — Y1)
p(s3 — 81,93 — Y1) p(51 — 85,91 — Y6)
+ p(s2 — 5,92 — y6) P(83 + 85 — 254, Y3 — y6) P(S2 — 51, Y2 — Y1)

P(Ss — 81,Y3 — yl)P(sl — 85,Y1 — y6) .

Check now that the following upper bound is finite:

t t t s1 81
K7 = 2/ d81/ dSQ/ d83/ d84/ d85
0 s1Vs s1Vs 0 84

[P(82 + 53 — 2s5,0) p(s2 + 53 — 251,0) p(s1 + $5 — 254, 0)
+ p(s2 + s5 — 254,0) p(s1 + s3 — 255,0) p(s2 + s3 — 251, 0)
+ p(s3 + s5 — 2s4,0) p(s1 + s2 — 2s5,0) p(s2 + s3 — 2s1, 0)]-

Arguments similar to those used for the convergence of Jg ' show that H. 7 is continuous and

bounded by K7 < oo. Thus J?’E’(z, 2') is uniformly bounded by K7 and converges to
(34) JNz,2') := Hy(z,7') < Ki.

Altogether, for each i € {1,...,9}, JZ-E’E’ exists, is uniformly bounded and has a finite limit

as (g,€') | 0. Thus, J (2,2') is well-defined and converges in R, as ¢ and ¢’ decrease to
0. O

Completion of the proof of (a). The claimed expectation expression for A, () easily follows
from the moment formula (9) for L in the case m = 1.

The second moment of A[, 41(2) is given by the limit JO, say, of J5¢(z,z) from Lemma 9 as
e | 0. By the formulas (25), (27), (28), and (31),

1
(35) IO = 2ipk |27 (2vic I + 2 J8)+{2icfyz.]$+i§7.]§+§i§ Jg}] +i2J) < oo

which, in the case s < t, is strictly larger than (E[A[s’t}(z)])Z, occurring from the J3-term [see
(26)]. This completes the proof of (a). O

Remark 10 (variance formula). For t > s > 0 and z € R?, from the representation (35)
combined with (30), (29), (34), (33), (32), and (26), as well as the expectation formula in (a),
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we obtain the following formula for the variance of )\[s,t](z) :
¢ t t
2ic iy (zz K+ ir’)’) / dsy / dsz/ ds3 p(s2 + s3 — 2s1,0)
0 s1Vs s1Vs

¢ t t t
+ 8i§ ir'yn/ dsy / dSQ/ d53/ dsy p(s3 + s4 — 282,0) p(s3 + s4 — 2s1,0)
0 51 s2Vs saVs

t t t t
+ 8i3ir7f‘é/ dé‘l/ d32/ dss/ d34/dyp(32+33—231,31)1)(33—82,3/)
0 S1 saVs saVs
p(S4 — 89, y)
+ 164 iy n/ dsl/ dsz/ d33/ d34/ dss /dy1 /dyg
s3Vs s3Vs

p(s2 4 83 — 281,y1 — y2) p(84 — 52, y1) P(84 — 53, ¥2)

85 - 327?/1 85 - 53,y2

+ 164 iy n/ dsl/ dsz/ d33/ d34/ dss /dy1 /dyg
s3Vs s3Vs

82+S4—281,y2—y1) ( 4—33,y2) ( 3—82,311)
P(85 —$2,Y2 — yl) (35 - Ss,yz)-

4.2. Spatial absolute continuity [proof of (b)]. We first prove that,

(36) ba(2) / L (dlr, ) 1s(r) ple, 2 — 1),

converges in L'(£ ® P) as ¢ decreases to 0, to ¢,(z)é(z), where for almost every z, P-a.s.
¢ = A. Thanks to the statement (a), it is enough to check that the function

(37) (@.6) B | [0 () 1) plere =)

is uniformly bounded on R? x (0,1]. But this is clear since

[/drzr/dz/rdy r,z —y)ple,z —y)

= iy (

B /L) g )plez )]

Statement (b) is then a straight forward consequence of the following criterion with v(dy) =

L ([s,t], dy) [recall Theorem 3 (i)].

Proposition 11 (sufficient criterion for absolute continuity). Let v € My be a random vari-
able defined on a probability space (0, F,P). We assume that £ [(V, ¢q)] < 00 and that

(39) (@) = 6uto) [otan pieso =), e>0)
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converges in L'(£ ® P) to some ¢q€ as € | 0. Then P-a.s. the measure v is absolutely
continuous (with respect to the Lebesque measure) and has the density function § :

(39) v(dy) = £(y)dy.

