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ABSTRACT. We study solutions of a system of ordinary differential equations with
discontinuity of its vector field on a smooth surface via small additive diffusion pertur-
bations. When a diffusion term tends to zero, one obtains limiting sliding modes on
the surface with explicit representation for its motion law. Stochastic sliding modes
are also established.
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1. Introduction

The goal of the paper is to expose an approach to sliding modes via approximation
by small diffusion. Let us consider an autonomous d-dimensional system (d > 2)

dx
o = (@ (1.1)

with the velocity vector field f(z) which is discontinuous on some (d — 1)-dimensional
surface S. Even the definition of solutions of such an equation requires a special ex-
amination. Indeed, one should introduce the rule of constructing the trajectory on the
surface using additional conventions, so to say, axiomatically, because they do not fol-
low from the original equation (1.1). Various approaches and models were considered
in [Filippov (1985), see references therein as well]. We propose one more model which
appears to be natural from the ”stochastic” point of view. We suggest to think of the
equation (1.1) as a limiting one, obtained from a more complicated equation with an
additional small ”white noise”. Obviously, white noise is not a unique possibility and
one can try other versions. In some sense, the choice of the approximation model is up
to the situation, or physics of the matter. In various problems an approach based on
a small diffusion noise is more or less standard. Now we try to apply it to the sliding
mode problem.

Assume that the surface S is smooth and any solution of equation (1.1) approaches
it from both its sides for a finite time, at least, in some neighborhood of the surface.

We propose the approximative equation

dX, = f(X,)dt + ec(X,)dw(t) (1.2)

with nondegenerate diffusion ec. Here w(t) is a d-dimensional standard Wiener process,
¢ is a small parameter and c is a nondegenerate d x d-matrix. In fact, in the most simple
case c is a constant matrix. We shall start with this case. However, the reader will see
that soon one should use the change of variables. Hence, it is reasonable to introduce
a general ¢ at the very beginning. Now we are going to study the limit behavior of
solutions as € — 0. Explicit formulas for limiting coefficients of the system on the
surface S will be established.

Obviously, we have in mind that equation (1.2) with bounded f and "good” ¢ has
a unique strong solution for any fixed initial data [Veretennikov (1980)]. We always
assume ¢ nondegenerate. On the other hand, it can be satisfactory as well to have a
weak solution which is unique in law [Krylov (1969), Stroock-Varadhan (1979)]. One
could also consider even arbitrary (nondegenerate) discontinuous ¢ which still allows
one to have a weak solution which is a homogeneous strong Markov process [Krylov
(1973)]. If the limiting behavior is well-defined, in fact, one cannot worry too much

even about strong or weak uniqueness before passing to the limit.
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Main results are contained in Sections 2 and 4. In Section 2 we study deterministic
sliding modes and in Section 4 stochastic sliding modes. A stochastic sliding mode
arises if the original system

dX, = f(X;)dt + o(X,)dW (t) (1.3)

is stochastic and such that its coefficients are discontinuous on S. In addition, its
solutions approach S for a finite time in a certain sense and then cannot leave S. Thus,
we have two media separated by S, with two different rules of stochastic motions in
those media. The stochastic sliding mode problem is again to obtain a "natural” law
of a motion on S. Below we present both deterministic and stochastic sliding modes
on a (d — 1)-dimensional surface S of discontinuity in an explicit form. Notice that in
the case of deterministic sliding mode our answer coincides with the well-known rule
[1]. On the contrary, the stochastic sliding modes seem to be considered for the first
time in this paper.

The approach uses essentially the stochastic averaging principle. We first demon-
strate this principle for appropriate model problems in details and then state results
for more general situations.

In Section 3 we find a sliding mode for a system whose all trajectories approach S for
a finite time as above; however, now they attain S with either zero or infinite normal
component of velocity (unlike to Section 2).

In Section 5 we consider a model problem of determining a sliding mode on a (d —2)-
dimensional surface which is the intersection of two (d—1)-dimensional sliding surfaces.

We stress out that our exposition is not absolutely rigorous in all parts. In some
proofs we give, in fact, a sketch and main ideas. In each case a strict proof is clear.
However, it requires much more details and additional pages. The model problems are
strict, at any rate.

2. Deterministic sliding mode on (d — 1)-dimensional surfaces of
discontinuity

Let us start with a two-dimensional autonomous system

& = a(z,y), § =b(z,y), (2.1)

where the functions a(z,y) and b(z, y) are discontinuous on a sufficiently smooth curve
S given by an equation ¢(z,y) = 0.

The curve S bisects its neighborhood in the space (z,y) into two domains G~ and
G Suppose the right-hand sides of the system (2.1) together with their first derivatives
are continuous functions in G~ and G up to S.

Let (z,y) € S, N = Vp(z,y) be the normal to S at the point (z,y). Without loss
of generality one may suggest N directed to G*. Let a (z,y), b (z,y), (z,y) € S, be
the limit values of a(z,y), b(z,y) in G~ and a™(z,y), b"(z,y) be the limit values in
G. We assume that the projections of the vectors (a~,b") and (a™,b") to the normal
N are positive and negative correspondingly, i.e., all solutions of the system (2.1) close
to the curve S approach it from both sides with the growth of time and no solution
can leave the curve S.

Fix (z9,y0) € S. Suppose that the curve S in a neighborhood of (zy,y) can be
expressed by the equation y = ¢(z) and the points (z, y) such that y > ¢(z) (y < ¢¥(z))
belong to G* (G™).
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Consider the change of variables
X=z—mz, Y=y—19().

We get
%§:MX+mmY+¢@4w@%:MKY)
% = b(X + 20, Y + 9%(X + 29))
— (X +20) - a(X + 20, Y +%(X + 2)) = b(X, ), (2:2)

Then the equation of S in a neighborhood of the origin is ¥ = 0, the domain G is
the upper halfplane Y > 0 and the domain G~ is the lower halfplane Y < 0, b (0,0) =

b~ (z0,y0) — ¥'(x0) - a™ (20, %0) > 0, 5+(0:0) = b*(z0,y0) — ¥’ (0) - a™ (20,%0) < 0.

