One-Particle Stochastic Lagrangian Model for Turbulent Dispersion in Horizontally Homogeneous Turbulence

K. Sabelfeld^� and O. Kurbanmuradov^y

�Institute of Computational Mathematics and Mathematical Geophysics, Russian Acad. Sciences, Akad. Lavrentieva, 6, 630090, Novosibirsk, Russia, E-mail: karl@osmf.sscc.ru and Weierstraß-Institut für Angewandte Analysis und Stochastik, Mohrenstraße 39, 10117, Berlin, E-mail: sabelfel@wias-berlin.de ySci.Tech. Center Climate Turkmenian Hydrometeorology Comm., Azadi 81, 744000, Ashgabad, Turkmenistan, E-mail: seid@climat.ashgabad.su The paper was partially written while the authors were visiting WIAS, Berlin

Abstracts. A one-particle stochastic Lagrangian model in 2D and 3D dimensions is constructed for transport of particles in horizontaly homogeneous turbulent flows with arbitrary one-point probability density function. It is shown that in the case of anisotropic turbulence with gaussian pdf, this model essentially differs from the known Thomson’s model. The results of calculations according to our model in the case of neutrally stratified atmospheric surface layer agree satisfactorily with the measurements known from the literature. Mathematics Subject Classification. 65C05, 76F99, 65C20, Key words and phrases. Stochastic models of turbulence, Generalized Langevin stochastic differential equation, Eulerian and Lagrangian one- and two-particle stochastic models of turbulent transport, particle dispersion in the surface layer of the turbulent atmosphere.

1 Introduction

This paper deals with one-particle stochastic Lagrangian models for 2D and 3D turbulent transport. Here we treat the fully developed turbulence (i.e., a flow with very high Reynolds number) as a random velocity field (u, v, w) which is assumed to be incompressible. Therefore, the trajectories of particles in such flows are stochastic processes. To simulate these stochastic processes, two different approaches are known in the literature. The first one is based on the numerical solution of the system of random equations ∂X ∂t = u(X, Y, Z, t), ∂Y ∂t = v(X, Y, Z, t), ∂Z ∂t = w(X, Y, Z, t). (1.1)

Here X(t), Y (t), Z(t) are the coordinates of the Lagrangian trajectory at the time t. The random fields u, v, w are simulated by Monte Carlo methods (e.g., see [2], [4], [5], [8], [9], [13]), and the random trajectories are then obtained by numerical solution of (1.1) with the relevant initial data.

In the second approach the true trajectory X(t), Y (t), Z(t) is assumed to be approximated by a model trajectory X̂(t), Ŷ (t), Ẑ(t), a solution to a stochastic differential equation of Ito type (e.g., see [10], [12] and the list of references in these papers): dX̂ = Ûdt, dŶ = V̂ dt, dẐ = Ŵ dt, dÛ = a_u(t, X̂, Ŷ , Ẑ, Û, V̂ , Ŵ )dt + b_u(t, X̂, Ŷ , Ẑ, Û, V̂ , Ŵ ) dB_u(t), dV̂ = a_v(t, X̂, Ŷ , Ẑ, Û, V̂ , Ŵ )dt + b_v(t, X̂, Ŷ , Ẑ, Û, V̂ , Ŵ ) dB_v(t), dŴ = a_w(t, X̂, Ŷ , Ẑ, Û, V̂ , Ŵ )dt + b_w(t, X̂, Ŷ , Ẑ, Û, V̂ , Ŵ ) dB_w(t). (1.2)

Here Û, V̂ , Ŵ are the components of the model Lagrangian velocity, B_u(t), B_v(t), B_w(t) are three standard independent Wiener processes.

