A class of time discrete schemes for a phase–field system of Penrose–Fife type

Olaf Klein Weierstrass Institute for Applied Analysis and Stochastics Mohrenstrasse 39 D˘10117 Berlin Germany e˘Mail: klein@wias-berlin.de

August 14, 1998

1991 Mathematics Subject Classification. 65M12, 35K50, 80A22, 35K60, 35R35, 65M15. Keywords. Phase–field model, Penrose–Fife model, semidiscretization, convergence, error estimates. 1

Abstract

In this paper, a phase field system of Penrose–Fife type with non–conserved order parameter is considered. A class of time–discrete schemes for an initial–boundary value problem for this phase–field system is presented. In three space dimensions, convergence is proved and an error estimate is derived. For one scheme, this error estimate is linear with respect to the time–step size.

1 Introduction

In [PF90], Penrose and Fife derived a phase–field system modeling the dynamics of diffusive phase transitions. In the case of a non–conserved order parameter, their approach leads to the following system:

c_0θ_t + λ^′(χ)χ_t + κΔ ( 1 θ ) = g, (1.1) ηχ_t − εΔχ + β(χ) − σ^′(χ) ∋ − λ^′(χ) θ . (1.2)

This system determines the evolution of the order parameter χ and the absolute temperature θ. Here, c_0 and κ denote the physical data specific heat and thermal conductivity, which are supposed to be positive constants. The datum g represents heat sources or sinks, and η stands for a positive space–dependent relaxation coefficient. Choosing this coefficient in a particular way, an anisotropic growth can be simulated.

ε is a positive relaxation coefficient and β denotes the subdifferential of the convex but non– smooth part of a potential on R, while −σ corresponds to the non–convex but differentiable part of the potential. The latent heat of the phase transition is represented by λ^′(χ). In the context of solid–liquid phase transitions, one typically has a quadratic or linear function λ and σ(s) = λ(s) θ_C + ρs^2, ∀ s ∈ R, (1.3)

where θ_C denotes some critical temperature and ρ some positive constant. For β(s) = 2ρs^3, we see that β(s)−σ^′(s)+θ^{−1}_C λ^′(s) is the derivative of the double well potential^ρ_2 (s−1)^2(s+1)^2. If β is the subdifferential of the indicator function I_{[−1,1]} of the interval [−1, 1], we see that β(s) − σ^′(s) + θ^{−1}_C λ^′(s) corresponds to the “derivative” of the double obstacle potential I_{[−1,1]}(s) + ρ(1 − s^2), which has been introduced for the standard phase–field system by Blowey and Elliott (see [BE94]).

In the mean–field theory of the Ising ferromagnet as in [PF90, Sec. 4], one has quadratic functions σ and λ, D(β) = (0, 1), and β(s) = ρ^∗ ∂ ∂s ( s ln s + (1 − s) ln(1 − s) − ln ( 1 2 )) = ρ^∗ ln ( s 1 − s ) , ∀ s ∈ D(β), where ρ^∗ is some positive constant.

The results in this work cover all these situations. Its main novelty is a time–discrete scheme for an initial–boundary value problem for the phase–field system (1.1)–(1.2) such that in three space dimensions an error estimate linear with respect to the time–step size h can be derived. Moreover, a general class of time–discrete schemes is investigated, including some which are explicit in the approximation of σ^′(χ) or λ^′(χ). For these schemes an error estimate is derived, which is linear with respect to h in two space dimensions and still nearly linear in three space dimensions.

In [Hor93], Horn considers a time–discrete scheme in one space dimension for the Penrose– Fife system for quadratic λ and σ. He derives an error estimate of order √ h. In previous works [Kle97a, Kle97b] of the author a time discrete scheme for a simplified Penrose–Fife system with λ linear and σ linear or quadratic has been considered and an error estimate of order √ h has been shown.

Using the time–discrete scheme, the existence of a unique solution to the Penrose–Fife system is proved. This result is a minor novelty of this paper, because of the weakened regularity assumption used for λ and σ. These functions are supposed to be C^1–functions on R with λ^′ and σ^′ locally Lipschitz continuous such that the Lipschitz constants fulfill some growth conditions.

Until now, in papers concerning existence, uniqueness, and regularity of similar Penrose–Fife systems these functions are supposed to be at least C^2–functions with λ^{′′} bounded (see, e.g. [HLS96, HSZ96, Lau93, Lau95, SZ93] or C^1–functions with λ^′ global Lipschitz (see [KN94]) resp. λ convex (see [DK96]).

The same holds for papers like [CL98, CS98, CLS, Lau98], where more general heat flux laws are considered.

The layout of this paper is as follows: In Section 2, a precise formulation of the considered phase–field system is given, the class of time–discrete schemes is introduced, and the existence and approximation results are presented. The remaining sections are devoted to the proof of these results.

In Section 3, estimates concerning the approximation of the data are derived and the existence of a solution to the scheme is shown under the additional assumption that the domain D(β) is bounded. Uniform estimates for a solution to the scheme are derived in Section 4. Based on these results, the existence of a unique solution to the scheme is proved in Section 5. This is done by considering the time–discrete scheme with β replaced by β + ∂I_{[−C,C]}, where I_{[−C,C]} denotes the indicator function of the interval [−C, C] for some sufficiently big C > 0. In Section 6, the error estimates are derived, and the existence of a unique solution to the Penrose–Fife system is proved.

2 The Penrose–Fife system and the time–discrete schemes

In this section, a precise formulation of the considered phase–field system of Penrose–Fife type is given. Moreover, existence results and approximation results for a class of time– discrete schemes are presented.

2.1 The phase–field system

In the sequel, Ω ⊂ R^N with N ∈ {2, 3} denotes a bounded, open domain with smooth boundary Γ and T > 0 stands for a final time. Let Ω_T := Ω × (0, T ) and Γ_T := Γ × (0, T ). We consider the following Penrose–Fife system: (PF): Find a quadruple (θ, u, χ, ξ) fulfilling

θ ∈ H^1(0, T ; L^2(Ω)), u ∈ L^2(0, T ; H^2(Ω)) ∩ L^∞(0, T ; H^1(Ω)), (2.1a) χ ∈ H^1(0, T ; L^2(Ω)) ∩ L^∞(0, T ; H^2(Ω)), (2.1b) ξ ∈ L^∞(0, T ; L^2(Ω)), (2.1c) θ > 0, u = 1 θ , χ ∈ D(β), ξ ∈ β(χ) a.e. in Ω_T , (2.1d) c_0θ_t + λ^′(χ)χ_t + κΔu = g a.e. in Ω_T , (2.1e) ηχ_t − εΔχ + ξ − σ^′(χ) = −λ^′(χ)u a.e. in Ω_T , (2.1f) κ ∂u ∂n + γu = ζ, ∂χ ∂n = 0 a.e. in Γ_T , (2.1g) θ(·, 0) = θ^0, χ(·, 0) = χ^0 a.e. in Ω. (2.1h)

For dealing with this system, the following assumptions will be used:

(A1): Let β be a maximal monotone graph on R and ϕ : R → [0, ∞] a convex, lower semicontinuous function ϕ : R → [0, ∞] satisfying β = ∂ϕ, 0 ∈ D(β), 0 ∈ β(0), int D(β) ≠ ∅. (A2): There are positive constants C^∗_1 , p, q such that λ ∈ C^1(R), σ ∈ C^1(R), p < 1, q < 4, −λ(s) ≤ C^∗_1 (ϕ(s) + 1), (σ^′(s))^2 ≤ C^∗_1 (ϕ(s) + 1), ∀ s ∈ D(β), |λ^′(s) − λ^′(r)| ≤ |s − r| C^∗_1 (|s|^p + |r|^p + 1) , ∀ s, r ∈ D(β), |σ^′(s) − σ^′(r)| ≤ |s − r| C^∗_1 (|s|^q + |r|^q + 1) , ∀ s, r ∈ D(β). (A3): We have positive constants c_η, c_γ, and c_ζ such that g ∈ H^1(0, T ; L^∞(Ω)), η ∈ L^∞(Ω), η ≥ c_η a.e. in Ω, γ ∈ L^∞(0, T ; C^1(Γ)), γ_t ∈ L^∞(Γ_T ), γ ≥ c_γ a.e. in Γ_T , ζ ∈ H^1(0, T ; L^2(Γ)) ∩ L^∞(Γ_T ) ∩ L^∞(0, T ; H^{12} (Γ)), ζ ≥ c_ζ a.e. in Γ_T .

(A4): We consider initial data θ^0, χ^0, u^0, ξ^0 such that

θ^0, u^0 ∈ H^1(Ω) ∩ L^∞(Ω), χ^0 ∈ H^2(Ω), ξ^0 ∈ L^2(Ω), ϕ(χ^0) ∈ L^1(Ω),

θ^0 > 0, u^0 = 1 θ^0

, χ^0 ∈ D(β), ξ^0 ∈ β(χ^0) a.e. in Ω, ∂χ^0 ∂n = 0 a.e. in Γ.

2.2 The class of time discrete schemes

To allow for variable time–steps, we consider decompositions of (0, T ) that do not need to be uniform, but satisfy the following assumption.

(A5): The decomposition Z = {t_0, t_1, . . . , t_K} with 0 = t_0 < t_1 < · · · < t_K = T fulfills

0.01(t_m − t_{m−1}) ≤ t_{m+1} − t_m ≤ 2(t_m − t_{m−1}), ∀ 1 ≤ m < K. (2.2)

Remark 2.1. In the estimate (2.2), the first constant could be replaced by any positive constant smaller than one and the second by any constant bigger than one.

We define the width |Z| of the decomposition by |Z| := max_{1≤m≤K}(t_m − t_{m−1}), and, for 1 ≤ m ≤ K,

h_m := t_m − t_{m−1}, g_m(x) := 1 h_m tm∫ t_{m−}1 g(x, t) dt , ∀x ∈ Ω, (2.3a)

γ_m(σ) := 1 h_m tm∫ t_{m−}1 γ(σ, t) dt , ζ_m(σ) := 1 h_m tm∫ t_{m−}1 ζ(σ, t) dt , ∀σ ∈ Γ. (2.3b)

Now, the following time–discrete scheme (DZ) for the Penrose–Fife system is considered

(DZ): For 1 ≤ m ≤ K, find

θ_m ∈ L^2(Ω), u_m, χ_m ∈ H^2(Ω), ξ_m ∈ L^2(Ω) (2.4a)

such that

0 < u_m, θ_m = 1 u_m , χ_m ∈ D(β), ξ_m ∈ β(χ_m) a.e. in Ω, (2.4b)

c_0 θ_m − θ_{m−1} h_m + λ^′_d(χ_m, χ_{m−1}) χ_m − χ_{m−1} h_m + κΔu_m = g_m a.e. in Ω, (2.4c) η χ_m − χ_{m−1} h_m − εΔχ_m + ξ_m − σ^′_d(χ_m, χ_{m−1}) = −λ^′_d (χ_m, χ_{m−1}) u_m a.e. in Ω, (2.4d) −κ ∂u_m ∂n = γ_mu_m − ζ_m, ∂χ_m ∂n = 0 a.e. in Γ, (2.4e)

with

θ_0 := θ^0, u_0 := u^0, χ_0 := χ^0, ξ_0 := ξ^0. (2.4f)

Here, approximations λ^′_d and σ^′_d for λ^′ and σ^′ are used such that the following assumption is satisfied:

(A6): Let λ^′_d, σ^′_d : R × R → R be continuous functions, and let C^∗_2 , p, q be positive constants with p < 1, q < 4 such that, for all r, s, r^′, s^′ ∈ D(β),

λ^′_d(s, s) = λ^′(s), σ^′_d(s, s) = σ^′(s), (σ^′_d(r, s))^2 ≤ C^∗_2 (ϕ(r) + ϕ(s) + 1), |λ^′_d(r, r^′) − λ^′_d(s, s^′)| ≤ C^∗_2 (|r − s| + |r^′ − s^′|) ( |r|^p + |r^′|^p + |s|^p + |s^′|^p + 1 ) , |σ^′_d(r, r^′) − σ^′_d(s, s^′)| ≤ C^∗_2 (|r − s| + |r^′ − s^′|) ( |r|^q + |r^′|^q + |s|^q + |s^′|^q + 1 ) , −λ^′_d(r, s)(r − s) ≤ −λ(r) + λ(s) + C^∗_2 (r − s)^2. (2.5)

Remark 2.2. The time–discrete scheme (DZ) is an Euler scheme in time for the Penrose– Fife system (PF), which is fully implicit, except for the treatment of the nonlinearities λ^′ and σ^′.

By introducing the general approximations λ^′_d(χ_m, χ_{m−1}) and σ^′_d(χ_m, χ_{m−1}) in (DZ), the same formulation can be used to investigate a bunch of different time–discrete schemes. A full implicit scheme corresponds to the choices λ^′_d(r, s) = λ^′(r) and σ^′_d(r, s) = σ^′(r). A fully explicitly treatment of nonlinearities λ^′ and σ^′ corresponds to λ^′_d(r, s) = λ^′(s) and σ^′_d(r, s) = σ^′(s).

The following choices for σ^′_d and λ^′_d fulfill (A6), if (A2) is satisfied (see Lemma 3.1).

a) Any convex combination of σ^′(χ_m) and σ^′(χ_{m−1}) can be used for σ^′_d(χ_m, χ_{m−1}).

b) One particular choice for λ^′_d is the following approximation for a derivative, which has been used by Niezgódka and Sprekels in [NS91, (2.3)]: λ^′_∗(r, s) := {_{λ(r)−λ(s)} r−s , if r ≠ s, λ^′(r), if r = s. (2.6)

If one chooses this function as λ^′_d , the approximation for λ^′(χ)χ_t used in the discrete energy balance (2.4c) will coincide with the discrete differential quotient arising in the approximation of (λ(χ))_t .

c) Assume that λ ∈ C^2(R). If we have a uniform upper and a uniform lower bound for λ^{′′} on D(β), we can use every convex combination of λ^′(χ_m) and λ^′(χ_{m−1}) for λ^′_d(χ_m, χ_{m−1}).

If we have a uniform upper bound for λ^{′′} on D(β), we can use the explicit approximation λ^′_d(χ_m, χ_{m−1}) = λ^′(χ_{m−1}). If we have a uniform lower bound for λ^{′′} on D(β), we can use the implicit approximation λ^′_d(χ_m, χ_{m−1}) = λ^′(χ_m).

For the time–discrete scheme there holds:

Theorem 2.1. Assume (A1)–(A6). Then, the scheme has a unique solution, if |Z| is sufficiently small.

