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Abstract

In this paper, we study strongly nonlinear degenerate elliptic and parabolic
equations of the form F(z,u,Du,..., D™ Dy Lu) = 0 and u; = F(x,t,
u,Du,...,DEm—1)y, Lu), respectively, where L is a linear operator of the
derivatives of highest (i.e., of 2m~th) order. Under very weak restrictions
on the growth of F' with respect to the derivatives of u, existence results
for weak solutions are proved. These existence results are based on general
solvability results for nonlinear operator equations in Banach spaces which
will be proved in this paper.

0 Introduction

In this paper, we study problems of the form

F(z,u,Du,...,D@®™ =Yy Lu) = F(z,D*u,Lu) = 0 in G, (0.1)
DPu =0 on 8G, for |B| < m — 1, (0.2)
and, respectively,
0
8_? + F(z,t,u,D*u,Lu) = 0 in Q, (0.3)
Dy =0 onT, for |B] <m—1, (0.4)
u(0,z) =0, z€G@G. (0.5)

Here, G C IR", n > 1, denotes a bounded domain with sufficiently smooth bound-
ary 0G, and @ := G x [0,T],T := 0G x [0,T]. In addition, L denotes a linear
differential operator of 2m-th order (m € IN), and D*u stands for the set of partial
derivatives of the form D%u, |a| < 2m, where a = (a1, ..., a,) is a multiindex,
a; € Ny and |a| = a; + ...+ oy, ; in this connection, D%u := u.

The solvability of problems of the form (0.1-2) and (0.3-5), respectively, has been
studied before (see [6], [7], [9], [14], [16] and the references therein) under different
conditions on F', namely under strong restrictions on the order of growth of the
nonlinearity. In this paper we study cases when F' depends in a linear way on the
highest order derivatives of the unknown function u, which allows to investigate
the problems under more general conditions for F' (see also [16]).

The existence results for the problems under study are based on general solvabil-
ity results for nonlinear operator equations and differential operator equations in
Banach spaces which will be proved in this paper (see also [18], [19], [21]). More
precisely, in Section 2 we will consider the equation

flz) =y, yey, (0.6)

where f:D(f) C X — Y issome (nonlinear) operator acting between two Banach
spaces X and Y, while in Section 3 we consider the Cauchy problem

dz

o T [(62(@)) = () + f(t,2(t) = y(t), 2(0) =0, (0.7)



where f(¢,-) denotes some (nonlinear) operator acting from Lg,(0,7;X) into
Ls,(0,T;Y). Here, ®,, ®; are certain N -functions, and Lg,, Ls, denote the cor-
responding vector-valued Orlicz spaces. Recall (see [8]) that, given any N - function
® , we have

Le(0,T; X) = {u: (0,T) = X | | u()x |, < +o0}, (0.8)
Wz(0,T; X) = {u € Ls(0,T; X) Cji—ltb € L@(O,T;X)} , (0.9)

where, for arbitrary v in the Orlicz space Lg(G) (for any domain G ¢ R*, k € IN)
the Orlicz-norm ||v||¢ is defined by

vl = sup {\/Gv(x) o@)da] : q€ Bo(G), [ Wg(@)ds < 1} < +oo.

(0.10)
Here, ¥ denotes the complementary N -function of ®, and F4(G) is the closure
of the space of bounded functions in G with respect to the norm of Lg(G). Note
that (Eg(G))* = Lg(G), if ® and U are complementary N -functions. Likewise,
we denote by Fg(0,7; X) the closure of L>(0,7; X) with respect to the norm of
Ls(0,T;X), and W'E4(0,T; X) is the closure of W1 >(0,T; X) with respect to
the norm of W1(0,7T;X).

Since the domains of definition of the nonlinear operators are, in general, nonlinear
sets, and since the solvability of (0.6) and (0.7) will be established via compactness
methods (cf. [11]), we first study in Section 1 some nonlinear spaces and derive
results concerning the (compact) imbedding between them. In Sections 4 and 5,
we establish existence results for the problems (0.1-2) and (0.3-5), respectively,
applying the general results of Sections 3 and 4. The final Section 6 brings examples;
in particular, we study the equation

- > a P P Ay — g2 Ay = h(z). (0.11)

k=0

1 Some pn-spaces and imbedding theorems

Let two locally convex topological vector spaces X and Y and some, in general,
nonlinear mapping ¢ : D(g) C X — Y be given. We introduce the notation

S, = {z € X|g(z) € B}, (1.1)

if (B, || - ||ls) is a Banach space such that B C Y . Clearly, to any Banach space
B CY there exists a corresponding S,p , characterized by B and g, and we have
Sy5 # 0 if and only if R(g) N B # 0, where R(g) denotes the range of g in Y.

Definition 1.1 (see [18] or [15], [21])
Aset S C X is called quasi-pseudonormed space (or gn - space), if S is a topological
space and if there exists a function [-]s:S — IR satisfying

(gn) [z]s >0 Vz e S, r=0= [z]s = 0.
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If, in addition,

(pn) [T1]s # [T2]ls = @1 # 22, T1,22 €8,
[z]s = 0 =z =0,

holds, then S is called pseudonormed space (or pn - space). The function [-]s will
be called g -norm (or p-norm, respectively).

Next, let us denote

[#]s,s = lg()ls Vo € Sgp. (1.2)
Obviously, if R(g) N B # 0 and g(0) = 0, then S,p is a gn-space in which the
topology is defined by [-]s, ,, that is, it is defined by the topology of B by means
of the mapping g, similarly as in Souslin topological spaces (cf. [3]).

Some properties of these spaces have been studied in [15], [17], [21], and the ref-
erences therein; in this note, we will only consider some examples for these spaces
which will be needed later.

Example 1.2 Let p >0 and g > 1. We consider the spaces

Sipu(®) = {u | g™ = Y [ Jul’[Diulde < +oo}
i—1
= {u | Di(luf"u) € L), 1 < i < n}. (1.3)
Putting g := (g1,...,9n), where gi(u) = D;(Ju|”*u), 1 < i < n, as well as
B := (L,(Q2))", we easily see that
uls = > ||gi(u)||’,f£(p+“), forallp > 0Oand p > 1. (1.4)
i—1

Obviously, Sl,p,u(ﬂ) , p>0, u>1,is a quasi-pseudonormed space, and it holds
Aulg = A [uls VAE R, Yue S, (). (1.5)

In addition to the spaces Si,, .(2), we consider the spaces
S1,pu() = 51,,,.(Q) N L, ,(Q). (1.6)

Apparently, )
Stpu(@) = {u | [ul"u € WHQ)}, (1.7)

where W, (€2) denotes the standard Sobolev space.

For functions u € Sy, ,(©2) we define
[uls == Il Jul™ u |3 . (1.8)
Clearly, Si,,,.(2) is a pseudonormed space, and

Muls = A [uls YA € R,Vu € Sp,a(Q). (1.9)
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We now turn our attention to the general properties of the spaces Sy;p. Since Syp
is at least a semi-metric space (cf. [18]), topological concepts like convergence with
respect to the semi-distance (or distance), continuity, the imbedding of one ¢n-
space into another, the compactness of such imbeddings, and so on, are defined.
Moreover, concepts like separability, “reflexivity”, completeness, * - completeness, of
gn - spaces have been studied (cf. [15], [17]); these notions are analogously defined
as the topology corresponding to the space B and the mapping ¢g. In particular,
the following results have been proved.

Proposition 1.3  For the spaces S,p defined in (1.1) the following holds true:

(a) If B is a separable Banach space and S,p is a pn - space, then Syp is separa-
ble. If S,p is only a qn - space, and if, in addition, the inverse image g~ '(y)
of every y € R(g) N B is an at most countable set, then S,p is separable.

(b) If B is a reflexive Banach space and the set R(g) N B is weakly closed in B,

then any bounded subset of S,p is weakly compact in Syp (this property of
Sy will be called “reflexivity” of S;p ).

(c) If R(g) N B is closed (weakly closed) in B, then S,p is a complete (weakly

complete) qn - space.

In the spaces Sy;p often the following condition is satisfied.

(N) There are C € (0,+o0] and p: IR — IR, such that
[A‘T]Sgs < ,Ll,(>\) [x]SgBa V|)\| < C: Vze SgB-

Hence, in many cases there exists a function ¢, depending on g, such that the
p-norm (¢-norm) can be defined in the form

[z]s,z = ¢ (llg(2)lB) , (1.10)
in which case inequality in (A') may be replaced by
Azls,; < |A| [z]s,5, VI[A < +o00,Vz €SB, (1.11)

For instance, in the spaces S , () and S;,, ,(Q) defined in Example 1.2, (1.11)
holds even with equality. Note also, in particular, that in the case when g is a linear
operator the set S;p and the corresponding ¢-norm may coincide with the domain
of definition of g and the graph-norm, respectively.

Definition 1.4  Let go: D(go) C X — Y and ¢, : D(g91) C X — Y denote two
mappings.



