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ABSTRACT. The paper is devoted to the inverse problem of identifying the coefficient
in the main term of a quasilinear elliptic differential equation describing the filtration
of groundwater. Experience suggests that the gradient of the piezometric head, i.e.,
Darcy’s velocity, may have discontinuities and the transmissivity coefficient is a piecewise
constant function.

For solving this problem we use a modification of a direct method of G. Vainikko.
Starting with a weak formulation of the problem a suitable discretization is obtained by
the method of minimal error. If necessary this method can be combined with Tikhonov
regularization.

The main difficulty consists in generating distributed state observations from measure-
ments of the ground—water level. For this step we propose an optimized data preparation
procedure using additional information such as knowledge of the sought parameter values
at some points and lower and upper bounds for the parameter.

Numerical tests show that locally sufficiently many measurements provide locally sat-
isfactory results. Two numerical examples, one with simulated data and the other with
real life data, are given.

1. INTRODUCTION

The two—dimensional steady flow in an isotropic and confined aquifer is governed, in
general, by the quasilinear elliptic boundary value problem (cf. e.g. [5])

— V- (a(x,u)Vu(x)) = f(x) x€QCR? (1.1)
u(x) = h(x) x €0 (1.2)
a(x,u)Vu(x) -v(x) = g(x) x € 0y =N\, (1.3)

where Q is a bounded domain with piecewise smooth boundary and v = v(x) is the outer
unit normal on 9€2,. In the sequel, we confine ourselves to the special case that 9€; has
positive Lebesgue measure and h(x) = hg. Physically, u(x) can be interpreted as the
groundwater level (piezometric head of ground water) in €, and a(x, u) as transmissivity
coefficient depending upon the space variable x and on the piezometric head u(x). From
this consideration it is clear that a(x,u) > 0 for all admissible x and u. The function
f(x) characterizes sources or sinks in Q. The groundwater level on 9Q; and the inflow
or outflow through 9Q, are denoted by hy and g(x), respectively. The direct (forward)
problem consists in the following:

Given f,hg,g9,a. Find u.

For the well-posedness in the sense of Hadamard, (i.e. there exists a unique solution u
which continuously depends on the data f, hy, g,a), of the direct problem (1.1)—(1.3) see
[11]. Now let us formulate the inverse problem:

Given f,hy,g,u. Find a.

An inverse problem is ill-posed in general. Due to the lack of continuous dependence on
the data (i.e. due to the lack of stability) difficulties arise when using noisy data.

Here we will be concerned with a stable reconstruction algorithm only, using Tikhonov
regularization or self-regularization by discretization.

Let us briefly mention some relevant papers from the extensive literature concerning the
inverse problem formulated above: Alessandrini [2] regularized the problem using singular
perturbation theory which requires a high level of smoothness of the boundary and the
data. In [14], [6], [15] the inverse problem is considered as a first order partial differential
equation with respect to the unknown coefficient, where a high level of smoothness of
the data has also to be assumed. A very fast procedure is obtained by the method of



Vainikko, where the inverse problem is transformed into a linear operator equation with
a noncompact data dependent operator.

Hoffman and Sprekels [7], [8], [16] propose an adaptive method considering the steady
state problem as an asymptotic limit of a suitable evolutionary process. The method
needs the first derivatives of the data and has high numerical stability.

In this context the output least squares method is very often used, consisting of a minimum
problem combined with Tikhonov regularization. Here no derivatives of the data are
necessary, but the problem is nonlinear. Other methods using optimization procedures
are the equation error method, the augmented Lagrange method [9] and the method of
Lowe—Kohn [12]. In addition, let us refer to the papers [1], [4] as well as to the monograph
[17].

To reduce the high computational expense of such methods, in this paper a direct inversion
is proposed which is numerically cheap but very sensitive with respect to errors. Therefore,
it is combined with an optimized data preparation procedure.

In our calculations we use what is basically a modification of Vainikko’s method [18], [19],
[20]. Starting with a weak formulation of the problem Vainikko’s method consists of a
finite element discretization of an operator equation in suitable Hilbert spaces, where the
operator depends on the measured data. The considered projection method, the so—called
method of least error, takes advantage of the simple form of the adjoint operator. The pro-
cedure is combined with Tikhonov regularization. This approach needs one measurement
at each node.

In practice, however, only very few measurements are at our disposal so that data gained
by interpolation are very erroneous and not in accordance with the a priori information
on the coefficient. To counter these difficulties the method of Vainikko is combined with
a method of “data smoothing” whose stabilizing effect consists of restricting the possible
data set by a “smoothing” process. The goal of this method is an optimal utilization of
the given information about both the coefficient and the data.

