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Abstract

In this paper linear elliptic boundary value problems of second order with non-smooth
data (L°-coefficients, Lipschitz domains, regular sets, non-homogeneous mixed boundary
conditions) are considered. It is shown that such boundary value problems generate Fred-
holm operators between appropriate Sobolev—Campanato spaces, that the weak solutions
are Holder continuous up to the boundary and that they depend smoothly (in the sense of a
Holder norm) on the coefficients and on the right hand sides of the equations and boundary
conditions.

1 Introduction

In this paper we consider weak solutions to boundary value problems for linear elliptic equations
of the type

V- (AVu+bu)+c-Vut+du = —-V-f+g inQ,
(1.1) (AVu+bu)-v+eu = f-v+h onl,
u = 0 on 00\ T,

and for linear elliptic systems the principal part of which is close to be triangular.

In (1.1) @ ¢ RY is a bounded domain, T' is a subset of the boundary 9%, and
v: 09 — RY is the unit outward normal vector field on 9. The coefficients A, b, ¢, d and e are
bounded measurable maps, defined on 2 and I', respectively, A is real symmetric N x N-matrix
valued, b and ¢ are IR" valued, and d and e are scalar valued. By Vu and V - f we denote
the gradient of a function u : @ — IR and the divergence of a vector field f : O — RY,
respectively, and for the Euclidean scalar product of two vectors we use a centered dot. Finally,
it is supposed that there exists an € > 0 such that

(1.2) A(x)E-€>e€-€ forall € € IRY and for almost all z € Q.

It is well-known that each weak solution to the boundary value problem (1.1) is Hoélder
continuous up to the boundary if, for example,

(1.3) felP(RY), ge LP?(Q) and he LP~YT) with p > N,

and if 00 and T satisfy certain regularity assumptions (see, for instance, GILBARG, TRUDINGER
[14] for the case I' = @, TROIANIELLO [30] for the case that I' is open and closed in 092 and



e = h = 0, and STAMPACCHIA [29], MURTHY, STAMPACCHIA [21] for more general cases).
Moreover, the weak solution to (1.1) — if it is unique — depends continuously in the sense of a
Holder space C%*(Q2) on the right hand sides f,g and h in the sense of the Lebesgue spaces
mentioned in (1.3).

In the present paper we will prove, among other things, that the weak solution to (1.1) —if it
is unique — depends smoothly in the sense of a Holder space C%%(Q2) not only on the right hand
sides f, g and h, but also on the coefficients A, b, ¢, d and e in the sense of L*°-norms. This result
seems to be new (in case of N > 2) even if I' = @ (pure Dirichlet boundary conditions) or if
I' = 09 (pure natural boundary conditions). Moreover, it has important consequences because
it allows to apply theorems of the differential calculus (Implicit Function Theorem, Sard-Smale
Theorem, Lyapunov-Schmidt procedure in bifurcation problems) to quasilinear elliptic boundary
value problems with non-smooth data (cf. RECKE [26] and GRIEPENTROG [16]).

The main problem connected with such applications to quasilinear problems consists in the
following: On the one hand, one has to work on sufficiently large function spaces such that weak
solutions exist. On the other hand, one has to work on sufficiently small function spaces such
that the appearing superposition operators are smooth. For example, suppose the coefficient
matrix A in (1.1) to depend on u, i.e. A = A(z,u), let A(x,-) be smooth for almost all x, and
assume that there exists a constant ¢ > 0 such that |A(z,u)| < ¢ for all v and almost all z.
Then the corresponding superposition operator

ue WHHQ) — A, u(-)) € L=®(Q; RN*N)

is not continuously differentiable (except that N = 1 or that A(z,-) is affine for almost all ), but
its restriction to W1H2(Q)NL>(Q), for example, is smooth. For differentiability of superposition
operators see, e.g., VALENT [31], APPELL, ZABREJKO [3] and RUNST, SICKEL [28].

In the case of N = 2 the smooth dependence (in the sense of C%%(€)) of the weak solution
of (1.1) on the coefficients follows from the paper of GROGER [18]. Moreover, in the case of
N = 2 this result holds true for boundary value problems for general elliptic systems, which are
not necessarily close to be triangular, as well.

Our paper is closely related with the results of RECKE [27] and XIE [33], which contain
some of the results of Sections 5 and 6 of the present paper. [27] concerns the particular case
of e = h = 0. In [33] it is supposed that e and h are Lipschitz continuous (in order to absorb
the corresponding I'-integrals in the variational formulation of (1.1) into Q-integrals via the
divergence theorem). Moreover, [33] does not concern the dependence of the weak solutions on
the coefficients.

Most of the results of Sections 3 and 4 of the present paper, describing properties of regular
sets (introduced by GROGER [18], cf. Definition 3.1 below) and trace properties of Sobolev-
Campanato functions, seem to be new. The development of these rather technical results is
motivated to some extent by the wrong claim of XIE [33, Remark 2.3] that all regular sets have
Lipschitz boundaries. Because this claim is used repeatedly (cf., e.g., [33, Remark 4.1]), there
are gaps in the proofs of that paper.

In the particular case of e = h = 0 the results of the present paper are essentially due to the
second author. The generalizations to the case of nonzero e and h (and, especially, the Trace
Theorem 4.4) belong to the first author.

The present paper is organized as follows:
In Section 2 we introduce some notation and results related to Sobolev—Campanato spaces.
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Section 3 is devoted to the concept and the properties of regular sets.

In Section 4 we define Campanato spaces on the natural boundary part, and we prove a
trace theorem for Sobolev—-Campanato spaces.

In Section 5 we prove a regularity result for weak solutions to (1.1) for the case of b =c¢ =10
and e = 0 closely following the methods of TROIANIELLO [30].

In Section 6 we show that the operator, associated with the boundary value problem (1.1),
is a Fredholm operator (index zero) from W&’ZW(Q UT) into W=12«(QUT) for all w € [0,0),
where @ is a certain number which depends on ¢ and Q U T, only, and which is larger than
N — 2. Moreover, this Fredholm operator depends linearly and continuously (in the sense of
the operator norm) on A, b, ¢, d and e. Hence, if it is injective, the Implicit Function Theorem
yields that the weak solution to (1.1) depends smoothly on A, b, ¢, d and e. Here WOI’Q’W(Q ur)
consist of all elements u of the Sobolev space WO1 ’2((2 UT) such that the gradient Vu belongs
to the Campanato space £ (Q;IRY), and W~12«(QUT) is the image of W&’ZW(Q UT') with
respect to the duality map of the Hilbert space VVO1 ’2(9 UT). Remark that, for w > N — 2,
the Sobolev-Campanato space WO1 ’2’“’(9 UT) is continuously embedded into the Holder space
C%(Q) with a = (w — N +2)/2.

Finally, in Section 7 we show that our results about the boundary value problems for linear
elliptic equations of type (1.1) hold for linear elliptic systems the principal part of which is close
to be triangular as well.

2 Notation and some Results on Sobolev-Campanato Spaces

By My and & we denote the spaces of all real N x N-matrices and real symmetric N x N-
matrices, respectively. The symbol | - | is used for the absolute value, the Euclidean norm in
IR and for the Euclidean operator norm in 9y, respectively, i.e.

€] = V&€ for&cRY,
|A| = max{|A¢]: £ €RY, [¢] <1} for A € My.

For 2 € RY and 7 > 0 we denote by B(z,7) := {¢ € RY : |¢ — x| < r} the open ball around x
with radius 7.

As usual, for subsets G of R we write G°, G and dG for the interior, the closure and the
(topological) boundary of G, respectively.

A bijective map ® between two subsets of IRY such that ® and ®~! are Lipschitz continuous
is called Lipschitz transformation.

A subset M of RY is called Lipschitz hypersurface in IRY if for each zo € M there exist
open neighborhoods U of zy and V of zero in IRY and a Lipschitz transformation ® from U
onto V such that ®(xg) = 0 and

(2.1) UNM={xecU: dn(x)=0}.

Here @y : U — IR is the N-th component of the map ® (and similar notation will be used later
on). The map
p:Vni={E€V: &y =0} = M, ¢(§):=27'(¢)

is called embedding chart of M in xg. It is a Lipschitz continuous map from the neighborhood
Vv of zero in RY~! into RY. Tts functional matrix Dy(€) exists for AN ~!-almost all £ € Vi,
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and for such ¢ the absolute value of the corresponding Jacobian J¢(&) is defined by

sum of squares of all (N —1) x (N —1)-
subdeterminants of Dg(&),

(2.2) [ Tp(&)” = {

cf., e.g., EVANS, GARIEPY [10, Section 3.3.4]. Here A~! denotes the (N — 1)-dimensional
Lebesgue measure on IRV ™1, Analogously, by AN we will denote the N-dimensional Lebesgue
measure on IRV,

Let M be a Lipschitz hypersurface in IRY. By Aas we denote the (N — 1)-dimensional
Lebesgue measure on M. Thus, on the algebra of Lebesgue measurable subsets of M it is equal
to the (suitably normalized) (/V —1)-dimensional Hausdorff measure (cf. [10]). Using embedding
charts, we have

(2.3) (U N M) = / To(€)| AAN1(6)
VN

and, for integrable functions v : M — IR,

(2.4) / u(e) Ay (z) = / u((€)|To€)| AV (€).

UNnM VN

A subset My of M is called Lipschitz hypersurface in M if for each xg € M there exist open
neighborhoods U of g and V of zero in IR™ and a Lipschitz transformation ® from U onto V
such that ®(zp) = 0 and (2.1) as well as

U N M, :{.’E eU: @N(CC) :(131(.%) :O}

Let Q be a bounded open subset of RY. We write L®°(Q), L>®(Q;IRY) and
L>®(Q; &) for the spaces of bounded measurable maps from Q into IR, RY and Gy,
respectively. The norms of these spaces are denoted by || - ||fe. Analogously, for 1 < p < co
we write || - ||z» for the norms in the Lebesgue spaces LP(2) and LP(€;RY), respectively. The
Sobolev space W1P(Q) will be equipped with the norm

1/p
lllwroy = (lulooy + 190l gmny ) -

For 1 <p<o0,0<w< N+ p we denote by £P“(Q2) the Campanato space, i.e. the space
of all u € LP(§2) such that

1/p
(2.5) [u] gpo () = <SUP (Tﬁw / [u(y) — g ” dAN(?J))) < oo.

z€Q
r>0 Q(:E,T)
In (2.5) we used the notation
1 N
(2.6) Qe.r) = QN Bar). wnn) = vy | 0N 0)
Q(z,r)

The space £P“(€2) is a Banach space with the norm

1/p
(2.7) lullerqoy = (Ielffnay + [Wpiy) -
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Analogously, by £7¢(Q;IR") we denote the space of all f € LP(Q,IR") with components in
£P¢(Q), and the norm in £7¢(Q;IRY) is defined similarly to (2.7). Finally, for the sake of
simplicity, for w < 0 we will use the notation £ (Q) := LP(Q).

