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Abstract

In this paper we consider a piecewise linear collocation method for the solution of
a pseudo-differential equations of order r = 0, —1 over a closed and smooth bound-
ary manifold. The trial space is the space of all continuous and piecewise linear
functions defined over a uniform triangular grid and the collocation points are the
grid points. For the wavelet basis in the trial space we choose the three-point hi-
erarchical basis together with a slight modification near the boundary points of the
global patches of parametrization. We choose three, four, and six term linear com-
binations of Dirac delta functionals as wavelet basis in the space of test functionals.
Though not all wavelets have vanishing moments, we derive the usual compression
results, i.e. we prove that, for N degrees of freedom, the fully populated stiffness
matrix of N? entries can be approximated by a sparse matrix with no more than
O(N[log N]%%3) non-zero entries. The main topic of the present paper, however, is
to show that the parametrization can be approximated by low order piecewise poly-
nomial interpolation and that the integrals in the stiffness matrix can be computed
by quadrature, where the quadrature rules are combinations of product integration
applied to non analytic factors of the integrand and of high order Gauf rules applied
to the analytic parts. The whole algorithm for the assembling of the matrix requires
no more than O(N[log N]*?°) arithmetic operations, and the error of the colloca-
tion approximation, including the compression, the approximative parametrization,
and the quadratures, is less than O(N ~![log N]?). Note that, in contrast to well-
known algorithms by v.Petersdorff, Schwab, and Schneider, only a finite degree of
smoothness is required.

1 Introduction

It is a well-known fact that usual finite element discretizations of linear integral equa-
tions (e.g. of boundary integral equations) lead to systems of linear equations with fully
populated matrices. Thus, even an iterative solution method requires a huge number
of arithmetic operations and a large storage capacity. In order to improve these finite
element approaches for integral equations, several algorithms have been developed. One
of these consists in employing wavelet bases of the finite element spaces. The basic idea
goes back to Beylkin, Coifman, and Rokhlin [3], and has been thoroughly investigated
by Dahmen, v.Petersdorff, Profdorf, Schneider, and Schwab [13, 14, 33, 32, 31, 44] (cf.
also the contributions by Alpert, Harten, Yad-Shalom, and the author [1, 22, 39]). In the
present paper, we shall apply the wavelet technique to the piecewise linear collocation of
two-dimensional boundary integral equations of order r = 0 and r = —1 corresponding to
three-dimensional boundary value problems.

First we shall present a new simple biorthogonal wavelet basis (compare the definition of
univariate biorthogonal wavelets by Cohen, Daubechies, and Feauveau [9]) of continuous
piecewise linear functions defined over triangular grids. The grids will be supposed to
be uniform refinements of a coarse initial triangulation, and the basis will be the system
of three-point hierarchical basis functions, i.e. each basis function will be a linear com-
bination of no more than three finite element functions defined over the corresponding
level of a grid hierarchy. If the function is located in the interior of a triangular patch of
the initial triangulation, then it will have two vanishing moments. If the basis function
intersects the boundary of the coarse triangles corresponding to the initial triangulation,



then no vanishing moment condition will be fulfilled. We shall prove that this basis is a
Riesz basis in the Sobolev space of order s over the boundary manifold for —0.5 < s < 1.5
(compare the general approach by Dahmen [11]). In comparison to other bases of continu-
ous wavelet functions our basis functions will have a rather small support, and we believe
that this property is essential for the wavelet algorithm. Indeed, small supports lead to
better compression rates, especially, for lower levels and to faster quadrature algorithms
for the assembling of the stiffness matrix. Similar systems of hierarchical three-point
functions have been analyzed before for the real plane and for manifolds by Junkherr,
Stevenson, Lorentz, and Oswald [24, 46, 27]. For manifolds, however, the constructions
are either more involved or the range of Sobolev orders for the Riesz property is smaller.
In comparison to tensor product wavelets over rectangular partitions (cf. the almost anal-
ogous construction in [38]), we believe that triangular grids are easier to adapt to general
geometries. Note, however, that the general construction of tensor product wavelets by
Canuto, Dahmen, Schneider, Tabacco, and Urban [15, 16, 17, 5, 6, 7] offer interesting
additional features, which seem to be useful, especially, for integral operators of different
order and Galerkin discretizations. Piecewise linear and continuous wavelet functions over
triangular grids have been constructed by Dahmen and Stevenson [18]. Note that, though
these wavelets have larger supports, the corresponding wavelet transforms are fast and
the Riesz property is satisfied for —1.5 < s < 1.5. A last alternative for the basis in the
trial space is provided by discontinuous wavelet functions. These so called multiwavelets
are easy to construct. They have been introduced by Alpert [1] and generalized to two-
dimensional manifolds by v.Petersdorff, Schneider, and Schwab [30]. The corresponding
spaces lead to larger systems of equations, and it seems to be an open question whether
the increase in the degrees of freedom can be compensated by higher compression rates
and better constants in the error estimates.

For the basis in the test space spanned by Dirac delta functionals, we shall take the usual
test functionals which can be considered at as scaled versions of difference formulas (cf.
the wavelet collocation methods by Dahmen, Préfidorf, Schneider, Harten, Yad-Shalom,
and the author [14, 22, 39, 38, 40]). Applying the wavelet basis functions of the trial
and test space, we shall obtain the well-known compression results for trial wavelets
with vanishing moments due to Dahmen, v.Petersdorff, Préfidorf, Schneider, and Schwab
[14, 33, 44]. The compression for trial functions without vanishing moments is the same
as in [38] (cf. also the univariate analogue for the Galerkin method treated in [33, 4]). In
particular, to compute an approximate collocation solution with optimal asymptotic order
of convergence, it is sufficient to compute and store O(N[log N|*-7®) entries of the fully
populated N x N stiffness matrix. Here N stands for the number of degrees of freedom.

In general, the stiffness matrix cannot be computed exactly. This is the case, for instance,
if the boundary manifold is given by a discrete set of points, only, or if no analytic formula
is available to integrate the kernel and trial function. Therefore, we shall consider an
algorithm for the approximation of the boundary surface and for the quadrature of the
integrals. We emphasize that this is the most time consuming and the most difficult
part of the wavelet method. To set up the stiffness matrix, we shall proceed as follows.
Depending on the test functional, we shall define an appropriate partition of the supports
of the trial basis functions. Over these subdomains we shall replace the parametrization
of the boundary manifold by a quadratic or cubic interpolation. We shall assume that the
kernel function is a finite sum of terms (P, @) — k(P, Q)p(P—Q)/|P—Q|*, where k(P, Q)

is 2—r times continuously differentiable and where p(P — @) is a polynomial with constant



coeflicients. For the part k( P, Q) of the kernel function, we shall apply a low order product
integration rule with the weight function chosen as the product of @ — p(P—Q)/|P—Q|*
times trial wavelet. The quadrature weights of the product rule, i.e., the integrals over the
function p(P—@Q)/|P—Q|* times trial wavelet will be computed by Gaufl rules of order less
than O(log N). This way and using well-known ideas to treat singular integrals, we shall
arrive at a fully discretized wavelet algorithm with O(N[log N]*?°) arithmetic operations
to compute O( N[log N|*2°) entries of the stiffness matrix. Assuming that the collocation
is stable, the asymptotic error of the exact collocation solution is known to be less than
O(N~(2-7)/2) which is optimal for piecewise linear trial spaces. The fully discrete wavelet
algorithm will be shown to be stable, too, and to be convergent with an almost optimal
error less than O(N~(~"/2[log N]?) for r = 0 and less than O(N~(2-7)/2[log N]*25) for
r=—1.

Notice that alternative quadrature algorithms have been considered by Beylkin, Coifman,
Rokhlin [3] for integral operators with smooth kernels and by v.Petersdorff, Schwab, and
Schneider [33, 44] (cf. also the numerical implementation by Lage and Schwab [26]) for
boundary integral operators with Green kernels over piecewise analytic boundaries. To
our knowledge, the fully discrete algorithm of the present paper is the first which applies
to boundary integral equations over surfaces with finite degree of smoothness. In fact,
the required degree of smoothness for the geometry will be equal to the convergence
order 2 — r increased by one, i.e., the same as for the conventional collocation algorithm.
Moreover, beside the usual singular main part p(P — Q)/|P — Q|* of Green kernels, the
kernel function of the integral operator will be allowed to have an additional factor k(P, @)
of finite smoothness degree 2 — r. In the proof of corresponding error estimates, we shall
show that the techniques developed for the compression algorithm apply to the analysis
of the discretization as well. The only thing to do is to replace the decay properties in the
matrix entries due to the vanishing moments of the trial functions and the norm estimates
due to the smoothness of the solution by error estimates of the approximate parameter
mappings and of the quadrature rules, respectively.

The powers of logarithms in the asymptotic convergence and complexity estimates are, of
course, not optimal. Using the refined compression technique of Schneider [44], choosing
wavelet basis functions with more vanishing moments, and applying higher order quadra-
ture rules, the logarithmic powers can be dropped or, at least, their exponents can be
reduced. Note, however, that the application of higher order moment conditions and
quadratures requires additional smoothness assumptions. Furthermore, we believe that a
simple algorithm like the one in the present paper is often more efficient than an asymp-
totically optimal method since the number of degrees of freedom does not tend to infinity
in realistic numerical computations.

The plan of the paper is as follows. In Sect.2 we shall describe the boundary manifold,
the integral equation, and the conventional piecewise linear collocation method. We shall
introduce the three-point hierarchical wavelet functions of the piecewise linear trial space,
the test wavelet functionals, and the corresponding compression algorithm in Sect.3. Sect.
4 will be devoted to the description of the interpolation of the parameter mappings and to
the quadrature algorithm. All proofs will be deferred to Sects.5 and 6. In particular, in
Sect.b we shall prove the Riesz property of the wavelet basis, count the numbers of entries
in the compressed matrix, and derive the compression estimates and preconditioners.
Finally, the discretization including the approximation of the parametrizations and of the
integration will be analyzed in Sect. 6.



2 The Piecewise Linear Collocation Method

2.1 The Manifold

We suppose that the integral equation to be solved is given on a closed boundary manifold
I' C IR? with finite degree of smoothness. More exactly, we assume that I' is the union of
mr triangular patches I',,, i.e.

r Ut Doy, T = &m(T), (2.1)
T = {(s,t)ERz: 0<s<1, OStSmin{s,l—s}}.

Here the k,, denote parametrization mappings from the standard triangle T' to the man-
ifold I'. We assume that the k,, extend to mappings from a small neighbourhood of
T C IR? to T' and that these extensions are dr times continuously differentiable. Here
dr is an integer which is assumed to be greater or equal to three when dealing with zero
order operators and greater or equal to four when dealing with operators of order r = —1.
Further we suppose that the intersection of two patches I',, and I',,s is either empty or a
corner point for both patches or a whole side for I',, and I',,;. In the last case we assume
that the representations

I,.NTy = {nm(c1+)\(c2—c1)): OS)\Sl},
I N = {ﬁm:(c'l—l—)\(c'z—c'l)): OS)\Sl}

satisfy the condition
Km (cl + Aea — cl)) = K (c'l + A, — c'l)), 0< A<, (2.2)

Note that, for the numerical method, the parameter mappings «,, need not to be given
for all points of T'. We shall use only the values of k,, at the points of a uniform grid over
the triangle T'.

In the construction of the wavelet basis the numbering of the patches will play a crucial
role since the basis functions will first be defined on I';, then on I'y, and so on. To secure
stability of the so constructed basis, we even need an assumption connected with the num-
bering. We suppose that, if the corner P of a patch I',, is contained in the union U7 4 T,
of the preceding patches, then at least one of the sides of T',, ending at P is contained
in U™ T It is not hard to see that, for a boundary manifold I' homeomorphic to the
sphere and for any fixed triangulation, there always exists a numbering of the triangular
patches which fulfills the assumption. However, the numbering assumption seems to be
a severe topological restriction. It seems to us that, for boundaries homeomorphic to the
torus a construction of similar basis systems is possible only if the triangular patches are
combined with rectangular ones and if the piecewise linear functions over the triangular

patches are combined with piecewise bilinear functions over the rectangular patches (cf.
[38]).

To secure stability of the wavelet construction, we need a final assumption on the paramet-
rizations. For any m = 2,...,mr — 1, we suppose that, if one of the two “shorter” sides
km({(5,8): 0 <5 <0.5}) and kn({(s,1 —s): 0.5 < s < 1}) is contained in U4 T,,,
then the other must also be contained in U™} T,,. This last assumption can always be



satisfied if the parameter mappings «,, are replaced by a composition of &, with a suitable
affine automorphism of 7.

Since the manifold is at least thrice continuously differentiable, for each ¢ € T', there
exists a unit vector ng normal to I' at () and pointing into the exterior domain bounded

by I'. The Sobolev spaces H*(I') over I' can be defined in the usual way. We define the

space H*(I',,) over I',, as the image of the Sobolev space over T, i.e.
H(T,,) = {f: forme H(T)}.

Consequently, we get

m iy s 1 3
HS(F) = {(fM)mil S @ H (Fm) : an|1"mﬂl"m/ — fm’|1“mnl"m,}, 5 <s < 5,
m=1
s iy s 1 1
HT) = @H(Tn), —5<s<s, (2.3)
m=1

b . 1 3
[ fllzrsey ~ J > ||f|1“m||12qs(rm) , feH (D), ) <s< 5%
m=1

Finally, we note that the sphere can serve as a simple example for a boundary manifold
fulfilling all assumptions. To get the corresponding parametrization mappings, we inscribe
a tetrahedron and take the projections from the midpoint mapping the triangular faces of
the tetrahedron onto triangular patches of the sphere. Composing these parametrizations
with suitable affine mappings, we arrive at a representation (2.1) for the sphere. The
numbering of these four parameter patches can be chosen arbitrarily.

2.2 The Integral Equation

Over I we consider a pseudo-differential operator A of order r = 0 or r = —1 mapping
H*/? into H="/2. We suppose that A is an integral operator of the form A = K forr = —1
and A = al+ K for r = 0, where al stands for the operator of multiplication by a function
a which may be zero, and the integral operator K is defined by

p(P - Q)

bR U(@der (2.4)

Ku(P) = /F K(P,Q,n0)

The function p stands for a homogeneous polynomial of degree deg(p), the real number
a is equal to r 4+ 2 + deg(p), and the kernel function k depends on the points P,Q € I
This function need not to be a restriction to I' X I' of a function defined on the space
IR® x IR®. 1t may depend for instance on the unit normals np and ng pointing into the
exterior or on any different kind of differentiable vector field over I'. To simplify the
notation, we assume a special dependence and take £ = k(P,Q,ng) with k defined on
at least a neighbourhood of {(P,@,n): P,Q €T, n=ng} CT xT' x R? Ifr =0,
then the integrand in (2.4) can be strongly singular and the integral is to be understood
in the sense of a Cauchy principal value. To ensure the existence of this principal value,
we assume that p is odd, i.e. p(@ — P) = —p(P — Q). Note that in applications we often
have a finite sum of integrals of the above type and additional terms of lower order. Only
for simplicity of notation we restrict ourselves to the one term of (2.4).



For the operator A including the just defined integral operator K, we assume the conti-
nuity of the mapping

A: H™(T) — H(T) (2.5)

with s = 0 and s = 1.1 (or s = 1.1 replaced by a different s with 1 < s < 1.5) and the
invertibility of (2.5) with s = 0. Further, we suppose a finite degree of smoothness, i.e.
the function a is supposed to be twice continuously differentiable and the kernel & to be di
times continuously differentiable. More precisely, for any di-th order derivative 8;." taken
with respect to variable P € I' and for any di-th order derivative 85’:,1 taken with respect

to the variables Q € I' and n € IR3, we require that 6;."8'1’:”]9(]3, ®@,ng) is continuous. The
degree of smoothness di is supposed to be greater or equal to two for r = 0 and greater
or equal to three for r = —1. For an operator A which satisfies all these assumptions, we
shall solve the operator equation Au = v with known right-hand side v and unknown wu.
To get error estimates with optimal order, we finally assume u € H?(T').

Let us consider some examples. For instance, single and double layer potential equations
belong to our class of operator equations. Indeed, for the single layer case A = A,
corresponding to Laplace’s equation, the order r, is —1, and

1
ks(P,Q,ng) := = ps(P—Q):=1, oa,=1.

In case of the double layer operator A = Ay we get the order ry = 0, and the multiplication
function ag = 0.5 is constant. The integral operator Kj is the sum of three terms K3,

KY, and K};. The first term K7 is defined by
n(ﬂ
k3 (P, = kj|P 2 nYoni)) = ——2
d( 7Q7nQ) d( 7Q7(nQ7nQ7nQ)) 47’
ps(P—Q) = P;((PE—QE,Py—Qy,PZ—QZ)) .— P _ Q"
and the second and third analogously by changing z to y and z, respectively. Note that the

operator Ky without al is a pseudo-differential operator of order —1. Boundary integral
operators for the Stokes system or for Lamé’s system can be represented in a similar

fashion (cf. [28]).

To get a further example, we take the adjoint operator K and replace the normal vector
field ng by an oblique field og. We arrive at a strongly singular boundary integral operator
A = A, which corresponds to the oblique derivative boundary value problem for Laplace’s
equation. In this case, a, := —0.5np - op and K, = K7 + K? + K? with

xr xr xr zZ Oz
ko(P7Q70P) = ko (P7Q7(OP7011!370P)) = ﬁ; & = 37
pz(P — Q) = pz ((Pz _ Qm)Py _ Qy,PZ _ QZ)) = Pa: o Qz
The definitions for the second and third kernels corresponding to K¥ and K7, respectively,
are analogous.

2.3 Grid and Collocation Points

Let us introduce a hierarchy of uniform grids over the standard triangle T'. For the step
sizes 271, 1 =0,...,L, we set

AT = ATURT,



Figure 1: Grid AP,

A = {@27527) 0<i <2, 0 <5 < min{2' —4,4}},

N = {2+ 27527 s 0K <2 0 < <min{2' — 4,0+ 1}}
and denote the grid points by 7 = (s,t) € A]. The grid A} is the restriction of the grid
(cf. Figure 1)

AF ={@27 27 g5 € 22U {7 2 + (127 527 s g € 27
to the triangle T'. Using the parametrizations, we arrive at a grid hierarchy on I'.

A} = {I‘Lm(’r)i m=1,...,mr, TEAIT}.

Clearly, a grid point P = K, (7) may have more than one representation. If P is in the
interior of a side of the triangular patch T, which is a common side with T/, then there
are exactly two representations P = k,,(7) and P = Ky, (7'). If P is a corner point of a
patch, then there exist k& > 2 representations P = K, (71) = Kmy(72) = ... = &m, (Tk)-
We introduce Al as the set of those P € Al whose representation P = k,,(7) with the
smallest m satisfies 7 € N\], ie.,

AT = uUrn, {nm(T) c 7 €NF k(7) ¢ Uz,_:llnm/(AlT)},

and arrive at Al = AV U?AT. The points of Al will be denoted by upper capital letters
like P and Q.

To each grid Al there corresponds a partition of T' into triangular pieces. Indeed, let us
introduce the sets of centroids

2 11 15 11 51
DR = {(_;_) k; (_7_) k; (_7_) k; (_7_) k:k Zz}’
° 25) TP \2s) TP o) TP \e2) T ©
DIIRZ = {2_17': T ED?Z}, oy = TﬂDlRZ,
o = {nm(T): T eaf, m:1,2,...,mp}.

For each point 7 € OF, there exist three uniquely defined neighbour points 71, 75, and
73 such that 71,7, 73 € AT, that the triangle T, spanned by the three corners 71, 75,



and 73 is of square measure 272 /4, and that 7 is the centroid of T,. We arrive at the
triangulation {7, : 7 € O} of T. Note that, for I’ > [, the centroids in O are located
at the boundaries of the smaller triangles T, with 7/ € OF. Hence there is a one to one
correspondence between the triangles T, over several levels and the centroids in U 007,
Similarly to the triangulation over T, we define the triangulation {T, : 7 € OF’} of IR?.
For I and a point Q = k,(7) €0}, we set Tg := {km(0) : o € T,} and arrive at the
triangulation {Tg : @ € O }. Further, we denote the level [ of the points @ € O] by
I(Q). Notice that each partition triangle Iy, @ €O}, of the generation [ splits into four
subtriangles of the generation [+ 1. We call I'y the father of the four subtriangles and,

for @ € O7, | > 0, we denote the father of Ty by [gr.
Beside the grids Al we introduce the difference grids

V- {A§ ) if I = —1

N \Ap if1=0,...,L -1,
and obtain AL = JE7% VT, For P € AL, we denote the unique level [ for which P € V}
by I(P). Analogously to VI, we define the difference grids and the point levels over T
and IR? and get AL = U7, VT as well as AFZ = U4 V{RZ. Finally, in accordance
to the splitting AT = N U AT, we introduce ‘V¥ = VI n ﬁﬁ_l for 2 = 1,2 and get
Vi ='VIU?V{ as well as 2V{ = AAL},. Similarly, we define ‘VF and *VT.

