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1. INTRODUCTION

Exponential decay of correlations is an essential property of many short range spin lattice systems
and sub-critical percolation models. In a variety of cases a typical argument is either based on
perturbation type estimates, or on super-multiplicativity properties which, for example, stem from
positive association of spins in the underlying field combined with a hard qualitative analysis to
assert that the corresponding decay rates are non-trivial. Thus a sharp characterization of the
whole of high-temperature region by the exponential decay of connectivities was accomplished in
[1] and [2] in the case of the independent percolation and the ferromagnetic spin models with pair
interactions respectively.

Many works were also devoted to the study of the, typically polynomial, prefactor near the
decay exponent. Results in this direction usually come under the umbrella name of “proving
the Ornstein-Zernike behaviour”, which is a reference to the original work [12] on classical fluids.
Besides providing yet another more precise formula, any such result requires an insight into the
fluctuation structure of the corresponding random quantities of interest and is, moreover, naturally
related to the intrinsic geometry of the problem.

So far the results were obtained in three main directions (we do not attempt here to provide a
complete bibliography and apologize for the missing references):

1. At very high temperatures perturbation techniques such as [13] and, more recently, [11]

2. At any sub-critical temperatures, but for a more restricted class of models and only along
specific (for example axis) directions, using coarse graining procedures and analyzing natural
renewal structures of the models under considerations [7], [6] and references therein.

3. A completely different robust approach was developed in [3], [4], [5]. It leads to powerful lower
bounds on prefactors near the decay exponents for a wide range of models, but fails to pin
these prefactors exactly.

Our work here belongs to the second category above and is, in fact, an extension of [7], [6]. In
particular we heavily rely on their ideas throughout the article. Our main result asserts complete
precise asymptotics of decay in any direction for the two-point function of the simple self-avoiding
walk on the integer lattice Z?. For the sake of convenience we formulate it as two separate theorems:
Theorem A below describes the asymptotics itself, whereas Theorem B deals with the properties
of related geometric objects.

Below we use (-, -)4 to denote the usual scalar product on R? and || ||4 to denote the correspond-
ing Eucledian norm. Given the value of the parameter 8 € (0,00), the full two point function
98(z,y); =,y € 7.4, of the d-dimensional self-avoiding walk (SAW) is defined as

gp(z,y) = Y e Pl (1.1)
wiz—Y

where the above sum is over all lattice self-avoiding paths w leading from z to y, and |w| is the
number of steps in w. We assume that 8 is chosen above the threshold 8 > B.(d), so that the
expression on the right hand side of (1.1) is always finite (see [10] for more details).

Of course, gg(z,y) = g3(0,z —y) 2 gs(z —y), and gg(-) is symmetric in all of its arguments.
It is easy to show [10] that V 8 > (. the “bubble diagram”;

Bi(f) = Y gs(z)?,



gz +y) _ g5(z) g5(y)

Bi(5) = Bu(B)Ba(d)’ (12)

and, consequently, the decay rate

rs(@) = — lim - log gs([na)) (1.3)

n—oo M,

is a well defined, sub-additive and homogeneous of order one function on R?. Moreover, as we
shall see in Section 3, 73 is a norm for each 8 > (.. By the super-multiplicativity, Vz gg(z) <
Bgexp{—73(z)}, and (1.3) can be restated as a logarithmic asymptotic equivalence;

gs(z) = exp{ —||x||m(ﬁ)}-

In [7] and [6] precise rates of decay of gg were obtained along lattice directions, that is for z =
(z1,...,zq) satisfying |z;| < |z1]; ¢ > 1. Our theorem below gives precise decay rates of the two
point function gg in any lattice direction and in any dimension d > 2:

Theorem A. In any dimension d > 2 and for every B > B.(d), uniformly in ||z||4,

g5(@) = p(n()) WWM( L+o(1) ), (1.4)

where n(z) = z/||z||a € STt is the unit vector in the direction of x, and the correction coefficient
g is an analytic function; Vg : Sl R,

Theorem A is a local limit result based on the peculiar renewal structure of connectivities. In
Section 2 we prove the corresponding general statement in the context of d-dimensional renewal
arrays. The proof of Theorem A is completed in Section 4, where we also obtain an exact expression
(4.16) for the correction term .

We shall see that the precise assymptotics of the two-point function gg are closely related to the
geometry of the balls UP(a) in the Tg-norm;

UP(a) 2 {z:73(z) < a}.
Let us call the level sets of 7g; dUP(a), equi-decay profiles. Since 73 is homogeneous of order
one, equi-decay profiles at different values of a are just dilatations of one another. Thus it would
be enough to consider only the unit 75-ball. Set us 2 UP(1). The geometry of UP is studied in

Section 3, where we prove:

Theorem B. In any dimension d > 2 and for every 8 > B.(d) the boundary of OUP (and hence
of any equi-decay profile) is a compact analytic strictly convexr surface whose Gaussian curvature is
uniformly bounded away from zero.

2. ORNSTEIN-ZERNIKE EQUATIONS

We follow [6] and say that two functions h : N x Z% — R, and f : Z, x Z¢ — R, satisfy (nor-
malized) Ornstein-Zernike equations, if

n

h(0,k) = do(k)  and  h(n,k) = Y Y f(m,D)h(n—m,k—1). (2.1)

m=1]c74d

Intuitively, h(n, k) represents a connectivity function from the origin (0,0) to the point (n, k) €
N x Z? inside the d + 1-dimensional strip {0,...n} x Z% Our main objective here is to derive
precise large-n local asymptotics of h(n, k). Naturally this task is meaningless in the whole of the



ol simplicity we assume that f 1s strictly positive;

f(m,l) > 0 VYm >1and [ € Z4 (2.2)
More important, we assume that the “mass” of h(,-);
A fim X (k)
mp(t) = nll)rglo - log;h(n, k)e'™"), (2.3)

is bounded for ¢ € R? in some open neighbourhood of the origin. One of the crucial steps is, then,
to verify certain analyticity properties of my inside its effective domain. These properties in their
turn are intimately related to the renewal structure imposed by (2.1):

