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Abstract

In this paper, we develop a thermodynamically consistent description of the uni-
axial behavior of thermovisco-elastoplastic materials for which the total stress o
contains, in addition to elastic, viscous and thermic contributions, a plastic com-
ponent oP of the form ¢?(z,t) = Ple,b(z,t)](z,t). Here, ¢ and 6 are the fields
of strain and absolute temperature, respectively, and {P[-,0]}g>0 denotes a family
of (rate-independent) hysteresis operators of Prandtl-Ishlinskii type, parametrized
by the absolute temperature. The system of momentum and energy balance equa-
tions governing the space-time evolution of the material form a system of two highly
nonlinearly coupled partial differential equations involving partial derivatives of hys-
teretic nonlinearities at different places. It is shown that an initial-boundary value
problem for this system admits a unique global strong solution which depends con-
tinuously on the data.

0 Introduction

For many materials the stress-strain (¢ - €) relations measured in uniaxial load-de-
formation experiments strongly depend on the absolute (Kelvin) temperature 6 and,
at the same time, exhibit a strong plastic behavior witnessed by the occurrence of rate-
independent hysteresis loops. Figure 1 shows a typical diagram, where the elasticity
modulus and the yield limit depend on temperature.

Among the materials exhibiting both temperature- and rate-independent hysteretic effects
are shape memory alloys (see, for instance, Chapter 5 in [BS]) and even, although to a
smaller extent, quite ordinary steels.

If the o - € relation exhibits a hysteresis, it can no longer be expressed in terms of simple
single-valued functions since the latter are certainly not able to give a correct account of



the inherent memory structures that are responsible for the complicated loopings in the
interior of experimentally observed hysteresis loops.

Figure 1: Strain-stress diagrams at constant temperatures 6, # 0,.

To avoid these difficulties, a different approach to thermoelastoplastic hysteresis based
on the notion of hysteresis operators introduced by the Russian group around M. A. Kras-
noselskii in the seventies (see [KP]) has been proposed by the authors in [KS]|. In this
approach, the temperature-dependent plastic stress o? has been assumed in the form of
an operator equation with a temperature-dependent hysteretic constitutive operator P
of Prandtl-Ishlinskit type, namely

o? = Ple,§] = /0°° o(r,8) 5, €] dr. (0.1)

In this connection, s, denotes the so-called stop operator or elastic-plastic element with
threshold r > 0 (to be defined in the next section), and ¢(+,8) > 0 is a density function
with respect to r > 0, parametrized by the absolute temperature 6 .

The advantage of this approach is that an operator equation like (0.1) is suited much
better than a simple functional relation to keep track of memory effects imprinted on the
material in the past history; in fact, the output at any time ¢ € [0, T] may depend on the
whole evolution of the input in the time interval [0,%]. Observe that the requirement of
rate-independence implies that P cannot be expressed in terms of an integral operator of
convolution type, i.e. we are not dealing with a model with fading memory.

For the isothermal case, i.e. if P is independent of 8, a one-dimensional approach to
elastoplasticity using rate-independent hysteresis operators has been carried out earlier by
P. Krejéi in a series of papers (cf. e.g. [K1, K2, K]); the (simpler) case of viscoplasticity
has been treated in [BS1]. In these cases, the space-time evolution is governed by the
equation of motion which takes the form

(e = (Plual), — psase)(2,1) = f(a,1), (0.2)
where p, p >0 and u denote mass density, viscosity coefficient and displacement, in
that order.

In the non-isothermal case the equation of motion has to be complemented by a field
equation representing the balance law of internal energy, and the second principle of ther-
modynamics in form of the Clausius-Duhem inequality must be obeyed. It is, however,



not obvious how the correct expressions for thermodynamic state functions like the den-
sities of free energy, internal energy and entropy, should look like for a constitutive law
like (0.1). In [KS], a corresponding construction has been carried out. It turned out
that in a setting like ours, where the relation between strain and plastic stress is given in
operator form, it is quite natural to consider the densities of free energy, internal energy
and entropy as operators rather than as functions.

The aim of this paper is to extend the investigations of [KS] to other situations. More
precisely, while in [KS] we have studied the case when the total stress o is composed of
a plastic stress o® of the form (0.1) and a so-called couple stress, we consider here the
situation when o comprises, in addition to the plastic stress (0.1), (nonlinear) elastic,
(linear) viscous, and (linear) thermic contributions o¢, ¢¥ and o?, respectively; that is,
we assume a constitutive law of the form

U:Up—l—ae—l—av—l—ad, (0.3)
with o® given as in (0.1).

It should be mentioned at this place that hysteretic relations can usually not be de-
scribed in an explicit form and, as a rule, enjoy only very restricted smoothness properties.
Therefore, the classical techniques of one-dimensional thermovisco-elasticity developed for
cases in which the stress-strain relation is given through a simple (possibly nonconvex, but
differentiable) function (we only refer to the fundamental papers [D, DH]) do not apply,
and new techniques tailored to deal with the specific behavior of hysteretic nonlinearities
need to be employed.

The remainder of the paper is organized as follows. In Section 1, the field equations
governing the space-time evolution in thermovisco-elastoplastic materials with the consti-
tutive law (0.3) are derived. We obtain a system of nonlinearly coupled partial differential
equations involving partial derivatives of hysteretic nonlinearities at different places, even
in derivatives of highest order. Section 2 brings the statement of the initial-boundary
value problem under investigation, and the general existence and uniqueness result is for-
mulated. In Section 3, we employ a space discretization to construct approximations to
the solution for which global a priori estimates are shown in Section 4. Section 5 contains
the proof of existence using compactness arguments and a passage-to-the-limit proceduce.
In the final Section 6, stability with respect to the data of the system and uniqueness are
shown.

1 Derivation of the model

The stop operator s, : WH1(0,T) — W*(0,T) in the equation (0.1) is defined as the
solution operator o, = s,[¢] of the variational inequality

lo.(t)| <7, (6—0y)(0r—0)>0 ae, Voe€][-rr], (1.1)

with initial condition

,(0) = sign(e(0)) min {r, |2(0) } (12)
which describes the strain-stress law of Prandtl’s model for elastic-perfectly plastic mate-
rials with a unit elasticity modulus and yield point 7.



The density function ¢ in (0.1) is assumed to be given. It can be identified from the
isothermal initial loading curves o = ®(¢, ) obtained experimentally by letting ¢ mono-
tonically increase for each fixed temperature 6 starting from the origin. The corresponding
formula reads (see [K])

B(e,0) = /0/°° o(r,0) dr ds. (1.3)

We consider here only the case when ¢ is nonnegative, i.e. the initial loading curves at
each constant temperature are concave and nondecreasing as on Figure 1.

The operator s, has following properties (for a proof, see [BS], [K]).

