Abstract. This paper studies stochastic particle systems related to the coagulation-fragmentation equation. For a certain class of unbounded coagulation kernels and fragmentation rates, relative compactness of the stochastic systems is established and weak accumulation points are characterized as solutions. These results imply a new existence theorem. Finally a simulation algorithm based on the particle systems is proposed.

Contents

1. Introduction 1

2. Main results 4

3. Basic properties of the particle systems 7

4. Relative compactness 10

5. Characterization of weak limit points 13

6. Simulation algorithms 18

References 22

1. Introduction

The continuous coagulation-fragmentation equation ∂ ∂t c(t, x) = 1 2 ∫_x 0 K(x − y, y) c(t, x − y) c(t, y) dy − ∫_∞ 0 K(x, y) c(t, x) c(t, y) dy + ∫_∞ 0 f(x, y) c(t, x + y) dy − 1 2 ∫_x 0 f(x − y, y) c(t, x) dy , (1.1) c(0, x) = c_0(x) ≥ 0 ,

describes the time evolution of the average concentration of particles of size x > 0 . Here K(x, y) denotes the coagulation rate of clusters of size x and y while f(x, y) denotes the

1Supported by Deutsche Forschungsgemeinschaft (Schwerpunktprogramm “Interagierende stochastische Systeme von hoher Komplexität”)

fragmentation rate of an (x + y)-cluster into clusters of size x and y . Both functions are assumed to be non-negative and symmetric. According to (1.1), the concentration c(x, t) can increase

• by coagulation of clusters of size y < x and x − y (first term) or

• by fragmentation of an (x + y)-cluster into clusters of size x and y (third term)

and can decrease

• by coagulation of an x-cluster with a cluster of any size y (second term) or

• by fragmentation of an x-cluster into clusters of size y < x and x − y (fourth term).

If the clusters only can take sizes i = 1, 2, . . . , then a discrete version of equation (1.1) is obtained, where all integrals are replaced by sums. The discrete coagulation equation was first published by Smoluchowski in [26], and solved for the case of constant coagulation rate. The combined coagulation fragmentation equation appeared in [21]. Both the continuous and the discrete equation have a wide range of applications, e.g., in astrophysics, biology, chemistry and meteorology (see the survey papers by Drake [7] and Aldous [1]).

Stochastic particle systems related to the coagulation equation were introduced by several authors as Marcus [19], Gillespie [12] and Lushnikov [18]. Besides, Filippov [10] used stochastic methods to study the continuous multiple fragmentation equation. Lang and Nguyen [16] gave a rigorous derivation of a spatially inhomogeneous version of Smoluchowski’s coagulation equation with constant rate from a system of particles performing Brownian motion.

The stochastic approach to coagulation and fragmentation was reviewed in [1]. Here, in particular, the problem was raised to prove a weak law of large numbers for the relevant stochastic particle systems with general kernels [1, Problem 10(a)]. Recently, several other authors have obtained rigorous results concerning this problem. Guias [14] showed convergence of the particle system to the solution of the discrete coagulation-fragmentation equation for bounded coagulation kernels and bounded total fragmentation rates. Jeon [15] considered the discrete coagulation fragmentation equation and showed (among other results) that weak limit points of the stochastic particle system exist and provide solutions. He assumed that K(i, j) = o(i) o(j) and that the total fragmentation rate of an i-cluster is o(i) . Norris [22] considered a weak form of the continuous coagulation equation. Among other results, he proved that weak limit points of the corresponding stochastic particle system exist and provide solutions, if K is continuous and satisfies K(x, y) = o(x) o(y) (x, y → ∞) . Beside the derivation of the coagulation-fragmentation equation, stochastic particle systems play a significant role in numerical algorithms for that equation (see [13], [6]). We refer to [23] concerning a survey of Monte Carlo methods and effective stochastic algorithms.

In this paper we consider a weak integral version of (1.1). We use a fragmentation measure instead of the fragmentation kernel f(x, y) , since this is convenient for a simultaneous treatment of both the discrete and the continuous equation. Technically, the fragmentation measure has not to be absolutely continuous with respect to Lebesgue measure. We prove tightness of the corresponding stochastic particle systems and characterize the weak limit points as solutions. We require a continuous coagulation kernel satisfying K(x, y) = o(x) o(y) for x, y → ∞ , a weakly continuous fragmentation measure for which the total fragmentation rate of a cluster of size x (given as^1_2 ∫_x 0 f(x − y, y) dy in terms of equation (1.1)) is o(x) as x → ∞ , and an initial function with finite zeroth and first moments. In the particular cases of the discrete coagulation-fragmentation equation and of the continuous pure coagulation equation these results basically coincide with the corresponding results in [15, Theorems 1, 2] and [22, Theorem 4.1], respectively. Our approach is related to [27], where stochastic models for the Boltzmann equation were studied.

The above mentioned results on stochastic particle systems imply existence of a solution for the coagulation-fragmentation equation. We discuss the relationship with previously known results based on deterministic approaches.

In the discrete case there are existence results assuming no restriction to the total fragmentation rates, including the case K(i, j) = O(i) O(j) or requiring only finite zeroth moment for the initial data (see [2], [5], [17]). In the continuous pure coagulation case [11] gives an existence theorem, where K(x, y) = o(x) o(y) . In the continuous pure fragmentation case [20] contains an existence theorem for the multiple fragmentation equation assuming that the total fragmentation rate is bounded on bounded intervals. Thus, in all these cases we do not get new existence results.

In the continuous coagulation-fragmentation case, to our knowledge, the most general existence results are given in [24] and [8]. In [24] the author considers kernels K(x, y) = o(x) + o(y) (x, y → ∞) , f(x, y) = o(x + y) (x + y → ∞) and an initial function with finite zeroth and first moments. In [8] the authors consider a coagulation kernel K(x, y) = O(x) + O(y) (x, y → ∞) and some technical condition which is satisfied if f(x, y) = O((x + y)^α) (x + y → ∞) , α ≥ 0 , and if the initial function has finite zeroth and r-th moments with r > 1 + α . Thus, in this case we obtain a new existence result for a certain class of unbounded coagulation kernels and fragmentation rates.

If uniqueness of solutions to the weak integral version of the coagulation-fragmentation equation is known, then our results imply convergence so that the stochastic particle systems can be used to approximate the solution of the coagulation-fragmentation equation. We do not study the problem of uniqueness in this paper. Uniqueness results can be found for the discrete case in [2], [4], [5] and for the continuous case in [8], [11], [20], [25]. We refer also to the result on convergence to a local solution in [22, Theorem 4.4].

This paper is organized as follows. The main results are formulated in Section 2. In Section 3 we collect some basic properties of the stochastic particle systems. Section 4 contains the proof of the relative compactness. In Section 5 the weak limit points are characterized as solutions. Finally, Section 6 contains some ideas concerning the application of the stochastic system in simulation algorithms.

