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Abstract

We observe an infinitely dimensional Gaussian random vector z = £ 4 v
where ¢ is a sequence of standard Gaussian variables and v € [s is an un-
known mean. Let V.(7, p.) C I be sets which correspond to [4-ellipsoids of
power semi-axes a; = i~ *R/e with [y -ellipsoid of semi-axes b; = i "p, /e re-
moved or to similar Besov bodies By 1,;(R/e) with Besov bodies By, 4.-(pe/€)
removed. Here 7 = (k,R) or 7 = (k,h,t,R); k = (p,q,r,8) are the pa-
rameters which define the sets V; for given radiuses p. — 0, 0 < p,q, h,t <
00, —oo < 1,8 <00, R>0; ¢ = 0is asymptotical parameter.

For the case 7 is known hypothesis testing problem Hy : v = 0 versus
alternatives H, r : v € V¢(7, p-) have been considered by Ingster and Suslina
[11] in minimax setting. It was shown that there is a partition of the set of &
on to regions with different types of asymptotics: classical, trivial, degenerate
and Gaussian (of two main and some ”boundary” types). Also there is
essential dependence of the structure of asymptotically minimax tests on the
parameter x for the case of Gaussian asymptotics .

In this paper we consider alternative H.pr : v € V(I') for sets
Ve(I') = Urer Ve(7, pe(7)). This corresponds to adaptive setting: 7 is un-
known, 7 € I" for a compact ' = K x A; A =e, C] C R}r, K C=2g, UEg,
where 2g, and Zg, are regions of main tapes of Gaussian asymptotics . First
the problems of such types were studied by Spokoiny [16, 17].

For ellipsoidal case we study sharp asymptotics of minimax second kind
errors G.(a, ') = B(a, Ve(T')) and construct asymptotically minimax tests.
These asymptotics are analogous to degenerate type. For Besov bodies case
we obtain exact rates and construct minimax consistent tests. Analogous
exact rates are obtained in a signal detection problem for continuous variant
of white Gaussian noise model: alternatives correspond to Besov or Sobolev
balls with Sobolev or Besov balls removed.

The study is based on results [11] and on an extension of methods of this
paper for degenerate case.

1 Introduction

1.1 Minimax setting

Let an infinitely-dimensional Gaussian random vector z = £ + v be observed where
¢ is a sequence of standard independent Gaussian random variables with zero mean
and unit variance, v € l5 is an unknown mean sequence.

We consider the problem of testing null hypothesis Hy : v = 0 on a sequence v
and consider families of alternatives H, : v € V,. Here V, = {v} is a given family
of sets in the sequence space [y, € — 0 is an asymptotical parameter.

These problems are studied in asymptotically minimax setting (as ¢ — 0). A
family of (randomized) tests 1. = ¥.(z), ¥e(z) € [0,1] is characterized by the
families of the first kind errors a(¢).) = Ey(¢) and by the supremum of the second



kind errors

ﬁ(we; ‘/e) = Sup 5(105,?1) ﬁ(%w) = Ev(l - we)

veEVL

Here and later F, stands for the mean value with respect to the measure P, which
corresponds to an observation z = £ + v, v € l,. For fixed a € (0,1) minimax
distinguishability is characterized by asymptotics of values

Bla Vo) = inf B, Va), Wa={v: a(¥) <a}

It is clear that

The problem is called trivial, if 8(a,V;) =1 — « for any a € (0,1).

The problem of sharp asymptoticsis to investigate asymptotics of values 3(«, V;)
(up to vanishing term, as e — 0) and to construct asymptotically minimaz families
of tests 1. o, such that, as e — 0,

a(e,0) =a+o0(1), B(Wea, Ve) =B, V) + o(1).
The problem of the rates is to obtain conditions of distinguishability:
B(a,V;) = 0
and to construct minimaz consistent families of tests 1, o:

a(Ye, ) = a+o(l), B(Yea, Vo) =0(1),
or to obtain conditions of indistinguishability (asymptotical triviality):

Bla, Vo) = 1—a.

1.2 Alternatives type of ellipsoids and Sobolev or Besov
balls and bodies

Certainly, the main point for this setting is a family of alternatives V. It is clear
that sets V., must not contain any points which are close enough to zero. Also
often sets V. must not be "wide” enough (see [9] for discussion). Simple enough
and important class of such sets V., = V_(, p.) are ellipsoids with "small” ellipsoids
removed:

Valr,p0) = Bgo(R/E) \ Bye(pe/e); 7= (. R), = (p,q,rs) €5 (L)

here E,,.(R/¢) is l,-ellipsoid in sequence space of of power sequence of semi-axes
a; =1 "R/e:

E,.(R)={vely: ii”’|vi|p < (R/e)"}
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with evident modification for p = co. The factor e~! corresponds to normalization
in white Gaussian noise model (1.10) (see later). We denote

E:{(p,q,T,S): 0<p,q§00, _OO<?",S<OO};

a family p. > 0, p. — 0 is given. The case r = 0 corresponds to [,-balls removed.
(later in this section we explain the reasons that we consider cases r # 0.)

For ellipsoidal case with particular 0 < p,q < 00,s > 0 and [,-balls removed
problems of sharp asymptotics had been studied by Ermakov [4] (the case p=q=2),
by Ingster [8, 9] (0 < p =¢ < 00) , by Suslina [18, 19] (0 < p,q < co,p # q). The
case of Besov body with Ls-ball removed have been studied by Ingster and Suslina
[12].

The results of these papers show that different types of asymptotics arise in
these problems. Full description of sharp asymptotics for ellipsoidal case (k € =)
had been obtained by Ingster and Suslina [11]. It was described a partition of the
set = onto regions with different types of asymptotics: Z¢ (classical), Zr (trivial),
Ep (degenerate) and Eg,,l = 1,...,5 (Gaussian of two main: { = 1,2 and some
”boundary” types: 1=3, 4, 5). Asymptotically minimax families of tests for the
regions =Zp and Zg, (minimax consistent for the region Z¢ ) were constructed as
well.

Remind main results [11]. If p,q < oo, then put :

A= A(k) =gs—pr, p=u(k) =pa(s—r), I = I(k) = 2q(p—2)s—2p(q—2)r+p—g¢;
if g =00, then I = I(k) =2s(p—2) — 2rp — 1;

—1/4+41/p, ifp<2,
r, =< —1/2p, if2<p<oo,
0, ifp=o00.

Trivial type corresponds to equality: B(«, V) = 1 — a for small enough R and
pe/e. The set Er is defined by the inequality » > 7, and joint with following
inequalities. If p,q < 0o, then

p<0&A<0&TI<0, if2>p>q,

p<qg—-p&I<0, if2<p<yq,
p<0& <0, itp>2,p>gq,
p<qg-—p, ifp<2 p<qgorp=gqg>2.

If g = 00, p < 00, then

{s—rﬁl/p, ifp<2,
s—r<1/p&I1<0, ifp>2,

and if p = 00, ¢ < 0o, then s <r and r > 0.
Classical type of the rates is characterized by relations:

B(a, V) = 1—a if and only if p./e — 0; B(a,V:) — 0 if and only if p./e — 0.
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The region Z¢ is defined by the inequality: r < 7.
Degenerate type of sharp asymptotics is defined by the relation

Bla, V) = (1 —a)® ( 2log(R/p) _ pz/(ST)RT/(ST)El) + 0o(1). (1.2)

§—T

Here and later ® stands for distribution function of a standard Gaussian distribu-
tion. Degenerate type arises in the region x € Zp where

Ep={kcET: s>r>0, A<0}

and 27 is the complement of Zr.

The relations (1.2) implies the following rates in the region Zp. Introduce
critical radiuses of removing sets (rates in Lepski and Spokoiny [14], Spokoiny
[17]) :

pi(t) =R (e/R)Zlog 671)(571")/25 .

Put A(k) = (2/5)*~")/25. Then for any a € (0, 1) one has
B(a, Vo) — 0 if liminfp./p(7) > A(K); (1.3)

and
Bla, Vo) = 1 —a if limsup p./pi(T) < A(K). (1.4)

Gaussian types are described by the relations

B(a, Vo) = ®(Ts — ue(7, pe)) + o(1), (1.5)

Here T, stands for (1 — a)-quantile of distribution function of a standard Gaussian
distribution : ®(7,) = 1 —a. The function u.(7, p;) = u. is characterized minimax
distinguishability in the problem. For two main types one has:

uZ(r, pe) ~ d(r)(pe/R)™ " (e/R) P, k= 1,2 (1.6)

where d(k) is a positive bounded function. For the type G; one has:

p(4—g+4sq) . ifg< oo
Bi(k) =4, Ai(k)= Pg((jsf_qufq oo
-1 MI=
and for the type G5 one has:
p(1+2sq) :
Ay(k) = gs—pr ¥fq <0
2p, if g =00

qs—pr
2p(s—r)—1

s )

2pq(s—7‘)+p—q, if g < 00
ifg=o00



Fig. 1 p<2, p<qg< @ Fig. 2 2<p<qg< >

—_—

The region E¢ = U;_,Eg, is the complement of 27 U E¢ U Ep. Boundary types
=g, = 3,4, 5 correspond to equalities I = 0 and r = rp,; the main regions Z¢,,[ =
1, 2 correspond to inequalities I < 0 and I > 0.

