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Abstract

Essential features of two-section DFB semiconductor lasers can be described by
a boundary value problem for the so-called coupled wave equations, a linear hy-
perbolic system of first order partial differential equations with piecewise constant
coefficients. In this paper we investigate spectral properties of an operator H defined
by this boundary value problem. We prove that H generates a Cy-group of bounded
operators in a suitable Hilbert space U, that all but finitely many eigenvalues of H
are simple and have negative real parts and that there exists a basis in ¢ consist-
ing of root functions of H, where all but finitely many of these root functions are
eigenfunctions.

1 Introduction

Distributed feedback (DFB) semiconductor lasers are promising optical devices for tele-
communication. They can be used to obtain selfsustained oscillations with high frequency
[2], to regenerate signals in shape and frequency and to have the properties of a switch [5].

The following mathematical model can be used to explain several pulsation mecha-
nisms of DFB-lasers, such as dispersive self Q-switching, mode beating 7] and spatial hole
burning [6]. It consists of a boundary value problem for a linear hyperbolic system of first
order complex-valued partial differential equations with piecewise constant coeflicients,
the so-called coupled wave equations, see [1] - [8]. For the special case of two section
lasers these equations can be rewritten in the form

Our(t,x) = wv,|—0zui(t,x)+ c(z)ui(t, x) + dius(t, x
v (t, ) o(~0an(t2) +elayu (b z) + dn(t,2)) — <z <lyt>0, (11)
dus(t,z) = v, (azug(t, z) + daus (L, ) + c(z)ua(t, x))
where u (¢, z) and us(t, z) describe the slowly varying complex amplitudes of the forward
and backward traveling waves (after averaging over the transverse plane and separating
terms varying rapidly in space and time) of the electric field, Iy > 0 and I, > 0 are the
lengths of the two laser sections, d; and d; are complex coupling coefficients, v, is the
group velocity (cf. [7]), and c is a propagation coefficient which is assumed to be constant
in the laser sections, i.e.
. C1 for i<z 0,
c(z) = { cy for 0<z <l (1.2)

is a given piecewise constant function, where the complex coefficients ¢; and cs are the
so-called propagation coefficients in the left and the right laser section, respectively.

The reflection properties at the facets of the laser are described by the boundary
conditions

’U,l(t, —ll) = T Ug(t, —ll),

us(t,lo) = 1 un(t,ly), (1.3)



where r; and ry are given complex coefficients satisfying
0<|rjl<1l for j=1,2. (1.4)

The boundary value problem (1.1), (1.3) can be formulated as an abstract linear
evolution equation

du

dt
in a suitable Hilbert space. For d; = dy = 0, (1.1) describes the so-called Fabry-Perot
laser, in that case the operator H is denoted by H,.

=v,Hu

Recently (cf.[8]), certain spectral properties of the unbounded linear operator H have
been determined. In the present paper we continue these investigations. Especially, we
will study the dependence of the spectrum of H on the coupling coefficients d; and ds and
on the reflection coefficients 7; and ry. The obtained results are useful for establishing the
existence of integral manifolds for some nonlinear evolution system which appears if the
system (1.1), (1.3) is nonlinearly coupled with balance equations for the carrier densities
in the laser, and for the description of rotating and modulated wave solutions and of
forced frequency locking properties of such systems (cf. [9]).

2 Preliminaries. Results

Let U be the complex Hilbert space L?((—ly,l3); C?), i.e the elements of U are pairs of
complex valued L?-functions on the interval (—I;,l5). The space U is equipped with the
usual scalar product

<%w:/ﬂm@m@+m@w@m@

—I

Let H and H{ be the unbounded linear operators mapping D C U into U, where D is
given by

D = {’U, & Wl’Z((—ll,lg); CZ) . ul(—ll) = ?"1U2(—l1),’u,2(lz) = T'gul(lz)} (21)
and which are defined by

Hu = (—uy+c(z)us + diug, uy + daus + c(T)us),

Hou = (—uy+ c(x)ur, up + c(z)us). (2.2)

Here W12((—ly,15); C?) is the usual Sobolev space, and, hence, D is dense in U, and by
u; we denote the derivative of u; with respect to the space variable z.



Concerning the spectrum of H and of H, (denoted by spec H and spec Hy, respectively)
the following result has been proven in [8|:

Theorem 1 (i) The spectrum of H consists of countably many isolated eigenvalues
A (7 =1,2,...). All these eigenvalues are geometrically simple, i.e. dimker(H—\;I) =1,
and have finite algebraic multiplicity, i.e.

dim U; < oo with U; = |J ker(H — \I)¥.

k=1
Moreover, in each U; there exists a basis B;, consisting of root functions of H, such that
U, B; is a basis in U (with respect to the L*-norm) and in D (with respect to the W'?-

norm,).
(ii) It holds

1 1 )
spec Hy = {)\ ceC: A= L (5 In(rirg) + el + ol + km), ke Z} , (2.3)

and all elements of spec Hy are simple eigenvalues.