2. Main results

Let Z be a closed subset of [0, ∞) such that x + y ∈ Z , ∀ x, y ∈ Z and x − y ∈ Z , ∀ y ≤ x ∈ Z . This assumption allows us to treat both the continuous and the discrete case simultaneously. Let B(Z) denote the Borel-σ-algebra, M_b(Z) the set of all non-negative finite Borel measures on Z (with weak topology) and C_b(Z) the set of all bounded continuous functions equipped with the supremum norm.

The coagulation kernel K : Z × Z → R_+ is assumed to satisfy the conditions

K(x, y) is measurable in (x, y) , (2.1) K(x, y) = K(y, x) , x, y ∈ Z , (2.2) K(x, y) is bounded on compact sets . (2.3)

The fragmentation measure F : Z × B(Z) → R_+ is assumed to satisfy the conditions F (x, ·) ∈ M_b(Z) , ∀x ∈ Z , (2.4) F (·, B) is measurable for all B ∈ B(Z) , (2.5)

F (x, ·) has support on [0, x] ∩ Z , (2.6) ∫ Z φ(x − y) F (x, dy) = ∫ Z φ(y) F (x, dy) , ∀x ∈ Z , φ ∈ C_b(Z) , (2.7)

F (·, Z) is bounded on compact sets . (2.8)

We consider the weak integral version of the coagulation-fragmentation equation ∫ Z φ(x) P (t, dx) = ∫ Z φ(x) P_0(dx)+ (2.9) ∫_t 0 ∫ Z ∫ Z [1 2 φ(x + y) − φ(x) ] K(x, y) P (s, dy) P (s, dx) ds + ∫_t 0 ∫ Z ∫ Z [ φ(y) − 1 2 φ(x) ] F (x, dy) P (s, dx) ds , ∀t ≥ 0 , φ ∈ C_b(Z) . We call P ∈ C ([0, ∞), M_b (Z)) a measure-valued solution for initial measure P_0 ∈ M_b(Z) if P satisfies equation (2.9) and ∫_t 0 [∫ Z ∫ Z K(x, y) P (s, dx) P (s, dy) + ∫ Z F (x, Z) P (s, dx) ] ds < ∞ , ∀t ≥ 0 . (2.10) To show the connection with the standard form (1.1) of the coagulation-frag-mentation equation we consider the case Z = [0, ∞) and assume F (x, dy) = 1_{{y≤x}}(y)f(x − y, y) dy , f(x, y) = f(y, x) ≥ 0 ,

P_0(dx) = c_0(x) dx and P (t, dx) = c(t, x) dx . Using the identity ∫_∞ 0 ∫_∞ 0 ψ(x, y) dy dx = ∫_∞ 0 ∫_x 0 ψ(x − y, y) dy dx , equation (2.9) takes the form ∫_∞ 0 φ(x) c(t, x) dx = ∫_∞ 0 φ(x) c_0(x) dx + ∫_∞ 0 φ(x) ∫_t 0 [ 1 2 ∫_x 0 K(x − y, y) c(s, x − y) c(s, y) dy ds − ∫_∞ 0 K(x, y) c(s, x) c(s, y) dy + ∫_∞ 0 f(x, y) c(s, x + y) dy − 1 2 ∫_x 0 f(x − y, y) c(s, x) dy ] ds dx , and (1.1) follows under appropriate regularity assumptions.

We want to approximate the measure-valued solution of equation (2.9) by means of a particle system with variable particle number. For this reason we define a sequence of jump processes on a suitable space of discrete measures.

For every N ∈ N define

S^N = { p = 1 N n∑ i=1 δ_{xi} , x_i ∈ Z , n = 1, 2, . . . : p(Z) ≤ c_N , ∫ Z x p(dx) ≤ M } , (2.11)

where M > 0 and c_N ∈ (0, ∞) such that

lim_{N →∞} c_N = ∞ . (2.12)

On C_b(S^N ) define the coagulation operator K^N by

K^N Φ(p) = 1 2N ∑ 1≤i≠j≤n [ Φ(J_K (p, i, j)) − Φ(p) ] K(x_i, x_j) , (2.13)

where J_K (p, i, j) = p + 1 N (δ_{xi+xj} − δ_{xi} − δ_{xj} ) , i ≠ j , (2.14) and the fragmentation operator F^N by

F^N Φ(p) = 1 2 n∑ i=1 ∫ Z [ Φ(J_F (p, i, y)) − Φ(p) ] F (x_i, dy) , (2.15)

where J_F (p, i, y) = { p +^1_N (δ_y + δ_{xi−y} − δ_{xi} ) , if p(Z) ≤ c_N −^1_N , p , otherwise. (2.16)

Note that y ∈ [0, x_i] ∩ Z in (2.16), according to (2.6). Moreover J_K(p, i, j) , J_F (p, i, y) ∈ S^N since ∫ Z x J_K(p, i, j)(dx) = ∫ Z x J_F (p, i, y)(dx) = ∫ Z x p(dx) , ∀p ∈ S^N , (2.17) and J_K(p, i, j)(Z) = p(Z) − 1 N , J_F (p, i, y)(Z) = { p(Z) +^1_N , if p(Z) ≤ c_N −^1_N , p(Z) , otherwise.

(2.18)

According to (2.11) we obtain |K^N Φ(p) + F^N Φ(p)| ≤ ‖Φ‖ N ϱ(p) , ∀p ∈ S^N , (2.19) where ϱ(p) = ∫ Z ∫ Z K(x, y) p(dx) p(dy) + ∫ Z F (x, Z) p(dx) , p ∈ M_b(Z) , (2.20) and x_i ≤ N ∫ Z x p(dx) ≤ N M , ∀p ∈ S^N , (2.21) which implies sup_{p∈SN} ϱ(p) ≤ c^2_N sup{K(x, y) : x, y ∈ Z ∩ [0, NM]} + c_N sup{F (x, Z) : x ∈ Z ∩ [0, NM]} . Thus, according to (2.19), (2.3) and (2.8), the operator G^N = K^N + F^N (2.22) is bounded for fixed N and an S^N -valued jump process U^N (t) with generator G^N exists for any random initial state U^N (0) in S^N (cf. [9, p.162]). This process is mass preserving, i.e. ∫ Z x U^N (t, dx) = ∫ Z x U^N (0, dx) , t ≥ 0 , (2.23) according to (2.17). It has trajectories in the Skorokhod space D ([0, ∞), D_M (Z)) , where D_M (Z) = { p ∈ M_b(Z) : ∫ Z x p(dx) ≤ M } . (2.24)

Theorem 2.1 Assume sup_N E [ U^N (0, Z)

]_2 < ∞ , (2.25)

K(x, y) ≤ C_K [x y + x + y + 1] , for some C_K ≥ 0 , (2.26) and F (x, Z) ≤ C_F [x + 1] , for some C_F ≥ 0 . (2.27) Then U^N is relatively compact in D ([0, ∞), D_M (Z)) .