Proposition 1.1 Let r > 0 be given. Then it holds:

(i) For every e € W0, T), we have

(%gr[5]> = é%%[s] a.e.1n |0, T (1.4)

(ii) For every 1,69 € W40, T), we have
1d N

oo (ool — sl < (& -@)slal - slel) acinlo T (15)
/OT %(5451] —5.[ea])| (1) dt < |ex(0) — e2(0)] + 2/0T €1 — €2 (2) dt, (1.6)
((selea] —sfea])(t)] < 2 max es(r) —eo(7)] VEE[0,T]. (1.7)

(i43) For every r,q > 0 and ¢ € W(0,T), we have
|(sr[e] — sq[e])(2)| < |r —q| ¥t €[0,T]. (1.8)
The inequalities (1.6), (1.7) entail that the stop operator s, is Lipschitz continuous in

W(0,T) and admits a Lipschitz continuous extension onto C([0,T]). Moreover, we
immediately see by definition that s, is a causal operator, that is, we have the implication

e1(7) = ea(7) V7 €10,1] = s.[e1](t) = s.[e2](¢) (1.9)

for every ¢ € [0,T], which means that the output values at time ¢ depend only on past
values of the input. This enables us to consider s, as a family of operators acting in the

spaces C([0,t]) for all t €]0,T].
From inequality (1.5) it immediately follows:

Corollary 1.2 For all ¢,e1,e5 € WH(0,T), we have

s, €] (é—%%[a]) > 0 ae in 0,77, (1.10)

|(sr[e1] — sr[2])(2)] < |e1(0) — £2(0)] —|—/0t |1 — &|(T)dr Vte[0,T]. (1.11)



In this paper we consider the one-dimensional equation of motion

p Uy = 0+ f, (1.12)

where p > 0 is a constant referential density, u is the displacement, o is the total unaxial
stress and f is the volume force density.

We assume that o can be decomposed into the sum
U:Up—l—ae—l—av—l—ad, (1.13)

where

0" = 5(e), (1.14)
with a given nondecreasing Lipschitz continuous function v : R* — R, (0) = 0, is the
(nonlinear) kinematic hardening component,

o' = ué (1.15)
with a constant g > 0 is the viscous component,
ol =438 (1.16)

with a constant 3 € R! is the thermic dilation component and oF is the thermoplastic
component given by (0.1). Equation (1.13) can be interpreted rheologically as a combi-
nation in parallel of the above components (see [LC]). The stop operator s, is assumed
to act on functions of z and ¢ according to the formula

s.[e](z,t) := s.[e(z, )](2), (1.17)

i.e. z plays the role of a parameter. The equation of motion (1.12) has to be coupled
with the energy balance equation

Ui =o0e:— gz + 9, (1.18)

where U is the total internal energy, ¢ is the heat flux and g is the heat source density.
The model is thermodynamically consistent provided the temperature 8 and the entropy
S satisfy the inequalities

6 > 0, (1.19)

St % — (g) (Clausius-Duhem), (1.20)

in an appropriate sense.

In [KS] we derived the following expressions for thermoplastic parts of internal energy U?
and entropy SP in operator form corresponding to the constitutive law (0.1),

5 =5l 0)= Ooocpg(r,ﬂ)sf[a]dr. (1.22)

UP = Ve, 0] = %/Ooo(cp(r,ﬂ)—Hgog(r,ﬂ))ﬁf[s]dr, (1.21)
1



In accordance with (1.13), (1.21), (1.22), we put

U = Cv0+ Ve, 0] +T(e)+ W, (1.23)

S = Cylogl+ S[e, 8]+ Be, (1.24)

where Cy > 0, the purely caloric part of the specific heat, is a constant, V5 > 0 is a
constant which is chosen in order to ensure that U > 0 according to Hypothesis 2.2
below, and I'(e) := J5 v(s)ds. For the heat flux we assume Fourier’s law

qg = —xb, (1.25)

with a constant heat conduction coefficient « > 0. We complete the system (1.12), (1.18)
with the small deformation hypothesis

£ = Uy (1.26)

and rewrite it in the form
pus — (Y(ug) + Plus, ] + pug — BI), = f, (1.27)
(Cv0 4+ V(ug,0]), — k055 = (Plug, 0] + pig — BO)uz + g. (1.28)

In fact, the model can be interpreted in the framework of classical thermodynamics using
a continuous family of internal parameters. In the above setting, the memory state at
point z and time ¢ is described by the function

r—s s,[e](z, 1), (1.29)

i.e. the internal parameter function takes values in an infinite-dimensional subset of the
metric space

A={XeW"(0,00); N(r)] <1 ae in]0,o00[}, (1.30)

according to (1.8). The operator notation we introduced in [KS] and use here is much
more elegant, indeed.

2 Statement of the problem

We consider a model problem for a system of the form (1.27), (1.28), namely
U — V(Ue)z — (Plte, 8]), — ttger + B0z = f(0,2,1), (2.1)

(Cv8 + V]ug, 0])i — bze = Plug, Ouz + pul, — BOuq: + 9(0, z,1), (2.2)



for z €]0,1[, t € [0,T], where T > 0, u > 0, Cy > 0, B € R! are fixed constants,
v:R' - R, f,9:]0,00[x]0,1[x [0,7] — R! are given functions, and P, V are the
operators defined by (0.1), (1.21) with a given distribution function ¢:(]0, c0[)? — [0, oo
satisfying Hypothesis 2.2 below.

In other words, we assume in (1.27), (1.28) that the volume force and heat source densities
are given functions of ¢ and ¢ which may also depend on the instantaneous value of 4,
and we rescale the units in such a way that p = k = 1. The system (2.1), (2.2) is coupled
with boundary and initial conditions which are chosen in the following simple form.

u(0,t) = u(1,¢) = 6,(0,¢t) = 6,(1,t) =0, (2.3)
u(z,0) = u’(z), uz,0) = u'(z), 6(z,0) = 6°(z). (2.4)

The data are assumed to satisfy the following hypotheses.

Hypothesis 2.1 (7)) v°u! € W*2(0,1)N I/f/l’z(O, 1), 8° € W2(0,1), and there ezists
a constant 6 > 0 such that

#°(z)>6  Vzel0,1]. (2.5)
(ii) v:R' — R' is an absolutely continuous function, v(0) = 0, and there exists a
constant vyo > 0 such that
d
0< le(g) < a.e. in R (2.6)
€

(i11) The functions f,g are measurable, f(-,z,t), g(-,z,t) are absolutely continuous in
[0,00[ for a.e. (z,t) €]0,1[x]0,T[. Moreover, there exist a constant K > 0 and
functions fo, 90 € L?(]0,1[x]0,T[) such that

9(0,z,t) = go(z,t) > 0O a.e., (2.7)
|f(07 m7t)| + |ft(07 m7t)| < fo(m7t) a.e., (28)
|f9(0,:11,t)| + |99(07m7t)| < K ae.. (29)

Hypothesis 2.2 The function ¢: (]0,00[)* — [0, 00[ is measurable, ¢(r,-), wo(r,-) are
absolutely continuous for a.e. v > 0, and there exist constants L > 0, Vo > 0 such that
for a.e. 8 >0 the following inequalities hold.