2.1. Model problem (d = 2). In fact, the problem of determining the motion on S
has a local nature. Hence, we replace the functions @ and b in a small neighborhood of
the origin by constant ones, a* := @*(0,0), b* := *(0,0) and consider the simplified
system

X = a(Y), Y = b(Y), (2.3)
where
a, Y <0, b=, Y <0,
CI,(Y) = a(sign Y) = 0, Y = 0, , b(Y) = b(S’[,g'n, Y) = O’ Y = 0,
a*, Y >0, bY, Y >0, (2.4)

with b= > 0, bt < 0.
The method of small additive diffusion suggests that one should consider the follow-
ing perturbed system of stochastic differential equations:

d)(tE = CL(Y;E)dt + ECld’U)l (t)

dYF = b(Y)dt + ecodws (1), (2.5)

where cjand c¢s are some numbers and also ¢s # 0, w; and ws are one-dimensional
standard Wiener processes (they are not necessarily independent).

Now we are going to study the limit of the solution with the initial data (0,0) as e
tends to zero.

Theorem 2.1. Let (X£,Yy) be the solution of the system (2.5) starting from the
origin. Then for any t > 0 there exists a limit a.s., in Ly, and in probability in
C([0,T]; R*) for any T >0

lim X7 = (a"p” +a"ph)-t:=a-t, (2.6)
e—

where
bt b~
= + = . 2.7
p b+ _ b_ Y p b_ _ b+ ( )
The probabilities p~ and p* are equal to (Y < 0) and u(Y > 0) correspondingly
where 1 is the invariant measure of the Markov process governed by the stochastic
differential equation

dY = b(Y)ds + codw(s). (2.8)
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The measure p has the following density

26~
Cexp —Qy, y <0,
® N c- b (29)
p\y) = = . .
2%ty (bt —b7)
Cexp——, y >0,
Ca

Proof. Evidently, the family of distributions of processes (X&, 0 <t < T, e<1)is
relatively compact for any 7" > 0. We shall show now that there is only one limiting
point of this family as ¢ — 0.

Let us introduce the process

Y, =¢e7%Y5, . (2.10)

Due to the equality b(y) = b(sign y), the law of the process Y, does not depend
on ¢ and it satisfies the equation (2.8) with a new Wiener process w(s) = & wq(g%s).
So we can omit the index £ without a risk of confusion. The Markov process defined
by the stochastic differential equation (2.8) is ergodic (cf., [7]). Let u be its invariant
measure.

From the first equation of the system (2.5) we find due to the ergodicity (remind
that X§ = 0):

t
Xt = / a(YF)dt + ecyws (£)
0
t t
= / a(e’Yye2)dt + ews (1) = / a(sign Yije2)dt + ecyw (t)
0 0

= —/ a(sign Ys)ds - t + ecywi(t)

—t- /_ a(y)u(dy) =t-(a p +a'ph), (2.11)

where the limit is understood almost surely, in probability, and in L; [7], and the
probabilities are defined as p™ = (Y > 0) and p~ = p(Y < 0) in a stationary regime.
We can find them explicitly for they do not depend on the initial value Y(0). So, let
Y (0) = € where £ is a random variable with a distribution u (of course, £ does not
depend on w(s), s > 0). Then

Y(s)=€+b / 1Y (6) < 0)d + b / 1Y (6) > 0)dB + cou(s).
0 0 (2.12)
Due to the relation EY (s) = E¢, EI(Y(0) <0)=p~, EI(Y(0) > 0) =p*, we get
bp~ +bTpt =0,
whence the relations (2.7) follow as p~ + p* = 1 and this implies also (2.6).

The invariant measure has on (—o00,0) and on (0,00) a density p(y) which satisfies
the following equations

1 0 _
20317” b- -p’=0,y<0,/ p(y)dy =p~,
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1 o0
50310" —bt-p' =0, y>0, / p(y)dy = p*.
0

The relation (2.9) easily follows.
The assertions concerning the limit in C([0, T]; R') follow easily because the function
a is bounded. Theorem 2.1 is proved.

2.2. General problem (d = 2). Now let us return to the original system (2.1). A
perturbed system with small noise has the form (we observe that the result of Theorem
2.1 does not depend on ¢; and ¢y # 0; it turns out that the same is true in general case
as well and we take ¢; = ¢y = 1 for simplicity in writing)

dX; = a(X],YF)dt + edw(t)
dYE = b(XE, YE)dt + edws(t). (2.13)

Remind that in contrast to (2.1), the system (2.13) has a pathwise unique strong
solution, see [6].

Theorem 2.2. Let (z9,y0) € S and

0 0
(f~, V) = a™ (zo, yo)_go(x(), Yo) + b~ (2o, yo)—go(xo, Yo) >0,

ox Oy
5] 5]
(f", V) =a™ (o, yo)a_:(xo, Yo) + b (o, yo)a_g;(ﬂvo, Yo) <0, (2.14)

where f is the vector with the components a, b and (remind) the vector Vo at any point
(z,y) € S is directed to G*. Let (X£,YF) be a solution of the system (2.13) starting
from the point (zo,y), 0 < t < t, where ¢ is some positive number. Then there exist
the limits on [0,1 ] in probability, a.s., and in L,

ll_l;%Xf = z(t), ll_rg%Yf = y(t), (2.15)
where z(0) = xo, y(0) = yo and (z(t),y(t)) € S, 0 <t <t
The limit (x(t),y(t)) satisfies the system
dz(t)

) _ o (0(0), ) (0(0), (0) + 0 (0(0), ) (2(0) 1) = (o(0), (1)
dz—(? = b (2(t), y(O))p (2(), y(1)) + b (2(t), y(£)p* (2(2), y(1)) := bla(2), y(t)()2’.16)

where + _
P _(f,V(g];) ,—v(g;l,vgo) P (f,v(j;) ’_V(il,vw) , (2.17)

Proof. Our proof consists of two parts. The first one deals with deriving the
law (2.16) for sliding mode provided its existence. Though the latter is evident from
physical point of view, we prefer to give a complete proof in the second part as well.
The parts are independent from each other.