Now the set of collocation points will be the grid AL, i.e. the test functionals of the
collocation scheme are the Dirac delta functionals §p with P € AL. The test space Dirk
is the span of all these ép.

2.4 The Trial Functions

Figure 2: Hat function (s,t) — %o(s, ).
To prepare the introduction of linear spaces, we first define two-dimensional hat functions
for the grid Ag#.
‘o (s,t) = maX{O, 1 — max{|s — t|,|s + t|}},
% (s,t) = maX{O, 1 — 2max{|s|, |t|}}



Clearly, the function % and the function % shifted to the point (0.5,0.5) are piecewise
linear functions subordinate to the triangulation {7} : 7 € OF’} (cf. the grid in Figure
1, the graph of Y in Figure 2, and the graph of %p shifted to the point (0.5, 0.5) in Figure
3). Note that %o can be obtained from % by rotation with angle 7/4 and by dilation with
factor v/2, i.e.,

290(37t) = 190(3 + t; s — t)‘
Now we get piecewise linear basis functions by dilating and shifting *» and % to each grid
point. More precisely, for each grid point on T, we set

o (o) = Y (21(0 — T)) , TN

With the help of the parametrizations we introduce the piecewise linear (with respect to
the parametrization) hat functions over I'. For each grid point P € Al we set

! o ¢t (o) if there exist m, 7,0 s.t. Q@ = Kp(0), P = Kp(T)
d@ = {0 o 2.6
Due to the assumptions on the parametrizations (cf. (2.2)) the basis functions are well
defined. Note that if P € Al is in the interior of the parametrization patch I'y,, then the
support supp b of b is contained in T'y,. If P = K,(7) = Kpr(7) is in the interior of a
side, then supp pp C 'y, U Ty, For corner points P = K, (T1) = Kmy(72) = ... = K, (1)
of the triangular parametrization patches we get suppwh C UF_T,. . We denote the
span of the functions 5, P € Al by Lin!. Obviously, this is the space of all continuous
and piecewise linear functions over the partition {Tg : @ € Of } corresponding to the grid
AL where linearity is understood with respect to the parametrization. The space Lint
will be the set of trial functions for the collocation.

Figure 3: Hat function (s,t) — %(s — 0.5, — 0.5).

2.5 The Collocation Scheme

Now the collocation method seeks an approximate solution uy, for the exact solution u of
Au = v. This is sought in the trial space LinL by solving

Aur(P)=v(P), P e AL (2.7)



Using the representation uy, = > pear €pwk, the collocation equation can be written in
form of a matrix equation Aré = 71, where we set

5 = (€P)P€AE7 n = (nP)PEAE7 np = U(P)

The matrix of the linear system is the so called stiffness matrix given by
Ar := (ap,p)ppeat, ap,p = (App)(P').

Moreover, using the interpolation projection Ry defined by Ry f := > peal f(P)pk, the
collocation can be treated as a projection equation of the form RpAur = Rpv.

Throughout this paper we shall assume that the collocation method applied to the op-
erator equation Au = v is stable. For the exact definition of stability and some remarks
we refer to Sect.5.4. If the collocation is stable, if the exact solution u is in H?(T'), and
if b ~ 27 denotes the step size of the discretization, then the approximate solution uy,
satisfies the well-known optimal convergence estimates (cf. Sect. 5.4)

IN

Ch?, r=0,-1, (2.8)
Ch®, r=—1. (2.9)

[u _uLHLZ(F)

IN

[u _uLHH—l(F)

3 The Wavelet Algorithm

3.1 The Wavelet Basis of the Trial space

Figure 4: Neighbours 7; and 7.

Now we introduce a simple wavelet basis for the piecewise linear space. These functions
have been considered first for the case of different grids in the plane IR? (cf. [24, 46, 27])
and are called three-point hierarchical basis functions. More precisely, for the plane and
for any point 7 € AFZ, we set (cf. Figure 5 for the supports of such functions)

90., ifre VIEZ
v, = ot — {(Pl—l—l l+1} if € 1vlfRZ with I =1(7) € {0,...,L — 1} (3.1)
l-|—1 {‘PIH l-|—1} ifTeglez with 1 = I(r) € {0,..., L —1}.

10



NN NS NN N

AN /N N\ /|\ AN
\/ | | > | |

\‘

Figure 5: Supports of wavelets ¢, and ,.

Here 71 and 75 denote the uniquely defined neighbours of 7 on Affl (cf. Figure 4). Indeed
any difference grid point 7 € 2V{RZ C Affl has exactly two neighbour points 7; and 74 at
minimal distance which belong to AF* C Affl Any difference grid point 7' € 'VE C
Affl has exactly two neighbour points 7{ and 7, at minimal distance which belong to
]AIIRZ C Affl The functions v, with 7 € V;RZ, [ =0,...,L — 1 have two vanishing
moments, i.e. they are orthogonal to all constant and linear functions.

The wavelet functions ), on the manifold I' are slight modifications of (3.1). The defi-
nition is not very difficult. However, to motivate this definition, we shortly explain the
construction:

e We start with the first parametrization patch I'; and the definition of functions ¥p
such that P ¢ AE NT';. First we restrict the functions ¢, from (3.1) to T'. If these
restrictions intersect the boundary of 7', then we modify them adding restrictions
of three-point basis functions 1, with 7’ outside of T'. The resulting basis functions
¥ are restrictions of functions which are symmetric (even) with respect to the
boundary of T. For P = k,(7), we take the composition 1p = 9% o k7" to arrive at
functions over the parametrization patch I';. To get continuous trial functions over
T, we extend the 1p with P € VI NTy, | = —1,0,...,L — 1 from T'; to T such that
the extensions are piecewise linear on the partition {Ip : @ € Of,,} corresponding
to the grid AJ,; and vanish at all grid points from A}}; \ T'y.

o Next we define the functions ¥p such that P € AL N {3 \ T;}. We start again
with the restrictions of (3.1) to T'. Since we have already basis functions over the
boundary I'; N T'y, we need basis functions on I'y vanishing over I'y N ', i.e. basis
functions on T vanishing on the side S’ for which k3(S’) = 'y N T';. Therefore, we
modify the functions on 7' such that they are restrictions of functions antisymmetric
(odd) with respect to the side S’ and symmetric (even) with respect to the sides
S of T with k3(S) ¢ I';. Clearly all these functions vanish on S’. We take the
composition with &, ! to arrive at functions over the parametrization patch I'y which
vanish over I'yNT';. To get continuous trial functions, we extend these functions ¥p
with P € VI N{[y,\T1}, I=—1,0,...,L—1 from Ty to I" such that the extensions
are piecewise linear on the partition {Tp : @ € Of,,} corresponding to the grid
A[,, and vanish at all grid points from Al,; \ T,.
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e Analogously to the previous step, we define the functions ¥p such that the point
Pisin AL N {3\ (T'; UT3)}. Then we construct the functions ¢p with point P
in AL n{l'y\ (I'y UT; UT3)} and so on. Finally, we define ¥p with point P in
AL N T \ UnET' T )

For more details and the properties of the basis we refer to Sect.5.1. The final definition
of the three-point hierarchical wavelet functions over the manifold T is

0% if P eV,
gp =14 @5 —2iePPgpt 4 PPt L i P eV withl€{0,...,L—1} (3.2)
ot — LiePPit 4 PRl L i P e 2V with 1€ {0,...,L — 1},

where P; and P, are the uniquely defined neighbours on Aﬂ_l of P € V{, ie. Pi = k(1)
and Py = Ky (72) if P = km(7) is the representation with the minimal m € {1,...,mr}
and if 71, 7, are the neighbours of 7. The coefficients e>>¥" are equal to one in almost all
cases. Only if the point P’ = P, P, is at the boundary of a parametrization patch, then
a value ePF' different from one is needed. More precisely, the coefficients ePF"

by (cf. Sect. 2.3 for the definition of AT)

are given

1 if there is a parametrization patch T, such that P and P’ belong
to the interior of the triangle T',,
or there exists a side I',, N I',,» of a parametrization patch such
that P and P’ belong to the interior of the side 'y, N [/
2 if there exists a side I',, N [,y of a parametrization patch such
that m < m/', that P is an interior point of I';,, and that P’
belongs to the interior of the side I';, N Ty
or P =Nk T, is a corner of a parametrization patch, P’ € AL,
ePf = the point P is an interior point of a side I',,, N [y, and (3.3)
my<m;, 1=2,...,k
4 if P'=nkF T, is a corner of a parametrization patch, P’ € ‘AL,
the point P is an interior point of a side I',,; N [y, and
my<m;, 1=2,...,k
or P' = N®_T,,. is a corner of a parametrization patch, P’ € AL,
the point P is an interior point of the face I[',,, and
my<m;, 1=2,...,k

0 else.

Clearly, the support of ¢p is contained in the union of all those I';, in which P or at least
one of the neighbour points P; or P, is located. The basis {¢p : P € AL} spans the trial
space Lin} since the system is linearly independent (cf. (5.20)). Moreover, it represents
a hierarchical basis, 1.e.

(g : PeAE}:L01{¢P: Pevi},

=—1
Linl ¢ Lint c ... c Lint
0 1 L
-1

Lin], = span U {¢p : Pc V{}

I=-1

12



The function ¥p with P € VI, [ =0,...,L—1 and with supp 1p contained in the interior
of only one parametrization patch has two vanishing moments, i.e. it is orthogonal to
the set of all functions that are constant or linear with respect to the parametrization.
Orthogonality means here orthogonality with respect to the L? scalar product in the
parameter domain.

3.2 The Wavelet Basis of the Test space

To =T

™ = T]_

Figure 6: First case, point 7 at the boundary of 7.

Let us retain the definition of neighbour points P;,P, € AL of Pc VY, 1 =0,...,L —1
from the last subsection, and recall that ép stands for the Dirac delta functional at point
P. With this notation, we introduce the functionals

9 __{ ép if PeVE, (3.4)
P 6p— L {6p, +6p,} if PV} withl=1P)ec{0,...,L —1}. '
Clearly, the support supp ¥p is contained in I',, if P belongs to I',,. In particular, supp dp
is on the side of a parametrization patch if P is on this side. If P is a corner of a
parametrization patch, then suppdp = {P}. The set {¥9p : P € AL} is a hierarchical
basis of the test space Diry (cf. the Sects.2.3 and 5.2 ). Forany P € VI, [=0,...,L—1,
the functional Jp has two vanishing moments, i.e. it vanishes over the set of all functions
that are constant or linear with respect to the parametrization. To simplify the notation,

some times we shall write f(Jp) for dp(f).

The basis {Jp} will be suitable for the collocation applied to operators of order r = 0.
For r = —1, a basis with more vanishing moments is needed (cf. [14, 44]). This wavelet

basis {7 : P € AL} is given by

§p if P eV,
9t =4 dp if Pe VI with I =1(P) e {0,1} (3.5)
Op — t9pr f Pe VI withl=1P)e{2,...,L-1}.

Here P is defined as follows. We assume that P = ,,(7) with 7 € V¥ and that 7 is in

the closed triangle T, with o € OF ; (cf. the notation of Sect.2.3 and recall that T, is a
partition triangle of the level [ — 1 partition defined by its centroid o). We distinguish
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three cases. If 7 is at the boundary of T, (cf. Figure 6), then we choose 77 to be the
midpoint of that side of 7, at which 7 is located, and we set Pt := k(7). If 7 is not
at the boundary and not at the symmetry axis of T, (cf. Figure 7), then we choose 7+
to be the midpoint of that side of T, which is parallel to the straight line segment 7,7,
defined by the two neighbours 71, 7, of 7 from the grid AF. Again, we set Pt := k,,(77F).
Finally, if 7 is not at the boundary but at the symmetry axis of T,, (cf. Figure 8), then we
choose a neighbour triangle T,/ of T, which has a small side in common with 7,. Clearly,
the hypotenuse of T+ is parallel to the straight line segment 717, defined by the two
neighbours of 7 from the grid AY. We choose 77 to be the midpoint of the hypotenuse
of T, and set P* := k,,(77). Note that, if 7,7, and 7;", 7,7 denote the neighbour points
of 7 and 77, respectively, then the straight lines through 7,7, 7, and through 7+, 7,7, 7,
are parallel in all three cases. In accordance with (3.5), we get

'19; = 5:-:7”(7-) {5ﬁm(7'1) + 5"im(7'1)} "Tn(7'+) + 3 {5"Tn(7'1 ) + 5"‘" (T+)}

for P € V} with [ > 2. The set {§§ : P € AL} is a hierarchical basis of Dirk, too
(cf. Sect.5.2). For any P € VI, l =2,...,L — 1, the functional ¥} has three vanishing
moments, i.e. it vanishes over all polynomials of total degree less than three.

<
To T +
g
T
T 7'1+

Figure 7: Second case, point 7 not at the boundary of 75,.

3.3 Wavelet Transforms

For the trial space Lin} we have two different systems of basis functions {5} and
{¢p} at our disposal. We denote the basis transform by 74 (lower index A stands for
ansatz), i.e. the matrix 74 maps the coefficient vector (& := (EIID’)PENI: of the represen-

tation uz = ¥ pear £LoL into the coefficient vector 8 := (ﬁp)PeAE of the representation
ur = EPEAE Bpyp . This transform can be determined by a pyramid type algorithm
which is called fast wavelet transform.

To describe this, we write 3 = (87%,6°,...,B8571) for B! = (ﬁf;)Pevr = (ﬁp)Pevr and
introduce the auxiliary coefficient vectors ¢! := (fP)PeAr by Y pear ELoh = Y pear Brip.

14



T
To oo’ Tt
-
o
)
T 7'1+

Figure 8: Third case, point 7 not at the boundary of 7.

Now the algorithm for 74 looks as follows.

Wavelet Transform 7,4
initial value ¢! is given for [ = L
dol=L,L—-1...,1
use the splitting Lin} = Lin] , ®span{¢p : P € VI _;} to compute

2 ~ T - (3.6)

¢t and 71 from EPGA{ Epypp = EPEA{_l 553 19053 T+ EPev{_l 53 "p

enddo

set 871 := ¢°

form 8 = (67%,6%...,8%7)

Similarly, the inverse transform 7; ' can be realized by:

Wavelet Transform 7'

initial values B are given for [ = —1,0,...,L — 1

set {0 = 371

dol=1,2,...,L (3.7)
use the splitting Lin] = Lin]_, @lsparll {¢Yp: P€ V{_ll} to compute
¢ from Ypear €pb = Lpear &5 ¢ + Lpevr  Br Y

enddo

For the implementation of the inner part in the do loop of (3.7), we substitute the two

scale relations (cf. (3.2) and (3.3))

ol = 3 op  (P")oh, (3.8)

P’EA{: P’Esuppz,olls,_l
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'l:bP = Z dP’,P(PIl:’H P c v?—l; (39)
P’eAf
1 if PP=P
dprp = { —2ePP if P'e {P,,P,} and P € 'V} (3.10)
—1ePPif PP e {P, P} and P € 2V}

into the splitting equation > pear bl = 2peAr | 553_19053_1‘|‘2P€v{‘_1 B5 4hp and compare

the coefficients of the b. This yields the representation & = M;£'-t + M8t with the
sparse matrices

_ -1 ! _
M]- - ((PP (P ))PIEA{,PEA{ . ? M2 - (dP',P)P’EAf,PEVf_l .

There exists a small constant dependent only on the geometry of I' such that the number
of non-zero entries in each column of M; and M; is less than this number. Hence, the
multiplication by M; and M, requires only O(2%) arithmetic operations, and O(2%L)
operations are sufficient for the whole algorithm (3.7). For the algorithm (3.6), equation
& = M ¢ + M,B'1 is to be solved for the unknowns ¢! and B'~!. If this is done
by an appropriate iterative solver, then the whole algorithm (3.6) requires no more than

0(2%1), too.

Analogously to the trial space, we have two different bases in the test space. By 7t
(lower index T stands for test space) we denote the linear transform which maps the

vector v = (yp)peat = (Up(f))pear of functionals applied to a function f into the
vector of function values 7 = (np)pear = (6p(f))pear = (f(P))pear- Again, the
transform can be realized by a fast wavelet algorithm. We write y = (y71,4°,...,4L1) for

A= (7P)pevr and introduce the auxiliary coeflicient vectors nt = (n})PeA{ := (1P)pear-
Now we arrive at the following algorithm.

Wavelet Transform 77

initial values 7' are given for [ = —1,...,L —1
set n° = 471
dol=1,2,...,L
compute 7' : (3.11)
if P ¢ AL, then 7b = 75"
if P € Vi_, then f(P) =19p(f) + 3{f(P) + f(P2)},
ie. npb=7p" +3{ng" +15"}
enddo
Clearly, the algorithm in the inner of the do loop requires O(2%) arithmetic operations
and the whole algorithm (3.11) no more than O(2%F). Due to v5 ' =75 — 2{n%" + %'}
(cf. (3.4)), the inverse 77! is simply a multiplication by a sparse matrix. Hence, the
algorithmic complexity of the transforms 77 and 77 ' is O(2%L). The wavelet transforms
Tr and 77 ' with the basis functionals ¥p replaced by 97 can be treated analogously.

3.4 Wavelet Algorithm

Analogously to the stiffness matrix Az in Sect.2.5 we can set up a matrix with respect to
the wavelet basis. We introduce A} by

l}‘/) = (alll}g’,P)Pl,PeAE ? a'lllg’,P = ’,‘9P’(A¢P) (312)
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Note that A, = 77 AYT,. It will turn out that most of the entries a}, p are so small that
they can be neglected. Thus in the next subsection we will give an a priori matrix pattern
P c AL x AL with no more than O(2*L'L7®) elements. We will replace A% by the sparse
matrix obtained by the compression

Opi(Kypp) if (P',P)€ P

AT = (ap” , aprp:="vp(arhp) + 3.13
L ( P’P)P’,PEAE PP P( ¢P) { 0 ( )

else.

In the numerical computation the entries have to be computed by approximating the
parametrization and by quadrature. We denote the approximate value for api’p by apip
and set

Aot = (o

Do pene s A5 = To AP Ts, A = Tp AT, (3.14)
] L

With this notation we can describe two variants of the wavelet algorithm which differ in

the iterative solution of the discretized linear systems. The first is designed for integral

operators of arbitrary order r and requires the application of one transform 7, ! and one

transform 77" during the whole algorithm.

First Wavelet Algorithm

i) compute the right-hand side v := (Jp(v))p = 77 *(v(P))p
ii)  compute the sparsity pattern P
iii) assemble A7“? by a quadrature algorithm
iv) solve A7 = v iteratively, e.g. by the diagonally preconditioned (3.15)
GMRes method
v) computeé =T,
vi) post processing of the values u(P) ~ ¢p, e.g. computation
of linear functionals of the solution u

1v

The second is designed for operators of order r = 0. Though an application of the two
wavelet transforms 74 and 77 is required in each iteration, the corresponding number of
all iterations is often much smaller, and the second algorithm is faster.

Second Wavelet Algorithm

i) compute the right-hand side  := (v(P))p
ii)  compute the sparsity pattern P
iii) assemble A7“? by a quadrature algorithm
i solve Ar¢ = 7 iteratively, e.g. by the GMRes method, (3.16)
whenever a multiplication by matrix Ay, is required, then
multiply by 74, by A7"“?, and by 77
v)  post processing of the values u(P) ~ ¢p, e.g. computation
of linear functionals of the solution u

1v

e’

The GMRes algorithm is described in [42], and the diagonal preconditioner for the algo-
rithm (3.15) will be derived in Sect.5.4 (cf. (5.37)).

To reduce the complexity of the quadrature algorithm in step iii) of algorithm (3.16), we
modify the wavelet algorithm. We split operator A into the sum of a singular near field
part A°® and a part A"/ covering the non-singular near field and the far field part. More

17



precisely, for P’ € T, we introduce the characteristic function Zp: of a small neighbourhood

of size O(27L) around P’ by defining

Sp
0 else.