The following well-known (cf., e.g., TROIANIELLO [30, Section 1.4.1]) property of Campanato
spaces will be used repeatedly in our paper: If rg > 0 is fixed and if the supremum in (2.5) is
taken over 0 < r < rq, only, then the corresponding rg-depending norm, defined analogously to
(2.7), is equivalent to the original norm in £P*“(€2). Moreover, we will use the following theo-
rem (cf. KUFNER, JOHN, FUCIK [19], GIAQUINTA [13] and TROIANIELLO [30]) that describes
embedding and transformation properties of Campanato spaces.

Theorem 2.1 (i) Let 1 < p; < p2 < o0 and wy,wy € R such that it holds (w1 — N)/p1 <
(we — N)/pa. Then £P2%2(Q) is continuously embedded into £P1+1(Q).

(ii) Let ® be a Lipschitz transformation from Q into RY and w < N + 2. Then there exists
a constant ¢ > 0 such that for all u € £2%(®(Q)) it holds uo ® € £2¥(Q) and

[uo @ g20) < cllullg2e @@y

For 0 < w < N + 2 we denote by W12« (Q) the Sobolev-Campanato space, i.e. the space of
all u € WH2(Q) such that Vu € £2¢(Q;IRY). The space W!2¢(Q) is a Banach space with the
norm

/2
lullwr o) = (s + VUl qy) -

In order to formulate further properties of Campanato spaces (equivalence to Morrey and
Holder spaces, multiplier and embedding properties) we have to suppose certain minimal reg-
ularity of the boundary 0. Hence, let us introduce the following usual terminology (using
notation (2.6)):

Definition 2.2 Let a > 0. An open set Q C IRY is said to have property (a) if for all
sufficiently small r > 0 we have AN (Q(z,7)) > a \N(B(z,r)) for all z € Q.

The results, summarized in the following theorem, are classical (cf. CAMPANATO [4, 5, 6, 7],
CHEN, WU [8]). Remark, however, that in some references (KUFNER, JOHN, FUCIK [19], NECAS
[22], TROIANIELLO [30] and GIAQUINTA [12, 13]) they are formulated and posed partially under
stronger regularity assumptions on 0f2.

Theorem 2.3 Let Q have property (a). Then the following is true:
(i) Let 0 <w < N and u € L?(2). Then it holds u € £>¥(Q) if and only if

1/2
(2.8) <Szlelg(7"“’ / !u(y)\QdAN(y))> < o0,
>0 Q(z,r)

and (2.8) is an equivalent norm in £*%(12).
(ii) Let 0 < w < N. Then for all u € £2%(Q) and v € L>(Q) the product uv belongs to
£29(Q), again, and there exists a constant ¢ > 0 such that

[uv|l ez ) < cllulleze @y [[v][L @)



for all such u and v.

(iii) Let N < w < N + 2. Then £2¥(Q) is isomorphic to the Hélder space C%*(Q) with
a=(w—N)/2.

(iv) Let w < N. Then W12%(Q) is continuously embedded into £>*+2(Q).

Remark 2.4 For more complicated multiplier properties of Campanato functions and appli-
cations to interior solution regularity of elliptic equations with unbounded coefficients see D1
Faz10 [9] and RAGUSA [23]. Using these results, it should be possible to generalize the results
of the present paper to equations with suitable unbounded coefficients b, ¢, d and e.

3 Regular Sets

To define the concept of regular sets let us denote for zg € R and r > 0

Ey(zo,7) = {x €RY |z —xo| <7, an — 205 < 0},
Ey(xg,r) = {xGIRN: |x — 9| < r, zny — zon < 0},
Es(xg,r) := {x € Es(xo,7): 21— 201 >0 0r xny — 20N < 0}.

Here and later on in the case of zg = 0 and r = 1 we shortly write F1, Fo and Ej3, respectively.
The following terminology is essentially due to GROGER [18]:

Definition 3.1 A set G C IRY is called regular if it is bounded and if for each z € G there
exist an open neighborhood U of z in IR and a Lipschitz transformation ® of U into IR™ such
that

(31) @(Uﬂ G) S {El,EQ,Eg}

Lemma 3.2 Let G C RY be reqular and V.C RN be open. Then for each point x € V N G
there exist an open neighborhood U of x in V and a Lipschitz transformation ® of U into RN
with (3.1) and ®(z) = 0.

Proof By definition, there exist an open neighborhood Uy of z in IRY and a Lipschitz trans-
formation ® of Uy into RY with ®o(UpNG) = By, and k = 1,2 or 3. Moreover, the Theorem of
Invariance of Domain implies ®o(z) € OE). Hence, in order to prove the lemma it is sufficient
to show the following:

For all [ € {1,2,3}, all y € JF; and all sufficiently small r > 0
(3.2) there exists a Lipschitz transformation ¥ from B(y,r) into RY
such that ¥(y) =0 and V(B(y,r) N E;) € {Ey, Eq, E3}.

Indeed, take r > 0 sufficiently small such that U := &5 (B(y,r)) C UpNV, take ¥ corresponding
to (3.2) with Il = k, y = ®¢(x) and the chosen r, then ® := Vo is the Lipschitz transformation
sought-after.

Obviously, in order to prove (3.2) it is sufficient to consider only a finite collection of pairs
(I,y) € {1,2,3} x OF; such that for each other pair (I*,y*) € {1,2,3} x 0E; the set B(y*,r)NE}-
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is equal to one of the sets B(y,r) N E; after translations, reflections and rotations in RYN. Such
a collection is, for example, the following one:

(3.3) I=1,y=0,
(3.4) 1=2,y=0,
(3.5) 1=3,y=0,
(3.6) I=1,y=—ey,
(3.7) I=1,y=e,
(3.8) l=2,y=cey,
(3.9) l=3,y=es.
In (3.6), ..., (3.9), by e1,...,en we denoted the standard orthonormal base in IRY.
Assertion (3.2) is obvious in the cases (3.3), ..., (3.5).
In order to handle the remaining cases (3.6), ..., (3.9) it is sufficient to show that

there exist Lipschitz transformations ¥ from B(0, 1) into IRY with ¥(0) = 0, which map
B(O, 1/2) NE;q (GN, 1) onto Fj or B(O, 1/2) ﬂEl(—el, 1) onto Fj or B(O, 1/2) ﬂEQ(—el, 1) onto Ej3
or B(0,14) N Es(—e2,1) onto Es. It is not hard to check out the existence of such Lipschitz
transformations, but to write down them explicitly is quite complicated. O

Remark 3.3 Let G ¢ IRY be regular and V C IRY be open. Then, as a conclusion of the
preceding Lemma, for each point x € V N JG there exist an open neighborhood U, of x in V
and a Lipschitz transformation ®, of U, into RY with (3.1) and ®,(z) = 0. We want to state
a slight improvement of this result. Obviously, zero is an inner point of ®,(U,). Therefore, we
can choose a small 0 < r < 1 such that B(0,7) C ®.(U,). Hence, U := ®;1(B(0,r)) is an open
neighborhood of z in V and ® := r~!'®,|y is a Lipschitz transformation of U but now onto
B(0,1) with (3.1) and ®(x) = 0.

Remark 3.4 It is easy to verify that there exists a Lipschitz transformation of IRY onto IRY
which maps E3 onto Fs. Hence, Definition 3.1 would not be changed if one would replace
condition (3.1) by

(310) @(UﬂG) S {El,EQ}.

But for a regular G € RY, an open V. IRY and an = € V N G there do not exist an open

U C V with z € U and a Lipschitz transformation ® from U into IRY with (3.10) and ®(z) = 0,
in general.

In order to simplify subsequent notation we introduce the following

Definition 3.5 Let G ¢ IR be regular, z € 0G, U C IR be open with z € U and ® a
Lipschitz transformation of U onto B(0,1) with (3.1) and ®(z) = 0. Then the pair (®,U) is
called a chart of G in x.

Lemma 3.6 Let G C RY be reqular. Then the following is true:
(i) G° and G are regular.



(i) If V is an open neighborhood of G in RY and W a Lipschitz transformation of V into
RY then U(G) is regular.

(iii) OG is a Lipschitz hypersurface in IRV,

(iv) G° satisfies property (a) for some a > 0.

Proof (i) Let = € G, and let (®,U) be a chart of G in z. By invariance of domain, we have
(3.11) (U NG) = By.

Hence, G° is a regular set.
By ®(U) = B(0,1), we get

dUNT)=d(UNTNG) =B(0,1)NSUNG) = Eb.

Thus, G is regular.
(ii) Let * € O¥(G). Then ¥~1(z) € OG, and, hence, there exists a chart (®,U) of G in
U~1(z) with U C V (cf. Remark 3.3). Therefore, (® o U—1, W(U)) is a chart of 9¥(G) in z.
(iii) Let x € OG, and let (®,U) be a chart of 9G in z. For small 0 < r < ry it holds
B(z,r9) C U and

(3.12) O(B(z,r)N I0G) = ®(B(x,r)) N 0E = {y € ®(B(x,r)) : yn = 0}.

Hence, G is a Lipschitz hypersurface in IR .

(iv) By the compactness of G, there exist points (1), ..., (™ € G and charts (®;,U;) of
G in z\9) such that &G C Uy U... U U,. Moreover, there exists an ro > 0 such that for all
x € G° it holds B(x,ry) C G° or B(x,ry) C Uj for a certain j.

Let x € G°. In the case B(x,rg) C G° the conclusion is trivial. Otherwise there exists an
index j € {1,...,n} such that B(z,79) C U;. Then, because of (3.11), for 0 < r < r¢ it holds

M(G° N B(z,r)) > LN AN(®,;(G° N B(z,7))) =
= LN AN(EyN®;(B(z,r))) > LN AN(E, N B(®(z),r/L)) >
> 1 L™NM(B(®;(x),r/L)) = 1o LN XN (B(, 1)),

where L > 0 is a common Lipschitz constant for all the maps ®; and <I>;1. Hence, G° has
property (a). O

Lemma 3.7 Let G C RY be bounded, and suppose that for each x € OG there exists an open
neighborhood V' of x in RY such that V NG is reqular. Then G is reqular.