“New” data are sought, optimally fitting the “old” data and satisfying the discretized state
equation with a certain tolerance, where the state equation is constructed using an a priori
guess of the transmissivity. One gets a constrained minimization problem that is solved
by the method of Lagrange multipliers and Newton’s method. (Similar considerations in
another context can be found in Parker’s book [13].)

The paper can be understood as a continuation of [3| and is organized as follows. In
Section 2 a short survey of the method is given. Section 3 deals with the data preparation.
Finally, some numerical experiments are presented in Section 4.

2. THE METHOD

2.1. Formulation of the problem and properties. Let Q C IR (d > 2) be a bounded
domain with piecewise smooth boundary 99, where v(x) (x = (z1,...,24)) is the outer
unit normal on 9€). Furthermore, let 0€2; C 0 be a subset with a positive Lebesgue
measure and 0Qy = 9N\0Q; be a relatively open subset having both, a piecewise smooth
boundary on 8. For a function u € W'*(Q) we define the real numbers

U1 = mlgu(x), Uy = maﬁ(u(x)a
x€eN xeN



and suppose that v; < vo. In general the function a(x,u) is defined for all x € © and all
u € [v1,vs]. The inverse problem describing the filtration of ground water in the domain
2 can be formulated in the following way:

Find the coefficient a(x,u) € L?(2 x (v1,v2)) such that

—V - (a(x,u)Vu(x)) = f(x) xecQcR?
u(x) = 0 x € 0y
a(x,u)Vu(x) -v(x) = g(x) x € 00,

—~~
S
N =

where u € WH>(Q), f € L*(Q), g € L?(09,). Here 0Q, C 02 may be empty.

Physically, u can be interpreted as the piezometric head of the groundwater in €2, the
function f characterizes the sources and sinks in (2 and the function g describes the
inflow and outflow through 0y C 0. The transmissivity coeflicient a is, physically,
positive and piecewise continuous with possible discontinuities on some surfaces in 2.

Introducing the subspace
HY(Q,00;,) = {we H(Q) :w(x) =0 forx € oV} C H'(Q),
we can give the following weak formulation of the inverse problem (2.1)—(2.3): For given

u find a € L*(Q x (v1,v7)) such that

/aVu-dex :/fwdx+ /gwdS for allw € H'(Q,09;). (2.4)

Q Q 09,
The problem (2.4) makes sense for a € L%(2 x (v1,v2)) and u € WhH>(Q).
We consider an auxiliary problem:
—AY(x) = f(x) xeQcCR?
P(x) =0 x € 0y
Vi(x)-v(x) = g(x) x€ 0
with the weak formulation

/Vzﬁ -Vwdx = /fwdx + /gwdS for allw € H'(Q,00,). (2.8)
Q Q 00,

From (2.4) and (2.8) we obtain

/aVu -Vwdx = /Vw - Vwdx. (2.9)
Q Q
Let G be the space of gradients of functions w € H'(Q, 8% ):
G=G(Q,00)={Vw:we H(Q,00,)} C (L*(Q))*.
Furthermore, using the orthoprojector
Qe : (L*(Q)? = G

we define an operator T € L(L*(Q X (v1,v2)), G) by

Ta=Qg(aVu), ac L*(Qx (v1,vs)) (2.10)



and consider the operator equation
Ta=Vy, (2.11)

where ¢ € H'(Q, 08;) is the solution of the direct problem (2.5)-(2.7). Using Q¢V¢ =
V1) it is easily seen that the problem (2.4) is equivalent to the operator equation (2.11).
If Q5 # 09, then the direct problem (2.5)—(2.7) is uniquely solvable.

For general coefficients a(x, u) the equation (2.9) should be used for the discretization of
the problem. But, sometimes the adjoint operator has a very simple form which can more
conveniently be used for discretization.

Let us list some important special cases. From (2.11) we obtain
(Ta,Vw) = (V¢,Vw) = (a,T*Vw) forall VweQG, (2.12)

where (-, -) denotes the scalar product in L?. We restrict the function a(x, ) from D(a) =
Q X [v1,v9] to the graph {(x,u(x))|x € D(u) = Q} of the function v and denote the
restriction by a(x, u(x)).