Deriving the law (2.16). Consider a piece of the curve S. We assume that in some
neighborhood of the point (z,yo) it can be expressed by the equation ¥ = ¢(X). Let
us change the variables X, Y :

X=X, Y=Y —-yX). (2.18)



We have
dX¢ = a(X5,YF 4 »(XE))dt + edw, (t) == a(XE, Yi)dt + edw, (t)

dYy = b(X{, Yy + 9(X7))dt

—'(X7) - (a(X5, V¥ + 9(X7))dt + edw (1)) — %azw"()?f)dt + edws(t)

— B(XE, VF)dt %s%"(f(:)dt — e (X)dw () + eduws(8). (2.19)

Consider a d-neighborhood U of the point (zy,0): Us = {(X, V) : |X — x| <

8, |Y| < 6} with small 6. Let (X7,Y;) be the solution of the system (2.19) starting
from the point (xo, 0). If § and € are sufficiently small then the exit probability of this
solution from Us during the time A = §'/*, 0 < o < 1, is very small. Strictly speaking
the following is true for the stopped on 8U,5 process. But in order to avoid unessential
complications we consider the process (Xf, YE) to belong to Us during the time A (and
even during a little bigger time A + O(A*®)).

Let us consider the time change which makes the diffusion coefficient of ¥;¢ constant.
Namely, we introduce the new (random) time ¢ = #(¢):

t
(0= [+ () (49 (a0)) . (2:20)
0
Clearly, if 0 <t < A, then 0 < ¢ < A+ O(A'") and, vice versa, if 0 < < A, then
0<t<A+40(AM). In particular
t(A) = A+ O(AH™), (2.21)
Denote (X, V¥) = (X (i)aYt(i)) on [0, A]. We get

e a( X VT ( (:1;0)2)1/2 .
0K = (T, TN+ 1 (@)

2
_ o - ~. 1
Ve = B(XE, VE)dF — " (X8)— v (xoe dt + /1 + ¢/ (z0)2dws(2)

where w;, W, are new standard Wiener processes (they are dependent, however, it does
not matter), and

1 + lb,(.’l?())?
1+ ¢/(z)?

1+ ’lﬁ,($0)2

) B(.’E,y) = i)(.’L‘,y) ' 1+ W(x)z

C_L(.’E,y) = &(.’E,y) '

Clearly
ai(‘rOa 0) = a’i(xﬂa yU) = a’Ui )

b (x0,0) = = (z0)a™ (o, Yo) + b™ (20, %0) = by -

Due to (2.14) and because the vector (—'(zy), 1) is collinear to the vector Vo (zy, yo)
we have

b, >0, b <O0. (2.23)
It is not difficult to show that

a(z,y) = ao(sign y) + a(z,y), b(z,y) = by(sign y) + B(z,y),
6



where

a8, y <0, by, y <O,
ag(signy) =q 0, y=0, , bo(signy)=1 0, y=0,
&a—’y>0’ b;,y>0,

and there exists a constant K > 0 such that
la(z,y)| < K(Jz —zo| + |y]), [8(z, )| < K(|z — 20| + |y])- (2.24)

Introduce the process

Zy=¢%5,,0<s< (2.25)

The process Z; depends on €. However the dependence is not too essential and we
do not mark it. We have
8_2 S 1+ wl(xo)Q

" XE - d
2V e e p

dZ, = by(sign Z,)ds + B(X%,,Y5,)ds —

‘?ol g

+/ 14+ ¢/ (2)%dw(s), Zy =0, 0 < s <

where w(s) = e ,(e%s).
Since (X5,,Y5,) € Us, we get due to (2.24) (we consider € < A%/2 and we note that

257 T g2s

various constants are given by the same letter K)

|Mﬁ“EF_W(J%i%@T

Introduce another two processes Z, and Z, which solve the equations

dZ, = by(sign Z,)ds — KA*ds + /1 + '(z0)2dw(s), Zy =0,

dZ, = by(sign Z,)ds + KA%ds + /1 + ¢/ (z0)2dw(s), Z, = 0.
Due to the comparison theorem [2] (we note that the comparison theorem in [2] is
proved under some other conditions but it can be carried over to the considered case)

7, < Zy < Z,.

(2.26)

| < KA®,

The invariant measures fi and i of the processes have the density of the form (2.9)
with

_ b —KA* . by —KA“
ik i s
0o Yo 0o Yo
by +KA* | by + KA
I T T
Clearly
v+ (f$’vw) «a + «a
=+ +O0(A%) = p* + 0(A%).
(f= V) = (f+, Vo) (47) (47)
Analogously

p=p" +O(A%).
If a; > a,, then

ao(sign Z,) < ao(sign Y5,) = ag(sign Z,) < ao(sign Z,).
7



If a; > aJ, then the previous inequality is replaced by the contrary one. It is not
difficult to prove (as in Theorem 2.1) that in both cases there exist the limits

lim iOang =A-(agp +ajpt) +O(A"™),
E—>

limsup X% = A-(agp +agp’) + O(AF®). (2.27)

e—0

As X§ = XE(A), we have (due to (2.21)) the same relations for X§ as well. Using
(2.25), we get

limYE = 0. (2.28)

e—0

Returning to the original variables, we obtain from (2.27) (for X%) and (2.28) that

N S . I . .
Eg}) x hren_)l(}lf(XA —xg) = ianO — lllzljélp(XA — x9) = a(zo, Yo),

N S . T c
Eg}) — IIIEILIOIlf(YA — 1Y) = ilg}) — hr?_i}lp(YA — Yo)

N I ; IR O . (Vi
= Jim < Tim inf((X3) — o) = Jim = lim sup(y(X3) — yo) = ¥'(0) (w0, 30)-

The equality
W' (z0)d(z0, %0) = b(o, o)

follows due to the relation (see formulae (2.17))
(f7Velp™ + (f7,Ve)p' =0.

So we prove that the limit process defines the field of vectors (a, IV)) on the curve S
which acts tangentially to S and, consequently, the limit process satisfies the system
(2.16). In the capacity of ¢ one can take a time on which the solution of the system
(2.16) with initial data z(0) = zy, y(0) = y, exists.