The relations (1.5), (1.6) imply exact rates for the regions E¢,,l = 1, 2:

B(a,V;) — 0 if and only if p./pi(k) — oo; (1.7)
B(a,V;) -1 —a if and only if p./pi(k) — 0 (1.8)
where critical radiuses p%(k) are are defined by the relations

pt(k) = eBrW/AR) | — 1 9, (1.9)

The partition of the planes of parameters {r, s} onto regions with the asymp-
totics of different types for fixed values 0 < p < 00, 0 < ¢ < o is presented on the
fig. 1-4. Here

"= (1/4—1/p, 1/4—=1/q), y* = (—=1/2p, —1/2q)

with evident modification for ¢ = oo.

S
A=0 S kr=o0
<A =0
Gy /D Gi /c. /D
Ad p=0
p=0
C . C .
VT /é T
Y Yy
Fig. 3 p>gq, p>2 T Fig.4 2>p>q

Certainly, the problem under consideration is equivalent to well known problem
of testing Hy : s = 0 versus a family of alternatives H, : s € S. C L(0,1) in
Gaussian white noise model:

dX.(t) = s(t)dt + edW (t), t € [0,1], s € Ls(0,1), € > 0; (1.10)
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for a fixed orthonormal basis {(;}. It suffices to consider sequences of normalized
empirical Fourier coefficients z; and sets V; = {v(s), s € S¢} of normalized Fourier
coeflicients:

r=ct [ GOAX(), vin(s) =t / L C()s(t)dt.

Minimax hypothesis testing problem for Gaussian white noise model is defined
by a family of sets S C L2(0,1). Analogously to above, Sobolev or Besov balls
with ”"small” Sobolev or Besov balls removed are most interesting and important
functional sets S, in this problem:

SE(%apE) = S:;(R) \ SZ(PE), T = (E‘,, h,t, R)ag-’ = (paQanaa)

or

Se(T,pe) = By (R)\ Eju(pe); 7= (R, h,t, R).

Here S7(R) is subset of Sobolev ball of a radius R of o > 0-smooth functions in
L,norm, 1 < g < oo, (or subset of L,-ball for o = 0) which is contained in Ly(0, 1),
B7,(R) is similar subset of Besov ball (see Triebel [20] for definitions).

For the case of Sobolev balls with L,-balls removed (n = 0) and for particular
p,q,0 > 0 exact rates have been studied by Ingster [6] (p = ¢ = 2) and [7]
(p<2, p<gqor2<p=gq< oo, by Lepski and Spokoiny [14] and by Ingster and
Suslina [12] (p = 2,q < 2). Critical radiuses were calculated in these papers. If
p < oo, then these critical radiuses imply relations analogous to (1.7); if p = oo,
then relations analogous to (1.3), (1.4) hold but with different A;(k), As(k) in
these relations. It was shown by Lepski [13] and by Lepski and Tsybakov [15] that
A1(k) = A2(k) for the case p = g = .

The case of Besov balls with L,-balls removed have been studied by Spokoiny
[17]. Tt was described 3 types of rates (which are analogous to the types G, Gs
and D ); critical radiuses ( up to loglog-factor for the types analogous to Gy, Gs)
have been obtained in this paper. For Besov bodies case almost full description of
the rates have been obtained by Ingster and Suslina [11].

These studies were based on the wavelet transformation s — v = {v,;},v.; =
(s,(.;)/e where ¢, i = (+,j) € J, is some orthonormal pyramidal sequence of
wavelet functions; here J = {i = (,7) : ¢ = 1,...,max(1,27), —j© < j < o
(see Cohen et al. [2]; Donoho et al. [3]; Spokoiny [17] for example). To simplify
notations, we assume j® = 0 later.

Using well known embedding theorems [2, 3] one can reduce the problem of
the rates for alternatives S, = S.(7,p.) in functional space to similar problem
for alternatives V. = V.(7, p.) in the space of sequences of normalized wavelet
coefficients where V,(7, p.) is Besov body with ”small” Besov body removed:

‘/E(T’ pE) - Bq,t,S(R/E;) \ Bp,h,r(pE/s), T = (K;’ h’ t, R)
and the relations between parameters < and x are defined by equalities

r=n+1/2—1/p, s=oc+1/2-1/q. (1.11)
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Remind that By -(R) = {v =€ ly : frpn(v) < R} is Besov ball of the radius R > 0
where if p, h < oo, then

2]' l/p
fr,p,h(v) = Z 27" (Z |vb,j |p) )
=1

J

if p < h =00, then

2]' l/p
fr,p,h(v) = Sup 27" (Z |vb,j |p) )
J

=1

if h < p = o0, then we have analogous modifications.

There are some reasons that we consider cases of removing ellipsoids, Besov
bodies and balls with » # 0 and 7 # 0 in [11] and here.

First, if p # 2, then L,-ball in the functional space (7 = 0) roughly corresponds
not to [,-ball in sequense space but to ellipsoid or Besov body with r =1/2 —1/p.

Next, the cases 7 # 0 correspond to hypothesis testing on derivatives or on
integrals of a signal which is of interest in many problems.

Particularly, the case n = —1 in the model of unknown distribution density
corresponds to hypothesis testing problem on distribution function where classical
asymptotics hold. It is of interest to describe the “boundary” between classical
and nonclassical asymptotics (the results of [11] give the answer on this question,
see above).

It was shown in [11] that (with an exception of ”boundary” types) the rates do
not depend on parameters ¢, h. The same partition of the set = = {k} onto regions
with different types of the rates holds for Besov bodies case. The relations (1.7)
and (1.3), (1.4) (may be, with different A;(k), A2(k)) hold in this regions. By the
relation (1.11) it implies similar partition of the set = = {&} for the cases of Besov
and Sobolev balls which extends results of previous papers. For example, vertical
half-lines on the fig. 1 — 4 correspond to Sobolev or Besov balls with parameters
¢, 0 =s—1/2+1/q and Ly-balls removed: n =r —1/2+1/p =0.

Minimax consistent families of tests were constructed for Besov bodies case. By
applying inverse wavelet transformation, this yields minimax consistent families of
tests for the cases of Besov and Sobolev balls.

1.3 Adaptive setting

Important point in results [16] and [11] is that asymptotically minimaz families of
tests for ellipsoidal case (or minimax consistent families of tests for Besov bodies
case) do not depend on parameters k, R, p. for k € Ep. It means that there exists
common family of tests which is asymptotically minimax (or consistent) for all k €
Zp (and uniformly on any compact I' = K x D; D =[¢,C] C RY, K C Int(Ep);
analogously one can propose common family of minimax consistent tests for K C



Int(Ec). Certainly it is necessary to consider alternatives V(1) = V.(7, p(7)) with
inf p.(7)/pz () = A(k)

only. It means that these tests are asymptotically minimax (or minimax consistent)
for the "union” alternatives

V(D) = | Ve(r, pe(7)).

Tel

However it does not hold for K C Zg: there exists essential dependence of
the structure of asymptotically minimax (or consistent) families of tests on 7 or
k; k € Eg. This implies the problem: to construct common family of tests which
has good minimax or consistent properties for all 7, kK € Zg or for kK € K C ZEg
with wide enough subsets K. Of cause, radiuses of removing sets must depend on
7 and be large enough to obtain the minimax consistent tests:

inf p.(1)/pz (k) — 005 (1.12)

here pf(k) are defined by (1.12) ( we assume R be bounded away from 0 and oo).
One has the same question for the cases of Besov bodies, for Sobolev and Besov
balls (critical radiuses are defined by (1.12), (1.11)). This problem is of importance
from practical point of view by, as usual, an statistician has not information on a
degree and (or) on a norm to measure a smoothness of alternatives and a distance
from null-hypothesis.

Following to Spokoiny [16, 17] who starts considerations of this problem, we call
this setting as adaptive. Asymptotics of minimax second kind errors for ”union”
alternatives V,(T') we call as adaptive as well (sharp or rate).

The case of the known p = 2, ¢ > p, n = 0 (L,-balls removed) and unknown
smoothness o from any interval (o, 07) have been considered by Spokoiny [16]. It
was shown in [16] that it is not possible to construct any tests with the property
(1.12) : it is necessary to increase critical radiuses up to any power of logloge™.
For these increased critical radiuses ”adaptive” families of tests 1. = ., have
been constructed by Spokoiny [17] in Besov bodies case with L,-balls removed.
Under analogous to (1.3) assumptions with increased critical radiuses these tests
are minimax consistent uniformly on any compact K € (Eg, UZg,)N{n =0, p=
const, I # 0}).

2 Main results

The goal of this paper is to obtain sharp adaptive asymptotics for ellipsoidal case
and exact adaptive rates for the case of Besov with Besov bodies removed for the
main regions =g of Gaussian asymptotics. To simplicity we do not consider the
boundary cases and some sub-manifolds in these regions. Certainly these results
give adaptive rates for white Gaussian noise model (Sobolev or Besov balls with
”small” balls removed).



Let us describe sharp adaptive asymptotics for these regions in ellipsoidal case.
Assume I' C K x D where D C [¢,C] C R} and K is a compact, K C Eg, UEg,.
Let a family of the radiuses p.(7),7 = (k, R) € I is given. Put

V(D) = U Ve(r, pe(7)).

Tel

Let us consider the family of functions u, (7, p.(7)) in (1.5), (1.6) and put

ue(T) = Hellﬁ ue(T, pe(7)), He = y/2logloge™t — u(T).

Theorem 1 Assume K has not intersection with 3-dimensional sub-manifolds
{I =0}, {p =gq}, {p =2} and {A =0} where A = sq(4 —p) —rp(4 — q). Then:
1. Following upper bounds hold:

Bla, Ve(I) < (1 — o) ®(He) + o(1).

2. Assume that for any § > 0 there exists an open set A = A(6) C K and
a function R(k), k € A such that 7 = (k,R(k)) € T' and u.(1) < u(T') + ¢ for
k € A. Then following lower bounds hold:

Ba, Ve(I')) = (1 — a)@(H) + o(1).
The Theorem 1 shows that under assumption n.2
8o, Ve(I)) = (1 — a)®(He) + o(1).