1. We assume that a(x,u(x)) is a function depending only on the first variable x, i.e.
we identify a(x,u(x)) = a(x) € L*(Q).
Analogously to (2.10), we define Tia = (QgaVu) and using (2.12) we obtain

T{Vw=Vu-Vuw. (2.13)

This is the operator used in the method of Vainikko [18], [19], [20]. Vainikko was
the first to recognize the advantages of applying the adjoint operator to the deter-
mination of coefficients in the form a(x).
2. We assume that a(x, u(x)) is a function depending only on the second variable u(x),
i.e. we identify a = a(x,u(x)) = a(u(x)) € L3().
The transformation

v(x) = /a(s)ds (2.14)

yields
Vv =aVu, (2.15)
and
—Av(x) = f(x) x€Q (2.16)
v(x) = vy x € 0, (2.17)
Vou(x) v(x) = g(x) x €0 (2.18)

Now, the determination of the coefficient @ = a(u(x)) can be carried out in two
steps:
(a) Find v from the direct problem (2.16)—(2.18).
(b) Solve the integral equation (2.14)

If | Vu |[> ¢ > 0, then a(x,u(x)) can be calculated via the formula

Vuv-Vu
a(u(x)) = W

which is obtained from (2.15).



3. We assume that a(x,u(x)) has the form
a(x,u(x)) = a1(x) ax(u(x)),  x€Q,

where as(u(x)) is a known continuous function, i.e. we identify a;(x) € L%(Q).

Moreover, we assume that a;(x) > 0 and ay(u(x)) > 0 for all x € . Now, we define
an operator T,, € L(L*(Q2), G) by

To, a1 = Qgla1 a2 Vu), a; € L*(9). (2.19)
Comparing (2.10) with (2.19) we see that T,, a; = T'a for a = a; a € L*(Q2). From
(2.19) we conclude
(T, a1, Vw) = (Qclaiaz2 Vu), Vw) = (a1 a2 Vu, Qg Vw)
= (a1 a3 Vu,Vw) = (a1, aa Vu - Vw)
= (a,T,;, Vw) = (Vy,Vw) forall VweG,
where the adjoint operator T, € LL?*(Q2),G) has the form
T, Vw = ax(u) Vu-Vw VweG.
Using (2.13) we have with K = K* = ay [ : L*(Q2) — L*(2)
T, Vw=KT{Vw VwedG. (2.20)

The operators T, and T;, have the following properties:

1. Let be d > 2. Then the range R(T};,) C L*(Q) is nonclosed in L*(2) even if | Vu |>
c1 > 0 and | ag(u(x)) [> ¢c2 > 0in Q.

Indeed, the nonclosedness of the range R(T5) of the operator T is shown in [19].
Using (2.20) we see that R(T}) C D(K) = L*(Q2), N(K) = {0} and K is bounded
in L2(). Then from R(T7) # R(T?) it follows that R(KTy) # R(KT?) ([10] $ 10).

2. T, is noncompact.

Ty is noncompact as a multiplication operator in the pair of spaces (G, L*(Q)).

Then the product KT}, where | az(u(x)) |> ¢z > 0 in 2 is noncompact too.
3. The operator T,, has a nonclosed range R(7},) C G and is also noncompact.
4. The problem (2.11) with the operator T} or Ty, is ill-posed.

2.2. Discretization and implementation. As we mentioned above, for the discretiza-
tion we use the simple form of the adjoint operator 7%, where for T we take T} or
T;,. The discretization is carried out by the method of minimal error, which is a special
projection method.

Consider finite dimensional subspaces S, C H'(£2,0€;) with the usual admissibility prop-
erties and take

Gn=VS,CG, T*VS, C L(N)
as test and trial spaces, respectively. Then from (2.12)
(an, T*Vup) = (V, Vu,) forall v, € Sy, (2.21)
where a, = Vu-Vv,, 0, € Sy, and

\lan, — a||r, = min [|Vu- Vv, —a|L,.
vLEShH

Problem (2.21) has a unique solution a; and

\lan — a|lr, -0 as h —0.



Here a is a minimal norm solution of (2.4).

The implementation is performed if d = 2, x = (zy, z3), and for two types of coefficients:

L. a(x,u(x)) =a(x) x€Q,

2. a(x,u(x)) = a1(x)(u(x) — up(x)) x € Q, where a;(x) denotes the transmissiv-
ity, u(x) is the groundwater level and uy(x) is the lower bound of the aquifer. In
particular, in our case, where the two-dimensional unconfined groundwater flow is
considered, the coeflicient is of this kind.

First we derive a linear equation system for the determination of the coefficient in the
form a(x) from the considerations in the special case 1 of Section 2.1. The linear equation
system for the determination of the coefficient in the form a;(x)(u(x) — uo(x)) follows
from the the special case 3 just there.

2.2.1. Coefficients of the form a = a(x). Let Q be a polygonal bounded domain and for
a fixed discretization level h let 7, be a regular triangulation, where

a- U E
EeTh

Denote by N' = {P;}7_; the set of all nodes of the triangulation 7, that do not lie on
the boundary 9Q; and in the finite dimensional subspace S, C H'(Q, 89;) choose a basis
with linear base functions {w;}?_; with w; = 0 on 99 and w;(P;) = s, 1 <4, < n.