(a) We write gy < g1 if and only if for any Banach space B with B C Y the
corresponding quasi-pseudonormed spaces S,z and Sy, p satisfy

Sq C Sy, where R(g;) N B # 0 for i = 0,1. (1.12)

(b) We say that S,,p, is continuously imbedded in S, p, (for short: S, p, —
SgoB, ), if and only if there exists a continuous homogeneity function ¢ :
R, — IR, such that

1go(z1) — go(z2)llB, < o1 ([|g1(z1) — gu(z2)llBy) V21,22 € Sgym, - (1.13)

The following results are easily established.

Proposition 1.5 Let S,p,,i= 0,1, denote qn - spaces defined as in (1.1) such
that the corresponding mappings go, g1 satisfy go < g1 . Then it holds:

(a) If By C By then S, 5, C SgyB, -

(b) If By is compactly imbedded in B, then the imbedding of Sy, in S, B, is
compact.

Next, we study classes of abstract mappings with values in g¢n-spaces, i.e. we
consider sets of functions z : [0,7] — X satisfying z(t) € Syp for a.e. ¢t € (0,7)
and investigate under which conditions such sets are compact.

To this end, let ®,, ®;, ® denote N -functions, and let X, denote some Banach
space such that S;p C Xy C X . We then define the classes of functions,

La(0,7;Sym) = {1 10,7) > X | [aluacs, = [0, [, < +o0 }
(1.14)

’P<I>o<1>1(0,T; SgB,XO) = {.’E : [O,T] — X ‘ [x]Péoél(SgB,Xo) = [x]Lq)()(SgB)
+ ||xt ||L<I>1(X0) < +OO} . (115)
Here, the subscript ¢ stands for the derivative with respect to time, and || - |1,

denotes for N -functions ® the norm in the corresponding Orlicz space Lg(0,T).

In addition, we denote by E¢(0,T; Sy5) the closure of L*>(0,7'; S,5) with respect
to the metric of the space Lg(0,T;S,5), and W'E(0,T;S,5) denotes the closure
of Wt°°(0,T;S,s) with respect to the metric of the space Wg(0,7T;Sy5).

It follows directly from the definition that Pe,s,(0,7;S,5, Xo) C Le(0,T;S,5)
provided that ® < ®,. Moreover, the following assertions are easily verified.

Proposition 1.6 Suppose that S, p, and S, p, are qn-spaces (or pn - spaces,
respectively). Then also Le(0,T;S,,p,) and Pe,s,(0,7;S,5,X) (i =0,1) are
qn - spaces (or pn - spaces, respectively). If, in addition,

Jo S a1, Bl C B(), q)g S (I)(), (I)’l S (I)l, and X() C X(l), (116)



then
Lg,(0,T;Sg,8,) C Lay (0, T;SyB,), as well as (1.17)
P‘io‘lﬁ (0) T7 Sngla XO) C P@E)(I?‘Il (0) T7 SQOBO) X(,]) . (]‘]‘8)

If any of the inclusions in (1.16) is strict, then (1.17) and (1.18) are strict inclusions.

In what follows, we always assume that the spaces S, p,, ¢ = 0,1, are complete
with respect to the corresponding topologies. We consider the following conditions.

(A1) g¢; is continuously differentiable as mapping from X into By, and there exist
some constant C' > 0 and some N -function ¥y with ¥y < ®; such that for
the complementary N -function ®, associated with ¥, it holds

®, (||gi(x)||£(X7B0)) < C [x]sglsl Vz € Sng1 ) (1'19)
where Slel — SyoBo .

(A2) g is locally Lipschitz continuous in the following sense: to any pair z,zy €
Sy.B, there exists some k = k(z1,z2) > 0 such that

l91(21) — g1(z2) By < K(z1,22) |21 — 72||x (1.20)
holds, where

By (k(z1,22)) < C ([21]s,,, + [22ls5,5,), C >0, (1.21)

with the function ®, defined in (A1), and where S, 5, < Sy,5, -

(A3) It holds By C By C By C Y, and there exist functions ¥3, ¥y : IR, — R,
satisfying W3'(7) > ¢ |7| and Wy(7) > ¢; |7| for any 7 € IR, with suitable
positive constants ¢y, ¢;, such that for ¢ = g and g = gy it holds

lg(z1) — g(z2)||B, < C (‘1’3 ([xl]sgsl) + W3 ([$2]Sg31)) ‘1’4(“3?1 - $2||Xo) -
(1.22)

We have the following result.

Theorem 1.7 Let the assumptions of Proposition 1.6 be satisfied, let gy < ¢,
and assume that the imbedding By — By is compact. If any of the assump-
tions (A1), (A2), (A3) is fulfilled then the imbedding Ps,s,(0,T; Sy 5., Xo) —
Lg(0,T; SyyB,) is compact for any ® satisfying ® < ®,. In particular, the imbed-
ding Pa,a,(0,T; S, 5,, Xo) = C°(0,T; Xo) is compact.

Remark 1.8 If g, satisfies (A1) or (A2) then the assertion of Theorem 1.7 remains
true even if the imbedding of Sy, p, in S, p, is not continuous, as follows from the
proof given below.



The proof of Theorem 1.7 is based on the following lemmas.

Lemma 1.9 Let gy < g1, and let M be a bounded subset of Lg(0,T; S, 5,)- In
addition, suppose that M 1is equicontinuous in the sense that to every € > 0 there
exists some 6 = d(€) > 0 such that for all |7| < § and t >0 with t +7 € [0,T] it
holds

l91(2(-)) — g1(z(- + 7))llzaoe) < € Yz eM. (1.23)
If the imbedding By — By is compact, then M is compact in Lg(0,T; Sy 5, ) -

Proof: Let € > 0 be arbitrary. The compactness of the imbedding Sy, 5, = Sy, 5B,
and the boundedness of M in Lg(0,T; Sy, p,) imply that for almost all ¢ € [0,T]
there exists a finite e-net (which depends on ¢) of the set {z(t) |z € M} in S, 5, .
Therefore, using the compactness [0, 7], applying the standard diagonalization pro-
cedure, and invoking (1.23), we can conclude the existence of a finite e-net for M
with respect to the topology of Lg(0,7';S,,5,). Consequently, M is compact in
Lg(0,T; Sy, B,) - The assertion then follows from the continuity of the imbedding of
L.:I:.(O,T, SngO) in L.:I:.(O,T, SQOBO) . Ol

Lemma 1.10 Let the assumptions of Theorem 1.7 be satisfied with (A1). Then it
holds for any x € Pg,a,(0,T; Sy, 5., Xo)

t+6
lg1(2(t + ) — g1(z(8))l|B, < C/t g1 (@ (M)l eexow) [1€(T)llx, d7
forall t € [0,T]\ E and all § >0 such that t + § € [0,T]\ E, (1.24)

with a suitable constant C > 0 and some set E C [0,T] of zero measure.

Proof: The assertion follows directly from the usual Lipschitz inequality. O

Lemma 1.11

(a) Let By C By C By, where By C Y 1is some Banach space, and where the
imbedding B, — By is compact. Moreover, let go < g1. Then to any € > 0 there
is some K(€) > 0 such that for all z1,x5 € Sy, p, it holds

lgo(z1) — go(e2)ll5y < € (o1 ([1s,,0,) + So1 ([2]s,,5,))
+ K (€) [lg0(®1) — go(®2)| 5, » (1.25)

where ¢o1 : Ry — R, is the homogeinity function introduced in Definition 1.4, (b)
that corresponds to the mappings gy, g1 and the spaces By, B; .

(b) Let By C By C By, where the imbedding By < Bs is compact, and where B
is a reflexive Banach space. In addition, let (1.25) hold for any pair z1, 2 € Sy, 5, -
Then the imbedding Sg,p, — Sg,B, 1S compact. In particular, if Sy, = B; and
go = g1 = id., then By — By compactly.



Remark 1.12 Lemma 1.11, (b) shows that under the assumptions of the lemma
the fulfillment of (1.25) is both necessary and sufficient for the compactness of the
imbedding B; — By.

Proof of Lemma 1.11: The assertion of part (a) follows from a well-known com-
pactness theorem (see [11]) and from the relation Sy, 5, — S5, C SgoB, -

To verify the assertion of part (b), we show that if M is a bounded subset of S, 5,
then M is relatively compact in S, p,. To this end, let M C Sy, B, C Sy, be
bounded. Owing to the “reflexivity” of the space Sy, B, , and since Sy, B, — Sg.B,,
we may select a weakly convergent sequence {z,,} C M. By the compactness
assumptions, we may assume {z,,} converges strongly in Sy g, -

It follows from inequality (1.25) that for any & > 0 there exist m(d) > 0, k(4) > 0
and my , me > m(d), such that

||go(-’l7m1) _go(xmz)HBo < 9 (¢01 ([xml] ngl) + do1 ([xmz]sngl))

+ K(9) [l90(zm,) — go(Zm. )| 5 - (1.26)
Consequently, the sequence {z,,} is a Cauchy sequence, and hence strongly conver-
gent in Sy p, . This concludes the proof of part (b) of the Lemma. O

Proof of Theorem 1.7: As a consequence of Lemma 1.9, it suffices to show that any
bounded subset M of Pg,e,(0,T; S, B,, Xo) is equicontinuous in Lg,(0,T"; Sy 5,) -

Suppose now that (A1) holds (the proof is analogous if either (A2) or (A3) are
assumed to hold). It then follows from Lemma 1.10 that

lo(a(a-+8) - gl(x(t))HBO
¢ [ 16k @) e Il dr
o[ <1>2(||g;(x(f>>||,;(x,30)) ar+ [ (I 0)y,) dr)
= [ [ xmilt + 8) Ba(lgl @) cprm) o
+ / [t + 3) Wo(Ile' (7)) dr], (1.27)

where x(-;E) denotes the characteristic function of a set £ C [0,7].
Now observe that 30 ¥, < &; and ¥V, <« ®;. Hence

g1 (z(2)) = g1(z(t + 8)) | 5,
< 0[/0 X(7; [, ¢ +0]) [2(7)]s,, 5, dT +/ [t t+6)) \p2(||x'(7)||xo)dfl

C (-3 (6t + 8Dllnay ()] nay(5y150)
+ x5 1t + 0Dze, [ @2(ll2'()l1x,)

where W3 is the N -function W3 := ®3.