=pi(R) = { 1 if R € Ugeor: prer e

Using this cut off function, we set A*"u(P') := A(Zpu)(P’) and A"*f := A — A*". In
correspondence to this splitting, we introduce the approximate matrix [A*"]y, for operator
A" as well as the matrices [A"*f] and [A™*f]7"“? for operator A™*f. By [A°"]2 we denote
a quadrature approximation of the almost diagonal matrix [A*"];. Using this notation,
we arrive at the following modification of steps iii) and iv) in algorithm (3.16).

iii) assemble [A™*f]7"*? and [4°*"]% by a quadrature algorithm

iv) solve AL = n iteratively, e.g. by the GMRes method,
whenever a vector vy, is to be multiplied by matrix Ay, then:
compute Tyvz, (A2 Tyur}, and Tr{[A™ 2 Tyur},
multiply vy, by [A°"]%, compute the sum
(ToA™ 25T 0.} 1 {[A" 8o}

(3.17)

3.5 The Compression Algorithm

In order to introduce the compression pattern P, we need some notation. Let us retain
the definition of VI and AL from Sect.2.3. For P € AL recall that I(P) is the level of P
(cf. the end of Sect.2.3). By ¥p we denote the support of the function 1p and by ©p the
convex hull of the support of the test functional dp, i.e., ¥p := km(conv(k, ! (suppdp))).
Furthermore, we introduce six suitable non-negative parameters a, b, ¢, a b, and ¢
and two functlons d =d(L) > 1 and d = d(L) > 1. Dependlng on these, the set
P = P(a,b,c,d,a, b, d) is the set of all (P’, P) € AL x AL such that Up is completely

contained in the interior of a single parameter patch I',, and
dist (Up, Op:) < max {27/(F), 271(P"), goel-b(P)=el(P) L (3.18)
or such that Up contains points of at least two parameter patches and

dist (Tp, Op) < max {271F), 7P, Joal-BP)-el(P)} (3.19)

In numerical computations all compression parameters from a to d should be determined
by experiments. However, to get an asymptotically optimal compression result, we can
choose a = ¢ = 4/5, b = b=1,anda=¢= 5/3. The functions d and d can be defined
by d = CL38 and d = C L3/*, Where C is a sufficiently large constant.

Theorem 3.1 For the pattern P = P(4/5,1,4/5,CL%® 5/3,1,5/3,CL3*), the number
of non-zero entries Np is less than C L7422l ~ N(log N|*™, where N ~ 22U is the number
of degrees of freedom. If the piecewise linear collocation is stable, then the collocation
method with compression is stable, too. The asymptotic error estimates for the compressed
collocation method are the same as for the uncompressed collocation, i.e. (2.8) and (2.9)
remain valid.
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Proof. The bound for Np will follow from Lemmab5.6, and the stability together with
the error estimates will be a consequence of Sect. 5.4 and Lemma5.8. "

For the implementation of step ii) in the wavelet algorithms (3.15) and (3.16), the hier-
archical structure of the wavelet basis is essential. More precisely, we observe that the
pattern P has the following property. If (P, P;) ¢ P and suppyp, C suppip,, then
(P',P,) ¢ P. To set up a sparsity pattern P with this property, we can proceed as fol-
lows. For each P’, we have to determine the set of P with (P’, P) € P. We do this for
each level [ = [(P) separately. First we check (P, P) € P for [ = I[(P) = —1. Then, if
the subset of all P € VI, with (P, P) € P is determined, the search for the P € V| can
be restricted to all P with

supp ¢p N [URev{_l:(P',R)eP supp ¢R] # 0.

Doing this for all [ = 0,..., L —1 and for all P’ € AL, only O(Np) of the N? pairs (P, P)
have to be checked.

Clearly the number of necessary arithmetic operations of all steps in the algorithms (3.15)
and (3.16) except the steps iii) and iv) is less than C Np. Step iv) requires C Nplog N
operations. However, if we solve the systems successively over the grids A, [ =0,...,L
and if the initial solution for the grid AJ, is the final solution from the coarser grid A,
then the number of necessary iterations is uniformly bounded. This cascadic iteration
method requires no more than C Np operations. The key point for a fast algorithm,
however, is the implementation of step iii). Usually, this is the most time consuming part
of the numerical computation. For its realization and complexity, we refer to the results
in Sect. 4 and the proofs in Sect. 6. Further details for the implementation of the wavelet
algorithm can be found in [26, 37].

4 Approximation of the Parametrization and Quadra-
ture

4.1 Parametrization and Quadrature for the Far Field

Now we consider the computation of the matrix entries a’;;f;;’ (cf. Sect.3.4). Obviously,
the terms Jp:(aypp) (cf. (3.13)) can be computed without difficulty, and the corresponding
number of arithmetic operations is less than O(N log N). Therefore, we only have to deal
with the computation of ¥p:/(K1p) corresponding to the integral operator K. First we
shall indicate the assembling of those entries for which dist(Up, Op/) is large in a certain
sense. We shall fix P’ and define a quadrature partition in dependence on P’. Clearly,
if a trial function ¥p has discontinuous first order derivatives over a subdomain, then
the standard low order quadrature rules are not very accurate. Therefore, the quadrature
partition will be finer than the partition into the patches of linearity, i.e., all trial functions
p with (P’, P) in the sparsity pattern P (cf. Sect.3.5) will not only be piecewise linear but
linear with respect to the parametrization x,, on each quadrature subdomain. In the class
of all partitions, we shall choose the coarsest partition with the just mentioned property.
Over the subdomains of this partition we shall approximate the parametrizations &, by
a low order polynomial interpolation and apply a composite quadrature rule.
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Let us define the partition. For [ = 0,..., L, we introduce the set Qua; as the set of all
@ €0} such that:

i) Thereis a P € VI_, such that (P, P) € P and that support ¥p intersects the father

]__‘QF Of ]__‘Q
ii) If | < L, then we suppose that, for any P € V] with (P’,P) € P, there holds
T NTp = 0.

Lemma 4.1 The set {Tg : Q € UL Qual} is a partition of T'. For all P with (P',P) €
P and for all Q@ € UL Qual, the restriction of ¢p to Tg is linear with respect to the
parametrization. Moreover, the partition {I'g : @ € UE ,Qual'} is the coarsest partition
with this linearity property and with {Tg : Q € UL Qual'} C{Tg: @ € UL, O}

Proof. Clearly, condition i) means that in a partition of I' the subset 'y cannot be
substituted by a larger I'ys without violating the linearity property. Namely, if I'y would
be replaced by I'g/, then I'yr C Ty and the function ¢p with (P, P) € P and with
supp ¥p NIgr # 0 (cf. condition 1)) has a discontinuous first derivative over I'y:,. On the
other hand, condition ii) means that it is not necessary to divide I'y further into smaller
subdomains since already all the trial basis function ¥p with (P’, P) € P are linear over
T'o. Indeed, the wavelet functions of level [ with (P’, P) € P vanish over Iy due to ii),
and, due to the definition of P in (3.18), (3.19), the higher level wavelet functions with
(P', P) € P vanish over I'g, too. The lower level wavelets, however, are linear on I'g.

To show that {Ty : @ € UL ,Qual} is a partition of I', we have to prove that the partition
subsets cover I' and that their interiors are disjoint. Obviously, I' is covered. Indeed, for
any Qr € OF, let us consider the sequence

Fg,, T'g,_, :=father of I'g,, I'g, , :=father of I'g, ,, ... ,T'g, := father of ', .

In view of the conditions i) and ii), there is exactly one I'g,, in this sequence belonging to
Qual,. Hence, each I'g, is contained in the union of the subdomains {Tg : @ € UE ,Qual}.
Furthermore, we observe that two sets Iy and I'g/ either have disjoint interiors or one of
the two sets is contained in the other. If, for example, I'g: C I'g, then at most one of the
sets ['g and g fulfills i) and ii). Hence, the interiors of the sets in {Tg : @ € UL, Qual}
are disjoint.

Now the first part of this proof implies that the partition {Tg : @ € UL, Qual} is the
coarsest satisfying the desired linearity property. "

The partition {Tg : @ € U ,Qua;} can be determined analogously to the determination
of the sparsity pattern in the step ii) of the algorithms (3.15) and (3.16) described at the
end of Sect.3.5. For each P’, we have to determine the sets Qual with [ =0,..., L. We
do this for each level [ separately. First we set up Qual. Then, if the subsets Qual, I =
0,...,1—1 are determined, the search for the @ € O} satisfying the conditions i) and ii)
can be restricted to all Q € OF with

To € T'\ |Uis Unequar, Tw|

Doing this for all [ = 1,..., L and for all P’ € AL, only O(Np) of the O(N?) domains Ty
have to be checked whether they satisfy the conditions i) and ii) or not.
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In view of (3.18) and (3.19), condition i) is equivalent to the existence of a P € V}_; such
that Up NTor # 0 and that either

dist (Up, Opr) < max {27071, 27HF), goebtli-1)-el(P)} (4.1)
for Up contained in the interior of a single parametrization patch I',, or
dist (Up, Op:) < max {27071, 27UP) doab-HI-1)-el(P)} (4.2)

for Up not contained in the interior of a single parametrization patch. On the other hand,
for an appropriate constant ¢, > 0, the diameter of Up, P € V}_, is less than ¢,27 (1),
Hence, the inequalities (4.1) and (4.2) imply either the estimate

dist (T, 0p) < (14 ¢) max {2_(1(Q)_1), 9~ UPY), d2“L_b(l(Q)_1)_Cl(P,)} (4.3)
or the estimate
dist (Tg, Opr) < (1 + co) max {2771 97UP) goal—b(U@-N-ad(P)}  (4.4)

In particular, if Ty is contained in the interior of a single parametrization patch I',, and
if its distance to the boundary of T',, is greater than ¢;2(1) then (4.3) holds.

Condition ii) is satisfied, if and only if, for any P € VI with Ty N Up # @ and with ¥p
contained in the interior of a single parametrization patch I',, there holds

dist (Up, Opr) > max {27!,271F), dgebbi=elP)} (4.5)

and, for any P € VI with Ty N ¥p # @ and with ¥Up not contained in the interior of a
single parametrization patch I',,, there holds

dist (p, Op:) > max {277, 27", doab-b-a(P)} (4.6)

On the other hand, Ty is covered by the ¥p with Wp N Ty # (. Hence, the criteria (4.5)
and (4.6) ensure either the validity of

dist (T, ©ps) > max {Z_I(Q), 9~UP"), d2“L_bl(Q)_°l(P’)} (4.7)
or the validity of
dist (Tg, Op) > max {271, 2P, osb-bl@)-a(P)} (4.8)

In particular, if Ty is contained in the interior of a single parametrization patch I',, and
if its distance to the boundary of T',, is greater than ¢;27!, then (4.7) holds. Having in
mind the estimates (4.7) and (4.8), we shall call the quadrature subdomains of U/ {T :
Q € Qual} the far field subdomains corresponding to the functional ¥p:. The domains
{To : @ € QuaL} will be referred to as near field subdomains.

In accordance with (3.13) and (2.4), we shall introduce quadrature approximations api’p5 o
for

I ( /F HC R,nR)T%¢P(R) dRF> . (4.9)
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Here the functional dp/ is applied to the function in brackets depending on the variable
indicated by a dot. Using these ap)’5,, we define the entries ap’s by

0 if (P',P) ¢ P

w,e, . 4.10
EILZO EQEQUG,{:FQCSUPP’lﬁP a’P’,Ig,Q if (PI7 P) €P. ( )

a}‘;’,c]g = ’19pl(a,’l,bp) + {
We shall defer the definition of the near field terms ap;’5 5, @ € Qual to Sects.4.2 and 4.3.

In this subsection we introduce the far field terms api°g, with @ € Quaj and [ running
from 0 to L — 1.

Let us fix a far field subdomain Ty with Q@ = kn,(7) € Qual. Using the parametrization
km over T, = . 1(Tg), we write the integral of (4.9) in the form

e (/ KC ﬂm@):mm(aﬂ%ipwvm(a) da) , (4.11)

where Jm(0) := |0, km(0) X Orykm(0)| is the Jacobian determinant of the transformation
km at 0 = (01,02) € T, and where 1/;p(0) stands for the factor ¥p(R) = ¥p(km(0))
which is independent of the parametrization k,, (cf. (3.2) and (2.6)). We derive the
approximation ap)p for (4.11) in three steps.

In the first step, we replace the parametrization k,, over T, by a polynomial interpolation

/. of degree m := 2 — r, i.e., we use a cubic interpolation with nine interpolation knots
for r = —1 and a quadratic interpolation with six knots for r = 0. For instance, the
quadratic interpolation is defined as in [2]. Denoting by 7;, : = 1,2,3 the three corner

points and by 7;, 2 = 4,5,6 the mid-points

1 1 1
u=5(n+mn), s=-(n+mn), 7= (n+T7),
2 2 2
of the three sides of the triangle T, = ,!}(Tg), we set
6
ki (o) = k(1) Li(0), (4.12)
1=1

[

= s[2s — 1],

173+ s(m1 —713) +t(12 — 73)

[

27'3—|—S7'1—7'3 —|—t7'2—7'3 = t[Zt—l],

(
( )
( )

(7 )
(n+sn—43+tn—n) = 41 —s—1),
( )

)

o
4

= (1—s—t)2(1 —s—1t)—1],

&

4

(
(
s(m — 73) + t(m2 — 73)
(
(

[

57’3—|—s7'1—7'3 —|—t7'2—7'3 = 4st,

»CG(Ts-l-S(ﬁ—Ts Y+ t(ra—713)) = 4s(l—s—1).
Hence, we approximate (4.11) by

o (/T K "’”m(")m;;n(a))% ~P(U)~77’n(0)d0) : (4.13)
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where 7. (0) := |05, k1,(0) X O, k1, ()| is the Jacobian determinant of the transformation
v, at 0 = (01,02) € T;. The symbol n/, (@) in the last formula stands for the unit vector

at the point ! (o) which is normal to the approximating surface ! (7).

In the second step, we split the integrand of (4.13) into the product f(o)g(o)
f(O') = k(': KTH(U)anNLﬂ(G))ij(U)a
) P —Fm(9)) -
o) = ofsie) = 2Ll

EEAC

Note that f is globally m times differentiable by assumption whereas p is singular at the
points of suppdp,. We apply a product quadrature with weight p and of order m to the
integral in (4.13). If r = —1, then we choose the six point rule based upon the quadratic
interpolation which has been used for (4.12). In case r = 0 we take the three point rule.
To simplify the notation, however, we write all the following formulae explicitly for the
three point rule. The modifications for the corresponding formulae including the six point
rule are straightforward. In the estimates and the convergence results, we always suppose
that a quadrature of order m is in use. The product quadrature rule takes the form

/T f(0)a(o)do ~ ; £(70) /T $o.0(0)8(0) do

where g{SQ,U is the linear function on 7, defined by QZSQ,U(T,U/) = by . In other words, the
integral (4.13) is approximated by

(Z B, Quy iy )T (o )BEGL( >) , (4.14)

- R— k! (o)) .
bpow(R) = /TT <25Q,u(0)][|)](_2 — K;n(((j)ﬁ) Yp(o) do, (4.15)

where Q, = km(7y) and Q. := k!, (7,) denote the corner points of the triangles I'y =
km(Tr) and «;,(T;), respectively. The symbol ng, in the last formula stands for the unit
vector at the point Q! = &/ (7,) which is normal to the approximating surface &/ (7).

6, q

In the third and last step we have to compute the quadrature weights bpg°%, of the product

rule, i.e. the integrals over T, of g(o) := qSQ,U( Jo(kl,(c)). In some apphcatlons these
integrals can be computed analytically. For the general case, we have to compute them
by quadrature. Note that the weight p is a smooth function on I'y with singularities
sufficiently far from I'g. Under these circumstances, the integral of g can be approximated
e.g. by panel clustering or multipole techniques (cf [41, 21]). , however, describe a
third alternative following [20, 23, 32, 44]. To get a quadrature rule over T.., we start
from the Gau®-Legendre rule over [0, 1], i.e., from the interpolatory rule including the

zeros o&, k= 1,...,ng of the Legendre polynomial as quadrature knots.
1 ng
/ F o~ Y F(ok)uk. (4.16)
0 k=1

The order ng will be specified later. Introducing Duffy’s coordinates and applying the
Gaull type tensor product rule to the resulting double integral, we arrive at

1 1
/g(a)da = AAg(Tg—|—0'1D(7'1—7'3)—|—0'1D0'2D(7'2—Tg))O’lDdO'deO'lD'2|TT|
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ng ng

~ ) Z9(73+Ulcc;1(71—Ts)+021022(72—73))01c?wgwg'2|TT|
ki=1ky=1

= Y g(oF)wk. (4.17)
k=1

Note that, for the numerical implementation, one could try to replace the rule (4.17) by
triangular rules of high order or e.g. by Stroud’s conical product rule (cf. [47]) which is a
slight modification of (4.17).

Thus the formulae (4.14), (4.15), and (4.17) together yield
w,c 3 TLZG 7 b _K/:n(o-f) 7
a5y = O (2 B, Qo gy )JT(7) Y Baulo?) L(,,—,c)lpp(a:f) o). (818
v=1 k=1
For Q € Qual, we choose the quadrature order ng in the last formula by

[

L+ log (B G TENY |

ng = n4+ng (4.19)

where the integers ny > 0 and ng > 0 have to be determined by numerical experiments.
In Sect. 6.1 we shall prove the existence of positive integers ns and np such that the
additional error due to the far field quadrature is, roughly speaking, less than the error
of the exact collocation. Analogous error estimates are true also for the approximation of
the near field and the singular integrals in the Sects. 4.2 and 4.3. More precisely, to get
asymptotically optimal results, we choose the compression parametersa =c=b="5=1,

and & = & = 5/3. We define the functions d = C L*/® and d = C L'/* with a sufficiently

large constant C and get

Theorem 4.1 For the pattern P = P(1,1,1,CLY® 5/3,1,5/3, CLY*), the number of
non-zero entries Np is less than CL%422F ~ N[log N|*?5, where N ~ 22F is the number
of degrees of freedom. If the exact collocation described in Sect. 2.5 is stable, then the com-
pressed collocation with approzimation of the boundary and with the quadrature of Sects.
4.1 - 4.8 1s stable, too. The error for the collocation solution ur, including compression,

approzimation of the parameter mappings, and quadrature, satisfies

log h71]2 ifr=0
femuilon < 0B { 8 e B2 (4.20)
lu —urllgsy < Ch* [logh™' M if r=—1. (4.21)

The number of quadrature knots and the number of necessary arithmetic operations for
the computation of the stiffness matriz A7'“? is less than C N|log N|*25.

Proof. The bound for the number of entries in the compressed stiffness matrix will follow
from Lemmab.6. Stability and error estimates will be a consequence of the Lemmata 5.8,

6.1, 6.3, and 6.5. The complexity bound will be shown in the Lemmata 6.2, 6.4, and 6.6.
"
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w,c,q

Remark 4.1 A clever code for the computation of the apip o5 computes first, for fized Jp:
and @, the quadratures in (4.18) with 1¥p o ky replaced by the three linear basis functions
$q,., t =1,2,3 over T, (cf. the basis functions ¢q,, in Sect. 6.1). Then, in a loop over all

w7c7q

P with Tq C supp ¢p, the values api'p o are evaluated as a linear combination of the three

quadratures over the basis functions, and ap)p o is updated to the actual value of the sum

(4.10).

4.2 Parametrization and Quadrature for the Near Field

Let us fix a test functional ¥Jp and a @ € Qual, and let us consider the integral (4.9)
for which we seek the quadrature apis,. Recall from Sect. 3.2 that the test functional
¥p: 1s a linear combination of point evaluation functionals. Thus there are points Py and
uniformly bounded coefficients py such that

Ap/

’19pl(f) = z_:,uAf(PA) (422)

Obviously, Apr = 1 if P’ € VL, and Ap: = 3 else. If the test functional is replaced by 93,
then we get Apr = 4,6 for P’ € V}, with [ > 2. In correspondence with (4.22), we can

split the unknown quadrature expression a}gf}g@ into

Aps

w7c7q P w7c7q
appQ = Z HxQpr X PQ»
A=1

where api} p o is defined as a quadrature for the integral
p(Py» — R)
k(Px, R ———p(R)dgrl. 4.23

We distinguish two cases. If P, is in 'y, then the integral (4.23) is singular, and we defer
the definition of the singular quadrature ap;yp o to Sect.4.3. For Py ¢ Iy, the integral
(4.23) is not singular and the corresponding non-singular near field quadrature ap)}y p o is
treated now. We apply the technique of the previous subsection (cf. the quadrature rule

of (4.18)) to (4.23) and get

3

aBpg = 0 k(P Qunig)Tn(n) Y. do.ulob)

v=1 k=1

p(Pr—wy(e®) . ],
| Py — k!, (ck)|> Yp(07) | wy, (4.24)

T

where this time the order ng is chosen by ng := n¢ 4+ Lnp. In practical computations the
integers ng > 0 and np > 0 have to be determined by experiments. However, in Sect. 6.2
we shall prove the existence of positive integers ng and np such that the additional error
due to the non-singular near field quadrature is, roughly speaking, less than the error of
the exact collocation.