Theorem 2.2 Assume (2.25), U^N (0) ⇒ P_0 (convergence in distribution) , (2.28)

K(·, ·) is continuous on Z × Z , (2.29) and ∫ Z φ(y) F (·, dy) is continuous on Z for any φ ∈ C_b(Z) . (2.30) Suppose there is a continuous function h : Z → [0, ∞) , with h(x) = o(x) for x → ∞ , such that K(x, y) ≤ h(x) h(y) , x, y ∈ Z , (2.31) and F (x, Z) ≤ h(x) , x ∈ Z . (2.32) Then each weak accumulation point X of U^N solves the coagulation-fragmentation equation (2.9) a.e. for initial measure P_0 . Corollary 2.3 If ∫ Z x P_0(dx) < ∞ and (2.29)-(2.32) are fulfilled, then Theorems 2.1 and 2.2 imply existence of at least one solution to equation (2.9). Note that h(x) ≤ C (1 + x) for some C > 0 and therefore (2.31) and (2.32) imply (2.26) and (2.27), respectively. Assumptions (2.25) and (2.28) are satisfied if, e.g., U^N (0) is deterministic and converges weakly to P_0 .

Corollary 2.4 If equation (2.9) has at most one solution, then Theorems 2.1 and 2.2 imply convergence of the sequence U^N to the unique solution.

3. Basic properties of the particle systems

Lemma 3.1 (Martingale representation) Assume (2.1)-(2.8) and let (cf. (2.11)) Φ(p) = ⟨φ, p⟩ , p ∈ S^N , φ ∈ C_b(Z) . (3.1) where the notation ⟨f, ν⟩ = ∫ Z f(z) ν(dz) , f ∈ C_b(Z) , ν ∈ M_b(Z) , (3.2) is used. Then (cf. (2.22)) M^N_φ (t) = ⟨φ, U^N (t)⟩ − ⟨φ, U^N (0)⟩ − ∫_t 0 (G^N Φ)(U^N (s)) ds (3.3) is a martingale and we have the representations (cf. (2.13), (2.15))

K^N Φ(p) = (3.4) ∫ Z ∫ Z K(x, y) [1 2 φ(x + y) − φ(x) ] p(dx) p(dy) − 1 2N ∫ Z K(x, x) [ φ(2x) − 2 φ(x) ] p(dx) and F^N Φ(p) = ∫ Z ∫ Z [ φ(y) − 1 2 φ(x) ] F (x, dy) p(dx) · χ_{{p(Z)≤cN −} 1_{N }}(p) , (3.5) where χ_A denotes the indicator function of a set A . Moreover, the following inequalities hold (cf. (2.20)) |G^N Φ(p)| ≤ 3 2 ‖φ‖ ϱ(p) , (3.6)

E [ M^N_φ (T )

]_2 ≤ 9 ‖ φ ‖^2 2N E [∫_T 0 ϱ(U^N (r)) dr ] . (3.7)

Proof: The definition of weak convergence and the boundedness of measures in S^N imply Φ ∈ C_b(S^N ) for φ ∈ C_b(Z) and accordingly M^N_φ is a martingale. Note that (2.13), (2.14), (3.1) imply

K^N Φ(p) = 1 2N^2 ∑ 1≤i≠j≤n K(x_i, x_j) [ φ(x_i + x_j) − φ(x_i) − φ(x_j) ] (3.8)

and (3.4) follows from (2.2). Analogously, (2.15), (2.16) and (3.1) imply

F^N Φ(p) =

{_1 2 N ∑_n i=1 ∫ Z [ φ(y) + φ(x_i − y) − φ(x_i) ] F (x_i, dy) , if p(Z) ≤ c_N −^1_N , 0 , otherwise ,

and (3.5) follows from (2.7). Estimate (3.6) is a consequence of (2.22), (3.8), (3.5) and (2.20). Since Φ^2 ∈ C_b(S^N ), we obtain E [ M^N_φ (t) − M^N_φ (s)

]_2 = E ∫_t s [G^NΦ^2 − 2 Φ G^N Φ] (U^N (r)) dr . (3.9)

Let ^Z be a locally compact separable metric space. For every operator J on C_b( ^Z) of the form (Jψ)(z) = ∫ b_Z [ψ(y) − ψ(z)] ν(z, dy) , z ∈ ^Z , (3.10) where ν(z, ^Z) ≤ ^c , z ∈ ^Z , and ν(·, B) , B ∈ B( ^Z) , is measurable, one easily computes

[Jψ^2 − 2 ψ Jψ](z) = ∫ b_Z

[ψ(y) − ψ(z)]^2 ν(z, dy) . (3.11)

Both K^N and F^N can be represented in the form (3.10) so that (2.13), (2.15) and formula (3.11) imply [ K^N Φ^2 − 2Φ K^N Φ ] (p) = 1 2N^3 ∑ 1≤i≠j≤n K(x_i, x_j) [ φ(x_i + x_j) − φ(x_j) − φ(x_i)

]_2

(3.12)

and [

F^N Φ^2 − 2Φ F^N Φ ] (p) = 1 2 N^2 n∑ i=1 ∫ Z [ φ(y) + φ(x_i − y) − φ(x_i) ]_2 F (x_i, dy) · χ_{{p(Z)≤cN −} 1_{N }}(p) . (3.13) From (3.12), (3.13) we get | | | [ G^N Φ^2 − 2Φ G^N Φ ] (p) | | | ≤ 1 2N ∫ Z ∫ Z K(x, y) [ φ(x + y) − φ(x) − φ(y) ]_2 p(dx) p(dy) + 1 2N ∫ Z ∫ Z [ φ(y) + φ(x − y) − φ(x) ]_2 F (x, dy) p(dx) ≤ 9 ‖φ‖^2 2N ϱ(p) . (3.14)

From (3.9) and (3.14) we obtain inequality (3.7). 2

Corollary 3.2 Applying Doob’s inequality and (3.7), we obtain ( E sup_{t≤T} | |M^N_φ (t) | | )_2

≤ 4 E [ M^N_φ (T )

]_2 ≤ 18 ‖φ‖^2 N E [∫_T 0 ϱ(U^N (t)) dt ] . (3.15)

Lemma 3.3 Assume (2.1)-(2.8) and (2.27). Then E [ U^N (t, Z) ]_2 ≤ ( E [ U^N (0, Z)

]_2 + 1 ) exp(2 C_F (M + 1) t) , t ≥ 0 . (3.16)

Proof: Define Φ(p) = p(Z)^2 , p ∈ S^N (cf. (2.11)). According to (2.22), (2.13)-(2.16) one obtains

(G^N Φ)(p) = 1 2N ∑ 1≤i≠j≤n [ J^2_K(p, i, j)(Z) − p^2(Z) ] K(x_i, x_j)

+ 1 2 n∑ i=1 ∫ Z [ J^2_F (p, i, y)(Z) − p^2(Z) ] F (x_i, dy)