Remark 2.1. The assumption of n.2 means that infimum u.(T") is “essential”.
We can use weaker assumption: there exists an interval in K which is not “tangent”
to the hyper-surfaces {¢(k) = const}, the function ¢(x) is defined by (3.35), (3.41)
later. More exactly, it is enough to assume that the set ¢(K') contains nontrivial
interval. However it is possible to show that for any finite number 7 we can provide
better lower bounds.

Remark 2.2. 'The asympotics in Theorem 1 are close to degenerate type. In
fact, it is shown in the next section that there is close connection between adaptive
problem and hypothesis testing problems for degenerate type.

Let us define adaptive critical radius functions p; ,,(7) by the relation

Ue(T, Pz 0q(T)) = y/2logloge 1 + O(1).

Using (1.6) one has for k € Eg,, k=1,2
P ad(T) ~ R(e/R)™PEA0) ((21ogloge™) /di()) /44 (2.1)

Note the difference on the rates with non-adaptive critical radiuses (1.7) in the
factor (logloge™!)"/4#(®) These adaptive critical radiuses for n =7 —1/2+1/p =
0, 0 =s—1/24 1/q correspond to adaptive rates in Spokoiny [17].
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Using the Theorem 1 one has for A; = As =1 that

if liminf, o Hellf“ Pe(T)/ Pz aa(T) > A1, then B(a, Ve(T')) — 0 (2.2)
and

if limsup,_,qsup pc(7)/pf 4a(T) < Az, then B(a,Vi(l)) = 1-a  (2.3)
7€l

where 'y = {(k, R(k)); k € A} C T, Aisan open subset Int(K) and R(k), K € A
is any positive function.

Let us consider the Besov bodies case. Let 7 = (k,h,t,R) € I' ¢ K x D®)
where D®) = Dy x Dy x D3, D; C [¢;,00], ¢; >0, 1 =1,2; D3 C [¢,C] C R! and
K C Eg, UZEg, be such compact that K has not intersection with 3-dimensional
subset {I = 0}. Let us consider the family of functions u.(7, pe(7)) from sec. 1.3
and put

ue(T) = Hellf“ ue (T, pe(7)).

Theorem 2 There ezist such constants C = C(T'), ¢ =¢(T'), C > ¢ > 0 that:
1. Let
lim in% inf u?(I')/ logloge™ > C.
e—>

Then there exist such family of tests 1. that a(v:) = o(1) and B(¢e, Ve(T')) = o(1).
These relations imply B(a, Ve(T')) — 0 for all a € (0,1).

2. Assume K has nonempty set Int(K) of interior points, there exist an open
set A C Int(K) and functions h: A — Dy, t : A — Dy, R: A — D3, such that

Iy = {7(k) = (s, h(k),t(k), R(k)), k€ A} CT

and
lim sup sup u2(7, p.(7))/logloge * < c.

e—0 7€l'y

Then B(a, V.(T)) = (1 — a) for all a € (0,1).
Using the Theorem 2 we obtain

Corollary 2.1 For Besov bodies case the rates (2.2), (2.8) hold with the adaptive
critical radiuses (2.1) and some constants Ay = A1(T'), As = Ao(T'); Ay > Ay > 0.

This result for n = 0, p = const corresponds to Spokoiny [17].

Next part of the paper contains the proofs.

In the sec. 3 we obtain lower bounds. In the sec. 3.1 we describe the idea of
the lower bounds. It follows to Burnashev [1] and to Ingster [8, 9] and is based
on the consideration of collections of orthogonal signals. We extend this onto
the collections of asymptotically orthogonal product priors in the sense of scalar
product which have been introduced in [10, 11]. In the sec. 3.2 we give general
estimations for mixtures of product priors. In the sec. 3.3 we present constructions
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of asymptotically orthogonal collections for ellipsoidal case This constructions are
based on the results [11]. In the sec. 3.4 we construct orthogonal collections for
Besov body case which are analogous to [16].

In the sec. 4 we construct asymptotically minimax families of adaptive tests
for ellipsoidal case. These tests are based on the partition of the set I' onto small
enough sells, on constructions of tests for all sells (this construction is based on the
results [11]) and on the "union” of these tests. Of cause, we need to increase test
thresholds which implies the loss of efficiency.

In the sec. 5 we propose minimax consistent families of adaptive tests for Besov
body case. Test procedure is presented in the sec. 5.1. This construction is close
to [17] but differ. The main point of the study of tests is based in the results [11]
as well.

3 Lower bounds
3.1 Idea of lower bounds: asymptotically orthogonal sig-

nals

Idea of lower bounds in the problem under consideration corresponds to Burnashev
[1] and to Ingster [8, 9].

To obtain lower bounds we will use Bayesian approach. Let #¢ be a sequence
of probability measures (priors) on the space Iy (we will consider measures which
are supported on finite or on denumerable sets and there are not problems of
measurability). Let P,- be a sequence of mixtures:

Pye(A) = / P, (A)r (dv).

Let z be infinitely dimensional vector of random observations with unknown proba-
bility measure P. Consider Bayesian hypothesis testing problem on observations z:

Hy: P=PFy; H,:P=PF,-.

Let B(a,7®) be minimum of the second kind errors in this problem for tests of a
level a:

Bla, m¢) = ¢i€n\1fa Ep.(1—1).

Assume
P (V) — 1. (3.1)

It is well known (see [9, sec. 4.1] for example) that under (3.1)
Bla, Vo) > B(a, 7) + o(1). (3.2)
Assume that L;-distance between P, and P: tends to O:

Epy|dPye /dPy — 1] — 0. (3.3)

12



Then Bayesian problem if asymptotically trivial:
Bla,m) = 1 —a. (3.4)

The relation (3.3) follows from stronger relation on Lo-distance:

P, ?
Ep, (Ciu;; —1> 0. (3.5)

Assume that Py-distributions of Bayesian likelihood ratios are asymptotically
degenerate: for some (nonrandom) sequence C, under P,-probability

dP;/dPy = C: + o(1). (3.6)
The relation (3.6) yields (see [9, sec. 4.4] )
Bla,m) = (1 —a) C. + o(1). (3.7)
We will consider priors of the type

=M 1Z7Tl, M = M, — oc. (3.8)
=1

Assume for a moment that 7} = 61,5,,, where v, 1, ...Uc a1, Vey € l2 is an orthogonal
collection in I:
(Ue,lave,k) = 0; ||Ul|| = Ug; 1< I<k < M

and 0, is Dirac mass at a point b € ly. It was shown by Burnashev [1] that if
expu? = o(M), then B(a, 7€) = (1 — @) + o(1).
Also put R, = v/2log M, — u. . Then (see [8, 9])

Bla,7) = (1 = )®(Re) + o(1).

3.2 Asymptotically orthogonal priors
3.2.1 Indistinguishability conditions
We consider priors of product type:

T =Teg1 X oo X Mepp X ... (3.9)

which correspond to sequences 7.y = (e 1, .-, Teim, -, ) Of probability measures
on the real line R!.
Following to [10, 11] introduce scalar product for sequences @ = {m;} : ¥ = {r;}

) =Smr) =5 [, [, (€ = Dalduyrv), 7P = S 7P = S

(3.10)
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Here i is either an integer for ellipsoidal case or pyramidal index i = (¢,5) € J for
Besov body case. It is clear that

dP;. 1 dP,, dPy. 1 dP,, 1
i Ti) = E 75 il 1 — E iy L
('/T r ) o <dP0,1 dPO’l ) o dPO’l dPO,l

where P, ; is a mixture of one-dimensional Gaussian measures P,; = N(v, 1). By
this equality

4P, 4P dP, dP, .
E 1 ~1) = T[E ol Sl ) g
. (dpo ) (dPo ) H o (dpo,l dPo,l)

= H (1 + Zi:(ﬂ-i’ri)> —1 < exp(a,7)—1,

where

By (3.8) this implies

dP,- 2
EPO <dp0 _1) = ]\4—72

o (PP ) (P,
A7 AT

S ]\4_2 (exp(ﬁe,l, ﬁe,k) — 1)

The estimations above yield following indistinguishability conditions analogous
to Burnashev [1] :

Lemma 3.1 Assume M = M, — oo and

sup (@ey, Ter) = 0(1); sup exp(||7‘rs,l||2) = o(M).
1<l<k<M 1<I<M

Then (3.5) and (3.4) hold. If also infi<j<pr 7§ (Ve) = 1—0(1), then B.(a, Vo) —» 1—a
for any a € (0,1).

3.2.2 Asymptotically sharp lower bounds

Let us consider statistics
M
Le =dPp/dPy = M"Y Ley; Loy = dPys [dPy, ley = log (dPys /dPy)
=1

Denote

te = \/ 2 log ME) Ue, = ||7_Ts,l||a Peslk = (ﬁ-a,la ﬁa,k)/us,lus,ka )\s,l - ls,l/us,l + ua,l/2-

Thus L.; = eXp()\_uzl/2+e,zus,1)- Let ®,(z,y) be distribution function of Gaussian
random variables X,Y with zero means, unit variance and E(XY') = p.

14



Put the assumptions
Al.

sup |ue,l - te| = O(l), Sup = Pejik = O(te_2)-
1<I< M. 1<I<k<M.

Assume also for some § > 0

sup sup |Py(Ae; < &) — ®(z)| = O(MZUH) (3.11)
1<I<M. z€R!
and
sup  sup [Po(Aeg < 2, Ack < y) — @, (2,9)| = O(ME(HJ))- (3.12)

1<I<k<M. zcR!

