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Abstract

The problem of estimation of the finite dimensional parameter in a par-
tial linear model is considered. We derive upper and lower bounds for the
second minimax order risk and show that the second order minimax esti-
mator is a penalized maximum likelihood estimator. It is well known that
the performance of the estimator is depending on the choice of a smooth-
ing parameter. We propose a practically feasible adaptive procedure for the
penalization choice.

1 Introduction

In the partial linear model we estimate an unknown parameter § € R based on
the observations

where &; are i.i.d. random variables with zero mean and finite variance o? = E£2.
It is assumed that the regressors X; are i.i.d. random variables taking values in
[0,1] and do not depend on §;. The function m(z), = € [0, 1] here is the unknown
non-parametric nuisance function, such that the random variables m(X;) have zero
mean.

There are different statistical models for the predictors Z;. Speckman (1986)
assumed that the entries of Z are functionally connected with the regressors X;. In
the present paper we deal with a simpler case by assuming that the matrix Z does
not depend on the regressors X; and the noise &; and that the empirical covariance
matrix V

1 n
Vi = — Z Zin L.
n:4

is nonsingular for all n > ny.
Since the “noise” m(X;) + & has zero mean one could be tempted to use, for
instance, the "naive” least squares estimator

n

én = arg min {l Z (Yi - HTZi)Z}

9crd (N ;o
to estimate the unknown parameter 6. Evidently

~

E(6, —0)6, —0)T = VTI{UQ +Em?(X;)},

where ()T denotes transposition. The estimator 8,, does not use a priori information
about the nuisance function m(-). If this function is sufficiently smooth, then the
performance of 0, can be substantially improved. In Robinson (1987) it was shown
that there exists an estimator éef such that

E(f.; — 0)(0e; — 0)7 = {1+ 0(1)}~ ‘;_ , n— 00, (2)




If & are Gaussian then the estimator §ef is often called asymptotically efficient
or adaptive, Bickel, Klaassen, Ritov and Wellner (1992). Asymptotically efficient
estimates of 6 are traditionally constructed in partial linear models in two ways:
by using kernel estimators as in Speckman (1988) or by penalization of the log-
likelihood. For example, the penalized least squares estimator

~

§ = arg min min {711 Xn: {Y; 9Tz, - m(X].)}2 oy Al {m(ﬁ)(t)}zdt} . (3)

bert ™ i=1
where m(-) denotes the derivative of the order 3 and the smoothing parameter

tn is of the order of n=?/(8+1) s the efficient estimator in the case of Gaussian
noise. More precisely for § = 2, it was proved in Rice (1986) that if

/ {mP ()}2dt < L

then

2771

E(0 —0)(0 — 0) {1+ 0@ 21CH )} n— oo, (4)

n

The goal of the present paper is to make precise the remainder term in (4)
and thereby to provide an asymptotic minimax estimator for the parameter 6.
The existing first order theory does not help us to perform this program. The
available results in the second order theory Carroll and Hardle (1989), Chen (1988),
Heckman (1986), Mammen and van de Geer (1997) Speckman (1988), Rice (1986)
specify only the order of the second order term in the expansion of the risk. It is
known that reasonable candidate estimators have a second order term of the order
n—(48+1)/(28+1)

To shed some light on the optimal estimator in partial linear models we do the
next natural step in investigation of the second order risk. We calculate it exactly
up to the constant. Our considerations show, among other things, that the spline
estimator in (3) is not the second order minimax. All asymptotically efficient esti-
mators for partial linear models are based on some choice a smoothing parameter.
Our next goal is therefore to propose a data based choice of the smoothing param-
eter, which gives the second order minimax estimator. This makes the adaptive
estimator practically feasible.

The approach we use here is essentially based on the method proposed by
Pinsker (1980). To simplify technical details we assume that the regressors X; are
i.i.d. random variables uniformly distributed on [0, 1] and m(z) integrates to zero
and belongs to a Sobolev ball. In other words m &€ Wzﬁ, where

W‘*:{ /{m (t)}2dt < L, / 0}.

It is assumed in the sequel that (3 is integer.

Our results can be extended in different directions. For instance the second
order minimax estimator for the case of nonuniform X variables can be obtained.
The error variables may be heteroskedastic i.e. var &; may be a function of (X;, Z;)
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in particular of 7 Z; +m(X;). This case is important in generalized partially linear
models, where the variance is a function of the mean. Generalized linear models
has been investigated by Severini and Staniswalis (1994) and recently applied to
migration by Hérdle, Mammen and Miiller (1997). But we intentionally choose
the simplest partial linear model to demonstrate why the second order theory is
essential in semiparametric estimation. We will make comments on some possible
extensions of our theory later in the text.