Ideally, one would have an approximation such that the true and the model Lagrangian velocities coincide: Û(t) = u(X̂(t), Ŷ (t), Ẑ(t), t), V̂ (t) = v(X̂(t), Ŷ (t), Ẑ(t), t), Ŵ (t) = w(X̂(t), Ŷ (t), Ẑ(t), t), (1.3) which would assure that the true and the model trajectories are the same. However it is unrealistic to satisfy (1.3), therefore one uses different consistency principles. Namely, the general consistency principle says that the statistics of the model process X̂(t), Ŷ (t), Ẑ(t), Û(t), V̂ (t), Ŵ (t) satisfies the same relations which are satisfied by the true process X(t), Y (t), Z(t), U(t), V (t), W (t), where U(t) = u(X(t), Y (t), Z(t), t), V (t) = v(X(t), Y (t), Z(t), t), W (t) = w(X(t), Y (t), Z(t), t) are the components of the true Lagrangian velocity.

Two consistency criteria used in the literature are:

(A) Consistency with the Kolmogorov similarity theory, (B) The Novikov integral relation.

Here (A) reads ⟨(dU)^2⟩ = ⟨(dV )^2⟩ = ⟨(dW )^2⟩ = C_0εdt, and ⟨dU dV ⟩ = ⟨dU dW ⟩ = ⟨dW dV ⟩ = 0, where dU, dV, dW are the components of the increments of the Lagrangian velocity, ε is the mean rate of the dissipation of turbulence energy, C_0 is the universal constant (e.g., see [6], [10], [12]); here and in what follows, the angle brackets stand for the ensemble average over the samples of the random velocity field.

Note that (A) implies (e.g., see [12]) that in (1.2), all the terms b_u, b_v, b_w are equal to √ C_0ε:

b_u = b_v = b_w = √ C_0ε. (1.4) Novikov’s integral relation has the form [7] p_E(u, v, w; x, y, z, t) = ∫ R3 p_L(x, y, z, u, v, w; x_0, y_0, z_0, t)dx_0dy_0dz_0. (1.5)

Here p_E is the probability density function (pdf) of the Eulerian velocity u, v, w, in the fixed point x, y, z, at the time t, and p_L is the joint pdf of the true Lagrangian phase point X, Y, Z, U, V, W defined by the trajecory started at x_0, y_0, z_0.

Thus the consistency with the Novikov relation (1.5) means that the pdf of the model phase point governed by (1.2), say p̂_L, satisfies p_E(u, v, w; x, y, z, t) = ∫ R3 p̂_L(x, y, z, u, v, w; x_0, y_0, z_0, t)dx_0dy_0dz_0. (1.6)

Note that (1.6), the Focker-Planck-Kolmogorov equation for p̂_L and (1.4) lead to the well-mixed condition due to D. Thomson [12]: ∂p_E ∂t + u ∂p_E ∂x + v ∂p_E ∂y + w ∂p_E ∂z + ∂ ∂u (a_up_E) + ∂ ∂v (a_vp_E) + ∂ ∂w (a_wp_E) = C_0ε 2 { ∂^2p_E ∂u^2 + ∂^2p_E ∂v^2 + ∂^2p_E ∂w^2 } . (1.7)

In this paper we study a horizontally homogeneous turbulent flow which implies that p_E does not depend on x, y. Therefore, in the left-hand side of (1.7) the second and third terms vanish. Here the main problem is that (1.7) does not define the coefficients a_u, a_v and a_w of the model (1.2) uniquely. Indeed, even for the homogeneous turbulence, in [11] two different choices of a_u, a_v, a_w are presented both satisfying the well-mixed condition (1.7) but whose statistical characteristics are different. For the gaussian form of p_E, one of appropriate technique of getting the coefficients a_u, a_v, a_w is given in [12]. In the nongaussian 3D case, to the authors knowledge, there is no appropriate choice of these coefficients. In 2D, the nongaussian case was treated by Flesch and Wilson in [3]. These authors mentioned that the two different models do not lead to essentially different results in the case of gaussian p_E. As reported in [3], the same is true for two models considered in [11].

