Stability of bright solitary-wave solutions to perturbed nonlinear Schrödinger equations^1

Todd Kapitula^{2 3} Department of Mathematics and Statistics University of New Mexico Albuquerque, NM 87131 USA Björn Sandstede^4 WIAS, Mohrenstraße 39 10117 Berlin Germany

May 6, 1997

11991 Mathematics Subject Classification: 34A26, 34C35, 34C37, 35K57, 35P15, 35Q55, 78A60 2E-mail: kapitula@math.unm.edu 3URL: http://www.math.unm.edu/¸kapitula 4E-mail: sandstede@wias-berlin.de

Abstract

In this article, dissipative perturbations of the nonlinear Schrödinger equation (NLS) are considered. For dissipative equations, when determining the stability of a solitary wave, one must locate both the point spectrum and the continuous spectrum. If the wave is to be stable, all the spectrum must reside in the left-half plane, except for the translational eigenvalue(s) at the origin. However, for the NLS the continuous spectrum is located on the imaginary axis, as the NLS can be thought of as an infinite-dimensional Hamiltonian system. Since dissipative perturbations will destroy this feature, it is then possible for eigenvalues to bifurcate out of the continuous spectrum and into the right-half plane, leading to an unstable wave. Here we show that the Evans function can be extended across the continuous spectrum, and hence it can be used to track these bifurcating eigenvalues. The extension is done for a general class of equations, and the result should therefore be useful for a larger class of problems than that presented here. Using the extended Evans function, we are then able to locate the spectrum for bright solitary-wave solutions to various perturbed nonlinear Schrödinger equations, and discuss their stability. In addition, we discuss the existence and stability of multi-bump solitary waves for a particular perturbation, the parametrically forced NLS equation.

1 Introduction

Compensating for the attenuation of pulses in nonlinear optical fibers is an important issue for the efficacy of optical communication systems. The standard model for the propagation of pulses in an ideal nonlinear fiber without loss is the cubic nonlinear Schrödinger equation (NLS) iϕ_t + ϕ_{xx} − ωϕ + 4|ϕ|^2ϕ = 0, (1.1)

where ω > 0. It is known to support stable pulses. If loss is present in the fiber, these pulses will cease to exist. Thus, amplifiers have to be used to compensate for the loss. The effects of linear loss in the fiber as well as other perturbations which account for amplifiers located along the fiber will then have to be incorporated into the model. The issue is whether pulses persist under the perturbation and what their stability might be. In this article, we shall concentrate on the stability of pulses for two different perturbations of (1.1).

The first equation is the cubic-quintic Schrödinger equation (CQNLS)

iϕ_t + ϕ_{xx} − ωϕ + 4|ϕ|^2ϕ + 3α|ϕ|^4ϕ = 0, (1.2)

where α < 0 is real. The CQNLS is the correct model to describe the propagation of pulses in dispersive materials with either a saturable or higher-order refraction index ([5], [6]). An optical fiber which satisfies this condition can be constructed, for example, by doping with two appropriate materials ([3], [26], [27]). A physically realistic value for α is 3α ≈ −0.1 ([7], [10], [38]), so the CQNLS cannot really be thought of as a small perturbation of the NLS. Equation (1.2) describes an ideal fiber; therefore, it is natural to consider the perturbed CQNLS (PCQNLS)

iϕ_t + ϕ_{xx} − ωϕ + 4|ϕ|^2ϕ + 3α|ϕ|^4ϕ = iϵ(d_1ϕ_{xx} + d_2ϕ + d_3|ϕ|^2ϕ + d_4|ϕ|^4ϕ), (1.3)

where ϵ > 0 is small and the other parameters are real and of O(1). The nonnegative parameter d_1 describes spectral filtering, d_2 describes the linear gain (d_2 > 0) or loss (d_2 < 0) due to the fiber, and d_3 and d_4 describe the nonlinear gain or loss due to the fiber.

The second equation is the parametrically-forced Schrödinger equation (PFNLS) iϕ_t + ϕ_{xx} − ωϕ + 4|ϕ|^2ϕ + iϵ(γϕ − μϕ^∗) = 0, (1.4) where ϵ > 0 is not necessarily small, γ > 0 is the dissipation factor (linear loss), and μ > 0 is the parametric gain. It models the effect of linear loss and its compensation by phase-sensitive amplification ([8], [23], [25], [28], [30]). The PFNLS equation is valid when discussing optical fiber rings in which the length of the fiber loop is much less than the dispersion and loss lengths ([30]).

Existence of solitary waves is known for these equations; in fact, there is an analytic expression for the wave for each of the above equations ([29], [30], [35], [39]). We shall be interested in their stability. The nonlinear Schrödinger equations (1.1) and (1.2) are both infinite-dimensional Hamiltonian systems. Their linearization around a solitary-wave solution therefore has essential spectrum on the imaginary axis. In addition, the spectrum will contain several isolated eigenvalues of finite multiplicity. In particular, zero is such an eigenvalue by translation invariance. The major tool for tracking these eigenvalues upon adding perturbations is the Evans function (see [1]). However, the essential spectrum is more difficult to handle. While the essential spectrum itself is readily computed upon perturbations ([9, appendix to Section 5]), it is possible that eigenvalues may bifurcate from the essential spectrum. It is the problem of detecting such eigenvalues which is the primary issue of the present paper. Note that the perturbations mentioned above are in general not bounded and do not preserve the Hamiltonian structure of the system.

The issue is the detection of eigenvalues which are either embedded in the essential spectrum or which bifurcate from the essential spectrum upon adding perturbations. Investigating the FitzHugh-Nagumo equation, Jones [11] accomplished this task by extending the Evans function through the essential spectrum in an analytic fashion. He then showed that the extended Evans function has no zeros and therefore no eigenvalues can bifurcate from the essential spectrum. Pego and Weinstein [31] generalized this idea to a large class of equations. The interested reader should also consult Jones et al. [12], Kapitula ([15], [16], [17]), and Rubin [34] for other problems in which an extended Evans function has been used in stability calculations.

It is instructive to take a moment to understand the manner in which the Evans function has been extended across the continuous spectrum. Writing the eigenvalue equation under consideration as a first-order system, one obtains Y^′ = M(λ, x)Y, Y ∈ IR^n, where the matrix M(λ, x) is analytic in λ. Since the solitary wave converges to a constant state as |x| → ∞, the matrix M_0(λ) = lim_{|x|→∞} M(λ, x) exists and is also analytic in λ. By Henry’s result [9, appendix to Section 5], λ is in the essential spectrum if, and only if, M_0(λ) has eigenvalues on the imaginary axis. The Evans function is a priori only defined if the eigenvalues of M_0(λ) have nonzero real part. Generalizing an idea of Jones [11], Pego and Weinstein [31] were able to extend the Evans function across the essential spectrum provided M_0(λ) has precisely one eigenvalue with positive real part when λ is to the right of the essential spectrum. The class of equation considered in their work as well as in subsequent articles contains the KdV equation and other related systems. If there are several eigenvalues of M_0(λ) on the imaginary axis for λ in the essential spectrum, and if these eigenvalues do not move all into the same half plane when λ moves off the essential spectrum, their method fails. In particular, the method is not applicable to equations of Schrödinger-type.

iω

Figure 1: The spectrum for the NLS. The point λ = 0 is an isolated eigenvalue with algebraic multiplicity four. The rest of the spectrum is continuous spectrum, which is the curves | Im λ| ≥ ω.

Consider the generalized perturbed NLS equation i∂_tϕ + (∂^2_x − ω)ϕ + f(|ϕ|^2)ϕ = iϵd_1∂^2_xϕ + iϵR(ϕ, ϕ^∗), where f(η) is real-valued and smooth with f(0) = 0, ϵ ≥ 0, and R(μ, η) is real-valued and smooth. Suppose that there exists a bright solitary-wave solution, Φ(x, ϵ), which exists for 0 ≤ ϵ < ϵ_0. When ϵ = 0, the continuous spectrum is given by the curves | Im λ| ≥ ω. The Evans function is defined for Re λ > 0 and on the strip | Im λ| < ω. Assuming that the spectral structure is understood when ϵ = 0, in order to understand the spectrum for ϵ nonzero we must have a way of locating the possible points for which point spectrum can bifurcate from the continuous spectrum. As mentioned above, one such method is to extend the Evans function across the continuous spectrum, and then locate its zeros. However, as noted in the previous paragraph, it is not immediately clear that such an extension is possible. This leads us to the following theorem.

Theorem 1.1 Consider the generalized perturbed NLS when ϵ = 0. There exists an M > 0 such that the Evans function can be extended onto the strip | Im λ| > ω, −M ≤ Re λ ≤ 0 in an analytic fashion. Furthermore, it has a continuous limit at λ = ±iω.

Remark 1.2 The Evans function can also be extended for ϵ ≠ 0. The interested reader should consult Theorem 2.27 for an exact statement.

Remark 1.3 The extension is valid for a large class of problems, in which the generalized perturbed NLS is a subset (see Section 2).

Another important consideration regarding the eigenvalue problem is that one must determine if it is possible for large eigenvalues to bifurcate out of the continuous spectrum. This is an important consideration for numerical calculations of the spectrum. Consider the linear operator L = D(μ)∂^2_x + N(μ, x), where the matrices are smooth in the parameters and the matrix N(μ, x) decays exponentially fast to constant matrices N_±(μ) as x → ±∞. Suppose that the diffusivity matrix

D(μ) is diagonalizable with eigenvalues γ_1(μ), . . ., γ_n(μ). If Re γ_i(μ) > 0 for i = 1, . . ., n, then by following the proof presented in Alexander et al. [1] it can be shown that there is an M > 0 and a 0 < δ ≪ 1 such that if |λ| > M with | arg λ| < π/2 + δ, then λ is not an eigenvalue. However, if Re γ_i(μ) = 0 for some i, which is the case for the linear operators associated with the PCQNLS and PFNLS (for example), then the proof only works for δ = 0. Thus, it may be possible for arbitrarily large eigenvalues to bifurcate out of the continuous spectrum for Schrödinger-type operators represented by the linear operator L.

Theorem 1.4 Suppose that D(μ) is a diagonalizable matrix whose eigenvalues satisfy | arg γ_i(μ)| ≤ π/2, i = 1, . . .n. There then exists an M_1 > 0 and M_2 > 0 such that if |λ| > M_1 and Re λ ≥ −M_2, then λ cannot be an eigenvalue for L whose corresponding eigenfunction is localized.

With the above theorems in hand, we now know that it is sufficient to look in bounded regions of the complex plane when looking for eigenvalues of perturbed NLS equations. The spectrum for the NLS is completely understood. The point λ = 0 is an isolated eigenvalue with geometric multiplicity two and algebraic multiplicity four, and the rest of the spectrum is continuous spectrum, which is the curves | Im λ| ≥ ω (see Figure 1). Furthermore, there are no eigenvalues embedded in the continuous spectrum ([20], [21]). When considering perturbations of the NLS, one must track the eigenvalues which are near zero in addition to locating any eigenvalues which may bifurcate out of the continuous spectrum. For the PCQNLS, two of the eigenvalues near zero will leave the origin and be real and of O(ϵ), while the other two will remain at the origin. Recently, Kapitula [14] was able to determine the location of the O(ϵ) eigenvalues, and showed that in a certain region of the (d_1, d_2, d_3, d_4) parameter space they both move into the left-half of the complex plane (see Lemma 5.1 for a complete statement). Therefore, assuming that the continuous spectrum moves into the left-half plane under perturbation, which will be the case if d_1 > 0 and d_2 < 0, then in order to determine the stability of the wave it is only necessary to locate any eigenvalues which happen to move out of the continuous spectrum. This problem was the original motivation for this paper.

Theorem 1.5 Suppose that 0 < ϵ ≪ −β ≪ 1, where β = αω. Assume that the parameter d_3 satisfies the existence condition specified in Lemma 5.1. Suppose that d_1 > 0 and that

C_{ω,β}(d_4 − αd_1) < d_2 < 0,

where C_{ω,β} = 2 15 ω^2 ( 1 − 22 21 β + O(β^2) ) . Then the solitary-wave solution Φ to the PCQNLS is orbitally exponentially stable, i.e., if ‖ϕ_0 − Φ‖ is sufficiently small, then there exists a b > 0 and constants τ, θ ∈ IR such that ‖ϕ(t, ·) − Φ(· + τ)e^{iθ}‖ ≤ Ce^{−bt}. Here ‖ · ‖ denotes the L^2-norm.

Remark 1.6 It is shown in Lemma 4.4 that an eigenvalue bifurcates out of the continuous spectrum only if α > 0. The wave will be stable for α > 0 if it can be shown that this eigenvalue moves into the left-half plane for ϵ > 0. The framework for this calculation is present in this paper, and we leave the actual calculation to the interested reader.

Remark 1.7 Since α < 0, as a consequence of the above theorem a minimal condition on the term d_4 is that it must be negative for the wave to be stable. Furthermore, there must be a balance between the linear loss term d_2 and the nonlinear loss term d_4.

Now consider the PFNLS iϕ_t + ϕ_{xx} − ωϕ + 4|ϕ|^2ϕ + iϵ(γϕ − μϕ^∗) = 0. The solitary-wave solution is given by Φ(x, ω, ϵ) = √ β 2 sech( √ β x), (1.5)

where β = ω + ϵμ sin 2θ, cos 2θ = γ μ . When considering the PFNLS, three of the eigenvalues will leave the origin and be of O(ϵ), and only one will remain. The reason that an extra eigenvalue leaves the origin is due to the fact that μ > 0 breaks the rotational symmetry of the NLS. The location of the O(ϵ) eigenvalues is known for all ϵ > 0 ([2], [24]). If μ sin 2θ < 0, then there will be a positive real eigenvalue, while if μ sin 2θ > 0, there will be an eigenvalue located at λ = −2ϵγ and a complex conjugate pair located on the line Re λ = −ϵγ. When μ sin 2θ > 0, we will locate any eigenvalues which move out of the continuous spectrum, at least for ϵ > 0 sufficiently small. In particular, we will show that only one complex conjugate pair leaves the continuous spectrum for ϵ > 0 sufficiently small. Due to the symmetries associated with PFNLS, we will then be able to conclude that these eigenvalues are located on the line Re λ = −ϵγ. Theorem 1.8 Consider the PFNLS. If 0 < ϵ ≪ 1 and if μ sin 2θ > 0, then the wave is orbitally exponentially stable, i.e., if ‖ϕ_0 − Φ‖ is sufficiently small, then there exists a b > 0 and a constant τ ∈ IR such that ‖ϕ(t, ·) − Φ(· + τ)‖ ≤ Ce^{−bt}.

Remark 1.9 See Figure 2 for its spectrum.