The outline of the paper is as follows. We first calculate a lower bound for
the minimax risk. We then study in Section 3 an upper bound and turn finally in
Section 4 to a practical method of adaptation.

2 A lower bound

In the derivation of a lower bound we assume only that the random variables &;
have a density p(z), £ € R with finite Fisher information

) prz(l.)
—o0 p(z)
Our approach is based on the well-known idea of parametrization of the func-

tional class Wzﬁ We do this by constructing the following orthonormal system in
L,[0, 1], which approximates the ellipsoid W# in the minimax sense

dr < 0.

I =

2

{4}V = argmin sup min /1 {m(t) = i\’: mkgok(t)} dt.
Pk 0 k=1

m
mEWZﬁ k

It is not difficult to see that {1x(¢)}:° is the system with double orthogonality
1
| e de = by
1
| o2 ®u @) dt = 2o,

where )

L N

At = min sup min/ {m(t) -> ms@s(t)} dz.
s mew? me Jo s=1

2

Note that the first 8 — 1 functions 9(¢) are the standard orthonormal polynomial
of the orders 1,...,8 — 1. Integration by parts easily reveals that A; and v(t)
satisfy the following boundary problem

)\swg?ﬁ) (t) = (_l)ﬁd}s(t)a (5)
(1) = YM0)=0, k=4,...,26-1.
Moreover it is well-known that {1, (¢), kK = 1,...} is complete orthonormal sys-
tem in L(0,1). Thus any function m(t) from Wf can be represented as

o0

m(t) = > udnt), v = [ mo)r (©

k=1



where the Fourier coefficients v are such that

NN <L, AN'=0,k=1,...,8-1 (7)

k=1

The asymptotic behavior of A\; plays a very important role in approximation theory
since they define Kolmogorov’s diameter of W#, Tikhomirov (1976). From (5) one
can show by a simple algebra that uniformly in s > 3

A= () {1+ 0(s7)}- Q

For more details we refer to Duistermaat (1995) or Hardle and Nussbaum (1994).

Let B,(6) be the ball in R? of the radius » > 0 and with the center at 6.
The following theorem provides a lower bound for the second order term in the
minimax risk expansion.

Theorem 1 For any estimator 7

v 1 1) &
sup sup E@—0)0—-0)T > — (1 + 1+o(1) Zhs> : (9)
mEWz’B 6€Br(bo) [ n s=1
where
N PR
he = [1 = p; ]+ (10)
and p is a root of the equation
—1y1/2 _
nfs ZA (Al 1]+ L. (11)

Thus we see that the second order risk is controlled by the quantity

n nfgzh

The statistical interpretation of this value is well-known. The theorem due to
Pinsker (1980) states that A, is the asymptotic minimax risk in the following
filtering problem. Suppose that we wish to estimate the infinite dimensional vector
(v1,vs,...)T based on observations

S; :Vi—i—n_l/Qsi, 1=1,2,...

where ¢; are i.i.d. N(0,1; ') and the parameters of interest ; obey condition (7).
Then as n — oo -

infsup > E( — 14)* = {1+ 0o(1)} A,

v v k=0
where the infis taken over all possible estimators. The value of A, can be calculated
as follows. From (8) one concludes with p solving (11) that

= {1+ o(1)}n~'C(B)(LnI)"/*F+Y),



where C() is the Pinsker constant
C(ﬁ) _ w’Zﬁ/(ZﬁH)(Zﬁ + 1)1/(2ﬁ’+1) {ﬁ/(ﬁ + 1)}2ﬁ/(2ﬁ+1) ‘

Remark 1. If the regressors X; have nonuniform density p(z), =z € [0, 1] the
corresponding basis {9y }{° is obtained as a solution of the following boundary
problem

ApP(E) = (—1) p(2)w(t),
1) = yP0)=0, k=5,...,20-1L

In this case the asymptotic behavior of A\ is given by
1 —26
S (1 o(1)} (k) (/ V% (z) da:) k.
0

For more details we refer to Utreras (1980) and Speckman (1985).

3 An upper bound

In this section we consider penalized least squares estimators. Recall the main
heuristic idea of the penalized likelihood. Let the noise & be Gaussian. Assume
that the Fourier coefficients v in (6) are i.i.d. A(0,0%) and the parameters of
interest 0y are i.i.d. N(0,n?). Then is it well known that the estimator

2

_ vi  lloI”
0= —0"Z; — X; -+ 12
arg ;Ielg} n;llcn pop Z 2;0 vt (Xo) |+ 02230 o2 - n2 (12)
k

is the Bayesian estimator. Although in the minimax setting the above assumptions
are not fulfilled, nevertheless we use 0 in this situation. The problem is to calculate
its minimax risk and to choose the regularization sequence o2 to minimize the risk.
The following theorem shows how this approach works. Denote by W,, the number
of strictly positive oZ.