Remark 2.3. We use the solution to (DZ) to construct an approximate solution ( ^θZ, ^uZ, ^χZ, ξ^Z ) in (L^∞(0, T ; L^2(Ω)))^4 to the Penrose–Fife system (PF). The function

^θZ is defined to be linear in time on [t_{m−1}, t_m] for m = 1, . . . , K such that ^θZ (t_k) = θ_k holds for k = 0, . . . , K. The functions ^u^Z and ^χ^Z are defined analogously. We define ξ^Z piecewise constant in time by ξ^Z(t) = ξ_k for t ∈ (t_{k−1}, t_k] and k = 1, . . . , K.

The following corollary allows to check, if for a given decomposition Z the scheme has a unique solution.

Corollary 2.1. Assume that (A1)–(A6) hold. There exists a solution to (DZ), if |Z| ≤ h^∗, where h^∗ and C^∗_5 are positive constants with h^∗ ( 2 (σ^′_d(r, s))^2 − C^∗_5 (ϕ(s) + 1) ) ≤ c_ηϕ(r), ∀ r, s ∈ D(β). (2.7) The solution to the scheme is unique, if, in addition, λ^′_d(r, s) = λ^′(s), 2 |Z| |σ^′_d(r, s) − σ^′_d(r^′, s)| ≤ c_η |r − r^′| , ∀ r, r^′, s ∈ D(β). (2.8)

Remark 2.4. Assume that (A1)–(A6) hold. If D(β) is bounded, Corollary 2.1 yields that the scheme has a solution. If D(β) is unbounded, the upper bound h^∗ can be calculated from (2.7) for given β and σ^′_d. Thanks to (A6), we can always find positive h^∗ and C^∗_5 , such that (2.7) is satisfied.

If λ^′ is approximated explicitly and σ^′_d is globally Lipschitz continuous in the first variable on D(β) × D(β), the conditions (2.8) and (2.7) lead to an computable upper bound for the time–step size to ensure the existence of a unique solution.

For σ^′_d explicit, i.e. σ^′_d(r, s) = σ^′(s), we do not get any restriction for the time–step size from (2.7) or (2.8).

2.3 Existence and approximation results

Theorem 2.2. Assume that (A1)–(A4) and (A6) hold. Then there is a unique solution (θ, u, χ, ξ) to the Penrose–Fife system (PF). For this solution it holds that

θ ∈ L^∞(0, T ; H^1(Ω)) ∩ L^∞ (Ω_T ) ∩ W^{1,∞}(0, T ; H^1(Ω)^∗), (2.9) u ∈ H^1(0, T ; L^2(Ω)) ∩ L^∞ (Ω_T ) , (2.10) χ ∈ W^{1,∞}(0, T ; L^2(Ω)) ∩ H^1(0, T ; H^1(Ω)) ∩ L^∞ (Ω_T ) . (2.11)

As, for decompositions Z with (A5), |Z| tends to 0, we have,

^θ^Z −→ θ weakly in H^1(0, T ; L^2(Ω)), (2.12) weakly–star in L^∞(0, T ; H^1(Ω)) ∩ L^∞ (Ω_T ) , (2.13) weakly–star in W^{1,∞}(0, T ; H^1(Ω)^∗), (2.14) ^u^Z −→ u weakly in H^1(0, T ; L^2(Ω)), (2.15) weakly–star in L^∞(0, T ; H^1(Ω)) ∩ L^∞ (Ω_T ) , (2.16) weakly in L^2(t_∗, T ; H^2(Ω)), ∀ 0 < t_∗ < T, (2.17)

^χ^Z −→ χ weakly in H^1(0, T ; H^1(Ω)), (2.18) weakly–star in W^{1,∞}(0, T ; L^2(Ω)) ∩ L^∞(0, T ; H^2(Ω)), (2.19)

ξ^Z −→ ξ weakly–star in L^∞(0, T ; L^2(Ω)). (2.20)

The following error–estimate is the main result of this work.

Theorem 2.3. Assume that (A1)–(A6) hold and that |Z| is sufficiently small. Let (θ, u, χ, ξ) be the solution to the Penrose–Fife system (PF).

a) If λ^′_d = λ^′_∗ (cf. (2.6)), then we have a positive constant C, independent of Z, such that ‖ ‖^θ^Z − θ ‖ ‖_{L2(0,T ;L2(Ω)) ∩ C([0,T ];H1(Ω)∗)} + ‖ ^u^Z − u ‖ L2(0,T ;L2(Ω)) + ‖ ^χ^Z − χ ‖ C([0,T ];L2(Ω)) ∩ L2(0,T ;H1(Ω)) ≤ C |Z| . (2.21)

b) If λ^′_d ≠ λ^′_∗ and Ω ⊂ R^2, then (2.21) still holds.

c) If λ^′_d ≠ λ^′_∗ and Ω ⊂ R^3, then (2.21) holds with |Z| replaced by |Z|^{2023} .

Remark 2.5 (Numerical implementation). In a lot of physically relevant situations, see [PF90], the considered functions λ and σ are quadratic and ϕ has a quadratic lower bound, i.e. we have positive constants C^∗_3 , C^∗_4 with

ϕ(s) + C^∗_3 ≥ C^∗_4 s^2, ∀ s ∈ D(β). (2.22)

In this situation, the scheme with σ^′_d(r, s) := σ^′(r), λ^′_d(r, s) := λ^′(s), ∀ r, s ∈ R is the most promising one to perform numerical computations, because of the following properties of this scheme: The coupling between the two equations (2.4c) and (2.4d) is a linear one, since λ^′_d(χ_m, χ_{m−1}) does not depend on χ_m. Moreover, σ^′_d(χ_m, χ_{m−1}) is linear in χ_m. Thus, a finite element discretization and a nonlinear Gauss–Seidel scheme similar to the one in [Kle97a, Sec. 10] can be used to find approximative solutions to (DZ). Corollary 2.1 allows us to calculate an upper bound for the time–step size to ensure the existence of a unique solution. In two space dimensions, Theorem 2.3 yields a convergence linear with respect to the time–step size, and in three dimensions the convergence in still nearly linear.

Remark 2.6. If the regularity assumption for g in (A3) is weakened to g ∈ L^∞ (Ω_T ), all results of this work still holds, except the error estimates in Theorem 2.3.

3 Some properties of the approximation of the data and a special existence result

To prepare the proof of the theorems and the corollary in the last section, some notations will be fixed and some properties for the approximation of the data will be proved. Moreover, the existence of a unique solution will be shown, under the additional condition that D(β) is bounded.

In the sequel, we use the notation ‖·‖_p for the L^p(Ω)–norm, for all p ∈ [1, ∞]. Moreover, ‖·‖_2 will also be used for the (L^2(Ω))^2 resp. (L^2(Ω))^3 norm.

3.1 Properties of the data and their approximations

In the following lemma it is shown that those approximations discussed in Remark 2.2 fulfill the condition (A6).

Lemma 3.1. Assume that (A2) holds. Let ω ∈ [0, 1] be given and define σ^′_d : R × R → R by σ^′_d(r, s) = ωσ^′(r) + (1 − ω)σ^′(s), ∀ r, s ∈ R. (3.1) a) If λ^′_d = λ^′_∗ (cf. (2.6)), we have (A6) and λ^′_∗(r, s)(r − s) = λ(r) − λ(s), ∀ r, s ∈ R. (3.2) b) Assume, in addition, λ ∈ C^2(R) and

λ^′_d(r, s) = ω^∗λ^′(r) + (1 − ω^∗)λ^′(s), ∀ r, s ∈ R, (3.3)

with some ω^∗ ∈ [0, 1].

If we have positive constants C_1, C_2 such that −C_1 ≤ λ^{′′}(s) ≤ C_2 for all s ∈ D(β), the assumption (A6) holds.

If ω^∗ = 0 and we have a positive constant C_3 with λ^{′′}(s) ≤ C_3 for all s ∈ D(β), the assumption (A6) is satisfied.

If ω^∗ = 1 and we have a positive constant C_4 with −C_4 ≤ λ^{′′}(s) for all s ∈ D(β), the assumption (A6) holds.

Proof. First, we consider part (a) of the lemma. Thanks to (2.6), we have (3.2) and λ^′_∗(r, s) = 1∫ 0 λ^′(s + τ (r − s)) dτ . Hence, for λ^′_d = λ^′_∗, we can use (3.1), Schwarz’s inequality, and (A2), to show that (A6) is satisfied. This yields part (a) of the Lemma.

To prove part (b) of the lemma, we need only to show that the last estimate in (A6), i.e. (2.5), is satisfied, since the remaining assumptions in (A6) follow by an argumentation similar to the one above. For r, s ∈ D(β), applying Taylor’s formula and (3.3) gives τ, μ ∈ D(β) such that −λ^′_d(r, s)(r − s) + λ(r) − λ(s) = 1 2 (−ω^∗λ^{′′}(τ ) + (1 − ω^∗)λ^{′′}(μ)) (r − s)^2.

Now, we see immediately that (2.5) holds under the considered assumptions.

Lemma 3.2. Assume that (A3) holds. Then there exist positive constants C_1, C_2, . . . , C_6, such that, for all decompositions Z with (A5), the functions g_m, γ_m, and ζ_m defined in (2.3) fulfill, for 1 ≤ m ≤ K,

C_1 ‖v‖^2_H1_{(Ω)} ≤ κ ‖∇v‖^2 + ∫ Γ γ_mv^2 dσ ≤ C_2 ‖v‖^2_H1_{(Ω)} , ∀ v ∈ H^1(Ω),

γ_mv ∈ H^{12} (Γ), ‖γ_mv‖_H 1_{2 (Γ)} ≤ C_3 ‖v‖_H1_{(Ω)} , ∀ v ∈ H^1(Ω),

c_ζ ≤ ζ_m a.e. in Γ, | | | ∫ Γ ζ_mv dσ | | | + | | | ∫ Ω g_mv dx | | | ≤ C^4 ‖v‖H^1(Ω) , ∀ v ∈ H^1(Ω),

‖g_m‖_∞ + ‖γ_m‖_C1_{(Γ)} + ‖ζ_m‖_L∞_{(Γ)} + ‖ζ_m‖_H 1_{2 (Γ)} ≤ C_5, and max 1≤m≤K−1 ‖ ‖γ^{m+1} − γ^m h_m ‖ ‖ L^∞(Γ) + K−1∑ m=1 h_m ‖ ‖ζ^{m+1} − ζ^m h_m ‖ ‖^2 L2(Γ) ≤ C_6, where the positive constants c_ζ, c_γ are specified in (A3).

Proof. This lemma follows from (A3), (A5), the trace–mapping from H^1(Ω) to H^{12} (Γ), and the interpolation of H^12 (Γ) by H^1(Γ) and L^2(Γ).

3.2 The existence proof for D(fi) bounded

Lemma 3.3. Assume that (A1)–(A6) hold and that D(β) is bounded. Then there exists a solution to (DZ).

Proof. From (2.4f), we get θ_0, u_0, χ_0, ξ_0. Now, we assume that θ_{m−1} ∈ L^2(Ω), χ_{m−1} ∈ H^2(Ω) for some m ∈ {1, . . . , K} are given. To show that there exists a solution to the system in

(DZ), i.e. to (2.4a)–(2.4e), we will first consider the discrete energy balance equation and the

discrete equation for the order parameter separately. Afterwards, we will rewrite the system as a fixed point problem and apply Schauder’s fixed point theorem.

Lemma 3.4. For every χ ∈ L^∞(Ω), there is a unique ũ ∈ H^2(Ω) such that

0 < ũ a.e. in Ω, 1 ũ ∈ L^2(Ω), −κ ∂ũ ∂n = γ_mũ − ζ_m a.e. in Γ, (3.4) − c_0 ũ − h_mκΔũ = −c_0θ_{m−1} − h_mg_m + λ^′_d(χ, χ_{m−1}) (χ − χ_{m−1}) a.e. in Ω. (3.5)

Proof. Let χ ∈ L^∞(Ω) be given. Thanks to (A6) and χ_{m−1} ∈ C(Ω̄), we have

λ^′_d(χ, χ_{m−1}) (χ − χ_{m−1}) ∈ L^2(Ω).

By translating the proof of [Bré71, Corollary 13], we see that the operator corresponding to (3.4) and the left–hand side of (3.5) is maximal monotone. By showing that this operator is also coercive, we obtain that the operator is also surjective. The injectivity follows by estimating the difference between two given solutions. Details can be found in [Kle97a, Lemma 5.1].

Lemma 3.5. For every χ ∈ L^∞(Ω), ũ ∈ L^2(Ω) there exists a unique χ̃ such that

χ̃ ∈ H^2(Ω), χ̃ ∈ D(β) a.e. in Ω, ∂χ̃ ∂n = 0 a.e. in Γ, (3.6) η χ̃ − χ_{m−1} h_m − εΔχ̃ + β(χ̃) ∋ σ^′_d(χ, χ_{m−1}) − λ^′_d (χ, χ_{m−1}) ũ a.e. in Ω, (3.7) −η χ̃ − χ_{m−1} h_m + εΔχ̃ + σ^′_d(χ, χ_{m−1}) − λ^′_d (χ, χ_{m−1}) ũ ∈ L^2(Ω). (3.8)

Proof. By (A1) and (A3), we can rewrite (3.6)–(3.8) as c_η h_m χ̃ + Bχ̃ ∋ σ^′_d(χ, χ_{m−1}) − λ^′_d (χ, χ_{m−1}) ũ + η h_m χ_{m−1}, (3.9)

where B : L^2(Ω) → {W ⊆ L^2(Ω)} is a nonlinear operator. Using [Bré71, Corollary 13], we see that this operator is maximal monotone. Details can be found in [Kle97a, (5.7)–(5.8) and Lemma 5.5].

Because of (A6), (A3), χ ∈ L^∞(Ω), χ_{m−1} ∈ H^2(Ω) ⊂ C(Ω), we see that the right–hand side of (3.9) is in L^2(Ω). Hence, [Bré71, Theorem 2] yields that there is a unique solution χ̃ to (3.6)–(3.8).

In this proof, C_i, for i ∈ N, will always denote generic positive constants, independent of χ ∈ M with

M := { χ ∈ L^2(Ω) : χ ∈ D(β) a.e. in Ω } . (3.10)

This is a closed and convex set. We have Lemma 3.6. The functions σ^′_d(·, χ_{m−1}) and λ^′_d(·, χ_{m−1}) are Lipschitz continuous on D(β) and there is a positive constant C_1 such that, for all χ ∈ M, ‖λ^′_d(χ, χ_{m−1})‖_∞ + ‖σ^′_d(χ, χ_{m−1})‖_∞ + ‖χ‖_∞ + ‖χ_{m−1}‖_∞ ≤ C_1. (3.11)

Proof. Since D(β) is bounded and χ_{m−1} ∈ H^2(Ω) ⊂ C(Ω), (A6) yields that the assertions of this lemma hold.