The assumptions (3.11) and (3.12) are small stronger that asymptotical normality
of log-likelihood ratios [, ;.
Let us consider truncated statistics L. ;:

Ley(z) = Leg(2)1in, 1<ty (z)-

Put X, = {z: L¢y(z) = Ley(z)} and X, be the complement of X,. By (3.11)
o M
Py(Xe) <Y Po(Aey > te) < o(1) + M. ®(—t.) = o(1). (3.13)
=1
By (3.13) one can obtain (3.4) from the relation: under Py-probability
R M M
Le=M"'Y L,;=C.+0(l); Cc=M"> ®(t. —uc). (3.14)
I=1 =1

By Chebyshev inequality to obtain (3.14) it is enough to check that uniformly
onl,k=1,...M, |l #k

EoLey = ®(te — uey), Eng’l =0o(M), Covy(Ley, Le i) = o(1). (3.15)

To check (3.15) we use the equalities for [0,7]-truncated moments of ran-
dom variables (X,Y’) with distribution functions F(z) = P(X < z), F(z,y) =
P(X <z,Y <y):

[ ear@) = [0~ F@)as [ [ wwir@y) = [ [0 Fy)dedy

which imply inequalities for differences of moments of bounded random variables
0 < X;,Y; < T with distribution functions Fi(z), Fi(z,y), [ =1,2:

[EXF - EXF| < TFsup|Fi(z) — Fo(z)|, k=1,2; (3.16)
|EX1Y] — EX,Y,| < T?sup|Fi(z,y) — Fa(z,y)| (3.17)
z"y

15



Introduce Gaussian random variables vy, ..., vj; with zero means, unit variances
and Evivg = pear, 1 <l <k <M. Put

X1 = exp(—uZ,;/2 + ue 1), Xi = Xilgary, Ti = exp(—u? /2 + uete).
By (3.18), (3.11) and (3.12) one has:
EoLey = EX;+ o(Ty/M*™ ) ByL?, = EX} + o(T7 /M),
C’ovo(fjs,l, fjs,k) = Cov(Xl, Xk) + O(TIZ/MZ(”J)).
For Gaussian variables vy, ..., vy one has
EX, = Py 4+ uey < te) = (te — uey),
EX? = exp(u?ﬂ@(tE — 2u.y) <t exp((£2 + cz,l)/Z) =O0(M/t,)
by ¢y = uey — t. = O(1), exp(t2/2) = M. Note the inequality:
Sup [@,(z + a,y +b) = ®(z)2(y)| < Blp| + [a] + |b]) (3.18)

which holds for some B > 0 and small enough |p|, |a|, |b]. One can easily obtain
(3.18) by calculation of Hellinger distance. Using Al and (3.18) one has

E(Xle) - exp(ps,l,kua,lus,k)q)(ts — Ul — Pe,l,kUe ks ts — Uek — pa,l,kus,l)
D(te — uet)P(te — ue ) + o(1).

The estimations above and (3.16), (3.17) imply (3.15) and following lower
bounds.

Lemma 3.2 Assume M = M, — oo and the assumptions Al, (3.11) — (3.12)
hold. Then (3.7) holds with C. defined by (3.14). If nf(Ve) > 1 =6, l=1,... M
also, then (3.8) holds for any a € (0,1).

3.2.3 Sequences of symmetrical three-point measures

We need to control the assumptions of asymptotical normality (3.11) — (3.12).
To our arms it is enough to consider the case of product priors (3.9) where 7 ;; =
T(2e 1,4, he ;) are symmetrical three-point measures at the points 0, z.;; and —z¢

(2, h) = (1 — h)dy + g(az +6.) (3.19)

(or two-point measures, if h.;; = 1) and Ty = {7(he, 14, 2¢,,) } correspond to two
sequences he, Z.; with h.;; € [0,1], 2.5, > 0. Here and later &, is Dirac mass at
a point b € R,

For these sequences one has:

(T o) = O (Tepiy Te i) = 2D Reihe g Sinh® (20 152 1,3/2), (3.20)

)
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2
—9 Z h?,;sinh’ 52’”’. (3.21)

= Z ||7Te,l,l
The log-likelihood ratio L = log (dPs /dPy) is of the form
ey = D 10g(1 + heyib(wi 2204)); €(w,2) = €77/ cosh zz — 1.

If z is a standard Gaussian variable, then

2 2122

E€(z,2) = 0, E§2(x,z):2sinh2%, B(§(z, 2)€(, 2)) = 2sinh® =2, (3.22)

and for any v € R!

2
E{(z+v,2) =2 sinh? 2~ X , Varé(z +v,2) =2 sinh? 2 5 T (e —1)sinh? zv. (3.23)

Note that
1+ hé(z,2) >1—h(e > —1) > 1—||n(h, 2)||/V2. (3.24)
Also for an integer k£ > 1 one has

E¢*(z,2) < Cy(k) exp(Cy(k)2*)(EEX (z, 2))* (3.25)

where Ci(k) > 0, C3(k) > 0 are constants (see the Lemma 1 in [10]).
Put the assumptions:
A2. Uniformly onl, 1 <1< M, for a family 7, = {m.;} = 7., one has:

|17 ||? < log M, < loglog(e™).
A3. For some small enough 6 > 0 uniformly onl, 1 < < M, for a family

e = {me;} = @y one has:

= O(e). (3.26)

sup || e
i

A4.1. Uniformly onl, 1 <1 < M for a family 7. = {m.;} = 7; one has:
sup; ze; = O(1).

A4.2. Foralln e (0,1) uniformly onl, 1 <1< M for a family 7. = {m.;} =
Tty Tei = T(hei, 2e,) one has:

>_exp(nzg;)||mell” = O(|||”). (3.27)

Put I, . = {i: 22; > cloge™"}. Note that under assumptions A2, A3 and A4.1
or A4.2 for any m; € (0,m), ¢ > 0 one has

> llmell®

iels,c

= O("||7e||*) = O (™). (3.28)
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Lemma 3.3 Assume A1, A2, A3 and Aj.1 or A4.2. Then for small enough 6 > 0

Ay = sup sup |Py(Ay < z) — ®(z)| = 0(56) (3.29)

1<I<M: zeR?!

and

Apge= sup sup [Py(Aeg <z, A <y) — @, (2,9)] = O(e%) (3.30)
1<I<k<M: zcR!

where peix = (Te i, Te k)

Proof. First for any ¢ > 0 we can assume that z2; < cloge™". In fact, by (3.28)

E0| Z he,l,ig(xi; zelz Z E() E,l,z .’IT“ZE,l,i))Z = Z ||7T6,i||2 — O(Ecm)_

iEIs,c ZEIE c iEIE,C

Note the relation: for any b € (0, 1) one can find such B > 0 that |log(1 + z) — z| <
Bz? for all z > —b. Using this relation we easily get:

Eo| D log(1 + he i€ (i, 2e.,4))]

iEIE,C
< Eol 3 hepib(@iszens)| + B Y |Imeall® = O(™/?).
i€lee o

These relations and Chebyshev inequality imply the possibility of rejection of
"tails”. Put

lgl) = Z (hs,l,if(xi, Zs,l,z’) - h?,z,if(xia Zaz,l,i)/2) )

i

lffl) = > (hs,l,if(xi, Zel) — ||7Ts,l,i||2/2)) ;

1 _ — 2 _ —
A = im0 ) = 17eall 3 B zes)

’

Note that for any b € (0,1) one can find such B > 0 that for any z > —b
|log(1 +z) — @+ 2%/2| < Blz|’.

By this inequality and by (3.21), (3.22) — (3.25) one has for some B; > 0 and small
enough ¢ >0, 0 < § < 6y — Bic:

Eolley — lSz)| < BE, Z he 1 l€(@, ze1:) | < By Z [[7e 1.4l

eXp(Blzg,l,i)

< B(Sup||7fe,l,z|| BchHWe,l,z

OE

Also by analogous estimation for small enough ¢ > 0

By —18)y? <BEozhm 4, 2e05) = 0(€?).
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By E,A\) = 0, EO()\&))2 =1, Eg()\(l))\gl,Z) = pe1x the relations (3.29), (3.30)

E7l - ) b

follow from analogous relations for A_;/ and from one- and two-dimensional von

Bahr-Essen inequalities:

> hg,l,iEO E(@i, 2e00)[° )
3 = 0(6 )’
[7ei

5 2 (hg,l,iEO E(xi, 2e00) P + B4 iBolé(mi, zep) |®
3/2
(1= 1pegaD(Imeall? + llmesl2))¥

where A(l), [ = 1,2 are absolute constants. The Lemma 3.3 is proved.

€,l

Al

€ -

A(1)

) = o(e"),

A= <

3.3 Lower bounds for ellipsoids

To obtain lower bounds of the Theorem 1 we can assume that

ue(I') = y/2logloge~! + O(1).

