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Abstract

In this paper, an integral equation of the first kind with Riesz kernel
is discussed. Since the kernel of this integral equation is analytic,
this problem is severe ill-posed. We prove that, for solutions of the
integral equation, a local conditional pointwise estimate holds at a
point if the solution has some additional smoothness properties in a

neighbourhood of this point.

1 Introduction

From many applications such as local tomography, geophysics and problems
of detection (e.g. [3], [4], [8], [14], [15]), the following integral equation

with Riesz kernel arises:

/D Ly =), zeD (1.1)

2
T'zy

where 7., = /(1 —y1)2+ (z2 — y2)2 + (23 — y3)%, D and D, are simply
connected domains in R* and D[ D; = 0.

Since D(D; = 0, the kernel é is analytic with respect to ¢ € D,
and y € D. From the theory of ill-posed problems ( [10], [16]), it is well
known that this integral equation is severe ill-posed in Hadamard's sense.
Since the singular values of the integral operator decrease to 0 very fast, it is
rather difficult to get approximation solutions for this integral equation. The
discussions on the stability of the problem (1.1) are important for numerical
analysis, but there are very few such results.

In [1], the equation (1.1) is transformed into a Cauchy problem for the
Laplace equation in R*. Under the assumption that the solution is extra
smooth over the whole domain D, some L?-norm estimate is established for

the solution of the integral equation. However, in applications, it is more



natural that the solution of the integral equation is only a piecewise smooth
function, that is, the solution has no global smoothness properties. Then
only some local stability estimate can be expected.

In this paper, we study the local stability estimate for (1.1). By the
complex extension method ( [6], [7]) and the maximum principle for holo-
morphic functions ( [2|), we can obtain a local stabilizing estimate for the
integral equation. We prove that, if the solution of the integral equation (1.1)
has some additional smoothness properties in a neighbourhood of a point,
then a local conditional estimation of logarithmic type holds at this point.

This paper is organized as follows. In Section 2, we state our main result.

In Section 3, we prove the main result and give some comments.

2 Notations and Main Results

Let D; and D be bounded domains in R . Without loss of generality, we
can assume that D and D; are simply connected domains in R® and D is
compactly contained in the ball By = {z € R®||z| < R}. Henceforth the
intersection of Bg and D; is assumed to be empty, that is, D; (| Bg = 0.
Moreover, the spaces L*(Q2), C"(Q),

CH(Q), C™*(Q), 0 < a < 1 are defined as usual.

We discuss the following integral equation with analytic kernel:

| audy= 1@, aeD. (2.1)

We note that since z, y are in the disjoint domains, the kernel is an
analytic function.
Our problem is: Given f in D, we want to establish a conditional point-

wise estimate for the solution of the equation (2.1).



Remark 2.1. This kind of integral equation comes from practical problems

such as identification of steel reinforcement bars in concrete [3] and geo-
physics [14].

Henceforth we set O;(zo) = {z € R®||z — zo| < &} for § > 0 and
e = (fp,(I 7 f(@)]* +|f(2)|*)dz)z.

Now we state our main result.

Theorem 2.1. Let u be a solution of (2.1). Suppose u € L>®(D) and for
zy € D, there exists a positive constant § such that p € C**(Os(xz¢)). If
|l|z=(py £ M and ||p||c2e(05) < M, then there exists a constant C' depend-
ing on M and 6 such that
1
1

\u(zo)| < Cl
Og;

where € < 1.

Remark 2.2. Theorem 2.1 indicates that, if some smoothness assumption
is added in a neighbourhood of xy, we can obtain a pointwise conditional
estimate. Such an additional assumption is essential for restoring stability
because the original integral equation is an ill-posed problem. However we do

not know whether the assumption can be further weakened.

In applications, one frequently assumes that u is piecewise constant. In

this case, from Theorem 2.1, we can directly deduce

Corollary 2.1. Suppose u = Zk

i—1CiXa, where c; is a constant and xq; s

the characteristic function of the domains Q;, 7 =1,... ,k, Ule Q; = D,
QJQQZZQfOT']%Z
Then, for any z € €;, there exists a constant C which depends on

d(z,09;) and max;<;<x{c;} such that




where € < 1 and d(z,09Q;) is the distance from = to 09;.

We should notice that the corollary does not assert stability for z € 09;,

1<j<k.

Remark 2.3. In [}/, under some stronger a-priori information about p,
the Lipschitz stability estimation is established. Corollary 2.1 asserts weaker

stability estimation under more general a-priori information.