Let us assume that the coefficient a(x) is constant on each element (triangle) E € T, and
the discretized coefficient a; can be represented as the vector

a= (aE)EeTh.

Then for the direct problem, where

u = E UjU)j

1<j<n
is to be determined, the linear system
Y Lijlaluj=di, 1<i<n, (2.22)
1<j<n
where
L;j[al wf ZaE / Vw; - Vw; dx, (2.23)
B E

has to be solved (a” and d; are given). The values of u on the boundary 92, are already
known as u(x) = 0 on 0.

For the inverse problem the linear system

Z Mij[u]cj = dj, 1 S 1 S n, (224)

has to be solved, where

M;;j[u] ©f Z /(Vu - Vw;)(Vu - Vuw;) dx



(here Vu and d; are known). Then a; will be found from
ap = Z ¢;Vu - Vuw,. (2.25)
1<j<n
In combination with Tikhonov regularization (2.24) reads as
Z (O(Lij + M,J[u])c;‘ = dj, 1 S 1 S n, (226)
1<j<n

where
L,’j déf Z/Vw] . sz dx = LZ][I]
E g

It is clear that this method of Vainikko will work well when Vwu has sufficiently good
properties. If the matrix (M;;[u]);; in (2.24) is ill-conditioned, Tikhonov regularization
(2.26) with a not too small & may produce results. However, if « is chosen too large the
computed coefficient

a (67 . .
ay = E ¢;Vu - Vuw;

1<j<n
cannot be interpreted as a solution to the inverse problem.
Remark 2.1. The matrices L[a] = (L;j[al]);; and M[u] = (M;;[u]);; can be easily con-

structed using the coefficients

ij:/ij-Vwidx.

Since Vw; (1 <1 < n) is constant on each element (i.e. triangle) E, we have

L} = meas(E) Vw; - Vuw;,

Za L”,
M;ji[u] = M;;u] = Z Z up LE)( Z u L meas E)

keEN leN
1<k<n 1<i<n

O

Remark 2.2. If the triangle E (of the triangulation T, ) has no obtuse angles we have
the well-known properties

Li=L; <0, i#j
LE >0,

Y LE=0 if EnoQ =0

JEN
1<j<n



|

In summary, choosing a basis {w;}? ,, setting in (2.21) T* = T} and using (2.25) we
obtain a linear equation system of the form

Mc =d,
where M = (m;;) is a n x n—matrix with the elements
m;; = (I7Vw;, Iy Vw;) i,j=1,..,n,
and c as well as d are n—dimensional vectors with the components ¢, ..., ¢,
d; = (Vi,Vw;) i=1,..,n, (2.27)

respectively.

2.2.2. Coefficients of the form a = a;(x)(u(x) — ug(x)). It is easily seen that we can use
the considerations of the special case 3 Subsection 2.1 if we set az(u(x)) = u(x) — uo(x).
Then (2.21) has the form

<G,1h,T;2V’Uh> = <V¢, V’Uh> for all v € Sh, (228)
where

ap = g c1; Vu - Vw;.

1<j<n

Using as in Subsection 2.2.1 the basis {w;}7_; we obtain from (2.28) a linear equation
system in the form

Nc; =d,
where N = (n;;) is a n X n-matrix with the elements
ng; = (17 Vw;, T Vw;) i,j=1,..,n.
The n-dimensional vectors ¢; and d have components ¢i1, ..., ¢1, and d; in the form (2.27).

Remark 2.3. Let us compare the determination of a piecewise constant function a(x) in
the linear equation

-V - (a(x)Vu(x)) = f(x) x €N (2.29)
with that of a piecewise constant function ai(x) in the quasilinear equation
=V - (a1(x)(u(x) — up(x))Vu(x)) = f(x) x € Q. (2.30)
For the finite element discretization of (2.30) we use that a,(X) is piecewise constant, i.e.
a1(x) =af for x€ E,

and suppose that u(x), uy(x) are piecewise linear functions,

u(x) = Z urwi(x),
up(x) = Z uorWi(x), x € Q.



Recalling that Vwy, is constant on E, and [, wy(x)dx = m'ﬁl , if Py is a verter of E,
from (2.30) we obtain

/Qf(x)wi(x)dx = Zﬁh/ (ur — wor)wr(x Zu]Vw] Vuw; dx

Ey ,Pr verte:l: of E Vi
meas(E
af meas(B) (ug —uor) Y u;Vw;- V.
1 d+ 1 k Ok 7 7 )
k,Py vertex of E 7

On the other hand, from (2.29) we have
/f X)w;(x)dx = Za meas(E) Zu]-ij - Vuw;
J

whence follows

1
E_ B
o’ =ay E (urp — uo)-

k,Py vertex of E

This means that af can be determined from a® if u(x) > uo(x) holds for every x € Q.