IN

IN

IN

|L¢3] , (1.28)



As M is bounded in Pg,s,(0,T;S,,5,, Xo), there exists to every ¢ > 0 some

d(e) > 0 such that, with ¥ := sup{¥,, U3},

[M0:e®) - ot + limdt < 0 (T (D)) Bl smo - (129

From this the equicontinuity of M immediately follows. Lemma 1.9 then implies the
compactness of the imbedding Pg,s,(0,T; Sg,5,, Xo) — La,(0,T; S, B,), whence
also the compactness of Pgye,(0,1'; Sg5,, Xo) = La(0,T;S,.5,) follows if & < ;.
The first part of the assertion is proved.

The second assertion can be verified as follows: proceeding as in the first part of
the proof, we obtain an inequality of the form (1.28); then, we use a diagonalization
procedure and the boundedness of the set M in the space Pg,s,(0,7;S,,5,, Xo) to

establish the validity of the second assertion. The details of the proof are analogous
to the proof of an assertion of similar type which can be found in [3]. O

Remark 1.13 The spaces S, 5, or Syp,, but also Lg(0,7; S, 5,) and, in par-
ticular, Psye,(0,7; Sy, 5,, Xo), may be linear spaces (see [5]); the N -functions
®y, &, &, P, may be increasing functions of power type (see, e.g., [5], [15], [16],

[21]).

2 Nonlinear equations in Banach spaces

Let X ,Y be Banach spaces, Syp a gn-space defined as in the previous section,
and f:S;p C X =Y anonlinear mapping.

We will now study the solvability of functional equations of the form

(f(@),y") =(y,y") Vy eM CY", (2.1)

where (-, -) denotes the duality pairing for the pair (Y,Y*). Here, Y* is the dual
space of Y (or, vice versa, Y is the dual of Y™*).

Definition 2.1 Let M* be a subset of the dual space of Y, (of Y* respectively),
and let y € M C Y be given. Then any z € S,p satisfying (2.1) is called an
M* - solution to (2.1).

We consider the following conditions.

(B1) The mapping f: S,p C X — Y is a weakly compact (continuous) mapping,
i.e., whenever z,, — o weakly in Sy, then there exists a subsequence {z,,, }
of {xn,} such that f(z,,) — f(zo) weakly in YV as my 0.

(B2) It holds B = B**, and there exist some separable topological vector space X
and a linear continuous operator ¢ : X; C Syp — Y™ such that p(X;) D M*.

9



B3) There exist some reflexive separable Banach space Y;* C Y* such that M* C
0
Yy, a subspace Sy, p, of the gn-space S;p, and some nonlinear mapping
@ :Sqp, — Y such that the following conditions hold:

(i) ©(Sgp) D M*.
(ii) (S, B,) contains a linear manifold which is dense in Y;".

(iii) The inverse mapping ¢~' of ¢ is a weakly compact (continuous) map-
ping from Y into S,p such that for every y € Y the image ¢ '(y)
is a closed and convex set (note that ¢! is possibly set-valued so that
the notion ”weakly continuous” has to be understood in the appropriate
sense, see, e.g. (2], [3]).

Theorem 2.2 Suppose that S,p ts a weakly complete space, and let either the
conditions (B1), (B2) or (B1), (B3) be satisfied. Furthermore, assume that a set
M C Y is given such that for each y € M there exists some r = r(y) > 0 such
that

Vee Xy, |[zls,>r (if (B1),(B2) hold),
(f(2), 0(2)) = (y,0(z))
Vo€ Syn,, [z]s,; >r (if (B1),(B3) hold).
(2.2)
Then Eq. (2.1) has an M* - solution for any y € M .

Proof: Let (B1),(B2) and the corresponding condition in (2.2) be satisfied. We
argue by Galerkin approximation. To this end, let {z*}zcw be a complete sys-
tem in the (separable) space X;. We then look for approximate solutions of the

form z,, =Y cf z*, where the unknown coefficient vector ¢, = (c¥,) has to be
k=1

determined from the system of algebraic equations

Pi(cm) = (f(zm),0(z")) — (y,0(z")) =0, k=1,...,m. (2.3)

Now observe that by (B1) the mapping ®(c) = (P1(cm),- .-, Pm(cm)) is con-
tinuous. From (2.2) it follows that for some r > 0 for all z,, with [zn]s , > 7
the ”acute angle” - condition is satisfied, i.e., on any sphere S,,(0) C IR™, where
ry > r, it holds

m

S (®r(em),ck) >0 Ve, €R™, lom| =11 (2.4)

k=1

The solvability of (2.3) then follows from the well-known lemma ”on the acute angle”
which is equivalent to Brouwer’s fixed-point theorem (see, e.g., [5], [11], [12]).

Hence, we obtain a sequence {z,,} C Syp of solutions to (2.3) which by construction
is bounded in Syp, i.e., we have [r,]s, < r, for all m € IN. Invoking the
"reflexivity” and the weak completeness of the space S;p, we conclude the existence
of a subsequence, again denoted {z,,}, and of some z, € S;p such that z,, —
weakly in Syp.

10



We now show that z, solves (2.1). In view of (B2), it suffices to pass to the limit as
m " oo in (2.3) for every fixed k € IN. By (B1), we may without loss of generality
assume that f(z,,) — f(z¢) weakly in Y ; hence passage to the limit yields that

(f(z0), (")) = (y,(z*)) VkeN. (2.5)
Since {z*}rew is complete in X , we therefore have
(f(z0),0(2)) = (y,9(z)) Vz€X;. (2.6)

The assertion then follows from the fact that o(X;) D M*.

Let us now assume that the conditions (B1), (B3) and the corresponding condition
in (2.2) are fulfilled. We pick a complete system {y*}renw in Yy and look for

approximate solutions z,, € ¢ '(y5) to Eq. (2.1), where yi, := > chy* € Yy .
k=1

The unknown coefficients c¢* | k =1,...,m, have to be determined from the system
of algebraic equations
@k(cm) = (flo My:),v*) — (y,y") =0, k=1,...,m. (2.7)

The solvability of the system (2.7) again follows from the lemma of type ”on the
acute angle” that is based on Kakutani’s fixed point theorem (see [2], [22], [23]), just
in the same way as using Brouwer’s fixed point theorem. Indeed, from (B1) and
(B3) it follows that ®; is continuous (recall that f and ¢! are weakly continuous
mappings), while the "acute angle” - condition follows from (B3) and (2.2) just as
in the previous case. Hence, arguing along the lines of the previous case, we obtain
the existence of an M* -solution also in this case. We may omit the details to the
reader. Theorem 2.2 is proved. U

Remark 2.3 From the proof of Theorem 2.2 it follows that in the conditions (B2)

and (B3), respectively, the assumption M* C R(y) can be replaced by the following
assumption:

There exists a space Y* C Y* such that R(p) C Y{*, M* C Y*, and R(p) D Y}
(or R(¢p) contains a linear manifold which is everywhere dense in Y*, respectively).

Next, we consider Eq. (2.1) under the assumption that f satisfies the following
condition.

e mappin : Sy C — is weakly-star continuous, that is, i

B1’) Th ing f : S, X Y™ i kly-st te that is, it
satisfies condition (B1) with weak convergence replaced by weak-star con-
vergence.

Theorem 2.4 Let (B1’) hold, let S,p be weakly-star complete and let bounded
subsets of S,p be weakly-star compact in S,p. Besides, suppose that either (B2)
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and the corresponding condition in (2.2) or (B3) and the corresponding condition
in (2.2) are satisfied with the corresponding modifications (i.e., after exchanging the
roles of the spaces Y and Y*, as well as replacing weak continuity by weak-star
continuity). Then the problem

(f(@),y)=(y",y) YyeMCY (2.8)

has for any y* € M* a solution T € Syp .

Proof: ~ The proof is analogous to that of Theorem 2.2 and is therefore omitted
here. O

From the above theorems we immediately get the following result (a similar result
has been proved earlier in [5]).