Notice that Vz € C¢, the functions h,(n, k) = e**ap(n, k) and f,(n, k) ek f(n, k) also
obey Ornstein-Zernike equations. In particular, due to the non-negativity of f(-,-) the extended

(that is R 2 RU {o0}-valued) functions

Ho(t) 2 Y hi(nk) = Y eltFin(n, k) (2.4)
k k

A

are super-multiplicative for each real t € RY. Consequently my in (2.3) is well defined as an
extended function. Moreover, my is convex. Let us then define the effective domain of my as

Dy 2 {teR: my(t) < oo}

Then the assumption on the finiteness of the mass we made earlier simply reads as 0 € int (DH).
In a similar way we define

Fu) = e k) € ..
k
In general the existence of the mass of f(-,-) cannot be asserted. We, nonetheless, define:

1
m(t) 2 lim sup log I, (¢).

n—o0

Clearly, mp is also convex , and, since,
V(nk)€ZyxZ  0< f(n, k) <h(n,k), (2.5)

my is finite on Dy.
Because of the non-negativity of the coefficients (2.5) the functions H, and F,, are well defined
and analytic in the open strip Sy C C¢,

Sy = {z€C: Re(z) €int(Dy)}.

Summing out the Z%variable k in the Ornstein-Zernike equations (2.1) for h, and f, , we obtain
that Vz € Sp, the functions Hj, (z) and F, (z) obey the usual renewal relation

n
Ho(z) =1 and  Hp(2) = Y Fn(2)Hnm(2). (2.6)
m=1
These renewal relations have a dramatic impact once a separation of masses type condition is
assumed:
Theorem 2.1. Assume that ty € int(DH) s such that,
mH(tU) > mF(tU). (2.7)

Then 3 a complex neighbourhood uc of to in C%, such that:
(a) For n large enough,

H,(z) # 0 on U, (2.8)



uniformly in z € U™,

1 1
Elog]HIn(z) — mp(z) = Elog,u(z) + o(e ™), (2.9)
where,

-1
o (Sremiono) £ o
s analytic on uc
(¢) If, furthermore, the Hessian D*my(ty) of mu at to;
D*my(ty) is positively definite, (2.10)

then the following asymptotic (in n) description of h(n,k) for k/n close to x 2 Vmp(to)
is valid: Let (n,k) € N x Z4 be such that

% = Vmpg(t) (2.11)
for some t € U NRA, Then,
= uit) exp{ — nmg k 0
Mk) = s p{ —nmi(2)}(1+0(1)), (2.12)

where my; is the Fenchel-Young transform of mpy .

The proof of the first part of the theorem is, to a large extent, built upon the ideas and techniques
of [6] and [7]. The link to the local limit behaviour of A comes with the Lee-Yang type condition
(2.8) which was apparently overlooked in the later papers.

Notice, first of all, that under the mass-gap condition (2.7) of the theorem, the sequence
e "mu(t)[, (¢y) is a proper probability distribution,

> e mmulo)F, () = 1. (2.13)
Indeed, by the virtue of (2.7), the function
o(r) £ D rte "M, (k)

n
is well defined and continuous for r € [0,e™a(to)=mr(t0)) 5 [0,1]. If ¢(1) > 1, then one can find
r € (0,1), such that ¢(r) = 1. Thus r"e "), (t,) becomes a proper probability distribution
which generates via the renewal relation the sequence r”e_”mH(tO)Hn(tg). Consequently, by the
renewal theorem,

-1
. n_—nmy(to) — ( n_—nmy(to) )
nll)rgor e H, (to) ;nr e F,, (to) > 0,
which implies mpy(ty) = mm(ty) — logr; a contradiction.
If, on the other hand, ¢(1) < 1, then, by continuity, ¢(r) < 1 for values of r slightly larger than
1 as well. By the renewal theorem this means that for such r-s,
lim r"efan(tO)Hn(tg) = 0,

n—oo
which again contradicts the definition my(tg) = limy, o 1/n log Hj, (o).
Since by convexity both mp and my are continuous on Dy, the mass-gap condition (2.7) persists

in some neighbourhood Llle of ty. Applying the above reasoning for each point ¢ € L{{Rd, we conclude
that,

Ve e US' (t)  ma(t) > me(t) and Y e "mOF, (1) = 1. (2.14)



assertion (2.5). Deline the function @ via

O(¢,z) = > e™F,(2) — L.

Due to the mass-gap condition (2.14) ® is well defined and analytic in some C x C% neighbourhood
of (—mm(to),to). Moreover,

g_?(_m]fﬂ(tﬂ)atﬂ) = Zneian(to)Fn(tO) € (0,00),

which again follows by (2.7) Therefore, by the analytic implicit function theorem, one can find a
neighbourhood U of —mp(tg) in C, a C¢-neighbourhood Llécd C Sp of tp and an analytic function
& Uécd — US, such that

O((z),2) = 0 onlUS,
and, moreover,

V(s,z) € US x Llécd D(s,2) =0 & s=¢£&(2). (2.15)

Remark 2.2. Since by (2.14) ®(—mgu(t),t) = 0 on some R¥-neighbourhood Llle of tp, one identifies
¢ as the analytic continuation of —myy on

L{ggd N {z : Re(z) € L{{Rd}.

By itself, however, the analyticity of my by no means implies the convergence claim (2.9). Neither
it is particularly useful for the derivation of local limit results of the type (2.12).

Let us thus define a new function ¥;

U(z,8) = Z e "2, (2)s™.