≤ 1 2N ∑ 1≤i≠j≤n [ − 2 N p(Z) + 1 N^2 ] K(x_i, x_j) + 1 2 n∑ i=1 ∫ Z [ 2 N p(Z) + 1 N^2 ] F (x_i, dy) ≤ [ p(Z) + 1 2N ] ∫ Z F (x, Z) p(dx) ≤ C_F [p(Z) + 1] [M + p(Z)] ≤ 2 C_F (M + 1) [ p(Z)^2 + 1 ] . (3.17)

Now (3.3) and (3.17) imply E [ U^N (t, Z) ]_2 ≤ E [ U^N (0, Z)

]_2

+ 2 C_F (M + 1) ∫_t 0 ( E [ U^N (s, Z) ]_2 + 1 ) ds . Thus (3.16) follows from Gronwall’s inequality (see, e.g., [9, p.498]). 2

4. Relative compactness

Let C(Z) the set of all continuous functions on Z , C_0(Z) the set of all f ∈ C(Z) vanishing at infinity, and C_c(Z) the set of all f ∈ C(Z) having compact support. A sequence ν_n ∈ M_b(Z) is called weakly convergent to ν ∈ M_b(Z) (denoted by ν_n^w→ ν) if ⟨f, ν_n⟩ → ⟨f, ν⟩ , ∀f ∈ C_b(Z) , where the notation (3.2) is used. The space C_c(Z) is separable that is there is a sequence {φ_k}^∞_{k=1} ⊂ C_c(Z) that is dense with respect to supremum norm. The distance d_{weak}(ν, μ) = ∞∑ k=0 1 2^k min{1, |⟨φ_k, ν⟩ − ⟨φ_k, μ⟩|} , ν, μ ∈ M_b(Z) , (4.1) with φ_0 ≡ 1 , metricizes the weak topology (cf. [3, Theorems 30.8, 31.5]). Since Z is Polish, the space (M_b(Z), d_{weak}) is also Polish.

Lemma 4.1 Suppose ν_n^w→ ν in M_b(Z) and let G ∈ C(Z) be a non-negative function such that ⟨G, ν_n⟩ ≤ m , for some m > 0 . Then ⟨G, ν⟩ ≤ m and for any g ∈ C(Z) with g G ∈ C_0(Z) we have ⟨g, ν_n⟩ → ⟨g, ν⟩ . (4.2) Proof: Define non-negative Borel measures ~ν_n , ~ν by ~ν_n(B) = ∫ B G dν_n , ~ν(B) = ∫ B G dν , B ∈ B(Z) , and note that ~ν_n(Z) ≤ m . For any φ ∈ C_c(Z) the product φ · G belongs to C_c(Z) and thus ⟨φ, ~ν_n⟩ = ⟨φ · G, ν_n⟩ → ⟨φ · G, ν⟩ = ⟨φ, ~ν⟩ . By [3, Lemma 30.3] we obtain ⟨G, ν⟩ = ~ν(Z) ≤ lim inf_n ~ν_n(Z) ≤ m and, by [3, Theorem 30.6], ⟨g, ν_n⟩ = ⟨ g G , ~ν_n⟩ → ⟨ g G , ~ν⟩ = ⟨g, ν⟩ so that (4.2) is established. 2 Lemma 4.2 The space (D_M (Z), d_{weak}) is Polish (cf. (2.24)), and S_{c,M} = {p ∈ D_M (Z) : p(Z) ≤ c} , c > 0 , (4.3) are compact subsets.

Proof: According to Lemma 4.1, D_M (Z) and S_{c,M} are closed subsets of the Polish space M_b(Z). Thus it remains to show, that any sequence (p_n) from S_{c,M} is relatively compact. Assume without restriction p_n(Z) > 0 and choose a subsequence (p_{nk} ) such that lim_{k→∞} p_{nk} (Z) > 0 . If there are no such subsequences, then (p_n) converges weakly to the zero measure. The sequence of probability measures given by q_k(B) =^1_{pnk (Z)} p_{nk} (B) , B ∈ B(Z) , is tight, since q_k((z, ∞) ∩ Z) ≤ 1 z p_{nk} (Z) ∫ Z x p_{nk} (dx) , z > 0 . By Prohorov’s theorem there is a subsequence weakly converging to some probability measure q . The corresponding subsequence of (p_n) is also weakly converging. 2

Lemma 4.3 If (2.26) and (2.27) hold, then (cf. (2.20), (4.3)) sup p∈S_{c,M} ϱ(p) < ∞ , ∀c ∈ (0, ∞) . (4.4) If, in addition, (2.25) holds, then

sup_N E [∫_T 0 ϱ(U^N (t)) dt ] < ∞ , T ≥ 0 . (4.5)

Proof: For p ∈ D_M (Z) one obtains from (2.26), (2.27) ϱ(p) ≤ C_K [ M^2 + 2 Mp(Z) + [p(Z)]^2 ] + C_F [M + p(Z)] (4.6)

so that (4.4) follows. Moreover, (4.6) implies E [∫_T 0 ϱ(U^N (t)) dt ] ≤ (C_K + C_F ) [ M (M + 1) T + (2M + 1) E ∫_T 0 U^N (t, Z) dt + E ∫_T 0 [U^N (t, Z)]^2 dt ] . So by Lemma 3.3 and assumption (2.25) condition (4.5) is satisfied. 2

Lemma 4.4 (Compact containment) Assume (2.25), (2.26) and (2.27). Then, for any T > 0 and η > 0 , there is c > 0 such that

inf_N P (U^N (t) ∈ S_{c,M} , 0 ≤ t ≤ T ) ≥ 1 − η . (4.7)

Proof: Let φ ≡ 1 and Φ(p) = ⟨φ, p⟩ = p(Z). From (3.3) we obtain P ( sup_{t≤T} U^N (t, Z) ≥ c ) = P ( sup_{t≤T} [ M^N_φ (t) + U^N (0, Z) + ∫_t 0 (G^N Φ)(U^N (s)) ds ] ≥ c )

≤ P ( sup_{t≤T} | M^N_φ (t) | + ∫_T 0 | (G^N Φ)(U^N (s)) | ds + U^N (0, Z) ≥ c ) .