Proof Let x € 0G. Take the open neighborhood V' of x such that V NG is regular. Because of
x € (VN G) there exists a chart (®,U) of d(VNG) in x with U C V (cf. Lemma 3.6). Hence,
PUNG)=2(UNVNG) € {E, Ey, E3}, and (®,U) is a chart of 9G in z. O

Remark 3.8 Lemma 3.6(iv) shows that the set of all regular subsets in IRY is not too large.
Nevertheless, Lemma 3.6(i) and (ii) and Lemma 3.7 give a feeling that there exist quite a lot of
regular sets. Of course, there exist other sufficient conditions for a set to be regular, for example
the following:
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If O ¢ RY is bounded and open and has a Lipschitz boundary (this condition is stronger
than 9 to be a Lipschitz hypersurface in IRY, see GRISVARD [15, Section 1.2.1]), then € is
regular.

However, the reversal of this claim is not true: There exist open regular subsets of IRY
which do not have a Lipschitz boundary. This is because the image under a Lipschitz trans-
formation of a bounded open set with Lipschitz boundary can be without Lipschitz boundary
(cf. [15, Section 1.2]). Even the claim of XIE [33, Remark 3.1], that such an image has the
interior cone property, is wrong, in general. Nevertheless, for regular subsets G C RN we
have embedding theorems (Theorem 2.3(iv) and Lemma 3.9) and trace theorems (Theorem 4.4).

Lemma 3.9 Let G C RY be reqular. Then the embedding W12(G) — L*(G) is completely
coOntInuous.

Proof By the compactness of G, there exist points (M), ... 2™ € 8G and charts (®;,U;)
of G in £\9) such that dG Cc Uy U ... U U,,. Moreover, there exist balls Un+1, s Unan C G°
such that

GCcUU...UUntn-

Let ay,- -, amin be a smooth partition of unity subordinate to this covering of G. Further, let
{uj}jen be a bounded sequence in WH2(G). It holds

m-+n

uj = Z agu; for all j.
k=1

We have to show that there exists a subsequence {j; };ew such that for all £ the products aju;,
converge in L?(G) for i — oo. Taking subsequences of subsequences, it suffices to show that for
each k one can find such a subsequence.

First take k € {1,---,m}. The restrictions to U of the products aju; form a bounded
sequence in WH2(U, N G). Hence, the functions (aju;) o <I>,;1 form a bounded sequence in
WL2(E;). Here we used the fact that a Lipschitz coordinate transformation induces a continuous
map between the W12-spaces on the corresponding bounded domains, without any requirements
concerning the boundaries of the domains (cf., e.g., MORREY [20, Theorem 3.1.7]). By the
classical Rellich Embedding Theorem, there exists a subsequence {(aguj,) o ®;'}iew which
converges in L?(E;). Hence, the restrictions to Uy, of the products aju;, converge in L?(Uy NG).
Therefore, the zero extensions to G of these restrictions, which are nothing but the functions
agu;,, converge in L?(G) for i — oo.

Now take k € {m + 1,---,m + n}. The restrictions to U of the products aju; form a
bounded sequence in W12(Uy). By the classical Rellich Embedding Theorem, again, there is a
subsequence {j;}iew such that the restrictions to Uy of ajuj, converge in L?(Uy) for i — oc.
Taking the the zero extensions to G of these restrictions, again, we get the desired result. [J

Remark 3.10 In FRAENKEL [11, Theorem 5.3] one can find a similar approach to get a
Rellich-type theorem with minimal boundary smoothness assumptions.

The applications of Definition 3.1 to mixed boundary value problems are the motivation for
defining abstractly the Dirichlet and the natural boundary part of a regular set G ¢ IR™ as well
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as the corresponding separating manifold by

NG = GNOG,
(3.13) OpG = G\ NG,
G = OpGN ING.

Lemma 3.11 Let G C RY be regular, then the following holds:
(i) 0pG and O G are relatively open in OG.
(ii) OoG is a Lipschitz hypersurface in OG.

Proof (i) 0pG is relatively open by definition.
Let (®,U) be a chart of 9G in a point z € dyG. Then, obviously, ®(UNG) = E,. Moreover,
by definition we have OnG = G\ G° and, hence,

BUN IG) =BUNG)\BUNGC) = B\ B

(cf. (3.11)). But Ey \ E; = E3 \ (E2)° is relatively open in OE;. Therefore, the set ®~1(Ey \
(E2)°) = U NOnG is relatively open in

Y OFy) = 0071 (Ey) = (U NG)

and, all the more, in U N 9G.

(ii) Let x € 0vG, and let (®,U) be a chart of OG in z. By definition, a point £ € G belongs
to OpG if and only if for all » > 0 B({,7) NG NG # @ and (B(,,7) N 0G) \ G # &. Hence,
(3.12) yields that a point & € U N 9G belongs to dyG if for all sufficiently small » > 0 we have
{y e ®(B,m)NPUNG) :yy =0} # @ and {y € ®(B(, 7))\ P(UNG) : yy =0} # @. This
provides ®(U N G) = E3 and ®(U N 9yG) = {y € ®(U) : yv = y1 = 0}. Therefore, 9pG is a
Lipschitz hypersurface in 9G. g

Let G ¢ RY be a regular set. We will work with the following notation, which is usual in
the theory of mixed boundary value problems (cf., e.g., TROIANIELLO [30], GROGER [18]). By
Wol’2(G) we denote the closure in W12(G°) of the set

(3.14) C5°(G) = {ulge - u € CF°(RY), supp(u) N (G\ G) = &}
In (3.14) u|ge is the restriction of the function u to G° . Furthermore, for 0 < w < N + 2 we
consider subspaces of the Sobolev—-Campanato spaces defined as
1,2,w 1,2 w o
Wo2(G) = Wa(G) nW'24(G°)

and equipped with the norm of W12%(G°). Finally, let W~12(G) be the dual space to W01’2(G),
(-,-)¢ the dual pairing between these two spaces, and let Jg : Wol’2(G) — W12(G) be the
duality map of VVO1 ’2(G), defined as

(3.15) (Jow,v)g = /(Vw Vo +wo)dAN  for all w,v € W (Q).

G

By W~12¢(@G) we denote the subspace of all functionals ¢ € W~12(G), which belong to the
image of the space VVO1 ’2’W(G) under the duality map Jg, with the norm

(3.16) [Jeullw—1.2w (@) = [ullwreege for uwe Wy“(G).

For the sake of simplicity we will denote £2¥(G) := £3¥(G°) and £2¥(G;RY) =
£29(G°; RY).
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Lemma 3.12 Let G C RY be regular, V an open neighborhood of G in RN and U a Lipschitz

transformation of V into RYN. Then v belongs to W01’2(\II(G)) if and only if vo W is an element
1,2

of Wy *(G).

Proof By Lemma 3.6(ii), H := ¥(G) is a regular set. Let v € WOI’Q(H). Then there exists a

sequence {v;}jen C C§°(IR™) with

] F H =J 1 — y o = U.
supp(vy) N (T \ H) =2 and T [0 = ls 32, = O

Hence, it holds v o ¥ € W12(G°),

(3.17) lim [lvo W —wvj o W|[y12gey =0

j—o0
and B o
supp(v; 0 W) N (G \ G) € = (supp(u;) N (F \ H)) = 2.
Because G \ G = 0G \ OyG and supp(v; o ¥) are closed sets, there must be a positive distance
between these two sets. We denote

§; = adist(G \ G,supp(v; o ¥))

and extend v; o ¥ by zero to a function u; € L>(IR"™). Now, we define for i,j € IN,7 > 1/J;
functions w;; by convolution with mollifiers (; € C’g"(]RN )

wij(z) = (G *uj)(xz) for z € R,

where
supp(¢;) € B(0,1/i) and / Gd\Y =1.
IRN
Obviously, it holds w;; € C§°(IR™) and supp(w;;) N (G \ G) = @ for all i > 1/§;. Using the
convergence properties of convolutions with mollifiers we get

lim [Jv; o W — wij|ge [wr2ce) = 0,
1—00

and, therefore, v; o ¥ € W, %(@) for all j € IN. Because W, *(G) is a closed subspace of
W12(GP), (3.17) yields v o U € W, 2(G).
Analogously, it follows v € W01’2(H), if we suppose vo ¥ € W01’2(G). O

4 Campanato Spaces on the Natural Boundary Part

Throughout this section G is a fixed regular subset of IR™.

Because of Lemma 3.6(iii) and Lemma 3.11(i) the natural boundary part dyG is a Lipschitz
hypersurface in RY. Hence, the (N — 1)-dimensional Lebesgue measure Agg can be introduced
by (2.2), (2.3) and (2.4), and for 1 < p < oo we denote by LP(Ox'G) the corresponding Lebesgue
spaces. The norms are defined as

1/p
lull e opa) = ( / lu(§)[P dAaG(§)> for 1 < p < co.

NG
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Further, for 0 < w < N — 1 + p we denote by £7*(0dxG) the corresponding Campanato space,
i.e. the space of all u € LP(OxG) such that

1/p
(4.1) [U] gpwapG) = ( sup ("”_w / lu(y) — unr(e,nl? dAac(Z/))) < oo.

€N G
>0 M(:E,T‘)

In (4.1) we used the notation

1
M(x,r) = B(z,7) NONG, Upni(zr) = Noc(M(z,1) / u(y) dAag (y).
M(z,r)

The space £ (OyG) is a Banach space with the norm

— p p l/p
lullereoney = (Ielopa) + [ooye) -

In order to prove certain properties of functions from £2¢(9xG) we will work with chart
representations. Hence, let us introduce the corresponding terminology.

Definition 4.1 (i) Let (®,U) be a chart of G in zp € 0G. If &(UNG) = E (k= 1,2 or 3)
then (®,U) is called a chart of type k.
(ii) A finite set of charts {(®;,U;):j =1,...,n} such that

ovG c | JU;
j=1

is called atlas of OnG.