Corollary 2.5 Let (B1) and (B2) hold, and let M CY be such that (2.2) holds.
Then to any y € M there exist x € Syp and yo € ker(¢*)NY with f(z) =y + o,
where ¢* denotes the adjoint of the linear continuous operator .

We also conclude the following result which also applies when the nonlinear equations
are considered in non-reflexive Banach spaces X and Y .

Corollary 2.6 (Solvability theorem) Let the assumptions of Theorem 2.2 (or
of Theorem 2.4, respectively) be satisfied, and let M (or M*, respectively) denote
the sets introduced there. In addition, suppose that R(p) contains a subset which
is everywhere dense in Y* (or in Y, respectively). Then the equation f(z) =y
(f(z) = y*, respectively) is for any y € M (y* € M*, respectively) solvable in
SgB .

Moreover, we can conclude from the Theorems 2.2 and 2.4 a further result.

Theorem 2.7 Let the assumptions of Theorem 2.2 (or of Theorem 2.4, respec-
tively) be fulfilled, and let the spaces X ,Y ,Y*, Syp, Xo, Sy, , as well as the
mappings f, @, be defined as in Theorem 2.2. Besides, assume that the following
condition is satisfied:

(B4) The operators f and ¢ induce a coercive pairing on Sy, C Syp in a gen-
eralized sense (f is coercive in a generalized sense), that is, there ezists a
continuous function ¥ : R, — IR, satisfying ¥(7) > c|r| on R, for some
c> 0, such that for x € Sy, B, it holds

(f (), o(z))
v (I:'/'E]SgB)

S oo, as [r]s,, /oo, (2.9)
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Then the equation f(z) =1y is solvable in S,p for every y € Y satisfying

sup{M ‘ T € SgB} < +o0. (2.10)

v ([zs,,)

Proof:  The proof of Theorem 2.7 follows from Theorem 2.2 (or from Theorem 2.4,
respectively), where the only difference to Theorem 2.2 or Theorem 2.4 is given by
the definition of the set M . O

From Theorem 2.7 we can easily conclude the following result.

Corollary 2.8 Let the assumptions of Theorem 2.7 hold, and suppose that

(@) v
v (I:x]sgB)

Then the equation f(z) =1y is solvable for any y € Yy, where Yo CY (or Yo C Y™,
respectively).

< +oo, whenever [r]s,, /S +o00. (2.11)

3 The Cauchy initial-value problem for operator
differential equations in Banach spaces

Let X,Y,Y*, By, B: denote Banach spaces, and let S;p C X be a weakly com-
plete “reflexive” (weakly-star complete bounded weakly-star compact) gn -space.
We assume that either (Y, Y*) is a complementary pair of spaces (i.e. Y* con-
tains a bounded subspace for which Y is the dual space and vice versa, as, for
example, in the case of Orlicz spaces or Orlicz-Sobolev spaces, see [8], [4], [7], [10]),
or Y is the dual space of some Banach space Y.

We consider the evolution equation
dz(t)
dt

where f(t,:): S, =Y isforall t € [0,7] a nonlinear operator.

+ [, z(t) = y(t), =(0) =0, (3.1)

We make the following assumptions:

(C1) f:Psye,(0,T;S,5,Y) = Ls,(0,T;Y) is a weakly-star continuous operator.
Here, ®,, ®; are N -functions such that for some ¢ > 1 we have

\If()(’r) S @1(’7’) S C|’7’|q, (1)1 S (I)(). (32)

(C2) There exists a mapping ¢ : S, 5, C S, — Y1 such that
¢ : W'Es,(0,T;S,,p,) — W'Eg,(0,T;Y7) (3.3)
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and such that one of the following conditions is satisfied:

(a) ¢ :S,;p — Y1 is a linear bounded operator that commutes with the
derivative d/dt, such that R(p) contains a linear set that is everywhere dense
in Y7, and Sy, B, is a separable locally convex topological vector space satis-
fying Sy, CY NSyp.

(b) ¢ : S, B, — Y1 is a nonlinear mapping of class C; having an in-
verse ¢ ' which is weakly continuous from Y; in S, (from W'Eg, (0,T;Y})
to W'Es,(0,T;S,5)). Furthermore, R(p) contains some everywhere in Y;
dense linear set, and ¢(0) =0.

(C3) f(t,-) and ¢ form a pair that is coercive in a generalized sense on the space
E3,(0,T;S,,B,), i.e. there exist constants C', C > 0 and a continuous func-
tion k: IR, — R, such that kK > &, for |r| > 1 and

[ 7,20, pe®dt > Cn(liasm) ~C- (3.4)

(C4) There exist constants 0 < p <1, C;>0,C,>0,Cy>0,C; >0 such that
for any z € W'E4,(0,T;S,,5,) with z(0) = 0 and £ € FEs,(0,T; Sy, 5,) the
following inequalities hold:

[e s@awa > ol
[0, o) > s

q ~
L<1>1(Y1)(1 + [x]%%(sﬂ)) -G

— Gy (3.5)

q
Lg, (V)

Theorem 3.1 Let the conditions (C1) to (C4) be fulfilled, and let the spaces
Y, Y1, S,s satisfy the above conditions. Suppose that y € Le,(0,T;Y) satisfies
for some r > 0 the inequality

/0T<y, o(z))(t)dt < C~'0 f{([:p]L%(SgB)) + él,

Vi € Eg,(0,1555,,) with [z]1, s T, (3.6)

QBZ

where é’g, C, are nonnegative constants satisfying C > Co + ¢ for some € > 0.
Then (3.1) has a solution © € Pg,s,(0,T;S,5,Y) with (0) = 0 in the sense of
Lg,(0,T;Y), that is, for any y* € Ey,(0,T;Y1) there holds

[ Uew), vy + [ @0, v @)= [ o, vena. @

Proof: We apply the method of elliptic regularization and the results of the previous
section. At first, we prove for € > 0 the solvability of the problem

L0 4 B0 | jeew) = v, 1€ 01, g

z.(0) =0, z(T)=0.

€
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To this end, we show that the conditions (C1) to (C4) imply that Theorem 2.4 can
be applied to prove the solvability of the functional equality

6/0T<dd”’;, ddf>(t)dt+/0T<% > dt+/ Ftz(), v (1)) dt
= [T, v,
V y* € W'Eg,(0,T;Y1), v*(0)=y*(T)=0. (3.9)

Indeed, by (C1), and since the operator defined by this equation depends linearly
on z., we obtain that the latter is weakly-star continuous as a mapping from
{z € W'Ls,(0,T;S,5) | z(0) = z(T) = 0} into W 'Lg,(0,T;Y). This yields
that the first condition of Theorem 2.4 is fulfilled for equation (3.9).

From (C2) it follows that also the second condition of Theorem 2.4 is fulfilled, and
the conditions (C3) and (C4) imply the generalized coercivity of the operator on
the space {z € W'FEs,(0,T;S,,5,) | z(0) = 0}.

Thus, applying Theorem 2.4, we obtain the solvability of (3.9), which in this case also
means that (3.8) is solvable in the sense of the dual space of {y* € W'Fy,(0,T;Y}) |
y*(T) = y*(0) = 0}, since R(y) is everywhere dense in the space {z € W'FEy, (0, T;
Y1) [ 2(0) = 0}.

It remains to show that this entails the weak-star solvability of the equation (3.8),
i.e., we have to prove that if z. € Pe,s,(0,T;Sy5,Y) with z.(0) = 0 is a solution
0 (3.9), it is under the assumptions of Theorem 3.1 also an Fg, (0,7’;Y7) - solution
o (3.8).

To this end, let z, € Pg,s,(0,7;S,5,Y), (0) = 0, be an Eg,(0,T;Y;) -solution
for a given y € Lg,(0,7;Y). Using the general form of linear continuous functionals
on the space Fg,(0,7;Y;), we get under the assumptions of Theorem 3.1 that

2,
(0,75Y) for all € > 0; indeed, we have

dt2

e[ (G vy a = [T (o) - (% e ) O, @)

d2
with y,zL, f(-,ze(-)) € Ls,(0,T;Y), so that also e——- I € Lg,(0,T;Y).

Consequently, z/(T") is defined for every e¢ > 0, and it follows immediately from
the functional equation that z!(7) = 0. Thus, the solvability of (3.8) is proved.

Now, if we were able to show that we can pass to the limit as € \, 0 in (3.9), then
it would be proved that (3.1) is solvable in a weak-star sense. For this purpose, the
uniform boundedness of the set {z.(¢)} in {z € Pa,s,(0,7;S,5,Y) | z(0) = 0}
for € (0 has to be shown.

The functional equation yields

_E/0T<d;;6,g> dt+/ <de > t)dt:/OT(y—f(th),Qn(t)dt.
(3.11)
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The function z. : [0,7] — Y is a solution to the boundary value problem
dPr(t)  dz(t
) | e

dt2 dt = yﬁ(t) = y(t) - f(t’ .’Ee(t)), xe(o) =0, .’E’E(T) =0.

(3.12)

From the assumptions on f, and the boundedness of {z .}~ in Le,(0,7; Sy5), we
obtain that {yc}eso is bounded in Lg,(0,7;Y).