3. DESCRIPTION OF THE DATA SMOOTHING PROCEDURE

3.1. Preliminary remarks. As in most inverse problems the influence of uncertain data
is destructive to the inversion so that without regularization no useful result can be
obtained.

In the problem considered here disturbances are caused on one hand by uncertain mea-
surements of potential values and, on the other hand, by incomplete observations. To
overcome the difficulties caused by noise Tikhonov regularization and the regularization
by discretization had been proposed. Here, to avoid ambiguities caused by incomplete
measurements, a so—called data smoothing procedure is considered. This procedure can
be taken as some kind of regularization, where a well-behaved model is chosen which
converges to the solution, if the noise (in this case the lack of measurements) tends to
zZero.

The inversion procedure of Vainikko, considered in this paper, needs one measurement at
every node. The difficulty is that in practical tasks only very few measurements are at
our disposal and, moreover these few measurements are not necessarily located at nodes
in the domain.

The purpose of the data smoothing procedure is to construct a new data set suitable
for the application of Vainikko’s method. This suitable data set is to satisfy the state
equation to a given tolerance and to have minimal distance from the measurement values.
As well as the available measurements, a priori information is also of importance in the
construction.

In what follows a matrix B relating the given information (measurements and a priori
guesses) to the searched data set is defined and its properties are discussed. Then the
minimum problem is formulated and solved.



The data smoothing procedure is described in detail. It is shown that the iterative ap-
plication of this procedure decreases the distance between the calculated data and the
measured ones.

Finally, some examples are considered and rules for the choice of procedure parameters
are discussed.

The goal of these investigations is not to find the real permeability coefficient, which is
impossible, because of the lack of measurements. Instead we attempt to use the given
information in an optimal way, so as to be as helpful as possible in finding the true values.

3.2. The matrix B. First, let us recall some notation from 2.2. Let 2 be a bounded
domain in IR? with a piecewise linear boundary, Q = UFE a fixed triangulation and N the
set of nodes P; (i = 1,...,n), being used in the Vainikko inversion. In addition, let us
again consider the linear functions w; on Q with the property w;(P;) = 6;;.

To stress the correspondence between w; and P;, in what follows we shall write wp, instead
of w;. Then

wp(Q) =dpq, P,QeN,

where

5. _[1ifP=Q
PQ ™ 0 else.
Let
A=1{a, 0<af <af <p"},

be a set of admissible parameters, o”, 3% given real numbers and d a fixed right hand
side for the discretized direct problem (2.22). The vector d, calculated from sources and
boundary values, is assumed to be given exactly. Finally, let ay be an a priori guess of
the searched—for data set and

by given measurementsin y,€Q, A=1,...,.m.
In what follows let us suppose
Assumption 1: Let P € N be fixed. If wp(y,) > wq(ya) for all Q € N, then y, is

uniquely determined.

Roughly speaking, assumption 1 means that the measurement points are more thinly
distributed in 2 than the nodes.

Assumption 1 implies that a one—to—one relation can be defined between a subset M C N,
|M| = m and the set of measurement points

P xp, PeM
with the property

wp(xp) = QgﬁwQ(XP) :

Indeed, let

M,\ = {P, wp(y,\) Z wQ(y,\) VQ c N} .

The sets M, are non—empty and disjoint. Now let P € M, be arbitrarily chosen, and
set yy = xp.

10



Lemma 3.1. Let V" be the space of the functions

U= ZquP, up € IR,
PeN

where u(P) = up. We consider the operator B: V" — V"

WR + Z ’LUR(XP)’LUP , R e N\M
PeM

Z U)R(XP)’LUP , ReM ,
PeM

B’LUR =

where the related matriz B mapping IR" to IR", has the entries

S e N\M (3.1)

Then

, PeN\M
’U,(Xp), PeM.

Proof.

= Z u(P)wp + Z (Z u(R)wR(XP)> wp

PeN\M PeM \ReN

= Z u(P)wp + Z u(Xp)wp .

PeN\M PeM

The matrix B is “nearly” a diagonal matrix, with Brr > Brs > 0, Brr > 0.

For the sequel, in addition to Assumption 1 let us suppose

Assumption 2: The matrix B is invertible.