Fix small § > 0 and let A C K be such set that for any 7 = (k, R(k)), kK € A one
has
ue(T) < ue(r) < ue(T) + 0. (3.31)

At first assume A C Eg,. It was shown in [11, sec. 3.1, 6.4, 6.5] that for
any compact K C Eg,, D C R}, for any I' C K x D, for any b > 0, for any
T = (k,R) € T, p. > 0 such that b < u.((1,p) < €7 for small enough § =
d(K,c,C) > 0 one can find such values m = m.(7, p:), 20 = 20(T, pe) and such
sequences 7, = 7. (7, pe) of three-point measures m; . = m(h; (7, pe), 2i(T, pe)) that
the following properties hold:

P1. Uniformly on T € ' the relations (3.26), (3.27) are fulfilled.
P2. Uniformly on T €T

|7 (T, pe)|| = ue(T, pe) + 0(1); w(Ve(T, pe)) — 1. (3.32)

P3. Uniformly on T € T for some § = 6(I") > 0

uz(r,pe) = co(k)mzy(L +o(e”));
a(R)m Pz = (p/e)P(1+ o(%)),
co(k)mT 28 = (e/R) (1 + o(€)).
Here ¢(k), | = 0,1,2 are positive functions which are continuous and bounded

away from 0 and oo on any compact K C Eg,.
These relations imply that uniformly on 7 € I" one has:

ma(rp.) = dols) (ut*(r,p) B/)) ™ (14 ofe")), (3.33)
erp0) = di(Rul(r,00) (a7, p)R/2) " (1 0(eh)  (3.3)
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where
(k) =(s+1/g—1/4)"" >0, k € Eg,, (3.35)

di(k), I = 0,1 are positive functions which are continuous and bounded away from
0 and oo on any compact K C Eg,.

The sequences 7.(7, p.) correspond to solutions of special extreme problems
(see[11, sec. 5.4] and the relation (5.60) in [11]; also sec. 4.2 later). The sequences
hie(T, pe) = hi(m, 20, k), 2ie(T, pe) = zi(m, 29, k) correspond to solutions of special
systems of equations (see [11, sec. 6.2] and the relations (6.83), (6.84) in [11]) with,
possibly, small decreasing R, increasing p. and with ”rejection of tails” (replacing
of h;c or z;. onto 0 for ¢ > nt and i < n_) to obtain the second relation of the
property P2 (see [11, sec. 6.3.2 and 6.5.4]).

Let us consider two families of values 7() = 7() = ( O RWY,  pM), 1 =1,2
and corresponding families m{) = m, (7", pg ), 70 =7, (70, p). Tt was shown
in [11, sec. 6.7.2, Proposition 6.4] that

P4. One can find such constants 6, = 6;(I') > 0, { = 0,1,2, Ly > 0, B >
0, b> 0 that for 0 < 6 < 8y, L < Ly, such 7y €T that b < 70 < 79 ||k — k2| <
L, m{Y < m® and for small enough € > 0 the following inequality holds

1) =(2) 1\ %
(51)’77%(2))§B (mfg)) +e% ). (3.36)
[l [[ || || me

M, =< loge */(logloge™), 6. = (logloge *)?/loge ™, b€ (0,1).

—~

Put

By M.6. = o(1), one can construct such collections
Ae = {Tl,e; ---aTM,e} C F; Tie = (Hl,e;R(ﬁl,e)); Kie € A; [ = 17 sy ME

that
|¢("‘7l,e) - ¢(K3k,s)| > 567 1 S [ < k S Me-

By choose M,

te = \/2 log M, = \/2 logloge=! + o(1).
Thus the assumption A2 and first part of the assumption A1 hold.
Denote ﬁ-a,l - ﬁa(Tl,sapa(Tl,a))a mpe = ms(Tl,Eapa(Tl,s))- Let [ 7é k, mye < Mg.e-
It follows from (3.31) and (3.33) that for some B > 0, B; > 0 one has

Mye/Mpe < Bel#tke) =kl < Bede < B(loge ) 5. (3.37)

Put L
(7re,l7 Ws,k)

17 alll17eell”
Using (3.36), (3.37) we have for some By > 0:

Peik = 1<Il< k< M,.

sup  pesx < B(loge ™) P2 = o((log M,) ™) (3.38)
1<I<k<M.
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which implies the second part of the assumption Al. Using Lemmas 3.2, 3.3 and
the properties P1 — P2 of constructed sequences 7.; we obtain the lower bounds of
the Theorem 1 for the case A C =g, .

Assume A C Eg,. Also using results [11, sec. 3.1, 6.4, 6.5], as above, for any
compact K C Eg,, D C R%, forany I' C K x D, for any b > 0, any 7 = (k, R) €
T, p. > 0 such that b < u.((7,p.) < e~° for small enough § = §(I") > 0 one can
find such values n = n.(7, p:), ho = ho(7, p:) and such sequences 7, = 7. (7, p;)
of three-point measures 7, = m(h; (7, pe), 2ie(T, pe)) that uniformly on 7 € I" the
properties P1, P2 hold. The property P3 is replaced onto

P3a. Uniformly on 7 € T for some § = 6(I") > 0

ul(1,p:) = co(k)nh(1+ o(e”));
ci(r)n' P hy = (pe/)P(1+ o(%)),
co(k)n' TRy = (¢/R) (1 + o(e?)).

Here ¢(k), | = 0,1,2 are positive functions which are continuous and bounded
away from 0 and oo on any compact in Zg,.
These relations imply that for some 6 = 6(I') > 0

ne(rpe) = do() (wl/1(r, p /)" (14 0fe"), (3.39)
hoe(r,pe) = diWuc(r,p.) (w/o(r, p)R1€) " (140(e)  (3.40)

where
(k) = (s +1/2¢)' >0, Kk € g, (3.41)

di(k), [ = 0,1 are positive functions which are continuous and bounded away from
0 and oo on any compact K C Eg,.

Let 7 = 7, (kW RO o), m®) = m (kO RO p1) [ = 1,2. It was shown in
[11, sec. 6.7.2, Proposition 6.4] that

Pja. One can find such constants §; = 6(I') >0, I =0,1,2, Ly, >0, B >
0, b> 0 that for 0 < 6 < 8y, L < Ly, such 7y €T that b < 70 < 79 ||k — k2| <
L, mgl) < m§2> and for small enough € > 0 the following inequality holds

_ _ a1
(7, 7) nf) ,52
o) =7 \Ge) ) (442

Other considerations repeat the case A C Eg,.
The n.2 of the Theorem 1 is proved.

3.4 Indistinguashability conditions for Besov bodies

To obtain the lower bounds of the Theorem 2 we can assume that

co < uZ(7, pe(1)) < ¢ logloge ™ (3.43)
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for small enough ¢ > 0, ¢y > 0 and any (1) € A. We consider the cases A C
EGl x D3 or A C EGQ x D3,

Following to [11, sec. 7.3] for a value B > 1 let us consider families of pyramidal
sequences of the three-point measures @, = 7. (7, pe, B) = {74, 1 = (1,5) € J}, 7=
(k,t, h, R):

(& it #5" |
&g T (]_ — ]’Lj)60 + h]-(5z]. + 6_zj)/2, lf_] = _]* ! -
where ) ] ) _
{]* = Jo, hj» = hg, zj» =1, if K€ Egy;

j* = jl; hj* = ]_, Zj* = 2y, if K € EGl;
integers jo = Jjo(7, pe, B) — 00, j1 = ji(7,pe, B) — o0 and the positive values
ho = ho(T, pe, B) = 0o(1), 20 = ho(7, pe, B) = o(1) are defined by the relations
(later in this section asymptotic relations are uniform on any compact in Zg, or

2P L . (Bp, [e)?, 261028« (R/Be)i,  if k € Zgy;
2i1rp+ V) hy ~ (Bp,/e)P, 209tV by ~ (R/Be)1, if Kk € 2g,.

In these cases

) 270 54 ifkek=

B)||* < v? =<0y o
||7T5(T, Pes )|| ua(Ta pE) {2]1]7/%’ ]_fK, & EG2
which imply

1

3:0 ~ ¢1(k) log, 6:1, %f K € EGI, (3.44)
g1~ ¢a(k)logye™t, ifk € Eg,.

These relations are analogous the properties P3, (3.33) and P3a, (3.39) with m =
271 or n = 2%,
Also it follows from [11, sec. 7.3] that under assumption (3.43) for any B > 1

¢ (Ve(, pe(7))) — 1. (3.45)

Put

M, ~loge™/logloge™, 4. = (logloge™)"/loge™.

By M_.6. = o(1), for any b € (0,1) one can construct such collections
Do = {710} CT, e = (Kiey B(Kie), t(Kie)s R(Kie)), Kie €A, 1=1,..., M,

that
|O(kie) — d(kre)| > 6, 1 <1<k <M,

Put 7, = (T, pe(Te), B) with

jl — jl(Tl,E) pE(Tl,E)), if Kk € EGl
jQ((Tl,Ea pE(Tl,e)), if kK € EGz
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By choose M., t. and (3.44)

. R —1\b
\fin, 15— gl = (logloge™)" — co.

By measures in 7; are supported on one level j;, this relation implies
(M, ) =0, 1 <I< k<M,
and one can choose such ¢ > 0 in (3.43) that for small enough 6 > 0
T < (1—=208)log M., 1 <1< M..

Using (3.45) and the Lemma 3.1 we obtain the indistinguashability conditions
of the Theorem 2, n.2.

4 Upper bounds for ellipsoids

4.1 Methods of constructions

We need to provide such families of tests 1, = 9. o that
a(Yea) < at+0(1); B(Yea, Ve(l)) < (1 — a)®(H,) + o(1) (4.1)
where H, = v/2logloge=t — u.(I).

It is enough to find such family 4. that

a(he) = 0; B(Ye, Ve(I')) < (He) + o(1) (4.2)

by the relations (4.2) implies (4.1) for tests ¢. o = o+ (1 — @)9.. The constructed
families will be unions of the collections of the tests {¢.;, 1 <1 < M}:

Ye(z) = max, VYeu(z), M = M, — oo. (4.3)

For the tests (4.3) one has

ws < Z wel we; )< min 5(%1, )a v Ely (4'4)

1<I<M 1<I<M

and to obtain (4.2) it is enough to construct such collections of the tests t.; and
of the sets I'y C I', Ui<j<pI'y =T that uniformlyon [, 1 << M

ale)) = o(M1); (4.5)
B, Ve(In)) < @(He) + o(1). (4.6)

We will consider (see [11, sec. 5.3]) the tests 9. ; = ¥(hey, Z.,;) of the type
(h2) = 1, >nux; ., t=te=1/2logM (4.7)
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which are based on the statistics
Ly (z) = [ Z hi€(zi, z;).