Conditions (2.2) and (2.15) imply, that there exists a number § > 0 and a C%-neighbourhood uc
of tg, such that Vz € L{Cd,

{seC: |s|<1+6}n{seC: ¥(z,s) =1} = {1}. (2.16)

2 e "mu(*)[, (2) and I,(z) 2 e~"™4(2)H,, (z)). Then the above condition reads as

{seC: |s|<1+6}n{seC: R(s) =1} = {1}, (2.17)

Define ()

where RR(s) 2 Y . Tns" is the generating function of the r,-sequence.
On the other hand, r, and [,, are in the (complex) renewal relation:

n
hz)=1 and  Iu(2) = ) rm(2)lnm(2). (2.18)
m=1
Moreover, possibly after shrinking L{Cd, one easily verifies, that Vz € L{Cd,
Y nra(z) # 0, (2.19)
n
and there exists € > 0, such that

Ze”€|rn(z)| < 00. (2.20)

One can now check that under (2.17)-(2.20) the conclusion of the usual renewal theorem pertains
to the complex case as well, that is

lim l,(z) = lim e "™ G)H, (2) = (Zm"n(z))i1 = p(z) # 0. (2.21)

n— 00 n— 00



As soon as (2.8) is established, we easily obtain that

mp(z) = lim llog]HIn(z) 2 lim M, (2) (2.22)

n—oo N n—o00
on U in the sense of analytic functions. Indeed, we know that my is analytic on L{Cd, and that
(2.22) holds for the real values z € Y NR? C Dy. Consequently, it remains to show that the
sequence {mpy, } is compact or, equivalently, that it is uniformly bounded on UC". To this end set

A 1
un(z) = Hn(2)".
By (2.5), |un(2)| < un(Re(2)). Therefore, {u,} is a uniformly bounded sequence of analytic func-

tions on US'. We claim that {un} is, in addition, uniformly bounded away from zero on uc'.
Indeed, for real values of z;

VzeUNR C Dy lim u,(z) = e™i(?),

n—oo

Thus, the Vitali’s theorem implies that the limit
w(z) 2 lim un(2) (2.23)

n—o0

exists and is an analytic function on uc Since, by (2.21), u, # 0 on UC for all n € N, and
u(z) = e™=(2) £ 0 on U NR? as well, it follows from Hurwitz’s theorem [17] that u # 0 on <’
at all. As a result,

nlg{olozégfcd ‘un(z)‘ = zérz,lfcd ‘u(z)‘ > 0.

Since mp, = logu, on Z/{Cd, the assertion (2.22) follows.
In order to check a more refined convergence statement (2.9) we follow [7] and notice that (2.17)
and (2.19) imply that for each z € U the function
1
1—(z,s)
has only one pole s =1 on {s Ds| <144 }, and, moreover, this pole is simple. Thus, the following
representation is valid:

S

1 _ (25
1—-¥(z,s) 1—s’

(2.24)

where .
¢:UCX{3:|S|<1+5}r—>C
is analytic. Writing

P(z,8) = Z Un(2)s",
n=0

we conclude that, after shrinking U< if necessary, one can find two positive numbers ¢, a > 0, such
that the coefficients ), satisfy

[Yn(z)] < ce™" (2.25)
uniformly in z € UC". On the other hand, due to the renewal relation

1

—nmpy(z) no_
nz%e Hr (2)s =009

(2.21) and the representation formula (2.24) already imply that

e o]

e OH,(2) = S wk(z) = u(z) — 3 wal2),
k=0

k=n+1



The local limit asymptotic (2.12) follows now in a standard way (see [8] for a general but
nonetheless lucid exposition) provided a simple decay estimate on characteristic functions, which
we prove in Proposition 2.3 below.

We can assume without any loss of generality that

detD®myg # 0 VteU®™ 2 y® nre. (2.26)

Let now t € UR" and a couple (n,k) € Z x Z% be as in the assumptions of the theorem, that is
k/n = Vmpg(t), or, by duality,

k k
t,—), = t m(=). 2.27
(65), = ma(t) + my(%) (227)
Then, using the definition (2.4) of the tilted two-point function hy;
_ hi(n, k)
h(n,k) = e (bRl (#)—2 2t 2.28
(n, ) Gl (228)
We treat both terms on the right hand side of (2.28) separately: By (2.9) and (2.27),
1 *
e~ (bRl (1) = exp{ —n(<t,5>d— —loan(t))} = p(t)e ™=k (1 4 o(1)).
n.on (2.29)

As for the second term in (2.28), notice that h¢(n,-)/H,(¢) is a proper probability distribution. By
the Fourier inversion formula,

hi(nk) 1 Ha (¢ +97) _ipom)

H.() @07 ) H.0)
We then assert that the integral on the right hand side in (2.30) above is essentially Gaussian with
the covariance matrix given by the inverse of nD*mp, (t). Indeed, for the values of |7| sufficiently

adr. (2.30)

small the point ¢ 4 ¢7 belongs to Z/{Cd, and one can, therefore, expand:

%log %&;T)  (Vma (£),7)a %(DQmHm ()7, 7)a + o(lI7]2),

in this region. Due to the non-degeneracy assumption (2.26) and the convergence result (2.9) one
can find a positive number ¢ > 0, such that

(D?mun (t)7,m)a 2 c|7ll3,
simultaneously for all ¢ 4+ i7 € U and n large enough. Moreover, as it follows from (2.9) and the

Cauchy formula,

nva,n(t) — anH(t) = ’I’LVm]HLn(t) —k = =< 4 O(Gfan).

)
Consequently, there exists § > 0, such that uniformly in ¢ € UR" and I7lla < 0,
B (¢ +47) i)
Hi (t)

Vu(t)
p(t

n .
= exp{ — 2D mua()r,7)a + i(Viogu(t),mha + no(llrlZ) }( 1 + o(1) ),
and, furthermore,

‘Hn(t—i—ir)‘
H, (t)

cn
< exp{-ZlI7l3}

As a result we obtain that,
(2m)?