Because for every x € OnxG there exists a chart (®,U) of type 2 we can find an atlas
{(@jx,Ujr) : k = 2,3, = 1,...,n} of OnG, where the charts (®;,U; ) are of type k.
Obviously, it holds Oy Ey = {x € RN : |z| < r, zy = 0} and Iy E3 = {x € OvEy : 1 >
0}, and we define embedding charts ¢; : OvEr — OnG by ¢ji(§) = <I>]k(§) Further, let
{ajr + B =2,3;5 = 1,...,n;} be a smooth partition of unity subordinate to the covering
{Ujr:k=2,3; j=1,...,n4} of OyG. Then for all u € L' (dyG) we have

TR ITERIWET 3 S IR DR IR IU)

NG k=23=14E,

In (4.2) Jpj i is the Jacobian of the embedding chart ¢;, cf. (2.2). _
Let ® be a Lipschitz transformation from an open neighborhood of G into IR™V. Then,
because of Lemma 3.6(ii), ®(G) is regular, and (cf. (3.13))

INP(G) = P(OvG)
is a Lipschitz hypersurface in IR"Y. Moreover, (4.2) yields

(4.3) [ wa)len@l ) = [ (@) de)

NG on®(G)
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for all u € L*(OnG). In (4.3), ®pr : OvG — On®(G) is the restriction of @ to IyG, and JP
is the Jacobian of ®r in x € OyG. By means of embedding charts, we get

(44 { JON (pj1(8)) =
' = JY; (Vi) 0 a0 @i k(€)) J[(j) o ®pr 0 0kl (€) [Jsn(€)] 7!

for AN~Lalmost all £ € Oy Ey. In (4.4), Yk OnNEp — On®(G) are embedding charts which
are defined as v (n) := \Il]_,i(n) for n € On E), by an atlas

{(\I/j,ka‘/j,k) . k‘ = 2,3; j = 1,... ,nk}

of ®(G) such that (¥, Vj ) is of type k and ®(Uj i) C Vj . Moreover, Ji);, is the Jacobian of
¥j.k, defined by (2.2), and J[(¢; ) "' 0o ®prop; k] (€) is the determinant of the (N —1) x (N —1)-

dimensional functional matrix of the map
?/);;1 oDprowjk: ONEL — OvEg

in the point £ € Oy Eg. Remark that for fixed € dyG the right hand side of (4.4) does not
depend on the choice of the charts (®; ., U;x) and (¥, 1, Vj ).
By means of (4.2) and of Theorem 2.3(ii), the following lemma is easy to prove:

Lemma 4.2 Let w < N — 1. Then for all u € £2*(OnG) and v € L®(0nG) the product uv
belongs to £2“(OnG), and there exists a constant ¢ > 0 such that

[uv|lg2e@pa) < cllullgze @y IVle @pa)

for all such u and v.

Analogously, from (4.3) and Theorem 2.1(ii) we get

Lemma 4.3 Let ® be a Lipschitz transformation from an open neighborhood of G into RY and
w < N + 1. Then, there exists a constant ¢ > 0 such that for all u € £*%(®(OnG)) it holds
uo® € £2¢(InvG) and

[uo @||lgzwayq) < cllulleze@@na))-

The main result of this section is the following theorem about traces of Sobolev—-Campanato
functions on the natural boundary part of regular sets:

Theorem 4.4 Let w < N. Then there exists a linear bounded operator T' from WOI’Q’W(G) into
L2t OnG) such that, for all u € C§(G), Tu is the restriction of u to Oy G. Furthermore,
the operator T maps VVO1 ’2(G) completely continuous into L?(OnG).

Proof Step 1. Let k=2o0r3,0<7r<1,0< o <min{r,1 —r} and z¢ € Iy E(0,r) be fixed.
For u € W()I’Q(Ek) we denote by ulg, g, € L?(OxEy) the restriction of u to Iy Ey (in the usual
sense of trace of a W12(E;)-function in L?(0E;)) and by

1

N N—
UoN B = N1 (on B) / Ulop iy, AAY
aNEk
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the corresponding mean value. The notation
Ulon B (01N B(o.0) Uow Fi(zo.0) UonBL(0.1)NB(wo,0) AN Uy By (wo,0)
will be used in a similar manner. Finally, for v € VVO1 2(Ey(z0, 0)) we denote

r — X0
1%

(Hv)(x) :==v ( > for A\V-almost all = € E,.

The usual trace theorem yields that there exists a constant ¢ > 0 such that for all u €
Wol’Q(Ek) we have

luloy 2, — von BallZ2 0y ) < €IV UIlL (5, -

Hence, for such functions we get
2 _
Hu‘aNEé(iUOvQ) o uaNEQ(:EOvQ)HLQ(aNEQ(xo,Q)) -
= oV H (u| —u )7 =
0 N E2(x0,0) — YN Ez(x0,0)) 11205 E2)
= QN_l ||(Hu)|8NEk - (Hu)aNE2||%2(aNE2) <
< o1 HV(HU)”%%E“IRN) =co Hvu”;(&(mo,g);ml\')-
Moreover, we have Oy Ey(0,7) N B(xg, 0) C On Ea(x, 0). Hence, the minimizing property of the
mean value yields
2
[l on B (010 B(0,0) = Yon B (0.0 B(o,0) | 2205 Ea (0,)n B(zo,0)) <
2 2
< uloy Ba(zo.0) = UonBa(wo.0) | 120 Ea(woo)) < NV T2, (20,0
Summarizing, we get: There exists a constant ¢ > 0 such that for all w < N, 0 < r < 1,
k=2or 3 and u € Wol’Q’w(Ek.) we have uly, g, 0,r) € L2 (O Er(0,7)) and
[wlon By 0 | 22041 (p B (0,r)) < €lIVUll g2 (5, m)Y-

Step 2. Let {(®x,Ujx) :J=1,...,n,, k=2,3} be an atlas of On'G, such that the charts
(®j k. Ujr) are of type k. Let {ajr : j = 1,...,n, k = 2,3} be a smooth partition of unity
subordinate to the open covering {U; 1} of On'G. Because of the compactness of the support of
o, we can find a number 0 <7 < 1 such that

supp(a; 1) C Vi := ;1 (B(0, 7))

and that the the sets V;, form still an open covering of I\ G.
For u € Wy'**(G) we set

ujk(§) == a]k(éj_,i(f))u(@]_;(é’)) for AN-almost all £ € F,

By construction, Theorems 2.1(ii), 2.3(ii) and Lemma 3.12, for each u € Wy>*(G) we have
Ujp € W&’Q’W(Ek) and
Hvuj,k”):?,w(El;RN) < CHVUHEQ’W(G;IRN)a

where the constant ¢ does not depend on u, j and k. Thus, Step 1 implies

1) klon Er (0,r) | 22041 (0 B (0,)) < €IV Ul g2.0 (imvy
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with a modified constant ¢ > 0. Let

0 () = wjk(Pjk(x)) for Agg-almost all = € OnvG NV,
RASS 0 for Mg, g-almost all x € OvG \ Vji.

Because of Lemma 4.2 and Lemma 4.3 it holds that v;; € £2“T1(9yG) and

[vj klle2 0100 c) < VUl gze @mra),
where the constant ¢ does not depend on u, j and k, again. Finally,
3 ng
g = 303 s
k=2 j=1

yields the sought-for estimate. Hence, the proof is finished.
For the compactness of T' from WO1 ’2(G) into L?(OxG) one has to proceed as in the proof of
Lemma 3.9 and to use the usual trace theorem. O

5 Admissible Sets

The following terminology is essentially due to RECKE [26]:

Definition 5.1 Let G € IRY be regular.
(i) For 0 < € <1 we denote by (e, G) the set of all pairs (A,d) € L™(G;Sy) x L>®(G),
such that for AV-almost all z € G

e<d(x)< - and e|¢é? <A(x)E-€< é ]2 for all £ € RV,

M | =

(ii) A regular subset Gy of G is called G-admissible if for each 0 < ¢ < 1 there exists
an @ > N — 2 such that for all w < @, (A4,d) € A(e,G), f € £2¥(G;RY), g € £272(Q),
h e £24719y@) and u € Wy (G) with

/(AVu-Vv+duv) d\N :/(f-Vv+gv) d\N + / hv d\p
G G NG
for all v € Wy*(Q),

(5.1)

it holds Vu € £2¢(Go; R") and

IVull g2 (Gomy <
(5.2)
<c (Hstw(G;IRN) + [lgllg2o-2(q) + [Ihllgzo-1 0 a) + HUHWM(GO)) :

where the constant ¢ in (5.2) depends only on G, Gy, N, and w.
(iii) G is called admissible if it is G-admissible.
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Remark 5.2 Let G C IRY be regular. The variational equation (5.1) is the weak formulation
of the boundary value problem

—V-(AVu)+du = -V-f+g inG°,
(5.3) (AVu)-v = f-v+h  ondyG,
u = 0 on dpG.

The Lax-Milgram Lemma yields that for all (4,d) € A(e,G), f € L*(G;RY), g € L*(G) and
h € L?(OnG) there exists exactly one weak solution u € WO1 ’2(G) of the boundary value problem
(5.3), and the linear map

(f,9,h) € L*(G;IRN) x LA(G) x L2(OnG) — u € W2 (G)
is continuous. Hence, G is admissible if and only if for each 0 < ¢ < 1 there exists an w > N —2
such that for all w < @, (A,d) € A(e, G), f € L29(G;RY), g € £272(G) and h € £2*"1(OnG)
the weak solution u € WOI’Q(G) to (5.3) belongs to W&’ZW(G), and the linear map
(f.g,h) € £2(G;RY) x £247%(G) x £27HOnG) — u € Wy **(G)

is continuous. In particular, if G is admissible, then for all weak solutions u to (5.3) it holds
not only (5.2) with Gp = G, but also

HUHW(}»M(G) < C(HfHQQ»W(G;IRN) + ”gHSQ»W*?(G) + Hh”ywl(aNG))
(with another constant ¢, possibly).
It is well-known (cf., e.g., TROIANIELLO [30, Theorem 2.19]) that bounded open subsets of
IRY with smooth boundary are admissible. The aim of this section is to prove the following

Theorem 5.3 Each reqular subset G € RY is admissible.

In order to prove Theorem 5.3, we need some lemmas concerning localization and transfor-
mation properties of admissible sets and the admissibility of the sets E1, Fs» and Ej3.

Lemma 5.4 Let G C RN be regular, and suppose that for each x € OG there exist open
neighborhoods Uy and U of x in RY with Uy C U, such that UyNG is (UNG)-admissible. Then
G is admissible.

Proof Because of the compactness of 9G, there exist open subsets Uy;, U; in RN (j=1,...,n)
such that "
(5.4) Uy; C U, 0G C | J Uy; and Uy; N G is (U; N G)-admissible.

j=1

Moreover, there exist open balls Uy;,U; in G° (j =n +1,...,n+m) such that

n+m
Uoj C Uj and G C U U0j~
j=1
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Remark that each ball Up; is Uj-admissible for j =n +1,...,n+m.