Here # = 7(h,2z) = {m;} is a sequence of three-point measures (3.15). The set
X5.» = {z : sup;|z;|/T; > 1} corresponds to the threshold procedure : for small
enough § > 0

(4.8)

T: =/(2+8)A; , A; =log(||m]| %) —22(1—46) if||m] >0

(we assume T; = 0, if sup; ||m;|| > 1 or A < 0). These tests are defined by collections
hey = {heit}, heig € [0,1], Zey = {2zeia}, 2eig >0; 1 <1< M. (4.9)
Introduce families of sets

Rea={i:Ai1/9< Z?,i,l <9A. .}
and put the assumption (see the assumption B4 in [11]):

A5. Uniformly on [, 1 <[ < M for some families n.; — oo, N.; — o0,
log ne,; < log N, for some values 6 € (0,dy) in (4.8), where d; > 0 is an (absolute)
constant, any i € R, ;, any r = r(7), p = p(7), 7 € I'; and small enough § > 0 one
has:

[Acis —log Neg| < 680, NoJ <ifneg < N2y, nfiNY? = O((po(7) /) ) NZ))
(we denote r = r(7), p = p(7) the components r, p of the vector 7 € T).

It follows from [11], the Corollary 5.2 that under assumptions A2, A3 and A4.1

or A4.2 joint with A5 on the collections (4.9) one has for small enough d; > 0, d5 > 0

a(e)) = O(—t.) +o(e") = o(_M’l), (4.10)
Bt V) < Bt~ int (Ror, B)/[7al) +ole). (41)

Here
V(D) = U Velr,0:(7)), pe(7) = (L= 1.%)pe(7), 80 = {6} (4.12)

Thus it is enough to construct such family of collections (4.9) that the assump-
tions A2, A3 and A4.1 or A4.2 joint with A5 hold and such family of partitions
I'ycr, UISZSMFI =TI that

il (Ter, 00)/|1Teall) 2 ue(l) +o(1). 4.13
i, Il (Feg, 5)/[Fel) > e(F) +o(1) (4.13)
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4.2 The construction of collections of tests

To obtain the upper bounds we can assume

ue(l) = Hellf“ ue(T, pe(1)) < Sg“) Ue (T, pe(T)) < ue(T) + 0(1) ~ y/2logloge~!. (4.14)
In fact, let u.(7, p(7)) > u.(T') + b, b > 0. Then, by making p.(7) smaller and by
ue(T, pe) is monotone and asymptotic continuous on p, (see [11, sec. 5, the Remarks
5.3 — 5.5]) we get the case u.(7, pc(7)) = u(I') +0(1) and obtain wider alternatives
Ve(T, pe(7)).

Let us consider partitions of I' onto M = M, sells I'; of following type. Let
I = T UT® where T® = {r ¢ T : k(1) € K®} corresponds to subsets
K® = Kn E¢., k =1,2. The partitions of I'®) correspond to partitions of K (*)
by levels of the function ¢(k) with the step

1
(logloge=1)bloge—1!

Al <
and to the partitions of the other parameters ( p,q,7, R ) with the step A, =<
(logloge 1) . These yield

M, < loge '(logloge™)?, B = 5b,

which implies the Assumption A2.

For 7 € I let us consider the radiuses p,(7) which are defined by (4.10) and
the sequences {h. (T, p.(T)), 2.i(T,p.(7))} which were constructed in [11, sec. 6]
(also see sec. 3.2 above. The sequences 7. (7, pe) = {m(hei(T, pe), 2ei(T,pe))} of
the three-point measures (3.19) provide the minimum in extreme problem

u(r,p) = I7(r,p) | = _int |

where

(7, pe) = {7 : ZEMZ'T”|U|” > (pe/e)?, ZE,riz'sq|v|q <(R/e)'}; 0< p,qg < 0

with evident modification for ¢ = co. By the relation (see the Lemma 5.1 in [11])

inf Te(Ty Pe), T) /|| Te(T) Pe)|| = Ue(T, Pe
NGV ROV EXCYRIIEACYS

and by the embedding
{gva v E ‘/;(Ta ps)} C HE(T’ pE)
these relations imply the inequality

inf  (7e(7, pc), 00)/||7e(T, pe)ll = ue(T, pe). (4.15)
UEVE(TyPE)
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Put B
hie =A{hepi}, Zie = {zeni}, Teq = {m(hepiy 2e04)}
where

he,l,i = sup he,i(Ta p’s (T)), Ze,li = Sup ze,i(Ta p:z (7—))
Tl Tl

It is clear that for any 7 € I';, v € [,

(ﬁa,l’ gv) > (7 (T, p:z)’ gv) > ue(T, p:z)

and u, (7, p.) = u(I') + o(1) by continuous properties of the functions u.(7, p;).
Thus it is enough to show that

ugy = [|Teall < ue(T) + o(1) (4.16)

and the collections of sequences 77;, 1 <1 < M satisfy to the Assumptions A3 —
A5.
Remind that the families h.(7, p.), Z.(7, p.) are defined by families

me(Ta pe): ZO,E(T’ pe); K€ EGl

or by families
ns(Ta Pa), ZU,E(T) Pa), K€ EGz
and by functions ¢;(k), [ = 0,1,2 with the properties P3 and P3a (see sec. 3.3).
Also it follows from the representation of these functions (see [11], the relations
(6.100), (6.127) ) that ¢(k), { = 0,1,2 are uniformly continuous and smooth on
any compact K which has not intersection with sub-manifolds {I = 0}, {p =
q}, {p = 2} and {A = 0}. This implies Lipchisian properties of the functions
di(k), | = 0,1 in the relations (3.33) - (3.35), (3.39) - (3.41).
By these relations one has the relations for the values

m®) = m, (1, 0.(1)), 28 = 200 (7, p (7)), k=1,2:

uniformly on 7, 7 € I'® for some § > 0

1 1/2 K1)
mg) _ do(ﬁl)( ) E¢(n2) (K 1)(1 +0(€5)),
mg) do(@)( 1/2 ) k2)
(1) 1/2 1/2 —¢(rk1)/4
0 _ dy(k1) ue 1 (U Ry) 6(¢(m)7¢(52))/4(1 +0(€5)),
z[(]gs) dy (k2) 1/2( 1/2 Ry)—4(x2)/4 ’

or for the values n{¥) = n.(7, p. (1)), hg’;) = ho(Tk, p.(72)), k = 1,2: uniformly

on 1y, 7 € I'® for some § > 0

k)

! 1/q b(k1
’I’LE;) _ dO(H/].) (u6711R1) ( ) (}5(52)*(}5(51)(1_’_0(85)),
n® do(K2) (ull? Ry)#(n2)
(1) I/QI — bk 2
hoc - dy (k1) Ue(uey Fr) $(k1)/ (dalxa) ¢2(n2))/2(1+0( )
i) dy (k2) uE,Q(ui/Z‘” Ry)—#(r2)/2

)



here u. ; = U1 (T, p.(71)), the function @(x) is defined by (3.35) and (3.41).
By the choose of partitions one has

sup  |r1 —ra|+[s1 — so| + |p1 — pao| + a7t — a5 |+ | R — Ra| = O(A,) (4.17)
€y, k=1,2

Also by the relations above, by (4.14) and by Lipchisian properties of the func-
tions d;(k), [ = 0,1 one has for T; c '™

sup  |m®B/m® — 1]+ |58 /28) — 1] = O((logloge 1) ?) (4.18)
€', k=1,2

and for T, c T®

sup | /n® — 1] + |A§)/RE) — 1] = O((logloge ) Y). (4.19)
Tkel_‘l, k:1,2

It follows from [11, Proposition 6.3] that if K has not intersection with sub-
manifolds {I = 0}, {p = ¢}, {p = 2} and {A = 0}, then the relations (4.17)
- (4.19) imply for b > 1/2

uz; = ue(Vi)(1 + O((logloge ™) ™") = uc(T) + o(1)

which imply (4.16). Also using the Propositions 6.1, 6.2 and by the Corollaries

6.1, 6.2 in [11] (where the asymptotics of the sequences h(7), h.(7) are described)

analogously to the estimations in [11, sec. 6.3.2, sec. 6.5.4] one can check that the

Assumptions A2, A3 and A4.1 (for p < q) or A4.2 joint with A5 (for p > ¢) hold.
Thus the upper bounds of the Theorem 1, n. 1 are proved.