Ho (8 +47) iteryaq.
rj<s  Hn(2) ¢ dr = nddetD?my (t) (1 + 0(1))’



The remaining range of values of 7 is controlled by the following proposition

Proposition 2.3. Let ty € intDy, and assume that my(ty) > myr(ty). Then, there exists a small
€ > 0, such that for each 6 > 0,

|Hy, (t + i7)|
limsup max  max— log —_—

< 0. 2.31
n—oo tERI:|t—to|<e|T|>6 N H, (¢) (2.31)

Proof. By convexity we can assume that € is chosen so small, that the closed e-ball Z/{le around tg
is still in int (DH), and, moreover,

|t£rt1§|n<6 (mH(t)—m]F(t)) 2 2 > 0. (2.32)

Set

R (t) = ﬁ%m(wnn < Fa(t).

Then, for each ¢t € U]ERd,
where the second equality above follows by (2.14). Furthermore, the function

o Y O ),

is well defined and continuous on (e, t) € [0,a] x Ll]eRd . Consequently, one can pick & > 0 such that

max Y (@ mOF (1) < 1. (2.33)
teus!

Let now I/P\I[Z(t) be the renewal sequence generated by ]1?5 (t), that is,
H)(t) =1 and Z R (t)
+

Then, for every n € N and every t € ule,
AHgt > max |H, (t +i7)|.
(&) = IT\Z}é‘ ( “—)‘

On the other hand, by the usual renewal theorem and elementary continuity considerations, (2.33)
implies that

lim max e" Iﬁ]i

n— 00 tEL{]ERd

and (2.31) follows. O

3. GEOMETRY OF EQUI-DEcAY PROFILES

For any B > (3, the decay rate 73 is indeed an equivalent norm on R?: a straightforward one-
shortest path estimate implies that gg(z) > exp(—8Y_; |z:|). On the other hand, for each z € Z4
the function 8 — gg(z) is differentiable on (8.(d), 00). Moreover, for 8 € (5.(d), ),

d 1 |lw| eBll
T21 log g =
agt Tl B0 = X

Consequently,

25 < min mp(e) < max 7p(6) < AVE < ox, (3.1




with any sub-aaditive homogeneous oI order one function satisiying a two-sided bound like (o.1)
above. The first one has been already defined - it is the unit closed ball UP in the Tg-norm. The
second one is given by

K £ ) {ter: 1,8i<m© }, (3.2)

gegdfl

Of course, 73 is just the support function of K?P. In two dimensions K? has the meaning of
its own being the Wulff shape for the scaling model of self-avoiding polygons [9], and we, rather
frivolously, shall refer to K? as to the Wulff shape in the general case of SAW4, d > 2. In any
dimension, however, UP and K? are polar convex sets, that is:

B _ .
K —{t. ;rel%}é(t,@d < 1}
or, equivalently, (3.3)

UP = { z: max(t,z)g < 1}
teK?

In particular, the geometry of 9UP can be recovered from that of 8K? and vice versa. For example,
if 9K? is smooth and strictly convex, then 73 is differentiable, and, moreover, the map V73 is a

bijection from dU” to K”. In such a case for any € U” the point ¢ = Vrs(z) € OKP” satisfies:

(t,z)g = 1 = max (s,z)g = max (t,y)a, (3.4)
scOKP ycoUhs
and we shall call z and ¢ conjugate points.
An excellent reference on the theory of convex bodies is [16]. In our case it happens to be more
convenient first to derive results on the geometry of the Wulff shape K?. A necessary translation
tool to the UP-geometry is given by the following rather standard fact:

Proposition 3.1. Assume that 0K? is an analytic strictly conver surface whose Gaussian cur-
vature is uniformly bounded away from zero. Then the same is also true for OUP, that is the
conclusions of Theorem A hold. Moreover the Gaussian curvatures of OUP and OKP at any two
conjugate points x and t are just reciprocals of one another.

At this stage it is worthwhile to dwell on the properties of 73 and K7 in more details. First of
all,

teK? o sup {(m,t)d - Tﬁ(.’l?)} <0
zER4

(3.5)
& swp {gta - m©} <o
gegdfl
Similarly,
t€int(K’) & sup {({,t)d - Tg(f)} < 0. (3.6)
gesd-1

Moreover, 7g obviously inherits reflection symmetries from Z°. In particular,

Tg(iL‘l, ceey .'L'd) = Tg(|.’L‘1|, ceey |£L‘d|) = Tﬁ(.’L',,r(l), ceey .'L',,r(d)), (37)

for every x = (z1,...,24) € R? and any permutation 7 of the index set {1,...,d}. Consequently,
both K? and U” are symmetric with respect to all reflections across coordinate hyperplanes. This
implies among other things that 75 is non-decreasing in each |z;|;

Indeed, the one-dimensional function t — 73(z1,...,24-1,t) is convex and symmetric around zero
for every fixed choice of z1,...,z4 1. Consequently, it is non-decreasing on R, .



sup {(n,t)k - Tﬁ((n,O))} <0 = fecK’ (3.9)
T]ESk71

In order to see this assume on the contrary that ¢ does not belong to KP, which, by (3.5), means
that there exists 2 = (u,v) € R¥ x R4* such that
(z,t)a — 18(z) = (u,t)r — 18(u,v) > 0.

In view of the lower bound on (3.1) 73 the u component of z certainly differs from zero, u # 0.
Thus, by (3.8),

0 < (oBha = (@) < lule{ (Gt = (0,

a contradiction.
We state now our main result on the geometric properties of K#:

Theorem 3.2. For every d > 2 and 8 > B.(d), the Wulff shape KP of SAWy is a compact strictly
convez body with the analytic boundary OKP . Moreover the Gaussian curvature of OKP is uniformly
bounded below by some positive constant a = a(d, 3) > 0.

By Proposition 3.1 all the conclusions of Theorem B instantly follow.

The proof of Theorem 3.2 is based on the results on renewal type structures obtained in Section 2
which, in their turn, rely on the techniques and ideas of [7] and [10].