Now suppose that spectral filtering is added to the physical situation governed by the PFNLS, which means that one will consider the perturbed equation iϕ_t + ϕ_{xx} − ωϕ + 4|ϕ|^2ϕ + iϵ(γϕ − μϕ^∗) = iδϕ_{xx}, (1.6) where δ > 0. Note that equation (1.6) is reversible (ϕ(x) is a solution if and only if ϕ(−x) is) and admits the ZZ_2-symmetry ϕ → −ϕ (ϕ is a solution if and only if −ϕ is). By exploiting this feature, we shall be interested in obtaining and proving the stability of multiple solitarywave solutions. Multiple solitary waves are solutions of (1.6) which are formally constructed by concatenating N widely spaced copies of Φ or −Φ, where Φ = Φ_δ is an O(δ) correction to the expression given in (1.5). Since Φ and −Φ are concatenated, N-pulses can be obtained in a variety of ways. Denoting Φ and −Φ by “up” and “down”, respectively, we may then consider arbitrary sequences of ups and downs corresponding to whether Φ or −Φ is used. Based upon an application of the work of Sandstede et al. ([37, Theorems 1, 2, and 4]), we have the following theorem concerning existence and stability of multiple solitary waves of (1.4).

Figure 2: The spectrum for the PFNLS for μ sin 2θ > 0. There are four eigenvalues ϵ-close to the origin and two eigenvalues which are ϵ^2-close to the points −ϵγ ± iω on the line Re λ = −ϵγ. Theorem 1.10 Fix ϵ > 0 small and N > 1. Suppose that μ sin 2θ > 0. For any 0 < δ < δ(ϵ, N) ≪ 1 small there exists a unique multiple solitary wave of up-down-up-down-... type. These pulses are orbitally exponentially stable with respect to equation (1.4). Any other N-pulse consisting of copies of Φ or −Φ is unstable.

Remark 1.11 By Theorem 1.8, the condition μ sin 2θ > 0 means that the primary pulse is stable.

Remark 1.12 There exist many other N-pulses besides the ones of up-down-up-down-... type, and we refer to [37] for the details.

Consider the PFNLS with an added quintic term, henceforth known as the parametrically forced cubic-quintic nonlinear Schrödinger equation (PFCQNLS): iϕ_t + ϕ_{xx} − ωϕ + 4|ϕ|^2ϕ + 3α|ϕ|^4ϕ + iϵ(γϕ − μϕ^∗) = 0. (1.7) This equation describes the periodic parametric (phase-sensitive) amplification of solitary waves for fibers with a saturable or higher-order refraction index. This equation can be thought of as encompassing the effects of both the CQNLS and the PFNLS. It turns out to be the case that a balancing of the quintic term α with the forcing amplitude ϵ will control the number of eigenvalues which move out of the continuous spectrum. Specifically, as a consequence of Lemma 4.8, if 0 < |β|, ϵ ≪ 1 and α < 8μ sin 2θ ω^2 ϵ, then no eigenvalues bifurcate out of the continuous spectrum. Otherwise, the picture is exactly as that given in Figure 2. As far as we know, this balancing effect between the parametric forcing and possibly destabilizing effect of a positive α has not yet been documented in the literature.

This paper is organized as follows. The Evans function is extended for Schrödinger-type equations in Section 2. Furthermore, some properties of the extended Evans function are derived. This section is of interest in its own right. In Section 3, we explicitly compute the extended Evans function for the cubic nonlinear Schrödinger equation. Eigenvalues bifurcating from the essential spectrum near its end points λ = ±iω are calculated in Section 4 for the cubic-quintic and the parametrically-forced Schrödinger equation. In Sections 5 and 6, these results are applied to equations (1.3) and (1.4), respectively. Finally, the existence of stable N-pulses is shown for (1.6).

Acknowledgements. The first author would like to extend his gratitude to Yuri Kivshar, who pointed out the references that made the calculations in Section 3 possible. The second author was partially supported by the Alexander von Humboldt Foundation.

2 The extension of the Evans function

In this section, the Evans function is extended across the essential spectrum. The extension is first developed for λ in compact sets. We then consider the case of large λ.

2.1 Preliminaries In this subsection, we consider a linear system u^′ = (B(λ, μ) + R(μ, x))u, (2.1) where u ∈ C^n, (λ, μ) ∈ Ω×IR^p, and x ∈ IR. Here, Ω ⊂ C is open. Assume that the following condition is satisfied.

Hypothesis 2.1 There exists a vector η(λ, μ) such that B(λ, μ)η(λ, μ) = 0 for all (λ, μ) and |η(λ, μ)| ≤ M for some M. Moreover, there are numbers K_1 ≥ 1, K_2 ≥ 0, β ∈ IR, and γ > 0 with γ > β such that ‖e^{B(λ,μ)x}‖ ≤ K_1e^{βx} x ∈ IR ‖R(μ, x)‖ ≤ K_2e^{γx} x ≤ 0. We then have the following result which characterizes solutions decaying with the exponential rate γ to zero as x → −∞.

Lemma 2.2 Assume that Hypothesis 2.1 is true. There exists a unique solution u(λ, μ)(x) of (2.1) defined for x ≤ 0 such that there exists a constant C with |u(λ, μ)(x) − η(λ, μ)| ≤ Ce^{γx} as x → −∞. In addition, we have |u(λ, μ)(x) − η(λ, μ)| ≤ 2K_1K_2M γ − β (2.2)

uniformly for x ∈ (−∞, x_0] with x_0 ≤ 0 such that

K_1K_2M γ − β e^{γx0} ≤ 1 2 .

Furthermore, u(λ, μ) is analytic in λ if B and η are. Similarly, if B, η, and R are C^m in μ for some m ≥ 0 and ‖ d^j dμ^j R(μ, x)‖ ≤ C_je^{γx}, x ≤ 0 for j = 1, . . ., m, then u(λ, μ) is C^k in μ.

Proof: We seek the desired solution u(λ, μ) in the form u(λ, μ)(x) = η(λ, μ) + v(x). The function v will be sought as a solution of the integral equation v(x) = ∫ x −∞ e^{B(μ,λ)(x−y)}R(μ, y)(η(λ, μ) + v(y)) dy, (2.3) for x ∈ (−∞, x_0] with x_0 ≤ 0, see also [31, Proposition 1.2]. Note that any solution v of (2.3) satisfies (2.1) by Hypothesis 2.1. We have | | | | ∫ x −∞ e^{B(μ,λ)(x−y)}R(μ, y)η(λ, μ) dy | | | | ≤ K^1K^2 ∫ x −∞ e^{β(x−y)}e^{γy}|η(λ, μ)| dy

≤ K_1K_2M γ − β e^{γx}. Similarly, we obtain | | | | ∫ x −∞ e^{B(λ,μ)(x−y)}R(μ, y)v(y) dy | | | | ≤ K^1K^2 ∫ x −∞ e^{β(x−y)}e^{γy}|v(y)| dy ≤ K_1K_2 γ − β e^{γx}‖v‖, (2.4)

where ‖v‖ := sup_{y≤x0} |v(y)|. Set V := C^0(−∞, x_0).

The integral equation (2.3) can be written in the function space V as v = F (λ, μ)(η(λ, μ) + v), (2.5) with ‖F (λ, μ)v‖ ≤ K_1K_2 γ − β e^{γx0} ‖v‖

‖F (λ, μ)η(λ, μ)‖ ≤ K_1K_2M γ − β . Choose x_0 ≤ 0 such that K_1K_2 γ − β e^{γx0} ≤ 1 2 , so that ‖F (λ, μ)‖ ≤^1_2 in the operator norm on V . Since F (λ, μ) is then a uniform contraction, we can solve (2.5) and obtain the fixed point v v = (id −F (λ, μ))^{−1}F (λ, μ)η(λ, μ).

In particular, we have ‖v‖ ≤ 2‖F (λ, μ)η(λ, μ)‖ ≤ 2K_1K_2M γ − β . The estimates appearing in the lemma follow now immediately using (2.4).

Finally, the statements about the dependence of the fixed point v on the parameters (λ, μ) are true since the operator F (λ, μ) is then analytic in λ and C^m in μ.

2.2 Extension for ˘ in bounded sets Consider the linear system Y^′ = A(λ, x)Y, (2.6) where Y ∈ C^n, and the matrix A is analytic in λ for each fixed x. Here, λ ∈ Ω where Ω will be specified later in (2.11).

Hypothesis 2.3 Assume that there exists a constant κ > 0 and matrices A_±(λ) such that A(λ, x) − A_±(λ) is independent of λ and lim x→±∞ |A(λ, x) − A±(λ)|e ±5κx ≤ C, (2.7) where C > 0 is a fixed constant.

We begin with some hypotheses on the asymptotic matrices A_±(λ).

Hypothesis 2.4 If Re λ > 0, then for some 1 ≤ k < n both A_±(λ) have k eigenvalues of positive real part and n − k eigenvalues with negative real part.

For Re λ > 0, define σ^u_±(λ) = σ(A_±(λ)) ∩ {μ ∈ C; Re μ > 0} σ^s_±(λ) = σ(A_±(λ)) ∩ {μ ∈ C; Re μ < 0}

(2.8)

to be the sets corresponding to the k (n − k) eigenvalues of A_±(λ) with positive (negative) real part.

Hypothesis 2.5 Let Γ = N⋃ j=1 (ia_j, ib_j) ⊂ iIR, where a_j ≤ b_j ≤ a_{j+1} for j = 1, .., N are real numbers, be such that if λ ∈ Γ, then the spectrum of A_±(λ) is the disjoint union of two sets which are again denoted by σ^u_±(λ) and σ^s_±(λ). Moreover, σ^u_±(λ) and σ^s_±(λ) are the limits of σ^u_±(λ̃) and σ^s_±(λ̃), respectively, as λ̃ → λ with Re λ̃ > 0.

If λ = iτ ∈ Γ, it therefore is required that the spectrum of A_±(λ) is the disjoint union of σ^u_±(iτ) and σ^s_±(iτ). As a consequence, for fixed τ, there are neighborhoods U^u_± and U^s_± of σ^u_±(iτ) and σ^s_±(iτ), respectively, in C such that any eigenvalue of A_±(λ̃) is contained in either U^u or U^s for any λ̃ close to λ. Indeed, eigenvalues depend continuously on parameters ([19]). Hypothesis 2.5 then states that for all λ̃ close to λ with Re λ̃ > 0 any eigenvalue of A_±(λ̃) which lies in U^u (U^s) has positive (negative) real part. In other words, the sets σ^u_±(λ) and σ^s_±(λ), which were originally defined for Re λ > 0, can be continued as disjoint sets for λ in an open neighborhood of Γ, see Figure 3.

In particular, there are numbers δ_j (λ) ≥ 0, j = 1, . . ., n, such that for any λ ∈ Σ̃_j defined by Σ̃_j := {λ : a_j < Im λ < b_j, −δ_j (λ) < Re λ ≤ 0} (2.9)

the spectrum of A_±(λ) is the disjoint union of two sets σ^u_±(λ) and σ^s_±(λ) which are the continuation of σ^u_±(iτ) and σ^s_±(iτ) for iτ ∈ (ia_j, ib_j).

Set Σ_j ⊂ Σ̃_j to be such that if λ ∈ Σ_j, then min{Re μ : μ ∈ σ^u_±(λ)} > − κ n , max{Re μ : μ ∈ σ^s_±(λ)} < κ n . (2.10)

Finally, set Ω to be Ω = N⋃ j=1 Σ_j ∪ {λ : Re λ > 0}. (2.11) Note that Ω is open, simply connected, and Γ ⊂ Ω. Some of the eigenvalues in the sets σ^s_±(iτ) and σ^u_±(iτ) might be contained in the imaginary axis and we will refer to these eigenvalues as those with small real part. Note that their number may depend on the interval (a_j, b_j) in which iτ is contained.

The goal of this subsection is to construct an Evans function for λ ∈ Ω which is an analytic extension of that constructed by Alexander et al. [1]. Under the current setup, the Evans function is defined only for those λ with positive real part. The following discussion mirrors much of the presentation of Alexander et al. [1].

By setting x = 1 2κ ln ( 1 + τ 1 − τ ) , the equation (2.6) becomes the autonomous system

Y^′ = A(λ, τ)Y τ^′ = κ(1 − τ^2),

(2.12)

where^′ = d/dτ. By Alexander et al. [1] we have the following.

Lemma 2.6 Assuming that equation (2.7) holds true, equation (2.12) is C^1 on C^n × [−1, +1].

If Y_1, . . ., Y_k are solutions of (2.6), then Y_1 ∧ · · · ∧ Y_k is a solution of

Y^′ = A^{(k)}(λ, x)Y,

where A^{(k)}(λ, x) is the linear derivation on Λ^kC^n induced by A(λ, x). As above, this equation can be compactified to Y^′ = A^{(k)}(λ, τ)Y τ^′ = κ(1 − τ^2),

(2.13)

which is C^1 on Λ^kC^n × [−1, +1].

Consider the asymptotic systems

Y^′ = A^{(k)}_± (λ)Y. (2.14)

The eigenvalues of A^{(k)}_± (λ) are the sums of any k-tuples of eigenvalues of A_±(λ). For λ ∈ Ω, the spectral sets σ^u_−(λ) and σ^s_+(λ) are well-defined. The spectral projection of A_−(λ) associated with σ^u_−(λ) is denoted by P^u_−(λ). If Re λ > 0, it is the spectral projection onto the sum of all generalized eigenspaces of eigenvalues with positive real part. Similarly, P^s_+(λ) denotes the spectral projection of A_+(λ) associated with σ^s_+(λ). Both projections depend analytically on λ ∈ Ω. Set

α_−(λ) = trace(A_−(λ)P^u_−(λ)), α_+(λ) = trace(A_+(λ)P^s_+(λ)). (2.15)

In particular, α_−(λ) and α_+(λ) are analytic in λ. Then α_−(λ) equals the sum of the eigenvalues (counted with multiplicity) contained in σ^u_−(λ). Similarly, α_+(λ) is the sum of the eigenvalues which lie in σ^s_+(λ). If Re λ > 0, then α_−(λ) is the eigenvalue of A^{(k)}_− (λ) with largest real part, and α_+(λ) is the eigenvalue of A^{(k)}_+ (λ) with least real part. In addition, if Re λ > 0, then α_±(λ) are simple eigenvalues. Set Z(λ, x) = e^{−α}�^{(λ)x}Y(λ, x). (2.16)

Then Z(λ, x) satisfies the ODE

Z^′ = [A^{(k)}(λ, x) − α_−(λ) id]Z,

which, as above, can be compactified to

Z^′ = [A^{(k)}(λ, τ) − α_−(λ) id]Z τ^′ = κ(1 − τ^2).