Combining Lemma 3.4 and Lemma 3.5, we see that for every χ ∈ M there is a unique ũ ∈ H^2(Ω) and a unique Ψ(χ) := χ̃ ∈ H^2(Ω) such that (3.4)–(3.5) and (3.6)–(3.8) hold. This defines a mapping Ψ : M → M and any fixed point of Ψ leads to a solution to the system in (DZ), i.e. to (2.4a)–(2.4e). Therefore, it is sufficient to prove that Ψ has a fixed point.

We test (3.5) by h_mũ, apply Green’s formula, Lemma 3.2, Hölder’s inequality, (3.4), (3.11), and Young’s inequality to conclude that

C_2 ‖ũ‖^2_H1_{(Ω)} ≤c_0 |Ω| + h_m ∫ Γ ζ_mũ dσ + ∫ Ω (−c_0θ_{m−1} − h_mg_m + λ^′_d(χ, χ_{m−1}) (χ − χ_{m−1})) ũ dx

≤C_3 +

C_2 2 ‖ũ‖^2_H1_{(Ω)} . (3.12)

Owing to (A1), we have ws ≥ 0 for all s ∈ D(β), w ∈ β(s). Therefore, by testing (3.7) by χ̃ and applying (A3), Green’s formula, (3.6), (3.11), Hölder’s inequality, (3.12), and Young’s inequality, we get

C_4 ‖χ̃‖^2_H1_{(Ω)} ≤ ‖ ‖η χ^{m−1} h_m + σ^′_d(χ, χ_{m−1}) − λ^′(χ, χ_{m−1})ũ ‖ ‖ 2 ‖χ̃‖_2 ≤ C_5 +

C_4 2 ‖χ̃‖^2 .

Hence, we see that χ̃ ∈ M_1 with

M_1 := { χ̄ ∈ M : ‖χ̄‖^2_H1_{(Ω)} ≤ 2

C_5 C_4 } . Therefore, we observe that M_1 is a nonempty, convex, compact set in L^2(Ω) and, by construction, that Ψ maps M_1 into itself. Thanks to Lemma 3.7, Ψ is on M_1 continuous. Now, Schauder’s fixed point theorem yields the existence of a fixed point of Ψ in M_1.

Lemma 3.7. Ψ : M → M is L^2(Ω)–continuous.

Proof. Let χ^∗_1, χ^∗_2 in M be arbitrary, and

χ̃_1 := Ψ(χ^∗_1), χ̃_2 := Ψ(χ^∗_2), χ^∗ := χ^∗_1 − χ^∗_2, χ̃ := χ̃_1 − χ̃_2.

Combining (3.4)–(3.5), (3.6)–(3.8), and the definition of Ψ, we find ũ_1, ũ_2 ∈ H^2(Ω), ξ̃_1, ξ̃_2 ∈ L^2(Ω) such that

ũ_1 > 0, ũ_2 > 0, ξ̃_1 ∈ β(χ̃_1), ξ̃_2 ∈ β(χ̃_2) a.e. in Ω, (3.13) −c_0 ( 1 ũ_1 − 1 ũ_2 ) − h_mκΔ (ũ_1 − ũ_2)

= λ^′_d(χ^∗_1, χ_{m−1})(χ^∗_1 − χ_{m−1}) − λ^′_d(χ^∗_2, χ_{m−1})(χ^∗_2 − χ_{m−1}) a.e. in Ω, (3.14) η χ̃ h_m − εΔχ̃ + ξ̃_1 − ξ̃_2 = −λ^′_d(χ^∗_1, χ_{m−1})ũ_1 + λ^′_d(χ^∗_2, χ_{m−1})ũ_2

+σ^′_d(χ^∗_1, χ_{m−1}) − σ^′_d(χ^∗_2, χ_{m−1}) a.e. in Ω, (3.15) −κ ∂ (ũ_1 − ũ_2) ∂n = γ_m (ũ_1 − ũ_2) , ∂χ̃ ∂n = 0 a.e. in Γ. (3.16)

Testing (3.14) by ũ := ũ_1 − ũ_2, integrating by parts, and using (3.16), (3.13), Lemma 3.2, Hölder’s inequality, Lemma 3.6, and Young’s inequality, we deduce

c_0 ‖ ‖ ũ√ ũ_1ũ_2 ‖ ‖^2 2 + C_6 ‖ũ‖^2_H1_{(Ω)} ≤ ∫ Ω ( λ^′_d(χ^∗_1, χ_{m−1})χ^∗ + (λ^′_d(χ^∗_1, χ_{m−1}) − λ^′_d(χ^∗_2, χ_{m−1})) (χ^∗_2 − χ_{m−1}) ) ũ dx

≤C_7 ‖χ^∗‖_2 ‖ũ‖_2 ≤ C_8 ‖χ^∗‖^2 +

C_6 2 ‖ũ‖^2 . (3.17)

We test (3.15) by χ̃ and use (3.13), the monotonicity of β, (A3), (3.16), and the generalized Hölder’s inequality (see Lemma AP.2) to derive

C_9 ‖χ̃‖^2_H1_{(Ω)} ≤ ‖λ^′_d(χ^∗_1, χ_{m−1})‖ 3_2 ‖ũ‖_6 ‖χ̃‖_6 + ‖λ^′_d(χ^∗_1, χ_{m−1}) − λ^′_d(χ^∗_2, χ_{m−1})‖ 3_2 ‖ũ_2‖_6 ‖χ̃‖_6 + ‖σ^′_d(χ^∗_1, χ_{m−1}) − σ^′_d(χ^∗_2, χ_{m−1})‖_2 ‖χ̃‖_2 .

Because of Lemma 3.6, (AP.1), (3.17), and (3.12), we see C_9 ‖χ̃‖^2_H1_{(Ω)} ≤ C_{10} ‖χ^∗‖_2 ‖χ̃‖_H1_{(Ω)} .

Hence, thanks to Young’s inequality, we have shown that Ψ is L^2(Ω)–continuous.

4 Uniform estimates

In this section, uniform estimates for the solutions to the time–discrete scheme are derived. Assume that (A1)–(A6) hold and that |Z| ≤ h^∗, where h^∗ and C^∗_5 are positive constants such that (2.7) is satisfied.

Let β^∗ := ∂ϕ^∗ and ϕ^∗ : R → [0, ∞] be either ϕ or the function defined by

ϕ^∗(s) = { ϕ(s), if |s| ≤ B, ∞, otherwise,

(4.1)

for some B > ‖χ^0‖_∞. In the light of (A1), we see that ϕ^∗ is a convex, lower semicontinuous function with

0 ≤ ϕ ≤ ϕ^∗ on R, 0 ∈ D(β^∗), intD(β^∗) ≠ ∅, 0 ∈ β^∗(0), ϕ^∗|_{D(β}∗_) = ϕ|_{D(β}∗_) . (4.2) Now, a modified version of the time–discrete scheme is considered, where β in (DZ), i.e. in (2.4b), is replaced by β^∗. Let any solution to this scheme be given.

In the sequel, C_i, for i ∈ N, will always denote positive generic constants, independent of the decomposition Z, the considered choice of ϕ^∗, and the solution itself. Remark 4.1.

Recalling (2.4a), (2.4b), (2.4e), (2.4f), (A4), and the definition of ϕ^∗, we see that

0 < u_m = 1 θ_m , χ_m ∈ D(β^∗) ⊆ D(β), ξ_m ∈ β^∗(χ_m) = ∂ϕ^∗(χ_m) a.e. in Ω,

χ_m ∈ H^2(Ω), ∂χ_m ∂n = 0 a.e. in Γ, ∀ 0 ≤ m ≤ K.

(4.3)

Applying (2.4c), Green’s formula, and (2.4e), we deduce that ∫ Ω ( c_0 θ_m − θ_{m−1} h_m + λ_m − λ_{m−1} h_m ) v dx − κ ∫ Ω ∇u_m • ∇v dx

− ∫ Γ γ_mu_mv dσ = ∫ Ω g_mv dx − ∫ Γ ζ_mv dσ , ∀ v ∈ H^1(Ω), 1 ≤ m ≤ K, (4.4)

with

λ_0 := λ(χ_0), λ_m := λ_{m−1} + λ^′_d(χ_m, χ_{m−1})(χ_m − χ_{m−1}) a.e. in Ω, ∀ 1 ≤ m ≤ K. (4.5)

The following Lemmas use ideas from [HSZ96, SZ93, CS97, Hor93, HS, Lau93, Lau94, Kle97a] Lemma 4.1. a) There is a positive constant C_1 such that

‖ϕ^∗(χ_0)‖_1 + ‖ξ_0‖_2 + ‖λ(χ_0)‖_1 + ‖λ_0‖_6 + ‖λ^′_d(χ_0, χ_0)‖_2 + ‖σ^′_d(χ_0, χ_0)‖_2 + ‖χ_0‖_H2_{(Ω)} + ‖θ_0‖_H1_{(Ω) ∩ L}∞_{(Ω)} + ‖u_0‖_H1_{(Ω) ∩ L}∞_{(Ω)} + ‖ln(θ_0)‖_1 ≤ C_1. (4.6)

b) Let χ_{−1} ∈ L^2(Ω) be defined by η χ_0 − χ_{−1} h_0

− εΔχ_0 + ξ_0 + σ^′_d(χ_0, χ_0) = −λ^′_d(χ_0, χ_0)u_0 a.e. in Ω, (4.7)

with h_0 := |Z|. We have a positive constant C_2 such that ‖ ‖√η ( χ_0 − χ_{−1} h_0 )‖ ‖^2 2 ≤ C_2. (4.8)

Proof. If ϕ^∗ = ϕ, we use the initial condition (2.4f), (A2), (A4), Sobolev’s embedding Theorem, (A6), and (4.5) to show that (4.6) is satisfied. If ϕ^∗ ≠ ϕ, in addition, (4.1) and B > ‖χ^0‖_∞ are applied. Combining (4.7), (4.6), and (A3) leads to (4.8). Lemma 4.2. There are two positive constants C_3, C_4 such that max 0≤m≤K ( ‖θ_m‖_1 + ‖ln(θ_m)‖_1 + ‖χ_m‖^2_H1_{(Ω)} + ‖ϕ(χ_m)‖_1 )

+ K∑ m=1 h_m ‖u_m‖^2_H1_{(Ω)} + K∑ m=1 h_m ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖^2 2 + K∑ m=1 ‖χ_m − χ_{m−1}‖^2_H1_{(Ω)} ≤ C_3, (4.9) max 1≤m≤K ‖σ^′_d(χ_m, χ_{m−1})‖_2 ≤ C_4. (4.10)

Proof. Testing (2.4d) by (χ_m − χ_{m−1}), taking the sum from m = 1 to m = k, and using (A3), Green’s formula, (4.3), (AP.5), (4.6), (4.2), (4.5), Schwarz’s inequality, and Young’s inequality, we deduce c_η 2 k∑ m=1 h_m ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖^2 2 + ε 2 ‖∇χ_k‖^2 + ε 2 k∑ m=1 ‖∇χ_m − ∇χ_{m−1}‖^2 + ‖ϕ(χ_k)‖_1

≤C_5 − k∑ m=1 ∫ Ω (λ_m − λ_{m−1}) u_m dx + 1 2c_η k∑ m=1 h_m ‖σ^′_d(χ_m, χ_{m−1})‖^2 . (4.11)

Let α := min

(_1 2C∗1 , cη 6C∗2 T ) , with C^∗_1 , C^∗_2 as in (A2) and (A6). For 1 ≤ m ≤ K, we insert v = h_mα − h_mu_m in (4.4), use (4.3) and that^{−1}_s is the derivative of the convex function − ln(s), take the sum from m = 1 to m = k, and apply Lemma 3.2, (4.6), and Young’s inequality, to show that

c_0 ∫ Ω (− ln(θ_k)) dx + αc_0 ‖θ_k‖_1 + C_6 k∑ m=1 h_m ‖u_m‖^2_{H1(Ω)}

≤C_7 + k∑ m=1 ∫ Ω (λ_m − λ_{m−1})(u_m − α) dx . (4.12)

Because of (4.5), (A6), (A2), (4.6), Young’s inequality, and the definition of α, we have −α k∑ m=1 ∫ Ω (λ_m − λ_{m−1}) dx ≤ C_8 + 1 2 ∫ Ω ϕ(χ_k) dx + c_η 6 k∑ m=1 h_m ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖^2 2 .

Hence, by using Lemma AP.8 and adding (4.12) to (4.11), we deduce

C_9 ‖θ_k‖_1 + c_0 ‖ln(θ_k)‖_1 + C_6 k∑ m=1 h_m ‖u_m‖^2_H1_{(Ω)} + c_η 3 k∑ m=1 h_m ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖^2 2 + ε 2 ‖∇χ_k‖^2

+ ε 2 k∑ m=1 ‖∇ (χ_m − χ_{m−1})‖^2 + 1 2 ‖ϕ(χ_k)‖_1 ≤ C_{10} + 1 2c_η k∑ m=1 h_m ‖σ^′_d(χ_m, χ_{m−1})‖^2 . (4.13)

Since (A6), (2.7), and |Z| ≤ h^∗ yield

‖σ^′_d(χ_m, χ_{m−1})‖^2 ≤ C^∗_2

‖ϕ(χ_m)‖_1 + ‖ϕ(χ_{m−1})‖_1 + ∫ Ω 1 dx , ∀ 1 ≤ m ≤ K, (4.14) h_k 2c_η ‖σ^′_d(χ_k, χ_{k−1})‖^2 ≤ 1 4 ‖ϕ(χ_k)‖_1 + C_{11} (h_k ‖χ_{k−1}‖_1 + 1) ,

we obtain from (4.13), (A5), the discrete version of Gronwall’s lemma, and (4.6) that (4.9) is satisfied. Therefore, (4.10) holds because of (4.14).

Lemma 4.3. There exists a constant C_{12} such that max 0≤m≤K (‖ ‖ ‖ χ_m − χ_{m−1} h_m ‖ ‖^2 2 + ‖u_m‖^2_H1_{(Ω)} ) + K∑ m=1 h_m ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖^2 H1(Ω) + K∑ m=1 ‖ ‖(ξ_m − ξ_{m−1})χ^m − χ^{m−1} h_m ‖ ‖ 1 + K∑ m=1 ‖ ‖χ^m − χ^{m−1} h_m − χ_{m−1} − χ_{m−2} h_{m−1} ‖ ‖^2 2 + K∑ m=1 h_m ‖ ‖ u^m − u^{m−1} h_m√u_mu_{m−1} ‖ ‖^2 2 + K∑ m=1 ‖u_m − u_{m−1}‖^2_H1_{(Ω)} ≤ C_{12}, (4.15)

with χ_{−1}, h_0 as in Lemma 4.1.