The complete proof. 1t is convenient to divide this part of the proof into steps.

e Let us take a partition of the interval [0, T'] by the points ¢, = kA, k=0,1,... ,N.
Assume that A is small. Notice that both X? and Y? are close to its values in ¢
in probability as s is close to t;, i.e. for any ¢ > 0 one has,

sup P(sup sup (X5, 77) — (X5, VIl > ) = 0a(1).
e<l k<N |s—t;|<A
e Let us consider the time change which makes the diffusion coefficient of Y¢ equal
to const times € and the diffusion coefficient of X°¢ close to another const times &
on each partition interval [ty, ¢z, 1], namely, let

he = /0 (149" (X5)%) (1 + ¢'(XF,ja12)") " ds,

and new time ¢’ = t'(t) = h, '. Notice that dh;/dt is close to 1 in probability if A
is small enough: for any £ > 0 and any ¢ > 0
sup P(sup |, — 1| > ¢) = oa(1).
e<1 s<t
8



e Denote (X!, Y]) = (Xf,(t), Yt?( y) (we omit the index e for the notation simplicity).
Then (see [2])

Xy = (X}, Y)) dt + (L + ¢/ (X a10)") 2 (L + ¢/ (XD) 72 da (1),

dY] = b,(X],Y)) dt +e(1 + W(X[’t/A}A))I/? dw(t),
i.e., on each partition interval [ty, tx11],

dX; = a,(X],V)) dt + (1 +¢'(X],))Y2(1 + ¢/ (X)) V2 dwy (t),

dYy = b(X}, Y/)) dt +e(1+ /(X)) dw (),
where w; and @ are new standard Wiener processes (they are dependent but it
does not matter) and the coefficients @ and b have the form

a(@,§) = a(#@, 7)1+ 9 (Kl a2)) 1+ 9/ (@),
b(&,7) = (B(&,§) — %" (@)/2) (1+ ¥ (K )21+ 9/

e It is easy to see that sup,, |Y,| = 0 in probability as ¢ — 0 for any t < T..
e Further, let us consider a new process

t
X)g,:XO‘i‘/ ds()?[,s/A]A,ﬁ,) dS.
0

Evidently, X; = X7 + oa(1).
o Let o, (z) = liﬂ)l&t(.’ﬂ,y), a; (z) = li%l&t(x,y). Since sup,, |Ys| = 0ase — 0
v v =
then
(k+1)A

X! = Xo+ ) S afa(Xia)A / 1(V! > 0)ds

k<N EA

(k+1)A
Haa(Ga)a [ 1T <0)ds b o),
kA

where (P)lim,_, 0.(1) = 0.
(k+1)A
Denote v, = A~ [ 1(Y, > 0)ds. Then one can rewrite the last assertion

kA
as

X! =X+ Z{am Xiali + aa (Xia) (1 = 14)} + 0c(1).

k<N

o Let U(z,0) = {(2,¢) : |z —2'| <r |y]| <r}, rissmall and A << r. We
introduce new random coefficients which also depend on time,

bep(t,z,y) = sup{b(z’,y'): («',¥) € U(X'['t/A}A,O), signy' = signy} + 0,

Binf(x, y) = inf{l;(x’, yl) : (117,, Yy ) S U(X t/A Aa O)a Sign y, - Sign y} + 6a

where § > 0 is one more small parameter.
9



Notice that P (bsup(t T,Y) ~ b(X[t/A}A, Y) & bing(t,z,y), 0 <t < T) ~1ifr
and ¢ are small enough. Consider new processes which solve the equations

t t
Y = %+/@w@QMNVTﬂw+6/U+¢%QMMW”W%
0 0
t t
Yl = %+/EMQQMNVT0%+/?O+W@@MMW%wm
0 0

Denote Uy, = U(Xga,0), Ty := inf(t > kA : (X’,f/) ¢ Uy). Due to comparison
theorems,

P(Ymnf < Y/ Y//sup ) -1

min(¢,T}) min(¢, Tk) min(¢,T})

Indeed, it follows from arguments of ODE theory since the diffusion coefficients
of both processes are equal and piecewise constant.
e We can write

P( l/mf < Vk < Z/HZUP k < N) ~1

where
E+1)A ' (k+1)A ]
Vllsup — Al/ 1(yl!zup) dS, Vllmf — Al/ 1(Ynzsnf) ds.
kA

e Now, we make the change of space and time exactly as in the proof of Theorem
2.1. Due to the convergence to the invariant measure, we get on each partition
interval kA, (k + 1)A given Xj 4,

| b (K14)
minf inf kA
T R b (R
znf( kA) znf( kA)
and
su bsu (XIICA)
Ve — , P — — 0.
bsup(XkA) bsup(XkA)
Since
b;’Lf(XIICA) ~ bsup(Xlch)

(see Theorem 2.1), we get
minf 118up

VI = /TP for all k.

e Hence,



where p**? and p™™ are invariant measures of the processes Y"*“? and Y/
correspondingly and o(1) — 0 in probability as A, 4, € — 0.

Finally, since the measures p**?(z, dy) and u*f(z, dy) are close to u(z,dy) and
the last measure is continuous in z (in the weak sense), we get

t
Xi—a = [ (X p)u(Edy) +of0).
0

Here o(1) — 0 in probability as € — 0.
e Remind that the time change ¢'(¢) is such that dt'(¢)/dt is uniformly close to 1 in
probability if A is small enough. As A — 0, we obtain

K- /Ota()”(s, D i(Xs, dy) + o(1).

This is equivalent to the desired assertion. Theorem 2.2 is proved.

Remark 2.1. The established law (2.16) of motion on S coincides with the well
known sliding mode [1].

Remark 2.2. Clearly, the vector (d(z,y),b(z,y)), (z,y) € S, is tangent to S at
the point (z,y). After the change of variables it coincides with the vector (a,0) from
Theorem 2.1 (of course, the probabilities p~(z,y), p*(z,y) from (2.17) are equal to
p-, p" from (2.7)). Thus, Theorem 2.2 justifies the following principle: to obtain
the infinitesimal characteristics of motion on a sliding surface one should reduce the
problem to the corresponding model one. The system (2.5) gives an example of such a
model problem.