/oocp(r,ﬁ)dr < I, (2.10)
0
/°° po(r,8)|rdr < I, (2.11)
0
/000|9099(r,0)|r2dr < oy, (2.12)
0
where Cy s the constant introduced in (1.23),
1 (o)
5 | le(r,6) = 00a(r,8) (1 +7%)dr < Vo, (2.13)
0



Example 2.3 A typical function ¢ satisfying Hypothesis 2.2 can be chosen as

o(r,0) = E(8) c(r — 7(6)), (2.14)

where ¢ € D(] — m,m[) is a mollifier such that

/m os)ds=1, ¢>0, (2.15)

—m

with a (small) constant m > 0, and E,7 are given functions such that E(8) < L,
m < 7(0) < R, for some constant R > m, with (1 + 0) (|E"(0)| + |F'(0)|) bounded and
O(|E"(0)| + |7'(8)] +E%(6) +72(8)) small, uniformly with respect to 6.

We now state the main result of this paper.

Theorem 2.4 Let Hypotheses 2.1, 2.2 hold. Then there exists a unique solution (u, )
to the problem (2.1)-(2.4) such that

Uty Ugg, Ugzt, 0z € L®(0,T; L*(0,1)), (2.16)
Ugst, 05, 0z € L*(]0,1[x]0,T)), (2.17)
0,u,us, ut, uze € C([0,1] x [0,T]), (2.18)

there exists a constant c¢o > 0 depending only on the given data such that for all t € [0,T]
and z € [0,1] we have
0(z,t) > fe~" > 0, (2.19)

and (2.1)-(2.4) are satisfied almost everywhere.

We first check that the model is thermodynamically consistent according to (1.19), (1.20).

Corollary 2.5 The solution from Theorem 2.4 satisfies the Clausius-Duhem inequality
(1.20) with S defined by (1.24), (1.22) almost everywhere in ]0,1] x]0,T.

Proof of Corollary 2.5. For a.e. z and ¢t we have

95t+9(%) g 2.20)
1
1

* 1
— /0 o(r,0) 5. [ug) (ug — 5, [ug))s dr + pu, + 592

and the assertion follows from (1.10). n



The existence result in Theorem 2.4 is proved via compactness methods based on a space-
discrete approximation scheme. We use a stepwise estimation technique which will be
explained in the next two sections. It depends substantially on the following properties
of the hysteresis operators P and V.

Proposition 2.6 Let Hypothesis 2.2 hold. Then the operators P,V are causal and have
the following properties.

(i) For every e, € WH1(0,T), 6 > 0, we have
Ple,0](t)] < Vo, Ve, d](t)] < Va, (2.21)

2 ple, (¢ )‘ < L(E®)+18@)),  ae in o, T (2.22)

dt

(ii) For every €,€s,01,0, € WH(0,T), 61 > 0, 6, > 0 and for every t € [0,T], we have

Ples, 6] — Ples, 6] (1) < L (|01 —6,/(8) + |ex — e2](0) + /Ot 61 — 5'2|(T)d7) ., (2.23)

Vlew 8] — Viea 63| (£) < %|01—02|<t>+%(|el—sz|<o>+ [les-eal(ryar), (2.24)

Ple, 61] — Plea, 6:]| (1) < L (|91 — 05/(t) + 2 max [e. - 52|(T)) ; (2.25)
Cv
[Vier, 0] = Vlea, 2] (1) < =161 — 82|(t) + 2Vo max |ex — eaf(7). (2.26)

Proof. The causality is obvious. To prove part (i), we just note that it holds
Ples,61] = Plea,ball < [ le(r,01) — (r,60)] I lea] dr (2.27)
+ / ” o(r, 0) s, [e1] — 5 [e2]| dr,
Ve, 0] — Vies, 85| < / (7,81) — B106(r, 0:) — (7, 85) + O206(r, 03)| 52[e1] dr
2/ (r,85) — B300(r, 85)] |5

and the inequalities (2.23)-(2.26) follow from the hypotheses (2.10)—(2.13) and the in-
equalities (1.7), (1.11). In addition, by definition we have

ler] - s%[ea]| dr,  (2.28)

s [e]()] < r Ve, Vi, (2.29)
and from (1.4) it follows that
d )
‘E%[s](t)‘ < |é(t)] a.e., Ve. (2.30)



A straightforward argument yields (2.22) and the second inequality of (2.21). The proof
of Proposition 2.6 will be complete if we check that Hypothesis 2.2 implies

/oo ro(r,0)dr < Vg Ve > 0. (2.31)
0
To this end, we introduce the function
T
1/;(7“,0) = 590(7‘70) (232)

By (2.10), (2.11), (2.13), we have for all § >0

oo | L
— dr < = 2.
| vmod < 2, (2:33)
|7 (. 6) + 0ua(r 8) dr <L (2.:34)
0
[ wer)ldr < 22, (2.35)
0 62
and the triangle inequality yields that
oo Vo
/ (r,8)dr < L+ 2. (2.36)
0

The functions (+,60) thus belong to L*(0,00) for each value of the parameter § > 0.
Moreover, from (2.35) it follows for 6, > 6; > 0 that

o) oo pbs 1 1
I 00— g0l < [T [7 or, 0) dodr < Vo (— - —) . (237)
0 0 61 01 02
Since the space L'(0,c0) is complete, there exists a function 1o € L'(0,00) such that
Jim [ [(r,6) — pea(r) dr = 0. (2.38)
—o00 Jo

Passing to the limit in (2.37) as 62 — co we obtain
* Vo
/ [$(r,0) — beolr)ldr < 2 VO > 0. (2.39)
0
On the other hand, for every R > 0 and 6 > 0 we have
R R R
| ear)r <R [ (r,0)dr + [ (7, 6) ~ doo(r)] dr- (2.40)
0 o r 0

Hence, (2.33), (2.39) yield that 1. = 0 a.e.; inequality (2.31) now follows immediately
from (2.39), (2.32). ]

10



3 Space discretization

Let n > 1 be a given integer. We replace (2.1) — (2.4) with the following system of ODEs

for unknown functions uy,...,Un_1, 01,...,6,.
ﬁk:n(ak+1—ak)—|—fk(0k,t), kzl,...,n—l, (31)
d 2
E (Cvek + V[E,‘k, Hk]) =n (0k+1 — 20, + Hk—l) + (32)

er = n(uk — Ug-1), E=1,...,n, (3.3)