Proof. Inserting v = − (u_m − u_{m−1}) in (4.4), taking the sum from m = 1 to m = k, and applying (4.3), (AP.5), (AP.4), Lemma 3.2, (4.9), (4.6), the generalized Hölder’s inequality, h_m ≤ 2h_{m−1}, and Young’s inequality, we deduce that c_o 2 k∑ m=1 h_m ‖ ‖ u^m − u^{m−1} h_m√u_mu_{m−1} ‖ ‖^2 2 + C_{13} ‖u_k‖^2_H1_{(Ω)} + C_{13} k∑ m=1 ‖u_m − u_{m−1}‖^2_H1_{(Ω)}

≤C_{14} + k∑ m=1 ∫ Ω λ_m − λ_{m−1} h_m (u_m − u_{m−1}) dx . (4.16)

For 2 ≤ m ≤ K, we test the difference of (2.4d) for m and m − 1 by^{χm−χm−1}_{hm} . By applying (A3), Green’s formula, (4.3), the monotonicity of β, (4.5), and (AP.5), we obtain that 1 2 ‖ ‖√η χ^m − χ^{m−1} h_m ‖ ‖^2 2 − 1 2 ‖ ‖√η χ^{m−1} − χ^{m−2} h_{m−1} ‖ ‖^2 2 + c_η 2 ‖ ‖χ^m − χ^{m−1} h_m − χ_{m−1} − χ_{m−2} h_{m−1} ‖ ‖^2 2 + εh_m ‖ ‖∇ ( χ_m − χ_{m−1} h_m )‖ ‖^2 2 + ‖ ‖(ξ_m − ξ_{m−1})χ^m − χ^{m−1} h_m ‖ ‖ 1 ≤ − ∫ Ω ( λ_m − λ_{m−1} h_m u_m − λ^′_{d,m−1} χ_m − χ_{m−1} h_m u_{m−1} ) dx

+ ∫ Ω ( σ^′_d(χ_m, χ_{m−1}) − σ^′_{d,m−1} ) χ_m − χ_{m−1} h_m dx , (4.17)

with λ^′_{d,m−1} := λ^′_d(χ_{m−1}, χ_{m−2}), σ^′_{d,m−1} := σ^′_d(χ_{m−1}, χ_{m−2}) a.e. in Ω. (4.18)

Testing the difference of (2.4d) for m = 1 and (4.7) by^{χ1−χ0}_{h1} and using the same argumentation as above, we deduce that (4.17) holds also for m = 1 with

λ^′_{d,0} := λ^′_d(χ_0, χ_0), σ^′_{d,0} := σ^′_d(χ_0, χ_0) a.e. in Ω. (4.19)

Summing up (4.17) from m = 1 to m = k, adding the resulting estimate to (4.16), and using (A3), (4.9), and (4.8), we conclude that c_η 2 ‖ ‖χ^k − χ^{k−1} h_k ‖ ‖^2 2 + c_η 2 k∑ m=1 ‖ ‖χ^m − χ^{m−1} h_m − χ_{m−1} − χ_{m−2} h_{m−1} ‖ ‖^2 2 + C_{15} k∑ m=1 h_m ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖^2 H1(Ω) + k∑ m=1 ‖ ‖(ξ_m − ξ_{m−1})χ^m − χ^{m−1} h_m ‖ ‖ 1 + c_o 2 k∑ m=1 h_m ‖ ‖ u^m − u^{m−1} h_m √ u_mu_{m−1} ‖ ‖^2 2 + C_{13} ‖u_k‖^2_H1_{(Ω)} + C_{13} k∑ m=1 ‖u_m − u_{m−1}‖^2_H1_{(Ω)}

≤C_{16} + I_{1,k} + I_{2,k}, (4.20)

with I_{1,k} := k∑ m=1 ∫ Ω ( λ^′_{d,m−1} χ_m − χ_{m−1} h_m − λ_m − λ_{m−1} h_m ) u_{m−1} dx , (4.21)

I_{2,k} := k∑ m=1 ∫ Ω ( σ^′_d(χ_m, χ_{m−1}) − σ^′_{d,m−1} ) χ_m − χ_{m−1} h_m dx . (4.22)

Using (4.5), the generalized Hölder’s inequality, and Schwarz’s inequality, we deduce that

I_{1,k} ≤ ( max 1≤m≤k ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖ 2 ) √ I_{3,k} k∑ m=1 h_{m−1} ‖u_{m−1}‖^2_6,

with I_{3,k} := k∑ m=1 1 h_{m−1} ‖ λ^′_{d,m−1} − λ^′_d(χ_m, χ_{m−1}) ‖_2 3 . (4.23)

Now, owing to (AP.1), (4.9), (4.6), and Young’s inequality, we observe that

I_{1,k} = c_η 4 max 1≤m≤k ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖^2 2 + C_{17}I_{3,k}. (4.24)

Since^1_3 =^1_{p1} +^p_6 holds for p_1 :=^6_{2−p} , we obtain, by (4.18), (4.19), (A6), the generalized Hölder’s inequality, h_m ≤ 2h_{m−1}, (AP.1), and (4.9), that

I_{3,k} ≤C_{18} k∑ m=2 ( h^2_m h_{m−1} ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖^2 p1 + h_{m−1} ‖ ‖χ^{m−1} − χ^{m−2} h_{m−1} ‖ ‖^2 p1 )

( ‖χ^p_m‖ 6_p + ‖ χ^p_{m−1} ‖_6 p + ‖ χ^p_{m−2} ‖_6 p + 1 )_2

+ C_{19} h^2_1 |Z| ‖ ‖χ^1 − χ^0 h_1 ‖ ‖^2 p1 ( ‖χ^p_1‖ 6_p + ‖χ^p_0‖ 6_p + 1

)_2

≤ C_{20} k∑ m=1 h_m ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖^2_6 2−p .

Because of p < 1, we can use the Gagliardo–Nirenberg inequality (see Lemma AP.5) and Young’s inequality to deduce

C_{17}I_{3,k} ≤

C_{15} 4 k∑ m=1 h_m ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖^2 H1(Ω)

+ C_{21} k∑ m=1 h_m ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖^2 2 . (4.25)

Defining q_1 :=^{12}_{6−q} , we have 1 =^1_{q1} +^q_6 +^1_{q1} . It follows from (4.22), (4.18), (4.19), (A6), and the generalized Hölder’s inequality that I_{2,k} ≤C_{22} k∑ m=2 ( h_m ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖ q1 + h_{m−1} ‖ ‖χ^{m−1} − χ^{m−2} h_{m−1} ‖ ‖ q1 )

( ‖χ^q_m‖ 6_q + ‖ χ^q_{m−1} ‖_6 q + ‖ χ^q_{m−2} ‖_6 q + 1 ) ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖ q1 + C_{23}h_1 ‖ ‖χ^1 − χ^0 h_1 ‖ ‖ q1 ( ‖χ^q_1‖ 6_q + ‖χ^q_0‖ 6_q + 1 ) ‖ ‖χ^1 − χ^0 h_1 ‖ ‖ q1 . Using (AP.1), (4.9), Young’s inequality, (A5), the Gagliardo–Nirenberg inequality, and q < 4, we obtain that I_{2,k} ≤ C_{15} 4 k∑ m=1 h_m ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖^2 H1(Ω)

+ C_{24} k∑ m=1 h_m ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖^2 2 . (4.26)

Combining (4.20), (4.24)–(4.26), and (4.9), we conclude that c_η 2 ‖ ‖χ^k − χ^{k−1} h_k ‖ ‖^2 2 + c_η 2 k∑ m=1 ‖ ‖χ^m − χ^{m−1} h_m − χ_{m−1} − χ_{m−2} h_{m−1} ‖ ‖^2 2 + C_{15} 2 k∑ m=1 h_m ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖^2 H1(Ω) + k∑ m=1 ‖ ‖(ξ_m − ξ_{m−1})χ^m − χ^{m−1} h_m ‖ ‖ 1 + c_o 2 k∑ m=1 h_m ‖ ‖ u^m − u^{m−1} h_m √ u_mu_{m−1} ‖ ‖^2 2 + C_{13} ‖u_k‖^2_{H1(Ω)} + C_{13} k∑ m=1 ‖u_m − u_{m−1}‖^2_H1_{(Ω)}

≤C_{25} + c_η 4 max 1≤m≤k ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖^2 2 . (4.27)

By taking the maximum from m = 1 to m = K, we see that (4.15) holds, because of (4.6).

Lemma 4.4. There exists a positive constant C_{26} such that max 1≤m≤K ‖ξ_m‖_2 + max_{0≤m≤K} ‖χ_m‖_H2_{(Ω)} ≤ C_{26}. (4.28)

Proof. To test (2.4d) by ξ_m, we use the Yosida approximation β^∗_{1n} of β^∗, which is, see [Bré71, p. 104], a nondecreasing, Lipschitz continuous function on R. The construction of the Yosida approximation and 0 ∈ β(0) yield that 0 = β^∗_{1n} (0), for all n ∈ N.

Since β^∗_{1n} is the derivative of a convex function on R, we can apply [Bré71, Corollary 13] to show that for every n ∈ N there exists a unique χ_{m,n} ∈ H^2(Ω) and a unique ξ_{m,n} ∈ L^2(Ω) such that

χ_{m,n} − εΔχ_{m,n} + ξ_{m,n} = f_m a.e. in Ω, (4.29)

ξ_{m,n} = β^∗1_n (χ_{m,n}) a.e. in Ω, ∂χ_{m,n} ∂n = 0 a.e. in Γ, (4.30)

with f_m ∈ L^2(Ω) defined by

f_m := −λ^′_d(χ_m, χ_{m−1})u_m + σ^′_d(χ_m, χ_{m−1}) + χ_m − η h_m (χ_m − χ_{m−1}) . (4.31)

Since β^∗_{1n} is globally Lipschitz–continuous on R and, by Sobolev’s embedding Theorem, χ_{m,n} ∈ H^{1,6}(Ω), we obtain, by [MM79, Theorem 1], that β^∗1_n (χ_{m,n}) = ξ_{m,n} ∈ H^1(Ω) and, by [MM72, Lemma 2.1 and Remark 2.1], that for this function the generalized chain rules holds. Therefore, since β^∗_{1n} is nondecreasing on R, we see that ∫ Ω ∇(ξ_{m,n}) · ∇χ_{m,n} dx = ∫ Ω ( β^∗1_n )_′ (χ_{m,n}) (∇χ_{m,n})^2 dx ≥ 0. (4.32)

We test (4.29) by ξ_{m,n}, and use Green’s formula, (4.32), (4.30), and Young’s inequality, to derive ‖ξ_{m,n}‖^2 ≤ ∫ Ω (f_m − χ_{m,n})ξ_{m,n} dx ≤ 1 2 ‖f_m − χ_{m,n}‖^2 + 1 2 ‖ξ_{m,n}‖^2 . (4.33)

Testing (4.29) by χ_{m,n} and using Green’s formula, (4.30), 0 ∈ β^∗_{1n} (0), the monotonicity of β^∗1_n , and Young’s inequality, we observe that the sequence (χ_{m,n})_{n∈}N is bounded in H^1(Ω). Hence, the sequence (ξ_{m,n})_{n∈}N is bounded in L^2(Ω), because of (4.33). Comparing the terms in (4.29), using (4.30) and Lemma AP.4, we see that (χ_{m,n})_{n∈}N is also bounded in H^2(Ω). Thus, there is a χ̄ ∈ H^2(Ω) and a ξ̄ ∈ L^2(Ω) such that, for some subsequences,

χ_{m,ni} → χ̄ weakly in H^2(Ω), strongly in H^1(Ω), (4.34) ξ_{m,ni} → ξ̄ weakly in L^2(Ω). (4.35)

Now, a passage to the limit in (4.29)–(4.30) and using [Bar76, Cha. II Prob. 1.1(iv)] lead to

χ̄ ∈ D(β^∗), ξ̄ ∈ β^∗(χ̄), χ̄ − εΔχ̄ + ξ̄ = f_m a.e. in Ω, ∂χ̄ ∂n = 0 a.e. in Γ.

Since (4.31), (4.3), and (2.4d), yield that (χ_m, ξ_m) is also a solution to this system, which has, by [Bré71, Corollary 13], a unique solution, we see that χ_m = χ̄ and ξ_m = ξ̄. Now, (4.33)–(4.35), (4.31), (4.10), (A3), and (4.15) lead to 1 2 ‖ξ_m‖^2 ≤ 1 2 ‖f_m − χ_m‖^2 ≤ C_{27} + C_{28} ‖λ^′_d(χ_m, χ_{m−1})u_m‖^2 . (4.36)

Applying (A6), the generalized Hölder’s inequality, p < 1, (AP.1), (4.9), and (4.15), we obtain ‖λ^′_d(χ_m, χ_{m−1})u_m‖_2 ≤ |λ^′_d(0, 0)| ‖u_m‖_2 + C_{29} (‖χ_m − 0‖_6 + ‖χ_{m−1} − 0‖_6) ( ‖χ^p_m‖_6 + ‖ χ^p_{m−1} ‖ 6 + 1 ) ‖u_m‖_6 ≤C_{30}. (4.37)

Comparing the terms in (2.4d), and using (A3), (4.15), (4.10), (4.36), and (4.37), we see that

‖εΔχ_m‖_2 = ‖ ‖η χ^m − χ^{m−1} h_m + ξ_m − σ^′_d(χ_m, χ_{m−1}) + λ^′_d (χ_m, χ_{m−1}) u_m ‖ ‖ 2 ≤ C_{31}.

Now, using Lemma AP.4, (4.9), and (4.3), we conclude ‖χ_m‖_H2_{(Ω)} ≤ C_{32}. Combining this with (4.36), (4.37), and (4.6), we see that (4.28) is satisfied. Lemma 4.5. There exists a positive constant C_{33} such that max 1≤m≤K ( ‖λ^′_d(χ_m, χ_{m−1})‖_∞ + ‖ ‖λ^m − λ^{m−1} h_m ‖ ‖ 2 + ‖ ‖θ^m − θ^{m−1} h_m ‖ ‖ H1(Ω)^∗ )

+ K∑ m=1 h_m ‖ ‖λ^m − λ^{m−1} h_m ‖ ‖^2 H1(Ω)

+ max 0≤m≤K ‖λ_m‖_H1_{(Ω)} ≤ C_{33}. (4.38)

Proof. By looking at the terms in (4.4) and using (4.15) and Lemma 3.2, we see that max 1≤m≤K ‖ ‖c_0 θ^m − θ^{m−1} h_m + λ_m − λ_{m−1} h_m ‖ ‖ H1(Ω)^∗

≤ C_{34}. (4.39)

Thanks to (4.28), Sobolev’s embedding Theorem, and (A6), we have max 0≤m≤K ‖χ_m‖_H1,6_{(Ω)} + max_{1≤m≤K} ‖λ^′_d(χ_m, χ_{m−1})‖_∞ ≤ C_{35}. (4.40)

Combining this with (A6), and [MM79, Theorem 1], we see that λ^′_d(χ_m, χ_{m−1}) ∈ H^{1,6}(Ω) and max 1≤m≤K ‖∇λ^′_d(χ_m, χ_{m−1})‖_6 ≤ C_{36}.