In this paper we suggest a proper choice of the coefficients a_u, a_v, a_w in a general case of the pdf p_E. Our derivation is based on some assumptions which ensure a unique choice of the model. It should be stressed that even in the gaussian case our model essentially differs, as shown below (Sect.4), from the model given by Thomson [12]. This confirms our opinion that it is necessary, along theoretical studies, to extract additional information from experiments.

2 Choice of the coefficients in (1.2)

Let us formulate the main assumptions about the Lagrangian model of the type (1.2). We consider a horizontally homogeneous incompressible high-Reynolds number turbulent flow in the space R^3. Thus the mean velocity has no vertical component. In addition we assume that the mean velocity is directed along the x-axis. Thus the mean velocity vector is (ū(x, y, z, t), 0, 0), while p_E and ū do not depend on x, y. We will write the pdf p_E in the form p_E(u, v, w; z, t) = p^′_E(u^′, v^′, w^′; z, t) where u^′ = u − ū(z, t), v^′ = v and w^′ = w.

By (1.4), the equation (1.2) in these variables has the form: dX̂ = (Û^′ + ū(Ẑ, t))dt, dŶ = V̂^′dt, dẐ = Ŵ^′dt, dÛ^′ = a^′_u(t, Ẑ, Û^′, V̂^′, Ŵ^′)dt + √ C_0ε dB_u(t), dV̂^′ = a^′_v(t, Ẑ, Û^′, V̂^′, Ŵ^′)dt + √ C_0ε dB_v(t), dŴ^′ = a^′_w(t, Ẑ, Û^′, V̂^′, Ŵ^′)dt + √ C_0ε dB_w(t). (2.1)

The well mixed condition in new variables is ∂p^′_E ∂t + w^′ ∂p^′_E ∂z + ∂ ∂u^′ (a^′_up^′_E) + ∂ ∂v^′ (a^′_vp^′_E) + ∂ ∂w^′ (a^′_wp^′_E) = C_0ε 2 { ∂^2p^′_E ∂(u^′)^2 + ∂^2p^′_E ∂(v^′)^2 + ∂^2p^′_E ∂(w^′)^2 } . (2.2)

Assumption. We assume in addition that a^′_u does not depend on v^′ while a^′_w does not depend on u^′, v^′: a^′_u = a^′_u(t, z, u^′, w^′), a^′_w = a^′_w(t, z, w^′).

Then the model (2.1) reads dX̂ = (Û^′ + ū(Ẑ, t))dt, dŶ = V̂^′dt, dẐ = Ŵ^′dt, dÛ^′ = a^′_u(t, Ẑ, Û^′, Ŵ^′)dt + √ C_0ε dB_u(t), dV̂^′ = a^′_v(t, Ẑ, Û^′, V̂^′, Ŵ^′)dt + √ C_0ε dB_v(t), dŴ^′ = a^′_w(t, Ẑ, Ŵ^′)dt + √ C_0ε dB_w(t). (2.3)

Integrating (2.2) over u^′ and v^′ yields ∂p^′_{1E} ∂t + w^′ ∂p^′_{1E} ∂z + ∂ ∂w^′ (a^′_w(t, z, w^′)p^′_{1E}) =

C_0ε 2 ∂^2p^′_{1E} ∂(w^′)^2

, (2.4)

where p^′_{1E} = p^′_{1E}(w^′; z, t) = ∞∫ −∞ ∞∫ −∞ p^′_E(u^′, v^′, w^′; z, t) du^′dv^′. (2.5) Here we have assumed that a^′_up^′_E, a^′_vp^′_E, ∂p^′_E ∂u^′ , ∂p^′_E ∂v^′ all tend to zero as (u^′)^2 + (v^′)^2 → ∞.