5 Upper bounds for Besov bodies

5.1 Test procedure

For Besov bodies case we can assume u.(I')/y/logloge=! > C + o(1) for large
enough C' = C(I') > 0. Under this assumption wee need to construct such family
of tests ¢, that

a(e) = 0; B¢, Ve(T)) — 0. (5.1)

We assume later without loss of generality that uniformly on 7 € I’

ue(T, pe(1)) ~ Cy/logloge1. (5.2)

Using standard embedding properties we can assume that ¢t = oo and h < p.
For this case the asymptotics of the values u.(7, p:(7)) have been studied in [11,
sec. 7]. We may use methods analogous to previous section which are based on
small enough partitions of I onto sells {I';} and on using of unions of tests for all
sells. However we prefer to give direct constructions.
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First, put

Veo = Lx. o, Xep = {mjax 1glii§i{|xij| > T} (5.3)
where
2(log2)J. o if j < Jep, -1
€ = - - o , Jeo < logloge™.
\/2(10g 2)j +2logj), ifj>Jep

Note that these tests provide distinguishability for the region D of degenerate type
(see sec. 1.2 and [11, Theorem 7]).
Next, for j > J. o let us consider statistics

27

l; = 9~ (i+1)/2 Z(xZ. —1)

Ly

=1
and note that
Eol; = 0, Eol? =1, Eglj =0(1); (5.4)
E)l; = 270+D/2 ivfj, Var,l; <1+27071 ivfj. (5.5)
=1 =1
Put
dalzlxm,X;1:{£ﬁ§@ﬂn:>u,7;:2 logj. (5.6)

At last, fix a value ¢ € (0,log, 2/C5(2)) where C3(2) is the constant from (3.25)
and put
K = K(j) = (loglog j)/2, K(c,j) = K +cj*/%

For levels

i1 Jeo<j<J.1 < (logloge ') loge™*

let us consider collections of statistics
27 . 27
Lk = luje = (277" sinh®(27,,/2)) 7> E(wg, zix), 1 < k < K(c, §)
=1

=1

where

= eb1/\/logj, 1<k<K
i* =\ VE=K, K <k < K(c,j)

which correspond to normalized sequences of measures
ik = Tj(2ik) = {mg(2i4), 1 < 0 < 27},
supported on the level j:

mi(z) = w(h(z,4),2), h(z,5) = (27 sinh®(22/2)) V2% ||m(2) [ = 1. (5.7)
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Put
w&',].,k = ]'l]"k>t]') t] = 210g‘]

We consider the tests

ws - maX{"ﬁa,Oa ¢s,1a JE,OIQ_?S)(JE,I 15152?()((0,j)¢5;j’k}' (58)

Remark 5.1. The structure of the tests (5.8) is close to adaptive tests which have
been proposed by Spokoiny [17]. Particularly, the tests 9., .1 are analogous to
the tests ¢n 00, @n2; n~12 =¢in [17]. The main difference is that we use the tests
Maxi<k<k(c,j) Ye;jk i Place of the tests ¢, ; and maxy @np 2y, ; which are based on
the statistics 3, |z,;? and 2, (|z,;[P1(|z.;| > Ax) for fixed p > 2.

Remark 5.2. 1t follows from the considerations later that we can use the tests
Yep, Ve only, if it is known that k € Eg,. Also, it follows from the Remark 5.3 to
the Proposition 5.1 later that if it is known that s > r forp > qors+1/¢ > r+1/p
for p < g, then we can consider only finite number j < J.; in the tests ¢ g, ¥.1
also.

5.2 First kind errors

To estimate first kind errors note that

a(%) S a(%,o) + a(we,l) + Z Z a(we;j,k)- (5-9)

Je,0<i< e 1<k<K(c,f)

First, one can see that

a(teo) < Y PT(-Ty) < Y :

——— = 0(1). 5.10
i>Jeo jZJs,oj(logj)3/2 o) (510)

Next, using Gaussian approximation, Bahr-Essen inequality and relations (5.5),
one can easily check that

a(Ve1) < > (2@(—2 logj)—|—0(2j/2)> = o(1). (5.11)

.7.21]5,0

At last, note that Egl;j, = 0, Vargljr = ||7;.|> = 1 by (3.22), (3.25) and by
d=1—Bc/log2 >0, B = Cy(2), we get:

Rjp=> El;, =0 (Z_j exp(Bcj)) = 02779

which yield the asymptotic normality of statistics /;; and estimations of the accu-
racy in Bahr-Essen inequality. Using this inequality, we get:

> Y Plix>t) < Y Y (20(—tj) + O(R;x)) = o(1).

Je,0<i<Je,1 1<k<K(c,j) Je,089<Je1 1<k<K(c.j)

These relations and (5.9) imply a(¢.) = o(1).
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5.3 Second kind errors for particular tests

To obtain the second relation in (5.1) under assumption (5.2), for any family 7 =
7. €I, v=v. € V. = V(7¢, pe(7)) one needs to find such | = I.(v.), [ = 0,1 or
L=(05,k), J=1Je k=ke, Jeo << Jeq, 1 <k < K(cj) that

ﬂ(¢5,lavs) — 0. (512)

First, let us consider such families v, € I, limsup, ; |ve,;|/T¢; > 1 (we assume
later without loss of generality that there exist all limits under consideration as
g — 00.) One can easily see that for all such families that

ﬁ(¢s,0(vs)) < ILI}]f(I)(TE,] - vE,L,j) = 0(1)

Next, let us consider such families v, € l5 that

27
lim sup H;(ve)/T; > 1; H;j(v) = E,l; = 2_(”1)/22@?]-.
=1

jZ‘]E,O

Using Chebyshev inequality and relations (5.5) one can easily see that for all such
families

G2y
B(Wea(ve) < inf = stj(vs) _%)(2 ) _ o1)

At last, for any (j,k) : Jeo <j < Jep, 1 <k < K(c,j), let us consider families

Ve € Iy limsup |v,, ;|/T.; < 1, lim H;g(ve)/t; > 1
L’j

where )
H]"k(v) = Evlj’k = (’ﬁ'j’k, (5,,) = 2hj,k Z SiHhZ(ULij’k/2).
Using the relations (3.23), the equality
e —1 =2 sinh2(:z:2/2)

and inequality
sinh? z < e” sinh®(z/2)

one can see that for all such families

Varvlj,k S 1+ h,j’k sinhQ(z?’k/Z) exp(zﬁkTE,j,o + Z]?’k)Hj’k(U)
< 142792 exp(zjpT o + 254/2) Hiw(v).

For small enough ¢ > 0 by the inequality
2 Te0 + 2/2 < ((210g 2) e + ¢ /2)f < (log2/2)j
and using Chebyshev inequality, we get:

B(Yeiji(ve)) < Varyljr/(Hjr(ve) — t5)° = o(1)
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for all families v, under consideration.

Note that the set X, = {z : ¢.(z) = 0} is convex and symmetrical on all
coordinates z,;. By Anderson’s lemma (see Ibragimov and Khasminskii [5]) this
implies the inequality

B(1e(v)) < B(4e(9)),
where i (1) € J
. s Uy, (L)) € Je
LR bR P
for any fixed family of subsets J. C J = {(¢j)}.

The estimation above show that to obtain (5.12) it is enough to establish the

following

Lemma 5.1 Under assumptions above one can find such constant C = C(I') > 0
in (5.2) that for all families 7. € T, all families v, :

Ve € Ve = Ve(7e, pe(7e)) : limsup [v,5]/Te 5 < 1 (5.13)

L]

there exist values 6. = o(1) and sets J, C {Jep < j < Je1} such that 5 = 0.(Jc) €
V; - ‘/E(TE) ﬁs(Ta)) with ﬁa = (1 - (55)p5 and either

limsup H;(?.)/T; = limsup H;(v.)/T; > 1; J. C{j > Jep} (5.14)
J j€Je
or
limsup sup H;jx(9:)/t; =limsup sup H;x(ve)/t; > 1. (5.15)
i 1<k<K(c.j) €T 1<k<K(c.j)

5.4 Proof of the Lemma 5.1

Let @, be the values u.(7:, p.(7:)) corresponding to p.(7) = (1 — d.)p.(7); values
d. = o(1) will be defined concretely below. It follows from investigation of extreme
problem in [11, sec. 7] ! that under assumptions (5.2) and for t = co, 0 < h < p
one has:

’U,E(T, ﬁe) ~ ’U,E(T, pe)
uniformly on 7 € I" which imply

ﬂa ~ U = ua(Tsa pE(TE))'

Remind that for t =00, h <p

wlrp) = (el = _inf 7]

1To simplicity the only the case p # ¢ is considered in [11, sec 7.1]. For the case p = g one
can easily see that all necessary hold true also.
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where

(7, pe) = {7 : (2™ 3 B J0I)*? > (pe/e)", sup2°¥ Y By |v]? < (R/2)}.
2 J L

J

Also (see [11, sec. 7])

ﬂ-b]';E(T’ Pa) = ﬂ-(hj((T’ Pa), ZJ'((T’ Pa))

are three-point measures and there exist such values

20 = ZO,E(T) ps)ajl - jl,a(Ta ps)a if K € EGl
or
h'O - hO,s(Ta pa)ajO = jO,s(Ta pa)a if K € EGz

and functions d;(7), | = 0,1,2 which are bounded away from 0 and oo that for
K € EGl

0 \P . /R\? .
u?(T, ps) ~ dU(T)Zgzh’ (%) ~ dl(T)ZgQ(lJrrp)]l, (;) ~ dZ(T)Zg2(1+s(I)]1 (5.16)

or for k € Eg,

, 2\ P  /R\Y .

ug(T, ps) ~ do(T)h,%ZJO, (p_> ~ dl(T)h02(1+Tp)]0, (_) ~ dz(T)hoz(lJrs(I)Jo_ (5_17)
£ £

Note that the relations (5.16), (5.17) and the assumption (5.2) imply that uniformly

onTel

. -1 jl, if Ke € EGl
Je = loga » Je = {jO; if Ke € EGQ ' (518)
Alsoif ks, € Eg,, thenr+1/p—1/4>0, s+1/g—1/4> 0 and
1 p ) q
(pe/€) = u;/2211(r+1/p—1/4), (R/e) =< u;/22j1(s+1/4—1/4); (5.19)
if k. € 2g,, then r+1/2p > 0, s+ 1/2¢g > 0 and
(pe/€) < ul/Ponr+1/2p) (R /e) < gl a9 (s+1/24) (5.20)

Let 7, = {@¢ ;} = 7(7%, pe) be the family of sequences which corresponds to f.:

||ﬁ-€|| ~ ue(Te; pe) ~ C\/ log logsil- (5.21)

One can easily see (compare with Lemma 5.1 in [11] and sec. 4.2 above)

17t inf (7e(7,pe), 00) > |I7e(7, e (5.22)

(T, Pe
I7e( pe) vEVL(7,pc)

which implies that for all 5 = 4, € V.

||7”r6||’1 Z 2h, Z sinhQ(zE,jf)L]-/Z) = Z Te i (e j, &;E) > C'y/logloge=1(1+ o(1))
J L J

(5.23)
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where . o o
_ Y||FellP . 27h;sinh®(22;/2)

Tei = -t = in2 12,2 >y =1
17l > ¥k jsinh®(22;/2)"
and 7. ; = Tj(z¢;), |7 ;|| =1 are normalized sequences defined by (5.7).