Therefore, owing to (4.5), Young’s inequality, the generalized Hölder’s inequality, (4.40), (4.15), and Sobolev’s embedding Theorem, we have

max 1≤m≤K ‖ ‖λ^m − λ^{m−1} h_m ‖ ‖^2 2 + K∑ m=1 h_m ‖ ‖∇ ( λ_m − λ_{m−1} h_m )‖ ‖^2 2 ≤ max 1≤m≤K ( ‖λ^′_d(χ_m, χ_{m−1})‖_∞ ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖ 2 )_2

+ 2 K∑ m=1 h_m ‖λ^′_d(χ_m, χ_{m−1})‖^2_∞ ‖ ‖∇ ( χ_m − χ_{m−1} h_m )‖ ‖^2 2 + 2 K∑ m=1 h_m ‖∇λ^′_d(χ_m, χ_{m−1})‖^2_6 ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖^2 3 ≤ C_{37}.

Combining this with (4.39) and (4.6), we see that (4.38) is satisfied.

Lemma 4.6. We have θ_m ∈ H^1(Ω) for 0 ≤ m ≤ K.

Proof. We have θ_0 ∈ H^1(Ω) by (2.4f) and (A4). For 1 ≤ m ≤ K with θ_{m−1} ∈ H^1(Ω), we define the approximation θ_{m,n} ∈ H^1(Ω) ∩ L^∞(Ω) for θ_m by θ_{m,n} := ( u_m + 1 n )_{−1} a.e. in Ω, ∀ n ∈ N.

The Lebesgue dominated convergence theorem and θ_m ∈ L^2(Ω) yield that

θ_{m,n} −−−→_{n→∞} θ_m strongly in L^2(Ω). (4.41)

By applying (4.4) with v = θ^3_{m,n} and using (4.3), Hölder’s inequality, Lemma 3.2, (4.38), (AP.1), and Young’s inequality, we see that this sequence is bounded in H^1(Ω). Combining this with (4.41), we conclude that θ_m ∈ H^1(Ω).

Lemma 4.7. There exists a constant C_{38} such that max 0≤m≤K ‖θ_m‖_2 ≤ C_{38}. (4.42)

Proof. We multiply (2.4c) by h_m and use (4.5). Summing up the resulting equation for m = 1 to m = i, we find

c_0θ_i + λ_i + κ i∑ m=1 h_mΔu_m = c_0θ_0 + λ_0 + i∑ m=1 h_mg_m a.e. in Ω. (4.43)

We test (4.43) by h_i · Δu_i, take the sum from i = 1 to i = k, and apply Green’s formula, (2.4e), (4.3), θ_m ∈ H^1(Ω), (AP.3), (AP.2), Lemma 3.2, and Schwarz’s inequality, to derive

c_0 k∑ i=1 h_i ‖ ‖∇u^i u_i ‖ ‖^2 2 + κ 2 ‖ ‖ ‖ k∑ i=1 h_iΔu_i ‖ ‖ ‖ 2

2 + κ 2 k∑ i=1 h^2_i ‖Δu_i‖^2 + c_0c_ζ κ k∑ i=1 h_i ‖θ_i‖_L1_{(Γ)}

≤C_{39} + ∫ Ω (( c_0θ_0 + λ_0 + k∑ i=1 h_ig_i )_k ∑ i=1 h_iΔu_i ) dx − k−1∑ i=1 h_{i+1} ∫ Ω g_{i+1} i∑ m=1 h_mΔu_m dx

+ k∑ i=1 h_i ∫ Ω ∇λ_i • ∇u_i dx + k∑ i=1 h_i 1 κ ∫ Γ λ_i (γ_iu_i − ζ_i) dσ .

Now, by utilizing Young’s inequality, (4.6), Lemma 3.2, (4.15), (4.38), and h_m ≤ 2h_{m−1}, we derive

c_0 k∑ m=1 h_m ‖ ‖∇u^m u_m ‖ ‖^2 2 + κ 4 ‖ ‖ ‖ k∑ m=1 h_mΔu_m ‖ ‖ ‖ 2

2 + κ 2 k∑ m=1 h^2_m ‖Δu_m‖^2

≤C_{40} + C_{41} k−1∑ m=1 h_m ‖ ‖ ‖ m∑ i=1 h_iΔu_i ‖ ‖ ‖ 2

2 . (4.44)

By applying the discrete version of Gronwall’s lemma, we get a uniform upper bound for the left–hand side of (4.44). Looking at the terms in (4.43) and applying (4.38), (4.6), and Lemma 3.2, we see that (4.42) holds.

Lemma 4.8. There are two positive constant C_{42}, C_{43} such that max 0≤m≤K ( ‖u_m‖_{C(}¯_{Ω)} + ‖θ_m‖_{C(}¯_{Ω) ∩ H}1_{(Ω)} )

+ K∑ m=1 h_m (‖ ‖ ‖ u_m − u_{m−1} h_m ‖ ‖^2 2 + ‖ ‖θ^m − θ^{m−1} h_m ‖ ‖^2 2 ) ≤ C_{42}, (4.45) K∑ m=1 h_m ‖u_m‖^2_H2_{(Ω)} ≤ C_{43}. (4.46)

Proof. We deduce, by Lemma 3.2, (4.38), and (AP.1), that k∑ m=1 h_m ‖ ‖g_m − λ^m − λ^{m−1} h_m ‖ ‖^2 6 ≤ C_{44}.

Thanks to (4.3)–(4.6), (4.15), (4.38), (4.42), and Lemma 3.2, we can apply Moser’s technique as in [Kle97a, Lemma 6.11 and 6.12, for ε > 0 fixed], and derive, by using (4.6), that max 0≤m≤K ( ‖u_m‖_L∞_{(Ω)} + ‖θ_m‖_L∞_{(Ω)} ) ≤ C_{45}.

Combining this with u_m ∈ H^2(Ω) ⊂ C(Ω̄), (4.3), (4.15), and Hölder’s inequality, we see that (4.45) holds. Now, by looking at the terms in (2.4c), and using (4.5), (4.38), and Lemma 3.2, we see that_K ∑ m=1 h_m ‖Δu_m‖^2 ≤ C_{46}.

Now, Lemma AP.4 yields that (4.46) is satisfied, because of (2.4e), Lemma 3.2, and (4.15).

Lemma 4.9. We have

‖λ(χ_k) − λ_k‖ 5_3 ≤ C_{47} |Z| , ∀ 1 ≤ k ≤ K. (4.47)

If at least one of the assumptions Ω ⊂ R^2 or λ^′_d = λ^′_∗ is satisfied, we have

‖λ(χ_k) − λ_k‖_2 ≤ C_{48} |Z| , ∀ 1 ≤ k ≤ K. (4.48)

Proof. Applying (4.5), (A2), the mean value theorem, (A6), (4.28), and Sobolev’s embedding Theorem, we deduce |λ(χ_k) − λ_k| ≤ C_{49} k∑ m=1 h^2_m | |χ^m − χ^{m−1} h_m | |^2 a.e. in Ω. (4.49)

Hence, recalling Hölder’s inequality, the Gagliardo–Nirenberg inequality, and (4.15), we conclude

‖λ(χ_k) − λ_k‖^{53}_{53} ≤C_{50} |Z|^{53} k∑ m=1 h_m ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖ 10 3 10 3 ≤C_{51} |Z|^{53} k∑ m=1 h_m ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖^2 H1(Ω) ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖ 4 3 2 ≤ C_{52} |Z|^{53} .

Thus, we have shown (4.47).

We use (4.49) and Hölder’s inequality to show that

‖λ(χ_k) − λ_k‖^2 ≤ C_{53} |Z|^2 k∑ m=1 h_m ‖ ‖χ^m − χ^{m−1} h_m ‖ ‖^4 4 . Therefore, if Ω ⊂ R^2, recalling the Gagliardo–Nirenberg inequality and (4.15) leads to (4.48). If λ^′_d = λ^′_∗, then (3.2) and (4.5) yield that λ(χ_k) = λ_k. Hence, (4.48) is satisfied.

5 Proof of Theorem 2.1 and Corollary 2.1

We assume that (A1)–(A6) hold.

In the framework of Theorem 2.1, we obtain from (A6) that we have positive constants h^∗ and C^∗_5 such that (2.7) is satisfied. We assume that |Z| ≤ h^∗.

In the framework of Corollary 2.1, it is part of the assumptions that |Z| ≤ h^∗ where h^∗ and C^∗_5 are positive constants fulfilling (2.7).

Because of (A4) and Sobolev’s embedding Theorem, we see that ‖χ^0‖_∞ is finite. For any B > ‖χ^0‖_∞, we can consider ϕ^∗ as in (4.1), β^∗, and the corresponding modified version of the time–discrete scheme as in the last section. Lemma 3.3 yields that there exists a solution ( θ^B_m, u^B_m, χ^B_m, ξ^B_m )_K m=0 to this modified version of the scheme. Since the assumptions used in the last section are satisfied, the estimates derived therein hold for this solution. Now, because of (4.28) and Sobolev’s embedding Theorem, there is some positive constant C^′, independent of B, such that max 0≤m≤K ‖ χ^B_m ‖ C(Ω) ≤ C ′. (5.1)

Now, we consider B := C^′ + ‖χ^0‖_∞ + 2. Thanks to (4.1), β^∗ = ∂ϕ^∗, and β = ∂ϕ, we have

β^∗|_{[−C}′_{−1,C}′_{+1]} = β|_{[−C}′_{−1,C}′_{+1]} .

This yields, by (4.3) and (5.1), that the solution to the modified version of scheme is also a solution to the unmodified version of the scheme (DZ).

It remains to show the uniqueness of the solution. Assume that we have two solutions ( θ^{(1)}m , u^{(1)}m , χ^{(1)}m , ξ^{(1)}m )_K m=0 and ( θ^{(2)}m , u^{(2)}m , χ^{(2)}m , ξ^{(2)}m )_K m=0 to the scheme (DZ). Hence, the estimates in the last section are valid for both solutions.

In the sequel, C_i, for i ∈ N, will always denote positive generic constants, independent of the decomposition Z and the considered solutions.

Thanks to (2.4f), we have θ^{(1)}_0 = θ^{(2)}_0 , u^{(1)}_0 = u^{(2)}_0 , χ^{(1)}_0 = χ^{(2)}_0 , ξ^{(1)}_0 = ξ^{(2)}_0 a.e. on Ω. To prove by induction that the two solutions coincide, we now assume that 1 ≤ m ≤ K is given such that

θ^{(1)}_{m−1} = θ^{(2)}_{m−1}, u^{(1)}_{m−1} = u^{(2)}_{m−1}, χ^{(1)}_{m−1} = χ^{(2)}_{m−1} =: χ^∗ a.e. in Ω. (5.2)

Now, let u_m := u^{(1)}m − u^{(2)}m and χ_m := χ^{(1)}m − χ^{(2)}m .

Using (2.4b), (2.4c), (2.4e), Green’s formula, and (5.2), we deduce

θ^{(1)}_m − θ^{(2)}_m = −u_m u^{(1)}m u^{(2)}m a.e. in Ω, (5.3) 1 h_m ∫ Ω ( c_0 −u_m u^{(1)}m u^{(2)}m

+ λ^′_d(χ^{(1)}_m , χ^∗) ( χ^{(1)}_m − χ^∗ ) − λ^′_d(χ^{(2)}_m , χ^∗) ( χ^{(2)}_m − χ^∗ )) v dx

− κ ∫ Ω ∇u_m • ∇v dx − ∫ Γ γ_mu_mv dx = 0, ∀ v ∈ H^1(Ω).

This yields for v = −h_mu_m, by Lemma 3.2,

c_0 ‖ ‖ ‖ u_m √ u^{(1)}m u^{(2)}m

‖ ‖ ‖ 2

2 + h_mC_1 ‖u_m‖^2_H1_{(Ω)}

≤ ∫ Ω λ^′_d(χ^{(1)}_m , χ^∗)χ_mu_m dx + ∫ Ω ( λ^′_d(χ^{(1)}_m , χ^∗) − λ^′_d(χ^{(2)}_m , χ^∗) ) (χ^{(2)}_m − χ^∗)u_m dx . (5.4)

Recalling (2.4d) and (5.2), we have η χ_m h_m − εΔχ_m + ξ^{(1)}_m − ξ^{(2)}_m − σ^′_d(χ^{(1)}_m , χ^∗) + σ^′_d(χ^{(2)}_m , χ^∗) = − λ^′_d ( χ^{(1)}_m , χ^∗ ) u_m − ( λ^′_d ( χ^{(1)}_m , χ^∗ ) − λ^′_d ( χ^{(2)}_m , χ^∗ )) u^{(2)}_m a.e. in Ω. (5.5)

Testing this equation by χ_m and using (A3), Green’s formula, (2.4e), (2.4b), and the monotonicity of β, and adding the resulting estimate to (5.4), we obtain, by (4.45),

C_2 ‖u_m‖^2 + h_mC_1 ‖u_m‖^2_H1_{(Ω)} + c_η h_m ‖χ_m‖^2 + ε ‖∇χ_m‖^2 ≤ I_1 + I_2, (5.6)

with I_1 := ∫ Ω ( λ^′_d(χ^{(1)}_m , χ^∗) − λ^′_d(χ^{(2)}_m , χ^∗) ) ( (χ^{(2)}_m − χ^∗)u_m − u^{(2)}_m χ_m ) dx , (5.7)

I_2 := ∫ Ω ( σ^′_d(χ^{(1)}_m , χ^∗) − σ^′_d(χ^{(2)}_m , χ^∗) ) χ_m dx . (5.8)

Now, we consider the framework of Corollary 2.1 and Theorem 2.1 separately.

If we are in the framework of Corollary 2.1, the uniqueness needs only to be shown under the additional assumption that (2.8) holds. Therefore, we have I_1 = 0 and

I_2 ≤ c_η 2 |Z| ∫ Ω (χ_m)^2 dx ≤ c_η 2h_m ‖χ_m‖^2 .