Applying Tschebyscheff’s inequality, (3.15), (3.6) and 2 √ x ≤ 1 + x , one obtains P ( sup_{t≤T} U^N (t, Z) ≥ c ) ≤ 1 c [ E sup_{t≤T} | |M^N_φ (t) | | + E ∫_T 0 | |(G^N Φ)(U^N (s)) | | ds + E U^N (0, Z) ]

≤ 1 c [ 1 2 + ( 9 N + 3 2 ) E ∫_T 0 ϱ(U^N (s)) ds + E U^N (0, Z) ] . Thus, by (4.5) and (2.25), we can choose c > 0 such that the right-hand side of the last inequality becomes smaller than η for all N and (4.7) results. 2 Proof of Theorem 2.1: For y ∈ D ([0, ∞), D_M (Z)), δ > 0 and T > 0, define the modulus of continuity w(y, δ, T ) by (cf. (4.1)) w(y, δ, T ) = inf_{{ti}} max_i sup_{s,t∈[ti} �1,ti) d_{weak}(y(s), y(t)) , where {t_i} ranges over all partitions of the form 0 = t_0 < t_1 < · · · < t_{n−1} < T ≤ t_n with min_{1≤i≤n}(t_i − t_{i−1}) > δ and n ≥ 1. By Lemma 4.2 the space D_M (Z) is Polish and S_{c,M} is a compact subset. Lemma 4.4 gives the tightness of U^N (t) for any t ≥ 0 . Thus, by [9, Corollary 3.7.4] it is enough to show that ∀ T, η > 0 ∃δ > 0 : lim sup_{N →∞} P (w(U^N , δ, T ) ≥ η) ≤ η . Let T, η > 0. For y ∈ D ([0, ∞), D_M (Z)), Δt > δ and the concrete partition t_i = iΔt, i = 0, 1, . . ., we obtain w(y, δ, T ) ≤ 2 max_{ti<T} sup_{s∈[ti,ti+1)} d_{weak}(y(s), y(t_i)) . So it remains to show

lim sup N →∞ P ( max_{ti<T} sup s∈[t_i,t_{i+1}) d_{weak}(U^N (s), U^N (t_i)) ≥ η ) ≤ η (4.8)

for sufficiently small Δt . Let φ_0 ≡ 1 and {φ_k}^∞_{k=1} ⊂ C_c(Z) as in (4.1). Define Φ_k(p) = ⟨φ_k, p⟩ , p ∈ S^N , k = 0, 1, . . . . Using (3.3) and (4.1) we obtain

d_{weak}(U^N (s), U^N (t)) = ∞∑ k=0 1 2^k min { 1, | | |⟨φk, U^N (s)⟩ − ⟨φk, U^N (t)⟩ | | | }

≤ ∞∑ k=0 1 2^k min { 1, | | |M^N_{φk} (s) − M^N_{φk} (t) | | | + ∫_s t | | | ( G^N Φ_k ) (U^N (r)) | | | dr } . (4.9)

According to Lemma 4.4 there is c > 0 such that

inf_N P (U^N (t) ∈ S_{c,M} , 0 ≤ t ≤ T + Δt) ≥ 1 − η 2 . (4.10)

By (4.10), (4.9), (3.6) and Tschebyscheff’s inequality we obtain P ( max_{ti<T} sup s∈[t_i,t_{i+1}) d_{weak}(U^N (s), U^N (t_i)) ≥ η )

≤ P ( { max_{ti<T} sup s∈[t_i,t_{i+1}) d_{weak}(U^N (s), U^N (t_i)) ≥ η } ∩ { U^N (t) ∈ S_{c,M} , 0 ≤ t ≤ T + Δt } ) + η 2 ≤ P (_∞ ∑ k=0 1 2^k min { 1, max_{ti<T} sup s∈[t_i,t_{i+1}) | | |M^N_{φk} (s) − M^N_{φk} (ti) | | | + Δt 3 2 ‖φ_k‖ sup_{p∈Sc,M} ϱ(p) } ≥ η ) + η 2 ≤ 1 η ∞∑ k=0 1 2^k min { 1, 2 E [ sup s≤T +Δt | | |M^N_{φk} (s) | | | ] + Δt 3 2 ‖φ_k‖ sup_{p∈Sc,M} ϱ(p) } + η 2 . Thus, (3.15) and Lemma 4.3 imply (4.8) for sufficiently small Δt . 2

5. Characterization of weak limit points

Lemma 5.1 (path property) If a subsequence U^{Nk} weakly converges to X then P (X ∈ C ([0, ∞), D_M (Z))) = 1 .

Proof: Consider p ∈ S^N and let p^′ be any possible consecutive state. According to (2.14) and (2.16) we obtain (cf. (4.1)) d_{weak}(p, p^′) ≤ ∞∑ k=0 1 2^k min { 1, 3 ‖φ_k‖ N } . Thus the distance between arbitrary successive states uniformly vanishes and the claim follows from [9, Theorem 3.10.2(a)]. 2 For p ∈ M_b(Z) with ϱ(p) < ∞ (cf. (2.20)) and φ ∈ C_b(Z) define K(φ, p) = ∫ Z ∫ Z [1 2 φ(x + y) − φ(x) ] K(x, y) p(dy) p(dx) (5.1) and F(φ, p) = ∫ Z ∫ Z [ φ(y) − 1 2 φ(x) ] F (x, dy) p(dx) . (5.2) Note that |K(φ, p) + F(φ, p)| ≤ 3 2 ‖φ‖ ϱ(p) . (5.3) Remark 5.2 Since sup_{t≤T} y(t, Z) < ∞ , ∀T ≥ 0 , y ∈ D ([0, ∞), D_M (Z)) , assumptions (2.26) and (2.27) imply sup_{t≤T} ϱ(y(t)) < ∞ , ∀T ≥ 0 , y ∈ D ([0, ∞), D_M (Z)) , (5.4)

according to (4.4).

With the notations (5.1), (5.2), equation (2.9) takes the form ⟨φ, P (t)⟩ = ⟨φ, P_0⟩ + ∫_t 0 [ K(φ, P (s)) + F(φ, P (s)) ] ds , t ≥ 0 . (5.5) According to Remark 5.2, condition (2.10) is fulfilled for all P ∈ D ([0, ∞), D_M (Z)) under the assumptions (2.26) and (2.27).

For each φ ∈ C_b(Z) and y ∈ D ([0, ∞), D_M (Z)) , we define M_φ(y, T ) = ⟨φ, y(T )⟩ − ⟨φ, y(0)⟩ − ∫_T 0 [ K(φ, y(t)) + F(φ, y(t)) ] dt , T ≥ 0 . (5.6) Lemma 5.3 Assume (2.26), (2.27) and let φ_m^{bp}→ φ , φ_m , φ ∈ C_b(Z) , (5.7) that is sup_m ‖φ_m‖ < ∞ and φ_m(x) → φ(x) for every x ∈ Z (cf. [9, p.495]). Then M_{φm} (y, T ) → M_φ(y, T ) , ∀T ≥ 0 , y ∈ D ([0, ∞), D_M (Z)) . (5.8) Proof: The dominated convergence theorem (cf. [9, p.492]) and (5.7) imply ⟨φ_m, p⟩ → ⟨φ, p⟩ , ∀p ∈ D_M (Z) . (5.9) Consider p ∈ D_M (Z) and define non-negative Borel measures by μ_1(dx, dy) = K(x, y) p(dx) p(dy) , μ_2(dx, dy) = F (x, dy) p(dx) . Note that μ_1, μ_2 ∈ M_b(Z × Z) because of (2.26), (2.27). Using (5.7) one obtains g_m(x, y) = 1 2 φ_m(x + y) − φ_m(x)^{bp}→ g(x, y) = 1 2 φ(x + y) − φ(x) and h_m(x, y) = φ_m(y) − 1 2 φ_m(x)^{bp}→ h(x, y) = φ(y) − 1 2 φ(x) . By the dominated convergence theorem we obtain (cf. (5.1), (5.2)) K(φ_m, p) = ⟨g_m, μ_1⟩ → ⟨g, μ_1⟩ = K(φ, p) (5.10) and F(φ_m, p) = ⟨h_m, μ_2⟩ → ⟨h, μ_2⟩ = F(φ, p) . (5.11) Using (5.3) and (5.4), one obtains sup_{t≤T} | | |K(φm, y(t)) + F(φm, y(t)) | | | ≤ 3 2 ‖φ_m‖ sup_{t≤T} ϱ(y(t)) < ∞ , and, because of (5.10), (5.11) and (5.9), one further application of the dominated convergence theorem gives (5.8). 2