(2.17)

This again is a C^1 system on Λ^kC^n × [−1, +1]. In the invariant plane {τ = −1} this reduces to the autonomous system Z^′ = [A^{(k)}_− (λ) − α_−(λ) id]Z. (2.18)

The critical points are the eigenvectors, η_−(λ), associated with α_−(λ), that is,

[A^{(k)}_− (λ) − α_−(λ) id]η_−(λ) = 0.

Since α_−(λ) is a simple eigenvalue of A^{(k)}_− (λ) for Re λ > 0, the associated eigenvector η_−(λ) depends analytically on λ. However, α_−(λ) is not necessarily simple if Re λ ≤ 0. Still, there is an analytic continuation of η_−(λ) for λ ∈ Ω. Indeed, we may choose η_−(λ) as the Λ^kC^n-representative of the generalized eigenspace R(P^u_−(λ)) associated with the eigenvalues in σ^u_−(λ).

To be more precise, choose analytic functions e_1(λ), . . ., e_k(λ) ∈ R(P^u_−(λ)) for λ ∈ Ω such that these vectors are linearly independent for any λ ∈ Ω. This is clearly possible, since P^u_−(λ) is analytic for λ ∈ Ω and Ω is simply connected. Then define

η_−(λ) := e_1(λ) ∧ . . . ∧ e_k(λ) ∈ Λ^kC^n,

and note that η_−(λ) is analytic and an eigenvector of A^{(k)}_− (λ) associated with the eigenvalue α_−(λ).

Now linearize (2.17) at the critical point (η_−(λ), −1). If Re λ > 0, then there is exactly one unstable eigenvalue, 2κ, and the associated eigenvector lies in the τ-direction. This is the key which has been used in [1] to define the Evans function. Suppose now that λ ∈ Σ_j for some j. We claim that if λ ∈ Σ_j, any eigenvalue of A^{(k)}_− (λ) − α_−(λ) has real part strictly less than 2κ. Indeed, let β_− be the eigenvalue of A^{(k)}_− (λ) with largest real part. Then β_− is the sum of the k eigenvalues of A_−(λ) with largest real part. We number the eigenvalues of A_−(λ) according to σ^u_±(λ) = {σ^±_1 (λ), . . ., σ^±_k (λ)} σ^s_±(λ) = {σ^±_{k+1}(λ), . . ., σ^±_n (λ)} and counted with multiplicity. Then β_− can be estimated by

Re β_− − ∑ i∈J�_{(λ)} Re σ^−_i (λ) < k n κ, (2.19)

where J^−(λ) denotes the set of indices 1 ≤ i ≤ k which correspond to eigenvalues with positive real part. Indeed, for λ ∈ Σ_j, some of the σ^−_i (λ) with i ≤ k may have crossed the imaginary axis. They are then possibly replaced by eigenvalues σ^−_i (λ) with i > k. However, the real part of each of these eigenvalues is less than κ/n by the choice of Σ_j, see (2.10). Therefore, their real parts adds up to at most^k_n κ, and (2.19) is proved. Let

β^−_c = β_− − α_−(λ). (2.20)

For λ ∈ Σ_j, using the estimate (2.19) and (2.10), we obtain

Re β^−_c = Re β_− − k∑ i=1 Re σ^−_i (λ) < 2k n κ. (2.21)

This proves our claim.

Therefore, if λ ∈ Σ_j, the unstable eigenvalue with largest real part is 2κ, with the eigenvector still pointing in the τ-direction. Thus, for λ ∈ Ω the point (η_−(λ), −1) has a one-dimensional strong unstable manifold. Since the tangent vector to this manifold points in the τ-direction, the manifold can be written as a function of τ, say Z_−(λ, τ), for −1 ≤ τ ≪ 0. It follows from Lemma 2.2 that Z_−(λ, τ) is analytic in λ for λ ∈ Ω. By applying the flow associated with (2.17), the solution Z_−(λ, τ) is well-defined and analytic in λ for τ ∈ [−1, +1). By equation (2.16), this then defines a solution

Y_−(λ, x) = Z_−(λ, x)e^α�^{(λ)x}, (2.22)

which has the property that if Re λ > 0, then |Y_−(λ, x)| → 0 exponentially fast as x → −∞. Note that Y_−(λ, x) is analytic in λ for λ ∈ Ω.

Now set Z = e^{−α+(λ)x}Y(λ, x), where Y ∈ Λ^{n−k}C^n. Then Z(λ, x) satisfies the ODE

Z^′ = [A^{(n−k)}(λ, x) − α_+(λ) id]Z,

and in a manner similar to that described above a solution, Z_+(λ, τ), can be constructed as the strong stable manifold of the point (η_+(λ), +1), where η_+(λ) is an analytic eigenvector of A^{(n−k)}_+ (λ) − α_+(λ) id constructed as before using P^s_+(λ) instead of P^u_−(λ). This in turn yields a solution Y_+(λ, x) = Z_+(λ, x)e^{α+(λ)x}, (2.23) which has the property that if Re λ > 0, then |Y_+(λ, x)| → 0 exponentially fast as x → +∞. Again, Y_+(λ, x) is analytic in λ for λ ∈ Ω.

Define the Evans function to be

E(λ) = exp ( − ∫ x trace A(λ, s) ds ) Y_−(λ, x) ∧ Y_+(λ, x), (2.24)

which for λ ∈ Ω has values in Λ^nC^n ∼= C. It follows that E(λ) is analytic for λ ∈ Ω. We close with the following proposition.

Proposition 2.7 Suppose that Hypotheses 2.3, 2.4 and 2.5 are true. Then the Evans function as described by equation (2.24) is analytic for λ ∈ Ω, where Ω is described by equation (2.11). If λ is such that Re λ > 0, then E(λ) is the Evans function as constructed by Alexander et al. [1].

Corollary 2.8 Assume that the matrix A(λ, μ, x) depends in addition on a parameter μ ∈ IR^p. Suppose that Hypothesis 2.3 is met for any μ and that Hypotheses 2.4 and 2.5 are satisfied for μ = 0. In addition, suppose that A(λ, μ, x) is C^m in μ for some m ≥ 0 and ‖ d^j dμ^j (A(λ, μ, x) − A_±(λ, μ))‖e^{±5κx} ≤ C_j, x → ±∞ for j = 1, . . ., m. Take any open subset Ω̃ of Ω with clos Ω̃ ⊂ Ω. The Evans function E(λ, μ) exists then for μ close to zero and λ ∈ Ω̃. Moreover, E(λ, μ) is analytic in λ and C^m in μ.

Proof: The statements follow easily from the above discussion and Lemma 2.2.

2.3 Extension through branch points

Thus far, we considered regions in the complex plane such that the spectrum of the matrices A_±(λ) was the disjoint union of the sets σ^u_±(λ) and σ^s_±(λ). In this subsection, we consider the case that the decomposition ceases to exist at an isolated point λ ∈ C. In other words, we study neighborhoods of the points ia_j and ib_j appearing in the definition of the set Γ in Hypothesis 2.5.

We do not strive for the most general result possible, but instead restrict ourselves to cases which will arise in the analysis of perturbations of the cubic nonlinear Schrödinger equation. Therefore, let n = 4. Consider the linear system

Y^′ = A(λ, μ, x)Y, (2.25)

where Y ∈ C^4, and the matrix A is analytic in λ and smooth in μ ∈ IR^p for each fixed x. We assume that Hypotheses 2.3 and 2.4 are met with k = 2 for any small μ. In addition, suppose that A_±(λ, μ) = A(λ, μ).

We start with the following assumption on the asymptotic matrix A(λ, μ). Set K := {λ : |λ − iω| ≤ δ, Re λ ≥ 0}, K̂ := K \ {iω}. The point iω should be thought of as a point a_j = b_j = ω in Hypothesis 2.5.

Hypothesis 2.9 For λ ∈ K̂ and any μ close to zero, the eigenvalues of A(λ, μ) can be written as continuous functions such that σ_1(λ, μ), σ_2(λ, μ) ∈ σ^u(λ, μ), σ_3(λ, μ), σ_4(λ, μ) ∈ σ^s(λ, μ) are disjoint. Moreover,

Re σ_2(λ, μ) ≥ δ > 0, − Re σ_4(λ, μ) ≥ δ > 0

uniformly in λ ∈ K and μ. Suppose that σ_1(λ, 0), σ_3(λ, 0) → 0 as λ → iω such that the kernel of A(iω, 0) is one-dimensional. Also, assume that

Re σ_1(λ, μ) > 0, − Re σ_3(λ, μ) > 0

for μ ≠ 0 and λ ∈ K.

We can then extend the Evans function E(λ, μ) as a continuous function in λ ∈ K and μ. Lemma 2.10 Assume that Hypothesis 2.9 is met. There exists then an extension of the Evans function E(λ, μ) defined for λ ∈ K and any μ close to zero such that E(λ, μ) is continuous in λ ∈ K and μ.

Proof: The eigenvalues of the matrix A(λ, μ) are simple for (λ, μ) ≠ (iω, 0) by Hypothesis 2.9. For (λ, μ) ≠ (iω, 0), denote the normalized eigenvectors of the matrix A(λ, μ) associated with σ_j(λ, μ) by v^u_j (λ, μ), where j = 1, 2. It is clear from Hypothesis 2.9 that the eigenvector v^u_2 (λ, μ) is continuous in (λ, μ) ∈ K × IR^p.

The kernel of A(iω, 0) is one-dimensional by Hypothesis 2.9 and therefore spanned by the normalized vector v̂^u_1 . We have (A(λ, μ) − A(iω, 0))v^u_1 (λ, μ) + A(iω, 0)v^u_1 (λ, μ) = A(λ, μ)v^u_1 (λ, μ) = σ_1(λ, μ)v^u_1 (λ, μ). Since σ_1(λ, μ) → 0 as (λ, μ) → (iω, 0), |v^u_1 (λ, μ)| = 1, and A(λ, μ) is smooth in (λ, μ), we see that A(iω, 0)v^u_1 (λ, μ) → 0 as (λ, μ) → (iω, 0). Therefore, possibly after multiplying v̂^u_1 with −1, the limit lim (λ,μ)→(iω,0) v^u_1 (λ, μ) = v̂^u_1

exists. Indeed, without loss of generality, the restriction of A(iω, 0) to its generalized kernel is given by ( 0 1 0 0 ) , and so the sign of ⟨v^u_1 (λ, μ), v̂^u_1 ⟩ is not zero for μ small.

Therefore, we can extend v^u_1 (λ, μ) continuously to (λ, μ) = (iω, 0) by setting v^u_1 (iω, 0) = v̂^u_1 . We can then proceed as in Section 2.2 upon defining η_−(λ, μ) = v^u_1 (λ, μ) ∧ v^u_2 (λ, μ). Continuity of the resulting Evans function follows from Lemma 2.2.

Finally, we consider differentiable extensions of the Evans function. Set U := {λ; |λ − iω| ≤ δ} \ {λ; Im λ = iω, Re λ < 0}, Û := U \ {iω}.

Hypothesis 2.11 For λ ∈ U and any μ, the eigenvalues of A(λ, μ) are independent of μ. They can be written as continuous functions such that

σ_1(λ), σ_2(λ) ∈ σ^u(λ), σ_3(λ), σ_4(λ) ∈ σ^s(λ)

are disjoint for λ ∈ Û. Moreover,

Re σ_2(λ) ≥ δ > 0, − Re σ_4(λ) ≥ δ > 0

uniformly in λ ∈ U. Suppose that σ_1(λ), σ_3(λ) → 0 as λ → iω such that the kernel of A(iω, 0) is one-dimensional and spanned by the nonzero vector v̂_1(μ).

Lemma 2.12 Assume that Hypothesis 2.11 is met. There exists then an extension of the Evans function E(λ, μ) defined for λ ∈ U and μ close to zero such that E(λ, μ) is continuous in λ ∈ U and μ. Moreover, E(λ, μ) is differentiable in μ, and its derivative is continuous in (λ, μ).

Proof: Again, we want to extend the 2-form η_−(λ, μ) = v^u_1 (λ, μ) ∧ v^u_2 (λ, μ) in a smooth fashion to the point λ = iω. A priori, the above 2-form is defined for λ ∈ Û and μ ∈ IR^p, and it is C^1 in μ with its derivative being continuous in λ. We can extend η_−(λ, μ) to λ = iω by η_−(iω, μ) := v̂_1(μ) ∧ v^u_2 (iω, μ). Note that v̂_1(μ) is smooth in μ. It suffices therefore to show that η_−(λ, μ) is C^1 in μ for any λ ∈ U with its derivative being continuous in (λ, μ).

On account of Hypothesis 2.11, we may assume that A(iω, μ) = ( 0 1 0 0 ) , for any small μ with v̂_1(μ) = (1, 0)^∗. Writing v^u_1 (λ, μ) = (1, 0)^∗ + w(λ, μ), we shall show that w(λ, μ) can be chosen such that it is C^1 in μ and continuous in λ. Set B(λ, μ) := A(λ, μ) − A(iω, μ), and consider the following system

⟨(1, 0)^∗, w⟩ = 0 [( 0 1 0 0 ) + B(λ, μ) − σ_1(λ) id ] w = (B(λ, μ) + σ_1(λ) id)(1, 0)^∗.

Since σ_1(λ) is a simple eigenvalue of A(λ, μ) for λ ∈ Û and any μ, we know that the above system has a unique solution. This solution can be easily obtained using the implicit function theorem and the claim follows. We omit the details.

2.4 No large eigenvalues

Consider the linear eigenvalue problem LP = λP , where

L = D(μ)∂^2_x + N(μ, x). (2.26)

The goal of this subsection is to show that if λ is large, then the Evans function can be constructed as in Section 2.2. Furthermore, it will be shown that the extended Evans function will be nonzero for λ large uniformly in μ. We assume that the n × n matrix N(μ, x) is smooth in x, and that there exist asymptotic matrices N_±(μ) and a κ > 0 such that lim x→±∞ |N(μ, x) − N±(μ)|e ±5κx ≤ C. (2.27) Assume that the matrices N(μ, x), N_±(μ), and D(μ) are continuous in μ. Hypothesis 2.13 The eigenvalues γ_1(μ), . . ., γ_n(μ) of D(μ) are nonzero and satisfy | arg γ_i(μ)| ≤ π/2 for all μ. Furthermore, assume that D(μ) is diagonalizable for any μ.

If Y = [P, Q]^T , where Q = P^′, the eigenvalue problem can be rewritten as the system Y^′ = A(λ, μ, x)Y, (2.28) where A(μ, λ, x) = [ 0 id_n D^{−1}(μ)(λ id_n −N(μ, x)) 0 ] . As a consequence of (2.27), the matrix A(μ, λ, x) satisfies equation (2.7); therefore, (2.28) can be compactified as Y^′ = A(μ, λ, τ)Y τ^′ = κ(1 − τ^2).