Ok :7(5k)+73[5k;0k]+ﬂ5k _Belﬁ k= 17"'7”7 (34)

Uy =— Up — 0, 00 == 01, Hn—l—l == 0,-“ (35)
k k

£(6,8) :n/k: £(8,2,t)dz, gu(0,1) :n/k: 9(8,2,t)de, k=1,...,n, (3.6)
k k k

— 0 — ) = 1 — 0 = 00 —_— k = ]_ e . .
w = (), w0 - (b, ao-r(E), k-1n w0

It can be proved in a standard way that the system (3.1) — (3.7) admits a unique local
solution; indeed, it suffices to put vg := U and to rewrite (3.1), (3.2) as integral equations,

wt) = (E) 4 [0l - o)+ o D) (38)
up(t) = u° (%) + /Ot vg(7) dT, (3.9)
0r(t) = §° (%) 4 CLV (V]ek, 0k](0) — Ve, Ok)(2 —I—/ CV (0k+1 — 20k + Or—1)

+ (Plew, O] + pn(vi — vior) — B8%) n(vk — veen) + gi(Br, )| () dr.  (3.10)

The system (3.8) — (3.10) is of the form
W(t) = W(0) + AW)(E) ~ AW)0) + [ BOW, )(r)d, (3.11)

where W is the vector function with components {vg, ug,0k; K =1,...,n}, A is the oper-
ator in C([0,¢]; R®") for every ¢ €]0, T[ with components {0,...,0, —&Vlek, 0&(t); k =
— v

2n
.,n}, and the operator B is given by the expressions under the integral signs in (3.8)

(3 10). We endow the space R®* with the norm H‘W‘H = |0k| + S”VO luk| + |vel)-

1,.

?

11



Then we have, by Proposition 2.6,

| A(wa)( @] < 5 maxmwl — Wa(7)| (3.12)

- 27€0t

for every Wy, W, € C([0,t]; R*). The operator B is Lipschitz in C([0, 7]; R?*") for every
7 € [0,t] by Proposition 2.6 and Hypothesis 2.1. In a standard way we conclude from
the Contraction Mapping Principle that equation (3.11) (and therefore also system (3.1)
- (3.7)) admits a unique classical solution in an interval [0,7,,]. Taking a smaller 7,, > 0,
if necessary, we may assume that

0(t) >0 forall te€l0,T,], k=1,...,n, (3.13)

due to hypothesis (2.5).

In the interval [0,7,] the solution wui,...,un-1, 01,...,0, of (3.1) — (3.7) satisfies the
following estimates.

Theorem 3.1 There exists a constant C' which depends only on T, on the number

= [w’llw22 + [[wt w2 + [10°lwez + (| follzz + llgoll 22, (3.14)

and on the constants Cy, B, u, K, L, Vo and ~o, such that for all t € [0,T,] we have

L&y, . . .
- (42 + 2 + € + 62 + 02 + n*(Brsr — 6x)?) (1) < C, (3.15)
=1
n—1 _
n Y (ke —en)’ + (b —&)?) (1) < C, (3.16)
k=1
1 M gt . _
= | (E+6R)(r)dr <C, (3.17)
mn k=1 0
n—1 t _
n? Z/ (Bksr — 205 + 65 )2(r)dr < C. (3.18)
k=1 0

We devote the next section to the proof of Theorem 3.1 which requires several consecutive
steps (Lemmas 4.1 — 4.10 below). For this purpose it is convenient to rewrite equation

(3.2) in the form

ék (CV — %/Ooo Hk(pgg(’r‘, Hk)ﬁf[é‘k] d’r‘) (319)
= 0 (Buis — 200+ 81) + 0 ([ a(r, Bu)selenl(solen)e dr — B
+ 7 ol 6u)srlenl(en — soleuldedr + el + (6, ).

Theorem 3.1 has the following consequence.

12



Corollary 3.2 The solution (ui,...,Un-1,01,...,0,) of (8.1) — (8.7) can be extended to
[0,T], the estimates (3.15) — (8.18) hold for all t € [0,T], and there exists a constant
co > 0, independent of v and n, such that

0c(t) > Ge=*  for k=1,...,n, t€][0,T]. (3.20)
The proof of Corollary 3.2 is based on the following “discrete maximum principle”.

Lemma 3.3 Let wy,...,w, be absolutely continuous functions satisfying the system

bk(t)wk(t) — A(wk+1 — Zwk + wk_l)(t) + ak(t)wk(t) == rk(t) (321)
for a.e. t €]0,T],

Wo = Wy, Wpi1 = W, (3.22)
be(t) > B, |ar(t)| < C, r(t)>0 a.c. in 0,7, (3.23)
wi(0) > 6, (3.24)

forall k =1,...,n, where A > 0, B >0, C >0, § > 0 are gwen constants and
ag, by, 7r are measurable functions. Then

wi(t) > e Bt forall t€l0,T], k=1,...,n. (3.25)

Proof of Lemma 3.3. For a fixed C* > % put pr(t) := wi(t)eCt. Then, a.e. in |0, T,
the functions pg solve for k =1,...,n the system

bu(£)e(t) — Alpiss — 29k + pas)(2) = (C7bu(t) — ax())pelt) + me()eC™. (3.26)

Assume that there exist n €]0,6[, £ € {1,...,n}, and ¢ € [0,T] such that pe(t) < §—7.
Moreover, put

t=sup{t €[0,T]; pi(r)>é6—n Vije{l,...,n}, Vre][0,t]}. (3.27)
We fix some j such that p;(t) = § —n and p > 0 such that

Alpe(t) — pr(t )|<—(C*—g)(5 n), k=1,...,n, VL€ [t—p,1]. (3.28)

Then we have

0 < (A [ =) LEOR OB

< S mpln® - o dh S [ s ()~ 2000 + sl
< 5(o*—%) st ) (mt)—(0*—%)1%-@)—%#”) i
< (e -2)E-m<o,

13



which is a contradiction. We therefore have wy(t) > 6e=°"* for all C* > £ and ¢ € [0, T,
and the assertion follows easily. [ ]

Proof of Corollary 3.2. Equation (3.19) is of the form (3.21) with A = n?,

rk(t) = ,uek + / 'r‘ Hk 5T 8k] (5k — 5r[5k])t dr + gk(Hk,t) + K0,
alt) = K+Bé— [ wlr,0)sle (srled), dr,