Similarly, the integration of (2.2) over v^′ leads to ∂p^′_{2E} ∂t + w^′ ∂p^′_{2E} ∂z + ∂ ∂u^′ (a^′_u(t, z, u^′, w^′)p^′_{2E}) + ∂ ∂w^′ (a^′_w(t, z, w^′)p^′_{2E}) = C_0ε 2 ( ∂^2p^′_{2E} ∂(u^′)^2 + ∂^2p^′_{2E} ∂(w^′)^2 ) , (2.6)

where p^′_{2E} = p^′_{2E}(u^′, w^′; z, t) = ∞∫ −∞ p^′_E(u^′, v^′, w^′; z, t) dv^′. (2.7) Now, under the assumption about the behaviour in the infinity, it is possible to define uniquely the coefficients a^′_u, a^′_v and a^′_w. Indeed, from (2.4) one gets a^′_w, then from (2.6) one finds a^′_u, and from (2.2) one obtains a^′_v. This yields a^′_w(t, z, w) = 1 p^′_{1E}(w; z, t) { C_0ε 2 ∂p^′_{1E} ∂w − ( ∂f_{1E} ∂t + ∂F_{1E} ∂z )} , (2.8)

where f_{1E}(w; z, t) = w∫ −∞ p^′_{1E}(w^′; z, t) dw^′,

F_{1E}(w; z, t) = w∫ −∞ w^′p^′_{1E}(w^′; z, t) dw^′, and a^′_u(t, z, u, w) = 1 p^′_{2E} { C_0ε 2 ( ∂p^′_{2E} ∂u + ∂^2f_{2E} ∂w^2 ) − ( ∂f_{2E} ∂t + w ∂f_{2E} ∂z ) − ∂ ∂w ( a^′_w f_{2E} ) } , (2.9) where f_{2E}(u, w; z, t) = u∫ −∞ p^′_{2E}(u^′, w; z, t) du^′. Finally, a^′_v(t, z, u, w) = 1 p^′_E { C_0ε 2 ( ∂^2f_E ∂u^2 + ∂p^′_E ∂v + ∂^2f_E ∂w^2 ) − ( ∂f_E ∂t + w ∂f_E ∂z )

− ∂ ∂u (a^′_uf_E) − ∂ ∂w ( a^′_w f_E ) } , (2.10)

where f_E(u, v, w; z, t) = v∫ −∞ p^′_E(u, v^′, w; z, t) dv^′. Thus (2.3), with the coefficients (2.8)-(2.10) define a unique stochastic model (2.1) through the pdf p^′_E.

Remark 2.1. This model is a natural extension of the one-dimensional (in z direction) Thomson’s model [12] in the sense that the vertical coordinates (z, w) are governed in our model by a SDE which coincides with Thomson’s model. Note that in Thomson’s 3D model (with gaussian p^′_E) this is not the case: the statistics of (z, w) in his 3D model essentially differs from that of (z, w) in his one-dimensional model (see Sect.4).

3 2D stochastic model with gaussian pdf

In this section we present concrete expressions for the coefficients in the case of gaussian pdf. We extract the 2D model from 3D model as dX̂ = (Û^′ + ū(Ẑ, t))dt, dẐ = Ŵ^′dt, dÛ^′ = a^′_u(t, Ẑ, Û^′, Ŵ^′)dt + √ C_0ε dB_u(t), dŴ^′ = a^′_w(t, Ẑ, Ŵ^′)dt + √ C_0ε dB_w(t). (3.1)

In the gaussian case, p^′_{2E}(u, w; z, t) = 1 2πσ_{u/w}σ_w exp − 1 2σ^2_{u/w} (u − μ)^2 − w^2 2σ^2_w (3.2) where σ_{u/w} = Δ^{1/2} σ_w , μ = uw σ^2_w w, Δ = σ^2_uσ^2_w − (uw)^2,

and σ^2_u, σ^2_w are the variances of the x- and z- velocity components, respectively. From (3.2), p^′_{1E}(w; z, t) = 1 √ 2πσ_w exp { − w^2 2σ^2_w } , (3.3) then, f_{1E}(w; z, t) = ∫ wœ w −∞ 1 √ 2π exp (−t^2/2) dt = Φ ( w σ_w ) ,