Theorem 2 Let E§, =0, EE =02, E |§k| (49 < 50 for some & > 0, and

. WZ2logn
lim ———

n—o0 n

= 0.

Then for any A, as n — oo, uniformly in m € Wf

R R ~1,2 ~1£1 2
sup B@—-0)@—0)" =7 .V { o }Z( ”—h§>, (13)
lel<A n n

where

o2\ " 1
hy, = (1 + @) ;W= m(z)Yg(z)dz. (14)



It follows from the above theorem and Theorem 1 that if o2 = o2h{n(1 —
hix)} !, where hy, are defined by (10) and (11), then 6 is the second order minimax
estimator in the case of Gaussian noise. To verify this fact note that if m € Wzﬂ ,
then from (7) we have

sup Z V(1 —hy)? < Lmkax)\k(l — h)? = Ly?

mEWzﬁkzl
and by (11)
2 ln 2_ﬁoo 1721 _ .y -1/2 loo _ 71/22_100
IeLy +n’;hk_n§1,\s [1— pA; ]++n§[1 LA, ]+_n§1hs

thus proving the required result.

Remark 2. We added the additional term ||d||* /n? into the definition of the
penalized least squares estimator (12) only to simplify the proofs of Theorem 2 and
Theorem 3 below.

Remark 3. In the case when the distribution of the noise is non Gaussian but
known the penalized maximum likelihood estimator

n 1 2

ép = argmaxmax{ »_logp |V — 07 Z; — ove(Xo) | -2 D2 V_’;
peRrd v | = 0250 2 0250 Ok

might be used. Under additional assumptions on the density p(:) one can show
that the asymptotic behavior of the risk of this estimator is given by (13) with
o? = I 1

The optimal regularization sequence o2 strongly depends on the parameter L,
which defines the functional class Wf . Since in practice this parameter is never
known we can not make effective use of this estimator §. Therefore our next step is
to construct a practically feasible second order efficient estimator which does not
depend L.

4 An adaptive estimator

In this section we consider an adaptive version of the estimator (12). The goal of
adaptation is to choose the regularization parameters o2 based on the observations.
Theorem 2 plays an essential role in such a choice since it states that the second
order risk is completely defined by

[e’e] 2 oo
IMSE[R) = 2(1—hy)?+ =S b2
k—1 no

with A = (hy, hg,...)T and v, from (14). In order to minimize the second or-
der term in the risk expansion we have to minimize I MSE[h] with respect to h.
Unfortunately this functional depends on the Fourier coeflicients v, which we do



not know. The main idea to overcome this difficulty is well-known and based on
“cross-validation”. It is commonly used in adaptive non-parametric estimation (see
e.g. Akaike (1973), Mallows (1973), Efroimovich and Pinsker (1984), Golubev and
Nussbaum (1992), Birge and Massart (1997)). Consider the functional

oo 2 o0
Lk =Y v2(h2 — 2hy) + = S B2, (15)
k=1 n .

which coincides with TMSE[h] up to the term 33°,v2. We can estimate this
functional by replacing the unknown 2 by unbiased estimators. Then we minimize
the obtained risk predictor and find the optimal h; or, equivalently, the optimal
regularization o2.

The implementation of this general idea for partial linear models has specific
features. In order to obtain an unbiased estimator for 2 we must use a subsample,
namely the first 7;, observations Yi,..., Yy . The number 7;,, < n will be specified

later on. Based on Yi,...,Yr we calculate the least squares estimates of v as
follows
T, N, 2
Uy = arg min mein {Z (Y] - 0Tz, — Z Vklbk(Xi)) } , (16)
Ve i=1 k=1

where the number N,, will be specified later on. The unbiased estimators for v/ are

vZ — 0?/T, and the unbiased risk estimator for L[h] is given by

Ny, R 0_2 0_2 Nnp
L,Jh = (V,f — ?) (h} — 2hg) + — > hi. (17)
k=1 n k=1

Next the following adaptive regularization is used

. o’h} ) X )
oy = ’H(TI;LZ), with h* = arg min L,[h], (18)
where #,, is the set of admissible filters, see (10)

Ho = {hi s b= [1— Xy, b =0, k> N,, pe0,00)}. (19)

Then we finally define the adaptive estimator as follows

Ly & L s
0" = arg min min { — Z (Y} — 07z, — Z szpk(Xi)) + Z —5 + . (20)
k=1 k=1 Ok

d 2
0cR* Vk 0”3 n

Theorem 3 Let & be i.i.d. Gaussian N(0,0?) and uniformly in k,1 € [1,d], as
n — 00