3.3. The minimum problem. Starting from a given a priori guess a,, let L[ay] be
constructed and let ufay| be calculated by solving the direct problem

L{ag|ulay] =d.
Furthermore, we define the data vector u = (up,P € N) as

:{ u[ao](P); P € N\M

bp: PcM. (3.2)

up

11



We have

Bulag] —all* = ) (ufao](xp) — bp)* = |Brula] — b]l%,, (3-3)

denoting by B, the restriction of B to IR™, the space of vectors (up)pe-
Let us consider the minimum problem: Find & € V" with the property

|Ba — | = min |Bu — |, (3.4)
{ueV™, ||Llaglu-d||<d}

where § > 0 is given.
Let us assume that 1 solves the state equation more exactly then B=tii. Then
0<4é<||LB'a—d|.

Theorem 3.1. Under the assumption 2 and if the operator BTB + pLTL is invertible,
the minimum problem (3.4) has ezactly one solution

= (BB + oL"L) }(B"a + oL”d),
where L = Lay] and g, 0 < p < oo, is unique with the property
6 = ||L(B"B + oL"L)'B”(a — BL™'d)]| .

For 9 = co we have & = ufay] = L™'d and for o = 0 we get i = B~'a.

Proof. First, it is clear that (3.4) has a solution: Let {u*}; be a minimizing sequence, i.e.

|a— Buf|| =y := inf |a — Bu]|.
uevn,[Lu — dj<s
Then ||Buf|| < C, ||uf|| < C, for a subsequence {u*"} u* — @ asr — oo and
|& — Bu® Bill], |[Lu® — d|| — |[Lii — d| as r = oo, [Li—d| <4, ie. it is a
solution of (3.4).

Additionally, if @ solves (3.4) then @ solves

|la — Ba|| = min |a — Bu]|. (3.5)
{w, [[Lu — d||=6}

Let @ solve (3.4) with ||Lu —d| =6 < 6. Let us show that ||[Bii — @|| > 0. Indeed,
Bu = @ means that 1 = B7'q, and
ILB'a—d|| =4 <é < ||[LB'a—d|,
is a contradiction. Now consider
w:=nia+(1—-n)B'a forsome 7, 0<n<l1.
Then
Bw —af| = 7B —af| < |[Bua - af
for n < 1, and
|[Lw —d|| = [La—d+ (1—7)(LB 'a— La)|
< ILa—d]+(1-nC<s
which contradicts to the assumption that @ solves (3.4). The proof of (3.5) is complete.
Now, let us solve (3.5). Consider the Lagrange function

£(u, @) = [|Bu — a[* + o(||Lu — d||* - ).

12



Necessary conditions for a minimum are
0L 0L
— =0, —=0.
Ou Oa

We have

<8£ 5u> = lim — (||B(u + Adu) — i) — [|Bu — || + a(||L(u + Adu) — d?

811 A—0
—[|Lu —d|]*) = 2(BT(Bu — 1) + oL’ (Lu — d), du).
Then, we obtain from the necessary conditions

B”(Ba — 1) + oL"(La —d) =0, (3.6)

§=|La—d|. (3.7)

From the equations (3.6), (3.7) the pair (1, g) is uniquely determined, if d, @, § are given.
Indeed, (3.6) implies

i = (B"B + oL"L) (BTd + oL”d).
Then we have
§ = ||La-—d|
= |L(B"B + oL L) (B"@ + oL"d) — d|
= |[|L(B"B + oL"L)"'(B"a+ oL"d — (B"B + oL"L)L~'d)||
= |L(B'B + oL"L) '(BTd + oL”d — B'BL 'd — oL"LL'd)||
= |L(B"B + oL"L)'(B"a — B'BL'd)||

whence follows
§ = |L(BTB + oL”L) 'BT(a — BL'd)|. (3.8)
The function
0(s) = |L(B"B + sL"L)"'B"(a — BL™'d)|]?
is strictly decreasing for 0 < s < oo. Indeed, introducing z(s) as the solution of
(B"B + sL”L)z(s) = B (@ — BL'd)

we obtain

0'(s) = jS<Lz( ), Lz(s)) = 2(Lz'(s), Lz(s)) = 2(z'(s), LTLz(s)),

where Z/(s) is given as the solution of
(B'B + sL”L)Z'(s) + L"Lz(s) = 0.
Then it follows
0'(s) = —2((B"B+sL"L)"'L"Lz(s),L"Lz(s)) <0
since (B'B + sLTL)™! is positive definite. In addition it holds
0(0) = |L(B'B) 'BY(a — BL 'd)|]* = |[LB !(a — BL'd)|* = ||LB 'a —d|* > 0.

Now, we obtain the uniqueness of p from (3.8). O
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3.4. The procedure. The purpose is the construction of a data set u suitable for the
Vainikko inversion, from the a priori guess ag and the measurements b, and to repeat this
process if reasonable.