Remark 2.3. The system (2.16) can be rewritten in the form

dZ—it) = = (z®)p~(z(t)) + fH () (z(t) := F(z(t)). (2.29)

We remind that f is the vector with the components a, b.

2.3. Model and general d-dimensional problems. The obtained results can be
generalized to the case of a d-dimensional system (1.1) if the surface of discontinuity S
is (d — 1)-dimensional. Slightly abusing initial notation, we can represent the system
(1.1) in the form

dx dy

et -~ = 2.

o = @), o =b(z,y), (2.30)
where z = (2, ..., 24 1), y = z¢.

Let (zo,%) = (z},...,2z07%,90) € S be a fixed point. Assume that the surface S
can be expressed by the equation y = 9(z!,...,2971) in a neighborhood of (g, yo).
Introduce G* by the rule: the points (z,y) with y > ¢(z) from a neighborhood of

(zo, Yo) belong to G*. Suppose that

b (zo,y0) — (V(20),a (x0,%0)) > 0, b+($0,y0) - (Vw(:z:o),aJ“(:z:o,yo)) <0.
(2.31)

Consider new coordinates

X=z—mz, Y =y—9()
11



Then

% = a(X + 2, Y + (X + 20)) := (X, Y)
dy
— =X 30, Y + (X + 20))
(VX + 20), a(X + 20, Y +9(X +20))) 1= b(X, V). (2.32)

For this system the surface of discontinuity is expressed by the equation ¥ = 0 in
a neighborhood of the origin, the domain G is the upper half-space Y > 0 and the
domain G~ is the lower half-space Y < 0, and due to (2.31) b~(0,0) > 0, 7(0,0) < 0.
The same arguments, which were used for deriving the system (2.3), lead to the system

X =a(Y), Y =b(Y), (2.33)
where (as before a(Y) = a(sign V), b(Y) = b(sign Y))
a”, Y <0, b—, Y <0,
aY)=<¢ 0,Y=0, ,bY)=<¢ 0,Y =0, (2.34)
at, Y >0, b*, Y >0,

with the vectors a= = @7(0,0), a™ = a@*(0,0), and with the scalars b~ = b= (0,0) >
0, b+ = b*(0,0) < 0.
Along with the system (2.33) consider the d-dimensional system with small noise

dX; = a(Yy)dt + edw (t)
dYE = b(YE)dt + edws(L), (2.35)

where w; and wy are (d — 1)-dimensional and one-dimensional independent standard
Wiener processes correspondingly.

For the system (2.35) one can prove the same result as Theorem 2.1 asserts. Namely,
let (X7, Y[) be the solution of the system (2.35) starting from the origin. Then its limit
as € — 0 equals

lim Xy =a-t, limY® =0,
e—0 e—0
where the (d — 1)-dimensional vector @ is equal to a p~ +a*p' with p~, p™ from (2.7).
A theorem analogous to Theorem 2.2 can be proved as well.
Let S be a surface of discontinuity for the system (1.1) expressed by the equation
¢(z) = 0. Remember, the domain G™ is chosen so that the vector V(z) at the point

x € S is directed to it.
Along with the system (2.30) let us consider a perturbed system

dXE = f(XE)dt + edw(t), (2.36)

where w(t) is a d-dimensional standard Wiener process.

Theorem 2.3. Let
(f7,Ve) >0, (f*,Vyp) <0. (2.37)

and X§ be a solution of the system (2.36) starting from a point x € S, 0 <t <, where

t is a positive number. Then there exist the limits on [0,% | in probability, a.s., and in
Ly

lim X7 := (1),
12



where (0) =z and z(t) € S, 0 <t < &
The limit z(t) satisfies the system

P _ e @) + O ) = (=) (2:38)

with

- _ (f+an0) +$ _
PO e - rve P

(f/~, Vo)
(7 Vo) = (F5Ve) (.39

3. Sliding mode under weak and strong singularity

Consider the following two-dimensional model system
X =a(Y), Y= Y]b(Y), bl <1, (3.1)

with a and b from (2.4).

Under v = 0 we get the system (2.3). All the trajectories of the system (2.3) approach
the line of discontinuity ¥ = 0 for a finite time and arrive at this line with a nonzero
(because b~ # 0, b # 0) and bounded Y-component of velocity. If v # 0, as before
they approach the line of discontinuity for a finite time but with zero (0 < v < 1) or
with infinite (—1 < v < 0) final Y-component of velocity. Therefore the obtained rule
of sliding mode cannot be used.

Consider the system with small noise

dX; = a(Y)dt + edw; ()

dYF = |YF|"b(Y)dt + edws(t). (3.2)
Introduce the process
. 2 2(1-1)
Y,=¢e Y5 ,a=——,3=——"". 3.3
555 1 _i_,y /B 1 _i_,y ( )

It is not difficult to show that the law of the process Y, does not depend on e and
Y, satisfies the equation

dY = |Y'b(Y)ds + duw(s) (3.4)

with the standard Wiener process w(s) = e7#/2w,(£”s).

The Markov process defined by the stochastic differential equation (3.4) is ergodic
(see [8]). Its invariant measure p has on (—o0,0) and on (0, 00) a density p(y) which
satisfies the following equations

L (ly"p)

AT gy <0
2 8y ) y )
L, d(y"p)
L S —0, y>0. 3.5
5P o9 .Y (3.5)

We calculate

b
C |yt <0
1 exp( 7Jrllyl ), ¥y <O,
p(y) = (3.6)
y"™, y > 0.

bt
C
2 eXP(,Y 1
13



One can show the equality C; = C, as follows. From (3.4) we have

V(s)= ¢+ / Y (0) B (6))d8 + w(s),
where & has the distribution (3.6).
Since EY (s) = E¢, we get
EY (s)Pb(Y (5)) = / b - (—u)"p(y)dy + / bty p(y)dy = 0,

whence the equality C; = C5 := C' can be obtained easily.
Further, the first equation of (3.2) gives (cf. (2.11))

0

e o]