It is convenient to consider from now on self-avoiding walks with values in Z%t! = Z x Z9, so
that d = 1 corresponds to SAW5. The first component w; of w is singled out. We recall some
terminology from [10]. Let [a,b] = {j € N:a < j < b} and consider a self-avoiding path w defined
on [a,b]. We call w a bridge if

wi(a) <wi(j) <wi(b), a<j<hb.
The initial point of w is ¢ = w(a) and the final point is y = w(b); for such a bridge we write

wiz Y y. The span of a bridge is w1(b) — wi(a). Assume that the span of w is at least 2; a
break point of w is an integer k € N, wi(a) < k < w1 (b), such that there exists r € [a, b] with the
properties

w(f) <k,Vj<r and wi(j) >k, Vji>r
A bridge is called irreducible if it has span 1 or if it has no break point. If z = w(a) and y = w(b),

then for such an irreducible bridge we write w : z kA y.
We define vertical cylinders C, ;

c, 2 {x:(m,k‘)EZXZd: Ogmgn}.
Let (n, k) € Cy; the cylindrical two-point function h(n, k) is defined as:
hin,k) = Y e Pl (3.10)
w:(0,0)5 (n,k)
Obviously, h is super-multiplicative, and the limit

I a 1.
5 (T) = nnll)ngologh(n, [nz]) (3.11)

is a well defined and everywhere finite (provided 8 > B.(d+1)) convex function on R%. The relation
between full and cylindrical decay rates is as expected:

Proposition 3.3. Assume that 3 > B.(d +1). Then,
5 () = 75(1,°). (3.12)



m(1,z) < 75(z),
for every z € R?. We need, thereby, to establish the reverse inequality. It is enough to consider
only z-s with rational entries; £ € Q%. Our approach is built upon similar arguments in Section 6
in [14]:
For any A C Z%! and z,y € A, let us define

A _
ga(z,y) = > e Pkl

wiz—Y

wCA
Let OA to denote the outer boundary of A;

0A = {z€Z¥™\ A: d(z,4) =1}.
Clearly,
ga(e,y) > gp(z,y) — > gple,2)g(y,2)
2€ZaTI\A (3.13)
> ga(z,y) — exp (—ci(B)d({z,y},04)),

where the latter inequality follows from (3.1). We fix next two (large) numbers [,n € N, such that
lz € 74 Tterating (1.2) in the cylindrical region C,;, we obtain,

n—1 n—1
h(nl,nlm) > (Bd]tﬁ)) chnl(ukauk+l)7
k=0

where u 2 (kl,klz) € C,;. Consequently,

1 1
H I H — — _ 1 i -
g (z) = nlggo nlh(nl,nlx) ZEI&HILIEO nlh(nl,nlm)
n—1
. IOgBd(ﬂ) . 1 . 1
< llgélof - llgélojnlggoﬁkzologgcnl(uk,ukﬂ)
n—1

Iso00 [ n—oom

A 1
= — lim - lim — Zloggcnl (ug, Uk11)-
k=0

On the other hand, by (3.13),
n—1

nlL%E§loggan(ukauk+l) = loggp((l,1x)),
and (3.12) follows. O

The above proposition asserts that both full and cylindrical two-point functions have the same
leading term in the logarithmic asymptotic of decay for every direction (1,z); z € R¢. Thus, once
(3.12) is verified, geometric properties of the SAW,; Wulff shape K? can be recovered from the
analysis of cylindrical two-point functions. On the other hand, there is already a natural renewal
mechanism behind the production of cylindrical connectivities h(-,-). Too see this let us follow
[7], [10] and to define yet another set of connectivities, the irreducible ones (called direct in [7]).
The irreducible two-point function f is defined as

fnk)y = ) ekl (3.14)
w:(0,0) 8 (n, k)

Clearly, the functions h and f satisfy the Ornstein-Zernike equations (2.1) of Section 1. We then
go on and define all the quantities (that is mg, Dg, mr, H,, F,, ... ) as it was done there. The
following lemma generalizes the separation of decay rates statement in [7]:



(0.14) respectively. 1hnen, int(Dy) n nol empty ana Vi € ini(Py),

mu(t) > mp(t), (3.15)
and, moreover,

det(D*mu(t)) > 0. (3.16)

Proof. First of all let us check that int(Dy) is not empty:
Since h-connectivities are bounded above by the g ones we, in view of the leftmost inequality in
(3.1), obtain:

Zh(n,k)e(t7k>d < Ze(t,k)d—e,/nu“k“g
k k

for some e small enough. Consequently, the above sum is bounded above uniformly in n for ||¢||4 < €,
that is

{teR: |t <e} C int(Dp).
Let t € R? and set ¢ = (t,0); we define the susceptibility
xai(t) =Y gyt
yeZa+1
We claim, that the susceptibility x 41 is finite,
Xd+1(t) < oo, (3.17)

whenever ¢ € int(Dg). This is the crucial fact: The finitness of the susceptibility was a backbone
of the original ingeneous proof [7] of the separation of masses in the particular case t = 0. Let us
recall the impact of such a condition on the properties of Hi,-s and F,-s. Let:

Gu(t) £ ) g(n, k)elth)a, (3.18)
k
Then, exactly as in [7],
Hn (t) < Gn () < Xas+1()*Hn (2)- (3.19)
Since Hy, (t) is super-multiplicative and Gy, (t) sub-multiplicative, it follows that
xar1(t)~2e"m ) <, () < emmal®), (3.20)
Therefore, as it follows from the renewal theory,
Ze_"mﬂ(t)Fn (t) = 1 and Zne_”mH(t)Fn (t) < oo. (3.21)

The latter two relations already set up the stage for the renormalization procedure of [7] (or for
the more polished version of it in [10]), which extends to our case without problems due to simple
cancellations of tilted exponents along self-avoiding paths.
It remains, therefore, to prove (3.17). By the left hand side inequality in (3.1),
lim lim log Y h(n,k) = —oo.