Preparation: Start with constructing L[ag] = L from the given a priori guess ay, then
calculate ufag| by solving a direct problem. After defining the correspondence xp <= P,
P € M ( by calculating wq(yx) Q € N, A = 1,...,m) construct the matrices B in (3.1)
and BTB, and build the vector @ from (3.2).

Iteration:
(I) Choose o, 0 < p < co.
II)  Calculate a = (BB + gL”L) ! (BTa + oL”d).
IIT)  Invert G by the Vainikko method, the result is a.
IV)  Project a to the convex set A, i.e. a =P 4a.

) Construct L = Lla].
up, PeN\M

bp, PecM,

(

(

(

(V) Apply a suitable stopping rule.
(VI

(VII) Construct a: @p = {

(VIII) Go to (I).

Theorem 3.2. Let the assumptions of Theorem 3.1 be satisfied and let 0y = ulay], 0; = u
in the i—th iteration of (II), @; = @ in the i—th iteration of (VII). If o < oo then the
sequence 0; has the property

IBmttiss — bllm < |[Bmit; — bllm, i=0,1,2,.., (3.9)

(i.e. by iteration the fitting of the measurements will be improved).

Proof. First let us prove the inequality
IBa; — @; 4| < ||B@; 1 — ;1| ¢=1,2,.... (3.10)

Let 7 be one of the numbers 1, 2, ... and
g: =B, ; —@; , £0. (3.11)

For g = 0, then we have a total fit of the measurements by 4;_;. In this case the inversion
a,_; of u;_; cannot be improved and has to be taken as solution.

Setting in (2.23) L = L[a; 1] we have
1; = (B'B + oL"L) ' (B"q;_; + oL”d),
implying
Bi; — #;,_; = B(B"B + oL"L) (BT t;_; + oL”d — (B"B + oL"L)B'6i;_;) .
Straightforward calculations yield
Bi; — 6;_; = B(B"B + oL"L) 'oL"LB™'(BL™'d — @;_1) .

Since a;_; corresponds to the inversion of 4;_;, under the assumption that the difference
between a;_; and a;_; is small we have approximately

Lid=1; ;.
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Then we obtain
Bi; —6; ; = B(B'B + oL”L) 'oL’LB g
= B(¢'B"B +L'L)"'L"LB'g.

Now let us consider the continuous function
¥(s) = || Bz(s)]P?,
where z(s) is defined by
(sB'B + LTL)z(s) = L'LB 'g. (3.12)

Then
Y/(s) = 2(Bz'(s), Bz(s)) = 2(z(s), B"Bz(s)) ,
where z'(s) can be determined by differentiating (3.12), i.e.
(sBTB + LTL)Z'(s) + B'Bz(s) = 0.
From this we have
Y'(s) = —2((sB"B + L"L)'B"Bz(s), B"Bz(s)) < 0
as z(s) # 0 (c.f. (3.11)).
Furthermore,

(0) = [[B(LL) 'L"LB'g||* = ||g|* # 0,

lim ¢(s) = lim s7?|B(B"B + s 'L"L)'L"LB 'g||* = 0.

§—00
That means ¢(s) < ¢(0) if s > 0, i.e. (3.10).
Now, let us prove (3.9). First of all we have (cf. (3.3))

IBa; —a,]* = Y (@(xp) — bp)’ = [|Bmit; —b[l,, j=0,1,2,... (3.13)
PeM

Since obviously
Bt — bll7, < [[Ba; — @4 ”
the assertion (3.9) follows from (3.10) and (3.13) for j =i — 1. O

Remarks on the choice of ¢ and on the stopping rule (V) can be found below.

4. NUMERICAL EXAMPLES

4.1. A numerical example with simulated data. In the following numerical experi-
ments the effect of the data preparation will be demonstrated. Let us consider a square
domain 2 = {x € R? ;| x |< 1.1} with impermeable upper and lower boundary, homoge-
neous Dirichlet conditions at the left boundary and inhomogeneous Neumann conditions
at the right one. No sources and sinks are considered. The domain 2 is triangulated by
30 x 30 equidistant nodes.

Data generation: Suppose that we are given (cf. Fig. 1)
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1. (from a geological a priori information) an a priori guess ay, i.e., more precisely, a lens
C D A of diminished (constant) transmissivity age = 10~ surrounded by an area Q\C' of
(constant) transmissivity ag; = 1075;

2. measurements in an area B’ O B at about 75% of all nodes in B’.

These measurements are simulated by the potential values resulting from an assumed
reality, i.e. more precisely, the lenses A and B of transmissivity age surrounded by an
area 2\ (A U B) of transmissivity ag;.