Lemma 5.4 Assume (2.29), (2.30), (2.31) and (2.32). Then M_φ(U^{Nk} , T ) ⇒ M_φ(X, T ) , ∀ T ≥ 0 , φ ∈ C_b(Z) , (5.12) whenever U^{Nk} ⇒ X in D ([0, ∞), D_M (Z)) .

Proof: We will check that the mapping (cf. (5.6)) M_φ(·, T ) : D ([0, ∞), D_M (Z)) → R is a.s. continuous with respect to the limiting distribution for all T ≥ 0 and φ ∈ C_b(Z) . By Lemma 5.1 it is sufficient to show that M_φ(y^N , T ) → M_φ(y, T ) (5.13) whenever y^N ∈ D ([0, ∞), D_M (Z)) → y ∈ C ([0, ∞), D_M (Z)) . (5.14) Let p^{N w}→ p in D_M (Z) and define G(x, y) = (1 + x)(1 + y). Since Z is separable, the product measures p^N × p^N weakly converge to p × p ∈ M_b(Z × Z). Furthermore, sup_N ∫ Z ∫ Z G(x, y) p^N (dx) p^N (dy) ≤ sup_N ( p^N (Z) + M

)_2 < ∞ . According to (2.29), the function g(x, y) = K(x, y) [1 2 φ(x + y) − φ(x) ] , x, y ∈ Z , φ ∈ C_b(Z) , is continuous and^g_G ∈ C_0(Z × Z) because of (2.31). By Lemma 4.1 (cf. (5.1)) K(φ, p^N ) = ⟨g, p^N × p^N ⟩ → ⟨g, p × p⟩ = K(φ, p) . (5.15) Now consider the functions G^′(x) = 1 + x and

g^′(x) = ∫ Z [ φ(y) − 1 2 φ(x) ] F (x, dy) , x ∈ Z , φ ∈ C_b(Z) . According to (2.30) the function g^′ is continuous. Since sup_N ∫ Z G^′(x) p^N (dx) < ∞ and since^g 0 G0 ∈ C0(Z) because of (2.32), we can apply Lemma 4.1 once again to get (cf.

(5.2)) F(φ, p^N ) = ⟨g^′, p^N ⟩ → ⟨g^′, p⟩ = F(φ, p) . (5.16) From (5.14) one obtains y^N (t)^w→ y(t) and ⟨φ, y^N (t)⟩ → ⟨φ, y(t)⟩ , ∀t ≥ 0 , φ ∈ C_b(Z) . (5.17)

On the other hand K(φ, y^N (t)) + F(φ, y^N(t)) → K(φ, y(t)) + F(φ, y(t)) , ∀t ≥ 0 , φ ∈ C_b(Z) ,(5.18) by (5.15) and (5.16). Due to uniform convergence on finite time intervals we obtain

sup_N sup_{t≤T} y^N (t, Z) < ∞ . (5.19)

Using (5.3) and (5.19) one obtains

sup_N sup_{t≤T} | |K(φ, y^N (t)) + F(φ, y^N (t)) | | ≤ 3 2 ‖φ‖ sup_N sup_{t≤T} ϱ(y^N (t)) < ∞ ,

according to (4.4) (cf. Corollary 2.3). Applying (5.17), (5.18) and the dominated convergence theorem we obtain (5.13) (cf. (5.6)). 2

Lemma 5.5 Assume (2.25) and (2.27). Then E [∫_T 0 ( χ_{{U} N_{(t,Z)>cN −} 1_{N }} ∫ Z F (x, Z) U^N (t, dx) ) dt ] → 0 , ∀ T ≥ 0 . (5.20)

Proof: By (2.11) and Tschebyscheff’s inequality one obtains E ∫_T 0 ( χ_{{U} N_{(t,Z)>cN −} 1_{N }} ∫ Z F (x, Z) U^N (t, dx) ) dt ≤ C_F E ∫_T 0 ( χ_{{U} N_{(t,Z)>cN −} 1_{N }}U^N (t, Z) ) dt + C_F M E ∫_T 0 ( χ_{{U} N_{(t,Z)>cN −} 1_{N }} ) dt ≤ C_F (c_N + M) ∫_T 0 P ( U^N (t, Z) > c_N − 1 N ) dt ≤ C_F (c_N + M) ∫_T 0 E [ U^N (t, Z) ]_2 dt (c_N −^1_N )^2 . Thus Lemma 3.3, (2.25) and (2.12) imply (5.20). 2

Lemma 5.6 Assume (2.25), (2.27) and suppose there is a continuous function h : Z → [0, ∞) such that h(x) = o(x) for x → ∞ and

K(x, y) ≤ C [h(x) h(y) + x + y] (5.21)

Then 1 N E [∫_T 0 ∫ Z K(x, x) U^N (t, dx) dt ] → 0 , ∀ T ≥ 0 . (5.22)

Proof: Assumption (5.21) implies 1 N E [∫_T 0 ∫ Z K(x, x) U^N (t, dx) dt ] ≤ C N E [∫_T 0 ∫ Z h(x)^2 U^N (t, dx) dt ] + 2 C M T N .