F_{1E}(w; z, t) = −σ^2_wp^′_{1E}(w; z, t). Note that 1 p^′_{1E} ∂p^′_{1E} ∂w = − w σ^2_w , − 1 p^′_{1E} ∂F_{1E} ∂z = 1 2 (w^2 + 1) ∂σ^2_w ∂z , and ∂f_{1E} ∂t = − w σ^2_w ∂σ_w ∂t Φ̇(w/σ_w), where Φ̇(τ) =^{dΦ}_{dτ} , and Φ(τ) = ∫ τ −∞ 1 √ 2π exp (−t^2/2) dt.

From (2.8) we find a^′_w(t, z, w) = − ( C_0ε 2σ^2_w − 1 σ_w ∂σ_w ∂t ) w + 1 2 ∂σ^2_w ∂z ( w^2 σ^2_w + 1 ) . (3.4)

Note that this coincides with Thomson’s relevant expression in his 1D model [12].

By the definition we have f_{2E}(u, w, z, t) = p^′_{1E}(w; z, t)Φ ( u − μ σ_{u/w} ) . To find a^′_u from (2.9) we need the expressions for ∂f_{2E} ∂t , ∂f_{2E} ∂z , ∂f_{2E} ∂w , ∂p^′_{2E} ∂u , ∂^2f_{2E} ∂w^2 . By definition we get ∂p^′_{2E} ∂u = − (u − μ) σ^2_{u/w} p^′_{2E} ∂f_{2E} ∂t = f_{2E} { 1 2σ^2_w ∂σ^2_w ∂t ( w^2 σ^2_w − 1 ) + Ψ(ξ) ∂ξ ∂t } , ∂f_{2E} ∂z = f_{2E} { 1 2σ^2_w ∂σ^2_w ∂z ( w^2 σ^2_w − 1 ) + Ψ(ξ) ∂ξ ∂z } , ∂f_{2E} ∂w = f_{2E} { − w σ^2_w − Ψ(ξ)η } , ∂^2f_{2E} ∂w^2 = f_{2E} { [ − w σ^2_w − Ψ(ξ)η ]_2 − 1 σ^2_w

+ η^2Ψ̇(ξ) } , (3.5)

where Ψ(τ) = d dτ ln Φ(τ), Ψ̇(τ) = dΨ(τ) dτ , ξ = u − μ σ_{u/w} , η = uw σ_{u/w}σ^2_w . Substituting (3.5) in (2.9) yields a^′_u = −

C_0ε 2σ^2_{u/w} (u − μ) + 1 p^′_{2E} { − ∂f_{2E} ∂t − w ∂f_{2E} ∂z − f_{2E} ∂a^′_w ∂w − a^′_w ∂f_{2E} ∂w + C_0ε 2 ∂^2f_{2E} ∂w^2 }

= − C_0ε 2σ^2_{u/w} (u − μ) + f_{2E} p^′_{2E} { − 1 2σ^2_w ∂σ^2_w ∂t ( w^2 σ^2_w − 1 ) − Ψ(ξ) ∂ξ ∂t − w [ 1 2σ^2_w ∂σ^2_w ∂z ( w^2 σ^2_w − 1 ) + Ψ(ξ) ∂ξ ∂z ] − ∂a^′_w ∂w − a^′_w [ − w σ^2_w − Ψ(ξ)η ]

+ C_0ε 2 ( − w σ^2_w − Ψ(ξ)η )_2 − 1 σ^2_w

+ η^2Ψ̇(ξ) .