=1 J=Tn
If for some 6 > 0
N, = +/nlog > ’n, (22)
T, = nlog?’n, (23)
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then 0* defined by (18)-(20) is the second order minimax estimator, that is

Vfl 2 1 1 o]
sup sup E(0" — 0)(0* — )T < —2 (1 MERLO) 3 :hs) ,
n s=1

mew? []<A n

where hy = [1 — uA;l/2]+ with p defined as a root of the equation

— SN A - 1L = L. (24)

Remark 4. The main difficulty in the proving of this theorem lies in the fact
that the empirical risk n(6* —)(6* — )" is not degenerate. More precisely, for any
“good” estimator 6

V(0 —0) = V72 + {1+ o(1)}ry 2 (0, m)V 12,

where &, & are i.i.d. N'(0, E) and r5(6, m) is the empirical Ly-risk of the recovering
the nuisance function m(-). We can predict the second order term r4(#,m), since
this random variable is degenerate. In order to make the dependence between the
second order term and the first order weaker we used the subsample Y7, ..., Yy with
T, = nlog™'°n, § > 0. This is of course the trick, to avoid technical difficulties.
In practice the whole sample must be used for the risk prediction.

Remark 5. We assumed so far that the variance of the noise o2 is known. If
this is not the case we may use the estimator

1 In Nn 2
— rr,}}ienmein {T > <Y] — 9Tz, — > z/k1ﬁk(X,~)) }
k=1

n =1

instead of o2 in the construction of our adaptive estimator.
Remark 6. We take into account only NN, nuisance parameters v;. The re-
maining v, k = N,, ... do not effect the second order risk since by (7) and (8)

oo

> V<L(N,+1)*<Ln! log?PH9) p « =2/ (20+1)
k=Np+1

5 Proofs of the theorems

5.1 Proof Theorem 1

We begin with a lower bound for the Bayesian risk. Assume that the nuisance
function m(-) has the form

n

m(z) = Z vkr(),

k=1



where ¢ (z) is a certain orthonormal system in L(0, 1) such that

/01 or(z)dz =

To induce a prior distribution on unknown parameters we assume that v, are inde-
pendent N (0,02). It is also assumed that 0 € (6, — rd~Y/2, 0y, +rd~'/?) are i.i.d.

random variables with finite Fisher information I,. Let R(0) = E (5 = 0) (5 = H)T
be the Bayesian risk.

Lemma 1 If uniformly in k > 1
1
| di@)dz < c,
0

then for any estimator 7

R(A)>V—ll1+ th{l—EZhs—O(—>H,

where hy, = no2le/(1 + noily).

Proof. Let u = (07,v7)T. Then from the Van Trees (1968) inequality it follows
that for any estimator z

B{(3— w)(i - w)"|X1,. o, Xa} 2 (D419, (25)

where I* is the Fisher information matrix of the prior distribution. This matrix is
diagonal with entries
ng — { [Ga k S da

0,2 k> d.

The matrix [ in (25) is the ordinary information matrix. In the considered model
it is defined as

I zlogp (v~ 072, > non(x ) (26)
><— Z log p ( - 077 - Z Vet (X )
l] 1 k=1

It is easy to see from (26) that I admits the following representation
V oz
I—nI§<Z(I) @@)’ (27)
where the matrixes 27, Z®, ®P are

¢>¢kl=%2¢k(xj)¢z(xj), 7 = — Zask Zy, Dy — Z (X
=1



Let ¥ be the diagonal matrix with entrees ¥4z = 0,2 Then from (27) one
obtains

(T+1%) = nIE<ZV(I) $g>+<l"f g) (28)

- (5 prn )+ (e )

where F is identity matrix and V,, =V + (nl) ' IE. Denote

AZ(% E+(r?1§)—12>’ B= (fom fEQfZE)> (29)

According to (25) we have to evaluate (A + n~'/2B)~! from below. We get

(A+nY?B)yt = (E+nY2471B) 14! (30)
= (E—n"Y2A7'B4+n"Y(A'B)? —n%2(47'B)3 +...)A"!
> (E—n"Y2A7'B+n"Y(A'B)? —n~¥?2(47'B)%) A7,

Representing the matrix A~! as

V-1 0
-1 __ n
= (%)

where H is the diagonal matrix with entries Hy, = noile/(1+noil¢) and applying
a simple algebra, we arrive at

I 0 V.l oZ
4B = (ﬁH-Z(I) JaH - (00 — B) | (31)
(AAB)2 B nV 1. ®X.-H-Z®d nV,'-®Z-H.(®d - E)
~ \nH-(®®-E)-H - Z® * )
3/21/-1 . CH . CB. .
(Ale)s _ <n Vol.oZ H*(<I><I> E)-H-Z® I)