3 Proof of the Main Result

3.1 Transform to a Cauchy Problem for Laplace Equa-
tion
We define a new function
1
G(z, ):/ w#(y)d% £€ R (3.1)

In [1], the following properties for G(z, &) are proved. We will state these

properties without proofs.

Proposition 3.1. The function G(z,€) satisfies

(Af+§;amg): 0, (z,6)eq (3.2)
G@,0) = [ Gul)dy=J@), zeD  (33)
Dr:cy
oG
52@&): 0, zebD, (3.4)

where Q) = R*\ (D x {€ = 0}).

Proposition 3.2. If uy € LP(D) with p > 1, then

7{9{ — —wyap(+), & —+0 in LP(D)



where wy is the area of the unit sphere in RY.

Moreover, for zy € D and 0 < a < 1, if p € C*(Os(xy)), then

8G($0, g)
23

For the second part of the Proposition 3.2, we refer to [10] or [11].

— —wgu(zp), £ — +0. (3.5)

On the basis of the above result, our problem can be reformulated as a
Cauchy problem (3.2) - (3.4) for the Laplace equation. Thus our problem

can be stated as

Problem: Given a function f in D;, we want to find a harmonic function

G(z, &) which satisfies (3.2)-(3.4). Then by (3.5), the solution of the original

integral equation (2.1) can be obtained from ;—i limg_,o %2’9, reD.
Henceforth we simply write
oG . 0G(z,¢§)

3.2 Auxiliary Lemmas

We first show a result on conditional stability of a Cauchy problem for the
Laplace equation which will be used for our estimate below. The readers can

find the proof in Payne [12].

Lemma 3.1. Let QQ C R" be a domain which is bounded by a closed surface

S, ¥ a part of S, and W (z) satisfy
AW(z) =0, 2= (21, ., 2n) €EQ

and

W(2)| <M, z2€9Q



with a constant My > 0. Then, for a point Z inside 2, the following inequality
holds:
Maz{|W (2)], VW (2)[} < KoM" *les + o]

where oy € (0,1) and Ky are constants which depend on ¥ and d(z,S), the
distance between zZ and S. We set ¢, — fz W2do, €y = fg(a—Wa—W 4 QW OW

0z1 Oz1 Ozo Oza
G )do = [y, VW [*do.

It should be remarked that, if d(2,.S) tends to zero, then oy may tend to

zero and the constant Ky may tend to oo.

Remark 3.1. The same estimation holds for %, 1 <14,7 < n and higher

derivatives of W at 2 ( [12], P.43).

Since p will be obtained as the boundary value of %?5), we need a
sharper result concerning conditional stability estimation.

To this end, we first show some results about the conditional stability
estimation for holomorphic functions.

We will first prove some estimate for harmonic measure in the complex
plane C' which is similar to one in [6], [7].

Let 9 = {¢ € C|I¢ —2] < 2,7 <arg(( —2) <2} and [p,p] C O

where 0 < p; < po < 2.

Definition 3.1. A function ¢(C) defined in Q is called a harmonic measure
for Q1 and [p1,p2] , if ¢(C) satisfies the following equation and boundary

conditions:

Ag(¢) = 0 in O\ [p1, po
#(¢) = 0 on 0

o(¢) = 1 on  [p1, p2]



For the unique existence of the harmonic measure ¢(¢), we refer to [5]

and Chapter X in [9]. In particular, ¢({) € C(Q\ (p1, p2))-

Lemma 3.2. Assume that ¢ is a harmonic measure for Qq and [p1, ps]. Then

there exists a positive constant Cy which depends on p1, ps and €y such that
é(z) > Ciz, z € [0, p1]. (3.6)

Proof. From the definition of ¢(z), by using the maximum principle for the

Laplace equation (Theorems 6 and 7 (Page 64,65) in [13]), we know that

0<d(z) <1,  z€\[p,po]

and
0¢(z)
8.’171

|z:0 7£ 0
where z = 1 + 125.

If the conclusion (3.6) is not true, there exist {y,}>°, C [0, p1] such that

¢(yn) (37)

— — 0, n — oo.
Yn

Since [0, p1] is a compact set, there exists a point § € [0, p1]| such that
Yn — 7, n — oo.

If § =0, from (3.7) and ¢(0) = 0, we have

09(2)
8.’171

|z:0 =0.
This is a contradiction. If § # 0, from (3.7) and ¢ € C|0, p;], we have
¢(9) =0, for §€(0,p].