(2.29) Set r = |λ|^{−1/2}, z = x r , Q̃ = rQ. Upon setting Ỹ = [P, Q̃]^T , equation (2.29) becomes Ỹ′ = A(μ, λ, r, τ)Ỹ τ^′ = rκ(1 − τ^2),

(2.30)

where now^′ = d/dz and A(μ, λ, r, τ) = [ 0 id_n D^{−1}(μ)(e^{i arg λ} id_n −r^2N(μ, τ)) 0 ] . (2.31)

Note that A(μ, λ, r, τ) is smooth in the last three parameters. Letting ν_i(μ) = 1/γ_i(μ), i = 1, . . ., n, denote the eigenvalues of D^{−1}(μ), we have the following lemma. Note that arg ν_i = − arg γ_i, and that |ν_i| = 1/|γ_i|. Lemma 2.14 Set A_±(μ, λ, r) = lim_{τ →±1} A(μ, λ, r, τ). The eigenvalues of A_±(μ, λ, 0) are given by

σ^−_j (μ, λ, 0) = +|ν_j (μ)|^{1/2} exp(i (arg ν_j(μ) + arg λ)/2), j = 1, . . ., n σ^−_j (μ, λ, 0) = −|ν_j (μ)|^{1/2} exp(i (arg ν_j(μ) + arg λ)/2), j = n + 1, . . ., 2n σ^+_j (μ, λ, 0) = σ^−_j (μ, λ, 0), j = 1, . . ., 2n. Furthermore, for j = 1, . . ., n σ^±_j (μ, λ, r) = σ^±_j (μ, λ, 0) + O(r^2).

Proof: The eigenvalues σ of A_±(λ, 0) satisfy the characteristic equation

|(e^{arg λ}D^{−1}(μ) − r^2N_±(μ)) − σ^2 id_n | = 0,

from which one immediately gets the first part of the proposition. The second part follows from [19, Theorem II.5.11], since by Hypothesis 2.13 the matrix D^{−1}(μ) is diagonalizable.

As a consequence of Lemma 2.14, if Re λ > 0, then the eigenvalues σ^±_j (0, λ, 0) are ordered according to equation (2.8), that is, Re σ^±_j (0, λ, 0) > 0 for j = 1, . . ., n and Re σ^±_j (0, λ, 0) < 0 for j = n + 1, . . ., 2n. Following the previous argument, in order to extend the Evans function across the imaginary axis, we must have the following: there exists a smooth positive function θ(r), with θ(r) → 0 as r → 0^+, such that if | arg λ| < π/2 + θ(r), then min j=1,...,n Re σ^±_j (μ, λ, r) > − κ 2n r, max j=n+1,...,2n Re σ^±_j (μλ, r) < κ 2n r (2.32)

uniformly in μ.

Lemma 2.15 There exists an r_0 > 0 such that for any λ with | arg λ| < π/2 + κ 4nν^∗ r and r < r_0, equation (2.32) is satisfied. Here,

ν^∗ = max_{j=1,...n} |ν_j|^{1/2} = min_{j=1,...n} |γ_j|^{1/2}. (2.33)

In other words, we may take θ(r) = κ 4nν^∗ r. Proof: Without loss of generality, assume that 1 ≤ j ≤ n. As a consequence of Lemma 2.14, Re σ^±_j (μ, λ, r) = |ν_j |^{1/2} cos( 1 2 (arg ν_j + arg λ)) + O(r^2), so that equation (2.32) will be satisfied if for 0 ≤ r ≪ 1,

cos( 1 2 (arg ν_j + arg λ)) > − κ 4n|ν_j |^{1/2} r. (2.34)

Equation (2.34) will in turn be satisfied if

| arg λ| < 2 Cos^{−1} ( − κ 4|ν_j |^{1/2}n r ) − | arg ν_j |

= π − | arg ν_j| + κ 2|ν_j|^{1/2}n r + O(r^2).

(2.35)

Using the definition ν^∗ = max_{j=1,...n} |ν_j|^{1/2} = min_{j=1,...n} |γ_j|^{1/2}, one can immediately see that if | arg λ| < π 2 + κ 4nν^∗ r, (2.36)

then (2.35) is satisfied. Thus, the function θ(r) discussed previously can be written as θ(r) = κ 4nν^∗ r, (2.37)

and the lemma is proved.

Remark 2.16 Note that the definition of arg λ yields that | | | | Re λ Im λ | | | | < θ(r) ⇐⇒ | arg λ| < π 2 + θ(r). (2.38)

With Lemma 2.15 in hand, the n-form Y_−(μ, λ, r, x) can now be constructed as in Section 2.2. In a similar manner, the n-form Y_+(μ, λ, r, x) can be constructed. Thus, for 0 ≤ r < r_0 and | arg λ| < π/2 + θ(r) the Evans function E(μ, λ, r) = Y_−(μ, λ, r, x) ∧ Y_+(μ, λ, r, x) is well-defined. Since τ^′ = 0 when r = 0, the n-forms Y_±(λ, 0, x) can be constructed for any λ. As another consequence of Lemma 2.14, it is not difficult to see that if | arg λ| ≤ π/2, then E(μ, λ, 0) ≠ 0. We claim that the Evans function is nonzero for all r sufficiently small and | arg λ| ≤ π/2 + θ(r).

To prove this claim, we proceed as in Section 2.2 and consider the equation

Z^′ = [A^{(n)}(μ, λ, r, τ) − α_−(λ) id]Z τ^′ = rκ(1 − τ^2).

(2.39)

Here A^{(n)}(μ, λ, r, τ) is induced by the matrix A(μ, λ, r, τ) given in (2.31). When r = 0 the vector field (2.39) is autonomous and a solution is given by (η_−(λ), τ) for τ ∈ [−1, 1]. As in Section 2.2, for r ≠ 0 the eigenvector η_−(μ, λ, r) extends. We seek the strong unstable manifold of the point (η_−(μ, λ, r), −1) and claim that it is a small perturbation of {(η_−(λ), τ); τ ∈ [−1, 0]}. Going back to the time variable z, we obtain the system

Z^′ = [Ã^{(n)}(μ, λ, r, rz) − α_−(μ, λ, r) id]Z (2.40)

on Λ^{2n}C^n, where Ã(μ, λ, r, rz) = [ 0 id_n D^{−1}(μ)(e^{i arg λ} id_n −r^2N(μ, rz)) 0 ] . (2.41)

Let Ã^{(n)}_− (μ, λ, r) be the limit of Ã^{(n)}(μ, λ, r, rz) as z → −∞. It is a consequence of the definition of the derivation A^{(n)} and equation (2.27) that ‖Ã^{(n)}(μ, λ, r, rz) − Ã^{(n)}(μ, λ, r)‖ ≤ Cr^2e^{5rκz} (2.42) as z → −∞, where the constant C can be chosen independently of (μ, λ, r). In other words, we may write (2.40) according to Z^′ = [B(μ, λ, r) + R(μ, λ, r, z)]Z, with B(μ, λ, r) = Ã^{(n)}(μ, λ, r) − α_−(μ, λ, r) id ‖R(μ, λ, r, z)‖ ≤ Cr^2e^{5rκz}. For | arg λ| < π/2 + θ(r), any eigenvalue of the matrix B(μ, λ, r) has real part less than rκ; therefore, |e^{B(μ,λ,r)z}| ≤ Ce^{rκz}. Also, zero is an eigenvalue of B(μ, λ, r) with eigenvector η_−(μ, λ, r).

We may therefore apply Lemma 2.2 with K_1 = C, K_2 = Cr^2, β = rκ, and γ = 5rκ. As the result, the strong unstable manifold of η_−(μ, λ, r) is given by η_−(μ, λ, r) + O(r) on (−∞, 0], since with the above choices we have K_1K_2 γ − β = C^2r 1 4κ and η_−(μ, λ, r) is bounded uniformly in (μ, λ, r).

Thus, since Y_− = e^α�^zZ_−, we have that Y_−(μ, λ, r, 0) = η_−(μ, λ, r) + O(r). In a similar manner, one can show that Y_+(μ, λ, r, 0) = η_+(μ, λ, r) + O(r). Therefore, from the definition of the Evans function we have that E(μ, λ, r) = (Y_− ∧ Y_+)(μ, λ, r, 0) = (η_− ∧ η_+)(μ, λ, 0) + O(r) ≠ 0 for r sufficiently small (a consequence of Lemma 2.14).

Note that the above approach is still valid if the initial estimate on R is weakened to ‖R(μ, λ, r, z)‖ ≤ Cre^{5rκz}, for in this case a unique solution is initially guaranteed for z < z_0 = O((ln r)/r) ≪ 0, and can be continued for z > z_0 by applying the flow. However, the error term in the above identity of E(μ, λ, r) is then O(1) instead of O(r).

Upon going back to the original variables, we can close the discussion in this subsection with the following proposition which is a consequence of Lemma 2.15, (2.38) and the above discussion.

Proposition 2.17 Suppose that Hypothesis 2.13 and equation (2.27) are met. There then exists an L > 0 such that if |λ| > L, | | | | Re λ Im λ | | | | < κ 4nν^∗ |λ|^{−1/2}, where ν^∗ is defined in (2.33), then the extended Evans function is well-defined and nonzero.

Remark 2.18 In particular, the Evans function can then be extended in a nonzero fashion into the strip 0 ≥ Re λ ≥ − qκ 4nν^∗ , | Im λ| ≥ L for some q = q(L) < 1.

2.5 Example: perturbed nonlinear Schrödinger equations Consider the generalized perturbed nonlinear Schrödinger equation i∂_tϕ + (∂^2_x − ω)ϕ + f(|ϕ|^2, α)ϕ = iϵd_1∂^2_xϕ + iϵR(ϕ, ϕ^∗), (2.43) where f(η, α) is real-valued and smooth function with f(0, α) = 0, ϵ is nonnegative, and R(μ, η) is real-valued and smooth. Let μ = (α, ϵ). Note that this equation encompasses both the perturbed cubic-quintic NLS and the parametrically-forced NLS.

Hypothesis 2.19 There exists a smooth function Φ(x, μ) which is a steady-state solution to (2.43) and satisfies the condition that |Φ(x, μ)| → 0 at rate O(e^{−5κ|x|}) as |x| → ∞. The same estimate is true for the derivative of Φ(x, μ) with respect to μ. Furthermore, Φ_0(x) = Φ(x, 0) is real-valued.

Remark 2.20 In order for the wave to decay exponentially fast, it must be true that when ϵ is small, then ω > 0.

By setting ϕ = u + iv, where u and v are real, equation (2.43) can be rewritten as the system ∂_tu + (∂^2_x − ω)v + f(u^2 + v^2, α)v = ϵd_1∂^2_xu + ϵR_1(u, v) ∂_tv − (∂^2_x − ω)u − f(u^2 + v^2, α)u = ϵd_1∂^2_xv + ϵR_2(u, v),

(2.44)

where R_1(u, v) = Re R(u + iv, u − iv), R_2(u, v) = Im R(u + iv, u − iv). It will be assumed that d_1 ≥ 0, so that (2.44) will have a well-posed initial-value problem. Upon setting P = [u, v]^T and linearizing, we get the eigenvalue problem λP = D(ϵ)∂^2_xP + (N_0(x, α) + ϵN_1(x))P, (2.45) where D(ϵ) = ( ϵd_1 −1 1 ϵd_1 ) , N_0(x, α) = ( 0 ω − f(Φ^2_0, α) −ω + f(Φ^2_0, α) + 2Φ^2_0 + f^′(Φ^2_0, α) 0 ) , and N_1(x) is uniformly bounded and approaches an asymptotic matrix N^0_1 exponentially fast as |x| → ∞. When ϵ = 0, the continuous spectrum is given by Σ_{ess} = {λ; Re λ = 0, | Im λ| > ω}. (2.46) Indeed, we have that N_0(x, α) → ( 0 ω −ω 0 ) , |x| → ∞, and the limiting matrix is independent of α. We are now ready to prove the following lemma.

Lemma 2.21 Assume that d_1 ≥ 0. There exist α_0 > 0 and ϵ_0 > 0 (not necessarily small) and positive constants L_1 and L_2 which are independent of α and ϵ such that in the region |λ| ≥ L_1, Re λ ≥ −L_2, 0 < ϵ < ϵ_0, |α| < α_0, the Evans function E(λ, α, ϵ) for equation (2.43) is defined and nonzero.

Proof: It is a simple matter to check that the eigenvalues of D(ϵ) satisfy Hypothesis 2.13. The extension of the Evans function and the fact that it will be nonzero for large λ then follows immediately from Proposition 2.17.

Remark 2.22 Since the zeros of the Evans function locate those eigenvalues with localized eigenfunctions , we know that there will be no large eigenvalues, even if there is no diffusion present.

Following the procedure of the previous subsection, the matrix A(μ, λ, x) is given by A(μ, λ, x) = ( 0 id_2 D^{−1}(ϵ)(λ id_2 −N_0(x, α) − ϵN_1(x)) 0 ) , where μ = (α, ϵ), and as before set A_0(ϵ, λ) = lim_{|x|→∞} A(μ, λ, x). Note that A_0(ϵ, λ) does not depend on α.

For the moment, assume that ϵ = 0. A routine calculation shows that the eigenvalues of A_0(0, λ) are given by

σ^±_1 (0, λ) = ± √ |ω − iλ| e^i2^{arg(ω−iλ)}, arg(ω − iλ) ∈ [− 3π 2 , π 2 )

σ^±_2 (0, λ) = ± √ |ω + iλ| e^i2^{arg(ω+iλ)}, arg(ω + iλ) ∈ [− π 2 , 3π 2 ). (2.47)

A simple observation reveals that if Re λ > 0, then for i = 1, 2

Re σ^+_i (0, λ) > 0, Re σ^−_i (0, λ) < 0,

and σ^±_i (0, λ) are analytic across Σ_{ess}. As a consequence of Proposition 2.7, we now have the following lemma.

Lemma 2.23 Assume that ϵ = 0. Then the Evans function E(λ, α) can be extended across Σ_{ess} onto the strip ω < | Im λ| ≤ L_1, −L_3 < Re λ ≤ 0, for some L_3 > 0.

Corollary 2.24 Assume that ϵ = 0, and set

L_4 = min{L_2, L_3},

where L_2 is given in Lemma 2.21. Then the Evans function can be extended across Σ_{ess} onto the strip ω < | Im λ|, −L_4 < Re λ ≤ 0. Furthermore, the extended Evans function will be nonzero for |λ| > L_1.

Remark 2.25 As it will be seen in the next section, if f(η, α) = 4η, i.e., if one looks at the cubic NLS, then L_4 = ∞.

Figure 3: Here, the location of the eigenvalues σ^±_j (0, λ) of A_0(0, λ) with j = 1, 2 is indicated for λ in various regions of the complex plane. Eigenvalues inside the dotted ellipsoids belong to the unstable spectral set σ^u(λ). The point λ = iω corresponds to a branch point where the spectral decomposition ceases to exist. The dashed line emanating from the branch point indicates the cut defined in (2.47).