Hence, (5.6), (5.3), and (5.5) yield that

u_m = χ_m = 0, θ^{(1)}_m = θ^{(2)}_m , ξ^{(1)}_m = ξ^{(2)}_m a.e. in Ω. (5.9)

This finishes the proof of Corollary 2.1.

Now, we consider the framework of Theorem 2.1. (A6), (4.28), and Sobolev’s embedding Theorem yield that | λ^′_d(χ^{(1)}_m , χ^∗) − λ^′_d(χ^{(2)}_m , χ^∗) | + | σ^′_d(χ^{(1)}_m , χ^∗) − σ^′_d(χ^{(2)}_m , χ^∗) | ≤ C_3 |χ_m| a.e. in Ω.

Hence, by applying the generalized Hölder’s inequality, (4.28), (4.45), and Young’s inequality, we deduce

I_1 + I_2 ≤C_3 ‖χ_m‖_2 (‖ χ^{(2)}_m − χ_{m−1} ‖ ∞ ‖u_m‖_2 + ‖ u^{(2)}_m ‖ ∞ ‖χ_m‖_2 ) + C_3 ‖χ_m‖^2 ≤ C_2 2 ‖u_m‖^2 + C_4 ‖χ_m‖^2 .

Therefore, if we assume that |Z| ≤^{cη}_{2C4} , we obtain I_1+I_2 ≤^{C2}_2 ‖u_m‖_2+^{cη}_{2hm} ‖χ_m‖_2 . Combining this with (5.6), (5.3), and (5.5), we see that (5.9) is satisfied.

Since we have shown that the scheme has a unique solution, if |Z| is sufficiently small, Theorem 2.1 is proved.

6 Proof of Theorem 2.2 and Theorem 2.3

We assume that (A1)–(A4) and (A6) hold. Thanks to (A6), we have positive constants h^∗ and C^∗_5 such that (2.7) is satisfied.

6.1 Properties of the approximations

In this section, we only consider decompositions Z with (A5) and |Z| sufficiently small. Hence, Theorem 2.1 yields that there exists a unique solution to the time–discrete scheme

(DZ). Let^{(^}θ^Z, ^u^Z, ^χ^Z, ξ^{Z )} be the corresponding approximations derived from the solution

to (DZ) as in Remark 2.3.

For (λ_m)^K_{m=0} as in (4.5), we define the piecewise linear function ^λ^Z analogously to ^χ^Z. The piecewise constant functions θ^Z, u^Z, χ^Z , γ^Z, ζ^Z, g^Z , λ^Z are defined analogously to ξ^Z, and χ^Z ∈ L^∞(0, T ; H^2(Ω)) is defined by χ^Z (t) = χ_{m−1}, ∀ t ∈ (t_{m−1}, t_m), 1 ≤ m ≤ K. (6.1) Then, by the definition of the approximations, (2.4a)–(2.4f), and (4.5), we have ^θ^Z, ^u^Z, ^λ^Z ∈ H^1(0, T ; H^1(Ω)), u^Z ∈ L^2(0, T ; H^2(Ω)), ^u^Z ∈ L^2(|Z| , T ; H^2(Ω)), (6.2a) ^χ^Z ∈ H^1(0, T ; H^2(Ω)), χ^Z , χ^Z ∈ L^∞(0, T ; H^2(Ω)), (6.2b) ξ^Z ∈ L^∞(0, T ; L^2(Ω)), (6.2c) 0 < ^u^Z, 0 < u^Z, θ^Z = 1 u^Z , χ^Z, ^χ^Z, χ^Z ∈ D(β), ξ^Z ∈ β ( χ^Z ) a.e. in Ω_T , (6.2d)

c_0 ^θ^Z_t + ^λ^Z_t + κΔu^Z = g^Z a.e. in Ω_T , (6.2e) η ^χ^Z_t − εΔχ^Z + ξ^Z − σ^′_d(χ^Z, χ^Z) = −λ^′_d(χ^Z , χ^Z )u^Z a.e. in Ω_T , (6.2f) −κ ∂u^Z ∂n = γ^Zu^Z − ζ^Z, ∂ ^χ^Z ∂n = 0, ∂χ^Z ∂n = 0 a.e. in Γ_T , (6.2g) ^θ^Z(·, 0) = θ^0, ^u^Z(·, 0) = u^0, ^χ^Z(·, 0) = χ^0, ^λ^Z(·, 0) = λ(χ^0) a.e. in Ω. (6.2h)

In the sequel, C_i, for i ∈ N, will always denote positive generic constants, independent of the decomposition Z.

We find, from (4.15), (4.28), (4.38), (4.45), and (4.46): ‖ ‖^θ^Z ‖ ‖_{W 1,∞(0,T ;H1(Ω)∗) ∩ H1(0,T ;L2(Ω)) ∩ C(ΩT ) ∩ L∞(0,T ;H1(Ω))} + ‖ ‖θ^Z ‖ ‖_{L∞(ΩT ) ∩ L∞(0,T ;H1(Ω))} + ‖ ^u^Z ‖ C([0,T ];H1(Ω)) ∩ H1(0,T ;L2(Ω)) ∩ C(Ω_T ) + ‖ ^u^Z ‖ L2(|Z|,T ;H2(Ω)) + ‖ u^Z ‖ L^∞(0,T ;H1(Ω)) ∩ L^∞(Ω_T ) ∩ L2(0,T ;H2(Ω)) ≤ C1, (6.3)

‖ ^χ^Z ‖ W 1^{,∞}(0,T ;L2(Ω)) ∩ H1(0,T ;H1(Ω)) ∩ C([0,T ];H2(Ω)) + ‖ χ^Z ‖ L^∞(0,T ;H2(Ω)) + ‖ χ^Z ‖ L^∞(0,T ;H2(Ω)) + ‖ ‖ξ^Z ‖ ‖_{L∞(0,T ;L2(Ω))} + ‖ ‖^λ^Z ‖ ‖_{W 1,∞ (0,T ;L2(Ω)) ∩ H1(0,T ;H1(Ω))} ≤ C2. (6.4)

The difference between the piecewise linear and the piecewise constant approximations can be estimated, by using (4.15), (A2), (4.28), Sobolev’s embedding Theorem, (4.38), (4.45), and (4.47): ‖ ‖^θ^Z − θ^Z ‖ ‖_{L2(0,T ;L2(Ω)) ∩ L∞(0,T ;H1(Ω)∗)} + ‖ ^u^Z − u^Z ‖ L2(0,T ;L2(Ω)) ≤ C3 |Z| , (6.5) ‖ ^χ^Z − χ^Z ‖ L^∞(0,T ;L2(Ω)) ∩ L2(0,T ;H1(Ω)) + ‖ ^χ^Z − χ^Z ‖ L^∞(0,T ;L2(Ω)) ∩ L2(0,T ;H1(Ω)) + ‖ λ(^χ^Z) − λ(χ^Z ) ‖ L^∞(0,T ;L2(Ω)) ≤ C4 |Z| , (6.6) ‖ ‖^λ^Z − λ^Z ‖ ‖_{L∞(0,T ;L2(Ω)) ∩ L2(0,T ;H1(Ω))} + ‖ ‖λ(χ^Z) − λ^Z ‖ ‖_{L∞(0,T ;L 53 Ω)} ≤ C5 |Z| , (6.7) ‖ ^u^Z − u^Z ‖ L2(0,T ;H1(Ω)) ≤ C6 √ |Z|. (6.8) For the approximation of the data, we have, by (A3):

Lemma 6.1. The functions g^Z, γ^Z , ζ^Z fulfill ‖ g^Z ‖ L^∞(Ω_T ) + ‖ γ^Z ‖ L^∞(0,T ;C1(Γ)) + ‖ ‖ζ^Z ‖ ‖_{L∞(ΓT ) ∩ L∞(0,T ;H 12 (Γ))} ≤ C7, (6.9) ‖ g − g^Z ‖ L2(0,T ;L^∞(Ω)) + ‖ γ − γ^Z ‖ L^∞(Γ_T ) + ‖ ‖ζ − ζ^Z ‖ ‖_{L2(0,T ;L2(Γ))} ≤ C8 |Z| . (6.10)

Now, estimates similar to [NSV] are used to prove the following lemma, which is important to improve the order of the error estimate from √ |Z| to |Z|. Lemma 6.2. We have a positive constant C_9 such that − s∫ 0 ∫ Ω ( ξ − ξ^Z ) ( χ − ^χ^Z ) dx dt ≤ C_9 |Z|^2 , ∀ s ∈ [0, T ], (6.11)

for all χ, ξ ∈ L^2(0, T ; L^2(Ω)) with

χ ∈ D(β), ξ ∈ β(χ) a.e. in Ω_T . (6.12)

Proof. From (6.12), (6.2d), and β = ∂ϕ, we get

A_1 := − s∫ 0 ∫ Ω ( ξ − ξ^Z ) ( χ − ^χ^Z ) dx dt ≤ s∫ 0 ∫ Ω ( −ϕ(χ^Z) + ξ^Z ( χ^Z − ^χ^Z ) + ϕ(^χ^Z) ) dx dt .

For l^Z : (0, T ] → [0, 1] defined by

l^Z(t) = t_m − t h_m , ∀ t ∈ (t_{m−1}, t_m], 1 ≤ m ≤ K, (6.13) holds ^χ^Z = ( 1 − l^Z ) χ^Z + l^Zχ^Z = χ^Z + l^Z ( χ^Z − χ^Z ) a.e. in Ω_T .

We apply the convexity of ϕ, to show that

A_1 ≤ s∫ 0 l^Z ∫ Ω ( −ϕ(χ^Z) + ϕ(χ^Z) + ξ^Z ( χ^Z − χ^Z )) dx dt .

Since (6.2d) and β = ∂ϕ yield that the integrand is a.e. non–negative, we see, by (6.13), (2.4b), (2.4f), (A4), and β = ∂ϕ, that

A_1 ≤ K∑ m=1 tm∫ t_{m−}1 t_m − t h_m dt ∫ Ω (−ϕ(χ_m) + ϕ(χ_{m−1}) + ξ_m (χ_m − χ_{m−1})) dx

≤ 1 2 |Z|^2 K∑ m=1 ‖ ‖(ξ_m − ξ_{m−1}) χ^m − χ^{m−1} h_m ‖ ‖ 1 . Hence, (6.11) holds because of (4.15).

6.2 Error estimates

Now, we estimate the difference between the approximation and one exact solution. Here, ideas from [CS97, Col96, Kle97a, NSV] are used.

Lemma 6.3. For every solution (θ, u, χ, ξ) to the Penrose–Fife system (PF) there are positive constants C_{10}, C_{11} such that

max 0≤s≤T ‖ ‖ ‖ s∫ 0 ( u(τ ) − u^Z (τ ) ) dτ ‖ ‖ ‖ 2

H1(Ω)

+ max 0≤s≤T ‖ ‖ ‖ s∫ 0 γ(τ ) ( u(τ ) − u^Z(τ ) ) dτ ‖ ‖ ‖ 2

Γ + ‖ ‖u − u^Z √ uu^Z ‖ ‖^2 L2(0,T ;L2(Ω)) + ‖ u − u^Z ‖_2 L2(0,T ;L 3 2 (Ω)) + ‖ ‖θ − θ^Z ‖ ‖^2_{L2(0,T ;L1(Ω))} + ‖ ∇ ( χ − χ^Z )‖_2 L2(0,T ;L2(Ω)) + ‖ χ − ^χ^Z ‖_2 L2(0,T ;H1(Ω)) ∩ L^∞(0,T ;L2(Ω))

≤ C_{10}A^Z + C_{11} ( |Z|^2 + |Z| ‖ u − u^Z ‖ L2(0,T ;L2(Ω)) ) (6.14) −→ 0, as |Z| −→ 0, (6.15) with A^Z := T∫ 0 ‖ ‖ ( λ(^χ^Z) − ^λ^Z ) ( u − u^Z )‖ ‖_1 dt (6.16) ≤ C_{12} |Z| ‖ u − u^Z ‖ 17_{20}

L2(0,T ;L2(Ω)) . (6.17)

Proof. The generic constants may depend on the solution to the Penrose–Fife system. Thanks to (2.1a), (2.1b), Sobolev’s embedding Theorem, and (A2), we have

‖θ‖_L∞_{(0,T ;L}2_{(Ω))} + ‖u‖_L∞_{(0,T ;H}1_{(Ω))} + ‖u‖_L2_{(0,T ;H}2_{(Ω))}

+ ‖χ‖_L∞_{(ΩT )} + ‖λ^′(χ)‖_L∞_{(ΩT )} ≤ C_{13}. (6.18)

First, we work on the equation for θ and u. Integrating the difference of (2.1e) and (6.2e) in time, and testing the corresponding equation by v, and using (2.1g), (2.1h), (6.2g), and (6.2h), we obtain for all v ∈ H^1(Ω), ∫ Ω ( c_0(θ(t) − ^θ^Z(t)) + λ(χ(t)) − ^λ^Z (t) ) v dx − κ t∫ 0 ∫ Ω ∇ ( u(τ ) − u^Z(τ ) ) • ∇v dx dτ

= ∫ Ω t∫ 0 ( g(τ ) − g^Z (τ ) ) dτ v dx + t∫ 0 ∫ Γ γ(τ ) ( u(τ ) − u^Z(τ ) ) v dσ dτ

+ t∫ 0 ∫ Γ (( γ(τ ) − γ^Z(τ ) ) u^Z(τ ) − ( ζ(τ ) − ζ^Z (τ ) )) v dσ dτ , ∀ t ∈ (0, T ). (6.19)

For a.e. t ∈ (0, T ), this yields, with v = − ( u(t) − u^Z(t) ) , by (2.1d) and (6.2d), ∫ Ω c_0 (( u − u^Z )_2 uu^Z − ( θ^Z − ^θ^Z ) ( u − u^Z ) ) dx − ∫ Ω ( λ(χ) − ^λ^Z ) ( u − u^Z ) dx

= − ∫ Ω t∫ 0 ( g(τ ) − g^Z(τ ) ) dτ ( u − u^Z ) dx

− ∫ Γ t∫ 0 γ(τ ) ( u(τ ) − u^Z (τ ) ) dτ (u − u^Z) dσ

− ∫ Γ t∫ 0 (( γ(τ ) − γ^Z(τ ) ) u^Z(τ ) − ( ζ(τ ) − ζ^Z(τ ) )) dτ ( u − u^Z ) dσ

− κ ∫ Ω t∫ 0 ∇ ( u(τ ) − u^Z(τ ) ) dτ • ∇ ( u − u^Z ) dx =: A_2 + A_3 + A_4 + A_5. (6.20)