In (2.3) we denote by In(rire) the complex number z, satisfying e* = riry and 0 <
arg zp < arg z for all z € C with e* = riry and 0 < arg z.

In the present paper we will prove the following results:

Theorem 2 For all A € spec H it holds

di

1

d

)]

Y

dist(A, spec Hy) < max{

b

Here we use the standard notation dist (A,spec Hp) := inf {|A — pu| : u € spec Hyp}.
Theorem 3 The operator H generates a Cy-group of bounded operators in U.

Theorem 4 For all e > 0 and ¢, > 0 there exists a A, > 0 such that the following
holds: If |cj| < c. and |d;| < ¢ for j = 1,2 and if X € spec H satisfies |\| > A, then
dist (A, spec Hp) < €.

Theorem 4 means that all but finitely many modes of the two section DFB laser, described
by H, are damped, if all modes of the corresponding Fabry-Perot laser are damped.

Theorem 1 and Theorem 4 yield the following corollary which gives a partial answer
to an open problem stated in [8]:

Corollary If\ € spec H and if |\ is sufficiently large, then X is a simple eigenvalue
of the operator H.



3 Proofs of the Results

3.1 Proof of Theorem 2

Following an idea of J. Rehberg from [8] we introduce an isomorphism 7" from U onto U
such that THyT ! is normal. From THT ' = TH,T ' +T(H — Hy)T ! and from the
property that the operator T(H — Hy)T ' is bounded (cf. (2.2)), we get that THT ! can
be viewed as a bounded perturbations of a normal operator. According to the spectral
theory of such operators (cf., e.g., [10, Chapter V.3|) we have

spec H C {\ € C : dist()\,spec Hy) < ||T(H — Ho)T™||}. (3.1)
The isomorphism 7" we are working with is defined by
1 ole e i Reln(ry7s)
Tu := (7‘1 Lealoth)y, e=ol +l1)u2) with a:= 72(11 )

It is easy to verify that 7" maps D (cf. (2.1)) onto
13 = {U S W1’2([—ll,lg]; 02) . Ul(—ll) = u2(—l1),u1(l2) == ’U,Q(lg)}

Hence, D is the domain of definition of THT ' and TH,T . Furthermore, from (2.2) it
follows

THT 'u = (—u) + (c(z) + a)ug, uh + (c(z) + @)uy) for u e D,
1 15 _2a(etl) “2a(etl) (3:2)

T(H—Hy)T “u = (r{ die®® ™y, ridse “¥ 5y,
Straightforward calculations show that THyT ! is normal. Furthermore, (1.4) yields that
a < 0. Hence, for all u € U we have

l2
|T(H — HO)T’luH2 = / (|7"1’1cl1¢5’2°’(“ll)uz|2 + |r1dze’2°‘(“+ll)u1|2)dx <
I
d; 2 2
[l 2.

!

1

<

)

dy
T2

2
l2 l2
/ |lug|2dz + |r1d2672°‘(ll+l2)|2/ luy|Pdz < max{
_ll —l]_

Therefore, the validity of Theorem 2 follows from (3.1).

3.2 Proof of Theorem 3

We consider the densely defined unbounded linear operator A : D C U — U defined by
Au := (—ul,ub). It is easy to see that ¢A is self-adjoint. Hence, by Stone’s Theorem, A
is a generator of a Cy-group of unitary operators in U (cf. [11, Theorem 1.10.8|). But
THT' — A is a bounded operator on U (cf. (3.2)). Therefore, THT ! is a generator of
a Co-group in U, too (cf. [11, Theorem 3.1.1]). Hence, H is a generator of a Cy-group in
U, q.ed.



3.3 Proof of Theorem 4

We introduce the 2 x 2-matrices

J::[__l O]and D::[SQ gll. (3.3)

Let A € spec H. Then, according to Theorem 1, (1.2), (2.2) and (3.3), there exists an
u € D such that

(@) = (A-a)J = JD)u(z) for——h <z <0, (3.4)
() (A=) = JD)u(z) for 0 <z <l |
u1(—l1) =T, UZ(_ll) =1, u2(12) = T2u1(l?)' (3'5)

The Sobolev embedding theorem implies D C C([—ly,l3]; C). Thus, u is continuous in
z =0, and we get from (3.4),(3.5)

u(ly) = exp(la(A — ¢2)J — I D) exp(ly(X — ¢1)J — 1JD) [Tll ] )

where exp is the usual exponential map for matrices. By means of the matrices
B; == exp(l;(A —¢;)J —1;JD) —expl;j(A —¢;)J, j=1,2 (3.6)
we can represent u(lz) in the form
u(ls) = [exp(li(A —c1) + (A —c2))J + Byexp(ly(A —¢1)J) +
+exp(la(l — ¢2)J)B1 + BoBi] [ 7"11 ] . (3.7)

The matrices B; depend on ¢, ¢z, di,d> and A. In what follows we prove
|B;|l = 0 as ImA — oo locally uniformly with respect to ¢y, c2, di,ds and ReX.  (3.8)

This means that for all € > 0 and ¢, > 0 there exists a A\, > 0 such that ||B;|| < € if
|ImA| > A, and if |¢;], |e2], |d1], |d2|, and |ReA| are smaller than c,.