Now, solving (3.12) we get that

dz.
dt

and since I [{°exp (—7/€)dT = 1, we get from Minkowski’s inequality ([24]) or
from Young’s generalized inequality for convolution integrals ([13]) that {z’}.s¢ is
bounded in the space Lg,(0,7;Y). Thus, {z.}c~o is a bounded subset of the space
{z € Pgy2,(0,T; Sy5,Y) | z(0) = 0}.

Since, for every y* € W'Eqg, (0,T;Y}7) the inequality

T [dz, dy* dz.
e/ Te YN @ydt < | =
o \ i’ dt at |, o)
< 06175||3/*||W‘%,1(0,T;Y1) (3.14)

holds for all € > 0, we may pass to the limit in (3.9) for € \ 0. It follows that the
limit z of {z.} belongs to Psye,(0,7;S,5,Y) N{z| z(0) = 0} and satisfies the
identity

/0T<Cj1_at;’ y*>(t) dt + /0T<f(t,$(t)), y* (1)) dt = /OT<y, vy dt,  (3.15)

for every y* € W'FEy,(0,T;Y1).

Finally, since W'Ey, (0,T;Y}) is dense in Eg,(0,7;Y;), we may conclude that z
is a solution to problem (3.1). This concludes the proof of the assertion. O

(T—1) = /OT_t y(T — 1) e~ = dr | (3.13)

ly* ||W‘%,1 (0,T;Y1)

Remark 3.2 It should be clear that if we change the assumptions correspondingly
as in Section 2, then we obtain the solvability of (3.1) for weakly continuous operators
f(t, -); for this case special results similar to Theorem 3.1 have already been proved
in the earlier papers [5], [10], [17], [18], [19]. We would like to state as well that the
proof given here is analogous to that of a similar theorem in [5].

From Theorem 3.1 it follows immediately

Corollary 3.3 Let the assumptions of Theorem 3.1 be fulfilled, where

K ([x]L%(SgB))
(@)l e, (1)

Then the problem (3.1) is Eg,(0,T;Y7) - solvable in Pg,,(0,T; S,5,Y)N{z | 2(0) =
0} for any y € Lg,(0,T;Y).

— o0, for [z]g,, — 0o0.
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4 Completely nonlinear differential equations of
elliptic type

Let G C R™ (n > 1) denote a bounded domain with a sufficiently smooth boundary
0G . We consider the boundary value problem

F(z,u, Du, D*u,...,D®™ =Yy Lu) = h(z), = € G,
Aw) = (4.1)
Dﬁu|3G:0, |ﬁ|§m—1

Here, denoting W2™(G) := W?™Lg(G), we have u € W2™(G)N I/f/: (G), and
ol
h € W2(G)N W¢ (G) and F = F, + F; are given continuous functions, a =
(o1 ...,0,) € IN} is a multiindex, |a|:=> a;, m > 1, L a linear differential
i—1
expression of order 2m that maps continuously from W2™(G)N I/f/'p0 (G) into
L,(G) for some py >p>1,and D*u:={D]| |a| = k}.

We consider the following conditions:

(D1) The differential expression L generates a linear differential operator L :
w2 (G)N I/f/'p0 (@) = L,(G) with coefficients in C?(G), and there is some
C > 0 such that

om < C|L . 4.2
[l @i @ < € Iz (42)

(In other words, L is a uniformly elliptic operator of order 2m , see [24]).

(D2) Fy(z,&,n) = Fo(z, o,y €y ---,n) and Fi(z,€,n) are continuously differ-
entiable functions, i.e., Fy, F; € C'. Furthermore, it holds Fy(z,£,0) = 0
and Fi(z,&,m) = 0 whenever n = 0 or &, = 0 for at least one a with
la] <m —1.

o 1
(This assumption and the fact that the equation is examined for h €Wy (G)
will imply that if the solution has additional smoothness, in a suitable sense,
then it will follow from the equation that Lu|,, =0 holds.)

(D3) There exist functions ¢, @, P1a > 0 for |a| < 2m—1 that are N -functions
or main parts of N -functions, and constants C' > 0, C > 0 such that ¢(7) >
©0a(T) p1a(7) for all 7 € R, and

Clem + > ©oa(n) pra(éa)

|a|<2m—1

S FOn(xagaT’)

<C w(n) + Z Yoa(n) P1a(€a) + 1

|a|<2m—1

) (4.3)

for any &,,m€ R and z € G.
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By ® (resp. ®,), we denote the N -function induced by ¢ (resp. by @14 ):

Inl

®(n) = /0 @(m)dm = /Om [/OWSO(T) dT] dm . (%)

U (resp. VUi, ) denotes the N -function which is conjugate to ® (resp. Py, ).

(D4) There exists a p > 2 such that ®(7) > ¢|7[?, and W, (G) C Ly(G) for an
N -function M satisfying M > ®.

(We remark that if ® satisfies a Ajz- or a A?-condition, then the existence
of some p > 2 satisfying (D4) becomes obvious, because in this case there is
a p such that p >n and ® > c|r|? ([8]). Consequently, W (G) C Lu(G)
holds for all M (see [4]).)

(D5) There exist convex functions ¢q, 1, @2, pja >0, j=0,1,...,7, |a] < 2m —
1, and constants C; > 0, j = 1,...,5, such that the following inequalities

hold.
(D) S| em| + X \Foga(x,é,n)Hﬁm\]
=1 |a|<2m—2
< C’1 {|§5(n)| + Z |¢0a(n)| @la(ga)} )
|a|<2m—1
where @; = (aq,...,05_ 1,0 + L, i1, ..., 0p) .

(II) \Fogg(x,é,n)\ < Cz{soo(n) + > paln) wsa(ﬁa)} ,1Bl=2m—1.

|a|<2m—1

(IT1) | Fiy(z,&,m)| < Cs {@(n) + 2. Poal(m) sola(fa)} , with C3 < %

|a|<2m—1

(IV) ‘Flfg (.’E, fa 7))‘ S C’4 {@2(7’) + Z Qoﬁa(n) @704(504)} ) |/8| =2m—1.

jal<2m—1
(V) ﬁ;{‘Flzi(x,E,n)‘ + | |Z ‘Flga(xafyﬂ)‘ ‘éai‘}
i= al<2m-—2

SCs{sol(n)Jr > s04a(n)s05a(£a)},

|a|<2m—1
where @; = (a1,...,0; 1,0+ 1,0i11,...,0Q).
In addition,
po(n) < ®a(n)lnl~t, @i(n) < 16|, wa(n) < ®a(n)ln|~*,
1 -
QDQOL(T]) S (D(()Ia(’r’)|’r’|_17 Q03a(§a) S @fa(éa): §04a(’r’) S |¢0a(77)|;
1

@5(1(5(1) S Qola(ga)a Qoﬁa(n) < (I)(%a(n)|77|_1a §07a(§a) < Qolaa(ga)a
Vé,meR, |la<2m -1, q=17p. (4.4)

1=
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We introduce the following space of measurable functions

HHG) = {u‘ Z/ (Lu) + Y. @oa(Lu) pra(D” u)]|D Lul?dx

|a|<2m—1

+ /G<1>(Lu) dz < +oo}. (4.5)

Theorem 4.1 Let (D1) to (D5) be fulfilled. Then (4.1) is solvable almost every-

where in G for any h € W2(G)N Wq, (G) and the solution u belongs to the space
oL

HE(G) N {u| D%ulopg =0, |a|<m—1}:=H (G).

In the case when F,, F; have additional smoothness, condition (D5) concerning
the growth of the nonlinearities can be relaxed somewhat. We consider the following
assumption:

(D6) There exist convex functions 3, Y114, Pja > 0,5 =8,9,10, |of <2m —1,
and constants C;, C; >0, j =6,...,10, such that with &; = (a1, ..., a1,

Q; + 1a (6 7R PO an) ) Bz = (/Bla s aﬂiflaﬁi + 1)/8i+1) s a/Bn) the fOHOWing
inequalities are fulfilled:

Z ZTL:{‘FOMEQ(:E’&”)‘ gdi 5 }
B|<2m-2

|a|<2m—2 i=1 + ‘Fofafﬂ z,&,m ‘ ‘faz gﬁz

< cﬁ{ s+ X |[poel)] oralén) + %(sa)]} + Cs,
laj<2m—1 L

Xn:{‘Fomf(:E?é:n) + Z ‘FOEQ(%&U)‘ |77|}

1= |a|<2m—2

< Cy {903(77) + Z ©oa(n) €010a(§a)} + Cr,

|a|<2m—1

=1 |a|=2m—1

DS {\mes,n)\ ] \Fogﬁgaxuusﬁlw
B|<2m—2

< Cg {@0(77) + Y [P @saléa) + solla(ﬁa)]} + Cs,

|a|<2m—1

n

Z{‘Foﬂvnxén)‘ ‘Foesgn-’ﬂﬁnHégl}MI
|B|<2m—2

=1

Co {|95(77)| + > @a(n) sosa(ﬁa)} :

|a|<2m—1
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‘Fog,,(x,é,n)‘ < Cho {@0(77) + > w(n) g03g(§a)} , o =2m — 1.

|8]<2m—1

Moreover, the functions g, ¥2q, P30, Pia, Ps« satisfy the conditions stated
n (4.4), and it holds

Psala) < |0, @3(m) <wo(m), ©3a(n) < 2a(n),
P100(ba) < P3a(ba), Pralla) <B1(L), || <2m—1.  (4.6)

In addition, the corresponding derivatives of the function Fj satisfy inequali-
ties of the same kind, and Fi,, Fig,, , satisfy the inequalities from condition
(D5), where the convex functions occurring on the right-hand sides of these
inequalities are estimated from above by strict inequalities as in (4.4).