This is also a contradiction. Thus the proof is complete. O



For a holomorphic function in €2y, we have

Lemma 3.3. Suppose u = u(¢) is holomorphic in Q; and continuous in €.
Suppose |[u(C)] < Ma, (¢ € Q. Then there exists a positive constant Co

which is dependent on ¢, but independent of x and u, such that
u(e)] < My™@*e**,  we[0,7]
where €, = max,¢s 5 |u(z)|.

Proof. By taking p; = % < p2 =1 < 2in Lemma 3.2, the argument on p.121
in [2] yields

€1 3
< My(-EL )o@ 0,2,
u(e)| < Ma(51)*, we0,)
Applying Lemma 3.2, we have the conclusion of this lemma. O

Henceforth without loss of generality, we may assume x; = 0. Let us

recall that ¢ = ([}, (| v f(z)|* + \f(z)[?)dz)z.
Applying Lemma 3.1, we obtain

Lemma 3.4. Suppose p € L*(D) and ||p||z~mpy < M. Then there exist

constants Cs, oy € (0,1) such that

|G(0,&)] < Cse™ (3.8)
ILG(S;’@I < Cae™ (3.9)
2
|%§;5)| < Cye (3.10)

for £ € [%, 1].

Proof. Tt is sufficient to verify that G(z, ) is bounded in the domain
R*\ (Bg x {|¢] < 3}). Since D is contained in By compactly, we have that
d(0Bg, D) > 0.



From the expression of G(z,§), we can obtain
.1 - .1 _
G (2, €)] < (min{, d(0Bg, D)}) 2/ [w(y)ldy < (min{3, d(Bor, D)}) *M|D)|
D

for (z,€) € R*\ (Br % {|¢| < 3}). So Lemma 3.1 yields (3.8). Similarly we
can show (3.9) and (3.10). O

In the following, we extend u(z) outside D by u(z) =0, z € R*\D.
For n € C, we define a function H = H(n) with respect to the complex
variable n € C by

H(n) = / %u(y)dy

Bx T2+
where 2 = y? + y2 + y2.
Henceforth we set Q = {n € C||n — 2| < 2}.

Then we have

Lemma 3.5. Suppose u € L*®°(D). Then H is holomorphic with respect to

n in the domain Q.

Proof. Introducing the polar coordinates, we set

B(r) = /52 p(y)dw = /52 p(r, w)dw

where S, is the unit sphere in R3.

Then we have

1 " r2B(r)
)y = d
/BR T2+n2u(y) y /0 oL

- 3] ot s

r+in r—1in

where 7 = v/—1.

Changing variables in the second term, we have

1 (' o1 1 /% 1
- dr = = —8)d
2/0 r—inrﬁ(r) ’ 2/Rs+insﬁ( 8)ds,




so that

Ho) = [ ety =g [ —osBeds @)

—5
2 ) gps+in

where we set B(s) = B8(s),s > 0 and B(s) = B(—s), s < 0.

Since p € L*®(R®), from the expression for 3(r), it follows that B €
L>(R'). Therefore H(n) is a holomorphic function in Q. The proof is com-
plete. O

We recall that O5(0) = Os = {z € R®||z| = \/2? + 23+ 2% < ¢} and

C*(Os) is the usual space of Holder continuous functions in Os. We have

Lemma 3.6. Suppose u € C*(Oys). Then we have B € C%(—0,9) and

1Blce(-s6) < Culptlcaoy), 18| (—r,R) < Ca|pt|z=(D)
where a constant Cy is independent of v, but dependent on 6.
Proof. From the expression of 3, we can see the conclusion easily. O

Next we will estimate H(n) for n € Q.

Lemma 3.7. Suppose u € L*(D) and p € C*(Os). Then

|H(n)| < Cs(lulcaos) + |kleemp)),  n€Q
where the constant Cy is independent of u, but dependent on § > 0.

Proof. We rewrite (3.11) as

)
2

5~ 5~ R 5
H(n) - 1/2 s6(s) ds+1/ s8(s) ds+1/ 58(5) 4
2 /s s+ 2 )_p s+in 2 Js s+in

AL+ Ay + As.