Define for t ≥ 0 the intensity measure ν^N (t) ∈ M_b(Z) by ν^N (t, B) = E U^N (t, B) , B ∈ B(Z) . It remains to show that 1 N ∫_T 0 ∫ Z h(x)^2 ν^N (t, dx) dt → 0 . (5.23)

Define μ^N (t, dx) =^1_N ν^N (t, dx) and G(x) = (x + 1)^2. Note that ν^N (t) ∈ D_M (Z) and

ν^N (t) has support on [0, NM] ∩ Z according to (2.21). Using these properties of ν^N (t) ,

Lemma 3.3 and (2.25), we obtain

sup_N sup_{t≤T} ∫ Z G(x) μ^N (t, dx) ≤ sup_N sup_{t≤T} 1 N [ NM^2 + 2M + ν^N (t, Z) ] < ∞ . (5.24)

Since μ^N (t) weakly converges to the zero measure and^{h2}_G ∈ C_0(Z), Lemma 4.1 gives ∫ Z h^2(x) μ^N (t, dx) → 0 , t ≥ 0 . By (5.24) and the dominated convergence theorem we obtain (5.23). 2

Proof of Theorem 2.2: Let a subsequence U^{Nk} converge in distribution to X . In

the following we omit the index k . We will prove that (cf. (5.5), (5.6))

M_φ(X, T ) = 0 , ∀T ≥ 0 , φ ∈ C_b(Z) a.e. (5.25)

Considering the function Φ(p) = ⟨φ, p⟩ on S^N , one obtains from (5.1), (5.2) and (3.3),

(3.4), (3.5) that

E |M_φ (U^N , T )| = E | | |⟨φ, U^N (T )⟩ − ⟨φ, U^N (0)⟩ − ∫_T 0 K(φ, U^N (s)) ds − ∫_T 0 F(φ, U^N (s)) ds | | | ≤ E | | | |⟨φ, U^N (T )⟩ − ⟨φ, U^N (0)⟩ − ∫_T 0 (K^N Φ)(U^N (s)) ds − ∫_T 0 (F^N Φ)(U^N (s)) ds | | | | +E | | | | ∫_T 0 (K^N Φ)(U^N (s)) ds − ∫_T 0 K(φ, U^N (s)) ds | | | | +E | | | | ∫_T 0 (F^N Φ)(U^N (s)) ds − ∫_T 0 F(φ, U^N (s)) ds | | | | = E | |M^N_φ (T ) | | + 1 2N E | | | ∫_T 0 ∫ Z K(x, x) [φ(2x) − 2φ(x)] U^N (s, dx) ds | | | +E | | | | ∫_T 0 F(φ, U^N (s)) χ_{{U} N_{(s,Z)>cN −} 1_{N }} ds | | | | . (5.26)

By (3.15) and (4.5) the first summand in (5.26) vanishes for N → ∞ . Note that (2.31)

implies (5.21). Thus, according to (5.22), the second term in (5.26) vanishes. By (5.20) the third term vanishes. Because of (5.12) we can apply Fatou’s lemma (cf. [9, p.492]) to obtain from (5.26)

E |M_φ (X, T )| ≤ lim inf_N E |M_φ (U^N , T )| = 0

so that

M_φ(X, T ) = 0 a.e. , (5.27)

where the exception set of measure zero depends on T and φ . Let {t_n}^∞_{n=1} be dense in the time interval [0, ∞) and {φ_k}^∞_{k=1} dense in C_c(Z) (cf. (4.1)). It follows from (5.27) that

M_{φk} (X, T ) = 0 , ∀ k ∈ N , T ∈ {t_n}^∞_{n=1} a.e. (5.28)

Every φ ∈ C_b(Z) can be approximated in the sense of (5.7) by functions from {φ_k}^∞_{k=1} . Therefore, (5.28) and Lemma 5.3 imply

M_φ(X, T ) = 0 , ∀ φ ∈ C_b(Z) , T ∈ {t_n}^∞_{n=1} a.e. (5.29)

Note that M_φ(y, ·) is continuous for y ∈ C ([0, ∞), D_M (Z)) . Thus, according to Lemma 5.1, M_φ(X, ·) has almost surely continuous paths and (5.29) implies (5.25). It follows from (2.28) that X(0) = P_0 a.e. Note that X satisfies (2.10) a.e. according to Remark 5.2. Thus X is almost surely a solution of the coagulation-fragmentation equation for initial measure P_0 . 2

6. Simulation algorithms

We will describe a class of simulation algorithms related to the stochastic particle systems considered in this paper. The infinitesimal generator (2.22) (cf. (2.13), (2.15)) does not change if one adds terms of the form 1 2N ∑ 1≤i≠j≤n [ Φ(p) − Φ(p) ][ K̂(x_i, x_j) − K(x_i, x_j) ]

and 1 2 n∑ i=1 [ Φ(p) − Φ(p) ][ F̂ (x_i) − F (x_i, Z) ] , where p ∈ S^N and K̂ , F̂ are appropriate functions such that K(x_i, x_j) ≤ K̂(x_i, x_j) , 1 ≤ i ≠ j ≤ n , and F (x_i, Z) ≤ F̂ (x_i) , 1 ≤ i ≤ n . However this introduction of artificial “fictitious” jumps (cf., e.g., [9, p. 163]) provides a variety of ways to generate trajectories of the process. The efficiency of the simulation procedure depends on the choice of the functions K̂ and F̂ . We first describe the general procedure before turning to some special cases.

0. Generate the initial state U^N (0, dx) = p(dx) ∈ S^N (cf. (2.11)). 1. Wait an exponentially distributed time with parameter ϱ̂(p) = ϱ̂_K(p) + ϱ̂_F (p) , where ϱ̂_K (p) = 1 2N ∑ 1≤i≠j≤n K̂(x_i, x_j) (6.1) and ϱ̂_F (p) = 1 2 n∑ i=1 F̂ (x_i) . (6.2)

2. With probability ϱ̂_K(p) ϱ̂(p) go to step 3, else go to step 4.

3. (a) Choose a pair of indices according to the distribution K̂(x_i, x_j) 2N ϱ̂_K (p) , 1 ≤ i ≠ j ≤ n . (6.3) (b) Reject the coagulation with probability 1 − K(x_i, x_j) ^K(x_i, x_j) , else replace p by the new state J_K(p, i, j) (cf. (2.14)), i.e. remove the clusters x_i and x_j and add the cluster x_i + x_j .

(c) Go to step 1.

4. (a) If p(Z) > c_N −^1_N , then go to step 1 (cf. (2.16), (2.18)).

(b) Choose an index according to the distribution F̂ (x_i) 2 ϱ̂_F (p)

, 1 ≤ i ≤ n . (6.4)

(c) Reject the fragmentation with probability 1 − F (x_i, Z) F̂ (x_i) , else choose a fragmentation part y according to the distribution F (x_i, dy) F (x_i, Z) on [0, x_i] ∩ Z ,

and replace p by the new state J_F (p, i, y) (cf. (2.16)), i.e. remove the cluster x_i and add the clusters y and x_i − y .

(d) Go to step 1.

The special case K̂(x, y) = K(x, y) , F̂ (x) = F (x, Z) , x, y ∈ Z , corresponds to the direct “physical” simulation of the process (see [13], [6]). Here no fictitious jumps occur, and the time steps are as large as possible. However, the calculation of (6.1) and the generation of the distribution (6.3) are very time consuming if n is large and K has a complicated structure.