At
X, = / a(YF)dt + ewn (AL)
0

At At
= / a(e*Yyyen)dt + w1 (Al) = / a(sign Yy .s)dt + ew  (At)
0 0

B At/e?
=X a(sign Y,)ds - At + ew;(At)
0

S AL / " a(y)uldy) = At (@ p + atp?).

o0

Let us find the values p~ and p™. We have

— 0 d C > bi ’Y+1d C oo y7+1 d
= [ iy =C [ ey = o5 [ e

. /oo ) C/ooe ( bt 7+1)d C /ooe ( Yt \d
— = X = Xp(— .
p ; ply)ay ; p 7+1y Yy (—oH)h p ~ Yy

Since p~ + pt =1, we get
- (—b+)H/ ,_ (b)Y
SN G N e EE RN CR RN GO LEN

Thus, the sliding mode on the sliding line Y = 0 for the system (3.1) is the uniform
motion with the speed a p~ +atp™

4. Stochastic sliding mode on (d — 1)-dimensional surfaces of discontinuity
4.1. Model problem. Consider the following d-dimensional stochastic system

dX =a(Y)dt +o(Y)dW(t)

dY = b(Y)dt, (4.1)

where X and a are (d—1)-dimensional vectors, Y and b are scalars, W is a k-dimensional

standard Wiener process, o is a (d — 1) x k matrix. We suppose that the coefficients
a, o, b depend on sign Y only:

a,Y <0, o, Y <0, b—, Y <0,
aY)=< 0,Y=0, ,0Y)=¢0,Y=0,bY)=¢{0Y=0 |,
at, Y >0, o, Y >0, bt Y >0, (4.2

14



and that
b= >0, b" <0.

Thus, we have two media (Y < 0 and Y > 0) with two different laws of stochastic
motion. In addition, any solution approaches the plane of discontinuity ¥ = 0 for a
finite time and cannot be able to leave this plane. Our goal is to obtain a "natural” law
of stochastic sliding mode on sliding plane induced by the stochastic motion in these
two media.

To this end introduce the following d-dimensional system with additional small noise

dX{ = a(Y7)dt + o(Y7)dW (1) + edwy (t)

dYF = b(Y)dt + ecdws(t), (4.3)

where w; and wy are (d — 1)-dimensional and one-dimensional independent standard
Wiener processes correspondingly. The processes w; and ws are independent of W as
well.

We define the sliding diffusion as a limit process for X; under ¢ tending to zero
provided the process (X, Y;) starts from the origin.

Theorem 4.1. The processes (X5, 0 < t < T) tend weakly in distribution to a
Gaussian process

where p~ and p* are from (2.7),
a=ap +a'p’, a=(0 (c)p +o"(c")p")"
(the square root of the non-negative definite constant symmetric matriz is always well-

defined), and W is a (d — 1)-dimensional standard Wiener process.

Proof. As earlier introduce the process Y, = a‘QYEEZS . We have for any ¢ > 0 (cf.

(2.11))

t t
X = / a(sign Yy).2)ds + / o(sign Y2 )dW (s) + ew(t)
0 0

t/e? t/e? 5
= ¢? / a(sign Y;)ds + a/ o(sign Ys)dW (s) + ews(t), (4.4)
0 0

with the standard Wiener process W (s) = e W (2s).
Further,

t/e? _ t/e? -
E52/0 o(sign Ys)dW (s) - (/0 o(sign Y,)dW (s))"

t/e?
= 52E(/ o(sign Y,) - o (sign Y;)ds) — [0~ (07)'p~ + ot (e p"|t := 55"¢,
0 (4.5)
where indeed p~ and p* are from (2.7) and & is a solution of the matrix equation with
respect to o
6" =0 (o7)'p” +ot(a")Tp".
15



Here one has a convergence in probability locally uniformly with respect to t. Hence,
in fact, we get a weak convergence to the Gaussian process described in the theorem.
This proves the assertion.

4.2. General problem. Now let us proceed to a more general case. Consider a
d-dimensional system of stochastic differential equations

dX = f(X)dt + o(X)dW (L), (4.6)

where X and f are d-dimensional vectors, W is a k-dimensional standard Wiener
process, o is a d X k matrix.

Let S : ¢(z) = 0 be a smooth surface of discontinuity for the drift and diffusion
coefficients of the system (4.6) and the domain G is chosen so that the vector V(z)
at the point z € S directed to G*. We suppose the coefficients f(z) and o(z) together
with their first derivatives with respect to z to be continuous functions in G~ and G*

up to S. In addition we suppose that at any point z € S the following conditions are
fulfilled:

(67)' Vo =0, (67)TVp =0, (4.7)

(Lp)~ >0, (Lp)" <0, (4.8)

where

;&
Zax, Ji 52::

The condition (4.7) means that the orthogonal to the surface S component of diffu-
sion degenerates with approaching S from both sides. The conditions (4.7) and (4.8)
ensure the impossibility of leaving the surface S. Because of the degeneracy (4.7), the
problem of a "natural” definition of solutions on S arises. In connection with this
problem we introduce the auxiliary system with additional nondegenerate small noise

dX; = f(X])dt + o(X;)dW (t) + edw(t), (4.10)

() ) Oim(@)0jm (). (4.9)

where w is a d-dimensional standard Wiener process independent on W.