Let {ai,...,nim} C C°(IRY) be a smooth partition of unity subordinate to the covering
{U()l, ‘e UOner} of GG.
Now, take (4,d) € A(e,G), f € £2¥(G;RY), g € L2~ 2(G) c £2¢1(9\@), and

u € W,y *(G) such that (5.1) holds. Then, we have for all w € W,(U; N )

¢

(AV(aju) - Vu + dojuw) dAN =
U;NG

= /(AVu V(ajw) + dugjw + A(uVw — wVu) - Vaj) dAY =

G

= /(f -V (ajw) + gajw) dAY + / hajwdAag +
onG

Q

+/A(qu —wVu) - Vay d\Y =
G

= / (ajg+ f - Vaj — AVu - Va,) wd\™ +
UjﬂG

+ / (Oéjf + UAVOzj) Vwd\Y + / ajhw dAag-
\ U;NG U;nonG

In order to apply the assumption (5.4), we use the multiplier properties (Theorem 2.3(ii) and
Theorem 4.2), the continuous embedding W01’2(G) — £22(G) (cf. Theorem 2.3(iv)) and the
trace property W01’2(G) — £249nG) (cf. Theorem 4.4). Thus, we have for g = min{w,2}

a]’f + UAVOéj € £2’N(Uj NnG; IRN),
(5.6) ajg+ f-Vaj — AVu-Va; € £272(U;NG),
ajh € 22’“71((]]‘ N aNG)

Moreover, we have oju € WOI’Q(U]- N G) (here and later on we use the symbol aju for the
restriction of the product oju to U; NG, too). Hence, it follows from (5.4) and (5.5) that there
exists an N — 2 < @ < N such that, if u < @, it holds V(aju) € £2#(Up; N G;IRY) and

( ) Hv(a]u)H,QQvl"(UOJﬂG,IRN) S
5.7
< ¢ (Il gem@mm) + lglleznz(ay + Ibllezsoye) + lulwrage)) -

Finally, the zero extension of the map V(aju) € £2#(Up; N G;IRY) is the map V(aju) €
£24(G;RY), and, hence,
n+m

Vu = Z V(aju) € £2(G;RY)



18

and
n+m
Hvu||22aH(G;IRN) < Z ||v(aju)||22,u(Uoij;]RN) <
(5.8) j=1

< ¢ (I llgem@mm) + lglleznz(a + Ibllezsoye) + lulwrage)) -

Note, that the constants ¢ in (5.7) and (5.8) do not depend on A,d, f, g, h and u.

Now, we again apply assumption (5.4) and the variational equation (5.5). Then we get
(5.6) with = min{w, 4}, and, hence, Vu € £>*(G;IRY) and (5.8) for this new p and a new
constant ¢ > 0 (with the same dependencies). Reiterating this procedure as often as necessary
we obtain that Vu belongs to £2“(G;IRY), and it holds (5.8) for each y = w < @. Therefore,
G is admissible. O

Lemma 5.5 Let Gy and G be reqular subsets of RY, Gy C G, and let Gy be G-admissible.
Further, let U be an open neighborhood of G in RN and ® a Lipschitz transformation of U into
RY. Then ®(Gy) is ®(G)-admissible.

Proof First of all, H := ®(G) and Hy := ®(Gy) are regular sets of R" (cf. Lemma 3.6), and
it holds OxHop = ®(OnGo) and Oy H = @ (OnG).
Let D®(x) be the functional matrix of ® in . By J®(x) := det D®(z) we denote the

Jacobian of ® in x. Let L > 1 a common Lipschitz constant of both the transformations ¢ and
®~!. Then, we have

(5.9) { L7Ue| < [DB(w)E| < LIg| for all € € RY,

LN < |Jo(z)| < LY

for AN-almost all z € G.

Let ®pr: OnvG — On H be the restriction of the Lipschitz transformation ® on the Lipschitz
hypersurface OyG. By J®n(x) we denote the Jacobian of ® s in z € OnG, which is defined by
(4.4). Then, we have L=V < |J®x(z)| < LN ~! for A\yg-almost all x € InG.

Now, take (A,d) € A(e, H), f € £>(H;RY), g € £2“72(H), h € £>* 9y H) and
u € W01’2(H) such that

(5.10) /(AVu Vo 4 duv) dAY = / (f - Vv gv) AN + / hvdAsa
H H onH

for all v € Wy>(H). Because of Lemma 3.12 we have u o ® € Wy"*(G) and
(5.11) HuO(I)HWOl’Q(G) < CHu”WOl’Q(H)’

where the constant ¢ in (5.11) does not depend on u. Moreover, Theorem 2.1(ii) and Lemma
4.3 yield a constant ¢ > 0 such that

fo®e22(GRY), |[If o ®|leewgmy) < ¢llfle2wmmm),
(5.12) go® € L2%72(G), |go®llgze—2(c) < cllgllezw—2m),
ho®y € L2~ 1(OyG

~—

o ho@xlleze-r(aye) < cllbllgze-1(ay )
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Finally, from (5.9) it follows that the map
z € G (|[JO(2) DO(z) P A(@(2)) (DR(z)") 7!, [J®(2)| d(®(2))) € &y x R

belongs to A(8, G) with 6§ = eL~N=2. Therefore, the chain rule for derivatives, the transforma-
tion formulas for integrals and the variational equation (5.10) imply that for all w € WO1 2(G)
we have

' / J0| (D&) (Ao ®) (DB )T) V(wo @) - VwdAN+
G
+ [ |J®|(do®) - (uo®) wd\ =
/

(AVu-V(wo @ ') +du- (wod@ 1)) dAV =

I
T

(5.13) (f -V(wo Q)*l) +g-(wo q)*l)) AN 4

I
T—

+ / h-(wo®n1)dAgy =
onvH

:/|Jq>| (D@ Hfo®) Vw+ (go @) -w) dA\V+
G

+ / [ JPpr| (ho®pr) - wdsg.
NG
Now, Theorem 2.1 and Theorem 2.3(ii) yield that the maps

z € G |JO(x) DO(z) (fo®)(2) e RY and z € G+ |JB(z)| (g0 P)(2) € R

belong to £2¢(G;IRY) and £2“72(G), respectively. Analogously, from the Lemma 4.2 and
Lemma 4.3 it follows that the map

z € ONG = [JON(z)| (ho On)(x) € R

belongs to £2“~1(9x'G). Moreover, there is a constant ¢ > 0 such that the norms of these maps
can be estimated by

[17@| DD~ (f 0 @)l gz (m™y < I fll g2 (pr.m M)
[1T®[ (g 0 ®)|[g2w—2(q) < cllgllezw—2(m),
78] (B0 @)l g2e-1(ay6) < ¢lhllg2omt(anm)-

Hence, the assumption that Gy is G-admissible, (5.12) and (5.13) imply, that there exists N—2 <
@ < N such that for all w < T we have V(u o ®) € £2¢(Gp;IRY) and

[V(uo q’)”glw(GO;IRN) <
(5.14)
< ¢ (I gz army + 19l eze2(am) + [Pllze oy + lullwr ey ) -
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Applying again Theorem 2.1 and Theorem 2.3(ii), finally, there exists a constant ¢ > 0 such
that Vu € £2¢(Hp; IRY) and

HVUHQQ»W(HO;IRN) <

(5.15)
c (Hf”slw(H;IRN) + HQHSQ!W*Q(H) + Hh||£2,wl(aNH) + HU||W1»2(H°)> .

Note, that the constants ¢ in (5.14) and (5.15) does not depend on A,d, f,g,h and u. Hence,
Hy is H-admissible. O
Now we prove the main Theorem 5.3:
Let z € 0G. By Lemma 5.4 and Lemma 5.5, the proof is done, if we have found open
neighborhoods Uy, U; and Uy of & and a Lipschitz transformation ® of Uy into IRY such that

(5.16) Uy C Uy, Uy CUs, and ®(Uy N G) is ®(U; N G)-admissible.

Let (®,U) be a chart of G in z and ®(UNG) = Ej, with k = 1,2 or 3. If we take 0 < r < 1,

then it holds
®(@YB(0,r/4))NG) = E,(0,r/4),

®(@1(B(0,7/2))NG) = EL(0,7/2).

Hence, with the choice
Up = 1(B(0,7/4)), Uy = & 1(B(0,7/2)) and Uy = ®~1(B(0,7)),

condition (5.16) is fulfilled if it is shown that for all k£ € {1,2,3} and 0 < r < 1, the sets E(0,r)
are F-admissible.

In order to show this, we have to prove some lemmas, again, and to use the following
notation: For 29 € IRY, r > 0 and § € IR we denote by

B(xg,r,0) :=={x € B(zg,r) : any — xon = T}
the intersection of the hyperplane {z € RN :zn — 2oy = dr} with the open ball B(z,r).

Lemma 5.6 For all 0 < € < 1 there exists an w > N — 2 such that for all w < @, § € IR,
0<o<r<1andxgcIRY the following holds:

Let A € L®(B(xo,7);6y), f € L*(B(xo,7);IRY), g € L2(B(x0,7)), h € L*(B(x0,7,6)) and
u € WH2(B(wo, 1)) satisfy

(5.17) /AVU-Vvd)\N: / (f - Vo4 gv) dAY + / ho dAN 1

B(zo,r) B(zo,r) B(zo,r,9)

for all v € Wol’Q(B(:co,r)), and let A(x)€ - &€ > €l€]? for all ¢ € RY and NN -almost all x €
B(xg,r). Then

Y%

V0 0 gy < € (F) IVl (g ) +

(5.18)
+ ”f”LQ(B iUO T) IRN) + T2Hg”L2 B(:Eo T ) + r”hHLQ(B(:Eo,Tﬁ))}’

where the constant ¢ in (5.18) depends only on N,e and w.