1 oo
bk(t) = CV — 5/0 Hk (pee(’r‘, Hk)ﬁf[é‘k] dr.
By hypothesis (2.12) we have b(t) > 3Cy > 0. Using the elementary inequality
2
0P < (150 + 3l - 0)

for j,k € {1,...,n}, we obtain from (3.15), (3.16) that

2 n ) n—1 ) ) _
max [¢;(¢)" < =Y ER(t) +2n ) (érn — €x)(2) < 40,
1<5<n n —1 —1

hence |ax(t)| < K +4C(B+ L) a.e. for all k, by Hypothesis 2.2. We further have

k

9k(Ok,t) + Kbk = n/k: (9(Or,z,t) + Kb;)dz > 0

n

by hypotheses (2.8), (2.9), as long as 65 > 0, and from (1.10) it follows that 74(¢) > 0
a.e. for all k. By Lemma 3.3, for all ¢t € [0,7,,] and k= 1,...,n, we have () > fe %,
for some ¢g. This, and the estimates (3.15) — (3.18), implies that the solution &g, 0 of
(3.1) - (3.7) can be extended onto the whole interval [0,T], and Corollary 3.2 is proved.
|

4 Estimates

In a series of lemmas below we derive the estimates (3.15) — (3.18). Throughout this
section we denote by C, C; positive constants that depend only on Cv, 8,70, s, K, L, Vo, T
and the constant M defined by (3.14). We start with two discrete versions of Nirenberg’s
inequality.

Lemma 4.1 For each o € |0,1] there ezists a constant Cy such that for every n € IN
and every sequence zi,...,2zn of positive numbers we have

1 1

S (03 -t —a)) (E5a) _] @)

max z; < Cq
1<5<n

14



Proof. Let a sequence zi,...,2, be given, and let j be such that z; > 2z, for all
k=1,...,n. Then we have for all &,

n—1
1—2 1—2 1—2 1—2
2 2 2 2
zj ? <z *+ Yol — = ) (4.2)
i=1
whence ,
n—1 1_a 1_a 2—a
. —a 2,2
z; < 22 zr + (Z z — 2 ) . (4.3)
=1

Using the elementary inequality
(al_% — bl_%)2 < Ko(a+b)(a—b)(b7*—a™) for every a,b>0, (4.4)

where

(L+s)*((L+s)t75 — 1)

K, :=su < 00, 4.5
SO (Y (45)
we obtain from (4.3), after summing over k, that
. 2
« 1 n n— 2—a
%SZE‘—Z%+(@”Z@H—mﬂ5%wmﬁm+amﬂ , (456)
n k=1 =1
and (4.1) follows from the discrete Holder inequality. [ |
Lemma 4.2 For every sequence zi,..., 2, of real numbers we have

L
2

1
1 1 n 5 n—1
11ré1jas}f1 zjz- < - 2242 (;kz::l z,%) (n kzzzl(ZkH — zk)2> ) (4.7)

Proof. We proceed as in Lemma 4.1, where (4.2) is replaced by 27 < 2§ + Y17} |22, — 27|
|

In the following Lemmas 4.3 — 4.10 we derive upper bounds for the solution (u1,...,un_1,

61,...,0,) of the system (3.1) — (3.7).

Lemma 4.3 There ezists a constant Cy > 0 such that for every t € [0,Ty] it holds

n

LS (02 + D) (1) < O (18)

n k=1

Proof. Multiply (3.1) by us and sum over k =1,...,n — 1. This yields, for ¢ €]0,T,],

n

n k=1

15



Summing (3.2) over k =1,...,n and adding the result to (4.9), we obtain

1d n 1 n .
Vi (cvekw[sk,em S T()) ()= =3 (ah(6e, ) + felbe, Vi) (¢), (410)
k 1
where
L3 k
k(6 ) < 0 [ 196k z,t)lde < Keuw)+n 7 gole,t)ds,  (411)
k
(B, t)| < / fol,t) de (4.12)
Furthermore,
a0 < [ (1) + Lok d (4.13)
— < — < £ .
n i k — Jo n ’
]‘ ” ! 1 2 2 1 1
—> i) < | (|u @) + Sl (o) ful(2)) de, (4.14)
mn k=1 0 mn
’Yo 2 Yo
Ly rE)o) < / ()| de, (4.15)
L an 1
and we obtain (4.8) from (4.10) - (4.15) and Gronwall’s lemma. [ ]

The following estimate which goes back to Dafermos [D, DH] is crucial for the proof of
Theorem 3.1. We fix an auxiliary parameter « and assume

oc ]o%] . (4.16)

Lemma 4.4 There ezists a constant Cy > 0 such that for all ¢t € [0,T,] we have

Z/ (Ba — 00) (6% — 6,72) + 6;°€2) (1) dr < O, (4.17)
/ 63-2(r) dr < Cs. (4.18)
=1

Proof. Multiply the equation (3.19) by —6,“. Introducing the function

_ 4
balr,8) = / 81 g4 (r, 0) df (4.19)
0
for 7,8 > 0, we obtain, using (1.10), (2.30), (2.7), (2.9), and (2.11),
d CV 1_a 1 goo 9 )
S (i [T vl s dr (4.20)

+ ,ll:f:kek ‘|‘ n® (Hk-l—l — 20, + Ok— 1) lea
— g (gk (66, 1) +/ (7, 61)5, [ex] (e — 52 [ex]), dr)

O
T Bellc_ag‘k o (1 o Q)A A H_a(lpe(’r7 0)51" [5k](5r [5k])t dr df
(1B + L), |éx| + K6,

IN
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By hypothesis (2.12), we have

[ et B)2erl | < [0 [ 0l ) g (a)

and, by Lemma 4.3 and Hoélder’s inequality,
1 n
=N 67 (t) < Ci™™ Ve [0,T,]. (4.22)
n,_
Summing and integrating (4.20), we obtain, using (4.21), (4.22),
1 & ¢ —a 22 2 —a —a
- Z/ (Mek € + 1" (Ors1 — 06)(6, " — 0k+1)) (T)dr
n i Jo
1 &t
<C(1+ = 0, dr | . 4.2
so(1+23 [[(Aea) ). @)
From Hoélder’s inequality it follows that
1> , :
= (67l (7) d7<< 2/92 o ) ( Z/ e ) L (4.24)
k=1

On the other hand, for an arbitrary p € ]0,2 — a| we estimate, using Lemmas 4.1 and 4.3,

132t
;Z/o 0£+1(T)d7' < gg&}é{t< Zﬂk dT)/ max@p( )dr (4.25)
k=1

2—a

< 0140 [ - 00" - i)

Inequality (4.17) now follows from (4.23), (4.24), (4.25) for p = 1 — «, and from Young's
inequality. The estimate (4.18) is then obtained from (4.25) for p =2 — «a. ]

Lemma 4.5 There ezists a constant C3 > 0 such that for all ¢t € [0,T,] it holds
_Z (uk + T(ex(t —I-/ G ) < Cs. (4.26)