A—00 n—00
llklla>A

Thus standard large deviations computations with moment generating functions imply,
t € int(Dy) = mpu(t) = sup {(t,@d - Tgﬂ(m)}.
zER4
In view of the Proposition 3.3 the latter supremum can be rewritten as

sup{ (t,z)q — TE;HI(:E) }
z€RI

= sup r sup {(t,{)d — Tﬂ(l f)} < oo.

—
r>0  ¢geSd-1 r



limsup sup { (,€)a — 75(-,€) } < 0,

—>00 EESdil

which, by the continuity of 73, means that

sup {(taé-)d - Tﬁ(oag)} < 0
fESd71

By (3.9) this implies that the point £ = (¢,0) lies inside the SAW,; Wulff shape K. Repeating
these computations in a small neighbourhood of ¢ in Dy, we conclude that actually,
{ € intK”.
Thus, by (3.6)
sup {(£,€)ar1 — (O} <

¢esd

for some small positive e. Combining this with the sub-additive bound (1.2), we obtain that for
each z € Z4t1;

IN

)}

xr
[[z]la+1 (3.22)
< Bap1(B)exp { — (£, 2)ar1 — €l|zllas1 }-

98(z) < Bay1(B)exp { — llzlla+175(

It follows that

Zgﬁ(x)e(f,x>d+1 < Bd+1(ﬂ) Z e*EHZ‘“d+1 < 0,
z#0 z#0
which is precisely (3.17) we are after.
Notice, by the way, that the above argument has the following implication: For any point ¢ € R4

and the point ¢ 2 (t,0) € R,
t €int(Dy) < ¢ € int(K”). (3.23)

Finally, let us turn to the proof of the non-degeneracy condition (3.16). Fix ¢ € int(Dg) and

recall, mm,, (¢) = 1/nlogHy (t). By the first part of Theorem 2.1, the sequence {mm,} converges
to mp in a complex neighbourhood of ¢ in the sense of analytic functions. In particular,

D?my(t) = lim D?mpy,, ().
Thus, it suffices to show that
liminf inf (D*mgn(t)AA), > 0. (3.24)

n—o0 )\egdfl

It would be convenient to define some additional notation: Given a bridge w we use X (w) to denote
the Z4 coordinate of its endpoint. A probability measure IP,, on the set of bridges (with the starting
point at the origin) of span n, is defined via

e Blwl+ (X (w))a
=)= TR
Notice that,

<D2mH1n (t)A, )\>d = Varp, [()\, X(w))d]. (3.25)
In a similar way, we define a probability measure Q, on the set of irreducible bridges of span n;
e Blwl+({E,X(w))a
Fn (2)

At last we define a probability distribution v on Z;

v(k) = e FmaE, (¢).

Qu(w) =



distribution v, and let ®v to denote the corresponding product measure. dSet

{3k : zk:N,- =n},

that is R(n) is the event that n belongs to the range of the Z -random walk with steps N;. Due
to the renewal relation (2.6),

@v(R(n)) = e ™®H,(t) > const > 0. (3.26)
For every realization of {N;} in R(n) we define the hitting time k(n) via
k(n)
Z N;, = n
i=1
With this notation,
k
Pn(X(w):m) Z Z Hl/ (n;) ® (ZX(wi)::c).

=1ni+..ng=n 1 =1 (327)

Consequently, by the conditional variance formula,

Varp, [(A, X (w))a] > Z > Hum(ZVar@n [, X( )>])

k 1ni+..npg=n 1 (3.28)

On the other hand, using crude straightforward estimates on the weights of irreducible bridges, one
easily verifies that VR € Z, there exists a constant ¢ = ¢(R) > 0, such that
f V A X > c(R). 3.29

min inf Varg, [\ X(w))d] > <(B) (3.29)
A look at (3.29), (3.28) and (3.25) reveals that the desired bound (3.24) follows as soon as we show
that with ®@v(-|R(n))-probability bounded away from zero, a number of irreducible bridges in the
decomposition (3.27) of P, is proportional to n. This is already a soft task to perform, thanks
to the exponential decay of the tails of v-distribution. Pick, for example, two numbers € > 0 and
T < 00, and notice that the right hand side of (3.28) is bounded below by

k(n)
enc(R) ® v( ZH{NiSR} > en |R(n))
1

[n/T]
> enc(R){ ®v(R(n)) — ov(k(n) < %—i— 1) — oy Z in<ry < en)}
k=1

Because of (3.26) it remains only first to choose T sufficiently large, and then to choose € sufficiently
small, and (3.24) follows.
O

Let now zy € R? be such that o = Vmp(ty) for some ¢y € int(Dg). By the very definition of 75
and by (2.12) Tg[ = m} in some R¥-neighbourhood of zy. This means by duality that,

(wo,to)a = mm(te) + 75 (zo). (3.30)

Also, the positivity of det (D2mH(t0)) implies strict convexity of my at ty which is the dual property
to the differentiability of Tgﬂ at zo Let us see what all this means in (d + 1)-dimensions:

First of all the point % 2 (to, —mm(to)) lies on the boundary of the Wulff shape OK?;
ty € OKP. (3.31)



sense that

0 = (o, %o)ar1 — 78(%0) = maX{(fo,fﬁ)dH — Tﬁ(w,l)},
zERI

where, as in the case of zg, we have defined 2 (z,1). (3.31) then instantly follows from (3.5) and
(3.6). Furthermore, applying the very same line of reasoning in a small neighbourhood U C int(Dy)
of ty, we readily obtain that the map

Ut — (t,—mu(t)) (3.32)
is actually a parametrization of ~6Kﬁ near ty. Consequently, K7 is strictly convex at y. Analyticity
of 8KP? in a neighbourhood of %, follows by Theorem 2.1, whereas

pK(fo) é det (DQmH(tU)) _ det (DQmH(tU))
(14 [[Vma(t)|2) D (1 4+ [lao)f2) 47

is identified in this way as the Gaussian curvature of K? at .