5 Admissible Sets 21

Proof Considering the transformation ® : RY — IRY defined as ®(y) = z¢ + ry, we get for

all v e W()1’2(B(.Q?0,7“))
/ |2 dAN =N / lvo®>dA\Y,

B(zo,r) B(0,1)
/ ]2 dANL = N1 / |vo®2dAVL,
B(zo,r,0) B(0,1,0)

Due to Poincaré’s inequality and to the classical trace theorem, there exists a constant c, de-
pending on N only, such that for all such v we have

/yvocby?dANgc / |V(vo®)2dAY,

B(0,1) B(0,1)
/ lvo®PPdA\NT! < ¢ / IV (vo®)2dAYN.
B(0,1,5) B(0,1)

Applying the chain rule and the transformation formulas again it follows that

/ [o? dAN < er? / Vo2 dAY,
B(xo,r) B(zo,r)
(5.19) ’ ’
/ w2 dAV T < er / (Vo2 dAN.
B(zo,m,0) B(zo,r)

Now, we consider the uniquely determined function ug € VVO1 2(B(z0,)) satisfying the vari-
ational equation (5.17). Taking v = ug as a test function in (5.17), we get
€ HvuOHL2(B (x0,r)) < ”f”LQ(B(:EQ,T);IRN)HvuOHLQ(B(xo,T);RN)—i_
+ 19l L2 (B0 ) U0l L2(Bzo m)) + 1P| L2(B (20700 1v0 | L2(B (2o 7.6))-

Combining this with (5.19), we state

(5 20) HVUOHLQ(B IO 7.) RN) S
' < C(HfHL2 (B(zo,r);RM) + TQHQHLQ(B (z0,7) + THh”LQ (B(zo 7“5)))
with a new constant ¢, depending on N and &, only. Now, the function w = u — ug €

Wh2(B(xg,r)) satisfies
AVw - VodA\Y = 0 for all v € Wy*(B(xo,7)).
B(zo,r)

But Lemma 5.6 is true in the case of vanishing f, g and h, see TROIANIELLO [30, Lemma 2.15].
Hence, for 0 < o < r < 1 it holds

0
”vw”L2(B (z0,0);RN) s¢ (r) vaHLQ (B(zo,r);RY)
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with a constant ¢, which depends only on N,e and w. Using u = w + ug and (5.20), we get
(5.18). O

For 0 < € < 1 let us denote by w(e) the supremum of all N — 2 < @ < N such that the
assertion of Lemma 5.6 is true. Obviously, @(¢) depends only on € and the space dimension N,
and the map ¢ — @(¢g) is non-decreasing.

Lemma 5.7 Let 0 < ¢ < 1, w < w(e), 0 < R < 1, (A, d) € e B(0,1))
e 229BO,1;RY), g € L2°2(B(0,1)), h € £2-1(B(0,1,0)) and u € W2(B(0,1)
satisfy

(5.21) /(AVu-Vv—i—duv)d)\N— /(f-Vv—l—gv)d)\N—i— / hodA\N 1

B(0,1) B(0,1) B(0,1,0)

)

for allv € Wy*(B(0,1)). Then it holds that Vu|p( gy € £2¢(B(0, R); RY) and

IVl 0 mymy < € Iilwnacsion) +
(5.22) £2.%(B(0,R);RN) (B(0,1))
+ ”f”gzw(B(o,n;IRN) + [lgllg20—2(B(0,1)) + ”hHSQv“’*l(B(O,l,O))}a
where the constant ¢ in (5.22) depends only on N, €, w and R.

Proof Let {ry}ren be the following decreasing sequence

r = R+27"(1 - R).

Because of (5.21), for all 0 < r <4 ¥ min{R,1 — R}, 0 € B(0,7r) and v € W&’2(B(x0,7“)) we
have

/AVu-Vvd)\N— /(f-Vv—l—(g—du)v)d)\N—l— / ho dA\N~L,

B(zo,T) B(zo,r) B(zo,r,—zon/T)

Hence, Lemma 5.6 yields that for p < @ < @(¢) and 0 < ¢ < r < 4 ¥ min{R,1 — R} we have
(5.18) with § = —zon/r and therefore

0
HVUHLQ(B (z0,0);RY) = c{ (;) ||VuH 2(B(xo,r);RN) + HUHL2 (B(o,r) T

7 (1 B oy + 19122020301 + 112201 5010 ) |-

Set for u < w

ku(f, g, hyu) = ”UH%/VM (B(0, 1))+

+||f||£2u(301 rN) T l9llc2u—2(B0,1)) + 1Pl c2n-1(B(0,1,0))

and let w < @. Because of the continuous embedding W2?(B(0,1)) — £22(B(0,1)) we can find
a constant ¢ depending only on u,e, R and N such that

||u‘|%2,u(3(071)) < chu(f,9,h u)  for p=min{w,2}.
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This yields for such p

0 w
Vel mmy < e (7) I8y, + 7 uFrs ) .

Now we apply a fundamental lemma of CAMPANATO (cf. [7, Lemma 1.1}, [13, Section 3.2])
and obtain for 0 < o <r <4 ¥min{R,1 — R} and p = min{w, 2}

0\# L
HVUH%/Q(B(J}O,Q);IRN) S C{ (;) ”quiQ(B(:Eo,T);IRN) + Ql K‘u(faga h,U)},

where the constant ¢ depends only on u,e, R and N. Dividing by ¢*, and specifying r =
4~V min{R,1 — R}, we get Vu|p(o,) € L (B(0,71); RY) and

HVUHEQ’“(B(O,Tl);IRN) S ciiu(f,g, h7 u) fOI‘ H = min{wv 2}
Hence, again Theorem 2.3(iv) yields u|p ) € £2*(B(0,r1); IRY) and

”UH?@,;L(B((),”)) <cku(f,g,h,u) for p=min{w,4}.
Repeating the same arguments as above we can prove
U\B(om) € 22’“(3(07"”2)) for p1 = min{w, 6}

with a corresponding norm estimate. After less than N steps of this iteration we arrive at u = w
and the claim of the lemma, because it holds R < r;, < 1 and 4 ¥ min{R,1 — R} < 7p — 11
forall k=0,1,...,N. O

Lemma 5.8 Let 0 <7 < 1. Then E1(0,r) is E1-admissible, and E2(0,7) is Ea-admissible.

Proof Remembering the notation Ey := B(0,1), for k € {1,2} and u € L?*(F;) we define
Spu € LQ(E()) by

u(x) for x € Ey,
(—DFu(z, —xyn) for z=(,rn) € Eo\ Ep.

(Sku)(z) := {

Thus, S1u and Seu are the extensions of u to Fy by anti-reflection and by reflection, respectively.
It is well-known that u € W,?(E}) if and only if Spu € W,y?(Ep) and in this case

ISkullwremy) = V2 I[ullwiem)-

Moreover, for 0 < w < N we have u € £2%(Ey) if and only if Spu € £2%(Ep) and, in this case
it holds
1Skull g2 () < V2 [[ull gz (i) < V2 [ISkull g2 (0).
cf. TROIANIELLO [30, Lemma 1.16 and Remark after the proof of Theorem 1.17].
Now, we extend elements f € L?(Ey;;IRY) to Rif € L?(Ep;IRY) and elements (A,d) €
A(e, Ey) to (RiA, Rid) € (e, Ep) by

(ka)j(.’/%,xjv) = (—1)kfj(£f?,—x1v) fOI‘j<N,
(Ref)n(E,2n) = ()M fn(E, —an),
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(RkA)ij(:i“,xN) = Aij(.’/%, —.Q?N) for ’i,j < N or 1 :j = N,
(RkA)ij(:i“,xN) = —Aij(.if?, —.’/UN) otherwise,
(Red)(2, 2N) = d(Z, —2N)

for (z,zn) € Eo\Eg. Then, we get Si(du) = (Rxd)(Sxu), Rp(Af) = (RpA)(Ryf) and Rg(Vu) =
V(Spu) for all (A,d) € A(e, By), f € L*(Ey;IRY) and uw € WH2(Ey).
Finally, for k € {1,2}, v € Wy*(Eo) and h € L*(B(0,1,0)) we define Tyv € W, *(E}) by

(Tpo) (&, zn) = vz, zn) + (=DFv(z, —zy)  for (&, zy) € Ej,

and Thh = 0, Toh = 2h, respectively. The functions Tiv and Thv are the restrictions of the
antisymmetric and symmetric part of 2v to Ej, respectively, and we have

/((ka) -V + (Spg)v) dAN + / (Teh)o dAN-T =

Eo Ep\E1
= / (f - V(Tiv) + g(Tpv)) AN + / h(Tyv) dAN 1
£ Ex\E1

for all f € L2(Ey;RY), g € L2(Ey), h € L*(B(0,1,0)) and v € W, *(Ey).
Now, consider (A,d) € e, Ey), f € £¥(E;RY) and g € £2972(E),
h € £2“71(B(0,1,0)) and take u € WOI’Q(Ek) such that for all v € W01’2(Ek) we have

/(AVu-Vv—I—duv)d)\N—/(f-Vv—l—gv)d)\N—l— / hv dAN 1

F1 E; Ex\E1

Then, for all w € VVO1 2(Ey) it follows that

/ ((RLA)V(Su) - Vw + (Red)(Spu)w) XY =

Eo

= /(AVU V(Thw) + du(Trw)) dAY =
Ey

= [ V@) + TN+ [ (T =
121 Ep\E1

~ (@) Yo+ Sy + [ @by aa¥,
Eq Ep\E1

Hence, Lemma 5.7 yields the following: For 0 < r < 1 and 0 < w < W(e) we have
V(Sku)| o) = Re(Vu)l o) € £2(B(0,7); RY)
and
IVull g2 gy (0.0)mY) S IV(Sku) g2 (B0,m)mN) <
< a1([[Refll g2 (o) + 119kl e2—2(my) + 1 Tkhl g2-1(B0,1,0)) + ISkullwrz(g,))-



6 Solution Regularity and Fredholm Property 25

Therefore,
IVullgze ey 0mmy) <
< ([ fll g2y myy + l9lle2e-2(my) + 1Bl e2e-1(B(0,1,0) + lullwrzz)),
where the constants ¢; and ¢y do not depend on A, d, f, g, h and u. O

Remark 5.9 From Lemma 5.4 to Lemma 5.8 it follows that Theorem 5.3 is proved if G is
open (i.e. 0G = 0p@) or if G is closed (i.e. 0G = InG), because in that cases there exists an
atlas of OG, consisting of charts of type 1 and 2, only.

In order to finish the proof of Theorem 5.3, it suffices to prove the following

Lemma 5.10 FEj3 is admissible.

Proof Again, denote Ey := B(0,1), and let Eq be its closure. Further, denote E5 := {x € Eq :
TN < 0}.

There exists a Lipschitz transformation of IR onto IR" which maps E3 onto E5. Hence,
because of Lemma 5.5, it is sufficient to show that FEs is admissible.

In order to do this, we define suitable extensions to Ey of (A,d) € (e, Es),
f € £2(EsRN), g € £2972(E5) and u € W()I’Q(Eg,) as in the proof of Lemma 5.8.

Further, we extend h € £*“~Y(OyxEs) to dvEy by Ssh(z) := —h(Z,—xn) for almost all
z = (,—xn) € OnE5. After that we proceed as in the proof of Lemma 5.8, using the fact that
Ey is admissible (according to Remark 5.9 above). O

6 Solution Regularity and Fredholm Property

In this section G is a fixed regular subset of IR™. Again, by (-,-)¢ and Jg we denote the dual
pairing and the duality map of WOI’Q(G), respectively (cf. (3.15)). By definition (cf. (3.16)), Jg
is an isometric isomorphism from VVO1 29(@) onto W12« (@).