NS

10



First we have

A = ;/Eﬂ@Ms

2 s+1in

1 [Es(B(s)-B() BB [r s
N 5/_g s+in “ds 22 /_gs—i—z'nds'

By Lemma 3.6 and the theory of one dimensional singular integral equa-

NS o,

tions (e.g. [11]), we know that, for ( € Q

|A1] < Cg|Blca(—s5) < Cr(|plo=(os) + |1tlz= (D)) (3.12)

where Cg and C; are positive constants which depend on 4. For n € Q2 and
s € [-R, —g] U [%, R}, it easy to verify that

1
s+1in

Isg.
5

Therefore we find
R R
Al <5 [ 18ts)1ds,
3

so that
45] < Plulzmo. (3.13)
By Lemma 3.6, the constant Cg is independent of p. Similarly we have
4a] < Loy (3.14)

Therefore, from (3.12), (3.13), (3.14), we obtain the conclusion. Thus
the proof is complete. O

3.3 Completion of Proof of Theorem 2.1

By Proposition 3.2, we have

oG 3 0 52G(0, ¢
/——LL%t (3.15)
3

—w4/,t(0) = 8—5(0, Z) + o2

11



Lemma 3.4 implies

oG

|— o€ (0, )| < Cze™. (3.16)
Next we will give an estimate for azg”é‘;’f). From (3.2), we know that, for
§#0, ,
0 1
—+A)5—==0
(852 + y)r2 + 52 ’
where A, = Z] 1 8 - Therefore
0*G 0? 0?
0G0 = _2/ 5(y)2d . 2u(y)2
23 082 Jo, r* + ¢ 982 Jpp\05 T2+ E

1 0 K(y)
= — Ay(5—=)dy+ == d
[, st pos TP HE

Since Os(0) is a ball, 2 is the normal derivative on the sphere 80;(0),

and we note that

0 1 B 2r
or\r2+¢€2)  (r24¢2)%
By integration by parts for the first term at the left side, we obtain

0°G 3 1 0 4¢)
w00 = = [, & (o) s+ g /BR\OS e

B 1 ou 1
= _/5 T2+§2(A )(y)dy+/é?05 W(y)mds

1\7

2r 0 1(y)
+ L _dS+ d
Lo, M0 5 + 3 pog P HE
1 ou 1
- = (A or
/05 el yu)(y)cler/aas or W a®

2r 8¢2 2
+ /aog N(y)mds + /BR\Og [(Tg + 52)3 - (?,,2 T 52)2]M(y)dy.

12



Forn € C,n # 0, we set

Ui(n) =

Then we have
82
3—5(0,5) = —/ #(Ayu)(y)dy +U,(€), EER, £#0. (3.17)

It can be directly verified that ¥; = W;(n) is a holomorphic function in
Q={neCln—2| <2} and

(W1 ()| < Col|uleros) + |1 z=(D)), n € (1

where Cy is a constant which depends on §.

It is easy to verify that fog ﬁ(Ayu)(y)dy is holomorphic with respect
to n € Q, because of r2 + n? # 0 for n € Q. Moreover, similarly to Lemma
3.7, we can see that there exists a constant Ciq depending on § > 0 such that

1
03 72 4 n?

(Ayp)(y)dy| < Cro(|ulcza(os) + [BlL=p));, 1 € Q.

Forn € C,n # 0, we set

B 8n? 2
i = [ [~ gy

Then, from (3.1), we find that

82
T OO =M@, R €A (3.18)

13



Moreover, H; = Hy(n) is a holomorphic function in €; C Q. From (3.17),
(3.18), the expression of Hy(n) and the unicity of holomorphic functions, we

can state that

Hi(n) = — / ﬁmyu)(y)dywl(n), neo.

Consequently,
|Hi(n)| < Cullploze(os) + [kli=(p) < 2CuM,  n€h
where the constant C'; depends on §. Applying Lemma 3.3, we have

Hq(t)| <201 M ? te (0, 3.19
)] < 20uMGg™,  te ) (3.19)

where €; = max;s ;) |H:(t)|. Here we note that C; > 0 depends only on ;.

3
4°

By Lemma 3.4 and (3.18), we have
€1 < Oz (3.20)

Combining (3.15), (3.16), (3.18), (3.19) and (3.20), we obtain

3

4 €1
0)] < C3e™ 201 M
)] < Coe + [ “ 2000 (G

)©2tdt.

It can be directly calculated that
i
WO)| < Cualen + [ enouay
0

1
log %

< 2012

where € < 1 and C15 is a constant which depends on § and M. Therefore the

proof of Theorem 2.1 is complete.

Remark 3.2. We can use the same method to treat the integral equation

which models steel reinforcement bars in concrete ([3]) and is obtained by

14



applying a partial differential operator to (2.1). That integral equation is

discussed in [1] where L*-conditional stability estimation is obtained. By

using the method of Section 8, we can also get the local pointwise estimation

if we assume some additional smoothness properties. We do not treat it here.
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