(3.6)

Since f_{2E}Ψ p^′_{2E} = σ_{u/w}, Ψ̇(ξ) = −Ψ(ξ)(ξ + Ψ(ξ)) ,

we find from (3.6) a^′_u(t, z, u, w) = − C_0ε(1 + ρ^2) 2σ^2_{u/w} (u − ρw) + ρ 2σ^2_w ( C_0ε + ∂σ^2_w ∂t ) w + ρ 2 ∂σ^2_w ∂z ( w^2 σ^2_w + 1 ) − σ_{u/w} ( ∂ξ ∂t + w ∂ξ ∂z ) . (3.7)

Here ρ = uw σ^2_w , ξ = u − ρw σ_{u/w} . Note that in the stationary case these expressions can be simplified to a^′_w(t, z, w) = − C_0ε 2σ^2_w w + 1 2 ∂σ^2_w ∂z ( w^2 σ^2_w + 1 ) , a^′_u(t, z, u, w) = − C_0ε(1 + ρ^2) 2σ^2_{u/w} (u − ρw) + ρ C_0ε 2σ^2_w w + ρ 2 ∂σ^2_w ∂z ( w^2 σ^2_w + 1 ) − σ_{u/w} ∂ξ ∂z w. (3.8)

In the next section we present some numerical experiments which show that the model presented essentially differs from Thomson’s model [12].

4 Numerical experiments

In this section we compare our model against Thomson’s model in the case of a 2D stationary turbulence. First we consider the case of a 2D homogeneous turbulence specified by σ_u = b_uu_∗, σ_w = b_wu_∗, (4.1) where u_∗ is defined by u^2_∗ = −uw; b_u and b_w are some dimensionless constants. The mean velocity field is zero.

Thomson’s model in the stationary homogeneous case reads [12] [3] dX̂ = Û^′dt, dẐ = Ŵ^′dt, dÛ^′ = a^′_u(Û^′, Ŵ^′)dt + √ C_0ε dB_u(t), dŴ^′ = a^′_w(Û^′, Ŵ^′)dt + √ C_0ε dB_w(t), (4.2)

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2 4 6 8 10 12 14 16 18 20

Dimensionless time τ

Eddy diffusivity k(τ)

b_w = 1 b_w = 0.8

Thomson’s 1D

b_w = 1.4 b_w = 1.2 q_0 = 0.0^b

b b b b b b b b b b b b b b b b b b b b

q_0 = 0.2 +

+ + + + + + + + + + + + + + + + +

+ + + q_0 = 0.4 2

2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2

q_0 = 0.6 ×

× × × × × × × × × × × × × × × × × × × × q_0 = 0.8 △

△ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ q_0 = 1.0 ⋆

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

Fig.4.1 Dimensionless vertical eddy diffusivity coefficient as a function of τ, for different values of b_w. The lowest curve corresponds to Thomson’s 1D model.

with a^′_u(u, w) = − C_0ε 2Δ ( σ^2_wu + u^2_∗w ) , a^′_w(u, w) = − C_0ε 2Δ ( σ^2_uw + u^2_∗u ) , (4.3)

where Δ = σ^2_uσ^2_w − u^4_∗.

We calculated the dimensionless vertical eddy diffusivity k(τ) = ε⟨ẐŴ ⟩ u^4_∗

, (4.4)

where τ = t/T_L. Here T_L =^{2σ2}w_{C0ε} is the Lagrangian time scale in z-direction. Since this characteristic depends only on z, w, it is sufficient to take in our model (3.1) only the equation governing z, w: dẐ = Ŵ^′dt, dŴ^′ = −

C_0ε 2σ^2_w Ŵ^′dt + √ C_0ε dB_w(t). (4.5)

We note again (see Remark 2.1) that (4.5) is exactly Thomson’s 1D model [12]. In our numerical experiments we have fixed b_u = 2.3, and have made calculations for b_w = 0.8, 1., 1.2 and 1.4. These values characterize the anisotropy in the neutrally stratified surface layer of the atmosphere [1]. The values of C_0 and ε were taken as 4 and 1m^2/sec^3, respectively, while u_∗ = 0.4 m/sec.