(3.33)

Proof of Theorem 3.2. We already know that OK” satisfies the assertion of the theorem at every
boundary point £ = (t1, ..., tq, tq+1) € OKP, as soon as this point is of the form

(tl, ey td) € int (DH) and tgr1 = —mH(tl, ey td). (3.34)

It happens that due to the symmetries of KP (as reflected in (3.7)) this information alone provides
all the means to finish the proof of the theorem: Let us denote the “bad” part of 9K?,

Bad((‘?Kﬂ) = {t € OKP : the assertion of Theorem 3.2 is violated at t}.
We claim then that Bad (aKﬁ ) = (. Certainly if ¢ € Bad (aKﬁ ), then for every permutation 7 of
the index set {1,...,d + 1} all the points

(+ [r (1)l ors i|t,r(d+1)|)

belong to Bad(BKﬁ) as well.
Let us now define the rank of a point ¢ € R*! as

#(1t) 2 #{i: t; #0}.
Of course, the only point of rank zero is the origin itself which does not belong to OK? at all.
Furthermore, there are exactly 2(d+ 1) points of rank 1 lying on K”. These are just permutations
and reflections of (0,0, ...,0, —mH(O)), that is falling into the framework of (3.34), and thus being
“g00d”. The rest of the proof is a rank reduction procedure: contrary to the statement of the
theorem assume that there exists a “bad” point t;

t = (tla "';td-l-l)

As we have just seen the rank #(t) should be then strictly larger than one. We claim that the
assumption ¢t € Bad (aKﬁ ) necessarily implies the existence of another “bad” point s € Bad (aKﬁ )
satisfying

#(s) = #(¢) — L (3.35)
Thus Bad (6Kﬁ ) # 0 would be rendered contradictory in at most d steps.

In order to verify (3.35), notice that we can assume without loss of generality that ¢4, # O.
Writing t = (to,tq+1) € R? x R we infer from the convexity and symmetries of 8KP that the point
s = (to,0) also belongs to KA. Furthermore, s actually lies on the boundary 8K?, for otherwise,
by the virtue of (3.23), the R%-component t; should belong to int(DH) which contradicts the
assumption ¢ € Bad(@Kﬂ). Thus, again by the symmetry of K with respect to {tz,; = 0}
hyperplane and convexity, the whole linear segment [s,t] C OKP. This means, in particular,
that OK” fails to be strictly convex at s. Therefore s € Bad(aKﬁ ), and since by construction
#(s) = #(t) — 1, we are done O



Results on the asymptotic behaviour of the cylindrical two-point function A are stated uniformly

over lattice cones

K, 2 {m:(n,k)ENXZd: |k|§an}.

Lemma 4.1. Assume that 8 > B.(d + 1). Then, Va € R,

n — .u'(t) e—n'rH(k/n) o
i, &) v/ (2rn)ddet D?m t) T+ o), 1)

uniformly in 2 (n,k) € K4, where t = t(n, k) is given by t = VTEH(k/n), and, as in the statement
of Theorem 2.1, u is given by

u) = (Ym0, @)

Proof. By Lemma 3.4 and part c) of Theorem 2.1 local form of the asymptotics (4.1) follows as
soon as we show that the point ¢ = ¢(n, k) is indeed well defined (that is Tgﬂ is differentiable at

k/n), and, moreover, ¢ € int (DH). These are the consequences of the following claim:

U Vma@) = RL (4.2)
teint(Dy)

In order to verify (4.2) , let us assume to the contrary that there exists a point zy € R?, such
that zg # Vmy(t) Vt € int (DH). This means that the supporting hyperplane H g, 1 to OKP in the
direction of the vector (zo, 1) does not touch IKP at any point of the form (¢, —mu(t)); t € int(Dp).
Due to the symmetry of KP with respect to {t4,1 = 0}, and in view of the strict convexity of OK?
established in Theorem 3.2 above, this implies that H,, ;) must then support OKP? at some point
of the form (ty,0) with ¢y € 9Dg. But at each such point there is already a supporting hyperplane
of the form H,, o) parallel to the ¢4;1-axis. We thus infer that two distinct hyperplanes support
OKP at (to,0), which obviously contradicts the analyticity assertion of Theorem 3.2.

It remains only to notice that

F, A {t . Vm(t) € ICa} = Vra(K,) (4.3)

is a compact subset of int(Dy), which implies that (4.1) is actually a uniform estimate over (n, k) €
K. O

We proceed with deriving the local asymptotics for the full two-point function gg. Due to the
lattice symmetries it would be enough to derive the result uniformly over lattice cones I, for a
sufficiently large.

As before, for a SAW 4,1 lattice path w leading from the origin to the lattice hyperplane Py,

Pu & {(nk): k ez}

let X (w) to denote the Z? coordinate of the end point of w. Given a path w : 0 — P,, all break
point of w (if any) belong to the set {0,...,n — 1}. A typical path should have many break points.
More precisely, let us say that w : 0 = P, is irreducible if it has no break points at all. Set

Dn(t) = Z et X (W))a—Blw|

w:0—Pn,
w irreducible

Then, as it was in the case of Lemma 3.4, the finiteness of the susceptibility x411(f) enables a
straightforward generalization of the corresponding arguments in [7], which imply that for any

t € int(Dy) there exists a neighbourhood U®* of ¢ and constant A(£) > 0, such that
Dy(s) < e ™OH, (1) < e AOG, (¢). (4.4)



It then follows easily that for every number k fixed, the generating function D, of SAW 4,1 from
the origin to P, with exactly k£ break points satisfies a similar bound:

DE(s) < e ™M, (1) < e ™A OG, (1) (4.5)

with some Ag(t) > 0.