4.3 Parametrization and Quadrature for Entries with Singular

Integrals
4.3.1. First we consider the case of weakly singular integrals. This occurs if r = —1 or if
r = 0 and the kernel function depending on the variables P and R contains a factor
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np- (P — R) or ng- (P — R). For definiteness, we restrict our consideration to the case
of an additional factor ng- (P — R). More precisely, we suppose that the kernel takes the
form

p(P-R) _ ; B(P — Rl (P~ R

k(P, R, ng) T (4.25)

Here k = kand p = pif r = —1. For r = 0, we assume that % fulfills all the assumptions
made for k£ in Sect. 2.2 and that P is a homogeneous polynomial of degree deg(p) =
deg(p) — 1, i.e., deg(p) — @ = —3. Hence, for a suitable constant C > 0, we get

ng-(P—R)| < C|P-RP,

5(P — (P — R)|\**
HE = Rina (PRI o,

];(P7 R7 nR)

and our kernel (4.25) is weakly singular, indeed. Notice that the kernel of the double layer
integral operator Ky (cf. Sect.2.2) can be represented as in (4.25) if r is set to zero.

Now we fix the test functional Jps, a point Py € suppdp/, and a triangle I'g = km(T)
with @ = k(1) € OF and Py € Ty. Clearly, the grid point Py is one of the corner points
of Iy. We denote the three corners of T by 7,, ¢« = 1,2,3 and suppose kn,(73) = Pa. In
the triangles 7, and Iy we introduce Duffy’s coordinates.

] (O'D) = 6 (0?,05) = 134 0P (1, — 73) + oL (13 — 73), (4.26)
Km (O'D) = Km (5 (O'D) )

The Jacobian determinant corresponding to Duffy’s coordinate in T7 is given by Ts(oP) =

(11 —73) X (12— 73)|0P = 2|T,|oP and the Jacobian J,(c?) of &, is equal to the product
m(6(c s(c”). We seek an approximation ap)’ or the integra

I, (5( D))j( D) W k pproximati ;?A‘I,P,Qf the integral

G R REJ[QR_' Sa]? — B (R)daT = (4.27)

/01 /01 {IE(PA, in(0P), o)) (P = #m(0P)) [Pimiemy - (Pr = Bm(®)]

P (PP
o ((7)) Il () | do?

where 1/;1?(017) := Yp(km(c?)). Due to the additional factor of in Js(c?), the weak
singularity of the kernel function is cancelled.

Similarly as before, we proceed in three steps. First, we replace the parametrization &,
by the approximate parametrization in Duffy coordinates k] := &/ o 6, where k] is the
polynomial interpolation to k,, of polynomial degree m = 2 — r. We suppose that P, is
one of the interpolation knots. Second, we apply a product rule of order m. To this end
the integrand in (4.27) with &, replaced by &!_ is split into the product f - p with

F(@P) = k(Ps, &m(0P),n)y (00T (8(c7)),

p( P\ — KL ol N o0y (Pr — Rm ol r DD D
Q(UD) — p( ( ))[ m(eP) ( ( ))] Ts(aP)gP (o).

[Py = Em(0P)]
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For r = —1, the quadrature rule could be the tensor product variant of a quadratic
interpolatory rule and, for r = 0, we simply take the tensor product linear interpolatory

rule.
4 1 1.
[ [ #ePree?) P do? ~ 3 56D) [ [ 80P )eloP)dof do?,
= o Jo
where 7P, v = 1,...,4 denote the four corners of [0,1] x [0,1] and ¢ is the bilinear

function defined by &5(7’5) = by,'. Again, to simplify the notation we shall write the
subsequent formulae with the linear interpolatory rule. The modifications for the tensor
product of the quadratic interpolatory rule are straightforward. In the third and last step
we apply the tensor product variant of the GauR-Legendre rule (4.16) of order ng

// DydeP do? Z Zg(Uc,Uc)wcwc = Zg

k1=1ky=1

with order ng = ng+ L nr to compute the integral of the function g(o?) = ¢2(oP)o(a?).
Finally, we arrive at

apiapQ = ik(PA;QE;”%E)j; (5(75)) '

v=1
2 1+r
o BBy — BL(GR) [0y e+ (Py — RL(M))] ]
D~k ™ 2 Cad) m ~k\ D ~k\~k
v \T ~ ~ j g o Jw
kz::l(ﬁ ( ) |P>‘—I€;n(0'k)|a 5( )¢P( )
Here we have set QF := &, (7P) and R? := &' (7P), and ng« denotes the unit nor-

mal to the approximate surface at Q. Note that the Jacobian of %! takes the form
T (§(aP))Ts(aP). The numbers ng and np in the definition of ng are to be determined
by numerical experiments. However, in Sect. 6.3 we shall prove the existence of values of
ng and np ensuring asymptotically optimal error estimates.

4.3.2. Now let us consider r = 0 and suppose the integral operator is strongly singular.
If the value ip(Py) vanishes or if, according to Remark 4.1, vp is replaced by a linear
basis function ¢g , and ¢g, .(Px) = 0, then this additional zero turns the strongly singular
integral into a weakly singular, and we may apply the same procedure as for the weakly
singular case treated before. For ip(Py) # 0 or ¢g .(Pr) # 0, we substitute ¢pp =
Yp(Pr) + (¥p — ¥p(P2)) tesp. o, = dq,.(Px) + (¢q,. — dq,.(Pa)) into the singular
integral. This way the integral splits into two parts, where the integral containing the
functions (yp — ¥p(Py)) resp. (dg,. — ¢q,.(Pr)) can be approximated like in the case
¥p(Py) = 0. The only strongly singular case occurs if 1p(Py) # 0 resp. ¢¢,.(Pr) # 0 and
if the function yp resp. ¢g,, are replaced the constants ip(Py) resp. ¢g,.(Py). Without
loss of generality we set these constants to one.

4.3.3. For the computation of the corresponding singular integrals, there exist several
techniques (cf. e.g. [25, 43]). Here we shall present a quadrature algorithm similar to that
in [8, 45] since this seems to require less assumptions on the smoothness. We consider
a fixed singularity point P,. Since the singular integral is to be understood in the sense
of Cauchy’s principal value, we have to treat the quadrature for all Iy with Py € I}
simultaneously. Let mg stand for the smallest positive integer such that Py € T',,.
Beside mq we consider an arbitrary m and an arbitrary I'g such that Py € Iy C [y,
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i.e. P\ = km(73) for a corner 73 of T, = k.;}(Tg). Note that the parameter value 73
in P, = km(73) depends, of course, on the parametrization k,, and on the triangle I'g.
However, to simplify the notation, we do not indicate this dependence. By the assumption
of Sect. 2.1 the parametrization &, mapping T onto [',,, extends to a neighbourhood of
T. Hence, we can define

T(Py,m,e) := {0’ : ‘V (n;}) o nm) (13) - (0 — 7'3)‘ < 5},
D(Pye) = U_ km (T(Paym,e)) & {kimo(0): |o —7s| < e}

By assumption the polynomial part p of the kernel function is odd. For such kernels, it
is not hard to see that (cf. [29], Chapter XI, Sect.1)

p(Py — R)
k(Py, Ryng) A2 " Y g
/p(pm) (Px Bme) p g dr

We seek a quadrature with error less than C 272F. Therefore, the integral over I' can be
replaced by that over I' \ I'( Py,27%L), and it remains to approximate the integral

p(P — R)
[Py — R[>
P(km(73) = #m(0))

|fm(78) = "em(0)|

< Ce. (4.28)

k(PA,R,’)’LR) dRF == (429)

/FQ\F(PM‘”“)

k (nm(Tg), km(0), n,{m(,)) Im(0)do,

/TT\T(P)\,m,z—ZL)

for each Ty with P € Ty. We replace the parametrization &, over T, \ T(Px,m,27%L) by
the quadratic interpolation !, defined over T, in (4.12), and it remains to compute

/ P K (73) — K7, (0)
k (Km(Ts); ”m(a)7n"~4n(‘7)) |/E;n(7'3) — Iiin(o')r?

T'(Py,me) = {o: |V ([6n,] " 0 k1) (13) - (0 — 75)| <&} (4.31)

Similarly to the product rule in Sect.4.1, we approximate the last integral over the domain

TT \ TI(P>\7m7 2_2L) by

; d 4.30
~/T-,—\T’(P)\,m,2—2L) jm(O') g, ( )

3

g = Ok (Km(Ts) Km(T0), 1y () Ta(T) B0 00 (4.32)
v=1
N (CACHENCS)
s ~ | U d
PLAQw TA\T'(Py,m,272L) ¢Q’ (U) g

| (73) = K (0)[*

In contrast to the third step for the far field integrals, the quadrature approximation

bpi A g.» Will be computed by introducing a geometric mesh and by applying high order

quadrature rules over each subdomain. Fixing a grading parameter 0 < ¢ < 1, we denote

the largest ¢ such that (for § cf. (4.26))
T'(Py,m,27) C {6(cP) € T, : 0< 0P < g, 0< 0P <1}

by to. Clearly, o ~ L. We divide the domain of integration T \ T"( Py, m,27%F) into the
subdomains

T\ T'(P,m,27%) = U, T, ,, (4.33)
T, = {5(0D) €T,: ¢ <P <¢g 0<P < 1}, c=1,...,0—1,
Ty = {5(01’) €Ty: 0< 0P <g° ™ 0<0of < 1} \ T'(Py,m,27%5).
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The optimal grading parameter g should be determined by numerical experiments. Note

that for a different kind of integrals the choice ¢ = 0.15 is optimal (cf. e.g. [45]). For fixed

v with 1 < ¢ < 49, we observe that T, = {§(cP): 0 < oDl <1, S,(cP) < 0P < S},

where Sy is equal to ¢! and S, (02 ) := ¢* for v < ¢p. The bound S (aD) for v = 1o is the

solution aP of the equatlon IV([&l, |7 okl )(13)-(§(cP) —73)| = 272F, i.e., the boundary
D D

curve 0P s §(S,(cP),aP) of the domain T'(Py,m,27%L) is an ellipse. We may write the

mO

integral restricted to TT,L in the form

-~ p(kh(7s) = (o)
r,. P4 o )~ mn (o)

P(sm(m9) = Fn(e®) ~ 5 b o
B ey P 0P g e M o

Applying the tensor product variant of the Gauf-Legendre rule (4.16) to the last integral,
we complete the formula (4.32) by the quadrature

do =

L neg ne k' (13) — k' (o
Priew = 2 0. 2 b ( kl,kZ))p( (%) " M(Dkl’k%) :
K, (T3) — ”in(‘fkl,kZ)

=1 ky=1k; =1

Ts(0h1,) |6 — Sa(08)| wi, i,
oh k= (Sa(08)+ 08 [Sh— Sa(0)],08) . (4.34)

The order n¢ in (4.34) is chosen to be ng = ng + Lng again.

5 The Analysis of the Wavelet Compression

5.1 The Properties of the Three-Point Hierarchical Basis

The three-point hierarchical basis is well analyzed in the case of a hierarchy of uniform
triangulations over the plane (cf. [24, 46, 27]). The triangles of level [ in this hierarchy
are obtained by splitting the level [ — 1 triangles into four subtriangles. This splitting is
realized by connecting the three midpoints of the three sides. Unfortunately, we are not
able to prove Riesz stability for the corresponding three-point hierarchical wavelets over
triangles and manifolds. The reason is that the grids, where three straight lines meet
in each grid point, are not suitable for the symmetric extensions which we present after
Lemma5.1. Therefore, we define our basis over the triangulations {7, : 7 € DIIRZ} (cf.
Figure 1). For these partitions, the triangles of level [ are obtained from those of level
(I — 1) by cutting each triangle along the lines connecting one midpoint of a side with
the opposite corner and with the two other midpoints. Fortunately, the techniques of
proof from e.g. [46] apply also to our situation. To describe the results we need some
notation. To avoid ambiguities we write ’l,bFZ for 1, in this section. We define the level
I(7) of 7 by I(7) := 1 if 7 in VI’. From now on C stands for a generic constant the
value of which varies from instance to instance. For two expressions F; and E,, we write
E, ~ E, if there is a constant independent of the parameters involved in E; and F, such

that El/C S Eg S CEl We get
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Lemma 5.1 For —ag < s < 1.5, the basis {$ & : 7 € UP_,AE’} is a Riesz basis, i.e.,
for any vector of real numbers (&;), we get

Y eyF NJ > 22U 2, (5.1)
HS(JRZ)

7'€UZ°=0A11,22 7'€UZ°=0A11,22
The positive real constant ag is greater or equal to 0.559... .

Proof. i) In this proof we shall use the technique of Stevenson [46]. The reader is
supposed to be familiar with that paper. Following [46] we introduce the quadrature
approximation of the L2?-scalar product and the norm

2 — 1 -
<u,v>ARz = 972! E w(r)v(r)+ = E u(r)v(r) ¢,
! 3 ) 3 )
TEJALR TE%ZR
||'u’||AlR2 = <u7u>AlR2'

With respect to this scalar product the basis {¢' : 7 € AF’} is orthogonal, it is (-, N

141
biorthogonal to the basis {¢!t! : 7 € AF’}, and the wavelet functions can be represented

as < I+1 I
Ot QL) am2
R I+1 41 I+1 R?
,l)bT - (PT - Z I+1 (PTI , T C Vl .

4
TIEALI?.Z <(PT’ 7(IDTI>ALI_?'|_21

In other words, the wavelets ¥F |, 7 € V& are orthogonal to the space Linf = span{¢’ :
7 € AP’} with respect to the scalar product (:, ) Am2, 1.€., they are prewavelets (semi-

141
orthogonal wavelets) with respect to a non-standard scalar product.

We introduce the mappings 7 : Lin® — LinF and Y] : LGlﬂfl — Lin® by

<7’hlul,vl> = <ul7vl>Al‘fl , ur, v € L’L.’I’LIBZ,

AR?
14

>, - R? - R?
<Y}ul+1,vl> <ul+1’vl>Af_ﬁ , U1 € Langy, v € Ling .

2
AF
. . 2 . .
For a function v; € Linf, we observe that <vl,vl>Ale — <Ul’vl>Af},21 is equivalent to
2724V, Vo) 12, 1ee., [|[Vu||? ~ (2%(1 — Thl)’Ul,Ul>AlR2- Thus we introduce the norms

(5.2)

8

= H [I + 221(1 — ’)’hl)] o2 v

||vl||AlR2, AR

which are equivalent to ||vj||gs(re). Then it is proved in [46] (cf. the paragraph before
[46], Theorem 4.7) that the norm equivalences (5.1) hold for

3
~ 1
| Y,m,HHAFZ,_%Am_z} <s <o (5.3)

Moreover, a simple modification of the derivation of (5.3) yields even the s-range

1/k

; 1 Itk L 3
—1+%log¢ = sup H ijj-l—l < s < -, (5.4)
2 I=losdot+1, | =141 R2? R? 2
A2 810,—2
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where [y and k are arbitrarily fixed positive integers. All what left is to compute the lower
bound of the s-range, i.e., to estimate || ] ijg+1||1/k

ii) Now we derive the standard representation of YJ and m; from the theory of wavelets
(cf. [19]). We consider the (-, ) \ s -orthonormalized bases
141

3
{1@2 = \/;219012_% ke Z2} U {2@2 = \/?:219022_1_1,_2_1_1”2_% ke Z2}

of the spaces Linl’RZ and represent the mappings m; and Y, as matrices with respect to
these bases. As mentioned already by Stevenson, we get m; = p;p; and Y, = p}, where
p; is the matrix of the embedding operator LinF — LGlﬂfl Due to the refinement
equations
150 Loy Lopyzq 11 11 11
200 = 52001 {"®fon) + Bl + 210y + Blrgp) +
V2
? {2¢%070) —I_ 2¢%_170) —I_ 2¢%071) —I_ 2¢%_171)} ?
V2 1
5 2+ 5 { o) + Bl 0o, B,
we get (cf. e.g. [19]), for the function uo = Y ez (&) P + &2 *P)] embedded as uy =
Srez2 Mk Bk + i ],

_ T _ [ _ (& v (b Ry
oo i = () 6= (§) 8- (0
ifi=353=1, k=(0,0)

ife=2,7=1,k=(1,-1)

i =1, ke {(0,1),(0,—1),(1,0),(~1,0)} (5.5)
ori:jZZ,kE{(O,O) (17 )7(7_)(1 )}
ifi=1,7=2, ke {(0,0),(-1,0),(0,1),(—1,1)}.

ST ﬁmlH
[ +]
[+]

(A
hk -«

=[S

As usually in the theory of wavelets, we identify the coeflicient vectors (&g )reczz and
(7K )rezz with the generator functions é(z,y) := Ef(kl,kZ)eiz"klzeiz"ka and 7(z,y) =
> Nk ,kZ)eiz"kl"‘eiz"k?y, respectively. Then the [2 spaces of coefficient vectors are isometric
to the space of L? functions over IR?/Z?, and (5.5) is equivalent to the equation 5(z,y) =
hT(z,y)¢(2z,2y) with the matrix function

W (zy) = D Al ppe e ™
(k1 ,k2)€ Z2
_ {1 —I—.cos(27ra:) + cos(27y)} %ei%(z—y) |
%em(y—w) cos(7r:1:) COS(7ry) enr(z—y) COS(7r:1;) COS(7ry)

In other words, the embedding operator (ék)r — (k) = pi(€k)r corresponds to the
multiplication operator ¢(z,y) — n(z,y) := hT(z,y)é(2z,2y). We denote the adjoint
matrix function of (z,y) — hT(z,y) by (z,y) — k(z,y). The formula 77 = p{p; and an
easy computation reveal that the operator m; acting in the space of generator functions
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is simply the operator of multiplication by the invertible matrix function

LT 1y ] z iy ]
e G eated)
2 kg tgg Ty 2 t2 Ty

8

1
4
= V2 in(y—=
( ¥2 im(v=2) cos(rz)cos(my) 32

4

]
2 + +{cos(2rz) + cos(27y)} V2 gin(a-y) cos(mz) cos(my) ) ‘

We denote the self adjoint and non-negative matrix I — m(z,y) by a(z,y) and conclude
that 77;,'p; corresponds to

5(:1;7 y) = 'fh_l(a}, y)hT(ma y)f(Z:IJ, Zy)'

The H~?2 operator norm ||}~’}7'~nl__|_11|| is equal to the H? operator norm ||Thl__|_11pl||, and, due to
the norm definition in (5.2), the last is equal to the operator norm of the multiplication
operator

&(z,y) — [I + 22(l+1)a,(:1;7y)] fn_l(m,y)hT(m,y) [I + 22la(2az, 2y)]_1 &(2z,2y) (5.6)

acting in the L? space over IR?/Z?. Thus, to compute the lower bound in (5.4), we have
to estimate the norm of the operators (5.6) depending on [ and the norm of their products,
respectively.

iii) To estimate the norm of (5.6), we introduce the auxiliary operator Te® depending on
a non-negative parameter € by

Tet(z,y) = [el +4a(z,y)lm " (z,y)h" (2,y) [e] +a(22,2)] €(22,2y)  (5.7)

and observe that the operator in (5.6) is Te® for € = 272!, This 272 can be made small by
choosing [y large in (5.4). In what follows we shall derive an estimate for Te®. We shall
split Te€ for e = 272 into the sum of three terms, and, using the bound for Te®, we shall
estimate each term separately.

Following the announced program, we observe

Te%(z,y) = Ma(z,y)é(2z,2y),
Ma(z,y) = 4a(z,y)m *(z,y)h"(z,y)a(2z,2y)7". (5.8)

The determinant det(a(z,y)) of a(z,y) has a zero only at (z,y) = (0,0) and det(rn(z,y))
does not vanish at all. Moreover, we get det(a(z,y)) ~ z* +y? for (z,y) — (0,0). Since

a(z,y)" ! = a(z,y)*/ det(a(z,y)) with

a(z,y)? = ( az2(2,y) _“1,2(“’7?/))7

—a2,1($;y) a1,1($;y)

we arrive at Ma(z,y) = 4a(z,y)m(z,y)*hT (z,y)a(2z,2y)*/[det(a(2z, 2y)) det((z, v))].
A lengthy but trivial calculation shows that all entries of a(z,y)m(z,y)*hT (z,y)a(2z, 2y )4
vanish together with their first derivatives at the points (0,0), (1/2,0), (0,1/2), and
(1/2,1/2), where det(a(2z,2y)) has its zeros. Hence, Ma(z,y) is bounded over IR?/Z?>.
Using the periodicity of the function ¢ € L?(IR*/Z?), the norm of operator Te’ can be
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estimated as follows.
1 1
|Ma(e,y)2e, )5 = [ [ (IMa® Mal(e,9)¢(20,29), €(22,2)) dady

_If <i > gMa*Ma (E it 5<m,y>,e<m,y>>dmdy

IN

(5.9)

sup

1 & T 1y 7]
l Ma*Mal (2 22 2 47
(z,y) Z[ ¢ a] (2 +272 +2)

1,3=0

7€

The matrix norm on the right-hand side of the last equation is the /2 matrix norm, i.e.,
the operator norm in the two-dimensional Euclidean space. A numerical evaluation of

(5.9) yields ||Te°|| <10.37... .