To obtain the limit stochastic process on S, we suppose that the surface S can be
expressed by an equation solved with respect to the last component in a neighborhood
of a considered point. Let us represent the system (4.10) in the form

dX; = a(X;,Y))dt + o X[, Y )dW (t) + edw(t)

4V = b(X, YE)dt + B, Y)W (1) + edv(). (4.11)

Here a, X are (d — 1)-dimensional vectors, b, Y are scalars, a is (d — 1) X k-matrix
and (3 is 1 X k-matrix, W is a k-dimensional, w is a (d — 1)-dimensional and v is a
scalar standard independent Wiener processes. Let S be expressed by the equation
Y = 9(X) in a neighborhood of the considered point (z,y) = (z1,...,Z4 1,y). Because

oy . ogq, B -0y /0x,

T — _

] R (R U3 (P
Qg o Fgak Pr 1
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we get from (4.7)

)TV = — Za1m37 +B8E=0, m=1,..,k. (4.13)
Further,
d—1 d-1 k
oY 1 0%
Lo=- a—— +b—= im i - 4.14
v ;“Jaxj + 2]2::1 aX,-aX,-leo‘ % (4.14)

In the new variables

we obtain (see (4.13), (4.14))
X = a(X5, Y7 +9(XD))dt + a(XF, Y+ o(XF))dW (1) + edw(t)

(4.15)
dY = Lo(X{, V¢ + ¢(X7))dt
HQ) o7, T+ (XNAW () — =3 22 (%7)du, 1) +2do(t)
j=1 (4.16)

The surface of discontinuity for the system (4.15)-(4.16) is expressed by the equation
Y=0ina neighborhood of the origin. Due to (4.13) the vector-row (V(p)Ta(X' f’ +
¥(X)) tends to zero if Y tends to zero. Besides, the drift coefficient Lo(X,Y + (X))
is positive for Y < 0 and negative for Y > 0 thanks to (4.8). Therefore the system
(4.15)-(4.16) is close to the model system (4.1) and one can use the obtained rule for

the sliding stochastic mode on the plane Y = 0. We get for
X(t) == lim X¢
e—0

the following stochastic differential equation

dX = a(X)dt + &(X)du(t), (4.17)
where  is a (d — 1)-dimensional standard Wiener process,
4(X) =a (X, u(X)p +a* (X, w(X)p", (4.18)
F(X)(E(X))T =a () +at (@) ", (4.19)
with
a* = a*(X,y(X))
and
ey (Le)* vy (Le)”
R e e LA e 75 A

where the arguments by Ly are (X,Y +¢(X)) under X = X, ¥ =0, i.e., (X, (X))
Let

X(t) := ll_I)I(l)Xt, Y(t) := limY{.

e—0
17



Due to the change of variables, X = X + z, ¥(X), and we have
dX = a(X,Y)dt + a()‘( Y)dw(t), (4.21)
where
a(X,Y)=a (X,Y)p +a"(X,Y)p" (4.22)
&(X,7)a7(X,7) = a (o )Tp +a*(a*)Tp", (4.23)

with a®, p* depending on X,Y = ¢(X).
T

Evaluate now dY = di(X). Thanks to (4.21)-(4.23) we get
d—1 o d—1 = ¢ d—1
dy = Z 8X (a;dt + Z a;;dw;(t)) + ) Z Qi O jm Al

j=1 i,j:l

~ 0P 1 &Py
+
+p ( 8X i g 8 8X e Zam 0, dt—i—ZaX Zamdw]
” (4.24)
where all the functions have X,Y as their arguments.
Due to (4.14)
d— k
8¢ 1 021
w3 S g Yok b (0 (129
= m=1
and due to (4.20)
(Le)™p™ + (L) p" =0. (4.26)
The relations (4.24)-(4.26) give
d—1 o d—1
dY = b(X,Y)dt + z:: 7Y (X) 2 ai; (X, V) dw,(t), (4.27)
where
B(X, V) = b~(X, V)p~(X,7) + b°(X, V)p*(X, 7). (4.28)

The d x d-dimensional diffusion matrix of the system (4.21), (4.27) is equal to I'T'T,
where I' is d x (d — 1)-dimensional:

011 0141
I'=1 asn Od—1d—1
zdfl 8¢ a zdfl 6¢ a p
C Q1 .- 1 5 OGg1
=l ax, " =l ax; "

Using (4.23) and (4.13) one can prove that
ITT=0 (¢ )p +0o"(c")Tp",

where o is the d x k-dimensional matrix (see (4.12)).
18



Introduce a d x d-dimensional matrix & which satisfies the equation

56T =0 (07)p” +0"(c")Tp". (4.29)
Then the system
d
dX; = a;(X,V)dt + Y 63;(X,YV)dw;(t), i =1,..,d -1,

j=1

d

dY =b(X,Y)dt + Y 64(X,Y)dw;(t),
j=1

where w(t) is a d-dimensional standard Wiener process, gives the same diffusion law
as the system (4.21), (4.27).

Now we can return to the original systems (4.6) and (4.10) and state the following
assertion.

Theorem 4.2. Suppose the conditions (4.7), (4.8) to be satisfied. Let X{ be a
solution of the system (4.10) starting from a point x € S, 0 <t < At, where At > 0 is
sufficiently small. Then there exists the limit

lim X7 := X (¢t),

e—0

where X(0) =z and X(t) € S, 0 <t < AL
The process X (t) is governed by the following system of stochastic differential equa-
tions

dX = f(X)dt +&(X)dW(t), (4.30)
where W is a d-dimensional standard Wiener process and

f@)=f (@)p (2) + fT(2)p"(2), z €S, (4.31)

3(@)67(2) = o (@) ()P (3) +0* (@) (@)'P(2), 2 € S
(4.32)

)t
7 ) 7 ) L (77 ) e (77 ) L

Remark 4.1. It is evident that the vector f in the system (2.29) is tangent to S
and therefore the (d — 1)-dimensional manifold is invariant for a system of the form
(2.29) in whatever way (of course, in a sufficiently smooth manner) it is continued (we
observe that f is determined on S only).

Analogously, in whatever way to continue the coefficients of the system (4.30) the
manifold S remains invariant.

Let us check this fact directly using the Stroock-Varadhan support theorem [2].
In accord with the theorem one has to write the Ito system (4.30) (of course, with
continued in a smooth manner coefficients) in the Stratonovich form and verify that
the drift- and diffusion-vectors of the latter system are tangent to S.