Proof. Let 8 be any bounded random variable on (2, F,P), and f € B? continuous. Because
of the assumed convergence in L!(£ ® P), we get that

Jo = [azf@e |8 [oian plese— )]

converges to [dz f(z) € [B€(z)] as € | 0. On the other hand, the function

(y,€) = [dz f(z)p(e,z —y)

is bounded by ¢,(y) [thanks to (A.1)], continuous and converges to f as € | 0. By dominated
convergence, we get that J. converges to £ [B (v, f)]. Since B and f are arbitrary, the equality

/dmf(w)ﬁ’[ﬁf(m)] — E[B(w, )]

implies that v is P-a.s. absolutely continuous with respect to the Lebesgue measure, and that

v(dy) = £(y)dy, P-a.s. O

4.3. Random ergodic limit [proof of (d)]. Let f € L! (R?). Thanks to Lemma 9, we know
that 771 f[o,T]><R2 L (d[r, y]) f(y) is well-defined and even belongs to L?(P ). By self-similarity
this has the same law as

Iy = T/ L (d[r,y]) f(yVT).
[0,1]xR?

Thanks to Lemma 9 and (a), we see that I converges in L*(P) to A 11(0) [dz f(x) as T 1 occ.
Thus we deduce that for any f € L}I— (R?), the following convergence in law holds with respect
to P:

i 1
Jim /[O’T}szL(d[r,ny(y) — Xpa)(0) [d f(@)

This ends the proof of (d). O

A. APPENDIX: SOME BASIC PROPERTIES OF CATALYST AND REACTANT

A.1l. Moment formulas for the catalyst. Let d > 1 and fix v € M. It is easy to check
that for every T > 0, there exists a constant ¢ > 0 such that for every z € R? and ¢ € (0, 7],

(A1) /dyp(s,m—y) 64(y) < cdyla).

Therefore we get that if g € Hf., then the function (r,z) — [ds Ps_[g(s)](z) is well-
defined and belongs to HY.. If f € BY, then the function (r,z) — 1;>. P,—.[f](z) is also
well-defined and belongs to H}.
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It is well-known that for every t > 0, g € HY, f € B, and m > 1,
k

(A.2) Eu[[(gt,fn /Owds (gs,g(s»]m] =m!§j% S T woxw(0),
k=1 i=1

Y yeney ng > 1,
nyt-tn =m

where the sequence (x,,n > 1) is defined by the recurrence formula

00 n—1
(A.3) Xn(r,T) = 7/ ds /dy p(s—rz—y) [Z Xi(8,9) xn—i(5,9) | ;
r i=1
(r,z) € Ry x R?, n > 2, with initial condition

(A4)  xa(ne) = L, Plf)(@) + / Tds Plg()l@),  (rz) R, xR

Thanks to the remark at the beginning of this subsection, we see that the functions x,,n > 1,
are well-defined and belong to HY.

A.2. Regularity properties of the catalyst. We now assume that d < 3. Recall that we
write P for P; 4. It is clear from the Holder continuity Theorem 3 of [DF97a] (p254) that for
every £ € (0,1/4), T > 0, P-a.s. there exists a constant C; := C(T, g, &) such that for every
T>t>r>0, feB(RY),

(A5) [ds fesan)n112) < crleof [1(21ce

We have also [cf. Definition 2b) and Theorem 4 of [DF97a|, pp 224 and 259, respectively| that
for every T > 0, £ € (0,1/4), P-a.s. there exists Cy := C(T, o, €) such that for every = € R?,
T>t>r>0,

(A.6) /ds/ J(d2)p(s — 12— 2) §2(2) < Calt — /€y ().

A.3. Moment formulas for the reactant. Recall that d < 3. Using the Markov property
of X? (given p), it is easy to get that P-a.s. for every n > 1, ¢, > -+ > t; > 0, and

fna"' 7f1€B?|-7

(A.7) E? . [ef Z‘B'“(thi’f")] = ¢ (mv(n),
where v is the unique nonnegative solution of the catalytic log-Laplace equation (7) with
J(8) := Y 4.5 Pr;—s [fi]. Using the continuity of X, it can be shown that P-a.s. for every
nonnegative g € HY,

(A.8) EZ, [e— [ ds (XS,g(s))} = (),
where v is the unique nonnegative solution of (7) with J(s) := [ du P,_, [g(u)].

We deduce the next result on the moments of the reactant process X?¢ from Theorem 4,
Lemma 4 and Remark 2 of [DF97a] (pp 259 and 232, respectively). We have P-a.s. for every
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t>0,ge HY, feB! and m>1,

0o m m 1 k
(a9 B, | [+ [Tas (ta)]"] =Yg X T
" k=1""

ny,e.ong >1,  4=1
ny+-tng =m

where (xn,n > 1) is defined by the recurrence formula (10) with initial condition

(A.10) xi(s,z) = li>s Po—s[f]() —I—/ du P,_s[g(u)](x) (s,z) € Ry x R,
Since x1 € HY, inequality (A.6) implies that all the functions x,, belong to HY.
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