Next we fix a small positive number § and introduce the cut off function x(z,y) on IR?/Z?
which is equal to one for |z|, |y| < & and zero else. Using this function, we split

3

Tet = ZTef, (5.10)
Tesé(z,y) = (1—x(22,2y)) Tee(z,y),
Tesé(z,y) = x(2z,2y) [4&(3:,y)m_l(m,y)hT(m,y)a(Zm,2y)_1]
a(2z,2y) [l + o2z, Zy)]_l &(2z,2y),
Tezé(z,y) = x(2z,2y) [fn_l(az,y)hT(az,y)] el [e] 4 a(2z,2y)] " €(2z, 2y).

Since x? = x and since

Tef[x€l(z,y) = x(2z,2y)Teié(z,y),

ez, )2 = |Ix(22,2y)é(2, 9)|1° + 11 — x(22, 29))é(z, )%,
ez, )2 = Ix(z,y)e@ 92 + (1 — x(z,9)e(=,9)|I%
we conclude
ITese]® = |x(2-,2-)Te€]|® + || — x(2-, 2-)]Tee]|?
= | TeS [x€]||? + [[[Te§ + Tesl(1 — X))
< max {||Te|, I|Tes + Tes|} {lIxél? + 11— x)¢l?,
|Te|| < max { | Tes]], ||Tes )| + || Tes]|}- (5.11)

The matrices a(2z,2y) are invertible on the support of (1 — x(2z,2y)) and the inverses
are uniformly bounded. Hence,

Ce,
|Ted|| + Ce < 10.37... + Ce. (5.12)

| Tes — Te?|

<
I Tei | <

Clearly, the last constant C' depends on the ¢ from the definition of the cut off function
x. On the other hand, the adjoint operator [Te§]* is given by

[Tes)é(z,y) = x(z,y)a(z,y)lel +a(z,y)]" [Te]¢(2, y)-
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From this and from the matrix inequality a(z,y) [eI + a(z,y)] " < I we obtain ||[Teg]*|| <
I[7e")*|| and

ITes|| < ||Te°)| < 10.37... . (5.13)

Now we turn to ||7€§||. The non-negative self adjoint matrix a(z,y) can be represented
as a(z,y) = Mz,y)q(z,y) + p(z,y)o(z,y), where A(z,y) and p(z,y) are the eigenvalues
of a(z,y). The matrices ¢(z,y) and o(z,y) = I — q(z,y) are the orthogonal projections
onto the spaces of eigenvectors. In particular, we get

|

Lo_y2 1 _y2
CL(0,0):(_£ 8 ), q(0,0):(_i‘;’ 3 ), 0(0,0):(

8

|§ wiN

W=
| w|ﬂ
o

¥
L

3

2(0,0) = % (0, 0) = 0.
Since A(z,y) is separated from 0 by a positive constant, we get
el[e+a(2z,2y)] = ele+A(22,2y)] " q(22,2y) + ele + p(22,2y)] " o(22, 2y),
Jele + A2, 20)) " a(22,29)| < Ce
Consequently, we arrive at

T - Ty < Ce
Teyé(z,y) = x(2z,2y) [fn_l(az,y)hT(az,y)] ele+ ,u(2m,2y)]_1 o(2z,2y)¢é(2z, 2y).

In other words, the norm ||7€§]| is less than Ce plus the norm ||Tes|| of the operator
Tes : &(z,y) — x(2z,2y) [Th_lhT] (z,y)o(2z,2y)¢(2z, 2y),

and we even get ||Te§|| < Ce+ C8 + ||Teg|| with Teg defined by

[ hT] (0,0) o(0,0)¢(2,2y) if 22| < & and |2y < 6
[ hT] (£,0) 0(0,0)¢(22,2y) if |22 — 1] < 6 and |2y < 6
¢(z,y) = [m A7) (0,1) 0(0,0)¢(22,2y) if [22] < S and |2y — 1| < 6 (5.14)
[ hT] (4,1) 0(0,0)é(22,2y) if 22— 1| <6 and |2y — 1| <&
0 else .
Since we have

hT(0,0)0(0,0) = 20(0,0), BT (%,0) 0(0,0) = 0,

RT(0,1) 0(0,0) = 0, AT (1,1) 0(0,0) = 0, (5.15)

m=1(0,0)0(0,0) = o(0,0),

we conclude

20(0,0)¢(2z,2y) if |2z| <6 and |2y| <6

0 else

Tes : &(2,y) H{
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and ||Te§|| < 2+ Ce+ Cé. This and the estimates (5.11), (5.12), and (5.13), lead us to
|Te€|| < 12.37... + Ce+ Cé. Choosing § small and choosing € small in comparison to
8, we get ||Tef|| < 12.37... . Using (5.4) with & = 1 and sufficiently large lo, the Riesz
property (5.1) follows for “1.62... < s < 1.5".

iv) To improve the lower bound of the Sobolev range, we apply (5.4) with larger k.
Analogously to (5.7) and (5.8), we define

Te¢(z,y) = [e] + 4ka(az,y)] kl:[l{ [fn_lhT] (Ziaz,Ziy) } [e] + a(Zkaz,Zky)]_l £(2Fz, 2Fy)
k-1 =
Ma(z,y) = 4*a(z,y) II { [fn_lhT] (Ziaz,Ziy) }a(Zkaz,Zky)_l.
=0
For k = 10, numerical computations lead us to the estimate (compare (5.9))
1A e TEA
?;15 4_’“1-,1-2,;0 [Ma* Ma] (2—k+2—k,2—k—|—2—k> < 20661.3... .

Analogously to (5.14), we define Teg by

Hf;g{ AT (24, 24 }o(o,o)g(zkm,zky) if 2%z — 7| < &

{(z,y) — and |2Fy — j/| < § (5.16)

0 else .

In view of (5.15) we conclude

2%0(0,0)¢(2%z, 2%y) if |2%z| < §
Tee : &(z,y) — and [2%y| < §

0 else ,

and the arguments from part iii) of the present proof lead us to the estimate ||Te|| <
20661.3... +2'° + Ce+ C4§. Choosing small values € and §, we get ||7ef|| < 21685.3...
and (5.4) implies the Riesz property (5.1) for —0.559... < s < 1.5. "

Next we deal with functions over the triangle T'. In the construction of Sect. 3.1 we need
basis functions which admit symmetric (even) or antisymmetric (odd) extensions with
respect to the boundary of T'. To construct such functions, we shall extend the piecewise
linear functions on 7' by symmetry mappings to periodic functions over the plane IR
More precisely, we shall suppose that a subset of the three sides of T' is given through
which the functions should possess an even extension. Through the rest of the sides there
should exist odd extensions. In accordance to these symmetry properties, we shall define
an extension procedure from functions over T to periodic functions over /R%. For the
periodic extensions, however, there exists a natural basis. Restricting this basis to the
triangle, we shall arrive at our basis over 7.

In view of the assumptions in Sect.2.1, the two shorter sides {(s,s): 0 < s < 0.5} and
{(s,1 —35): 0.5 <s <1} simultaneously belong to the fixed subset of sides or not. For
the sake of definiteness, we suppose the only side with odd extension is the lower side
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Figure 9: Torus 1I'.

{(5,0) : 0 <s < 1}. To prepare the definition of the extension, we introduce the points

(cf. Figure 9)

P = (0,0, U := (1,0, Z := (0.5,0.5),

w = (0,1), X = (1), @ := (0,-1),

R = (1,-1), § := (2,-1), Y (2,1),
Vo= (2,0).

Clearly, a piecewise linear function uy, on T admits a continuous extension through the
boundary if and only if uy, vanishes on the side of odd extension. If a function uy, vanishing
on {(s,0): 0 <s <1} is given, then we can extend uy to triangle PZW by symmetry
with respect to the line through P and Z, i.e. vi(s,t) := ur(t,s). The extended function
on triangle PUW will be denoted by vr,. We can extend vy, to triangle WU X as a function
symmetric with respect to the line through W and U by vr(s,t) := vp(l —¢,1 — s).
Similarly, we extend vy, to the square QRUP as a function antisymmetric with respect
to the line through T and U by vi(s,t) := —wvg(s,—t). Again we extend vg to the
rectangle RSY X as a function antisymmetric with respect to the line through R and X
by vi(s,t) := —vp(2 — s,t). In other words, the function uy, is extended to a continuous
piecewise linear function vy, on the square QSYW. This function extends to a function
which is 2-periodic with respect to both variables, and we denote the periodic extension

ext

vy, by u§™.

Let us consider the periodic functions more carefully. Periodicity of a piecewise linear
function wy, means that wy, satisfies

wr, (s,t) = wr(s+2k,t+2k), (k k)€ Z.
The periodic functions are functions defined on the torus, i.e., on the quotient space
T = R/{(2k,2K): (k, k)€ Z*}.

We denote the space of periodic linear functions by LinZ. To get periodic basis functions,
we take periodizations 12" of ’l,bFZ defined by

YET(s,t) = D PF (s 2kt 2K) = D driamam(s,t):

(k,k')e Z2 (k,k') €22
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If we define the grid AT by
AT .= {(st)EAR:OSS,t<2},

then {yP" : 7 € AT} is a finite system of basis functions of Lin¥. It is well known that
Lemma5.1 remains true for periodic functions and for the Sobolev spaces over the torus,
i.e., for —0.559... < s < 1.5 and for all vectors of coefficients &,

[ o [ o
TEUT A, TEUT A,

Z €T¢£er ~ \J Z 221(7’)(3—1)|€T|2‘ (5]_7)

xt

On the other hand, the extension vy = u§™ of a linear function uy on triangle T

belongs to the subspace
Ling¥™ = {wL € Linf : [wp|r]™ = wL}

which is determined by the properties of symmetry included in the extension procedure
[wg|7] = [wr|7]®*t. For a point 7 € AT\ {(5,0): 0 <s <1}, we denote by 77,...,77
those points of AT for which the function value [ur]*®*(77) is set to ur(7) in the extension
procedure uy, +— [ug]®®*. We define A; € {1,—1} by [ur]**(77) = Awur(7). Clearly,
the points 7] are obtained by the symmetric reflections mapping the triangle 7' to the
subtriangles of the quadrangle QSYW. The number of these points is & = 16 if 7 is an
interior point of 7', & = 8 if 7 is on a side of T', and k = 4 if 7 is the corner Z. Now a
function wy, belongs to Linfym, if and only if, wr(7) = Awr(77), 1 =1,..., k. Obviously,
the set of functions % , )\i[gofif]p" with 7 € AT\ {(5,0) : 0 < s < 1} forms a basis
of Lin3'™ and the cardinality of AT\ {(s,0): 0 < s < 1} is the dimension of Lin;*™.
Another basis is formed by Y% , Aaprr with 7 € AT\ {(5,0): 0 < s < 1}. Indeed this

system of functions has the right cardinality, all its elements belong to the space Lingym,
and they are linearly independent since the functions 2", 7 € AL\ {(s5,0): 0 < s <1}

T 2
are linearly independent. We introduce the functions

(S ZA v r = P, e AL\{(s5,0): 0<s <1}
and obtain wr = > cAT\{(s,0):0<s<1} &t Applying this to the extension wy = [ug]|®**
of a function uy on T, we arrive at up = Y oreAT\{(5,0):0<s<1} &, Tt turns out that

{T . 7 € AT} is a basis of the space of piecewise linear functions over T' vanishing over
the side {(s,0) : 0 < s < 1}. Using |jug||gs(r) ~ ||[uL]***| z+(x), the Riesz property (5.17)
implies

TEUP_ (AT\{(s,0): 0<s<1} > AT\{(s,0): 0<s<1}

Z 577/13 ~ J Z 22U(r)(s-1)|¢, |2 (5.18)
H*(T) TEUYP

for —0.559... < s < 1.5. We note that, for 7 € AT\ {(5,0): 0 < s <1},

|7 if ¢ ATNVL,
l-I—1|T { 771907-11|T‘|‘5TTZ l-|—1|T} lfT c A%ﬂlvlT,
Yy = 1=0,...,L—1 (5.19)
Qi — { 771(107'11|T—|—5T,T2905:2I_1|T} if 7 € ATN2VT,
[=0,...,L—1,

37



1 af 7 and 7' belong to the interior of T

or there exists a side of T' such that 7 and 7’

belong to the interior of this side

! 2 if T is an interior point of 7" and 7' belongs to
em = )
a side of T
or 7' = Z and 7 is on a side of T
4 if 7' = Z and 7 is an interior point of T
0 else.

With 17 we have constructed a three-point wavelet basis for the space of linear func-
tions on T vanishing on {(s,0): 0 < s < 1}. Completely analogously, we can construct
a basis for the linear functions on 7' vanishing on three, two or no sides. These functions
are the basis ingredients for the wavelet basis on the manifold. Indeed, as indicated in
Sect. 3.1, the three-point hierarchical basis of (3.2) is constructed as follows.

We start with functions p such that P € AL NT;. We just take the basis {7} on
T with no zero condition for boundary sides. For P = k:(7), we take the composition
p = WX o k' to get functions over the parametrization patch T';. To get continuous trial
functions, we extend these functions ¥p with P € VF NIy C Al-|—1 NI from I'; to I such
that the extension is piecewise linear on the partition {I'g : @ € Dl-|—1} corresponding to
the grid AJ,, and vanishes at all grid points from Aj,; \ I';. This simply means that,
if ,¢T — (Pi—l—l o ;{5771905_—1—1 + e l—|—1} resp. ,¢T — (Pi—l—l o ‘11{5771(,05.1'—1 + 57'7'290l—|—1} then
vp = ot — e ep ! + 7R} resp. Y = bt — e + €7 pp '}, where @

and cpl+1 are the continuous hat functions 1ntroduced in Sect. 2.4.

Next we define the functions ¥p for P € AE N Ty \I';. The patch I'; has one or no
common side with T';. We take the basis {4/} on T which vanishes on those sides (one
ore maybe no side) which are mapped by k, into a side common with I';. Again we
take the composition with x5 to get functions over the parametrization patch I'; which
vanish over I'; N T';. To get continuous trial functions, we extend these functions p
with P € VINTy \T; C Aﬂ_l N Ty from I'y to I" such that the extension is piecewise
linear on the grid A}}; and vanishes at all grid points from A ; \ T's. In other words,
T = G = HEpI 1 emglt) resp. 97 = gt = el 4 et then
Yp = l+1 2{57’719011_1 ‘|’5T’7290P21} resp. Yp = l+1 4{57’7190113?1 +e” 7-Z‘PPZ } where ‘PH_l
and cpl+1 are the continuous hat functions 1ntroduced in Sect. 2.4.

Analogously to the previous step, we define the functions ¢p for P € AL NT3\ {T; UT,}
Which vanish over [U2_;T,,] N T's. Then we construct the functions 1p with P € AL N
Ty \ {T'1 UTy UT3} vanishing over [U3,_; '] N Ty and so on. Finally, we define ¥p with

Pc AF N T \ Uty T vanishing over the boundary of I‘ml, We arrive at the basis of
(3.2). If the level l(P) of P is defined by I(P) := [ for P in VI, then we get

Lemma 5.2 i) For —0.5 < s < 1.5, the basis {¢pp : P € UL AL} is a Riesz basis,
i.e., for any vector of real numbers (€p)p, we get

PeAl PeAl

S tpp ~¢ZWWﬂW- (5.20)
H3(T)
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i3) For the Sobolev space orders s <t < 2, s < 1.5, the functions from Lint fulfil the
approzimation property (Jackson type theorem,)

inf ||u—uL||H (T < Cc2™ Le- S)||u||Ht(F) (521)

uLEL'LnL

i) For the interpolation projection Rp defined in Sect. 2.5, for w € HY(T), and for the
Sobolev space orders 0 < s <t <2 s< 1.5, t>1, we get

o~ By < €275 fullgme e, (522
iv) For the L*(T') orthogonal projection Pr, and for the Sobolev space orders —2 < s <
t<2 s<1.5,t>—-1.5, we get

||u — PLuHHs(F) S CZ_L(t_S)H’U,HHt(F). (523)

v) For the Sobolev space orders s < t < 1.5, the functions uy from Lint fulfil the
inverse property (Bernstein inequality)

Jucllzry < C25679|ug || ger). (5.24)

Proof. The assertions ii) - v) are well known. It remains to proof the Riesz property. Let
—0b<s<lband f= Y pear Epp. Since ¢p = b, 0 k7' for any P = ky(7) € T3y N AL
and since all the ¢¥p with P ¢ I'; vanish over I'y, the corresponding estimate over I';
analogous to (5.18) implies

PeAnl nry Penlnr

> ot NJ > g (5.25)
H2(I',)

Now we set f,© 1= Ypealnrr, {pyp and f5 = (f = f3)|r,. Clearly, the second function
fi is Xpearnr, épyplr,, and we observe that, for each restriction ip|r,, P € AL N Ty,

the function ¥p o kK, is equal to a restriction to T of a wavelet ’l,bFZ or at least to the
linear combinations of three restrictions to T of wavelets ’l,bFZ First suppose all ¥p o k3|7
with P € AL NT; are restrictions of wavelets ’l,bFZ Then the upper estimate of the Riesz
properties (5.1) applied to the 1p o k3|7 and the lower estimate (5.25) yield (cf. also (2.3))

| fllaemsy < N5 aems) + 15 || 7o)
< ||f2+||Hs(r2)+C¢ S 2uPeD)gp

PeAl Ny
< N5 zsa) + Cllflase, (5.26)
| Fllzsyy > 15 aews) — Cllf sy (5.27)

The case that not all ¢p o ky|7 are restrictions of wavelets 1/J’R2 occurs only if P = K/g(T) is
at the boundary of ka(T), if ¥p = b — L{@h" + o'} resp. 1p = b — H{op " + o5 '},

and if the corresponding wavelet on RR? is B = olt! — o + l"'l} resp. YF =

et — 4{90”'1 + 90721} The functions cpl+1|T, however, are restrictions to T' of wavelets
1#71?,2 with 7/ € R*\ T and 7/ € V{R Moreover these cpl+1|T coincide with the restrictions
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of p, 0 k|7 for certain P, € AL NTy. Hence, for an upper bound of ||f, ||?, we get the
sum of terms 22(F)e=1)|¢p|? and 22(FP)=)|¢p +-1¢p |2, and the estimates (5.26) and (5.27)
remain valid. From these and (5.25) we get that

o) ~ J Y UEND|Ep[ 4 |IfF]

Penlnr,

171

me(ry) + || f] H*(T2)5

and the estimate over I'y analogous to (5.18) leads to

Hs(Fg) ~ J Z 22[(P)(S—1)|€P|2

PeAl NI uly]

171

mory) + || f]

Repeating the last arguments with I'; replaced by I'y UT'y and T’y replaced by I's, we arrive
at

171

mory) + | flleses) + | flles@sy ~ J > 22UP)(s—1)|¢p 2.

PeAl NI U2 Uls]

Further applications of the arguments lead finally to

mrp
Z ||f|Hs(rm) ~ J Z 221(P)(s—1)|€P|2 _ J Z 221(P)(s—1)|€P|2
m=1

r mp r
Pen;nu, 2 Tm PeAy

The Riesz property implies the existence of a projection @, which is defined by
u= Y., {épygp— Qru:i= ) (pyp

Peuge AT Penl

and which is bounded in H®, —0.5 < s < 1.5. For the wavelet coefficients of smooth
functions, we obtain the following decay estimate.

Lemma 5.3 Suppose the continuous function u belongs to &me H*(I'y,) for an s with
—0.5 < s < 2 and suppose EPEAE Epp 1s the representation of either the interpolation
Rrpu or the orthogonal projection Pru or the projection Qru. Then

1 if —05b<s<1b
VI if 1.5<s<2.

J Y 2APNDep]? < Cllull e e,y (5.28)

Iy
Penl

Proof. The case —0.5 < s < 1.5 follows immediately from the Riesz property (5.20), and
it remains to consider 1.5 < s < 2. First we suppose that > {p1yp is the projection @ ru.
The Riesz property and the approximation property of Lemma5.2, iii), which remains
valid for Ry, replaced by the uniformly bounded @, (cf. (5.20)), imply

r
Pev;_,

J Y. 272N~ 1Qu - Qiaullre < [|Quu — ullzz + [lu — Quoaulre

IN

CZ_ISH“H@:I;IHS(me

J Z 22(1—1)(3—1)|€P|2 < CHuH@mLHs(pm)-

T
Pev,_,
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Passing to the squares and summing up over [ = —1,..., L — 1, we get the upper bound
C L ||u||*>. Taking square roots we obtain the assertion for 1.5 < s < 2.