In Fig.4.1 we show the function k(τ) (see (4.4)) obtained by Thomson’s 2D model (4.2) for different values of b_w and by our model (4.5) (which coincides with Thomson’s 1D model [12]).

It is clearly seen that the diffusivity coefficients of these two models essentially differ, e.g., for b_w = 0.8 this difference is about a factor of 3 at the steady-state values of k(τ). With decreasing of anisotropy (i.e., when the ratio b_u/b_w decreases), this difference becomes smaller.

Thus we conclude that even in the homogeneous turbulence (which is however anisotropic) the two studied models may give essentially different results. To choose a proper case, one would need relevant measurements. We have no such experimental results in homogeneous case, while in the neutrally stratified surface layer (NSSL) the measurements are at hand (e.g., see [1]), therefore, it is interesting to compare Thomson’s 2D model with our model defined by (3.1). (3.8).

Thomson’s 2D model of one-particle dispersion in horizontally homogeneous stationary turbulent flow reads [12], [3] dX̂ = (Û^′ + ū(Ẑ, t))dt, dẐ = Ŵ^′dt, dÛ^′ = a^′_u(Ẑ, Û^′, Ŵ^′)dt + √ C_0ε dB_u(t), dŴ^′ = a^′_w(Ẑ, Û^′, Ŵ^′)dt + √ C_0ε dB_w(t), (4.6)

where a^′_u(z, u, w) = − C_0ε 2Δ [ σ^2_wu − uww ] + 1 2 duw dz + w 2Δ { dσ^2_u dz ( σ^2_wu − uww ) + duw dz ( − uwu + σ^2_uw ) } ,

a^′_w(z, u, w) = − C_0ε 2Δ [ σ^2_uw − uwu ] + 1 2 dσ^2_w dz + w 2Δ { duw dz ( σ^2_wu − uww ) + dσ^2_w dz ( − uwu + σ^2_uw )} . Here Δ = σ^2_uσ^2_w − uw^2.

For the NSSL, the coefficients in this model can be taken as follows [1], [6] ε(z) = u^3_∗ κz , ū(z) = u_∗ κ ln ( z/z_0) ) , and σ_u and σ_w are given by (4.1) with u^2_∗ = −uw =const; κ = 0.4, z_0 is the roughnes height.

Hence Thomson’s 2D model in this case is specified by

a^′_u(z, u, w) = − C_0ε(z) 2Δ ( σ^2_wu + u^2_∗w ) , a^′_w(z, u, w) = − C_0ε(z) 2Δ ( σ^2_uw + u^2_∗u ) .

Our model (3.1), (3.8) in the case of NSSL is specified by a^′_u(z, u, w) = − C_0ε(z)(1 + ρ^2) 2σ^2_{u/w} (u − ρw) + ρ C_0ε(z) 2σ^2_w w, a^′_w(z, w) = − C_0ε(z) 2σ^2_w w. (4.7) In the comparative calculations, we have calculated the following dimensionless Lagrangian characteristics: A(t) = √ ⟨Z^2(t)⟩ u_∗t , B(t) = ⟨Z(t)⟩ u_∗t , C(t) = z_0 u_∗t exp { κ⟨X(t)⟩ u_∗t + 1 } . (4.8)

It is known (e.g., see [1], p.77) that these functions tend, as t → ∞, to some constant values a, b and c, respecively, provided h_s and z_0 are much less than u_∗t. Here h_s is the height at which the Lagrangian trajectory starts. The experimenatal measurements of the constants a, b and c are scattered to a certain amount. However as can be extracted from [1], (see the Tables 3.6 and 3.8 therein) we conclude that the values of a, b and c lie in the intervals (0.32, 0.58), (0.28, 0.49) and (0.14, 0.30), respectively.

In our calculations, we have chosen u_∗ = 0.4m/sec, z_0 = 0.1m, b_u = 2.3, and two variants of b_w: b_w = 1.2 and b_w = 1.3.