Here and later in the text * denotes some matrix that is not needed in further
calculations. Thus from the above equations and (25), (28), (30) we get

—1

-~

R(O) >

o (E+V,'"B®Z-H 7% -V, 'E®Z-H - (9% — E) - H - 7)32)
nie

Note also that

1 n n
E®Z -H -7, = Z > Zikdm(X) handm (Xi) Zi
1] 1m=1
1 n n
— EnZZ Zind2 (X;)h Z]l—Vkl—Zh
j=1m=1
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and
E((I)Z H- (<I><I>—E) H-Z®)y
= Z Z Zjk®m(X ;) b (D (Xp) 09 (Xp) — 6(m, q))hey(X:) Z;

pz] lq,m 1

- 32 Z k¢m (¢m( )¢q( ) (m Q))h ¢q( ) il

j= lq,m 1
= sz Z E¢(Xj)hm (0m(X;5)04(X;) = 6(m, q))hydy(X;)
qm 1
1
< Vg (Ehm) Vit 2

These equations together with (32) complete the proof of the lemma.
Proof of Theorem 1 follows now from Pinsker’s theorem (1980) and Lemma 1.

5.2 Proof of Theorem 2

We start with some simple properties of the matrixes YW, U7, 7V,

Lemma 2 Uniformly in z < W2n'/?

P{|vnz¥| >z} < Wexp(~C(z/W,)?), (33)
P {H\/E\IJZH > x} < W2exp(—C(z/W,)?), (34)
P{|vn(@¥-E)| >z} < Wlexp(—C(z/Wa)?), (35)
where ||-|| is the ordinary matriz norm ||B|| = max)x|<1 x” Bx.

Proof. By the Markov inequality one obtains

T

> Wn} (36)

A n
< 2exp(—Az /W)W, H}C%XEGXP <% ;%(Xi)zil) :

P{|vnz¥| >z} < P{max

\/—Z¢k

Since X; are i.i.d. random variables and E1);(X;) = 0 we have by Taylor expansion

Eexp< Zwk ) )<eXP(C/\2)

uniformly in A?/n < C. Substituting the above inequality in (36) and minimizing
with respect to A, we arrive at (33). Inequalities (34)—(35) are proved by the same
way.
Let B be a measurable set in R™. Denote for brevity by Eg the conditional
expectation
Ez{-} = E{/|(X1,...,Xn)T € B}.

11



Lemma 3 Let

" U2
9=argmaxmax{——z( 0% Sl z—';—”e”}.
Pert M k Ok

be an estimator of 6 with a penalization sequence o: possibly depending on the
observations Y;. Assume that E |& | 1) « o for some 6 > 0, and B is such that

for any p
P{(Xla s JXTL)T ¢ B} < C(p)n_p7

where C(p) is some constant, which does not depend on n, then

~

E(0—0)(0 — )" =Es(0 —0)(0 - 0)" + 0 (n7?).
Proof. Noting that Hg H2 < n?¥? ,Y?and using Holder’s inequality, one obtains

B0 - 0)0-0)" =E@-0)0—0)"1{(Xy,..., X,)" € B}
+ B0 -0)0-0)"1{(Xy,...,X,)" ¢ B}
< P{(Xy,...,Xn)" € B}Eg(0 — 0)(0 — 0)"

8/(148) " 1) VU
+n? [P{(Xy,...,X.)" ¢ B} {é(ZKﬂ } .

Thus we arrive at the assertion of the lemma.
Proof of Theorem 2. Let B = {Xl,...,Xn ||B| < CWm/logn}, then by
Lemma 2 for any p

P{(Xy,...,X,)" € B} =1+o0(n?), (37)

where C' is some sufficiently large constant and the matrix B is defined by (29).
Let

0
=) o12>0 o250 7k n

[l = arg max {Zn: (Y] —0"7; — > Vk%(Xj)) - > V_Iz - ||9|2| } (38)

be the penalized mean square estimator of the parameter of interest # and the
nuisance parameter v. Differentiating (38) one easily obtains that f satisfies the
following linear equations see (27)

<V+ZT$2E mgix>(“_ﬁ):<§é>+<8 g)u )

€2 =236z €0 =LY E(X
i N

where

12



and ¥ is the diagonal matrix with entries ¥, = 02/(no?). From (39) we see that

[M_E{//J’|X1""7Xn}][ﬂ_E{ﬁ|X17""Xn}]T (40)
(V. vz \'[0o o0 V+nE ©Z \
o Zv YV 4+ 0 T’y YA'J LAV ’

where V,, = V + n2E. To evaluate the right-hand side of the above equation use
the representation
Va vz B 1
(Z\Il T 4 3] ) At b

where

A:<‘gn Hol)’ o (fOZ‘P WE@’PZE)>

here the diagonal matrix H has entries Hy, = 1 + 0?/(no?). Thus by Taylor
expansion and (40) we obtain with (30)

o T _ 0 0
(,U, EB,U')(,M EB,U') - ( 0 HYSuw/TSH ) (41)
1 1p( 0 0 -1
+ o BeATB ( 0 HSw SH )A B