Owing to (6.2d), (2.1d), the generalized Hölder’s inequality, (AP.1), (6.3), and (6.18), we see that s∫ 0 (‖ ‖u − u^Z ‖^2_{32} + ‖ ‖θ − θ^Z ‖ ‖^2_1 ) dt ≤ C_{14} s∫ 0 ‖ ‖u − u^Z √ uu^Z ‖ ‖^2 2 dt . (6.21)

We have, by Hölder’s inequality, (6.10), and Young’s inequality,

A_2 ≤C_{15} ‖ g − g^Z ‖ L2(0,T ;L^∞(Ω)) ‖ u − u^Z ‖_3 2 ≤ C_{16} |Z|^2 + c_0

4C_{14} ‖ u − u^Z ‖_{23} 2 , (6.22)

A_3 = − 1 2 ∂_t ‖ ‖ ‖ 1 √ γ(t) t∫ 0 γ(τ ) ( u(τ ) − u^Z(τ ) ) dτ ‖ ‖ ‖ 2

L2(Γ) − ∫ Γ γ_t(t) 2(γ(t))^2 t∫ 0 γ(τ ) ( u(τ ) − u^Z(τ ) ) dτ 2 dσ , (6.23)

A_5 = − κ 2 ∂_t ‖ ‖ ‖ t∫ 0 ∇ ( u(τ ) − u^Z(τ ) ) dτ ‖ ‖ ‖ 2

2 . (6.24)

By integrating (6.20) from 0 to s and using (6.16), (6.21)–(6.23), we obtain

c_0 2C_{14} s∫ 0 ( 1 2 ‖ u − u^Z ‖_{23} 2 + ‖ ‖θ − θ^Z ‖ ‖^2_1 ) dt + c_0 2 s∫ 0 ‖ ‖u − u^Z √ uu^Z ‖ ‖^2 2 dt

+ κ 2 ‖ ‖ ‖∇ s∫ 0 ( u(τ ) − u^Z(τ ) ) dτ ‖ ‖ ‖ 2

2 + 1 2 ‖ ‖ ‖ 1 √ γ(s) s∫ 0 γ(τ ) ( u(τ ) − u^Z(τ ) ) dτ ‖ ‖ ‖ 2

L2(Γ) ≤ s∫ 0 ∫ Ω ( λ(χ) − λ(^χ^Z) ) ( u − u^Z ) dx dt + A^Z + c_0 s∫ 0 ∫ Ω ( θ^Z − ^θ^Z ) ( u − u^Z ) dx dt

+ s∫ 0 ∫ Γ t∫ 0 ( ζ(τ ) − ζ^Z(τ ) − ( γ(τ ) − γ^Z(τ ) ) u^Z(τ ) ) dτ ( u − u^Z ) dσ dt

+ T C_{16} |Z|^2 − s∫ 0 ∫ Γ γ_t(t) 2(γ(t))^2 t∫ 0 γ(τ ) ( u(τ ) − u^Z(τ ) ) dτ 2 dσ dt =: A_6 + A^Z + A_7 + A_8 + T C_{16} |Z|^2 + A_9. (6.25)

Applying Poincaré’s inequality and Hölder’s inequality, we conclude that

C_{17} ‖ ‖ ‖ s∫ 0 ( u(τ ) − u^Z(τ ) ) dτ ‖ ‖ ‖ 2

H1(Ω) ≤ κ 2 ‖ ‖ ‖∇ s∫ 0 ( u(τ ) − u^Z (τ ) ) dτ ‖ ‖ ‖ 2

2 + c_0 8C_{14} s∫ 0 ‖ u(τ ) − u^Z (τ ) ‖_{23} 2 dτ . (6.26)

Using Hölder’s inequality, (A2), (6.18), (6.4), Sobolev’s embedding Theorem, and (6.5), we derive

A_6 + A_7 ≤ C_{18} s∫ 0 ‖( χ − ^χ^Z ) ( u − u^Z )‖ 1 dt + C_{19} |Z| ‖ u − u^Z ‖ L2(0,T ;L2(Ω)) . (6.27)

Partial integration with respect to time and Hölder’s inequality results in

A_8 ≤ ‖ ‖ ‖ s∫ 0 ( ζ − ζ^Z ) dt ‖ ‖ ‖ L2(Γ) + s∫ 0 ‖ γ − γ^Z ‖ L^∞(Γ) dt ‖ u^Z ‖ L^∞(0,T ;L2(Γ)) ‖ ‖ ‖ s∫ 0 ( u(τ ) − u^Z(τ ) ) dτ ‖ ‖ ‖ L2(Γ) + s∫ 0 (‖ ‖ζ − ζZ‖ L2(Γ) + ‖ γ − γ^Z ‖ L^∞(Γ) ‖ u^Z ‖ L2(Γ) ) ‖ ‖ ‖ t∫ 0 ( u(τ ) − u^Z(τ ) ) dτ ‖ ‖ ‖ L2(Γ) dt .

Because of the trace theorem, (6.3), (6.10), and Young’s inequality, we observe

A_8 ≤

C_{17} 2 ‖ ‖ ‖ s∫ 0 ( u(τ ) − u^Z (τ ) ) dτ ‖ ‖ ‖ 2

H1(Ω) + 1 2 s∫ 0

‖ ‖ ‖ t∫ 0 ( u(τ ) − u^Z (τ ) ) dτ ‖ ‖ ‖ 2

H1(Ω)

dt + C_{20} |Z|^2 . (6.28)

In the light of Hölder’s inequality and (A3), we see

A_9 ≤ C_{21} s∫ 0

‖ ‖ ‖ 1 √ γ(t) t∫ 0 γ(τ ) ( u(τ ) − u^Z(τ ) ) dτ ‖ ‖ ‖ 2

L2(Γ)

dt . (6.29)

Hence, we get, by using Hölder’s inequality, (6.25)–(6.29), and Young’s inequality,

C_{17} 2 ‖ ‖ ‖ s∫ 0 ( u(τ ) − u^Z (τ ) ) dτ ‖ ‖ ‖ 2

H1(Ω) + c_0 2C_{14} s∫ 0 ( 1 4 ‖ u − u^Z ‖_{23} 2 + ‖ ‖θ − θ^Z ‖ ‖^2_1 ) dt

+ c_0 2 s∫ 0 ‖ ‖u − u^Z √ uu^Z ‖ ‖^2 2 dt + 1 2 ‖ ‖ ‖ 1 √ γ(s) s∫ 0 γ(τ ) ( u(τ ) − u^Z(τ ) ) dτ ‖ ‖ ‖ 2

L2(Γ) ≤C_{18} s∫ 0 ‖( χ − ^χ^Z ) ( u − u^Z )‖ 1 dt + A^Z + C_{19} |Z| ‖ u − u^Z ‖ L2(0,T ;L2(Ω))

+ 1 2 s∫ 0

‖ ‖ ‖ t∫ 0 ( u(τ ) − u^Z(τ ) ) dτ ‖ ‖ ‖ 2

H1(Ω) dt

+ (C_{20} + T C_{16}) |Z|^2 + C_{21} s∫ 0

‖ ‖ ‖ 1 √ γ(t) t∫ 0 γ(τ ) ( u(τ ) − u^Z(τ ) ) dτ ‖ ‖ ‖ 2

L2(Γ)

dt . (6.30)

Now, estimates for χ will be derived. Subtracting (6.2f) from (2.1f), we obtain that η(χ_t − ^χ^Z_t ) − εΔ ( χ − χ^Z ) + ξ − ξ^Z − σ^′(χ) + σ^′_d(χ^Z , χ^Z)

= − λ^′(χ)u + λ^′_d(χ^Z , χ^Z)u^Z a.e. in Ω_T . (6.31)

Testing this with χ − ^χ^Z and recalling (A3), (2.1g), and (6.2g), we end up with 1 2 ∂_t ‖√ η ( χ − ^χ^Z )‖_2 2 + ε ∫ Ω ∇ ( χ − χ^Z ) • ∇ ( χ − ^χ^Z ) dx + ∫ Ω ( ξ − ξ^Z ) ( χ − ^χ^Z ) dx

≤ ∫ Ω ( σ^′(χ) − σ^′_d(χ^Z, χ^Z ) ) ( χ − ^χ^Z ) dx − ∫ Ω ( λ^′(χ)u − λ^′_d(χ^Z, χ^Z )u^Z ) ( χ − ^χ^Z ) dx =: A_{10} + A_{11}. (6.32)

We have ε ∫ Ω ∇ ( χ − χ^Z ) • ∇ ( χ − ^χ^Z ) dx = ε 2 ‖ ∇ ( χ − χ^Z )‖_2 2 + ε 2 ‖ ∇ ( χ − ^χ^Z )‖_2 2 − ε 2 ‖ ∇ ( χ^Z − ^χ^Z )‖_2 2 . (6.33)

Using (6.32), (A6), (A2), (6.18), (6.4), Sobolev’s embedding Theorem, Hölder’s inequality,

(6.6), and Young’s inequality, we conclude

A_{10} = ∫ Ω ( σ^′(χ) − σ^′(^χ^Z) ) ( χ − ^χ^Z ) dx + ∫ Ω ( σ^′_d(^χ^Z, ^χ^Z) − σ^′_d(χ^Z , χ^Z) ) ( χ − ^χ^Z ) dx ≤C_{22} ‖ χ − ^χ^Z ‖_2 2 + C_{23} |Z|^2 a.e. in (0, T ). (6.34)

In the light of (6.32), (A6), the generalized Hölder’s inequality, (A2), (6.18), (6.3), (6.4),

Sobolev’s embedding Theorem, (6.6), and Young’s inequality, we see that

A_{11} = − ∫ Ω ( λ^′(χ) ( u − u^Z ) + ( λ^′(χ) − λ^′(^χ^Z) ) u^Z ) ( χ − ^χ^Z ) dx

− ∫ Ω ( λ^′_d(^χ^Z, ^χ^Z) − λ^′_d(χ^Z, χ^Z ) ) u^Z ( χ − ^χ^Z ) dx ≤C_{24} ‖( u − u^Z ) ( χ − ^χ^Z )‖ 1 + C_{25} ‖ χ − ^χ^Z ‖_2 2 + C_{26} |Z|^2 . (6.35)

Combining (6.32)–(6.35), integrating in time, using (A3), (2.1h), (6.2h), (6.11), (6.6), and adding the resulting estimate to (6.30), we get

C_{17} 2 ‖ ‖ ‖ s∫ 0 ( u(τ ) − u^Z(τ ) ) dτ ‖ ‖ ‖ 2

H1(Ω)

+ C_{27} s∫ 0 (‖ ‖u − u^Z‖^2_{32} + ‖ ‖θ − θ^Z ‖ ‖^2_{L1(Ω)} ) dt

+ c_0 2 s∫ 0 ‖ ‖u − u^Z √ uu^Z ‖ ‖^2 2 dt + 1 2 ‖ ‖ ‖ 1 √ γ(s) s∫ 0 γ(τ ) ( u(τ ) − u^Z (τ ) ) dτ ‖ ‖ ‖ 2

L2(Γ) + c_η 2 ‖ χ(s) − ^χ^Z(s) ‖_2 2 + ε 2 s∫ 0 ‖ ∇ ( χ − χ^Z )‖_2 2 dt + ε 2 s∫ 0 ‖ χ − ^χ^Z ‖_2 H1(Ω) dt

≤A_{12} + A^Z + C_{19} |Z| ‖ u − u^Z ‖ L2(0,T ;L2(Ω)) + C28 |Z| 2

+ 1 2 s∫ 0

‖ ‖ ‖ t∫ 0 ( u(τ ) − u^Z(τ ) ) dτ ‖ ‖ ‖ 2

H1(Ω)

dt + (ε 2 + C_{22} + C_{25} )^s∫ 0 ‖ χ − ^χ^Z ‖_2 2 dt

+ C_{21} s∫ 0

‖ ‖ ‖ 1 √ γ(t) t∫ 0 γ(τ ) ( u(τ ) − u^Z (τ ) ) dτ ‖ ‖ ‖ 2

L2(Γ)

dt (6.36)

with

A_{12} := (C_{18} + C_{24}) s∫ 0 ‖( χ − ^χ^Z ) ( u − u^Z )‖ 1 dt . Using Hölder’s inequality, Young’s inequality, and the Gagliardo–Nirenberg inequality, we obtain

A_{12} ≤

C_{27} 2 s∫ 0 ‖ u − u^Z ‖_{23} 2 dt + ε 4 s∫ 0 ‖ χ − ^χ^Z ‖_2 H1(Ω) dt + C29 s∫ 0 ‖ χ − ^χ^Z ‖_2 2 dt . Hence, (6.36), Gronwall’s lemma, and (A3) yield that (6.14) is satisfied. By applying (6.16), Hölder’s inequality, (6.6), (6.7), and the Gagliardo–Nirenberg inequality, we get A^Z ≤ T∫ 0 ‖ ‖λ(^χ^Z) − ^λ^Z ‖ ‖_{53} ‖ u − u^Z ‖_5 2 dt ≤ C_{30} |Z| T∫ 0 ‖ u − u^Z ‖ 3_{20}

H2(Ω) ‖ u − u^Z ‖ 17_{20} 2 dt . Hence, using Hölder’s inequality, (6.18), and (6.3), we deduce that (6.17) and (6.15) are satisfied.

6.3 Proof of Theorem 2.2

Proof. Thanks to the estimates (6.3), (6.4), Sobolev’s embedding Theorem, and compactness (see, e.g., [Zei90, Prop. 23.7, 23.19, Prob. 23.12]), we get (θ, u, χ, ξ, λ^∗) fulfilling (2.1b)–(2.1c),

(2.9)–(2.11), and

θ ∈ H^1(0, T ; L^2(Ω)), u ∈ L^∞(0, T ; H^1(Ω)), λ^∗ ∈ W^{1,∞}(0, T ; L^2(Ω)).

such that we have, for some subsequence with |Z| → 0, the convergences (2.12)–(2.20), and ^λ^Z −→ λ^∗ weakly–star in W^{1,∞}(0, T ; L^2(Ω)). (6.37)

We obtain the convergences (2.12)–(2.20) for the whole sequence, if we can show that (θ, u, χ, ξ) is the unique solution to the Penrose–Fife system (PF). Hence, we need only to prove this, to finish the proof of Theorem 2.2.

Thanks to the convergences for ^χ^Z in (2.18), (6.4), the Aubin compactness lemma (see, e.g., [Lio69, p. 58]), and (6.6), we also get ^χ^Z −→ χ, χ^Z −→ χ, χ^Z −→ χ strongly in L^2(0, T ; L^2(Ω)). (6.38) Hence, after possibly extracting a further subsequence, we have

χ^Z −→ χ, χ^Z −→ χ a.e. in Ω_T .