It follows from the study of extreme problem in [11] (see [11], Proposition 7.1,
where asymptotics of the sequences h.; = h. (7T, pc), 2 = 2.;(T, pe) have been
described, and [11, sec. 7.2] where asymptotics (5.16) and (5.16) are established)
that for all 7. € I" there exist values a = a(I') > 0 and b = b(I") > 0 such that for
small enough e

re; < a2 bliJl (5.24)

where j* is defined by (5.18). The relation (5.24) implies that
> rej(L+1i—jil) < B=B(I)

J

and using (5.23) one has:

sup(7e,j,0s.)) /(1 + |7 — 3Z]) > C1y/logloge (1 + o(1)); Cy = C/B. (5.25)
J
We can assume later without loss of generality that kK = k(7.) € Eg, or k =
k(7:) € Eg, and consider differently these cases. Also without loss of generality we
can assume that various necessary relations later between parameters p, ¢, r, s hold
true for all small enough € > 0.
The following simple proposition will be used later.

Proposition 5.1 For a set J, C J denote

af =23 fvyl", De(Je) = 3 aj/(pe/e)"
¢ jeJe
Assume (5.2) and v = v, satisfy to (5.18). For anyn > 0 put J;, = {j < Jeo}-
Then D.(J-) = o(1).

Proof of the Proposition 5.1. Note that under assumption (5.13) we have:

& = (2P, j < gy

which implies

> a;.l = O(J:(/)22(Th+h/l’)-]5,0) — O((loge™")P)

j<J€,0

for some B > 0. From the other hand, under assumptions (5.2) the relations
(5.19), (5.20), (5.18) imply: (p./e) = o(e~?) for some b > 0. These relations imply
De(J.) = o(1).

Remark 5.8. Assumep >¢q, 6 =s—r>0o0rp<gq, 0 =s+-r+1/g—1/p>0
and put (J) = {j > (J.1}. Then analogous estimations show that D.(J) = o(1).
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In fact, note the inequalities:
27) " |uy|* < (R/e)!

and

O |z < (30 |2l Y9, ifp > g5 (071D &)V < (nh Y |aal )Y, ifp < q.
i=1 i=1

i—=1 =1

Using these inequalities, we get: a; < 27%. It follows from (5.19), (5.20), (5.18)
that (R/p.) = O(e~®) for some B = B(T') > 0 which imply

Dc(J) = O((R/p:)"2 M=) = o(1).

5.4.1 The case Kk € Eg,

Note that this case corresponds to all p < ¢, p < 2 and it is possible for ¢ < p < 2
and for 2 < p < ¢ (see Fig. 1 — 4 above).

First, assume p < ¢, p < 2 (we omit index £). These relations imply (see [11,
Proposition 7.1]) 2 then there exists § = §(T') > 0 such that if 7 € Z, N T, then

sup 2 j (7. )20 mexU0) — (1) (5.26)
J

Fix small enough n > 0 and put
Je = {.7 ¢ Je_}a 66 = DE('JE)

Using the Proposition 5.1 we have: 9, € V. with §, = o(1).
Using (5.26) and (5.13) one has:

sup |v.j]2e.; = o(1),
Lj

and by sinhz ~ z as z = o(1), we get:

(e jy 0u) ~ H;(v). (5.27)

Using (5.25), we obtain :
sup H;(%.)/(1 + |j — jZ|) > C1y/logloge=*(1+0(1)), C, = C/B(T) (5.28)
J

and if Cy > 2, this relation and (5.18) imply (5.14).

2 The case p # q is considered in [11, Proposition 7.1] only. For the case p = q one can easily
see that if p < 2, then h.; = 1, max;<j, z.; = o(e?) and z.; = 0 for j > j; ; if p > 2, then
ze,; = z(p) for all (¢,7); he; =0 for j > jo. Thus we can assume z. ; = 0 for j > j* in the case
p=gq.
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Next, assume ¢ < p < 2 or 2 < p < q. Remind that inclusion k € E¢, implies
the relation: I = I(k) < 0 where I = 2¢gs(p —2) —2pr(¢—2)+p —q.

Denote .
bej =273 |vigl"/(pe/e)". (5.29)
Fix n > 0 and let J* = J*(v.) = J2(v.) N J? where

Je(ve) = {52 Jeo: Hj(ve)/T; <2},

o _ iR, it g<p<2,
& {J570§j<j1(1—7])}, if q>p>2

Proposition 5.2 Under assumptions above there exist T = 7(n,I') > 0 such that

sup b, ;277791 = o(1).
jeJr

Proof of the Proposition 5.2. Using Holder inequality, forg < p < 2o0r2 <p<gq
one can obtain that

(a—p)/(¢—2) (p—2)/(a—2)
2
¥ b < (sl (St |

S lvl < (R/e)P, Y uil? < 4(log §)! /22072,

L L

Because

using relations (5.19), (5.2), after simple arithmetical calculations, we get:

bej < Bugq—p)/Z(logj)(q—P)/2(4—2)2—1(1'—1'1)/2(4—2)

which implies necessary relation.
Put
Je={j ¢ (J-NJ}, 6 = D.(J.).

Using the Propositions 5.1, 5.2 we easily get : 9. € V. with 6, = o(1).
It follows from [11, Proposition 7.1] that there exists 6 = 6(I') > 0 such that if
kE€Zg NI g<p<2o0r2<p<agq,then

sup ()2 ™09 — (1) (5.30)
JgJ

which imply (7. ;,8,) ~ H;(v) uniformly on j ¢ JO. Using (5.25), we obtain (5.28)
which imply (5.14).
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5.4.2 The case k € Eg,

This case corresponds to all p > ¢, p > 2 with A = sq — rp > 0 and it is possible
for2<p<gandfor2>p>gq,if I >0and A > 0 (see Fig. 1 —4 above).
First, assume 2 < p < gq. Put

Je = {J ¢ JE_}’ 0c = DS(JE)-

Using the Proposition 5.1 we have: @, € V. with §, = o(1).
Fix small enough n > 0. It follows from [11, Proposition 7.1] that there exists
A=A)>0, 6 =6(I') > 0 such that if k € E¢, N T, 2 < p < g, then

% S {251', if 5> jo(1+17) (5:31)
which imply (7. ;,8,) ~ H;(v) uniformly on j > jo(1 + 7).
For j < jo(1+n) put
k= ka,j = mll’l{k %5k Z Zs,j}-

Note that 1 < k < O(K(j)) because (5.31). If z.; < z;1 = 1/4/logj, then
2e,;|v.j| < 2, and by choosing z;, we have:

sinhz(z57]-vbj/2)/ sinh(zi]-/?) > sinhZ(zk,jvbj/Z)/ sinh(z,%,j/Z)

for some (absolute) constant ¢;. This relation implies

Hj,ks(ﬁe) = (ﬁj,kﬁ (555) Z 01(7_1'6’]', 655)‘ (532)
Thus, using (5.25) we get:

max{ sup Hj ;(%)/(L+1j—j|), sup Hj(1+1]j— 30}
j<do(1+n) j<do(1+n)

> Cyy/logloge=1(1+ o(1)), C; = 1C/B(I).

This relation and (5.18) imply (5.14) or (5.15).

Next, assume 2 < p, ¢ < p or 2 > p > q. It follows from [11, Proposition 7.1]
that there exists A = A(T") > 0, 6 = §(I') > O such that if k € E¢, N[, g <p <2
or 2<p,p>q,then

Z'<{A, lfjgj(]a
VAV = g0, iG>0
Fix small enough n > 0, such that z.; < K(c,j)/2 for j < jo(1 + n). Denote
J'={j>jo(1+n)}.

(5.33)

Proposition 5.3 Under assumptions above there exist T = 7(n,I') > 0 such that

sup b, ;270770 = o(1).
jeJt
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Proof of the Proposition 5.3. By p > q, using the inequality
> vl < maxfo 1Y v,

and because
> [viil? < (R/e), maxv,| < 2(log5)"/?,

L

using also relations (5.19), (5.2), after simple arithmetical calculations, we get:
b < B(logj)(pfq)ﬂgﬂ\(jfjo), A=A(k) >0

which implies necessary relation.
For j < jo(1+7n) put

k=k.;=min{k: z=Fk/j"?> 2}

Note that 1 < k < K(c,j) because (5.33). Then, analogously to (5.32), we can
find such (absolute) constant ¢; that

Hj,ks(ﬁe) = (7_1']"]‘,5,(555) Z Cl(’l_l'g’j, 6{,5).

Thus, using (5.25) we get:
sup Hyp,,(5)/(1 + | — 321) > Cay/loglog=1(1+ o(1), Cs = O/ B(T).
J

This relation and (5.18) imply (5.15).
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