In the special case K̂(x, y) = K_{max} = max_{i,j} K(x_i, x_j) , F̂ (x) = F_{max} = max_i F (x_i, Z) , x, y ∈ Z , one obtains a simulation procedure (see , e.g., [13], [23]) which is in some sense opposite to the direct simulation. Namely, the calculation of (6.1) and the generation of the distribution (6.3) are extremely simple. On the other hand, the time steps are very small, and many fictitious jumps occur if K is unbounded and clusters of significantly different sizes are contained in the system.

Consider the special case

K̂(x, y) = C_K (x + y + 1) , F̂ (x) = C_F (x + 1) , x, y ∈ Z .

One obtains (cf. (6.1))

ϱ̂_K(p) = C_K 2N [ 2 N m (n − 1) + n (n − 1) ]

and (cf. (6.2))

ϱ̂_F (p) = C_F 2 [ N m + n ] , where m = ∫ Z x U^N (0, dx) . Here the mass conservation (2.23) has been used. The distribution (6.3) takes the form

x_i + x_j + 1 2 N m (n − 1) + n (n − 1) = x_i + x_j 2 N m (n − 1) 2 N m 2 N m + n + 1 n (n − 1) n 2 N m + n . Accordingly, with probability n 2 N m + n , the indices i, j are generated uniformly. Otherwise, one index is generated according to the distribution x_i N m , i = 1, . . . , n , (6.5) the other uniformly.

This simulation procedure is extremely simple compared with the direct simulation. For an efficient generation of the distribution (6.5), some refined acceptance-rejection techniques can be applied. On the other hand, the number of fictitious jumps is reduced significantly for systems with unbounded kernels and strongly varying cluster sizes. Note that the case

K̂(x, y) = C_K (x y + 1) , F̂ (x) = C_F (x + 1) , x, y ∈ Z ,

can be handled in an analogous way.

Acknowledgements: The authors would like to thank Karl Sabelfeld for drawing their attention to the problem of rigorous justification of Monte Carlo algorithms for Smoluchowski’s coagulation equation. They also appreciate helpful discussions with Philippe Laurençot on the existence and uniqueness issue for the coagulation-fragmentation equation.

References

[1] D. J. Aldous. Deterministic and stochastic models for coalescence (aggregation, coagulation): a review of the mean-field theory for probabilists. Bernoulli. To appear. See http://www.stat.berkeley.edu/users/aldous.

[2] J. M. Ball and J. Carr. The discrete coagulation-fragmentation equations: existence, uniqueness, and density conservation. J. Statist. Phys., 61(1-2):203–234, 1990.

[3] H. Bauer. Maß- und Integrationstheorie. de Gruyter, Berlin, 1990.

[4] J. Carr. Asymptotic behaviour of solutions to the coagulation-fragmentation equations. I. The strong fragmentation case. Proc. Roy. Soc. Edinburgh Sect. A, 121(3- 4):231–244, 1992.

[5] F. P. da Costa. Existence and uniqueness of density conserving solutions to the coagulation-fragmentation equations with strong fragmentation. J. Math. Anal. Appl., 192(3):892–914, 1995.

[6] Ye. R. Domilovskiy, A. A. Lushnikov, and V. N. Piskurov. Monte Carlo simulation of coagulation processes. Izv. Acad. Sci. USSR Atmospher. Ocean. Phys., 15(2):129–134 (1980), 1979.

[7] R. L. Drake. A general mathematical survey of the coagulation equation. In G.M.

Hidy and J.R. Brock, editors, Topics in Current Aerosol Research (Part 2), pages 201–376. Pergamon Press, Oxford, 1972.

[8] P. B. Dubovskii and I. W. Stewart. Existence, uniqueness and mass conservation for the coagulation-fragmentation equation. Math. Methods Appl. Sci., 19(7):571–591, 1996.

[9] S. N. Ethier and T. G. Kurtz. Markov processes. Characterization and convergence.

Wiley, New York, 1986.

[10] A. F. Filippov. On the distribution of the sizes of particles which undergo splitting.

Theory Probab. Appl., 6(3):275–294, 1961.

[11] V. A. Galkin and P. B. Dubovskii. Solutions of a coagulation equation with unbounded kernels. Differentsial’nye Uravneniya, 22(3):504–509, 551, 1986.

[12] D. N. Gillespie. The stochastic coalescence model for cloud droplet growth. J.

Atmospheric Sci., 29:1496–1510, 1972.

[13] D. N. Gillespie. An exact method for numerically simulating the stochastic coalescence process in a cloud. J. Atmospheric Sci., 32:1977–1989, 1975.

[14] F. Guiaş. A Monte Carlo approach to the Smoluchowski equations. Monte Carlo Methods Appl., 3(4):313–326, 1997.

[15] I. Jeon. Existence of gelling solutions for coagulation-fragmentation equations.

Comm. Math. Phys., 194:541–567, 1998.

[16] R. Lang and X. X. Nguyen. Smoluchowski’s theory of coagulation in colloids holds rigorously in the Boltzmann–Grad limit. Z. Wahrsch. Verw. Gebiete, 54:227–280, 1980.

[17] P. Laurençot. Global solutions to the discrete coagulation equations. Manuscript, 1998.

[18] A. A. Lushnikov. Some new aspects of coagulation theory. Izv. Akad. Nauk SSSR Ser. Fiz. Atmosfer. i Okeana, 14(10):738–743, 1978.

[19] A. H. Marcus. Stochastic coalescence. Technometrics, 10(1):133–148, 1968.

[20] D. J. McLaughlin, W. Lamb, and A. C. McBride. A semigroup approach to fragmentation models. SIAM J. Math. Anal., 28(5):1158–1172, 1997.

[21] Z. A. Melzak. A scalar transport equation. Trans. Amer. Math. Soc., 85:547–560, 1957.

[22] J. R. Norris. Smoluchowski’s coagulation equations: uniqueness, non-uniqueness and a hydrodynamic limit for the stochastic coalescent. Ann. Appl. Probab. To appear. See www.statslab.cam.uk/∼james.

[23] K. K. Sabelfeld, S. V. Rogazinskii, A. A. Kolodko, and A. I. Levykin. Stochastic algorithms for solving Smoluchowski coagulation equation and applications to aerosol growth simulation. Monte Carlo Methods Appl., 2(1):41–87, 1996.

[24] I. W. Stewart. A global existence theorem for the general coagulation-fragmentation equation with unbounded kernels. Math. Methods Appl. Sci., 11(5):627–648, 1989.

[25] I. W. Stewart. A uniqueness theorem for the coagulation-fragmentation equation.

Math. Proc. Cambridge Philos. Soc., 107(3):573–578, 1990.

[26] M. von Smoluchowski. Drei Vorträge über Diffusion, Brownsche Molekularbewegung und Koagulation von Kolloidteilchen. Phys. Z., 17:557–571, 585–599, 1916.

[27] W. Wagner. A functional law of large numbers for Boltzmann type stochastic particle systems. Stochastic Anal. Appl., 14(5):591–636, 1996.