Rewrite the system (4.30)

M&

dX = f(X)dt + X)dw,(t (4.34)



where 6" is the r-th column of the matrix (X). We consider the matrix & which

satisfies (4.29) to be symmetric for simplicity, i.e., & = aT.
The Stratonovich system corresponding to (4.34) has the form

where
=T =T
057 0a7]

05" Oz, ~ Oxy

Oz osn 9,
Oz, ~ Oxy

Let us check that on S
(6", Vp)=0,r=1,...,d.
The relations (4.36) are equivalent to
o™V =0.
We have
(6TV,0TVy) = (66TVp, Vo)

=((p 70 (67) Ve +p ot (67) V), Ve) =0,

as (6%)TVyp =0 on S (see the condition (4.7)).
So, 3TV = 0 and, consequently, (4.36) is proved.
Let us evaluate

do1 Op 05 Op
d o, d oz, 0z, " Oz Oz4
1 1 1 0T 1 0Zq
_i(z 660 0", V) = 3 Z(ﬁT, ....... )
=1 9T r—1 do1 O¢p 0oy Op
0xy 01 Oxy0z4
0 ,_,.0p _, O0p
1 8—:1:1( Loz, + .+0d8:1:d)
- —52(6T, ....... )
r=1 i(—’"a_(p + ..+ _Ta_QO)
| Oxg %1 or, 19z,
- 2 2
0% . Py
1A ! 92 '+0d8x18xd
+=) @ )
245 02 0%¢
B o7 + .ot o—
0z 4011 daxﬁ

(4.36)

(4.37)

The relation (4.36) asserts that the vector " on S, r = 1,...,d, is tangent to S.

The sum ) 4 (@7, =—(
r— 9
20

", V)) on S is none other than the derivative of the function



(6", V) in the direction of ", i.e., in the direction tangent to S. But on S this
function is equal to zero (see (4.36)). Hence the first summand in the right hand side
of (4.37) is equal to zero on S.
Consider the second summand in (4.37). From (4.9) we have
Lo s 4 0%p + +
—t T = (L — Vo).
517 o = (1) - (7%, 70)

Therefore (see (4.32), (4.26), (4.31))

1 0 1 02 1 o al?)
ZtrooT =p - ~tro (o )7 . Ztrot(ot)T
2 oo {81‘181'] } p 2 ro (U ) {81‘18.’13] } + p 2 ra (U ) {83:18:5] }

Consequently,

2 8:1:

i.e., the drift in the system (4.35) is tangent to S as well. Thus, the invariance of S for
the system (4.30) is verified.

5. Sliding mode on surfaces which dimension is less than d — 1

In this section we treat a problem connected with determining sliding mode on a
(d — 2)-dimensional surface which is the intersection of two (d — 1)-dimensional sliding
surfaces. We restrict ourselves to a model problem in the case d = 3.

Consider the following three-dimensional system

dzx dy dz

- = a(y, z), i b(y, 2), 7 c(y, 2) (5.1)

with
=ay, b(y,z) =by, c(y,2) =c1ify >0, 2> 0,
= b(y,z) =bs, c(y,2) =cpify <0, z >0,
by, z) = bs, c(

a(y,z) = aq, b(y,z) = by, c(y,2) =c4if y > 0, 2 <0,

)
)
) c(y,z) =c3if y <0, z <0,

)
where a;, b;, ¢;, i =1,...,4, are constants, i.e., the right-hand sides of the system (5.1)

depend in fact on sign y and sign z only.
In addition we suppose that

by <0, bp >0, b3 >0, by <O,

c1 <0, ca<0, c3>0, cg >0. (52)

Thus, the surfaces of discontinuity of the right-hand sides of the system (5.1) are
the planes y = 0 and z = 0. They divide the space in four parts. The conditions (5.2)
ensure that any trajectory reaches one of these planes for a finite time. The law of

motion on the planes can be obtained according to the results of Section 2. It is not
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difficult to see that any motion reaches the line y = 0, z = 0 (axis z) for a finite time
as well and our problem is to find the law of motion on this sliding line.
Introduce the system with small noise

dX; = a(Yy, Z7)dt + edw (1), (5.3)
dYE = b(YF, Z5)dt + edws(t), dZ8 = (Y, Z8)dt + edws(t) (5.4)

and the process (Y, Z,) :
Y, =e7?Ys,, Z, =225, (5.5)

Because of (5.2), it is not difficult to justify that the law of the process (Y, Z,) does
not depend on ¢ and that it satisfies the system

dY =b(Y, Z)ds + dWy(s), dZ = c(Y, Z)ds + dW3(s), (5.6)

where Wy (s) = e wq(e?s), W3(s) = e tws(e?s).

Due to the conditions (5.2) the Markov process defined by the system (5.6) is ergodic.
Let 4 be its invariant measure. Let (X7, Y}, Z) be the solution of the system (5.3)-(5.4)
starting from the origin. Analogously to (2.11) we get

4
lim X7 = ipi-t:=at, limYS =0, limZ; =0
1=

where p; is y-measure of the corresponding quadrant of the plane X = 0. Obtain some
relation for p;. Let Y(0) = £, Z(0) = n, where (§,7n) is a random vector with the
distribution law p. We have from (5.6)

Y(S) =&+ b / XY(0)>0,Z(0)>0d9 + ...+ b4/ XY(0)>0,Z(0)<0d9 + WZ(S)-
0 0

Because EY (s) = E£, Exy(9)>0,z0)>0 = k(Y > 0,Z > 0) = p1, ..., Exy(9)>0,2(9)<0 =
u(Y > 0,7 < 0) = py, we get

bipi + baps + bsps + byps = 0.
Similarly

c1p1 + copa + c3ps + c4py = 0.

Together with p; +ps+ps+ps = 1 we have three relations with respect to four desired
probabilities. Unfortunately, there is no additional relation in general case. However,
for instance under some kind of symmetry, it is possible to find these probabilities or

a. A short example: let by = —by, ¢co = ¢1, by = —bs, ¢4 = c3. Then it is clear that
. C3 —C

p1 = p2 and ps = py. Asaresult weobtainp; =ps = ——— | p3=py1 = — ,

2(03 - Cl) 2(03 - Cl)

and @ can be found explicitly. Another example. Tt is not difficult to prove that the

following three four-dimensional vectors: b := (by, be, b3, bs)7, ¢ := (c1,¢2,¢3,¢4)7, D 1=

(1,1,1,1)7 are linearly independent provided (5.2). Let @ := (a1, a2, as,a4)T depend

linearly on b, ¢, p: a = b+ ¢+ ap. Then a = a.
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