Theorem 4.2 Let F = F(z,£,n) and L satisfy (D1) to (D4). Besides, let the
partial derivatives Fy,, Fy, , |a| <2m — 2, be of class C* and satisfy (D6). Then

o1
(4.1) is solvable almost everywhere in G for every h € W2(G)N Wy (G), and the
solution u belongs to HE(G).

Remark 4.3 If F' does not enjoy the smoothness necessary for the application of
Theorem 4.2 but one of the functions Fy or F; does, then we use for one of the
functions (D5) and for the other one (D6), and the assertion of the theorem still
remains valid.

Proof of Theorems 4.1 and 4.2: We apply Theorem 2.7. To this end, we have to
examine the properties of the spaces from (4.5) first.

We consider the spaces

Supal@) o= {ul s = 0 ([ o) 3 Zd:z:) #llulz, < oof o (4

) (4.8)

where ¢, oo, Y1 > 0, |a| = k, are convex functions satisfying certain conditions
which are, for example, of the type of condition (D3).

51,000 p10:2(G) = {Uf uls == @ (/ Z%a u) Pra;(Dju) Y

We remark that these spaces have been considered before under different assump-
tions for the functions ¢, @oa, Y1a (€.g., for the case @(u) := |u|fu, ¢; := Id. in
the papers [5], [7], [18], and for more general cases in [19] and others). Moreover, the
spaces (4.7) and (4.8) are gn-spaces (see [18]); consequently all results of Section 1
are valid for these spaces.

Furthermore, we apply the definition of the Sobolev spaces of the form L}*(G)
and choose the spaces S,p as basic spaces instead of L,(G). Thus, we obtain the
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following classes of spaces
St ,a(G) = {u| D®u € S145(G), lo] =k},
M{(G) == {u| Lu € La(G)},

St oo a(@ = {u| Du € S14501.2(G), la| = K} (4.9)

These spaces could, by analogy, be called nonlinear Sobolev spaces or Orlicz-Sobolev

spaces depending on which spaces are chosen as basis, S1,,2(G), S1,ponp1a,2(G) OF
S1p.2(G) -

In what follows, we will consider spaces of the form

Stoa(G) = {u| Lu€ 8145(G), Du| =0,]a] <m -1},  (410)

oG

n 2
S§,Lg¢:)0a,go1,,,2(G) = {u‘ Z /Ggola(D"‘u) wga(Lu)Z‘DiLu‘ dr < —I-oo} ,
i=1

|a|<2m—1

(4.11)

which are directly connected to the equations examined by us. For these spaces, we
have to prove imbedding results that are based on the following inequalities.

Proposition 4.4 Let m € IN and let ¢, Yoo, Y1a, |@] < 2m — 1, be nonnegative
convez functions with ©oa(7T) 01a(T7) < (1), for 7 € R. In addition, let ¢ = ",
Yoo = Df, , where &, By, , 1, are N -functions defined as in (*) in (D3). Then
the following inequalities are valid for any &,,n, m; € R :

()] |ni| < ep(m)n? + Cle) ®(n), where b= @, (4.12)

01a(€) |Poa(m)] M| < €1 00a(n) 1a(€a) i + Cle1) Poa(n) P1a(&a),
for a = (a1,...,0,) € Ny, Jof < 2m — 1. (4.13)

(Here, and in the sequel, € and ¢;, ¢ € IN, denote positive constants, and C(e),
C(e;) denote positive constants depending on ¢, ¢;.)

Proposition 4.5 Let @y, poa, 030 > 0, |a| < 2m — 1, be convezx functions with

1 _ 1 _ 1
eo(n) < @i(n) [nl",  w2a(m) < @6(m) nl™t,  @3a(T) < @in(T),

where ®, 14, Yoo are N -functions just like in Proposition 4.4. Then, the follow-
ing inequalities hold for any n, €, &a, mi € R with p>2,q=1p':

@o(m) fﬁa‘ < apmn + el + es®(n) + Cle, €, €3) - (4.14)

i

©20(N) P30(Ea) 1€al Imi] < €1 00a(n) P1a(&a) M + da € |&al” + €3 Poa(n) P1a(éa)

+e1P(&) + Cler, €2,€3€4), where d5 = { ;T:L’ (4.15)
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Proposition 4.6 Let ¢1, Y40, P50, |a] < 2m—1, be nonnegative convex functions
with
pr(n) <M, Paa(m) < |Goa(Ml,  @5a(T) < P1a(T),

where |@|, |Poal, ©1a are N -functions as in Proposition 4.4. Then the following
inequalities hold for any &,,n,m € R,

o1 < exo(n)n? + e ®(n) + Cle, €), (4.16)

§04a(77) Q05a(§a) |771| < g 50001(77) Qola(éa) "71‘2 + € (DOa(n) Qola(éa) + C(Gla 62) : (4'17)
Proposition 4.7 Let @3, Y, P10, |@] < 2m—1, be nonnegative convex functions
with

oa(m) < BE M) [0l @oalm) < Bl(m) 0], PralEa) < 0halEn),

where ®, Oy, , 1o are N - functions as in the preceding propositions. Then, with

1
6a:{0

the following inequalities hold for any &,, n, &5, i € R:

2m
) (4.18)

e

< m—l la| < 2m -1,

902(77) |§a| |7h| < € 80(77) |7h'|2 + €205 |§a|p + €3 <I>(77) + € ‘I’(fa) + 0(61,62,63,64),
(4.19)

Poa () Pra(&a) [l M| < €1 00a(n) Pralla) Iml” + € 0a €l + €3 B(En)
+ €4 Poa(n) P1a(éa) + C(e). (4.20)

Proposition 4.8 Let &, ®y,, @14, || < 2m — 2, be N -functions defined as in
(*) in (D3) by nonnegative functions ¢, po. that are at least main parts of certain
N - functions. Then the following inequalities hold for any &,,n, n; € R':

o(1) > oa(T) pra(r), Y7 € R, (4.21)
o) Iml1¢| < Cro(m) " + C2®(n) + C39((), (4.22)

©oa(n) Pra(€a) Ml 1] < C1oa(n) eralla) i + Co oa(n) P1a(&a)
+C32(C) + Cy (&) + Cs, (4.23)

|Boa(M)] 1910 (€l [€al 1] < Croa(n) praléa) n* + Co®(n) + C3 (&)

+C1®(&a) + C52(C) + G, (4.24)

181a(M)] Y1a(ba) I¢| < CLooa(n) Praléa) i + C2 Poa(n) ©1a(éa)
+C39(¢) + Ci®(&a) + Cs. (4.25)

Proofs of Propositions 4.4 to 4.8: The proofs of these propositions are derived from
Young’s inequality (Fenchel-Moreau) with a small parameter, applying the proper-
ties of NNV -functions and results from [19]. It constitutes no major difficulty, therefore
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we will not demonstrate the details, here. We confine ourselves to demonstrate just
one of the inequalities in Proposition 4.5 and in Proposition 4.8.

In the case of inequality (4.14) in Proposition 4.5, we have, using Theorem 1 in [19],
|a| = 2m, and
1 _
@ (n) [mi] |~ |€al
229172
(@(m) = ©"(n) |€al |mil

e p(mn? + Cle) @@ ()&l
eomn + e|&IP + e ®(n) + Clea, e,63),  (4.26)

IN

wo(n) 1€al 7

IN

<
<

and inequality (4.23) in Proposition 4.8 follows from

S00a(77) S01a(§a) |771| |C|
a(&) M + Ca00a(n) pra(fa)

< C1¢oa(n) Pra(ba)
< C190a(n) praléa) M + Co [|Goa(M]IC] + @oa(C) (] 010(Ea)
< C190a(n) P1alba) M + C2 Poa(n) P1a (€a) + C3@(() + Cs®(&) + Cs.
(4.27)
O

Proposition 4.8 leads to

Corollary 4.9 Let ¢, ¢oa, P1a; P, Poa, || < 2m — 1, be functions satisfying
the assumptions of Proposition 4.8, and let ¥ be the conjugate Young function to
® . Then the following implications hold.

u € S7,.(G) = @(Lu) € Wy(G), (4.28)
oL
u € Mg (G)N S 1 2(G) = poa(Lu) pra(D™u) € Wi(G), |af < 2m — 1,
(4.29)
where .
Mg (G) == ME(G) n {u| Du| = 0,8 <m—1}. (4.30)

We introduce two further denotations. We put

L
SlL,cp,Q(G) = S@oL,W&,(G)) S( )

17‘)00750172

(G) = S@O,S¢1’W\}’O(G))

whenever @y = @o(Poa, P1a), ?1 = P1(po, p1) are given functions. (4.31)

We then have the following result.