Proof. Integrating (4.9) from 0 to ¢ and using (2.21), (4.8), and (4.12) — (4.15), we find

1 /1 £ 1 SNt )
23 (3 + M) +u [ Ear) < 0 (1423 [+ alalr)or)
n i 0 n i Jo
I &ty 142, e
< o141 3 [ (al+ a7 @ ) ar), (427
k=1
and (4.26) follows from Hoélder’s inequality, (4.17) and (4.18). ]
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Lemma 4.6 There ezists a constant Cq > 0 such that for every t € [0,Ty] it holds
1 " n—1 .3 ) o n—1 . )
O Z/ (éxs1 — é)(r) dr < Ca (1 tn Z/ Gs1 — 64 (T)d7> . (4.28)
n k=1 E=1"0 E=1"0

Proof. Multiply (3.1) by €x — €41 and sum over k=1,...,n — 1. Then

1 n o n—1 ) ) n—1
;fokf:k + np Z(5k+1 —8k)2 = nz (’Y(é‘k+1)—’Y(5k)—|-73[5k+1,9k+1]
k=1 k=1 k=1
1 ) )
~Plew, 0] — B(Bkrs — 0) + - fulbr, 1))k — éxra): (4.29)
We have
Is20) = 2y (/_ ul(az)daz>2 </1 lul [2daz (4.30)
nk:l k k=1 kn;l ’ ~Jo ’ ’
ok etk 2
0 Sler—e0) = w3 ([ [T i@ o) (4.31)
k=1 k=1 ™ vZ

1-1 ety )
<7 [T Or dde < [ (P,
where the last inequality follows from Fubini’s theorem. Furthermore,

n§(5k+l—5k)2(t)r < [n:é(|ek+1—5k|(0)+/0t|5'k+1—ék|(7)d7)2r (4.32)
< (o) + (0% [l —aroer)

k=1

Integrating (4.29) from 0 to ¢ and using (2.6), (4.30) — (4.32), (2.23), (3.6), (2.8), and

Hoélder’s inequality, we obtain

n

%kg_j 2(1) + n:z:: /Ot(g',c+1 ) (r)dr (4.33)

< c (1 +n:§/0t [(ek+l ~ 00+ [ (enn - ék)z(s)ds] d7> .

The functions w(t) := n Y721 fi(rkp1 — €x)2(7)dr and A(t) == 1+ n 3721 f(0rr —

6x)?(7) dr are nonnegative, nondecreasing, and satisfy the inequality

t
w(t) < C (A(t) + [ ) dT) . telo, T, (4.34)
0
which implies
t
/ w(r)dr < CA(t) (% — 1) < CA(t) . (4.35)
0
The assertion now follows from (4.33) and (4.35). ]
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Lemma 4.7 There ezists a constant Cs > 0 such that for every t € [0,Ty] it holds

—Zek —I—nZ/ Brr1 — 0,)%(7) dr < O, (4.36)
1 n n—1
N COREAL )+n2[ak+1—ak )+ [ —aalr)dr| < 05 (437
Ly k=1
/ (&2 4 3)(r) dr < Cs. (4.38)
nk 1

Proof. Multiply (3.19) by 6; and put
4 _
:/ 0%0pe(r,0)dd  for 7,8 >0, (4.39)
0

according to (4.19). Then

1d o
- (Cvek /0 i (r, Hk)sf[sk]dr) (B — 206 + 06 1)0r  (4.40)

= 0 (net + [ lr,Bu)seleel(en — selend)edr + gu(6e,t))
863+ [ (8Lpa(r, 6) — ar, 0))sr el (ar el o,

where Hypothesis 2.2 yields that

O
820(r, 86) — 1(r,80)] = 2| [ Boa(r, 6) d6| < OF max ia(r, )], (441)
* 2 O [ 2 2 Cv o
| i, 002 enddr| < [ [T 62 gaa(r, 0| dr db < <62, (4.42)
0 o Jo
Similarly as in (4.14), we have
1 & 1 2
S 60 < [ (@) + 162 16%(3)] ) do. (4.43)
n iz 0 n
Summing (4.40) over k = 1,...,n, and integrating from 0 to ¢, we obtain from (4.41),
(4.42), (2.11), (2.31), (2.7), (2. ) (3.6) and (2.30) that
12 ) n—1 . )
S0 Y, [ (B — ()
Ly E=1"0

<c (1 + %é/ot ((1+ 82)(1+ [éel) + 6e2) (T)d7> (444

We now apply Holder’s inequality to the right-hand side of (4.44). We have

%kz::l/ot(ﬂkéi)(T)dT < (%é/otﬂi(T)d>_< 2 1/;5 ) , (449)
%é/otgkw dr (%é/ote,%(ﬂd> (% > [ et ) (4.46)

k=1

IN
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whence, by Lemma 4.4,

%kg:jl/; 62(1) +n:§/ot(ek+l L 9)2(r)dr < C (1 LS /Ot éi(7)d¢> o (447)

n,—

Moreover,
-3 [ebtryar < max (Yo éln)) - [ maxel(r)d (1.48)
— x(m)dr <max|— ) &/(7)] [ maxe;(r)dr, :
T =170 ¢ AN g * o i

where, by Lemmas 4.2 and 4.5,

¢ ‘ 12 gt
/Omjaxsi(T)dT < 5;/0 gX(r)dr

12 (%kg:jl/ot éz(T)de <n:§/0t(ék+l —ék)z(T)dT>2

2

< C (1 +n§At(ék+1 — ék)z(T)dT> : (4.49)

Combining (4.47) — (4.49) with (4.27), we obtain for all ¢ € [0,7,] that

12 n—-1 . n—-1 . %
=308 + Z/ (Bps1 — 8)%(r)dr < C (1 tn Z/ (Bsr — ek)z(T)dT> . (4.50)
n k=1 k=170 k=170

Thus, (4.36) follows from Young’s inequality, (4.37) is then a consequence of (4.28), (4.36),

(4.32), and of the obvious inequality X S"7_, e2(¢) < [ [ul|?dz + £ maxoc <t 5oy £2(T),
analogous to (4.32). Estimate (4.38) is obtained using the argument of (4.48). ]

Lemma 4.8 There exists a constant Cs > 0 such that for all ¢t € [0,T,] it holds

1 n t . n—1
- Z/ 2(r)dr + 1Y (s — 00)%(t) < Cs, (4.51)
nk:l 0 k=1
n—1 t
n?y / (Bks1 — 20 + 6,_1)(7) dr < Ce. (4.52)
k=1 0

Proof. Multiplying (3.19) by 6, we infer from Hypotheses 2.1 and 2.2 that

CV n . n d n—1
%162:)1 0,(t) + CPT! k:1(9k+1 —0,)"(t)
cC & . , -
< O3 o)l (1 + 80+ 0 40 [ alotrde) . (4)
k=1 n