When ϵ = 0, it is straightforward to prove that Hypotheses 2.9 and 2.11 are met with respect to the parameter α. Indeed, the limiting matrix does not depend on α at all. Applying Lemmata 2.10 and 2.12 then shows that the Evans function E(λ, α) is differentiable in α and can be extended to λ = iω. Combining the results obtained so far, we have the following theorem.

Theorem 2.26 Assume that ϵ = 0. Let

Σ_1 = {λ : Re λ > 0} Σ_2 = {λ : | Im λ| < ω} Σ_3 = {λ : | Im λ| > ω, −L_4 ≤ Re λ ≤ 0},

and set Ω = Σ_1 ∪ Σ_2 ∪ Σ_3. (2.48)

The Evans function E(λ, α) is defined and analytic for λ ∈ Ω, and is an analytic extension of that constructed by Alexander et al. [1]. It is nonzero for sufficiently large |λ|, and has a continuous limit at λ = ±iω. Finally, it is C^1 in α for λ ∈ Ω ∪ {iω}, and the derivative with respect to α is continuous in λ.

Now suppose that ϵ > 0 is small. As a consequence of Corollary 2.8 and Lemma 2.21, the following theorem is true.

Theorem 2.27 Let δ > 0 be given and small. Choose Ω̃ ⊂ Ω such that clos Ω̃ ⊂ Ω where Ω is given in (2.48). There then exists an ϵ_0 > 0 such that the Evans function E(λ, α, ϵ) is defined for 0 < ϵ < ϵ_0 and for λ ∈ Ω̃. It is analytic for λ ∈ Ω̃, smooth in ϵ, and is an extension of that constructed by Alexander et al. [1]. Furthermore, it is nonzero for sufficiently large |λ|.

Now suppose that the Evans function can be shown to be nonzero if ϵ = 0 and | Im λ| > ω. Then it will necessarily be true that for 0 < ϵ < ϵ_0 there exists a δ = δ(ϵ) > 0 such that the extended Evans function will be nonzero for | Im λ| > ω + δ. Under this scenario it will only be possible for eigenvalues to bifurcate out of the continuous spectrum near λ = ±iω. It turns out that the Evans function can be extended up to λ = ±iω such that it is differentiable in ϵ. A local bifurcation analysis near λ = ±iω will then reveal whether and how many eigenvalues bifurcate out of the essential spectrum. This idea will be exploited in the upcoming sections.

3 The Evans function for the cubic NLS

Instead of using the formulation in equation (2.44), we will write the cubic NLS as the system iϕ_t + (∂^2_x − ω)ϕ + 4ϕ^2ψ = 0 −iψ_t + (∂^2_x − ω)ψ + 4ϕψ^2 = 0,

(3.1)

where ψ is defined by ψ = ϕ^∗. The system is written in this way so that the results of Kaup [20] and Kaup et al. [21] can be more easily exploited.

The bright solitary-wave solution is given by Φ(x, ω) = √ ω 2 sech( √ ω x). (3.2)

Linearization yields the system iP_t + LP = 0, where L = (∂^2_x − ω)σ_3 + 4Φ^2(2σ_3 + iσ_2). (3.3) Here σ_2 and σ_3 are the Pauli spin matrices

σ_2 = [ 0 −i i 0 ] , σ_3 = [ 1 0 0 −1 ] . Setting P (x, t) → P (x)e^{ρt}, one then gets the linear eigenvalue problem (L + iρ)P = 0. Upon setting λ = −iρ, we then get the more conventional eigenvalue problem

(L − λ)P = 0. (3.4)

It is important to note here that the wave will be unstable if there exists an eigenvalue with Im λ < 0; hence, we will want to define the Evans function for Im λ < 0, and extend it across Im λ = 0.

Let Y = [P, Q]^T , where Q = P^′. Then Y satisfies the equation

Y^′ = M(λ, x)Y, (3.5)

where M(λ, x) = 0 0 1 0 0 0 0 1 ω + λ − g(x) −h(x) 0 0 −h(x) ω − λ − g(x) 0 0 , (3.6) and g(x) = 8Φ^2(x, ω) h(x) = 4Φ^2(x, ω). Set M_0(λ) = lim_{|x|→∞} M(λ, x). The eigenvalues of M_0(λ) are given by ±γ_f (λ) and ±γ_s(λ), where

γ_s(λ) = √ |ω − λ| e^i2^{arg(ω−λ)}, arg(ω − λ) ∈ [− π 2 , 3π 2 )

γ_f (λ) = √ |ω + λ| e^i2^{arg(ω+λ)}, arg(ω + λ) ∈ [− 3π 2 , π 2 ), (3.7)

and the associated eigenvectors are [1, 0, ±γ_f(λ), 0]^T and [0, 1, 0, ±γ_s(λ)]^T . The branch cuts of the above functions are being taken so that γ_s(λ) > 0 for λ ∈ (−∞, ω), while γ_f (λ) > 0 for λ ∈ (−ω, ∞). Note that

Re λ > 0 ⇒ Re γ_f (λ) > Re γ_s(λ) Re λ < 0 ⇒ Re γ_f (λ) < Re γ_s(λ),

and that the functions are analytic if Im λ < 0.

As a consequence of Theorem 2.26, we have the following lemma.

Lemma 3.1 Let Σ_1 = {λ : Im λ < 0} Σ_2 = {λ : | Re λ| < ω} Σ_3 = {λ : | Re λ| > ω, 0 ≤ Im λ < L}, and set Ω = Σ_1 ∪ Σ_2 ∪ Σ_3.

There is an L > 0 such that the Evans function is defined and analytic for λ ∈ Ω, and is an analytic extension of that constructed by Alexander et al. [1]. Furthermore, it is nonzero for sufficiently large |λ|. Finally, it has a continuous limit at λ = ±ω.

The goal in this section is to explicitly construct the extended Evans function. Once this is accomplished, we will then be able to locate its zeros, and hence be able to determine the location of the eigenvalues which may bifurcate out of the continuous spectrum. Before continuing, we need a couple of preliminary results.

Lemma 3.2 Let Y(λ, x) = [P (λ, x), Q(λ, x)]^T be a solution to (3.5). Another solution to (3.5) is then Y(λ, x) = [P (λ, −x), −Q(λ, −x)]^T. A solution to

Y^′ = M(λ^∗, x)Y

is given by Y^∗(λ, x). Finally, if λ ∈ IR, then a solution to the adjoint problem

Z^′ = −M^T (λ, x)Z

is given by Z(λ, x) = [−Q(λ, x), P (λ, x)]^T.

Proof: The first part follows immediately from the fact that both g(x) and h(x) are even functions. The second part follows as soon as one notices that M(λ^∗, x)^∗ = M(λ, x). The third part is a simple calculation, and is left to the interested reader.

Lemma 3.3 (Kaup [20], Kaup et al. [21]) When Re λ > 0, a solution to (3.4) is given by P^+(λ, x) = − e^{γs(λ)x} (γ_s(λ) − √ ω)^2 { (λ − 2ω + 2 √ ω γ_s(λ) tanh( √ ω x)) [ 0 1 ]

+2Φ^2(x, ω, 0) [ 1 1 ]} . When Re λ < 0, a solution to (3.4) is given by P^−(λ, x) = e^{−γf (λ)x} (γ_f (λ) + √ ω)^2 { (λ + 2ω + 2 √ ω γ_f (λ) tanh( √ ω x)) [ 0 1 ]

−2Φ^2(x, ω, 0) [ 1 1 ]} . Furthermore, besides the functions P^+(ω + k^2, x) and P^−(−(ω + k^2), x), where k ∈ IR^+, along with the eigenfunctions of L at λ = 0, there are no other bounded eigenfunctions of L. Since λ is be an eigenvalue if and only if −λ is, it is sufficient to calculate the Evans function only for Re λ > 0. For the rest of this discussion assume therefore that Re λ > 0. The following arguments can easily be modified for the case Re λ < 0.

There exists a unique solution Y^−_f to (3.5) such that

lim x→−∞ Y − f (λ, x)e^{−γf(λ)x} = 1 0 γ_f (λ) 0 . (3.8)

This is due to the fact that γ_f (λ) is the positive eigenvalue of M_0(λ) with largest real part. Similarly, there exists a unique solution Z^+_f (λ, z) to the adjoint problem with the asymptotics

lim_{x→∞} Z^+_f (λ, x)e^{γf (λ)x} = γ_f (λ) 0 1 0 . (3.9)

Define the reduced Evans function

E_f (λ) = Y^−_f (λ, x) · Z^+_f (λ, x). (3.10)

Before continuing, we need the following information regarding the reduced Evans function.

Lemma 3.4 E_f (λ) is analytic and nonzero for Re λ > 0.

Proof: The analyticity follows from the fact that the eigenvalue γ_f (λ) is simple and thus analytic for Re λ > 0 (see Lemma 2.2). In the following, it is important to note that if E_f (λ) = 0, then lim_{x→∞} |Y^−_f (λ, x)e^{−γf (λ)x}| = 0. First suppose that λ ∈ (ω, ∞). If E_f (λ) = 0, then Y^−_f is a uniformly bounded function which decays exponentially fast as x → −∞. However, Lemma 3.3 precludes the existence of such a solution.

Now suppose that λ = ω. If E_f (ω) = 0, then lim_{x→∞} |Y^−_f (ω, x)e^{−γf (ω)x}| = 0. Consider the 3-form Y^−_f ∧Y^−_s ∧Y^+_f . This 3-form induces a solution to the adjoint equation, Z. Since Y^+_f (λ, x) = μ[P^−_f (λ, −x), −Q^−_f (λ, −x)]^T for some nonzero constant μ, where Y^−_f (λ, x) = [P^−_f (λ, x), Q^−_f (λ, x)]^T , the adjoint solution then satisfies lim |x|→∞ |Z(ω, x)| = 0. By Lemma 3.2, this then implies that there exists a solution to (3.5) which decays as |x| → ∞. However, this contradicts Lemma 3.3.

Now suppose that λ ∈ {λ ∈ C : Im λ ≥ 0, λ ∉ [ω, ∞)}. It is known that there are no eigenvalues to L, which implies by the result of Alexander et al. [1] that

lim_{x→∞} Y^−_f (λ, x) ∧ Y^−_s (λ, x)e^{−(γf(λ)+γs(λ))x} = μ[1, 0, γ_f(λ), 0]^T ∧ [0, 1, 0, γ_s(λ)]^T (3.11)

for some nonzero constant μ. By equation (3.16) we have lim_{x→∞} Y^−_s (λ, x)e^{−γs(λ)x} = λ − 2ω − 2 √ ω γ_s(λ) λ − 2ω + 2 √ ω γ_s(λ) [0, 1, 0, γ_s(λ)]^T .

If E_f (λ) = 0, then lim_{x→∞} |Y^−_f (ω, x)e^{−γf (ω)x}| = 0. Thus, in this case lim_{x→∞} |Y^−_f (λ, x) ∧ Y^−_s (λ, x)e^{−(γf (λ)+γs(λ))x}| = 0, which violates (3.11).

It is now known that E_f (λ) ≠ 0 for Im λ ≥ 0. By Lemma 3.2

E_f (λ^∗) = Y^−_f (λ^∗, x) · Z^+_f (λ^∗, x) = (Y^−_f (λ, x))^∗ · (Z^+_f (λ, x))^∗ = E_f (λ)^∗.

Thus, E_f (λ) ≠ 0 for Im λ ≥ 0 necessarily implies that the same holds true for Im λ ≥ 0.

Remark 3.5 The function E_f (λ) can be extended to include the imaginary axis.

Remark 3.6 E_f (λ) → 0 as λ → 0^+.

Using the definition of E_f (λ) it is easy to check that lim_{x→∞} Y^−_f (λ, x)e^{−γf (λ)x} = E_f (λ) 2γ_f (λ)

[1, 0, γ_f(λ), 0]^T. (3.12) Since E_f (λ) ≠ 0, the solution Y^+_f (λ, x) = 2γ_f (λ)[P^−_f (λ, −x), −Q^−_f (λ, −x)]^T, (3.13) where Y^−_f (λ, x) = [P^−_f (λ, x), Q^−_f (λ, x)]^T, is well-defined for Re λ > 0. Note that lim x→−∞ Y + f (λ, x)e^{γf(λ)x} = E_f (λ)[1, 0, −γ_f(λ), 0]^T. (3.14) Set Y^−_s (λ, x) = [ P^+(λ, −x) −Q^+(λ, −x) ] , Y^+_s (λ, x) = [ P^+(λ, x) Q^+(λ, x) ] , (3.15) where P^+(λ, x) is defined in Lemma 3.3. Note that lim x→∓∞ Y ∓ s (λ, x)e^{∓γs(λ)x} = [1, 0, ±γ_s(λ), 0]^T

lim x→±∞ Y ∓ s (λ, x)e^{∓γs(λ)x} = λ − 2ω − 2 √ ω γ_s(λ) λ − 2ω + 2 √ ω γ_s(λ) [1, 0, ±γ_s(λ), 0]^T. (3.16)

For Re λ > 0 the Evans function is given by E(λ) = (Y^−_f ∧ Y^−_s ∧ Y^+_f ∧ Y^+_s )(λ, x). (3.17) Based upon the above discussion, the Evans function can be explicitly calculated. Proposition 3.7 For Re λ > 0 the Evans function is given by E(λ) = 4E_f (λ)γ_f(λ)γ_s(λ) λ − 2ω − 2 √ ω γ_s(λ) λ − 2ω + 2 √ ω γ_s(λ) . The analytic function E_f (λ) is nonzero for Re λ > 0, and can be scaled such that E_f (ω) = 1. Proof: By equations (3.8), (3.16), and (3.14), the behavior as x → −∞ is well-understood for all the functions comprising E(λ). The result then follows immediately after evaluating lim x→−∞(Y − f ∧ Y^−_s ∧ Y^+_f ∧ Y^+_s )(λ, x), and rescaling Z^+_f (ω, x) such that E_f (ω) = 1.

4 Bifurcations from the essential spectrum near ˘ = !

As a consequence of Proposition 3.7, we now know that an eigenvalue may bifurcate out of the continuous spectrum only at λ = ±ω for perturbations of the cubic NLS. Let ϵ̃ represent the perturbation parameter for the cubic NLS, and let the perturbed extended Evans function be represented by E(λ, ϵ̃).

In the following discussion, we assume the following, which will later be verified for specific perturbations using the results presented in Section 2.3.

Hypothesis 4.1 The Evans function E(λ, ϵ̃) can be defined for λ ∈ U in a continuous fashion, where U := {λ : |λ − ω| ≤ δ} \ {λ : Re λ = ω, Im λ > 0}. It is C^1 in ϵ̃, and its derivative with respect to ϵ̃ is continuous in λ ∈ U.