Lemma 4.10 Let the functions ¢, Qoa, P1a, P, Poa, ¥, |a] < 2m — 1, satisfy
the assumptions of Proposition 4.8 and suppose that

©00a(T) 01a(T) < (1), O(7) > 7P, V 7.
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Then the following imbeddings are compact:

oL

HAG) = 55,0l0) 0 (18] € Sianamyior = e (@), (432

o

om

HU(G) C Sporwie = Wem(G)N W

SooL Wl ; , (G) = W2 (G). (4.33)
Proof. Tt follows from the imbedding theorems for Orlicz—Sobolev spaces (see [4])
that the imbedding W¢(G) < Lg(G) is compact. Using the results of Section 1,
and invoking the conditions (D1) and (D4), we find that the imbeddings

oL

oL oL om
Sporwie) = Mg (G) CM, (G); M, (G) = Wa™(G)N W,, (G)  (4.34)

p

are compact. Consequently, the imbedding ’]—éL(G) — szg"(G) is compact, too,

because under the assumptions of the lemma we have that Hu”w?m(a)mv?/m @ is
PO po

equivalent to ||Lul|.,(c) - O

5 Proof of the existence theorem for (4.1)

Since the proof of Theorem 4.2 is similar to that of Theorem 4.1, only a little
lengthier, we only prove the latter here. To this end, we show that the operator
A generated by (4.1) is Ep-weakly continuous, and coercive in a generalized sense.
The result will then be a consequence of Theorem 2.7. The following lemmas yield
its applicability.

Lemma 5.1 Suppose the assumptions of Theorem 4.1 are satisfied, and let the
operator K : Xy := W2™?(G)N I/i)/p0 (G) N {u|Lulsg = 0} — L,(G) be defined
as Ku:=—ALu+k Lu. Then the pair (A, K) is a coercive pair in a generalized
sense, that is, for any u € X, it holds

(A(u), K(u)) ::/ [Fg(x,D“u,Lu) + Fi(z, D%u, Lu)](— ALu + k Lu) dx

> C{/ LuZ\DLu\ d:z:+/ 3 go[)a(Lu)(plaDuZ‘DLu‘ dz
-1

|a|<2m

+ / (Lu) + > @oa(Lu) pia(D* u)](Lu)2 d:z:} - C, (5.1)

|a|<2m—1

where C' >0, C > 0 are some constants.

Proof: In view of (D2), we have

(A(u), Ku) = k/G [Fo(x,D“u, Lu) + Fl(x,Dau,Lu)}Lu dz
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+ zn:/G [Fon(:z:,Dau,Lu) + Fi,(z, D%, Lu)HDiLurdx
i—1

+ Z/G Foz,(z, D%u, Lu) + ) Fogﬂ(x,Dau,Lu)DBiu D;Ludx

|8]<2m—1

+ Z/G Fig(z, D%, Lu) + Y Fig,(x, D*u, Lu)D;D’u

Bl<2m—1

D;Ludz. (5.2)

Applying now the conditions (D3) and (D5) of Theorem 4.1, we obtain

(A(u), K u) > C”/G

+k1/
_qé{

o(Lu) + Y. wop(Lu) pip(D° u)]il\DiLu\de

Bl<2m—1

‘go (Lu)Lu + ) @os(Lu) Lup15(D°u )] dz

|8|<2m—1

@(Lu)‘ + Z ‘gbog(Lu)‘(pw(Dﬁu)}f;|D,~Lu|dx

Bl<2m—1

_ Gy /G oo(Lu) + S ap(Lu) @3p(DPu)| S |D:DPul|D; Lu| dz

|8|<2m—1 i=1

—04/G pa(Lu) + Y pop(Lu) @rp(D°u)| 3 |DiDPul|DiLul dz
1 i=1

|8]<2m—1

—05/G ‘gol(Lu)‘ + Y pap(Lu) psp(DPu) ] > ‘D Lu‘dm —C;. (5.3)

|8|<2m—1

Here, we take into consideration that the following inequality holds under the con-
ditions (D2), (D3), and (D5).

(A(u), k Lu) > él/c {@(LU)LU + | > @oa(Lu) Lu (pla(D"‘u)] dz — C,.

(5.4)

Furthermore, applying Propositions 4.4 to 4.7 to those summands in (5.3) that have
no well-defined sign, we obtain

p(Lu)Lu + > ¢oa(Lu) Lupia(D* u)] dz

|a|<2m—1

(A(w), Ku) > k/
—f—C’/ o(Lu) + Z Yoo (Lu) @1a(D%u ] Z‘D Lu‘ dz
o] <2m—1

= / (D u) dx—EZ/CI)(Lud:L'—egZ/‘Da

1B|<2m la|=2m

— €4 / Poo (L) pro(D%u)dz — Cs. (5.5)

|a|<2m—1
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From this, using the inequality (4.2) in condition (D1) and Proposition 4.4, and
choosing k sufficiently large, we derive that (5.1) holds. Thus, the generalized
coercivity is proved. O

Next, we will prove that A is Eg-weakly continuous from H"(G) into Lg¢(G). In
fact, we show a stronger result.

Lemma 5.2 Under the assumptions of Theorem 4.1, the operator A : ’;:)-[L(G) —
Ly (G) is Eg - weakly continuous, and it is even fully continuous.

Proof:  Let {u,} C H*(G) be an Eg-weakly convergent sequence in H"*(G),
ie. u, —ug € SE_,(G), Eg-weakly in HE(G), but then also in SE_,(G).

Lemma 4.1 yields then that a subsequence can be chosen, again denoted {u,}, that
converges strongly in Mg(G), i.e. Lu, — Lug in Le(G), and also Lu, — Lug
in L,(G).

Hence, by (D4) and Lemma 4.1,
D%, — D%y, |a| < 2m — 1, Lu, — Lugin Ls(G). (5.6)

On the other hand, we get from the assumptions on the functions Fy, F; that
Fy, F; map continuously from HL(G) into Ly (G) . Besides, it follows from the

assumptions of the theorem that F :]\OJ<I> (G) = Lg(G) is continuous. We also get
that
F(-,D%,, Lu,) — x € Lg(G), FEg-weaklyin Lg(G), (5.7)

possibly after choosing a subsequence, and by virtue of (5.6) it follows that

D%u, — D%y, |a| <2m — 1, Lu, — Luy, almost everywhere in G .
(5.8)
Hence, x(z) = F(z, D*uy, Luy) , and

F(-,u,, D%u,, Lu,) — F(-,ug, D®ug, Lug) almost everywhere in G.  (5.9)
Thus, we finally have shown that
F(-,D%,, Lu,) — F(-,D%y, Lug) in Lg(G). (5.10)

This proves the full continuity of A from #*(G) into Lg¢(G) and thus, Lemma 5.2
is proved. O

Proof of Theorem 4.1: We have R(K) = K(W2"(G)n I/f/':; (G)N{u| Lulsg =
0}), and thus R(K) contains a linear subset which is everywhere dense in Fg(G) .

ol
Moreover, we have, for all h € WZ(G)N W (G),

(h, Ku)| =

/ h(— ALu + k Lu) dz
G

/(— Ah + kh)Ludz
G
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IN

ARy ) + E 1ol g ] 12wl
C(©) ¥ (Ihllwz@) + 6/G<D(Lu) dz + C. (5.11)

IN

Therefore, all assumptions of Theorem 2.7 are satisfied, and consequently, (4.1) is

o1
solvable in the sense of Definition 2.1 for any h € W2(G)N W (G) . In addition, we
can infer from Lemma 5.2 that the solvability is in the sense of almost everywhere
in G, and that w € #"*(G). This concludes the proof of Theorem 4.1. O

6 Parabolic equations

We consider the initial-boundary value problem

0
—2: + Fy(z,t, D%, Lu) + Fi(z,t, D%u, Lu) = h(z,t), (z,t) € Q,

0 (6.1)
u(z,0) = 0, Dﬁu‘BGX[OT] =0,|8 <m-1,T =0G x [0,T],

for u € W(0,T; Ly(G)) N Lg(0,T; W2™(G)N I/f/:: (@), h € Ly(0,T;W2(Q))

0l
NWy (G)), where Q = Gx[0,T], D*u = (u,Du,...,D®"y), and L is a linear
differential expression of 2m -th order just like in Section 4 ( D*u = {D"‘u‘ la| =k} ).

We assume the following conditions to be fulfilled.

(D7) The operator L generated by the differential expression L satisfies (D1)
and is a positive, selfadjoint operator commuting with 9/0¢. In addition,

it holds with L = L2, Ly = L}, for any u, v € Ly, (0,T; W2™2(G)" W,
(@) N {u]| Lulr =0},

= / (ALu)vdzdt = / Y D;vd; Ludzdt = / > (D;Lou)(D;Lov) dz dt .
Q Q=1 Qiz1

(6.2)
(Note that from this condition it follows that L is a differential expression
with constant coefficients.)