1 —ipy2 (0 0 1
e ) ( 0 HSwISH ) +O( 3/2)
Therefore with (31)

_ _ 1
(0 — Egh) (0 — Egd)” =V, "EgZ¥ - HSv/"SH-UZ -V, ' + 0 ( ; /2> (42)

Since ¢(+) is orthonormal system,

1
EzZV - HYw'SH - vZ . V™! = vy 1= ZuZEZkak+O( 3/2> (43)
n

n

- Z +O< 31/2>

Next consider the covariance matrix of the estimator . From (39) we have

~ 02 1 N[ v wz 1 \!

VR

efed) (38) (o)

13



The first term in the right hand-side of the above equation was already evaluated
in proving Theorem 1. It was proved that if trH = o(n) then

B, <A+ %B>1 _ ( V‘l[l—l—{l—:o(l)}trH/n] I ) (15)

The last term is easily evaluated by comparison with (40). Applying the same
arguments we have from (41)—(43)

e (1 0e) (5 8) (2 8)
_ 1—|—o()<V Sy HE Sk I)*O( ! )

n * n3/2

According to the definition of the matrixes H and ¥ we have

n n

ZHkkEkk =2 Mo . =i

From (44), (45) we see that

2 n
cov{fB} = v 1L (1 1ol 5 hi) .
n

This together with (42), (43) gives

Eg(é—ﬁ)(é—G)T:V_;UQ—i— 1{1+ }Z< (1— hy)? —2h§>.

The above equation together with (37) and Lemma 3 proves the theorem.

5.3 Proof of Theorem 3

We start the proof with some auxiliary results.

Lemma 4 Let &, be i.i.d. N(0,1) and hy, € H,, be a sequence possibly depending

on &. Assume that vy, is a sequence from ly(1,00), which does not depend on &.
Then

2 2
oo C oo
E {Z Ervi(1 — hk)Q} < % +ClognE Y vi(1— hy)?. (46)
k=1

Proof. Let HE be the minimal e-net in H,,. Choose ¢ = (nlogn) *. Tt is clear
that the cardinality of H¢ is less than €72, Let h{ be a point in H¢ such that

[h—h7|| <e. (47)

14



Then we have

E {g:lgkyku — hk)2}2 < 2E {i En(l — h;)2}2 (48)

JfZZIE Lf:l G {(1—h)? = (1 - h;)?}r.

The last term in the right-hand side of the above equation can be estimated from
above by the Cauchy-Schwartz inequality

2
< 48 vl (49)

E Li & {(1— he)? — (1 — RE)?}

To estimate the first term in the right-hand side (48) denote for brevity

00 00 —1/2
S(h) = ngl/k(l_hk){z VZ(l—hk)2} .
k=1 k=1
Thus we have
oo 2 oo
E{Z{kuk(l—hZ)Q} < E{Z VZ(l—hZ)Q} max |S(h*)|?. (50)
k=1 E—1 h*eHs,

Next according to Markov’s inequality one obtains that for arbitrary w > 0

P { max |S(h*)] > x} < exp(—wv7)E

R EHE

S exp{wS(h)} +exp{-wS(h")}

h* s,

= exp(—wyT + w?/2)card(Hs).

Choosing w = 4/z we arrive at
P { max [S(h*)? > x} < Cn®exp(—z/2). (51)

R EHE

Finally noting that

o0 o0

> ve(L=h)® = > ve(1l — hy)?

<2|h—he |l

and using (48)—(51) one completes the proof of the lemma.
We will use in the sequel the following result analogous to Lemma 4.