The results of calculations are given in the tables 4.1 and 4.2.

Table 4.1 Steady-state values of the functions (4.8), for b_w = 1.2.

Model a b c Thomson’s 0.65± 0.01 0.48± 0.02 0.21± 0.03 ours 0.52± 0.02 0.38± 0.01 0.14± 0.01

Table 4.2 Steady-state values of the functions (4.8), for b_w = 1.3.

Model a b c Thomson’s 0.78± 0.01 0.59± 0.02 0.25± 0.04 ours 0.66± 0.02 0.49± 0.02 0.18± 0.01

Here we present the results which correspond to b_w = 1.2 in the table 1, and b_w = 1.3 in the table 2. The tables show that in both cases, the results for a and b obtained by our model agree slightly better with the experiments as compared to those obtained by Thomson’s model. As to the quantity c, both models agree satisfactorily with the measurements.

In conclusion we stress again that even in the case of homogeneous but anisotropic turbulence, the well-mixed condition (1.7) does not define the one-particle model uniquely. Here we compared our model against Thomson’s model which give two significantly different values of the eddy diffusivity coefficient (4.4). To choose between these models, one requires more accurate measurements.

Acknowledgement. This work is partially supported by Grants INTAS-RFBR N 95-IN-RU-726 and the Nato Linkage Grant N 971664.

References

[1] Bysova N.L., Garger E.K. and Ivanova V.N. Experimental studies of atmospheric diffusion and calculation of pollutant dispersion. Gidrometeoizdat., L., 1991, p.250 (in Russian).

[2] Drummond I.T., Duane S. and Horgan R.R. Scalar diffusion in simulated helical turbulence with molecular diffusivity. J. Fluid Mech. (1984), 138, 75-91.

[3] Flesch T.K. and Wilson G.D. A two-dimensional trajectory-simulation model for non-gaussian, inhomogeneous turbulence within plant canopies. Boundary-Layer Meteorology (1992), 61, 349-374.

[4] Fung J.C.H., Hunt J.C.R., Malik N.A. and Perkins R.J. Cinematic simulation of homogeneous turbulence by unsteady random Fourier modes. J. Fluid Mech. (1992), 236, 281-318.

[5] Kraichnan R.H. Diffusion by a random velocity field. Phys. Fluids (1970), 9, 1728- 1752.

[6] Monin A.S. and Yaglom A.M. Statistical Fluid Mechanics. Vol. 2 M.I.T. Press, Cambridge, Massachusets, 1975.

[7] Novikov E.A. A relation between the Lagrangian and Eulerian description of turbulence. Appl. Math. Mech. (1969), 33, No.5, 887–888 (in Russian).

[8] Sabelfeld K.K. Monte Carlo Methods in Boundary Value Problems. Springer-Verlag, Heidelberg – New York – Berlin, 1991.

[9] Sabelfeld K.K. and Kurbanmuradov O.A. Numerical statistical model of classical incompressible isotropic turbulence. Sov. Journal on Numer. Analysis and Math. Modelling (1990), 5, No.3, 251-263.

[10] Sawford B.L. Lagrangian statistical simulation of concentration mean and fluctuation fields J. Clim. Appl. Met. (1985), 24, 1152-1166.

[11] Sawford B.L. and Guest F.M. Uniqueness and universality of Lagrangian stochastic models of turbulent dispersion. Proceed. AMS 8th Symp. on Turbulence and Diffusion. San Diego, 1988, pp.96-99.

[12] Thomson D.J. Criteria for the selection of stochastic models of particle trajectories in turbulent flows. J. Fluid. Mech. (1987), 180, 529–556.

[13] Turfus C. and Hunt J.C.R. A stochastic analysis of the displacements of fluid elements in inhomogeneous turbulence using Kraichnan’s method of random modes. In Advances in Turbulence (ed. G. Comte-Bellot and J. Mathieu), Springer-Verlag, Berlin, (1987), 191-203.