Integrating (4.53) with respect to ¢, and using the inequality

n—1

n Y (Ohes — 00 < [ 103(2) s, (4.54)

k=1

we obtain (4.51) from (4.38). Inequality (4.52) is an immediate consequence of (4.51) and
equation (3.19). ]
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Lemma 4.9 There exists a constant C7 > 0 such that for all ¢t € [0,T,] it holds
1 i --2 ¢ --2
=S (uk(t) + 5k(7)d7) < cy. (4.55)
n k=1 0

Proof. The right-hand side of (3.1) is absolutely continuous. Differentiating with respect
to ¢ and multiplying by ux(¢), we obtain for a.e. ¢ that

E:(mw%+0%(ﬂ=%§5"(%%+&%g>wmmﬂ. (4.56)

™ =1 k=1

Hence, by hypotheses (2.8) and (2.9), and by inequality (2.22), we find that for all ¢

1 d & ., ~ C & 0 fx
- )< =
om di 2 k(8 T Hn 2L B0 < D [|ek| (1+ 60| + |éx]) + [ <|0k|+‘ ™ )] (1),
(4.57)
where
5fk
< .
nkl dT // fe(z,7)dzdr. (4.58)

For the initial value 1g(0) we obtain from equation (3.1) and inequality (2.23) the estimate

1 n—1 } n—1 ) )
~ > (0) < Cn}, ((ers1 — &x)2(0) + (Eryr — €x)(0)
k=1 k=1
) n—1
+ (B = 0°(0)) + = 37 £(64(0),0), (4.59)
k=1
where )
1 n—
2 S0 <Z/ F2(6(0), z, 0) da. (4.60)
For a.e. z €]0,1], ¢,s € [O,T] and 6 > 0, we infer from hypothesis (2.8) that
t
72(6,2,t) < fa(w,s) +2 [ fa(e,m)dr, (4:61)
whence .
rrtlzzxfz(ﬂ,az,t) < C/ fi(z,7)dr ae. in ]0,1[. (4.62)
, 0
The estimate
nz (Epsn — 2)2(0) < / ul (z)|2dz, (4.63)

which is similar to (4.31), now yields that

1 n—1
Z (4.64)
Integrating (4.57) from 0 to ¢, we easily obtain (4.55) from (4.58), (4.64), and Lemmas
4.7 and 4.8. ]
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Lemma 4.10 There ezists a constant Cg > 0 such that for all t € [0,T,] it holds

n—1

n Y (xyr — €x)° (t) < Cs. (4.65)

k=1

Proof. Using again equation (3.1) and inequalities (3.23), (4.62), we obtain for ¢ € [0, T3]
that

23 (=60 < O[04 SO o Pl

k=1
t
+ (01— 0 (8) + [ (G —ék)z(T)dT>. (4.66)
The assertion now follows from Lemmas 4.7 to 4.9 and a Gronwall-type argument. ]

To conclude this section, we just notice that Theorem 3.1 is proved by Lemmas 4.5 — 4.10.

5 Existence

In this section, we will construct a sequence {u(™, (™} of approximate solutions to the
system (2.1) — (2.4) and use the compactness method to prove that a limit point of this
sequence solves (2.1) — (2.4) in the sense of Theorem 2.4.

Let n € IN be given, and let uq,...,Un_1, 01,...,0, be the solutions to the system (3.1)
- (38.7). For t € 0,T], z € [kn;l, %[, k=1,...,n, we define the functions (continuously
extended to z = 1),

1 k—1
) (z,t) = 50k + 6k) £ (az - ) (6 — 6k_1) (5.1)
n? E—1)\°
-I-? (fE — T) (Opr1 — 20k + Op—1),
0 (z,t) = 6y, (5.2)
k—1
u(”)(az,t) = U1 +nle— — ) (uk — ugp-1), (5.3)
n
A" (z,t) = up, (5.4)
e™(z,t) = ept+nlz— — (Ekt1 — €k), (5.5)
EM(z,t) = &, (5.6)
o™(z,t) = oy, (5.7)
where we have put upi; := —u,_1, so that e,11 = ¢,.

By Theorem 3.1 and Corollary 3.2 there exists a constant C' > 0, independent of n, such
that (|| - | denotes the norm of L?*(0,1))

6@ + 188 + 1O + e (@)1 + [ (@)1 (5.8)
Hu OF + 1ePOF + PP <0 Ve o,T)
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T
| (1 + 161 + 16 12) (2) de < €. (5.9)

We further have for every z and ¢ that

1 n
@z, 1) — (e, ) < _2;5,3(75) < % (5.10)
=1
(n) Mg < S° 2 L < ©
E(a,1) — (@, ) < S(ewn —e)(t) = SP@I < 2, (5.01)
k=1 mn mn
é(”)(m,t)—ﬂ(")(m,t)z < Y Ok — O)*(E) < g; (5.12)
k=1 n
() Al < S c
e, 0) et < (e —EP() < 2, (5.13)
k=1
/ D(a,t) —u(, )] &t < —Z/ 2ma < ¢ (5.14)
0 - n? —1 n’
um = &), (5.15)

From the estimates (5.8) — (5.9) we conclude that there exist subsequences (still indexed
by (n), for the sake of simplicity) and functions u, ¢, 8 such that

60 > B,y 6 6, & ey, all weakly in L2(]0,1[x]0,T[), (5.16)
D ey e ey ey o) oy 60,

all weakly* in L*(0,T; L*(0,1)), (5.17)
Yo =6 (5.18)

and, by compact embedding,

5571) — &, e & £, u,E M Ut, u — U, 6 — 9, (5.19)

all in C(]0,1] x [0,T]) uniformly.

The functions u(™, 6™ fulfil the boundary conditions (2.3). The convergence (5.16),
(5.19) implies that conditions (2.3), (2.4) holds also for the limit functions.

To prove the existence result, it remains to check that the system (2.1), (2.2) is satisfied
almost everywhere.