Lemma 5 Let & be i.i.d. N'(0,1) and hy € H,, be some sequence possibly depend-
ing on &. Then

E{i(fi—l)(hi—%k)r§C+Clog2nE§:hZ. (52)

k=1 k=1

15



Proof. We use here almost the same arguments as in proving Lemma 4. Choose
the minimal e-net H¢ in H, with e = n~/2log™*n. Denote by A a point in H¢
such that ||h — h?|| < e. Then we can write

e o]

n{ > (et - 1 - 2@)}2 < | > (ed - {0 - 2hz}r (5)

n

+ 28326 - D {-m? - -7}

k=1
Applying the Cauchy-Schwartz inequality to estimate the last term in the right-
hand side of the above equation we get

2
< Ce’n. (54)

B [i(sz (- ) - (- R)?)

k=1
To estimate the first term in (53) denote
oo ) —1/2
S(0) = 3-(62 - DI - 2} [ S057 — 25|
k=1 k=1

Then we have

B3 - () - 25| < B S~ 205" g IS 69)

k=1

Noting that Eexp(+S(h)/4) < exp(1/4) and using Markov’s inequality, one ob-
tains

P{max

h* s,

S0P > 2} < exp(—a/4)

x B Y exp{S(h*)/4} —|—exp{—S(h*)/4}] = 2card () exp(—+v/z/4).

h*EHE,

Thus

n

S (1) - 205Y — S(h2 — 2h)?

k=1

< 2||h — h¥|| n'/?

and using (53)—(55) one completes the proof.
The proofs of the next two lemmas are quite analogous to the proofs of Lemmas
4, 5 and therefore omitted.

Lemma 6 Let H be the diagonal matriz with entries Hy, = hy, where h € H,,.
Then

4 0o 2
BV 20z (E - B < Cl;% "E {2(1 - hk)%,f} +0 (%) .
n k=1

16



Lemma 7 Let H be the matrix from Lemma 6

B 4 B 4+ Clog*n ad 2
E|V2wzeH| +E |V 2HEZ | < o~ E(Zhi) ,

E|v-2uze 0| + B[V H ez < 01;54% (i hk>2.

Consider two matrices

oo ( Jize ey p) ) s ( N )

where the index T indicates the use of only the first 7T;, observations. Define the

set
B— {Xl,...,Xn |IB|| < CWaaflogn, ||Br| < cwn,/logn}, (56)

where C' is a sufficiently large constant. From Lemma 2 it follows that for any p
P{(Xy,...,X,)" € B} =1+0(n?). (57)

Our first step is to estimate EgL[h*| (see (15)). From (16) we see that the least
squares estimator © can be represented as

s N\ _( Vo 9Zp\7 [ &Zr
v—o ) \ ZU¥p UV, EVr )

Evidently the above equation can be rewritten in the following equivalent form

o)) (5) e

where (, n are independent white Gaussian noises.
Lemma 8 For any h° € H,,
EsL[h*] < {1 +0(1)}L[A°]| + O (n""log® ¥ n) .
Proof. Define the random vector o’ € R as
vV =v+ol V. (59)

From (58) and Taylor expansion we see that the Gaussian random variables 7}, — D,
have variance of order T, 2. Hence for any p

P {mkax D}, — D| > CoT,; tlog!/? n} < C(p)n?,

17



where C' a sufficiently large constant depending on p. Using this inequality we get

Nn
Es Y _(h" = 2hi){(%)° — (%)} (60)
k=1
Nn
< Ep Y (W2 - 2h}) (20 + 0T, P + 0 — 1) (D) — %)
k=1
C’logl/2 Clogn . C’logn .
< T 372 EBZh T2 EBZh

From definition of the set 7, see (19) it follows that

N, Ny
dohp <CY R, (61)
k=1 k=1
and for any h° € H,,
La[h*] < Ln[h']. (62)

Thus from (59)—(61) and Lemmas 4, 5 we have

oo 2 Nn

o
EsLa[p*]+ Y vi < {1+0(1)}EgL[h*] + 7 Es > (hy?2 — 2hy) (77;3 - 1)
k—1 noog—1
+ 20 Ep %Ti(hz2 — 2h})mevi + O (T 1 logl/2 )
vIn o

= {1+ 0(1)}EsL[k"] + O {T, 'n'logn (BL[h*])"/*}
+ 0 (I log!? n) + O {17 logn (EL[1")"/*}
< {1+ o(D}ESLIE] + O {(nT;2 + ;") log** n}

n

This equation together with (62) yields the assertion of the lemma.
Proof of Theorem 3. Assume that the regressors Xj,..., X,, belong to the set
B, see (56). Then using Taylor expansion we have based on (31) and (22)

0—0 = V3 EeZ-V V. WZ - H - €04+V 1. 0Z.- (E—HYY (63)
+{14+o(1)}V - OZ.-H*-ZU .V 1. (7
+{l+o()}V'-VZ-H*- (V¥ - E).(E—- H*)v
+{1+o(1)}V - 07 -H*- (V¥ — E)- H* - £V,

Note that the matrix H* depends only on observations Y;, i = 1,...,T,. Therefore

it is convenient to represent the matrixes V7, (W, €7, YW — E in the right-hand
side of (63) in the form

T, 1
V7 =22, + V7, where WZ,=— S o(X))Za
n n .