Now we denote the coefficients of Rpu by ép in order to distinguish them from those of
Q@ru. From the assertion with Qru and from Lemmab.2 ii) and iii) we get

Pent

J > 27¥Pep — €2 ~ || Quu— Rpufze < [|Qru —ullze + [lu — Roul|re

IN

CZ_LSH“H@:I;IHS(F,”):

J > 2PN N[Ep —Ep2 < Cllullgre e,

Pent

This together with the estimate (5.28) for the coefficients {p of @ ru implies (5.28) for the
coefficients ép of Rpu. Similarly we can prove the assertion for the orthogonal projection.
"

5.2 The Properties of the Wavelet Basis in the Test Space

The properties of the basis of test wavelets introduced in Sect. 3.2 can be described using
the predual basis. We simply define the classical hierarchical basis by xp := @5+ for
P € VT and observe

(¥p,xp) = Ip(xp) = bpp (5.29)

as well as span{xp : P € AL} = Linf. The interpolation projection can be represented
as

Riu = ). u(P)pp = > (¥p,u) xp.

Iy Iy
Penl Penl

The following properties are well known.

Lemma 5.4 i) For 1< s < 1.5, the basis {xp : P € UX_ AL} is a Riesz basis, i.c.,
for any vector of real numbers (€p)p, we get

Y épxe ~ > 22PN ¢p 2. (5.30)

PeA] () Penl

it) The approzimation and inverse properties for the space predual to the test functionals
are formulated in Lemma 5.2 ii)-iv).

The second basis {95} is a slight modification of {Jp}. In fact the basis transform from
{¥p} to {¥7} is the identity matrix plus an upper triangular matrix with only one entry
0.25 in each row and no more than six entries 0.25 in each column. Hence, the basis
transform is invertible. A dual system {x}} for a fixed L can easily be constructed from

{xp} by applying the inverse adjoint basis transform. Moreover, if we change the basis
{9p} to the H® scaled basis {2{P)~1gp} and {97} to {2MP)Ns~yL}, then the basis
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transform is the identity matrix plus an upper triangular matrix with only one entry
0.25 - 2°7! in each row and no more than six entries 0.25 - 2°~! in each column. Due to
Schur’s lemma the norm of the triangular matrix is less than

V[0.25-2-1] - 1,/[0.25 - 21] -6 < V075 < 1.

Thus the basis transform is stable even for 1 < s < 1.5, and assertion i) of Lemmab5.4
remains true if we replace {dp} by {J7}.

We finish this subsection with a result on the boundedness of the wavelet transform 77.

Lemma 5.5 Suppose that ur, = Ypear nppL and that n = (’)’]P)PeAE = Ty with v =
(’Yp)PeAE. Here the wavelet transform Tt from Sect. 8.8 could be defined also with Yp
replaced by 95 . Then, we get

He(T) < CJ Z 22l(P)(s—1)|,-YP|2

Iy
Penl

(5.31)

[[r]

{\/Z f0<s<l1

1 fl<s<1b.

Proof. Since the basis transform from {xp: P € AL} to {x}: P € AL} and its inverse
is stable in H®, we may suppose, without loss of generality, that the wavelet transform is
defined with Jp. The case 1 < s < 1.5 follows from Lemma5.4, i). For 0 < s < 1, we
conclude

L-1
lucllzsmy = || Y. vexpllam < Y. 1| Y. vexella«m
Penl I=—1 pev}
L-1
< CVL Z | Z ’YPXP|12£1s(r)-
I=—1 pev}

Now it remains to apply the inverse property and a discrete norm estimate for shifts of
hat functions on one level.

L-1 L-1
||uL| H"(F) S C\/Z Z 2251|| Z ’YPXPH%Q(F) S C\/Z Z 221(3_1) Z |’yP|2.
I=—1 Pevr I=-1 PeVvy

5.3 The Complexity of the Compression Algorithm

Lemma 5.6 The number Np of non-zero entries in the compressed matriz AL corre-
sponding to the compression pattern P(a,b,c,d,a,b,¢,d) (cf Sects. 8.4 and 8.5) satisfies

1 ifc#1,b#1
Np < CL2 4 (g2t +(-bl ) 12 jfe=p=1

L else
) 1 fe#£2,b+41
1O 4 92Ha/24(1-¢/2)+ +(1/2-6/2)4] ) 12 fé=2 =1 (5.32)
L else.

In the last formula (...)+ stands for the positive part of (...), i.e., (...)+ is equal to (...)
if (...) >0 and (...)4 is zero else.
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Proof. First we count the entries from (3.18) and denote their number by N3. For a
fixed test functional Jp/, the number of entries with column indices P such that I(P) =1

and (3.18) hold is less than

maX{Z_l, 9-UP"), dZaL—bl—cl(P’)} 2
27! '

We estimate the maximum of the three numbers by the square root of the sum of the
squares. Then we sum up over all levels [, over the 0(2211) test functionals with level
I((P") =1, and over all levels I'. We arrive at

L-1 L-1
]\/’71J < Z 92l Z C{l 4 920-1) _I_d222aL-|—2(1—b)l—2cl’}
'=-1 =-1
1 ifetl, b#£1
< CL22L + Cd2 22L[a+(1—c)++(1—b)+] 1?2 ife=b=1 (533)
L else.

Next we count the entries from (3.19) and denote their number by N3. For a fixed test
functional ¥p/, the number of entries with column indices P such that I(P) = [ and (3.19)
hold is less than

max {2—17 2—1(P')7 JZ&L—EI—EI(P’)}
C =

since all the ip intersecting the common boundary of two parametrization patches are
located along a one dimensional submanifold. Estimating the maximum of the three
numbers by their sum and summing up over all levels [, over the 0(2211) test functionals
with level [(P') = I', and over all levels I, leads to

N% < 1:23_1 92l 1:23_1 C{l 401y 4 CZZ&L—l—(l—I;)l—El’}

I'=—1 I=-1

1 ifé#2, b#1

< CL2L 4+ CdaMatC-as+0-b11d 12 jrz_9 §—1 (5.34)
L else.
The estimates (5.33) and (5.34) together with Np = N3 + N3 imply (5.32). "

5.4 General Error Estimates for the Numerical Solution and Pre-
conditioning

In this subsection we recall well-known error estimates for stable numerical methods. We
give the precise assumptions on the stability and derive necessary conditions which ensure
that the numerical methods, perturbed by compression and by boundary and quadrature
approximation, admit the same asymptotic orders of convergence as the unperturbed
methods. Moreover, we give necessary conditions which ensure the existence of diagonal
preconditioners for the matrix A¥*“? of the compressed and approximated collocation
method.
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The collocation method for the equation Au = v defines an approximate solution uz €
Lint by RpAur, = Rpv (cf. Sect. 2.5). This method is called stable in the space H*(T')
if the approximate operators Ry A : Lini — Lin} are invertible for sufficiently large L
and if their inverses are bounded, i.e.,

-1

H (ReAlsmg)

e < C ||w,;,||Hs(F)7 wy, € Link.
We suppose that the collocation method is stable for s = 0. Additionally, if r = —1 or if
the algorithm (3.15) is applied to an operator A of order r = 0, then we suppose stability
also for s = 1.1 (or for an arbitrary s with 1 < s < 1.5 instead of 1.1). Note that stability
is well known for second kind integral operators including compact integral operators.
In particular this is true for double layer operators over smooth boundaries (cf. e.g. [2]).
For first kind operators and operators involving strongly singular integral operators, the
question of stability is not solved yet. A first step toward the solution is done in [34,
35, 10, 13]. Note that, since our trial space Lin} is generated by two scaling functions,
the stability is needed for a multiwavelet space (cf. the univariate multiwavelet paper
[36]). Though a rigorous proof of stability is missing engineers frequently use collocation
methods without observing instabilities.

To simplify the notation, let us denote the operator RLA|LmF by Ay, i.e., by the same

symbol as for its matrix with respect to the basis {p5 : P € AL} (cf. Sect.2.5). Similarly,
we denote by AS and A7? the operators in Lini the matrix of which with respect to
{pf : P e AL} is AS and A7, respectively (cf. (3.14)). Using the L? orthogonal pro-

jection Pp,, we represent the error u — uy, of the fully discretized and compressed method
A7%ur, = Rpv as

u—ur = u— Ppu— (A7%)” {RLAu — AquPLu}
= w— Ppu— (A5 {[Ap — A5 Pru+ A(I — Ppyu— (I — Rp)A(I — Pp)u}.

We apply the boundedness assumption on A (cf. Sect.2.2), assume the stability of A7?
for Sobolev index s = 0, and use Lemma 5.2 to get

lo = willgey < o= Poulleey + € {[I[Az — A" Prull oy +
1T = Poyull ey + 27 | AT = PoYull gosqry }
< C27 I |l oy + C [ AL — AZ) Poul| gogry -
In other words, to ensure the optimal convergence order 2 — r, we need the estimate

1AL — AZ° ) Prull oy < C27C7 ullarsry (5.35)

for s = 2 and the stability of A7%. Since Ay is stable by assumption, for the stability of

7% it will be sufficient to require

. 1
||AL—Aﬁq||H0(F)<—Hr(F) < §L,:L§Iﬁ’+1 Az ||H’"(F)<—H°(1")

In view of the inverse property v) of Lemma 5.2 the last condition is a consequence of
(5.35) with the choice s = 1.1 if we show that the constant C' in (5.35) can be made
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smaller than any prescribed positive number. It will be the task of the next sections to
prove estimate (5.35) for s =2 and s = 1.1.

The issue of wavelet preconditioners has been addressed by many authors (cf. e.g. [12, 14,
27, 48]) and we will follow the same ideas. In the case r = 0 the stability of A7? implies
that the matrix A7? has a condition number which is already uniformly bounded with
respect to L. Thus, for the algorithm (3.16), no preconditioning is needed, and we can
restrict our consideration to algorithm (3.15). Unfortunately, the wavelet transform 77 *
(cf. Sect. 3.3) has not a uniformly bounded condition number with respect to Euclidean
matrix norm. Therefore, preconditioning is needed even for r = 0, and the preconditioner
is to be derived from the stability for a different Sobolev index. We choose e.g. s = 1.1.

Let us consider an operator A of order r = 0, —1 and suppose the stability of Ay in the
Sobolev space H'(T'). If we could prove

¢ 1 11—
AL — AﬁqHHl-l(F)«—Hl-Hr(r) < 9 L':Lilﬁ)ﬂ ||AL’1||H11-1+r(1")<—H1-1(1")7 (5.36)
then A7? is stable in H''(T'), too. From Sects. 3.1 and 5.2, we recall that A7"“? is the
matrix of the operator A7? with respect to the bases {¢pp : P € AL} and {xp: P c AL}

Under assumption (5.36), the assertions i) of the Lemmata 5.4 and 5.2 imply that the
matrices

(6p,pr21PO011)) Ay (8p pr2(PIrH11-1)) (5.37)

P,P'EAE P,P'EAE

have condition numbers which are uniformly bounded with respect to L, i.e. the matrix
A7? admits a diagonal preconditioning. The boundedness of the condition number en-
sures the fast convergence of the iterative solver in the wavelet algorithm (3.15). In other
words, for the fast iterative solution of the linear systems A7 8 = v (cf. part iv) of
(3.15)) using preconditioning, we only have to prove (5.36). This will be done in the next
two sections.

5.5 The Estimate of the Compression Error

The fundamental relation for the compression is the following decay property of the entries
ap: p of the stiffness matrix (3.12) with respect to the wavelet bases. The decay estimates
rely on the assumptions for the kernel function (cf. Sect.2.2) and on the vanishing moment
properties for the wavelets (cf. Sects.3.1 and 3.2). Let m stand for the number of vanishing
moments of the test functionals. For r = 0, we use the test functionals Jp/ and get m = 2.
If r = —1, then we use the test functionals ¥p/ and set m = 3. In any case r + m = 2
and m = 2 — r. The support Op: of Jp: resp. Y is supposed to be defined like in the
beginning of Sect. 3.5.

Lemma 5.7 If the support Up of the trial function ¥p is contained in the interior of a

single patch Ty, of the boundary and if the distance of Up to the support Op: of the test
functional 9p: resp. 5, is positive, then we get

‘a}‘;’,,P‘ < €2 ™P)~ 4P gist (Opr, Wp) "™, (5.38)
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If Up s not contained in the interior of a single patch T'y, and if the distance of Up to
Op: 1s positive, then we get

‘a}‘;’,,P‘ < 02 ™F)9 2P st (@ps, Tp)TTPT™. (5.39)

Proof. For a rigorous proof of such estimates we refer e.g. to [14, 44]. We give only a short
explanation for the estimates (5.38) and (5.39). Since the kernel k in (2.4) is bounded and
since p(P — Q)/|P — Q|* behaves like | P — Q| =277, the estimate C272'dist( P’, supp pp) 2"
for the entry (K @b)(P') is standard. If we change ¢} into the wavelet 1p with two vanish-
ing moments, then the integration against ¢p is like applying a second order derivative to
the kernel, multiplying by the factor 272(%) and integrating over the support ¥p. Using
the bound C |P — Q|=*"" for the second order derivative of the kernel function in (2.4),
we arrive at the estimate C2~*(P)dist( P!, Up)~*~" for the entry (Kp)(P'). Replacing the
Dirac delta functional at P’ by the wavelet functional Jp with m vanishing moments is
like applying an m-th order derivative to the kernel and multiplying by the factor 2™,
Thus the entry ¥p/(K1p) is bounded by the right-hand side of (5.38). Similarly, we get

(5.39) for a wavelet 1p without vanishing moments. n

Now we suppose that the entries a}gifp of A7 are computed exactly. In this case the
missing estimate (5.36) and the inequality (5.35) with the Sobolev indices s = 2 and
s = 1.1 follow from

Lemma 5.8 Suppose Ar, € L(Lint) is the approzimate operator of the collocation method
(cf. Sect. 2.5) and AS the operator of the compressed collocation method (cf. Sect. 5.4)
including the sparsity pattern P = P(a,b, ¢, d,a, b,¢, J) (cf. Sect. 3.5) with the parameters
b=b=1,a=c>0.75 and a=¢&> 1.5. Then we get

1AL — ALl gro(ry—m2(ry < C{d*+d 7L P27 C0r, (5.40)
AL — Azl gorymra(ry < C{d*+d WLtk (5.41)
1AL = ALl sy grawny < C{d™*+d7°}. (5.42)

Proof. First we consider (5.40) and (5.41). We set

w,c

w
Qpp —Qapip

bPl p = \/ZZ(O_l)l(P’)

—(s=1)I(P) \/Z Hs=2
2 { 1 ifs=1.1. (5.43)

In view of Lemmata 5.3 and 5.5 the norm of || Az, — A$ || can be majorized by the Euclidean
norm of (bp: p)pr p. Schur’s lemma gives

[Gore)ps| < /515,

S = max 2F) N bp p27HP), (5.44)
Pent Peal
22 = Imax ZI(P) Z bpl,pz_l(P’),
PEAE P! T
eal
and it remains to estimate ¥; and X,. Let us set dist := dist(Op/, Up) and max; :=

max{2~!, 27 1P geL-b-cl(P')} a5 well as max, := max{2~!,2-1P) goal-bl-a(P)} By oF
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we denote the set of P € VI such that ¥p is not contained in the interior of a single patch
I',,. Furthermore, we set @f := VI \ ©F. Finally we write L = L for s =2 and L = VL
if s=1.1. Now the compression criteria (3.18) and (3.19) as well as Lemma5.7 imply

Y, < CL max Z 9-¢l Z ‘ap, aP,

P’EAF 1 PEVF
~ L-1 ,
< C L ma}% Z 2—(3—2)12—21 Z 2—ml(P )2—4ldist—r—4—m 4
Plely, I=-1 PE@{:dist>max1
L-1
Z 2—(3—1)12—1 Z 2—ml(P’)2—2ldist—r—2—m
I=—1 Pe@f:dist>maxZ
7 N~ g-mi(P)g—(s+2) N~ gomi(P)g—(s41)
—mi(PNoy—(s+2 —r—2-m —mi(PNoy—(s+1 —r—1-m
< CLPr}réaAXE 122;12 2 max; —I—IZX_:lZ 2 max,
L-1
< CZ max Z 2—ml(P')2—(s-I-2)l[dzaL—bl—cl(P')]—r—2—m_|_
B pPent |22
L-1 .
3 9=mi(P)g~(s+ 1) [ JoaL-H—el(P")]-r-1-m
=—1
L-1
< CZ {d—42—a(r+m+2)L max 2[c(r—|—m-|—2)—m]l’ Z 2[b(r-|—m-|—2)—(2-|—s)]l +

—_ _
I'=-1,..,.L—1 ==

-1
CZ—Bz—&(r-l—m-l—l)L max 2[E(r—|—m+1)—m]l’ Z 2[b(r+m+1)—(1+s)]l} )

I—_ —
U="1,...L-1 =

Note that, in the step from line two to three of the preceding estimation, we have used

dpl
{Perl: |P'—P|>max;1} |P’ — P|1'—|—4—|—m

2% Y iR M <

Pe @f :dist >max;

< C'maxlr 2mm,

ot Y dw < oy [ dpil 0 L}
PE@{:dist>max2 B m,m’'=1 {PETmNT 1 |P'—P|>max } |PI - P|1'—|—2—|—m
< C max, " r-1-m

For s = 2 and s = 1.1 and for our special choice of the parameters a, b, ¢, @, b, and ¢, we
get e(r+m+2)—m>0and b(r+m+2)—(2+s)>0aswellas é(r+m+1)—m >0
and b(r+ m + 1) — (1 + s) > 0. Hence, we may continue

- L? ifs=2
< —4 -3 —(S—I')L
Yios O{dT+dT2 {\/Z ifs=1.1.

Let us turn to ¥,. We set 0 := Ul__1®l as well as (® := Ul__1®l , and, similarly to the
estimation for ¥;, we get

< Ol par 520NN S i,

- N
PEAL =—1 Plev{‘
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L-1
Cj)max 2_(3_2)1(13) Z 2_2l Z 2—m12—4l(P)dist—r—4—m

<
- Pe@
I=-1 P’EV{:dist>max1
~ L-1
_I_CLmaX 2—(3—2)I(P) Z 2—2l Z 2—m12—2l(P)dist—l'—2—m
Pe®
I=-1 P’EV{:dist>max2

IN

L-1
C L max { Z 9—-mlg—(s+2)I(P) maXl_r—z—m}

Peo =—1

L-1
1+ C L max { Z 9-mlo-sl(P) maxz_r_m}

Peo I=—1

IN

L-1
C L max { Z 9—mlg—(2+s)I(P) [dzaL—bl(P)—cl]_r_g_m}

Peo I=—1

L-1 ) )
—I-Cf)max{ Z 9—mlg—sl(P) [dZ&L—bl(P)—cl]—r—m}

Peo =—1

IN

L-1
Czd—42—a(r+m+2)L max 2[b(r-|—m-|—2)—(2-|—s)]l’ Z 2[c(r-|—m-|—2)—m]l
=—1

. L1
+C Ld 2278 mL pay glb(rim)=sli' § olé(rim)-m}t
I=-1,..,L—-1 =

For s = 2 and s = 1.1 and for our special choice of the parameters a, b, ¢, @, b, and ¢,
we get c(r+m+2)—m >0and b(r+m+2)—(2+s)>0as wellas {(r+m) —m >0
and b(r + m) — s > 0. Hence, we may continue

. L ifs=2
< —4n—mL —2n—mL
Yy < {Cd 27+ CdT2 }{\/Z ifs=11,

and the assertions (5.40) and (5.41) follow.

Now we turn to (5.42). The estimation is analogous to that of (5.40). Instead of (5.43)
we set

= (1 1-1UP 9—(1.1+r-1)I(P)

w w,C
bp: p Qpp —Qapip

and, proceeding analogously to the preceding estimation of 3; and 3I,, we arrive at
. < Odt+0dd, 3, < odt+0d
This implies (5.42). "

6 The Estimation of the Errors due to the Approximate

Parametrization and due to the Quadrature

6.1 The Far Field Estimate

In this subsection we suppose that the near field and the singular integrations are per-
formed exactly and derive the convergence estimates for the far field case. The error
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estimate for the near field and for the singular integrals will be considered in Sects. 6.2
and 6.3, respectively. In view of Sect. 5.4 and Lemma 5.8, it remains to prove

Lemma 6.1 Suppose AS € L(Lin}) is the approzimate operator of the compressed collo-
cation method including the sparsity pattern P = P(a,b,¢,d, a, b,¢, cZ) (cf. Sect. 3.5) with
a=b=c=b=1landa=¢>15. If A7? is the operator of the compressed collocation
method including the approzimation of the parameter mappings and the quadrature of Sect.
4.1, then we get

AL = AL" | g0y () < C{d B 4 d Gyl (6.1)
1AL = AL" | oy rra(ry < C{d™ G 4 47y 2monE, (6.2)
45~ AP oy anssngey < O 4 dCI2 000 (63

Proof. i) The three estimates (6.1)-(6.3) follow from the inverse property v) of Lemma
5.2, from the property ||f||Hsf(F) < C||f|lzs(r) corresponding to the continuous embedding

H*(T') C H*(T') for s > s', and from the estimate
||AE _ 2w||H0(F)(_H]_1+r(F) S C {d_(z—l') _I_ J_(z—r)}Lzz_(z—l')L‘ (64)

Hence, the only thing left to be proved is (6.4).