Now any self avoiding path w : 0 — (n, k) contributing to gg(n, k) either has or has not break
points. In the former case, let n; = n;(w) and n—n, = n—n,(w) to denote respectively the leftmost
and the rightmost break points of w. Accordingly we split w into three pieces:

w = wyUweUwy, (4.6)

where w; : 0 = Py, and wy : Pp_p, = Pp are irreducible, whereas w. : P, +— Pp_p, is a bridge.
Note, by the way, that w; (w,) obey cylindrical boundary conditions on the right (respectively on
the left):

wp C {(m,k)EZXZd: mgnl} and wp C {(m,k‘)EZXZd: mZn—nT}.
(4.7)

The path decomposition (4.6) induces the decomposition of the Z%coordinate of the end point
X(w);

k= X(w) = X(w) + X(we) + X(wp).
On the other hand X (w;) + X (w,) could be equivalently viewed as the Z%coordinate of the end
point of the path & which goes from the origin to the lattice hyperplane Py, ,, and has exactly
one break point. Thus, using d(-,-) to denote the two point function with exactly one break point;

di(p,l) = Z =Pl

@:0—(p,l)

one break point

we obtain:

n
gs(n,k) = d(n,k) + > > di(p,)h(n —p, k1), (4.8)
p=1l1ez
where d(-, ), of course, denotes the irreducible two-point function.

In order to figure out what is the main contribution to the right hand side above, notice, first of
all, that due to the exact asymptotics of h-connectivities derived in Lemma 4.1, there is always a
lower bound,

gs(n,k) > h(n,k) > exp{— nrgl(g) — cqlogn}, (4.9)
which holds uniformly in K, for some ¢, > 0 large enough.

We are going to test various terms in (4.8) against this lower bound. The main tool for doing so is
the following simple form of the exponential Chebychev inequality adapted to discrete distributions:
For any 7Z x Z% non-negative array u(-, -) define the moment generation function U, : R¢ — R, ; n =
1,2,...,

Un(t) = Y u(n,l)elha,
lez
Then, for each ¢t € R? and every (n, k),

u(n, k) < U, (t)e (Fla, (4.10)
Set now t = t(k,n) = VTEI(IC/’I’L). Thus, for example,
d(n,k) < D, (t)e~BRa = o Tgk/mtma®py ).

As a result, comparing with the lower bound (4.9), we infer from (4.4) that for some ¢, > 0,
d(n,k) < e “"gg(n,k) uniformly in (n,k) € K,. In other words the d(n, k)-term can be simply
dropped down from (4.8).



k) = 3 % dl(p,l)h(n—p,k—l)(l + 0(1)). (4.11)

p<né [[Ifla<nY

Indeed, in order to rule out p > n® just use (4.10) with the very same t = t(n, k) as above and

u(m,k) = YN dip, DA —pk—1) < ¢ F0 N DL (1)L, (1)

p>nd lc7d p>nd

< e kM 37 epmapl (4),

p>n5

But by (4.5) the latter quantity is already bounded above by exp { — TLTéHI(k/TL) — Aq(t)n?/2}.
Moreover, by (4.3) this translates into a uniform estimate over C,.
Finally, for every p < n? fixed, redefine u(-,-) as

um,k) 2 S dilp,)h(n —p,k —1).

[Ulla>ny

Then, using the fact that ¢(n, k) € int(Dg), and hence, by (3.23), (¢,0) € int(K?), we infer that
there exists € > 0, such that
uniformly in &,. By the lower bound (4.9) and the exponential Chebychev inequality (4.10) the
proof of (4.11) is, thereby, concluded.

Choosing § and v in (4.11) sufficiently small we notice that by virtue of (4.1),

h(n —p,k—1)
h(n, k)

uniformly in (n, k) € K,, where, as before, t = t(k,n) satisfies t = VTEI(IC/’I’L).

Substituting (4.12) into (4.8) we, obtain:

98(z) = ga(n,k) = h(n, k)Y e ™D (¢)(1+o(1)). (4.13)

= exp{ —pmu(t) + (& 1)a}(1+o0(1)), (4.12)

By (4.5) and compactness of F, in (4.3) the prefactor near h(n, k) above is uniformly bounded
over KC,.

In view of the h-asymptotics (4.1) we, thereby, obtain uniformly in z = (n, k) € Kg;
—pmy ()l

p(t) >, e PmeDy, (t)e_mgﬂ(k/n)

V/(27n)ddet D2my (t)

By Proposition 3.3; nTﬁH(k/n) = 13(n, k) = 78(x). Moreover, by (3.33),

2 d+2

) * px(f)

gs(n, k) = (1+0(1)), (4.14)

nidetDimy(t) = nd(l + HE
n

) (4.15)

),

d

N k
~ lellfme@(+ |2

where px () is the Gaussian curvature of 9KP at the boundary point ¢ = (—mpg(t),t) € KP.
Notice that the point £ is conjugate in the sense of (3.4) to the point &;

A 1
A k) € OUP.
Z k) (n,k) €

Indeed,




1 (1 + [1Fe/nll2)

pu(Z)

Consequently,

whith the prefactor ¥ given by,

—pm 1
() 55, e P™=ODL (1
V(@) (1 + 1k/n]3)

Up(z) =

, (4.16)

pu(2)
(1 + [l#/nllZ)
where, as before, = (n, k), £ = z/73(x) and t = t(z) = t(z/||z||44+1) satisfies ¢ = Vrgl(k/n). This

already comes very close to the main assertion (1.4) of Theorem A. To conclude the proof: W is
clearly homogeneous of order zero. Thus we can define

¥p ( ) = wp(n(z)) = s

— u(t) Y e mODL (1)

[z][a+1
On the other hand, because of the non-degeneracy (3.16) of the Hessian detD?my, Téﬂl is analytic
as the Legendre transform of the analytic function [8]. Consequently the tilt ¢ = t(z) = VTE(’C /n)

is also analytic, as well as the sum of the exponentially fast convergent series Zp e*pmH(t)D}, (t).
Finally the analyticity of u(t) was already asserted in Theorem 2.1.
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