18



Note that

VZ -H* -V = V7' -H* -V + T,n W27 - H* Uy (64)
+ Ton™ W Zp - H* -V + T2 2V 2y - H* - €Uy
and by (23), (21)
EgUZ -H*- ¢V - (02 - H* - V) = {1+ 0(1)}Vo’n 2Eg Y hi%.
k=1
Using Lemma 7 one obtains

EgVZp- H* - ¢V - (VZp- H* - ¢ = V2O <n1Tglog2 nEg)_ hf) ,
k=1

EgVZ -H* - ¢Vp - (OZ' - H*-€¥p)T = V20 (n T, 'log’ n Ep Z hzz) ,

k=1

00 2
EsUZp H* - €Uy (Wip - H - €07)T = VZO{TJ%%“”EB (Zh22> }

k=1
Hence
EgVZ -H* €U - (VZ. - H* - 0T = {1+ 0(1)}Vo’n 2Eg i h2. (65)
k=1
By the same arguments and Lemma 6
EgVZ - (E—HYWw-(VZ-(E—-H)v)" = {1+0(1)}Vn'Eg iu —h})%2. (66)
k=1

Now let us look at the three last terms in (63). It is not very difficult to see that
they are sufficiently small. Indeed, from Lemma 7 we have

EgVZ -H*-ZV -V -(7-(WZ -H -2V -V .- e2)T (67)
00 2
= Vn 20 {nl log*nEg (Z h;;) } =Vo (n*l EBL[h*]) :
k=1

From Lemmas 6, 7 we get

EgVZ-H*- (VU — EY(E — H)W{VZ -H*- (V¥ — EY(E — H* )W}  (68)

log® n n
= VO( & EB||\I!Z-H*||4—|—log—5nEB||(\If\If—E)-(E—H*)V||4)

n
_ Vo{

= Vo (n ' EgL[h"]),

k=1 k=1

log” n o 7 52 i 1 = 2. 2 i
E hy, E 1 — hg) vy,
n3 B(Z k) +nlogn 5 2 k) Vi
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and
EB\IIZ-H*-(\II\II—E)-H*-§\Il-(\IIZ-H*-(\II\II—E)-H*-@II)T

= VO (n 'Eg|¥Z - H||' +n ' Eg||H" - £¥|") (69)

oo 2
< Vo {n_4log4nE3 (Z hf) } =Vo (n—lEBL[h*]) :
k=1

Consider now the interference terms. We begin with Eg¥Z - H* - €¥(V 1. £2)T.
From (64), Cauchy-Schwartz’s inequality and Lemma 7 we have

EgUZ-H*-€U- (V' €2) =EgUZ - H* - &V - (V1 £2)T (70)

+ Ton " EgVWZp- H* - &Vp - V' €21 = {1+ 0(1)} En20’Eg > _ hj.
k=1

The next interference term is also easy to estimate from above using Lemma 6 and
the Cauchy-Schwartz inequality
|Es®Z - (B~ H)w- (v 1¢2)"|
= T2n7? |EgWZr - (E— H*)v - (V'¢2r)" |

< C’Ts (n—5 Ez||VZr - (E - H*)V||2)1/2

o 1/2
< Clogn (TSn_5EB d(1- hZ)QVZ)
k=1

< o(n ') Eg iu — hp)*} +0(n7?) = o (n EpL[h"]) .

k=1

(71)

It remains to consider one more interference term, which has in fact the main order.
Namely from Lemma 7 one obtains
EgVZ - -H*-ZV -V Y7 . (V1¢2)T
= EgVZ -H*-ZV' . V-¢z - (V7 iez)T
+ T2n 2 EgVZp - H* - ZVp - Vi7" (V7 ieZ)T
+ T2 2EgVZ - H* - ZV -V Y% Zp - (V€Zp)T
+ Tin *EgVZp - H* - ZVUp -V 20 - (V€ Zp)T

=F {1 +0o(1)+ 0O (n’lTn log® n) } o’n ?Ep i hy,.
k=1

(72)

The remaining interference terms are of the order o(EgL[h*]). This follows easily
from the Cauchy-Schwartz inequality and (65)—(69). Therefore by noting that

EgtZ - €77 = {1 + O(nl)}VTUZ

20



we have from (63) and (65)—(72)

2
7 NT -1)09 1+0(1) * 1
Eg(0—8)(0—0)T <V {; + 2B L]+ 0 (E) .
This inequality together with Lemma 8 yields that for any A € H,,

N N 2 1 1 1 6430
Eg(0—0)(0—0)T <v-11% 4 LEoW proy o (log” "m) |
n n2 n2

Choosing h) = [1 — u)\s_l/QL with u defined in (24) applying Lemma 3 and (57)
completes the proof of the theorem.
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