Let us prove (3.8). From (3.3) we obtain J?> = I, JD = —DJ, (JD)? = — — did,I,
and (uJ + D)? = (u® — d1dy)I. Therefore, for any complex p such that u? # d;d, we have

1 = [ wpl+JD

J+JD) = —(uJ + JD)* = 2 — didy)*
S WESERB | T4 ID & (V)
k=0 (2k)' V p/z - dle k=0 (2k + ].)'
sinh vV ,LL2 — dldg

= JIcoshy/pu? — did J+JD . 3.9
Cos 2 102 + (,u' + ) \/m ( )



Remark that (3.9) is valid for both values of the square root. Moreover, it can be easily

proved that
cosh \/u? — didy — coshpy — 0 as Imup — o0,

wsinh y/u? — dids

Vit — did,

wsinh \/p? — dids =0
V2 — didy

locally uniformly with respect to di,ds and Reu. By means of these relations we obtain
from (3.6) and (3.9) the validity of (3.8).

—sinhpy — 0 as Imup — o0,

as Imupy — oo

Using the notation

(Ul()‘a €1, Co, dla dZ)a vZ()\a C1, C2, dla dZ)) =

efll(/\fcl) 0 e*lz(x\*CZ) 0 1 (310)
= (BZ [ 0 ell()\*cl) + 0 elz()\fcz) Bl + BQBI 1|

we get from (3.7)

Ul(lz) _ e—l1()\—c1)—)\2()\_c2)rr1 + ’Ul()\; 1, Ca, dl; d2),

us(lp) = et ethle) fao(X e, o, dy, da).
Hence, according to (3.5) the following matrix vanishes:

ehG-etha(i=c2) _p g p=li(A=er)=l2(A=c2) 4. va(A, 1, C2,dy, da) — rovi (A, €1, 2, d1, da). (3.11)

Now, suppose that Theorem 4 is not true. Then there exist € > 0, ¢, > 0 and complex
sequences \(¥) cgk), cgk), dgk) and dgk) such that [TmA®)| — co for & — oo and that for all

k we have [ReA®| < ¢,, [P < ¢, || < ¢, [dP] < ¢, [dP] < ¢,
dist (A®), spec Hék)) >e (3.12)

and (cf. 3.11)

0 = el1(/\(k)7c5k))+lz()\(k)fcgk)) 711(/\(k)fcgk))flz()\(k)7cgk)) +

— T1iTre€

3.13
+'U2()\(k), Cgk), Cgk), dgk), dgk)) — Tt (A(k)a cgk)a Cgk)a dgk)a dgk)) ( )

Here H{" is the operator Hy, defined by (2.2) with coefficients ¢{*) and ¢ (cf. (1.2)).
But (3.8), (3.10) and (3.13) imply

(k) _ (R (k) _(F)
(A = ) Ha (A —ey 7)) riry for k — oo,

and this contradicts to (2.3) and (3.12).



3.4 Proof of the Corollary

For 0 <e <1 and k € Z let us introduce the notation H, := Hy + e(H — Hy) (cf. (2.2))
and

1
L+

1
aék) = {)\ € spec H, : ‘)\ — (5 In(rirg) + erly + cals + km’) ‘ < ZL} )

(l+1y)
According to Theorem 1 (ii) there exists a ky € N such that for all £ € Z with |k| > ko
and for all € € [0,1] the sets aék) are spectral sets of H,, i.e. they are open and closed
in the spectrum of the operator H,. Moreover, there exists a A, > 0 such that for all
e € [0,1] and for all A € specH, with [ImA| > ), we have A € ¢(¥) for a certain k. Hence,
it remains to show that, for large k, the spectral sets a£k) consist of exactly one simple
eigenvalue.

Let m{¥) be the sum of the algebraic multiplicities of all eigenvalues in o(*). Perturba-
tion results for spectral sets consisting of finitely many eigenvalues (cf. [10, Chapter IV.5])
yield that, for |k| > ko, each m{*) depends continuously on . But from Theorem 1 (ii) it

follows m{” = 1. Hence, m{¥) =1 for |k| > k.

Remark For |k| > k, we denote by A*) the unique element of a%k), ie. A® is an
eigenvalue of the operator H. Then Theorem 4 yields

\m 1

1
= (— In(rirg) + e1ly + cals + km’) +o(1) as k — oo.
i +1, \2

Moreover, it is easy to calculate the following, more precise asymptotic expansion

L (1 i (il dol 1
" = > N L U 1
)\ N ll + lg (2 111(7"17"2) + clll + chZ + kﬂ-/l’ + 2]{7 ( " + ro dllzT'z dzll’f’l)>+0(k)
as k — oo.
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