Let w EI/f/'l’2(0, 1), z € L*(0,1) and n € D(]0,T[) be arbitrary test functions. Then the
system (3.1) — (3.4) can be rewritten in the form

/0 ) /0 (5@, 8) — FB™ (2,8),2,1)) w(z) + 0z, tyw'(2)] do dz (5.20)
= A, = /()Tn(t)kz:/; (w (%) — w(m)) (f(@k,a:,t) — uk) dz dt,
[ 2o [ (0o 4 Va2, 8) )+ (b2 + el (5.21)

+ Pluf™, 6l — BI + g (67)(z,t),2,t) )n(t)] it de
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_ / Z/ 9(8s, 2, 1) /il(z(m)—z(ﬁ))dﬁdazdt,

7 =9 (u) + P, 8]+ ) — ) (5.2
The right-hand sides of (5.20), (5.21), respectively, can be estimated as follows.

n L3 k
A4, < / H'> (/ |dm/ (fola, t) + |uk|)daz> dt (5.23)
k=1
o\ 1/2
< ( )Idm> ) :
2\ 1/2
( (/ (fole, ) + lik]) d ) ) dt
1 T n L3 1/2
< Lt [ (33 7 el + i)
n 0 k=1""n_
1 , T 1" , 1/2 1 , p 1/2 p
< — i — U 1 t
< st [T () ([ Beow)
C
< —|w'l )z,
n
n L3 k
B < n [ 1Y A O+ go(a,0)) [ 12(2) ~ 2(O) dC dadt (5.24)
k=1 =
n L3 1/2
< o[ w01 (32 [ 6+ o)
k=1
n Lk E 2 1/2
. (Z - (/_ |z(m)_z(g)|dg> dm) dt
k=1""n" n
1 [T 1/2 1 1/2
<z [ I 62 ([ sttt do)
<z [hol((33a) + ([ dena
< CZnliao.m),
where
Z, —nZ/k /k ¢)|2d¢ da. (5.25)
Let us extend the function z by zero outside the interval [0,1]. Then
_I__
Zn < nZ/ / OPd¢dr = / / |2(z) — 2(z + s)|*dzds. (5.26)
By the Mean Continuity Theorem we have lim,_ o fy |2(z) — 2(z + s)|?dz = 0, hence
lim Z, = lim B, = 0. (5.27)

Using the convergence results (5.10) — (5.19), (5.23), (5.27), and Proposition 2.6 (ii), we
can pass to the limit as n — oo in (5.20) — (5.22) and obtain
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Uy — 0 — f(0,2,t) =0 a.e., (5.28)
(Cvl + V]ug, 0]), — 68z = pul, + Plug, Oug — Buqz: + 9(6,z,t) a.e., (5.29)
o =v(uz) + Plug, 0] + puz — B6. (5.30)

Hence (u,8) is a solution to (2.1), (2.2) satisfying the assertions of Theorem 2.4. Indeed,
inequality (2.19) follows from Corollary 3.2 and the uniform convergence §(®) — 4.

6 Uniqueness and continuous dependence

The proof of Theorem 2.4 will be complete if we prove that the problem (2.1) — (2.4)
admits at most one solution. In fact, we can prove more, namely

Theorem 6.1 Let Hypotheses 2.1(ii), 2.2 hold, let (u®,u',6°, f, ), (u'°,u", 68, f,g") be
two sets of given functions satisfying Hypothesis 2.1, and let (u,0), (u',0") be solutions of
(2.1) — (2.4) corresponding to these data, respectively, which satisfy (2.16) — (2.19). As-
sume moreover that there exist a constant K > 0 and functions dg,d, € L*(]0,1[ x |0, T[)
such that

K6, — 85| + dg(z, 1), (6.1)
K6y — 5] + dg(z, 1),

|f(017 :IJ,t) - fl(027 :IJ,t)|
|g(017$,t) _91(027m7t)|

holds for all 61,68, € RT and a.e. (z,t) €]0,1[x]0,T].

<
<

Then there exists a constant C depending only on the constant C in Theorem 3.1 (i.e.
on the size of the data in their respective spaces) such that for all t € [0,T] the differences
u=u—u', 8§ =0—40, satisfy

a()]” + /0 (181 + [aael®) () dr (6.3)
< ¢ (a1 + [a0) + 180 + [ [ (& + &) dods) .

Proof. From equation (2.1) it follows that

Uy — :u’ﬂzzt = 50_z+ (P[uza 0] - P[“;: 01])z + ('Y(uz) _'Y(ulz))z + f(@, L, t) - fl(017 L, t): (6'4)

a.e. in ] , 1[x]0, T'[. Multiplying (6.4) by @; and integrating over [0, 1], we obtain, using
(61) and (2.19),

1d 1

57 ) uf dr + ,u/o uit dz (6.5)

11 _ _ t
< Ko [ [160add + (81 + dp)lad + (200)] + [ fal (7) 07 ) il do - ace.,

where K; > 0 is some constant. Consequently,
d i 1 1/_
= [t [atde <K [ (8 410,00+ + (/ iga( |dT) do,  (6.6)
dt Jo 0 0
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for a.e. t, with some constant K, > 0. Similarly, integrating (2.2) over [0,¢], we obtain

(Cvl + Vs, 6] — VI, 0])( )—n/tﬁde (6.7)
= (Ov8 + Vlus, 6] — V[, 8')) (z,0) + / )+ Plutg, 6z — Plasl, 8,

—B(Oug — 0'ul,) + g(9, a:,T) —g'(¢, :IJ,T)]dT.

The functions wug, ul,, 0, 6', Plug, 8], Plul,§'], are uniformly bounded by a constant
depending only on the constant C from Theorem 3.1. Moreover, using (2.24), we can
estimate

Cv - t
Vi, 8] = VIl 811 (2,8) < 0102, 8) + Vo (|ale, 01+ [ [Gad(e, 7l dr) . (6:8)
Multiplying (6.7) by 8(z,t), and integrating over [0, 1], we therefore obtain, using (2.23),
C 6%d kd tH_ d ’ d
V/ m+2dt (/0 z T) ? (6:9)
C ~ ¢ ~
[ @da v Ky [ 18] [16(2,0)1 + [ae 0) + [ (ol + 18] + ) dr| do,

with a constant K3 > 0 depending on C. Moreover, from Schwarz’s inequality it follows

that
CV/ Pdz + 2 / (/ dT) do (6.10)
< K (|é<m,o>|2 o, 0+ ( [ (el 101+ ) ar) )

for a suitable constant K4 > 0. An appropriate linear combination of (6.6) and (6.10)
then yields

16(£)]2 + |@me(2)]? + % (||at(t)||2 + /0 g, dTuz) (6.11)
< K (100) + 1a0)P + [ e, 0dz+ ¢ [ (laal? + 16 + [ e, )de) dr )

for some constant K5 > 0. Inequality (6.11) is of the form

W(t) < a(t) + b(t)w(t), (6.12)
where
w(t) = Ja@P 1 [ Bearl+ [ (18 + fad?) dr, (6.13)
aft) = K (||e‘(0)||2+ ||azt(o)||2+/01 dfc(a:,t)da:—l—t/ot/ol d;(m,T)dde), (6.14)
bt) = Kst, (6.15)
which entails .
w(t) < eBOw(0) + /0 eBO-B(g(7) dr, (6.16)

where B(t) = [b(7)dT = L Kst?.
Inequality (6.3) then immediately follows with a constant C' depending on K5 and 7. m
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