For 0 < € <1 let W(e,G) be the supremum of all 0 < @ < N such that for all w < @ the
following is true: For each (A,d) € A(e,G), f € £2¥(G;RY), g € £2“72(@Q), h € £~ (OnG)
and u € Wy*(G) with

/(AVu-Vv—l—duv) d\V = /(f-Vv—l—gv) d\V + / hv d\ag
G G NG

for all v € Wy'*(G), it holds Vu € £2¢(G;RY) and

[Vull gz (gryy < ¢ (”f”QQM(G;IRN) + llgllg2w-2(q) + ||h\|£2»wf1(a,\/c)> :
where the constant ¢ depends only on G, N, e and w. Because of Theorem 5.3 we have

N -2<w(eG) <w(1,G).
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Let F: L?(G;RY) x L}(G) x L*(OnG) — W~L2(G) be the linear bounded operator which
is defined by

(F(f,g,h),v)q = / (f - Vo +gv) dA\N + / hvdgg for all v € W2 (G).
G NG

Remark 6.1 Let w < @(1,G). Then Theorem 5.3 yields that F' is a bounded operator from
£29(G;RY) x £2972(G) x £2“7 10 G) onto W—12¥(G). In other words: A functional ¢ €
W~12(G) belongs to W12« (@G) if and only if there exist f € £2¥(G;RY), g € £2“72(G) and
h € £29-1(9yG) such that ¢ = F(f, g, h).

In GRIEPENTROG [17] will be derived other, more direct criteria for a functional
¢ € W=L2(G) to belong to W—12¢(G) and corresponding expressions for a norm in
W~12%(G) which is equivalent to (3.16). In RAKOTOSON [24, 25] analogous characterizations
are given for elements of W "> (Q).

For A € L®(G;6y), b,c € L¥(G;RY), d € L¥(G) and e € L®(IyG) we denote by
L(A,b,c,d,e) the linear bounded operator from W01’2(G) into W~12(G) which is defined by

(L(A,b,c,d,e)u,v)g := / ((AVu + bu) - Vo + (¢ - Vu + du)v) dAY + / euv d\gg
a NG

for u,v € WOI’Q(G). Furthermore, let L, (A,b,c,d,e) be the restriction of L(A,b,c,d,e) to
Wy (G).

Lemma 6.2 Let w < w(1,G). Then L,(A,b,c,d,e) maps Wol’Q’w(G) continuously into
W-L29(G).  Moreover, it depends continuously in the sense of the operator norm in
LWy (G); W129(@)) on A, b, ¢, d and e.

Proof Let A e L®(G;6y), b,c € L®(G;RN), d € L®(G), e € L®(OxG) and u € Wy**(G).
Because of the Theorem 2.3(ii) AVu + bu belongs to £2¢(G;IR"Y) and depends bilinearly and
continuously on (A,b) and u. Analogously, ¢ - Vu + du belongs to £2“~2(G) and depends
bilinearly and continuously on (¢, d) and u. Finally, because of Theorem 4.4 and of Lemma 4.2,
the product eu belongs to £2“T1(9yG) and depends bilinearly and continuously on e and wu.

Hence,
L(A,b,c,d,e)u = F(AVu + bu,c - Vu + du, eu)

belongs to W~12«(G) and depends bilinearly and continuously on (4,b,c,d,e) and u, cf. Re-
mark 6.1. ]
The main result of this section is the following

Theorem 6.3 Let A € L®°(G;8y) and 0 < &€ < 1 such that for AN -almost all x € G it holds
1
elel < A@)g- €< forallg e RY,
and let w < W(e,G). Then the following is true:

(i) If L(A,b,c,d,e)u € W=L29(Q) for a certain u € Wol’Q(G), then u € Wol’Q’w(G).
(ii) Ly (A, b,c,d,e) is a Fredholm operator (index zero) from Wol’Q’w(G) into W~52¢(Q).



6 Solution Regularity and Fredholm Property 27

Proof (i) We have L(A,b,c,d,e)u = Jgw for a certain w € Wol’Q’w(G). Therefore it holds
(6.1) L(A,0,0,1,0)u = F(Vw — bu,w — ¢- Vu — (d — 1)u, —eu).

Now we proceed as in the proof of Lemma 5.4. We use the multiplier properties Theorem
2.3(ii) and Theorem 4.2, the continuous embedding VVO1 2(@) — £22(@) and the trace property
W,y % (G) — £21(OnG), and get for = min{w, 2}

Vw—bu € £>(G;RY),
(6.2) w—c-Vu—(d—1)u € £>qG),
—eu € L2 HoNG).

If © < @W(e,G), then Theorem 5.3 yields that u € W01’2’“(G). Hence, we get (6.2) with p =
min{w, 4}, and so on.

(ii) First we show that that L(A,b,c,d,e) is a Fredholm operator from W01’2(G) into
W=12(G). We have

L(A,b,c,d,e) = L(A,0,0,1,0) + L(0,b,¢c,d — 1,¢).

Because of the Lax-Milgram Lemma, L(A,0,0,1,0) is an isomorphism from VVO1 ’2(G) onto
W-12(@). But L(0,b,c,d — 1,¢) is completely continuous from W01’2(G) into W=12(G) be-
cause of Lemma 3.9 and Theorem 4.4, so the claim is proved.

Now let us prove assertion (ii) of the theorem. We have, because of the claim above,

(6.3) W=H4(G) =im L(A,b,c,d, e) @ ker(L(A, ¢,b,d,e) o J5")

and dimker L(A,b,c,d,e) = dimker L(A,¢,b,d,e) < oo. Here we used that the operator
L(A,c,b,d,e) is the adjoint to the operator L(A,b,c,d,e). Assertion (i) implies

ker L(A,b,c,d,e) = kerL,(A,b,c,d,e),
ker L(A,c,b,d,e) = kerL,(A,cb,d,e),

and, hence, dimker L, (A, b, c,d,e) = dimker L, (A, c,b,d,e) < oco. Further, from assertion (i)
follows
Wh2%(@Q) Nim L(A, b, ¢,d,e) = im L, (A, b, c,d, ).

Therefore, (6.3) yields
Wh29(G) = im L,(A,b, ¢, d, e) ® ker(Ly(A, ¢,b,d,e) o J51).

It remains to show that im L (A,b,c,d,e) is closed in W~12¢(Q). Thus, let
Lo(A,b,c,d,e)uj — ¢ in Wh29(@Q) for j — oo (with u; € WOI’Q’W(G)). Then there exists an
u € Wol’Q(G) such that L(A,b,c,d,e)u = ¢, because im L(A,b,c,d, e) is closed in W~12(G).
Now assertion (i) works again. We get u € WOI’Q’W(G) and, hence, ¢ € im L, (A,b,c,d,e). O

Corollary 6.4 Let J(e,G) be the set of all (A,b,c,d,e) such that L(A,b,c,d,e) is injective and
that it holds .
(6.4) | < essinf (A(z)€ - €) and esssup (A(x)E - €) < B s

zeG zeG
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for all ¢ € RN \ {0}. Then the following is true:

(i) The set I(e,G) is open in L™®(G;&n) x L®(G;IRN)? x L®(G) x L®(InG).

(i) Let w < W(e,G). Then L(A,b,c,d,e) *F(f,g,h) depends, in the norm of the space
Wol’Q’w(G), analytically on (A,b,c,d,e) € 3(e, @), f € £2¥(G;RYN), g € £2*72(G) and h €
L2971 @G).

Proof (i) Let L(A,b,c,d,e) be injective. Then, because of its Fredholm property, it
is an isomorphism from VVO1 2(@) onto W~12(G). But the set of isomorphisms is open
in L(W,2(G);W=12(G)). Hence, if (4,D,¢,d,é) is close to (A,b,¢,dye) in L®(G;Sy) x
L®(G;IRN)? x L®(G) x L®(OxG), then L(A,E, é,d, €) is injective, too. Moreover, (6.4) is
an open condition in L>®(G; Sy ).

(ii) L(A,b,c,d,e) and F(f,g,h) depend linearly and continuously (in the norms of
LWy (G), W=129(@)) and W~129(G), respectively) and, hence, analytically on
(A,b,c,d,e) and (f,g,h), respectively. Therefore, L(A,b,c,d,e) " F(f,g,h) depends ana-
lytically (in the norm of Wol’zw(G)) on (A,b,c,d,e, f,g,h), too. Remark that the assumptions
w < w(e,G) and (A4,b,c,d,e) € TI(e,G) imply that L(A,b,c,d,e) is an isomorphism from
W&’2’W(G) onto W~12(@G) (because of Theorem 6.3 (ii)). O

Remark 6.5 Consider the boundary value problem (1.1) with (A,b,¢,d,e) € J(e,QUT), and
suppose QU T to be regular. Then Theorem 2.3 (iii) and (iv) and Corollary 6.4 imply that, for
all N -2 < w < w(e,QUT), the weak solution to (1.1) depends, in the norm of the Hélder space
C%(Q) with
N —-w
2 9
analytically on (A, b,c,d,e) € J(e,QUT), f € £L2¥(Q; IRN), g € £2°72(Q) and h € £2°~H(T).
Now, consider (1.1) with right hand sides f € LP(;RY) with p > N and ¢ = 0 and h = 0.
Then, because of the continuous embeddings LP(Q;IRY) — £2«(Q;IRY) (cf. Theorem 2.1(i))
and Wy > (QUT) — CO1-(N=)/2(Q)) with

a=1-—

2N
w-min{w(E,QUF),N— —},
p

the weak solution to (1.1) depends, in the norm of C%%(Q), analytically on (A,b,c,d,e) €
J(e,QUT) and f € LP(QRY).

Analogously, suppose f = 0 and g = 0 and h € LP~YT) with p > N and p > 3. Then,
because of the continuous embeddings LP~!(T") — £2“~}T) and, furthermore, WO1 29(QUT) <

COI=(N=w)/2(Q)) with
w :min{w(e,QUF),N— 2(N7_11)},
p—

the weak solution to (1.1) depends, in the norm of C%%(), analytically on (4,b,c,d,e) €
J(e,QUT) and h € LP~H(T).

Finally, suppose f = 0 and h = 0 and g € Lp/Q(Q) with p > N and p > 4. Then,
because of the continuous embeddings LP/?(Q) < £2“~2(Q) and, furthermore, W&’ZW(QUF) —
COA-(V=)/2(03) ith

4N
w-min{w(s,QUI‘),N—i—Q——},
p
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the weak solution to (1.1) depends, in the norm of C%%(Q), analytically on (A,b,c,d,e) €
J(e,QUT) and g € LP/2(Q).