To estimate (6.4), we need new functions spanning the trial space. We shall represent
the operator of quadrature errors A — A7" as a matrix Ay, with respect to this system
of functions, and Az will be estimated just like the compression error Ay, — A§ in the
proof to Lemmab5.8. The new functions ¢¢ , are defined as follows. The space of linear
functions over a triangle T, with 7 € O is spanned by the three basis functions which
vanish at two corners and take the value 1 at the third. We denote these three functions
by ¢,,., ¢ = 1,2,3 and extend them by zero over the rest of T. The point where ¢, ,
is one will be denoted by 7,. For Q = kn(7), we set ¢g .(km(0)) := (;SQ,L(O') = ¢r.(0)
over T,. Notice that the function <;~SQ,L has been defined already in Sect.4.1. We extend
the function ¢g , from Iy to I' by setting it to zero over I' \ I'y. The point Km,(7,)
depending on @ = km,(7) and on ¢ will be denoted by @,. Clearly, ¢¢,.(Q.) = 6, v
and the system {¢g,: Q €0F, + = 1,2,3} is a basis of the space of all discontinuous
piecewise linear functions subordinate to the partition {Tg : @ €O} of T'. The system
{¢g.: ¢=1,2,3, Q €07, | =0,...,L} is a generating system for the piecewise
continuous and piecewise linear functions over the triangulation {Tg : @ € OF}.

To prepare the derivation of a representation for A — A7 with respect to this new
generating system {¢g .}, we first represent the trial functions with respect to this system.
If a function ur, = Y. &ptp is given, then, in the quadrature algorithm A7“ur, for the
computation of Apur, the function uy, is compressed, and then it is split into the sum of
the restrictions to smaller integration domains I'y on which a quadrature rule is applied.
More precisely, for a fixed test functional ¥p/, we get

L 3
ur = ui = Z €P1/1P = Z Z ZUE(QL)QSQ,L; (6'5)

PEAE:(P’,P)EP =0 QEQLMI{ =1

where the splitting depends on ¥p. Due to the definition of Qual in Sect. 4.1 we get
[=1(Q) > I(P)forall P € AL with (P’, P) € P and for @ € Qual with Ty Nsuppyp # 0
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(cf. conditions i) and ii) before Lemma 4.1). Thus, to estimate the quadrature error for a
fixed ur, = ¥ €pyhp, we define the majorant function uf := > 7g,.9q,, of uf by

Q. = > €p] [4p(Q.)] (6.6)

PEAE: Qe¥p and I(Q)>I(P)

with Up := suppp. This majorant u7* is independent of Jp/, and its “norm” is almost
less than the norm of ur (cf. the subsequent estimate (6.8)). In part ii) of the present
proof we shall estimate the operator norm ||Af — A7”|| of the quadrature error by the
Euclidean matrix norm of a matrix acting on the coeflicients 7¢g,, of u7'. This matrix will
be treated by the wavelet compression technique, i.e. analogously to the proof of Lemma

5.8.

To show that the “norm” of 7' is almost less than the norm of uy,, we formally introduce
the norms

L 3

‘(’rlQ"’)Q,L HoO = Z Z 22_21 |77Q,L|27
=0 QED{ =1

‘(gp)PEAE He T > 22 DUP) [¢p?, (6.7)
Penl

‘(CP)PEAE g0 Y (pxp

IN
Penl HO(T)

Recall that the H® norm of (ép)p is equivalent to the H® norm of Y éptp by assertion i)
of Lemmab.2. We get

L ifs=0
loedade < Cléoessl vz ozoes 09

Indeed, from (6.6) and the boundedness of the functions ¥p, we conclude

= ~ L ifs=0
2 < 2sl(P) 2 —
ng,.l” < CL ] > 2 Epl™s L 1 ifo<s<?,
PeAY: Qe¥p and [(Q)>I(P) 2
Z 9—21(Q) |77Q L|2 < ci Z 92sl(P) |€P|2 Z 9—21(Q)
(Q.4) Penl (Q,0): QETp and I(Q)>I(P)
L 3
< C Z Z 22sl(P) |€P|2 Z 2—21 Z Z 1
Penl I=l(P)+1 Qeof: Qe¥p =1
_ L 9-U(P)7?
S CL Z 22sl(P) |€P|2 Z 2—21 l — ]
Pent I=l(P)+1 2
< CLL Z 92(s—1)I(P) |€P|2
Penl

which proves the estimate (6.8) for ¢ , defined by (6.6).
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ii) Let us introduce the matrix Ay, the norm of which majorizes the norm of operator
A§ — AZ” and let us estimate this norm [|AL||. By @ps,(g,,) we denote the absolute value
of the quadrature error in the far field integral

Ip (/F k(-,R,nR)T%¢Q,L(R) dRF> (6.9)

where @ € Quaj and I < L (cf. Sect.4.1), and we set aps (qg,,) = 0 for @ € Qua}. We

denote the matrix (@p, (q,,))r,(Q,,) bY A5 . Due to (6.5) and (6.6), each component of
the vector of quadrature errors [A7* — A7"*|({p)p is less or equal to the corresponding
entry of the vector Ar(ng,.)g,.- In other words, we obtain

|4z — AL (ép)pear

<

g S HAL

AL (ng,)q, (1@,1)q .

< C\/ZHAL

HO HO—HO HO

(6.10)

(€P)P€AE

HO— HO Hil4r '

It remains to estimate the norm ||/~1L|| In view of Lemma 5.5, the definition of the norm
| - || 0, and the estimate (6.10), we set

bpi(Q,) = V'L A/L 20~ DIF) ap', (0,0) Q) (6.11)

and get that the upper bound v/L ||AL|| on the right-hand side of (6.10) is less than the
Euclidean matrix norm of the matrix (bp/,(Q,L))P,,(Q,L). Now, to get the estimate (6.4), we
can proceed analogously as in the proof to Lemma5.8. We shall prove

ip o,y < C27™IP)9~(-mQdist (Op, Tg) 2™, (6.12)

This estimate (compare (5.38) and (5.39)), the relations (4.7) and (4.8) (compare (3.18)
and (3.19)), and the proof of Lemma 5.8 imply (6.4).

iii) Let us prove (6.12). This, however, is a consequence of dist (0p/,Ig) < C and of the
stronger resp. equivalent estimate

ap g,y < C27™PI~(=mHQdist (Op,, Tg) "> ™. (6.13)

It remains to derive (6.13). The approximation to (6.9) (cf. (4.18)) is obtained by interpo-
lating the parametrization k,,, by applying a 2 — r order product rule to the integral over
T, of the integrand o +— k(-, km(0), n;;n(a))j,;(a), and by applying an ng order quadrature
to the integrals of the weight functions o — &Q,U(U)p(- —k! (o)) |- —&! ()7 ¢g,.(km(0))
(cf. Remark 4.1). Let us make this more precise. It is not hard to see that the test func-
tional Jp: 1s a scaled version of a difference formula and that it satisfies a certain Leibniz
rule of the form

ips

Ip(fg) = Z:ﬂP',l,i(f)ﬂP',z,i(g)y (6.14)

where the ¥p: ;; are, just like the Jp/, finite linear combination of Dirac delta functionals
with bounded coefficients and with supp ¥p ;; C suppIp. Moreover, the sum mp:; ; +
mp 5 ; of the vanishing moments mp: ;; for ¥p: ;; is equal to the number m := 2 — r of
vanishing moments for ¥p/. Applying (6.14) to (6.9), we get the integrand

ipt R
Z/F k(¥pi1,i, R,nr)0p 2, (T(_iR@) éq,.(R)dgT.
=1 Q
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Consequently, the term ap: (g ,) is the sum over 1 of errors due to replacing the param-
eter mapping k., by its interpolation «! , due to applying a 2 — r order product rule
to the integral over T, of the integrand o — k(Jp: 1., nm(a),nf{;ﬂ(a))j’;(a), and due to
applying a tensor product variant of Gaufi quadrature of order ng to the integrals of the
corresponding weight functions o — &Q,U(U)ﬂp:,gﬂ-(p(- — k(o) - =k (0)]7) (;SQ,L(O') for
v = 1,2,3. Indeed, this splitting (6.14) into a sum over ¢ = 1,...,2ps has to be included
into the derivation of formula (4.18). We have not mentioned this since the splitting is not
seen explicitly in the final formula and since we did not want to overload the presentation
in Sect. 4.1 by these technical details.

Clearly, concerning the replacement of k., we get |km(o) — &. (o)] < C 2-(@™FTUR) for
oceT,=rYTg)and |Vokm(o)—Vor! (o) < C 2-mUQ) if V, is the gradient with respect
to 0. From the smoothness assumptions on k., in Sect.2.1 and on the integral kernel in
Sect. 2.2, we conclude (cf. the proof of Lemma 5.7)

| Tm(0) = Tm(0)] £ 027, | T (0)| < O, |Tm(0)| < C,

‘k (19P',1,i, lim(U),n,.;m(a)) —k (’19]3/,1,1', nm U ) n’ (a'))‘ < 02 mUR)g—mpr s l(P’)7
‘k (’1913/,1,1', I€m 0' nm(v)) ‘ < C2 ™Mpl 1, l(P’)7
‘k (’1913/,1,1', I€m 0' , (G))‘ < (C27™MPL l(P’)7

(6.15)

Ipi o s (M) — g (M)‘ < 02—(m+1)l(Q) g-mmp 5 ; I(P')

| . _K./m(o.)|a - dist2—|—r—|—mP/,2,i +1

2—ml(Q) 2—mP/,2,il(P’)

IN

dist?Fmeas

Opr s (m ) 9—mpr s ; I(P')

IN

| - —km(o)]® dist®trFme 2

| - —kl,(0)]* dist®t t™mer2,”

where we have used the notation dist := dist(®p,Ty) and the estimate dist > 274@) (cf.
(4.7) and (4.8)). Hence, we arrive at

k (’1913/,1,1', Iﬁm(U),n,{m(G)) '19P’,2,i (M) jm(U)(}ST,L(U)—

- —km(0

(- —rul))
W) Tm(0)7,.(0)

9-mi(Q) 9-mi(P")
= distZFerm

k (1913'7171'7 K/m(o-)7n;,’m(a')) Vpia,i (

and the integral over T of this difference is less than the right-hand side of (6.13).

On the other hand, the error of the product rule can be estimated by the supremum
norm interpolation error of the integrand multiplied by the weighted measure of the
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integration domain. Using the smoothness assumptions on &, from Sect. 2.1 and on the
kernel function k from Sect. 2.2 as well as the definition of k] as an m + 1 =3 — r order
interpolation to ,,, we observe that the interpolation error due to the product integration
is less than 27(2~™H Q) Note that, again, from the rate of convergence O(2-~"U®)) for
the approximation of the geometry a factor 2749) is lost since the integrand contains first
order derivatives. Estimating the integrals over the weight functions of the product rule
with the help of (6.15), we get an upper estimate 027 2:(F)9-2UQ) it ~"~2-™p/2i for
them, and the error of the product rule is less or equal to the right-hand side of (6.13).

iv) Let us turn to the quadrature error of the ng-th order quadrature applied to the
integral over the weight function and show that this is less than the right-hand side of
(6.13), too. The tensor product GauR rule (4.17) with ng from (4.19) is a very strong
tool for producing a small quadrature error. Since we believe that the values ny and np
should be determined by numerical tests, we shall not try here to derive the theoretically
optimal values for them. This allows us to simplify the estimation. To deduce an error
estimate for (4.17), we start from a univariate estimate for the GauR rule. If I is the
identity operator and I the operator of polynomial interpolation at the Gaufi-Legendre

ZF wG_/Ol(IGF).

. . . D D D
For any bivariate function (¢, 03’ ) — f(a1 , 05 ), we conclude

Pk ko Ry Ky
// (UG;UG)WGWG

ks ,kg 1

knots 0%, then

< swp |f-leeldf

[0,1]x[0,1]

< o{ms]up (T-To)enf|+

x[0,1]
sup |[Ie @ (I - Ig)) f\} .
[0,1]x[0,1]
In view of the well-known fact that the norm of Ig in L* is less than C log ng and using
the simple estimate

sup |(I — Ig)F| <

. [0,1] ng! [0,1]
we continue ( )
6.16
Cl ~ -
f(o8,08)wguwg| < —Og,”‘;{ sup |GnSf|+ sup a;;sf}.
kl,kz 1 ng: [0,1]x[0,1] L [0,1]x[0,1] 2

In particular, setting f(a?, o) = 2T, | f(m3 + oP (11 — 73) + oP Ll (7, —~7'3))0'1D, the rule
(4.17) applied to function f is the tensor product Gauf rule applied to f, and we get

[ 5=kt < 24m CB (o e 4 sup oz )
o5 F(P) = LGS (ra+ oP(m — 73) + 0PoP(ma 7)) o |oP(ra — )|
N f(o”) = 2T f (ra+ ol (r —70) + P07 (12 — 7)) of -
‘(7’1 —73) + 05 (g — Tg)‘nG +
ng - 2|T+| 8:f_1f (7'3 + 0'1D(’7'1 —73) + 0?05(7'2 — 7'3)) .

ng—l
<

‘(7’1 —73)+ 05(7'2 — 73)
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where 0,+ and 0,1 stand for the derivatives in the directions of (73 — 73)/|72 — 73| and

(11— 73) + 05(7'2 — 73)
(71— 73) + 05 (72 — 73)|’

respectively. Hence, using the relations |7, — 73| ~ 2749) and (11 — 73) + oD (1 — 73)| ~
2-4®@) we conclude

2
g

[ R Car

=1

Cl
< 2|7+ ¥ o&ne sup ng 27 sup |62 f|. (6.17)
nfﬁGzl,nG I-

’)’Lgl

Now consider the weight function to which we apply the tensor product Gauf rule, i.e.,
we consider

f0) = fa.(o)dmras (%) $a.(0) (6.18)

We shall show next that the directional derivative of order n to f is less than the expres-
sion C27™r2:(F)92UQ)[¢dist] T~Mr'2: ™™ including a small fixed constant ¢ > 0. Using
2-U@) < Cdist (cf. (4.1) and (4.2)), we arrive at a quadrature error of at most

—(ng-1I(Q
C 2-2UQ) 10%”(6‘2 ( j)l)( ) 2—ml(P’)22l(Q)[5dist]—r—m—(ng—1)‘
ng — .

The last expression is less than the right-hand side of (6.13) if

- 1!
(ne = 1) log ng

1 l edist

ng—3

Passing to the logarithms and using Stirling’s formula for the logarithm of (ng — 1)!, we
get the sufficient condition

dist

1
(nG = 5) log(ng—1) — (ng— 1) —loglogng + (ng— 3)loge + (ng — 3) log lm]

> log2 {0 +(2- r)l(Q)} (6.19)

Choosing ny sufficiently large in (4.19), the GauR order ng is large and we can replace
the first part

1
(TLG— 5) log(ng—1) — (ng— 1) — loglog ng + (ng — 3)loge

on the left-hand side of (6.19) by the smaller term (ng — 3)log2. This leads to the
sufficient condition

(ng — 3) {1 + *log l%l } > C+(2-1)l(Q). (6.20)

In other words, choosing n, sufficiently large and setting ng = 2 — r in (4.19), the
number ng fulfills (6.20), and the estimate (6.13) is proved if only the upper estimate for
the derivative to the function in (6.18) holds
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v) Let us show the estimate €27 ™r"2:/(F)92UR@)[gdist] "~™r'2: " for the n-th order deriva-
tive of the function in (6.18). To simplify the notation we prove the estimate for the
directional derivatives only for the partial derivative with respect to the coordinate ¢; of
o = (t1,t2) € T,. Clearly, due to the linearity, the absolute value of a j-th order derivative
of <;~SQ,L with @ € Qual is bounded by €29 for 5 = 0,1, and is zero for 7 > 1. To show the
uniform boundedness of the derivatives to o — Ips 2,(p(- — k.,(0)) | - —&l.(0)]7%), we fix
a t5 and consider the function

p(Py— (b1, 1)) ;M
| Py — fip, (1, 12) % B |pa(t1)|>’

I ) tl = I = {tl : (tl,tg) c TT} (621)

and its extension to the complex plane. We fix a point ¢; € I. For the polynomial p, of

degree deg(p,) less or equal to the degree 2 —r of the interpolation, the standard estimates
for interpolation imply

8 \" , 8 \*
(6—tl> (PA—Km(tI;tz)) ~ (6_tl> (PA—nm(tI,tz)), k=0,1,...,deg(ps),

P k |P>‘—I€m(t[,t2)| k=0
—— t
‘(am) po{t) (2)" km(tz, t2)

dist if k=0
C ifk=1,...,deg(ps).

~

ifk=1,...,deg(p2)

Consequently, for any complex t; with dist(t;,7) < edist and with a constant £ > 0
sufficiently small, we get

2 0 py(11)

pa(t) = Z 2] (t1—t1)k;
k=0 :
deg(p2) 8kp 1 1 1
Ipa(t)] > [pa(ts)| — kgzjl %(I)Mtl—tﬂk > Sdist — O(edist) > dist,

In other words, the function p(ps(¢1))|p2(t1)|* is analytic for ¢; with dist(¢1,]) < edist,
and, using the estimate p(p2(t1)) < dist®8®) we conclude

P (Pz(t1 ))

< Cdist™? . 6.22
o) | = (6.22)

If we apply the functional ¥p 5, to p(- — k! (o)) | - —«! (¢)|~%, then we apply a difference
formula with a scaling factor of order ~ 274 )™ru2:i  Since the difference scheme can
be represented as a derivative taken at an intermediate point, we can write the func-
tion Fpra(p(- — ki, (0))| - —&l.(0)|7*) as a sum of functions similar to that in (6.21).
Analogously to (6.22), we arrive at the estimate

|- — Kt 22)[”

bl _K/:-n, i 7t '
'19P',2,1' ( ( ( 1 2)))‘ S C 2—l(P )mP’,Z,i dist_z_T_mP'rZri (623)
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valid for the complex extension to all ¢; with dist(¢1,]) < edist. Now we represent the
analytic function by Cauchy’s integral over a closed countour C around I with distance
edist to I, i.e., by

c— k! (t1,t 1 c— k! (t,t 1
Opr gs p(- = R (b, 22 _ _/ Opr o p(- = rp(t,t2)) di
- |'—K/;_n(t1,t2)| 27w1Jo " |—K/;_n(t,t2)| t—tl
Differentiating this equation with respect to ¢, restricting ¢; to I, and using (6.23), we
get

|- — &L, (1, 22)]" -

This together with the estimate C 24?)7 for the j-th derivatives of the functions ¢g , and
$g v, and with dist™ < 249 (cf. (4.7) and (4.8)) proves that the n-th order derivatives
of the function f in (6.18) are indeed less than C27™p'2:l(F)92UQ)[¢dist] "~ ™r/2i™™  m

k = kil (t1, t :
‘%’0P’,2,i (p( K/m( 1, 2)))‘ < CZ—I(P Jmpi o ; [8dist]_2_T_mP"2'i_k, (t1,t2) cT..
1

Lemma 6.2 The number of necessary arithmetic operations for setting up the far field
part of the stiffness matriz AT including the sparsity pattern P = P(a,b,¢c,d,8,b,¢,d)
witha=b=c=b=1and 1.5 <a=¢&< 2 is less than C{d*L* + dL3}2%L.