(D8) The functions Fy = Fy(x,t,§,n), F1 = Fi(z,t,§,n) satisfy a Carathéodory
condition with respect to the variables (z,t) € @, & € R™ (where m =
n?™~14+1) and n € R.

We introduce the spaces

?1,50,2,@(@) = W§(0,T; Lg(G)) N Ls(0,T; §f,<p,2 (@) N {u| u(z,0) = 0},
PHQ) = Pie2e(Q) N Ly (0, T HY(G)), (6.3)

o
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L
where H"*(G), 5’17%2 (G) are the spaces introduced in Section 4. Consequently,
these spaces are also gn-spaces and have the corresponding properties.

Theorem 6.1 Let (D7) and (D8) hold, and assume that the conditions (D2) to
(D5) on the functions Fy = Fy(z,t,&,n), F1 = Fi(z,t,&,n) are satisfied uniformly

o1
in t. Then (6.1)is for any h € Lg(0,T; W2(G)N W (G)) solvable (more precisely:
FEg -solvable) in PE(Q) (and a.e. in Q ), and du/Ot belongs to Ly(0,T; W (G)) .

Remark 6.2 The assertion of Theorem 6.1 remains valid when the assumptions
needed for the validity of Theorem 4.1 are replaced by those needed for Theorem
4.2.

Proof of Theorem 6.1: We apply Theorem 3.1. At first, it is not difficult to verify
that the operator A(-,t) generated by the elliptic part of problem (6.1) and the
operator K defined in Section 5 satisfy the conditions (C2), (C3) of Theorem 3.1,
by Lemma 5.1. Moreover, using (D7), we obtain the validity of (C4) from the
inequalities

ou ou ou
/QE <—AL§ n kLE) dz dt

- ou\’ ou\’ ~ | OLou
=[S (Dine2) dedt /k Lo %) dzdt> ¢
/Qil( Oat) vt Q ( Oat) = H ot

2

,(6.4)
L>(0,T;W2(G))

t 6u ~
/0 /GE(_ ALu + kLu) dedt > Col|Lou(-,8)|yse), ¢ € 0,T].  (6.5)

The FEg-weak continuity of the operator A is proved as in Lemma 5.2 with the
help of a compactness theorem following from Theorem 1.7 in Section 1. It is not
difficult to see that the space Pf,, ;(Q) satisfies the assumptions of Theorem 1.7.
From Theorem 1.7. follows therefore the compactness of the imbedding

Ploou(@) = La(0,T; Mz(G)), (6.6)
and, consequently, the compactness of the imbedding
PH(Q) — La(0,T; Mz(G)). (6.7)

But this means that, if u, — uy FEg-weakly in P*(Q), r / oo, then we have for
some subsequence, again denoted {u,}, that

D%, — D%y, |a| <2m — 1, Lu, — Luy, in Ls(Q). (6.8)

To continue, we now use the same argumentation as in the proof of Lemma 5.2 to
obtain the FEg-weak continuity of the operator A : PX(Q) — Lg¢(Q).

Thus, all assumptions of Theorem 3.1 are fulfilled for (6.1), whence the existence
result follows.
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In order to complete the proof of Theorem 6.1, it remains to remark that (6.1) can
be written in the form
ou
ot
and that, under the assumptions of the theorem, the right-hand side belongs to
Lg(0,T;Wi(G)). Then, also du/0t € Lg(0,T; Wg(G)), and Theorem 6.1 is com-
pletely proved. O

= h(z,t) — F(z,t, D*u, Lu), (6.9)

ol
Remark 6.3 If Fi(z,t,£,n) = Fi(z,t), then also Fy € Lg(0,T;W2(G)N Wy
(@)

7 Examples

Let G C R"(n > 1) be a bounded domain with a sufficiently smooth boundary
oG .

1. We consider the boundary value problem:

- [Soufpaf” + a2+ o) + 20| Au
" n Y

+ Y @@ [[0w)™ = h), ], =0
|at| +Ba <p+1 k=0

Theorem 4.1 yields for this equation the following existence result.

Theorem 7.1 Let p > pp > po > 2, o+ Bu < p+1,p> fip > 0, 00 = 0
or ap > 1,a, >0,k=20,...,n,a >0,b, € C', (ap,...,n) := a, B > 0.
Additionally, let one of the following conditions be fulfilled.

Pro

(i) Bo =0,3ko: 0<ko<m,op,>"2+1,a1 >0,]a|<p+ 1.

(i) Ba =0, ifapy =0,1<k<n,a<p+ 1,thenay = 0ora>2 and

ol qg+2
be € W2 (G)N G),qg>—.
q1( ) qu( ) q1 p+1_a0

ces " . 673 ﬁa -1 ~ b

(iii) Ba > 1, then > (sign ax)— + —=— = 1,00 < B <p,
k=0 Pk /8

Z 3|ba|ﬂa§a’/8a Z 2|ba|ak§akpka0§k§n-
ol +Ba<p+1 || +Ba<p+1

01
Then, problem (7.1) is solvable for any h € WZ(G)N W (G) almost everywhere in
G, and the solution u belongs to S, ,(G) N St; 2(G) N S§8) (G)n SQI(A)(G) :

3,p0,2 2Ds

Due to [1], the Laplacian A satisfies all conditions imposed on L. If one of the
conditions of the theorem is satisfied, then the last summand in (7.1) is a term of
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low order that satisfies the assumptions of Theorem 4.1 under the conditions (i)
and (iii), or the assumptions of Theorem 4.2 under the condition (ii) made for
Fi(z, D%u, Lu) .

Here, HL(G) is specified by the following spaces (see [17], [19]):

AOS”IA’%Z(G) = u‘ [u]lg == &1 / |Au|?In (1 + |Aul| )Z|D Au| d:z:)
=1

(/ In(l + |Auf) - |Au|”+2dx) < +oo}, (7.2)

;?IA,;BO,Z(G) = {ur [u]”°+2 = / |Au|”°Z|D Au| dzx

i=1
—|—/ |Au|P 2 dr < +o0, u‘ = 0} (7.3)
S0 5(G) = {u( ]2 *? = / ul* > [Diduf dz < +oo} , (14
i=1
1(4) o |2
S?,ﬁ,Z(G) = U( [uls = / | Dy u Z|D Au| dz < 400, .

(7.5)

2. We consider the boundary value problem
— <a0 el 4 Za el D™ g e(Au)? _ b) Au = h(z), z € G,

ul, =0, 0<a<p<l (7.6)

The following existence result for problem (7.6) is a consequence of Theorem 4.1.

Theorem 7.2 Let 0<b<a+» azr—1,and a>1,a;,>0,0<a<f<1.
k=0

o1
Then, problem (7.6) is solvable for any h € W2(G)N Wy (G) almost everywhere in
G, and the solution is contained in SA (G) N SE) (G) N S38N(G) = HAG),

10,2 P2

‘77| ‘771 a
with o(r) =", @(n) = ["dm [ o(r)dr, our) = 1, () =
1,0 =,

We now state the fundamental inequalities necessary for proving the generalized
coercivity of the operator A.

Proposition 7.3 Let 0<a<f<l,a<v<1,8<u<1. Then, the following
inequalities hold for any u € C3*(G) N CL(G).

/Gelu\”“|u|a|Dju| |Au||D;Aul dz
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< € / """ D;Aul? dz + 61/ [e'DJ'”‘HB + e‘A”‘Z] (Au)? dz
el el

+ Cole, 1) / ™™ g 1 Cle, 1), (7.7)
G

/ el234"*| D.w|?| D;D;ul | Aul | D;Au| dz

G

< € / P D AU dr + ¢ / [e'DJ'”‘H” + e‘A”‘2|Au|Z] dz
G G

+62/ IDiD;ulP dz + Cle, 1, es). (7.8)
G

Proof: ~We have, with suitable py,ps > 1,

/ el |u|*| Dyu| | DiAul | Au| dz
G

< ¢ / e | DA dz + C(e)/ e i [u[22| Dyul?| Auf? do
G G
< e/ "D AuP do + 61/ (e'D"“‘Hﬁ = 1) |Aul? dz
G G
+C’(e,61)/ ePilul |y 2002 Ay |2 e
G
<

e/ e D Au? de + 61/ [e'D"”‘Hﬂ + e'A“|2] (Au)? dz

G G

+Cu(e 1) / U de 1 Cyle, er), (7.9)
G

and, for the other inequality,

/ e5v"*?| D.w|f| D Dju| |Aul | DiAu| de
G

< ¢ /G D3 | D AU dz + C(e) /G el2iu"®| D |2 D; D;ul?| Auf? do
< e/Gele“|l+B|DiAu|2d:L'—|-el/G|D,-Dju|pdx
+ Oy (e, 1) /G A5 | Dy 298| A2 dir
< el/G|D,-D]-u|pd:1:—I—e/Ge|DJ'“‘H5|D,-Au|2dx—l—ez/Ge‘A”‘z(Au)zdx
+ C (e, 61,62)/G6‘D"“|1+“ dz + Cs(e, €, €2) . (7.10)
|

Remark 7.3 Parabolic equations having an elliptic part as in Examples 1 and 2
can be treated in exactly the same way.
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