By using a Taylor expansion, we can then write

E(λ, ϵ̃) = E(λ, 0) + ∂_{ϵ̃}E(λ, 0)ϵ̃ + o(ϵ̃) = E(λ, 0) + (∂_{ϵ̃}E(ω, 0) + g_1(λ, ϵ̃))ϵ̃ for λ ∈ U, where g_1 is continuous and g_1(ω, 0) = 0. Using the expression for the Evans function for ϵ̃ = 0 given in Proposition 3.7, we then see that for λ ∈ U the Evans function is given by E(λ, ϵ̃) = (∂_{ϵ̃}E(ω, 0) + g_1(λ, ϵ̃))ϵ̃ + 4 √ 2ω γ_s(λ)(1 + g_2(λ)), (4.1) where g_2(λ) is continuous and g_2(ω) = 0.

Due to the branch cut taken for γ_s(λ), we then see that ∂_{ϵ̃}E(ω, 0)ϵ̃ > 0 =⇒ E(λ, ϵ̃) ≠ 0 (4.2) for λ ∈ U, and hence no eigenvalue bifurcates out of the continuous spectrum. Otherwise, a single eigenvalue bifurcates out of the continuous spectrum, and E(λ^∗(ϵ̃), ϵ̃) = 0, where

λ^∗ = ω ( 1 − (∂_{ϵ̃}E(ω, 0))^2

32ω^2 ϵ̃^2 ) + o(ϵ̃^2) ⇐= ∂_{ϵ̃}E(ω, 0)ϵ̃ < 0. (4.3)

In order to perform the above calculation, we need an expression for ∂_{ϵ̃}E(ω, 0). Write the perturbed eigenvalue equation as Y^′ = M(λ, x, ϵ̃), where M(λ, x, 0) is the matrix given in equation (3.6). This equation induces the perturbed solutions Y^±_f (λ, x, ϵ̃) and Y^±_s (λ, x, ϵ̃), where Y^±_f (λ, x, 0) and Y^±_s (λ, x, 0) are those given in the previous section. Since Y^−_s (ω, x, 0) = Y^+_s (ω, x, 0), a routine calculation shows that ∂_{ϵ̃}E(ω, 0) = −∂_{ϵ̃}(Y^−_s − Y^+_s )(ω, x, 0) ∧ (Y^−_f ∧ Y^+_f ∧ Y^+_s )(ω, x, 0).

The 3-form (Y^−_f ∧ Y^+_f ∧ Y^+_s )(ω, x, 0) is uniformly bounded as |x| → ∞, with lim x→−∞(Y − f ∧ Y^+_f ∧ Y^+_s )(ω, x, 0) = 2γ_f (ω) e_{123}, (4.4)

where e_{ijk} = e_i ∧ e_j ∧ e_k. Writing

−(Y^−_f ∧ Y^+_f ∧ Y^+_s )(ω, x, 0) = a_1(x)e_{123} + a_2(x)e_{124} + a_3(x)e_{134} + a_4(x)e_{234}, this 3-form induces a solution to the adjoint equation, Z_s(ω, x, 0), which is given by

Z_s(ω, x, 0) = [a_4(x), −a_3(x), a_2(x), −a_1(x)]^T

(Kapitula [13]). In other words,

∂_{ϵ̃}E(ω, 0) = ∂_{ϵ̃}(Y^−_s − Y^+_s )(ω, x, 0) · Z_s(ω, x, 0). (4.5)

Using (4.4) and Lemma 3.2, one can compute explicitly that

Z_s(ω, x, 0) = 2γ_f (ω) [ −∂_xP^+(ω, x) P^+(ω, x) ] , (4.6)

where P^+(ω, x) is defined in Lemma 3.3. Unfortunately, the evaluation of ∂_{ϵ̃}(Y^−_s − Y^+_s ) is not as straightforward. The following lemma gives us a computable quantity.

Lemma 4.2 Assume that Hypothesis 4.1 is satisfied. The derivative of the Evans function is then given by ∂_{ϵ̃}E(ω, 0) = ⟨∂_{ϵ̃}M(ω, x, 0)Y^+_s (ω, x, 0), Z_s(ω, x, 0)⟩, where ⟨f(x), g(x)⟩ = ∫_∞ −∞ f(x) · g(x) dx. Proof: Let Ỹ be any solution to (3.5) at λ = ω such that

D = Ỹ · Z_s ≠ 0.

If ∂_{ϵ̃}E(ω, 0) ≠ 0, then Ỹ = ∂_{ϵ̃}(Y^−_s − Y^+_s ). Following the ideas in Kapitula [13], it can be shown that ∂_{ϵ̃}(Y^−_s − Y^+_s ) = 1 D ( ⟨∂_{ϵ̃}MY^+_s , Z_s⟩Ỹ + ⟨∂_{ϵ̃}MY^+_s , Z̃⟩Y^+_s ) , (4.7)

where Z̃ is a solution to the adjoint equation induced by the 3-form Y^−_f ∧ Ỹ ∧ Y^+_f . Since Y^+_s · Z_s = 0,

∂_{ϵ̃}(Y^−_s − Y^+_s ) · Z_s = ( ⟨∂_{ϵ̃}MY^+_s , Z_s⟩ D ) Ỹ · Z_s

= ( ⟨∂_{ϵ̃}MY^+_s , Z_s⟩ D ) D

= ⟨∂_{ϵ̃}MY^+_s , Z_s⟩.

Upon examination of (4.5), one gets the desired conclusion.

Remark 4.3 A similar formulation of the derivative is given in the work of Rubin [34].

4.1 Evaluation at ˘ = ! : CQNLS For the CQNLS, iϕ_t + ϕ_{xx} − ωϕ + 4|ϕ|^2ϕ + 3α|ϕ|^4ϕ = 0, the solitary-wave solution is given by

Φ^2(x, ω, α) = ω 1 + √ 1 + αω cosh(2 √ ω x) (4.8)

([32]).

Following the formulation in Section 3, for the eigenvalue problem we get the matrix

M(λ, x, α) = 0 0 1 0 0 0 0 1 ω + λ − g(x, α) −h(x, α) 0 0 −h(x, α) ω − λ − g(x, α) 0 0 ,

where g(x, α) = 8Φ^2 + 9αΦ^4 h(x, α) = 4Φ^2 + 6αΦ^4.

Theorem 2.26 shows that Hypothesis 4.1 is met. By Lemma 4.2, we therefore know that ∂_αE(ω, 0) = ⟨∂_αM(ω, x)Y^+_s (ω, x), Z_s(ω, x)⟩. (4.9) Using the fact that ∂_αΦ^2 = − 1 2 Φ^2(ω − Φ^2),

which can be readily verified using the representation given in (4.8), it is easy to show that

∂_αg = −4ωΦ^2 + 13Φ^4 ∂_αh = −2ωΦ^2 + 8Φ^4.

Since ∂_αM(ω, x) = − 0 0 0 0 0 0 0 0 ∂_αg(x) ∂_αh(x) 0 0 ∂_αh(x) ∂_αg(x) 0 0 ,

and P^+(ω, x) = [ 0 1 ] − 2 ω Φ^2(x, ω, 0) [ 1 1 ] , a tedious calculation then shows that

∂_αMY^+_s · Z_s = −2γ_f (ω) ( 168 ω^2

Φ^8 − 132 ω Φ^6 + 37Φ^4 − 4ωΦ^2 ) . Thus, upon using (4.9) and integrating, ∂_αE(ω, 0) = − 2 3 γ_f (ω)ω^{3/2}

= − 2 √ 2 3 ω^2.

(4.10)

Now set β = αω. Equation (4.10) can then be rewritten as ∂_βE(ω, 0) = − 2 √ 2 3 ω. As a consequence of equations (4.2) and (4.3), it can be seen that if β < 0, then E(λ, β) ≠ 0 for λ ∈ U, while if β > 0, then E(λ^∗, β) = 0, where

λ^∗ = ω(1 − 1 36 β^2) + o(β^2) ∈ IR. (4.11)

Thus, if β > 0 an eigenvalue moves out of the continuous spectrum. Note that λ^∗ ∈ IR due to the symmetries of the eigenvalue problem. Indeed, λ is an eigenvalue if and only if −λ is, see Section 3. Since we are in the region where the Evans function has not been extended artificially, any eigenvalue corresponds to a zero of E(λ, α). Thus, since there is precisely one eigenvalue bifurcating, it must be real. The following lemma has now been proved.

Lemma 4.4 Let β = αω. If 0 < β ≪ 1, then one and only one eigenvalue moves out of the continuous spectrum, with that eigenvalue being real and its location given by (4.11). Furthermore, λ^∗ is the only zero of the Evans function in the half-plane Re λ > 0. If 0 < −β ≪ 1, then the Evans function is nonzero for all λ such that Re λ > 0.

Remark 4.5 Equation (4.11) agrees with the result of Pelinovsky et al. [32] in the case that α = 1.

4.2 Evaluation at ˘ = ! : PFNLS The PFNLS is given by

iϕ_t + (∂^2_x − ω)ϕ + 4|ϕ|^2ϕ + iϵ(γϕ − μϕ^∗) = 0, (4.12)

where ϵ ≥ 0 is not necessarily small. By setting ϕ → ϕe^{−iθ}, where

cos 2θ = γ μ , (4.13)

equation (4.12) can be rewritten as

iϕ_t + (∂^2_x − ω)ϕ + 4|ϕ|^2ϕ + iϵ(γϕ − μϕ^∗e^{−i2θ}) = 0. (4.14)

The solitary-wave solution is given by Φ(x, ω, ϵ) = √ β 2 sech( √ β x), (4.15)

where β = ω + ϵμ sin 2θ. (4.16) It is known that if μ sin 2θ < 0, then the wave is unstable (Barashenkov et al. [4]).

As a system, equation (4.14) can be written as

iϕ_t + (∂^2_x − ω)ϕ + 4ϕ^2ψ + iϵ(γϕ − μψe^{−i2θ}) = 0 −iψ_t + (∂^2_x − ω)ψ + 4ϕψ^2 − iϵ(γψ − μϕe^{+i2θ}) = 0, (4.17) where ψ = ϕ^∗. Linearization yields the system iP_t + LP + iϵγP = 0, where L = (∂^2_x − ω)σ_3 + 4Φ^2(2σ_3 + iσ_2) + ϵμ cos 2θ σ_2 − ϵμ sin 2θ σ_1. (4.18)

Here the σ_i are the Pauli spin matrices, i.e.,

σ_1 = [ 0 1 1 0 ] , σ_2 = [ 0 −i i 0 ] , σ_3 = [ 1 0 0 −1 ] . By setting P (x, t) → P (x)e^{ρt}, one then gets the linear eigenvalue problem (L + i(ρ + ϵγ))P = 0. Setting λ = −i(ρ + ϵγ), we then get the eigenvalue problem

(L − λ)P = 0. (4.19)

Note that the eigenvalue problem again admits a symmetry: λ is an eigenvalue if and only if −α is.

Letting Y = [P, Q]^T , where Q = P^′, the eigenvalue equation can be rewritten as the first-order system Y^′ = M(λ, x, ϵ)Y, (4.20)

where M(λ, x, ϵ) = 0 0 1 0 0 0 0 1 ω + λ − 8Φ^2 −4Φ^2 + ϵμ sin 2θ 0 0 −4Φ^2 − ϵμ sin 2θ ω − λ − 8Φ^2 0 0

. (4.21)

We want to apply Lemma 4.2 and calculate the derivative of the Evans function E(λ, ϵ) with respect to ϵ. It suffices to verify Hypothesis 2.11 in Section 2.3, since Lemma 2.12 then shows that Hypothesis 4.1 is met. Thus, we have to show that the eigenvalues of the limiting matrix M(λ, x, ϵ) = 0 0 1 0 0 0 0 1 ω + λ ϵμ sin 2θ 0 0 −ϵμ sin 2θ ω − λ 0 0 are independent of ϵ. It is easy to check that they are independent of ϵ after replacing λ by λ = √ λ̃2 + (ϵμ sin 2θ)2 (4.22)

for λ̃ ∈ U. This transformations accounts for the fact that the essential spectrum, which is located on the real axis, moves towards zero as ϵ increases. Note that we have Ẽ(λ̃, ϵ) = E( √ λ̃2 + (ϵμ sin 2θ)2, ϵ).

for the new Evans function Ẽ(λ̃, ϵ), and that Ẽ(λ̃, ϵ) satisfies Hypothesis 4.1.

By Lemma 4.2 we have that ∂_ϵẼ(ω, 0) = ⟨∂_ϵM(ω, x)Y^+_s (ω, x), Z_s(ω, x)⟩. A routine, yet tedious, calculation shows that

∂_ϵMY^+_s · Z_s = 16 √ 2ω (−1 + 6 ω Φ^2 − 12 ω^2

Φ^4)∂_ϵ(Φ^2).

Since ∂_ϵ(Φ^2) = μ sin 2θ ω (Φ^2 + 1 2 x∂_x(Φ^2)),

and ∫_∞ −∞ xΦ^{2k}(x)∂_x(Φ^2(x)) dx = 1 k + 1 ∫_∞ −∞ x∂_x(Φ^{2(1+k)}(x)) dx

= − 1 k + 1 ∫_∞ −∞ Φ^{2(1+k)}(x) dx,

upon integrating we see that ∂_ϵẼ(ω, 0) = − 16 √ 2 3 μ sin 2θ. (4.23)

As a consequence of equations (4.2) and (4.3), we see that if μ sin 2θ < 0, then Ẽ(λ̃, ϵ) ≠ 0 for λ̃ near ω, while if μ sin 2θ > 0, then Ẽ(λ̃^∗, ϵ) = 0, where

λ̃^∗ = ω ( 1 − 16 9ω^2

(μ^2 − γ^2)ϵ^2 ) + o(ϵ^2).

In the above equation, the relation μ sin 2θ = ± √ μ^2 − γ^2 was used. Going back to the original variable λ given in (4.22), we have E(λ^∗, ϵ) = 0, where

λ^∗ = ω ( 1 − 23 18ω^2

(μ^2 − γ^2)ϵ^2 ) + o(ϵ^2). (4.24)

Note that λ^∗ ∈ IR on account of the symmetries of (4.19) mentioned above. Summarizing the above discussion, we have the following lemma.

Lemma 4.6 Let 0 < ϵ ≪ 1. If μ sin 2θ < 0, then the Evans function is nonzero for all λ such that Re λ > O(ϵ) > 0. If μ sin 2θ > 0, then one and only one eigenvalue moves out of the continuous spectrum. This eigenvalue is real and given by (4.24). Furthermore, λ^∗ is the only zero of the extended Evans function in the half-plane Re λ > O(ϵ) > 0.

Remark 4.7 The Evans function will have four discrete zeros which are of O(ϵ) (see Section 6).