Figure 1

Then, the data @ are composed from these simulated measurements and — on every node
where no measurement is given — from potential values & = (L[a,]) 'd resulting from the
a priori guess ay. For technical reasons we set u = o 1.

Results: The Figures 2 to 5 show the transmissivity gained by
(1) direct inversion of the data @ (Fig. 2),

(2) inversion after data preparation, u = 107° (Fig. 3),

(3) inversion after data preparation, u = 5-107% (Fig. 4),

(4) inversion after data preparation, u = 107% (Fig.5).

Discussion: The lens C in (1) - (4) is generally reproduced satisfactorily. This is ex-
pected since the data @ are disturbed only in the area B’, i.e. disturbances in B’ do
not essentially affect the area C. It confirms the above-mentioned local behavior of
Vainikko’s method. Moreover, Fig. 2 shows that the lens B cannot be reconstructed
by direct inversion of the data. Fortunately, this can be achieved by additional data
preparation according to Section 3. The best reconstruction is obtained for g = 1076
(Fig. 5), where B has nearly its correct shape, but its mean value is between ay; and
ag2, i.e. much less than its true value agps. The latter fact is not surprising since the
used (prepared) data are situated between @ and @. The value 107% for u seems to
be optimal in this context but also y = 5-10°% (Fig. 4) or 4 = 5107 would be
possible. But, for numerical reasons, u < 1077 is not suitable; in that case the con-
dition number of the matrix (uI + L[ay])? appeared to be too bad for a calculation.
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Figure 2 Figure 3

Figure 4 Fig. 5

In our example we have set B = I. We have made four calculations with five iterations
each.

Calculation 1 2 3 4
Iteration 7 FIT W FIT 7 FIT | u FIT
1 107 | 34948. 107 | 34948. 107 | 34948. || 1076 | 34948.
2 1078 | 9467.|2-107%| 6377.| 2-10"%| 6377.| 1073 | 1970.
3 1076 | 3944.|3-107%| 1736.| 4-107%| 1433.| 10~* 33.
4 1076 | 2520.(4-107°8 785. ] 8-107% 425. 1 1073 0.23
5 1076 | 2038.|5-1078 424. || 16 - 1076 126. || 1072 0.002

with

FIT = || —b|J.
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Description of the results

Calculation 1 (u = 1079 for every iteration). The area B being rather pale for one
iteration now appears clearer and darker. This effect is clearly stronger than a visible
increase of disturbances.

Calculation 2 and 3 (p=1-107%1=1,2,3,4,5,and u =1-1075 [ = 1,2,2% 23 2%),
respectively. In principle we have the same as in calculation 1, but the contour of the
area B is even clearer. Disturbances are tolerable but stronger.

Calculation 4 (u=10"'1=16,5,4,3,2).
Here the rough structure is just discernible. But considerable disturbances have to be
considered as destructive in a more complicated structure.

Discussion. 0 First of all it is clear that disturbances caused by uncertain data will
increase by iteration. The reason is the ill-posedness of the inverse problem. Therefore,
the following rule is useful

Rule 1. Iterate only a few times.

Another error source consists in the lack of measurements. If y is large then 1 is strongly
influenced by the measured values. This can be disadvantageous in the inversion. The
data 1 is the more suitable the smaller p is.

Rule 2. Choose p small. But large enough that a difference to the a priori guess is
visible. Then try to increase this trend by iteration.

As the test calculations show, the quantity FIT does not fit as a stopping rule. The reason
is that there are a lot of u fitting the measurements, suitable and unsuitable ones.

Rule 3. Stop the iteration if the calculated a does not change any more.

4.2. A numerical example with real life data. The following figures illustrate some
numerical examples using real life data for an unconfined aquifer.

The flow region 2 of a 50 km? size was discretized by a finite element grid with 5365
nodes and 10479 triangles due to the details known from the geological point of view.

Inside €2 there are placed 50 observation points at which measured values of the ground-
water level are available. Further values of the piezometric head are given at some ditches
implemented by boundary conditions of third kind.

The Figure 6 describes the a priori guess for the transmissivity due to geological con-
siderations. Figure 7 presents the reconstruction of the transmissivity from simulated
measurements at each node. To simulate these measurements the a priori guess was used.
In this case the parameter u = 0 and the regularization parameter a = 0. Figure 8 shows
the influence of the measurements mentioned above. The parameter u can be understood
as a weight between the influence of the measurements and of the a priori guess. We have
chosen 4 = 1 and a = 0. Finally, the Figure 9 demonstrates the smoothing properties of
the Tikhonov regularization with choice of =1 and o = 1072.
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Figure 6

Figure 7
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Figure 8

Figure 9
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