Proof. Clearly, if the test functional ¥p/ and the domain of integration I'g is fixed, then
the number of operations is less than a constant multiple of the number of quadrature
knots plus the number of trial functions 9p with I'y C Up. Thus, for fixed ¥p: and
T, no more than C' L? operations are needed. The number of all arithmetic operations
is less than C L? times Y. p/ 3 #Qual where #Qual is the number of domains Iy in
Quaj. We only have to count the number of domains Ty in Quaj. The estimates (4.3)
(compare (3.18)) and (4.4) (compare (3.19)) together with the proof to Lemma5.6 imply
our assertion. "

6.2 The Near Field Estimate

In this subsection we suppose that the far field integration and the integration of the
singular integrals are performed exactly and derive the convergence estimates for the
non-singular near field case. The non-singular near field, however, can be treated by the
same method as the far field. In view of Sect. 5.4 and Lemma5.8, it remains to prove

Lemma 6.3 Suppose AS € L(Lin}) is the approzimate operator of the compressed collo-
cation method including the sparsity pattern P = P(a,b,¢,d, a, b,¢, cZ) (cf. Sect. 3.5) with
a=b=c=b=1landa=¢>15. If A7? is the operator of the compressed collocation
method including the approzimation of the parameter mappings and the quadrature of Sect.
4.2, then we get the estimates

1AL — AL" | gory—rr2(ry < 027G IR, (6.24)
1AL — AL | gory—rna(y < 027G IR, (6.25)
1AL = AL | maqycmraenry < C 2~(09ILL, (6.26)
L= { fn i
L3? gfr=—1.
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Proof. We proceed analogously to Lemma 6.1. Clearly, it is sufficient to show the
analogue of (6.4) which takes the form

145 — A% oy spisengey < CL2C0P. (6.27)
For the near field estimate, however, we change the definition (6.6) to

{ Ypeal: gew, €| [¥p(Q.)] if @ € OF

0 fQerl, I<L, (6.28)

’)7Q7L

and we define the entries ap/, (g,,) of the matrix Ap to be zero if Q € Qual for somel < L
and to be the absolute value of the non-singular near field quadrature error if @ € Qual.
If we take into account the decomposition (4.22) and if we repeat the arguments leading
0 (6.13), then we obtain

ip gy < C0270ML 3 dist (Py,Tg) ™" (6.29)

A:l,...,API: P)\gl-‘Q

for the errors of the non-singular quadrature including approximate parametrizations,
product rule, and tensor product Gauf rule of order ng defined with sufficiently large n¢
and np. The estimate (6.8) can be replaced by one of the following estimates.

IN

L 0<s<15, (6.30)

(LR I (I

sup o, < C ||(€p)pear ,1<s<1.5. (6.31)

Note that (6.30) follows analogously to (6.8), and (6.31) is easy to prove. Moreover, we
get the inequality

L-1
> lpxpr < C| Y Cexe <C Y| Y texe

PIEAE L2 PIEAE Lo I=-1 P’EV{‘ Lo
< C ) sup [(p] < CL sup [(p] . (6.32)
1=_1 P'eVT pPrenl

to estimate the L? norm of a function Y p (prxp:.

Now suppose r = 0. Instead of (6.10), we derive from (6.32) that

|[42° — AL (ép)pear

po < CL supHAL(’r/Q,L)Q,L]

p! =CL HALlele sg? 7.l

< OL| e o [(€)peas

(6.33)

HL1?

and the inequality (6.27) for r = 0 follows if we prove that the right-hand side of (6.27)
is an upper bound for L||Ar||. Analogously to (5.44), we set

¥ o= LHALHM«—M = max Z ZLap: (@,0)- (6.34)

Pleny o of =1
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Similarly to the estimation of 3; in the proof to Lemmab5.8, we conclude that

Aps
¥ < CcrL2? sg,pZ{ 272L 3y dist(PA,I‘Q)_z}
A=1

QEDE: P)\gl-‘Q

< 0L2—2L/ IR— Py 2dsl’ < CL27%FL.  (6.35)

{Rel: 2-L<|R-P,|<C}

In view of (6.33) - (6.35), the estimate (6.27) for r = 0 follows.
For r = —1, we conclude from (6.30) that

(45 = A7) (P pent | 4o < CLsup|[Ar(nadg] | < 5 |(ra.)g,i] o
< O |(éP)reat | o (6.36)
3
St = CL max | Y [ap e, 22@. (6.37)
Plen] Qent =1

Hence, we get

Ap/
%7t < CL273 sup 2{2—% > dist(PA,I‘Q)—z}
PI

A=1 Qent: Paglg

< CL27% \// . IR — Py|2dgl’ < CL273LV/L. (6.38)
{ReT: 2-L<|R-P,|<C}

The estimate (6.27) for r = —1 follows from (6.36) - (6.38) and the proof is completed. m

Lemma 6.4 The number of necessary arithmetic operations for setting up the non-singu-
lar near field part of the stiffness matriz AT dncluding P = P(a,b,¢,d,a,b,¢,d) with
a=b=c=b=1and 1.5 < a=¢< 2 is less than C{d*L* + dL3}2%L.

Proof. Similarly to Sect.6.1, the number of operations is less than C' L? times the number
of domains Iy in Qual. Thus we only have to count the number of domains Ty in Quat.
In view of (4.3) and (4.4), the proof of Lemmab5.6 implies our assertion. "

6.3 The Singular Case

In this subsection we suppose that the far field integration and the integration of the
non-singular integrals are performed exactly and derive the convergence estimates for the
singular near field case. The singular near field, however, can be treated by the same
method as the far field. In view of Sect. 5.4 and Lemma 5.8, it remains to prove

Lemma 6.5 Suppose AS € L(Lin}) is the approzimate operator of the compressed collo-
cation method including the sparsity pattern P = P(a,b,¢,d, a, b,¢, cZ) (cf. Sect. 3.5) with
a=b=c=b=1anda=2¢>15. If AT is the operator of the compressed colloca-
tion method including the approzimation of the parameter mappings and the quadrature
of Sect. 4.3, then, for v = —1 and for the case of v = 0 with weakly singular kernels of
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the form (4.25), the estimates (6.24)-(6.26) remain valid. For the strongly singular case,
(6.24)-(6.26) hold with L replaced by L. Now let us turn to the operator A3? of the
modified second algorithm (3.17), i.e., A7? is the operator whose matriz with respect to
the basis {5} is [A*™2 + Tr[A™F|P%T4. If v = 0 and the kernel is of the form (4.25),
then (6.24)-(6.26) hold even with L replaced by one. If v = 0 and the kernel is strongly
singular, then (6.24)-(6.26) hold with L replaced by L.

Proof. i) Without loss of generality we suppose 73 = 0 and Py = k,,,(0) in the formulae of
Sect.4.3. First we consider the case of weakly singular integrals and consider the error for
fixed Jp/, fixed Py € supp ¥pr, and fixed (@, ¢) with Py € Tg and @ € O0F | i.e., we consider
the error for the integral in (4.27) with 4B replaced by <I>Q L= $0,.0 km (cf Remark
4.1). We shall show that the error of approximation is less than O(2-™%). To this end we
consider the errors due to the approximation of k,,, due to the product integration, and
due to the approximation of the quadrature weights separately.

ii) To estimate the error due to the replacement of k., by ! in this integral, we need a
few technical inequalities (cf. the subsequent formulae (6.39)-(6.54)). We observe

fn(0P) — fm(0) = /01 Vin(AoP)d) - oP (6.39)
- [ {wm (3P (r = 75) + NoPob(m — 73)) -
(= m)+A0P(rs = 7) , AoP(ra — ) )} dx- ( Z:ﬁ )
- [ {wm (AP (ri = 75) + 220PoR(rs = 7)) -

((7’1 —73)+ 2)\05(7'2 — 73) )} d)\af.

This and the corresponding relation for %, replaced by &! imply

fom(07) = #m(0) | ~ 27LgP, (6.40)
Fon(07) = R 0) | ~ 278D, (6.41)
5 (#m(0) = m(o®)) | ~ [27%0P]"*7, (6.42)
5 (#(0) = &u(@®)) | ~ [27%0P] 7. (6.43)

By assumption, we get that 7, 0 § and k are bounded. Since k!, approximates k., over
T, with order m + 1 and since the gradient V& approximates Vk,, over T, with order
m = 2 — r, formula (6.39) leads us to

| Em(0?) = &L (0P| < ©276GIgD  (6.44)
| T (8(5™)) = T (8(™)) | < oG (6.45)
| B(Py, m(0®), ni (o)) — K(Pr, fim(07), 1y (o)) | < C27C70E, (6.46)

Moreover, from (6.40), (6.41), and (6.44) it is not hard to conclude

b (Bm(0) — Bm(0P)) — 5 (R1a(0) — RLn(0)) \ < €2 Bk [27E6P)]

deg(p)-1

(6.47)
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< g2 [2—L0D]deg(’3 ' (6.48)
Bm(0) = B (00)| " = [ (0) — L (6P)] 7| < €27 ISP [27 0P ' (6.49)
< 027k 7P| (6.50)

To estimate nz,, (o0 - (Am(0) — &m(c?)), we observe ng (o) * Vkm(8(aP)) = 0, and the
equation (6.39) leads us to
(6.51)
M (oP) (Rm(UD) - km(o)) = N (D) / {[Vﬁm ()\01 (11— 73) + No7 0y (12 — Ts))
—Vkm (UlD(Tl —73) 4+ 0Pl (m, - 7'3))] .
( (11 — 73) + 2X0P (12 — 73) )} doP.
Analogously to Equation (6.39), we write
Vbm ()\01 (11— 73) + )\201 o (7’2 — 7'3)) — Vi&m (UlD(Tl —73)+ 0?05(7'2 — 7'3))
= [V (114 4O = DloP( — 75) + [+ 437~ D]oPol(m — 7)) dp -
(A= 1)(r = 75) + (W2 = 1)oP(r, — 73)| - o7, (6.52)

and, from inserting this into the representation of ng (O.D) (Rm(0) — Bm(0P)) as well as
from the analogous formula for the expression nf, ! (4D) (&1.(0) —&L.(o )) we obtain

IN

| nor) - (Bm(0) = Em(0®)) | C |2 La{’] , (6.53)
[ma(o2) - (Rm(0) = Em(0P)) = iy ooy - (R(0) — EL(6P)) | < 02 [27%0P] (6.54)

Now, using (6.39)-(6.54), the error due to the replacement of «,, by k|, can be represented
as the sum of the errors corresponding to the replacements in the several factors of the
integrand in (4.27). These factors are /;(PA, Em(oP),n Nim(aP) ) (R (0)—Fm(0P), |Rm(0)—
Em(aP)|72, [ (o) (Rm(0) — Em(aP)HT, and Jm(6(aP)), respectively. The last factor
j(s(O'D)&)Q,L(O'D) needs no replacement of k,,. We arrive at the estimate

1 1 ;
C/O /0 {[2—(2—r)L (2L D) de8(8) [9~L 5D]-a [9-LyD]2(1+7) C]
+|C 2—(2—1-)L [2—L0_1D]deg(13) [2—L0_1D]—a [2—L0_1D]2(1-|—r) C:|
+|C [2—L0_1D]deg(13) 2—(2—1-)L [2—L0_1D]—a [2—L0_1D]2(1-|—r) C:|

+lC [2—L0_1D]deg(13) [2—L0_1D]—a [2—(1—1-)L]1-|—1-[2—L0_1D]2(1-|—r) C] ‘51',0

+|C 27507 [a7Fo ) 27RO 2—(2—T)L] }2—2L of dof do?
274 ifr=—1
= C{ 2-2L if r = (. (6.55)
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This completes the estimate for the first step in approximating the integral.

iii) The second step is the product integration of order m = 2 — r. Analogously to
the derivation of (6.55) from (6.39)-(6.54), we conclude that the integral over the weight
function ¢Pp|...|"*[.. """ Jsdo,. is less than 2-L. Hence, it remains to estimate the in-
terpolation error for the m-th order interpolation which defines the product rule. Clearly,
the interpolation error is less than a constant times the supremum of the derivatives to

the integrand function /;(PA, Em(aP), nk, (a'D)) J! (oP) if the derivatives are taken with

respect to o2 or of up to the m-th order. Since our product rule relies up on tensor

product interpolation, mixed derivatives need not to be considered. The integrand is a
composite function of the outer functions &, k! ,and J! and of the inner function §. By
assumption (cf. Sects.2.1 and 2.2) the corresponding derivatives of /.., 7, , and k do exist
and they are uniformly bounded. For the inner function é, each order of derivative with
respect to of and of brings a factor (7, — 73) + o (72 — 7'3) and oP (7, — 73), respectively.
Thus the derivatives of order m are less than 2 ™%, and the estimate on the right-hand
side of (6.55) is an upper bound also for the error of product integration in the second
step of approximation. We even get the better bound 273 for r = 0.

iv) To analyze the third step, we introduce the notation

H(A p) = Mm—73)+ p(r — 73),
HOup) = Ay

U .
|71—Ts| |71—Ts|

In this last step an ng-th order rule is applied to the integral of the weight function from
the previous step, i.e., to

/ / { |£R;1(L(;))__RZ:€(§(§;|9 [ng;n(aD) : (R:,L(O) — R:n(aD)) ]Hr .

j(s(O'D)q)Q,L(O'D) } daf) daf

(fo A\ (H()\Uf,)\zafaf)) -H(l,ZAUE)d)\)
_//{ \f Vi, (H(AeP, X0PoP)) - H(1,200P) d)|” '

I oy S {392 (B ([1+ 0O = )02, 1+ 602 = D]oPoF) ) dp

H (A1, —1)oP) H (1,2207) } dA]1+r2|TT|<i>Q,L(aD) } do? do?
_ 2|T,| / / { (fol Vi, (H()\Uf,)\zafaf)) -ﬁ(l,Z)\af)d)\)
|71 — 73] \fo Vi, (H(AaP, X20PaP)) - H(1,2200P) d)|”
[nﬁin(«f”) ) fol{fo vzﬁl ( ([1 + :“( - 1)]‘71 ) [1 + /‘()‘2 - 1)]‘71 O, ) ) du

- - 14r
B (A =1,02 = 1)0?)  (1,2007) }dA] $g..(oP) } doP doP,  (6.56)

where the equalities J5(c?) = 2|T,|oP, (6.39), (6.51), and (6.52) have been substituted

into the first integral. The last integrand is a function which can be treated as the
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integrand in part v) of the proof to Lemma 6.1. Indeed, to apply (6.16), we need an
estimate for the derivatives. Without loss of generality we consider the derivative with
respect to 0. For the k-th order derivatives of qS and <I>Q Ly We get the bound C2kL if
k = 0,1 and the bound zero if £ > 2. Similarly to (6 21), we fix oP and set

pa(oP) = /01 VL, (0P, XoPoD)) - H(1,2X09) d),
po(0P) 1= ey emy - S BVl (B (1L O3 = DIoP, 11+ (N = JoPo?) ) di
B (A=1,02 = 1)0?)  (1,2007) }d)\]Hr
and consider

B(pa(a?)) b
[0,1] 3 P ps(o 6.57
’ 1 |p2(0_1D)|a ( 1 ) ( )
together with its extension to the complex plane. Since the parametrizations k,, are

injective mappings, we get ||km(0)€]| > ||€]], V& € IR? and
1 .
p2(6P) ~ / Vﬁm( (AP, 36P 0] )) -H(1,2X00)dX
0

~ Wm(H(o,o))/ A(1,2000) d),

0

pa(57)] > 1/C

for a P such that 0 < P < 1. On the other hand, the k-th order derivative of the
interpolation k! to k., is bounded by C2*F if k is less or equal to the total degree of the
polynomial x!_, and the k-th order derivative of H(,) is less than C27*L. Consequently,
the k-th order derivative of p, at 0'1D with & < deg(ps) and 0 < 0'1D < 1 is less then a
constant. We obtain

sesr) 9o pa(67)

pa(or) = ) T(U?—fff))k,
k=0 :
sese) |30 57) ,
pie?)] 2 [l - lT‘\af—aﬂ
k=1 :
deg(pz)

> 1/C — Z C‘O’l

where 6P with 0 < 6P < 1 can be chosen such that |oP —&P| < dist(oP,[0,1]). Hence, we
can take a sufficiently small £ > 0 and observe |py(oP)| > 1/(2C) for any complex o with
dist(o?,[0,1]) < e. Similarly, we obtain |py(cP)| < C and |pa(cP)| < C. Analogously
to part v) of the proof to Lemma 6.1, we arrive at the estimate Ce~(*+1) for the k-th
order derivative of (6.57) and at the bound C22Le=(n6=1) for the ng-th order derivative of
the integrand in (6.56). The estimate C2~F for the factor 2|T,| |7, — 73|~ and the error
estimate (6.16) applied to the quadrature approximation of (6.56) yield the bound

1Og nag 2—L22L5—(ng—1) < CzL—Zloge[ng—l]—l—Zloge[loglogng—(ng—l—;—)logng—l—ng]‘

C

’)’Lgl
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The last bound is less than 2=G=")L if we set np := 4 — r and choose ng sufficiently large
in ng = ng + Lnp. Hence, we get the estimate on the right-hand side of (6.55) for the
quadrature error of the Gauf rules. We even get the better bound 273L for r = 0.

v) Now let us estimate the entries in the case of strongly singular integral operators.
We assume r = 0 and distinguish the two cases ¢g ,(P\) = 0 and ¢q,.(P\) # 0. If
$0..(P\) = ®¢.,(0,0) = 0, then we can repeat the estimate from above. Indeed, the
obvious estimate |¢g ,(R)| < C 2L |R — Py| provides us with a factor |R — Py| which
cancels one factor |R — Py| from the denominator |R — Py|*. Though we have r = 0, there
is no factor ng - (R — Py) this time. Hence, we get the estimate C273F in (6.55) which is
to be multiplied by the factor 2F from the estimate |¢g ,(R)| < C 2% |R — Py|. In other
words the final estimate for the matrix entries is again C 272L.

Finally, we turn to the case ¢g .(Px) # 0 and consider the error of the approximation
(4.32) and (4.34). The first part of the error is due to restricting the domain of integration
from T, to T, \ T'(Px,m,272L). This is less than €272 by (4.28). The second part of
the error is caused by the replacement of the parametrization in the kernel function.
Writing the difference of (4.29) and (4.30) in Duffy’s coordinates and using the equations
(6.44)-(6.49) with the polynomial p replaced by p, we obtain the bound

1
02—2L/ P do? < 02—2L/ 0P| de? < O L27L. (6.58)
§1[T\T(Pym,2-2L)] -2

By simple estimates analogous to those in [29], Chapter XI, Sect.1, the third part of the er-
ror due to the change of the parametrization in the integration domain T\ T'( Py, m, 272F)
is less than C272L. The error bound (6.58) for the fourth part due to product integration
follows as in the case r = —1. Finally, it remains to estimate the error of the tensor
product Gauf rule in (4.34). This however can be treated as in the parts iv) and v) of the
proof to Lemma 6.1 and as in part iv) of the present proof since the ratio of the diam-
eter of T, to the distance of T’ , to the singularity point 753 is bounded from below and
since the variable integration bound S,(o?) for the inner integration is analytic. Indeed,
the function S,(0f) for ¢ = 1y depending on the parameter ¢ = 272L (cf. (4.31)) is of the
form S,(c?) = 272 §(22L6D) with an S such that o s §(S(0), o) describes the boundary
curve of an ellipse. The summation over all ¢ from one to 1o = O(L) leads to an additional

factor C L.

vi) In other words, for the algorithms (3.15) and (3.16) without modification, we have the
same estimate like for the almost singular entries in (6.29). Only for the strong singular
case we have an additional factor L. Hence, the proof to Lemma6.3 completes the proof of
the corresponding assertions of Lemma6.5. For r = 0 and the modified second algorithm,
we estimate the Euclidean norm of the error matrix A — A7? with respect to the basis
{¢L}. The singular near field part AS — A7?, however, is a matrix whose columns and
rows contain only a small number of entries depending on the geometry of I'. Hence, the
matrix norm is less than constant times the supremum norm of the entries. Moreover, the
entries are just the errors for the computation of the integral in (4.27) with ¢p replaced
by @¢f. The parts ii)-v) of the present proof imply that these entries are less than C'272L
if the kernel is of the form (4.25) and less than C'L27%L if the kernel is strongly singular.
The corresponding assertions of Lemma6.5 follow analogously to the derivation of Lemma

6.1. ]
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Lemma 6.6 If r = —1 or ¢f r = 0 and the operator has a kernel function of the form
(4.25), then the number of necessary arithmetic operations for setting up the singular near
field part of the stiffness matriz A7*? including P = P(a,b,c,d,a, b, ¢, cZ) with a = b =
c=b=1and 1.5 < a=2¢< 2 is less than CL*2*. . Ifr = 0 and if the kernel function

22L

is strongly singular, then no more than CL? arithmetic operations are required.

Proof. First we consider the case that the kernel function is weakly singular and that it
is of the form (4.25). Then the number of all Py is less than C 22F) and for each point
there is only a bounded number of @ with Py, € Ty and I(Q) = L. For each Iy, there
are no more than C' L? quadrature knots in Iy and no more than C L functions 1p and
@& such that Ty C suppp resp. g C supp pi. Thus the number of operations is less
than C L22%L. In case that the operator has a strongly singular kernel, Iy is divided in
to ~ L subdomains, and the number of quadrature knots is bounded by C L? for each
subdomain. Thus the whole number of knots is bounded by C' L32%F. "
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