4.3 Evaluation at ˘ = ! : PFCQNLS Consider the PFCQNLS iϕ_t + ϕ_{xx} − ωϕ + 4|ϕ|^2ϕ + 3α|ϕ|^4ϕ + iϵ(γϕ − μϕ^∗) = 0. The Evans function will be given by E(λ, β, ϵ), where β = αω. As a consequence of the results of the previous subsections, we know that after changing variables according to (4.22) ∂_βE(ω, 0, 0) = − 2 √ 2 3 ω

∂_ϵE(ω, 0, 0) = − 16 √ 2 3 μ sin 2θ. Therefore, as a result of equations (4.2) and (4.3), we get the following lemma.

Lemma 4.8 Let 0 < ϵ, |β| ≪ 1. If α < 8μ sin 2θ ω^2 ϵ, then the Evans function is nonzero for all λ such that Re λ > O(ϵ) > 0, and hence no eigenvalues bifurcate out of the continuous spectrum. Otherwise, one eigenvalue bifurcates out of the continuous spectrum.

Remark 4.9 From a physical viewpoint, this means that parametric forcing can overcome the possibly destabilizing effect that a positive α represents.

5 The cubic-quintic nonlinear Schrödinger equation

The PCQNLS is given by

iϕ_t + ϕ_{xx} − ωϕ + 4|ϕ|^2ϕ + 3α|ϕ|^4ϕ = iϵ(d_1ϕ_{xx} + d_2ϕ + d_3|ϕ|^2ϕ + d_4|ϕ|^4ϕ), (5.1)

where ϵ > 0 is small and the other parameters are real and of O(1). In this section, we will investigate the stability of the solitary wave Φ(x, ω, ϵ), where

Φ^2(x, ω, 0) = ω 1 + √ 1 + αω cosh(2 √ ω x) . The wave Φ(x, ω, ϵ) is a smooth perturbation of Φ(x, ω, 0) ([39]). In Kapitula [14], it is shown that in order for the wave to persist, it must be true that d_3 = d^∗_3, where

d^∗_3 = d_1 − C_{d2} d_2 − C_{d4} (d_4 − αd_1) + O(ϵ), (5.2)

and the constants are given by

C_{d2} = 3 ω ( 1 + 4 15 β + O(β^2) ) , C_{d4} = 2 5 ω ( 1 − 9 35 β + O(β^2) ) . The interested reader should consult [14] to get expressions for the constants when β is not small.

When locating the eigenvalues, it is first necessary to locate those eigenvalues near the origin. This study was undertaken in [14], and the following result was derived.

Lemma 5.1 Consider the PCQNLS. Set β = αω, and assume that 0 < ϵ ≪ 1. Assume that d_3 = d^∗_3, that d_1 > 0, and that d_4 < αd_1. Now set

d^∗_2 = C_{ω,β}(d_4 − αd_1),

where C_{ω,β} = 2 15 ω^2 ( 1 − 22 21 β + O(β^2) ) . If d_2 < d^∗_2 < 0, then there is one positive real eigenvalue, and one negative real eigenvalue, both of which are O(ϵ). If d^∗_2 < d_2 < 0, then there are two negative real eigenvalues which are O(ϵ). Furthermore, except for the double eigenvalue at zero, there are no other eigenvalues of O(ϵ).

Remark 5.2 The condition d_1 > 0 means that the PCQNLS is a well-posed PDE. The condition d^∗_2 < 0 means that the solution ϕ = 0 is stable for the PCQNLS.

Remark 5.3 The constants given above are discussed in detail in Kapitula [14], in that an expression is given when −1 < β ≤ 0 is not necessarily small.

Remark 5.4 One should consult Kodama et al. [22] for a formal calculation when α = O(ϵ). For the rest of the discussion, assume that d^∗_2 < d_2 < 0, so that there are no unstable eigenvalues near λ = 0. In order to determine the stability of the wave, it is then necessary to locate all eigenvalues which are close to the curves | Im λ| ≥ ω.

Since d_1 > 0 and d_2 < 0, when ϵ > 0 the continuous spectrum is contained in the left-half plane and bounded away from the imaginary axis. It is then straightforward to verify Hypothesis 2.9 in Section 2.3. On account of Lemma 2.10, the Evans function can be extended continuously for ϵ ≥ 0 and all λ with Re λ ≥ 0. As a consequence of Lemma 4.4, if 0 < −β ≪ 1, then when ϵ = 0 the Evans function is nonzero for | Im λ| > O(|β|) > 0. Therefore, if 0 < ϵ ≪ −β, the Evans function will continue to remain nonzero. Since the zeros of the Evans function locate eigenvalues if λ is to the right of the essential spectrum, this then means that there are no eigenvalues close to the imaginary axis except those near the origin. Observing that the linear operator is sectorial, we can now conclude that the wave is stable. Theorem 1.5 has now been proved.

Now that the primary pulse for the PCQNLS has been shown to be stable, it is natural to inquire as to the existence and stability of multiple-pulse solutions. The existence question has been partially answered in Kapitula et al. [18]. There the existence of N-pulses which are evenly spaced has been shown. However, other types of N-pulses certainly do exist, and the existence of these will be the topic of another paper. Sandstede [36] has developed a program to study the stability of the N-pulse solutions in the case that ∂_λE(0) ≠ 0. In order to determine the stability of the multiple-pulse solutions for the PCQNLS, these ideas must be extended to cover the case that ∂_λE(0) = 0, but ∂^2_λE(0) ≠ 0. This extension is also possible and will be the focus of a future paper.

6 The parametrically-forced nonlinear Schrödinger equation

The parametrically-forced nonlinear Schrödinger equation (PFNLS) is given by

iϕ_t + (∂^2_x − ω)ϕ + 4|ϕ|^2ϕ + iϵ(γϕ − μϕ^∗) = 0, (6.1) where ω > 0 and ϵ ≥ 0. Initially, no size restriction on the size of ϵ will be made. By setting ϕ → ϕe^{−iθ}, where cos 2θ = γ μ , (6.2)

equation (6.1) can be rewritten as

iϕ_t + (∂^2_x − ω)ϕ + 4|ϕ|^2ϕ + iϵ(γϕ − μϕ^∗e^{−i2θ}) = 0. (6.3)

The solitary-wave solution is given by Φ(x, ω, ϵ) = √ β 2 sech( √ β x), (6.4)

where β = ω + ϵμ sin 2θ. (6.5)

Note that if θ satisfies (6.2), so does θ + π. Thus the sign of the sine term in (6.5) can be chosen positive or negative as we wish.

It is known that if μ sin 2θ < 0, then the wave Φ is unstable (Barashenkov et al. [4]). We will show that the wave is stable for all ϵ > 0 sufficiently small if μ sin 2θ > 0. Of interest is then the existence of multiple pulses resembling N copies of the stable primary wave Φ. Using results from [37], we prove that stable N-pulses exist provided a small dissipative term is added to the (6.1):

iϕ_t + (∂^2_x − ω)ϕ + 4|ϕ|^2ϕ + iϵ(γϕ − μϕ^∗) = iδ∂^2_xϕ, (6.6)

0 < δ ≪ ϵ. The dissipative term models spectral filtering of the signals in the optical fiber.

6.1 Stability of Φ We consider equation (6.3) iϕ_t + ϕ_{xx} − ωϕ + 4|ϕ|^2ϕ + iϵ(γϕ − μϕ^∗e^{−i2θ}) = 0 (6.7) and investigate the stability of the primary solitary-wave Φ(x, ω, ϵ) = √ β 2 sech( √ β x) with β = ω + ϵμ sin 2θ and μ sin 2θ > 0.

Theorem 6.1 Let γ > 0, μ ≠ 0, and ω > 0. Assume that θ is chosen such that μ sin 2θ > 0. The solitary wave Φ given in (6.4) is then orbitally exponentially stable with respect to equation (6.7) for all ϵ > 0 sufficiently small.

Proof: First, we determine the spectrum of the linearization of (6.7) around the wave Φ for small ϵ > 0. It is convenient to write equation (6.7) as a system by writing down the equations for the real and imaginary part of ϕ. Setting ϕ = u + iv, we obtain

u_t = − ( v_{xx} − (2ω − β)v + 4(u^2 + v^2)v ) v_t = u_{xx} − βu + 4(u^2 + v^2)u − 2ϵγv.

(6.8)

The eigenvalue problem of the linearization of (6.8) about the wave Φ reads LP = λP, where L = ( 0 −L_− L_+ −2ϵγ ) , (6.9) and L_− = ∂^2_x + 4Φ^2 − (2ω − β), L_+ = ∂^2_x + 12Φ^2 − β.

This eigenvalue problem has been considered in Section 4.2. By Lemma 4.6, the spectrum outside a small neighborhood of zero is contained in the line Re λ = −ϵγ. Therefore, it suffices to consider eigenvalues near zero.

For that purpose, we rescale y := √ βx and denote the resulting operators again by L_±.

We then have the equivalent eigenvalue problem ( 0 −L_− L_+ −^{2ϵγ}_β ) ( P_1 P_2 ) = 1 β λ ( P_1 P_2 ) (6.10)

with L_− = ∂^2_y + 2sech^2y − q^2, L_+ = ∂^2_y + 6sech^2y − 1, (6.11) and q^2 = 2ω − β β = ω − ϵμ sin 2θ ω + ϵμ sin 2θ

< 1. (6.12)

The eigenvalue problem (6.10) can be written as the fourth-order equation

L_−L_+P_1 = − λ(λ + 2ϵγ) β^2

P_1. (6.13)

In passing, we note that the spectrum is symmetric with respect to the axis Re λ = −ϵγ, i.e., λ − 2ϵγ is an eigenvalue whenever λ is.

It has been shown by Kutz and Kath [24] (see also [2]) that zero and ν_∗(ϵ) = O(ϵ) > 0 are all of the eigenvalues of the equation

L_−L_+P_1 = νP_1 (6.14)

inside a small neighborhood of zero for ϵ > 0 small. Therefore, the eigenvalues of (6.13) near zero are simple and given by

λ_1 = 0, λ_2 = −2ϵγ, λ_{3,4} = −ϵγ ± √ ϵ^2γ^2 − β^2ν_∗(ϵ)

In particular, since ν_∗(ϵ) > cϵ for some c > 0, the eigenvalues λ_{3,4} have nonzero imaginary part with Re λ_{3,4} < 0 (see Figure 2).

Summarizing the above discussion, the spectrum of the operator L is contained in the left-half plane with the exception of a simple eigenvalue at zero. Unfortunately, however, L will generate only a C^0-semigroup. For these groups, the spectral theorem does not hold in general and therefore we cannot conclude asymptotic stability from the knowledge of the spectrum of L alone. However, it follows from a result by Prüß [33, Corollary 4] that if the resolvent (L − λ)^{−1} is bounded uniformly in the right-half plane outside any small neighborhood of zero as an operator in L^2(IR), then the spectral theorem holds. In particular, the wave Φ and its translates form an exponentially attracting set in L^2(IR).

Let λ be such that Re λ ≥ 0. Set λ̃ = λ β , γ̃ = λ β , ν = λ̃(λ̃ + 2ϵγ̃). In the following, we will omit the tilde. In order to estimate the resolvent, we must solve ( −λ −L_− L_+ −(λ + 2ϵγ) ) ( P_1 P_2 ) = ( G_1 G_2 ) , (6.15)

that is, (L − λ)P = G, where G_i ∈ L^2(IR). Since 0 < q^2 < 1, the operator L_− is invertible ([2, Section 2]); therefore, we can solve the first equation for P_2 to get

P_2 = −L^{−1}_− (λP_1 + G_1), (6.16)

and substitute this result into the second equation to get

(L_+ + νL^{−1}_− )P_1 = G_2 − (λ + 2ϵγ)L^{−1}_− G_1. (6.17)

In solving equations (6.16) and (6.17) it is sufficient to consider the case that |λ| is large, since the resolvent is bounded in bounded sets. Define the fourth-order operator

A = L_+L_−,

and note that A^∗ = L_−L_+. We know from the results above that the fourth-order operators A + ν and A^∗ + ν are invertible for any large |λ| with Re λ ≥ 0. Therefore, we can solve equations (6.16) and (6.17) to get

P_1 = −(λ + 2ϵγ)(A^∗ + ν)^{−1}G_1 + L_−(A + ν)^{−1}G_2 P_2 = −L_+(A^∗ + ν)^{−1}G_1 − λ(A + ν)^{−1}G_2.

(6.18)

We shall obtain estimates for P = (P_1, P_2) in terms of G = (G_1, G_2) when |λ| is large. We claim that for |λ| large ‖(A + ν)^{−1}‖ ≤ M/|λ| ‖L_−(A + ν)^{−1}‖ ≤ M, (6.19)

with analogous estimates for the adjoint operators. The constant M > 0 may depend on ϵ but not on λ. Assume for a moment that the claim is true. We then have from equations (6.18) and (6.19) that (|P_1| + |P_2|) ≤ (M + 1)(|G_1| + |G_2|)

for all λ with Re λ ≥ 0 and |λ| large.

It remains therefore to prove the above claim, which means that we must estimate the norm of the operator (A+ν)^{−1}. The operators A and A^∗ are sectorial, so that their resolvent can be estimated in a sector. However, ν = λ(λ + 2ϵγ) is not contained in any sector near the positive axis, but instead forms a parabola. A priori, it is then not obvious why the estimates (6.19) should be true.

The key is that the operator A is self-adjoint up to terms involving first-order derivatives. Indeed, it is easy to check that

Au = (∂^2_y + 6sech^2y − 1)(∂^2_y + 2sech^2y − q^2)u = ∂^4_y u + 4sech^2y∂^2_y u + ∂^2_y (4usech^2y) − (1 + q^2)∂^2_y u + +2(sech^2y)_yu_y + (2(sech^2y)_{yy} + (2sech^2y − q^2)(6sech^2y − 1))u.

In other words, we have Au = Bu + Ru where

Bu = ∂^4_y u + 4sech^2y∂^2_y u + ∂^2_y (4usech^2y) +

(2(sech^2y)_{yy} + (2sech^2y − q^2)(6sech^2y − 1))u

is self-adjoint and RB^{− 1}4 is a bounded operator.

Using the spectral family associated with B, we see that ‖(B + ν)^{−1}‖ ≤ M/|λ| ‖B^14 (B + ν)^{−1}‖ ≤ M/|λ|^{1/2} ‖B^12 (B + ν)^{−1}‖ ≤ M

(6.20)

uniformly for Re λ ≥ 0 and |λ| large. We obtain

(A + ν)^{−1}u = (B + R + ν)^{−1}u = (B + ν)^{−1}(id +R(B + ν)^{−1})^{−1} = (B + ν)^{−1}(id +RB^{− 14} B^{14} (B + ν)^{−1})^{−1}.