This yields, thanks to (A2), (A6), (6.4), and the Lebesgue dominated convergence theorem, that

λ(χ^Z) −→ λ(χ), λ^′_d(χ^Z , χ^Z ) −→ λ^′(χ), σ^′_d(χ^Z, χ^Z) −→ σ^′(χ) strongly in L^2(Ω_T ). (6.39)

Thus, (6.37), (6.6), and (6.7) yield that λ^∗ = λ(χ) a.e. on Ω_T . Hence, using (2.12)–(2.20), (6.37)–(6.39), and (6.3)–(6.10), we can pass to the limit in (6.2a)–(6.2h) and obtain that (θ, u, χ, ξ) is a solution to the Penrose–Fife system (PF). Details can be found in [Kle97a, Sec. 8]. It remains to show that this solution is unique.

Let (θ^∗, u^∗, χ^∗, ξ^∗) be any solution to the Penrose–Fife system (PF). Since we can apply Lemma 6.3 for this solution, using (6.15) and the convergences (2.12)–(2.19) yields that

θ^∗ = θ, u^∗ = u, χ^∗ = χ a.e. in Ω_T .

Comparing the terms in (2.1f), we see that the two solutions coincide.

6.4 Proof of Theorem 2.3

Proof. Thanks to (2.1d), (6.2d), Hölder’s inequality, (2.9), (2.10), and (6.3), we have ‖ u − u^Z ‖_2 L2(0,T ;L2(Ω)) + ‖ ‖θ − θ^Z ‖ ‖^2_{L2(0,T ;L2(Ω))} ≤ C31 ‖ ‖u − u^Z √ uu^Z ‖ ‖ L2(0,T ;L2(Ω)) . Moreover, we have χ− ^χ^Z ∈ C([0, T ]; L^2(Ω)), because of (6.2b) and (2.1b). Hence, we obtain from (6.14) and Young’s inequality that

A_{13} := max_{0≤s≤T} ‖ ‖ ‖ s∫ 0 ( u(τ ) − u^Z(τ ) ) dτ ‖ ‖ ‖ 2

H1(Ω)

+ max 0≤s≤T ‖ ‖ ‖ s∫ 0 γ(τ ) ( u(τ ) − u^Z (τ ) ) dτ ‖ ‖ ‖ 2

Γ + 1 2C_{31} ‖ u − u^Z ‖_2 L2(0,T ;L2(Ω)) + 1 C_{31} ‖ ‖θ − θ^Z ‖ ‖^2_{L2(0,T ;L2(Ω))} + ‖ χ − ^χ^Z ‖_2 L2(0,T ;H1(Ω)) ∩ C([0,T ];L2(Ω)) ≤ C10A

Z + C_{32} |Z|^2 . (6.40)

Therefore, by comparing the terms in (6.19), and using (6.10) and (6.3), we get ‖ ‖c0 ( θ − ^θ^Z ) + λ(χ) − ^λ^Z ‖ ‖^2_{L∞(0,T ;H1(Ω)∗)} ≤ C33 ( A_{13} + |Z|^2 ) . (6.41)

Now, (A2), (6.18), (6.4), (6.6), (6.7), L^{53} (Ω) ⊂ H^1(Ω)^∗, (6.2a), and (2.1a) yield that ‖ ‖θ − ^θ^Z ‖ ‖^2_{C([0,T ];H1(Ω)∗)} ≤ C34 ( A_{13} + |Z|^2 ) . (6.42)

Thanks to (6.17) and Young’s inequality, we deduce

C_{10}A^Z ≤ 1 4C_{31} ‖ u − u^Z ‖_2 L2(0,T ;L2(Ω)) + C35 |Z| 40 23 .

Hence, (6.40), (6.42), and (6.5) yield that (2.21) holds with |Z| replaced by |Z|^{2023} . If we assume that at least one of the assumptions Ω ⊂ R^2 or λ^′_d = λ^′_∗ is satisfied, applying (6.16), Schwarz’s inequality, (4.48), (6.7), (6.6), and Young’s inequality leads to

C_{10}A^Z ≤ C_{36} |Z| ‖ u − u^Z ‖ L2(0,T ;L2(Ω)) ≤ C37 |Z| 2 + 1 4C_{31} ‖ u − u^Z ‖ L2(0,T ;L2(Ω)) .

Combining this with (6.40), (6.42), and (6.5), we see that (2.21) is satisfied.

A Appendix

For convenience, we list some inequalities and equalities used throughout this paper. Lemma AP.1 (Young’s inequality). For a, b ∈ R, σ > 0, p > 1, q :=^p_{p−1} , it holds ab ≤ 1 p |a|^p + 1 q |b|^q , ab ≤ 1 p σ^{−(p−1)} |a|^p + 1 q σ |b|^q , |a|^{ps} |b|^{p(1−s)} ≤ s ( σ 1 − s ) s−1_s |a|^p + σ |b|^p , ∀ 0 < s < 1. Lemma AP.2 (Generalized Hölder’s inequality). For a bounded, open domain Ω ⊂

R^N with N ∈ N, p, p1, p2, p3 ∈ [1, ∞], f1 ∈ L^{p1} (Ω), f2 ∈ L^{p2} (Ω), and f3 ∈ L^{p3} (Ω) such that 1 p_1 + 1 p_2 + 1 p_3 = 1 p , we have f_1 · f_2 · f_3 ∈ L^p(Ω) and ‖f_1 · f_2 · f_3‖_Lp_{(Ω)} ≤ ‖f_1‖_Lp_{1 (Ω)} ‖f_2‖_Lp_{2 (Ω)} ‖f_3‖_Lp_{3 (Ω)} .

Thanks to Sobolev’s embedding Theorem, we have Lemma AP.3. For a bounded, open domain Ω ⊂ R^N with N ∈ {2, 3} and Lipschitz boundary, there is a positive constant C such that ‖v^p‖_L 6_{p (Ω)} = ‖v‖^p_{L6(Ω)} ≤ C^p ‖v‖^p_{H1(Ω)} , ∀ v ∈ H^1(Ω), p ∈ (0, 6]. (AP.1)

The following classical elliptic estimate can be found in [Ama93, Remark 9.3 d]. Lemma AP.4. For a bounded, open domain Ω with ∂Ω smooth there is a positive constant C such that

‖v‖^2_H2_{(Ω)} ≤ C ( ‖Δv‖^2_L2_{(Ω)} + ‖ ‖ ∂v ∂n ‖ ‖^2 H 1 2 (Γ)

+ ‖v‖^2_{L2(Ω)} ) , ∀ v ∈ H^2(Ω).

In particular, for all v ∈ H^2(Ω) with^{∂v}_{∂n} = 0 a.e. on Γ,

‖v‖^2_H2_{(Ω)} ≤ C ( ‖Δv‖^2_L2_{(Ω)} + ‖v‖^2_L2_{(Ω)} ) . The following version of the Gagliardo–Nirenberg inequality is a special case of those considered in [Zhe95, Th. 1.1.4ii] Lemma AP.5. Let Ω ⊂ R^N with N ∈ {2, 3} be a bounded domain with ∂Ω smooth. Let 2 < p < 6 be given and a :=^3_2 −^3_p , Then there is a positive constant C such that

‖u‖_Lp_{(Ω)} ≤ C ‖u‖^a_H1_{(Ω)} ‖u‖^{1−a}_L2_{(Ω)} , ‖u‖_Lp_{(Ω)} ≤ C ‖u‖^{a2}_H2_{(Ω)} ‖u‖^{1− a2}_L2_{(Ω)} .

If Ω ⊂ R^2, then the first estimate is also satisfied for a = 1 −^2_p . Elementary calculations lead to Lemma AP.6. For n ∈ N, a_0, a_1, . . . , a_n, b_0, b_1, . . . , b_n ∈ R, we have n∑ i=1 a_i i∑ j=1 b_j = (_n ∑ i=1 a_i ) (_n ∑ i=1 b_i ) − n−1∑ j=1 b_{j+1} j∑ i=1 a_i, (AP.2) n∑ i=1 a_i i∑ j=1 a_j = 1 2 (_n ∑ i=1 a_i )_2 + 1 2 n∑ i=1 a^2_i , (AP.3) n∑ i=1 a_i(b_i − b_{i−1}) = a_nb_n − a_1b_0 − n−1∑ i=1 (a_{i+1} − a_i) b_i. (AP.4)

Lemma AP.7. Let H be a Hilbert space with scalar-product ⟨·, ·⟩_H and norm ‖·‖_H. Then we have ⟨a, a − b⟩_H = 1 2 ‖a‖^2_H − 1 2 ‖b‖^2_H + 1 2 ‖a − b‖^2_H , ∀ a, b ∈ H. (AP.5) The next lemma follows form elementary analysis.

Lemma AP.8. Let a, b > 0 be given. Then there exists a constant C > 0, such that a 2 s + b |ln s| ≤ as − b ln s + C, ∀ s > 0.

Acknowledgements

I wish to thank the European Science Foundation programme on Mathematical Treatment of Free Boundary Problems for supporting this research with a fellowship held at the University of Pavia. My thanks are due to Prof. Pierluigi Colli and Dr. Giuseppe Savaré for various fruitful discussions.

References

[Ama93] H. Amann. Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value problems. In H.-J. Schmeisser and H. Triebel, editors, Function Spaces, Differential Operators and Nonlinear Analysis. B.G. Teubner, 1993.

[Bar76] V. Barbu. Nonlinear semigroups and differential equations in Banach spaces. Noordhoff International Publishing, 1976.

[BE94] J.F. Blowey and C.M. Elliott. A phase–field model with a double obstacle potential.

In G. Buttazzo and A. Visintin, editors, Motion by mean curvature and related topics, pages 1–22. De Gruyter, New York, 1994.

[Bré71] H. Brézis. Monotonicity methods in Hilbert spaces and some applications to nonlinear partial differential equations. In Eduardo H. Zarantonello, editor, Contributions to Nonlinear Functional Analysis, pages 101–155. Academic Press, London, 1971.

[CL98] P. Colli and Ph. Laurençot. Weak solutions to the Penrose–Fife phase field model for a class of admissible heat flux laws. Physica D, 111:311–334, 1998.

[CLS] P. Colli, Ph. Laurençot, and J. Sprekels. Global solution to the Penrose–Fife phase field model with special heat flux laws,. To appear in Proceedings of the IUTAM– Conference in Paris, April 1997.

[Col96] P. Colli. Error estimates for nonlinear Stefan problems obtained as asymptotic limits of a Penrose–Fife model. Z. Angew. Math. Mech., 76(Suppl. 2):409–412, 1996.

[CS97] P. Colli and J. Sprekels. Stefan problems and the Penrose–Fife phase field model.

Adv. Math. Sci. Appl., 7:911–934, 1997.

[CS98] P. Colli and J. Sprekels. Weak solution to some Penrose–Fife phase–field systems with temperature–dependent memory. J. Differential Equations, 142(1):54– 77, 1998.

[DK96] A. Damlamian and N. Kenmochi. Evolution equations associated with non– isothermal phase transitions. Preprint, Chiba University, 1996.

[HLS96] W. Horn, Ph. Laurençot, and J. Sprekels. Global solutions to a Penrose–Fife phase–field model under flux boundary conditions for the inverse temperature. Math. Methods Appl. Sci., 19:1053–1072, 1996.

[Hor93] W. Horn. A numerical scheme for the one–dimensional Penrose–Fife model for phase transitions. Adv. Math. Sci. Appl., 2(2):457–483, 1993.

[HS] W. Horn and J. Sprekels. A numerical method for a singular system of parabolic equations in two space dimensions. Unpublished manuscript.

[HSZ96] W. Horn, J. Sprekels, and S. Zheng. Global existence of smooth solutions to the Penrose–Fife model for Ising ferromagnets. Adv. Math. Sci. Appl., 6:227–241, 1996.

[Kle97a] O. Klein. Existence and approximation results for phase–field systems of Penrose– Fife type and Stefan problems. PhD thesis, Humboldt University, Berlin, 1997.

[Kle97b] O. Klein. A semidiscrete scheme for a Penrose–Fife system and some Stefan problems in R^3. Adv. Math. Sci. Appl., 7(1):491–523, 1997.

[KN94] N. Kenmochi and M. Niezgódka. Systems of nonlinear parabolic equations for phase change problems. Adv. Math. Sci. Appl., 3:89–185, 1993/94.

[Lau93] Ph. Laurençot. Etude de quelques Problèmes aux Dérivées Partielles non Linéaires.

PhD thesis, Université de Franche–Comté, 1993.

[Lau94] Ph. Laurençot. Solutions to a Penrose–Fife model of phase–field type. J. Math.

Anal. Appl., 185:262–274, 1994.

[Lau95] Ph. Laurençot. Weak solutions to a Penrose–Fife model for phase transitions. Adv.

Math. Sci. Appl., 5(1):117–138, 1995.

[Lau98] Ph. Laurençot. Weak solutions to a Penrose–Fife model with Fourier law for the temperature. J. Math. Anal. Appl., 219:331–343, 1998.

[Lio69] J. L. Lions. Quelques méthodes de résolution des problèmes aux limites non linéaires. Dunod Gauthier–Villars, Paris, 1969.

[MM72] M. Marcus and V. J. Mizel. Absolute continuity on tracks and mappings of Sobolev spaces. Arch. Rational Mech. Anal., 45:294–320, 1972.

[MM79] M. Marcus and V. J. Mizel. Complete characterization of functions which act, via superposition, on Sobolev spaces. Transac. Amer. Math. Soci., 251:187–218, 1979.

[NS91] M. Niezgódka and J. Sprekels. Convergent numerical approximations of the thermomechanical phase transitions in shape memory alloys. Numer. Math., 58:759–778, 1991.

[NSV] R. H. Nochetto, G. Savaré, and C. Verdi. A posteriori error estimates for variable time–step discretizations of nonlinear evolution equations. in preparation.

[PF90] O. Penrose and P.C. Fife. Thermodynamically consistent models of phase–field type for the kinetics of phase transitions. Physica D, 43:44–62, 1990.

[SZ93] J. Sprekels and S. Zheng. Global smooth solutions to a thermodynamically consistent model of phase–field type in higher space dimensions. J. Math. Anal. Appl., 176(1):200–223, 1993.

[Zei90] E. Zeidler. Nonlinear Functional Analysis and its Applications II/A: Linear Monotone Operators. Springer, 1990.

[Zhe95] S. Zheng. Nonlinear parabolic equations and hyperbolic–parabolic coupled systems, volume 76 of Pitman Monographs and Surveys in Pure and Applied Mathematics. Longman, 1995.