Remark that our approach does not cover the case N = 3 and g € LP/?(Q2) with 3 < p < 4.
Nevertheless, in GRIEPENTROG [17] these problems will be solved by using a more direct criterion
for a functional to belong to the space W12« (QuI). In fact, there will be shown, that Corollary
6.4 remains true under weaker assumptions on f,g and h, namely,

2(N-1) w(N-1)

fe £2’W(Q;IRN),!] c SI\E—«I:Q’K’)—J%(Q) and he £ N N (F)

7 Generalizations to Elliptic Systems

In this last section we consider weak solutions to boundary value problems for linear elliptic
systems of the type

-V (AijVuj + bijuj) + cij Vuj + dz-juj = —-V-fi+g in €,
(7.1) (AijVuj + biju]') VvVt eu; = fi-v+h; on I';,
u; = 0 on 0N\ T,

In (7.1) and in the sequel (if no other settling, as in (7.2) below, is prescribed), the summation
over repeated subscripts is understood, and free subscripts vary from 1 to n. Further, Q ¢ RY
is a bounded domain, I'; are subsets of 99, v : 90 — R is the unit outward normal vector
field on 012, and Aij S LOO(Q;SJTN), bij,cij S LOO(Q;IRN), dz‘j S LOO(Q) and eij € LOO(FZ‘). We
assume that

the sets G; := QUT; are regular.

Moreover, it is supposed that there exists an e € (0, 1] such that for all £ € RY and AV-almost
all x € 2 we have

(7.2) e|€)? < Ayi(x)€ - € and Ay(z) € Gy (no summation over i)
and )
(7.3) 1 4ij | oo (@my) < -

The results of this section follow from the results of the previous Section 6 in a straightforward
way. We will formulate them not in the language of operators, like in Theorem 6.3, but in the
language of weak solutions to (7.1).
A weak solution to (7.1) is, by definition, a tuple u = (uy, ..., u,) such that u; € Wy(G;)
and
/ ((AZ]Vu] + bijuj) -Vov+ (Cij . VU]' + dijuj)v) d)\N + / €ijU;V d)\aQ =

r;

Q
- / (fi- Vv + gv) dAY +/hw Ao for all v € Wy 2(G)).
Q Ty

Theorem 7.1 For all w < min{w(e,G;) : 1 <1i < n} there exists a 6 > 0 such that, if

(7.4) [ Aijllo (@my) <0 fori > j,
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the following holds:

(1) If u is a weak solution to (7.1) with f; € £2%(Q,RY), g; € £2“72(Q) and h; € £2*~1(Ty),
then u € Wh2w(Q)n,

(ii) Suppose that u = 0 is the only weak solution to (7.1) with f; =0, g; = 0 and h; = 0,
i.e. to the homogeneous system, corresponding to (7.1). Then, for arbitrary f; € £>¢(Q,IRY),
gi € £2°72(Q) and h; € £2*~YT}), there exists evactly one weak solution to (7.1), and this
solution depends analytically (in the sense of W12« (Q)") on the coefficients Aij, bij, cij, dij
and ej; (in the sense of the corresponding L -spaces) and on the right hand sides f;, g; and h;
(in the sense of the corresponding Campanato spaces).

Proof For
A = [Ay]l,_, € L9 My)n,
b= [bylim ¢ = leliim € L®(Q;RN)™",
d = [dj]; ;= € L®(Q)™™,
e = [eijli =y € L))" x - x L(Ty,)"

we denote by
L(A,b,c,d,e) : Wy (G1) x --- x W(Gp) = WTE2(Gh) x - x W™H2(Gy)
the linear bounded operator, the i-th component of which is defined by
([L(A,b,c,d, e)u]i,v) g, =
= / ((AUV’LL] + biju]') -Vou + (cij . V’LL]' + dijuj)v) A\ + / €i5U;V d)\pl
Q I;
for all v € VVO1 2(G;) (summation over j, but not over 7). Further, for
f = [fl]?:l € L2(Q;IRN)n7
9 = lalis, € Q)"
h = [hiliy € L*(T1) x -~ x L*(Ty)
we define F(f,g,h) € W=H2(Gy) x --- x W™1(Gy,) by
([F(f, 9. )i, v}, = / (fi - Vo + giv) dAN + / hivdAr, for all v e Wy (G).
Q I;
Obviously, u is a weak solution to (7.1) if and only if
(7.5) L(A,b,c,d,e)u = F(f,g,h).

As in the previous section (see Remark 6.1 and Lemma 6.2) one shows that the oper-
ator F' maps the spaces £2¢(Q;RV)" x £2¢72(Q)" x £2“~1(Ty) x --- x £2“~1(T,,) into the
spaces W29 (Gy) x - - x W~12%(@G,,) and the operator L(A, b, ¢, d, e) maps W&’Q’W(Gl) X e X
W&’2’W(Gn) into W=129(Gq) x- - - x W=129(G,,), respectively. Moreover, by the same argument
the functional F(f, g, h) depends continuously (in the sense of W~=12%(Gq) x - - - x W=12¢(G,)))
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on f € £2¢(QRN)", g € £2972(Q)" and h € £2~HT) x - x £2“71(T,), a d L(A,b,c,d,e)
depends continuously (in the sense of L(Wy>*(Gy) x --- x Womw( n); WE29(Gy) x - x
W-129(G,))) on A, b, ¢, d and e.

Let I,, be the unit n X n-matrix.

In a first step we show that for all ¢ € (0,1) and all w < min{@(e,G;) : 1 < i < n} there
exists a 0 > 0 such that, if (7.3), (7.2) and (7.4) are satisfied, the operator L(A,0,0,I,,0) is an
isomorphism from W&’Q’W(Gl) X o x WP (Gp) onto WE29(Gy) x - x W=129(@,,). For
that it suffices to show that for all € € (0,1) and all w < min{@(e, G;) : 1 < i < n} the following
holds: If (7.3), (7.2) and
(76) Aij =0 fori >
are satisfied, then L(4,0,0,1,,0) is bijective from Wy**(G1) x --- x W3>“(G,) onto
W-129(Gy) x -+ x W™L29(G,,), and there exists a constant ¢, which depends on ¢ and w
only, such that

||L(A7 0707-[7170) S C.

1
HLW 120 (G ) XX W 129 (G ); W2 (Gr) X x Wi 2 (G))

Thus, take w < min {@(e,G;) : 1 < i < n} and, furthermore, (¢1,- -+, ¢,) € WLA9(Gy) x
- x W=E2#(@G,,), suppose (7.3), (7.2) and (7.6) to be satisfied, and consider the equation

(77) L(A70707In70)(u17"'7un) :(¢17"’7¢n)’

This equation is equivalent to a system of n variational equations, the last one of which is

(7.8) / (Apn Vi, - Vo + u,0) dAAY = (¢, 0, for all v e Wy (Gy).
Q

Because of Theorem 6.3, there exists exactly one w,, € VVO1 2(@3,,) which satisfies (7.8), and

ltnlygszs oy < €lénlli-12oc,):

where the constant ¢ depends only on € and w. The next to the last variational equation of the
system equivalent to (7.7) is

/ (A 1m 1 Vit + An1nVtin) - Vo + tn_10) dAN =
(7.9) Q
= (¢p_1,0)c,_, forallve Wy(Gp_1).

Because of Theorem 6.3 again, there exists exactly one u,_1 € W1’2’W(Gn,1) such that u, and
un—1 which satisfy (7.8) and (7.9), and

”un—l”wom’w(cn_l) <c (|’¢HHW—1’2W(G”) + ”¢n—1”W—172’W(Gn_1))

with a new constant ¢, which depends only on ¢ and w again. Here we used assumption (7.3).
Continuing this procedure we get finally the claim of the first step.

In the second step let us prove assertion (i) of the theorem. Thus, take w < min {w(e, G;) :
1 <i<n}, fi € £2%(Q,RY), g; € £2972(Q) and h; € £2*~Y(I;), suppose (7.3), (7.2) and
(7.4) (with the § from the first step), and let u be a solution to (7.5). Then

L(A,0,0,1,,0)u = F(f —bu,g — c-Vu — (d — Ip)u, h — eu).
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Here, for u € W12(Q)", we denote by bu, c¢- Vu, du and eu the elements of L?(£2;IRY)", L2(Q)"
and L*(I'y) x - -+ x L*(T,,) with components b;ju;, c;;j - Vu;, d;ju; and e;ju;, respectively. Now
we proceed as in the proof of Theorem 6.3 (i) (cf. (6.1)). Using the isomorphism property from
step one, we get the desired result.

Finally, in the third step let us prove assertion (ii) of the theorem. We have to show that
L(A,b,¢,d,e) is a Fredholm operator from Wy (Gy) x --- x Wy >*(G,,) into W~12(Gy) x
cox WTE29(@,,). For w = 0 this is true, because we have

L(A,b,c,d,e) = L(A,0,0,1,,0) + L(0,b,¢,d — I, e),

L(A,0,0,1,,0) is an isomorphism from W01’2(G1) X e X Wol’Q(Gn) onto the space W~12(G1) x
- xW™L2(@G,) (step one), and L(0, b, ¢,d—1I,, e) is completely continuous from WOI’Q(Gl) XX
Wol’Q(Gn) into W=12(Gy) x - - - x W~12(G,,) (because of the completely continuous embeddings
Wh2(Q) — L*(Q) and Wol’Q(Gj) — L?%(9xG;)). Now we can proceed as in the proof of Theorem
6.3 (ii), using the just proved assertion (i). Here we have to use the fact that the adjoint to the
operator L(A,b,c,d,e) is an operator of the type L(A, b, ¢, d, €), where (because of (7.4))

”Aij”Loo(Q;imN) <4 fori< 7,
and that for such close to triangular operators the assertion (i) holds true, too. g

Remark 7.2 In this section we did not suppose any ellipticity condition apart from (7.2).
Especially, we did not assume the differential operator in (7.1) to be strongly elliptic, i.e. we
did not suppose that there exists a constant ¢ > 0 such that

(Aij (@) - Evivy > clé*v)?

for all ¢ € RY and all v = (v1,...,v,) € R® and A\V-almost all z € Q.
But, if the constant ¢ in (7.4) is sufficiently small, then this differential operator is elliptic
in the sense of AGMON, DouGLAS and NIRENBERG [1] (see also [32, Chapter 9.2]), i.e.

(7.10) det [A;(x)€ - €] =, # 0

for all ¢ € RN \ {0} and AVN-almost all € Q. Moreover, in this case the differential operator
is even normally elliptic in the sense of AMANN [2], i.e. all eigenvalues of the matrix in (7.10)
have positive real parts (because this matrix is close to a triangular one with positive diagonal
elements).
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