It follows from (6.20) and the boundedness of RB^{− 1}4 that the terms appearing in the above equation are well-defined for all |λ| sufficiently large. Note that it is crucial that R is only of first order. Otherwise, it would not be clear whether the operator ( id +R(B + ν)^{−1} ) is invertible; for instance, for R = B^12 the operator R(B + ν)^{−1} can only be estimated by a constant. The estimates (6.19) are now an immediate consequence of (6.20), and the proof of Theorem 6.1 is complete.

Remark 6.2 Since ν = 0 is a simple eigenvalue of (6.14) for all ϵ > 0 (see [2]) and the eigenvalues λ of (6.10) satisfy ν = λ(λ+2ϵγ), we know that if the wave is to become unstable as ϵ increases, it must do so through a Hopf bifurcation.

Remark 6.3 If μ sin 2θ < 0, it follows from [24] that the eigenvalue ν_∗(ϵ) is negative and hence the pulse Φ is unstable for all small ϵ. Thus, one gets another proof of the local instability result presented in Barashenkov et al. [4]. From [2], one can conclude that the wave will never stabilize.

6.2 Existence and stability of multiple pulses Consider equation (6.6) iϕ_t + (∂^2_x − ω)ϕ + 4|ϕ|^2ϕ + iϵ(γϕ − μϕ^∗) = iδ∂^2_xϕ for δ > 0 small. The associated steady-state equation reads ϕ_{xx} − ωϕ + 4|ϕ|^2ϕ + iϵ(γϕ − μϕ^∗) = iδϕ_{xx}. (6.21) Note that (6.21) is reversible, that is, ϕ(x) satisfies (6.21) if and only if ϕ(−x) does. Since zero is simple eigenvalue of the linearization of (6.1) around Φ, it follows from the results of Vanderbauwhede et al. [40] that the pulse Φ persists for δ > 0. Moreover, since the linearization of (6.6) around the perturbed wave is sectorial, the pulse will be stable for δ > 0 small. Therefore, we have the following corollary of Theorem 6.1.

Corollary 6.4 Equation (6.6) has a stable solitary-wave solution for all δ > 0 sufficiently small which approaches Φ as δ → 0.

Consider the steady-state equation ϕ_{xx} − ωϕ + 4|ϕ|^2ϕ + iϵ(γϕ − μϕ^∗) = iδϕ_{xx} (6.22) of equation (6.6) for δ ≥ 0. By Theorem 6.1, equation (6.6) admits the stable solitary-wave solution Φ for ϵ > 0, which by Corollary 6.4 persists for 0 ≤ δ ≪ ϵ. Note that equation (6.22) is reversible (ϕ(x) is a solution if and only if ϕ(−x) is) and admits the ZZ_2-symmetry ϕ → −ϕ (ϕ is a solution if and only if −ϕ is). We are interested in the existence and stability of multiple solitary waves. These are solutions of (6.22) resembling N widely spaced copies of Φ or −Φ. There are several ways to obtain N-pulses of different shapes, since Φ and −Φ are concatenated. Denoting Φ and −Φ by “up” and “down”, respectively, we may then consider arbitrary sequences of ups and downs corresponding to whether Φ or −Φ is used.

It has recently been proved in [37] that multiple pulses are expected to occur near socalled orbit-flip bifurcations. This bifurcation is characterized by the property that when δ = 0, the wave Φ is contained in the strong stable manifold of the equilibrium ϕ = 0, with this no longer being true for δ ≠ 0. Now, the eigenvalues of the linearization of (6.22) at ϕ = 0 for δ = 0 are given by √ ω + ϵμ sin 2θ with θ given by cos 2θ = γ/μ. As mentioned previously, depending on the choice of θ, sin θ may be positive or negative. The stable primary pulse Φ(x) satisfies (6.22) for δ = 0 and converges to zero exponentially with rate √ ω + ϵμ sin 2θ for sin θ > 0 as |x| → ∞. Thus, it converges with the largest exponential rate possible. Since Φ is contained in the strong stable manifold when δ = 0, an orbit-flip bifurcation is possible.

We have the following theorem concerning existence and stability of multiple solitary waves of (6.22). It is based on an application of [37, Theorems 1, 2, and 4].

Theorem 6.5 Fix ϵ > 0 small and N > 1, then for any 0 < δ < δ(ϵ, N) small, there exists a unique multiple solitary wave of up-down-up-down-... type. These pulses are stable with respect to equation (6.6). Any other N-pulse consisting of copies of Φ or −Φ is unstable.

Remark 6.6 There exist many other N-pulses besides the ones of up-down-up-down-... type, and we refer to [37] for the details.

Proof: As mentioned above, the theorem is an application of results proved in [37]. In particular, we shall verify the hypotheses of Theorems 1 and 2 in that paper. Most of the hypotheses are concerned with the linearization of (6.22) for δ = 0 around the wave Φ. However, this equation can be written as the fourth-order equation studied in [37, Section 4] (see (6.13) with λ = 0 and [37, (4.9)]). Thus, it turns out that most of these hypotheses have already been verified in [37, Theorem 4]. The only assumption which we have to consider here is Hypothesis (H4)(ii) in [37]. Assumption [37, (H4)(ii)] is used to compute the sign of a certain constant J_2 which determines the bifurcation direction. In fact, J_2 > 0 corresponds to the pulses bifurcating for δ > 0.

The constant J_2 arises as follows. Recall that the steady-state equation of (6.6) written as a system for real and imaginary part is given by

δu_{xx} = −(v_{xx} − (2ω − β)v + 4(u^2 + v^2)v) δv_{xx} = u_{xx} − βu + 4(u^2 + v^2)u − 2ϵγv. Let Φ_δ denote the stable primary pulse of (6.6), with Φ_0 = Φ. We need to calculate the firstorder expansion of Φ_δ. Since Φ_δ is smooth, we can substitute Φ_δ into the above equation and take the derivative with respect to δ at δ = 0. The function (u, v) =^d_{dδ} Φ_δ|_{δ=0} satisfies

Φ_{xx} = −(v_{xx} − (2ω − β)v + 4Φ^2v) 0 = u_{xx} − βu + 12Φu − 2ϵγv. Solving the second equation for v and substituting the resulting expression into the first equation, we get

(∂^2_x + 4Φ^2 − (2ω − β))(∂^2_x + 12Φ^2 − β)v = −2ϵγΦ_{xx},

i.e., L_−L_+v = −2ϵγΦ_{xx}. It is now clear that the fourth-order equation investigated in [37], that is, the left-hand side of the above equation, and the parametrically-forced NLS are related.

Substituting the expression for Φ and rescaling y = √ βx, we obtain

(∂^2_x + 2sech^2y − q^2)(∂^2_x + 6sech^2y − 1)v = − √ 2 β ϵγ(sechy − 2sech^3y) =: G(y),

where q < 1 has been defined in (6.12). The crucial point is that the constant J_2 is given by J_2 = ∫_∞ −∞ G(y)e^{qy}(q − tanh y) dy = − √ 2 β ϵγ ∫_∞ −∞ (sechy − 2sech^3y)e^{qy}(q − tanh y) dy

([37, Section 4.1]). A straightforward calculation following [37] yields

J_2 = 4 √ 2 β ϵγ ∫_∞ −∞ e^{yq} sech^3y tanh y dy > 0,

which is positive since q > 0. This coincides with the sign computed in [37], and hence the multiple pulses bifurcate for δ > 0. The conclusion of the theorem follows now from [37, Theorem 4].

Remark 6.7 In fact, we have not used the assumption that ϵ > 0 is small for the existence part of Theorem 6.5. It has only been used for concluding stability since then stability of the primary pulse Φ is required. This, however, has been shown in Theorem 6.1 only for ϵ > 0 small. Therefore, for all ϵ > 0, multiple solitary waves of up-down-up-... type exist for δ > 0 small, and they are stable as long as Φ is stable for δ = 0.

References

[1] J. Alexander, R. Gardner, and C.K.R.T. Jones. A topological invariant arising in the stability of travelling waves. J. reine angew Math., 410:167–212, 1990.

[2] J. Alexander, M. Grillakis, C.K.R.T. Jones, and B. Sandstede. Stability of pulses on optical fibers with phase-sensitive amplifiers. Z. angew Math. Phys., 48:175–192, 1997.

[3] C. De Angelis. Self-trapped propagation in the nonlinear cubic-quintic Schrödinger equation: a variational approach. IEEE J. Quantum Elect., 30(3):818–821, 1994.

[4] I. Barashenkov, M. Bogdan, and V. Korobov. Stability diagram of the phase-locked solitons in the parametrically driven, damped nonlinear Schrödinger equation. Europhysics Lett., 15(2):113–118, 1991.

[5] S. Gatz and J. Herrmann. Soliton propagation in materials with saturable nonlinearity.

J. Opt. Soc. Am. B, 8(11):2296–2302, 1991.

[6] S. Gatz and J. Herrmann. Soliton collision and soliton fusion in dispersive materials with a linear and quadratic intensity depending refraction index change. IEEE J. Quantum Elect., 28(7):1732–1738, 1992.

[7] S. Gatz and J. Herrmann. Soliton propagation and soliton collision in double-doped fibers with a non-Kerr-like nonlinear refractive-index change. Optics Lett., 17(7):484– 486, 1992.

[8] C. Goedde, W. Kath, and P. Kumar. Periodic amplification and conjugation of optical solitons. Opt. Lett., 20(12):1365–1367, 1995.

[9] D. Henry. Geometric theory of semilinear parabolic equations. In Lecture Notes in Mathematics 840. Springer-Verlag, New York, 1981.

[10] J. Herrmann. Bistable bright solitons in dispersive media with a linear and quadratic intensity-dependent refraction index change. Optics Comm., 87:161–165, 1992.

[11] C.K.R.T. Jones. Stability of the travelling wave solutions of the Fitzhugh-Nagumo system. Trans. AMS, 286(2):431–469, 1984.

[12] C.K.R.T. Jones, R. Gardner, and T. Kapitula. Stability of travelling waves for nonconvex scalar conservation laws. Comm. Pure Appl. Math., 46:505–526, 1993.

[13] T. Kapitula. A novel evaluation of the Evans function. (submitted).

[14] T. Kapitula. Stability criterion for bright solitary waves of the perturbed cubic-quintic Schrödinger equation. (submitted).

[15] T. Kapitula. Stability of weak shocks in λ−ω systems. Indiana U. Math. J., 40(4):1193– 1219, 1991.

[16] T. Kapitula. On the stability of travelling waves in weighted L^∞ spaces. J. Diff. Eq., 112(1):179–215, 1994.

[17] T. Kapitula. Existence and stability of singular heteroclinic orbits for the Ginzburg- Landau equation. Nonlinearity, 9(3):669–686, 1996.

[18] T. Kapitula and S. Maier-Paape. Spatial dynamics of time periodic solutions for the Ginzburg-Landau equation. Z. angew Math. Phys., 47(2):265–305, 1996.

[19] T. Kato. Perturbation Theory for Linear Operators. Springer-Verlag, Berlin, 1966.

[20] D. Kaup. Perturbation theory for solitons in optical fibers. Phys. Rev. A, 42(9):5689– 5694, 1990.

[21] D. Kaup and T. Lakoba. Variational method: How it can create false instabilities. J.

Math. Phys., 37(7):3442–3462, 1996.

[22] Y. Kodama, M. Romagnoli, and S. Wabnitz. Soliton stability and interactions in fibre lasers. Elect. Lett., 28(21):1981–1983, 1992.

[23] J. Kutz, C. Hile, W. Kath, R.-D. Li, and P. Kumar. Pulse propagation in nonlinear optical fiber lines that employ phase-sensitive parametric amplifiers. J. Opt. Soc. Am. B, 11(10):2112–2123, 1994.

[24] J. Kutz and W. Kath. Stability of pulses in nonlinear optical fibers using phase-sensitive amplifiers. SIAM J. Appl. Math., 56:611–626, 1996.

[25] J. Kutz, W. Kath, R.-D. Li, and P. Kumar. Long-distance pulse propagation in nonlinear optical fibers by using periodically spaced parametric amplifiers. Optics Letters, 18(10):802–804, 1993.

[26] B. Lawrence, M. Cha, J. Kang, W. Toreullas, G. Stegeman, G. Baker, J. Meth, and S. Etemad. Large purely refractive nonlinear index of single crystal P-toluene sulphonate (PTS) at 1600 nm. Elect. Lett., 30(5):447–448, 1994.

[27] B. Lawrence, M. Cha, W. Torruellas, G. Stegeman, S. Eternad, G. Baker, and F. Kajzar. Measurement of the complex nonlinear refractive index of single crystal p-toluene sulfonate at 1064 nm. Appl. Phys. Lett., 64(21):2773–2775, 1994.

[28] S. Longhi. Perturbation of parametrically excited solitary waves. Phys. Rev. E, 55(1):1060–1070, 1997.

[29] P. Marcq, H. Chatë, and R. Conte. Exact solutions of the one-dimensional quintic complex Ginzburg-Landau equation. Physica D, 73:305, 1994.

[30] A. Mecozzi, W. Kath, P. Kumar, and C. Goedde. Long-term storage of a soliton bit stream by use of phase-sensitive amplification. Opt. Lett., 19(24):2050–2052, 1994.

[31] R. Pego and M. Weinstein. Eigenvalues, and instabilities of solitary waves. Phil. Trans.

R. Soc. Lond. A, 340:47–94, 1992.

[32] D. Pelinovsky, Y. Kivshar, and V. Afanasjev. Internal modes of envelope solitons.

(preprint).

[33] J. Prüß. On the spectrum of C^0-semigroups. Trans. Amer. Math. Soc., 284:847–857, 1984.

[34] J. Rubin. Stability and bifurcations of standing pulse solutions to an inhomogeneous reaction-diffusion system. (submitted to SIAM J. Math. Anal.).

[35] W. Van Saarloos and P. Hohenberg. Fronts, pulses, sources, and sinks in the generalized complex Ginzburg-Landau equation. Physica D, 56D:303–367, 1992.

[36] B. Sandstede. Stability of multiple-pulse solutions. Trans. Amer. Math. Soc. (to appear).

[37] B. Sandstede, J. Alexander, and C.K.R.T. Jones. Existence and stability of n-pulses on optical fibers with phase-sensitive amplifiers. Physica D (in press).

[38] A. Sombra. Bistable pulse collisions of the cubic-quintic nonlinear Schrödinger equation. Optics Comm., 94:92–98, 1992.

[39] J. Soto-Crespo, N. Akhmediev, and V. Afanasjev. Stability of the pulselike solutions of the quintic complex Ginzburg-Landau equation. J. Opt. Soc. Am. B, 13(7):1439–1449, 1996.

[40] A. Vanderbauwhede and B. Fiedler. Homoclinic period blow-up in reversible and conservative systems. Z. Angew. Math. Phys., 43:292–318, 1992.