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Abstract

In this paper we deal with a mathematical model for the description of heat conduction and carrier

transport in semiconductor heterostructures. We solve a coupled system of nonlinear elliptic differential

equations consisting of the heat equation with Joule heating as a source, the Poisson equation for the
electric field and drift—diffusion equations with temperature dependent coefficients describing the charge

and current conservation, subject to general thermal and electrical boundary conditions.

We prove the

existence and uniqueness of Holder continuous weak solutions near thermodynamic equilibria points using
the Implicit Function Theorem. To show the continuous differentiability of maps corresponding to the weak

formulation of the problem we use regularity results from the theory of nonsmooth linear elliptic boundary

value problems in Sobolev—-Campanato spaces.

1 Introduction

We consider the following stationary drift—diffusion model (1), (2) with recombination and generation for
self-heating semiconductors (cf. WACHUTKA [7]) consisting of continuity equations of electron and hole flow,
Poisson’s equation and a heat equation with Joule heating, but no thermoelectric effects. All functions are
suitably scaled, especially we have set ¢ = 1 for the elementary charge:

on {2,
on {2,
on €, (1)
on .

Let us complete these equations with mixed boundary conditions for the electrical and thermal boundary

behaviour:
u=u, ondQ\I' and e-(unVu)=0
v=1v, ondQ\I' and e-(vpVv)=
Yv=1, ondQ\T and e-(eVy)=
=0, ondQ\YX and e-(kV0)=

on T,
on T,
on I, (2)
on .

Here and later on € is a bounded domain of the m-dimensional Euclidean space IR™ for m > 2. We denote by ¢
the outward unit normal vector field on the boundary 02, by Va the gradient of a function a: @ — IR, by V-a
the divergence of a vector field a : Q@ — IR™ and for the scalar product in IR"™ we use a centered dot. Finally, T,
Y C 9Q are the possibly different Neumann parts of 902 and 9Q \ T, 9Q \ ¥ the corresponding Dirichlet parts.

There occur several variables and related quantities in the model equations (1), namely,

—u quasi—Fermi level of electrons,
quasi—Fermi level of holes,
electrostatic potential,
thermal voltage,
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concentration of electrons,
concentration of holes,
recombination rate,
concentration of dopants.



To get a self-consistent system of equations we have to formulate constitutive laws:

— E
p = pr(T0t ) (3)

R

)

In order to involve the very important situation of heterogeneous materials we assume that the coefficients
occuring in (1) and (3) depend on spatial variables and some other arguments

w=pu(x,0) mobility of electrons, E, = E,(z,0) band edge quantity,
v=v(z,0) mobility of holes, E, =E,(z,0) band edge quantity,
N = N(z,6) electron state density, ¢ = c(z) dielectric permittivity,
P = P(z,0) hole state density, k = k(z,0) thermal conductivity,
F=F() distribution function, r = r(z,u,v,1,0) relaxation rate.

Our aim is to prove existence and uniqueness of Holder continuous weak solutions to problem (1), (2) near
thermodynamic equilibria points. The main tool in our investigations is a regularity result from the theory of
nonsmooth linear elliptic problems with mixed boundary conditions in Sobolev—Campanato spaces (see RECKE
[4]), which works also in space dimensions m > 2 in contrast to the W1P-theory (cf. GROGER [2]). Working in
these spaces we are able to derive differentiability properties of operators corresponding to the weak formulation
of our problem and to show that the Implicit Function Theorem can be applied to ensure the announced existence
and uniqueness result.

The paper is organized as follows. In Section 2 we specify the assumptions on the data of our prob-
lem. Section 3 is devoted to the functional analytic background. Here we collect some properties of Sobolev—
Campanato spaces and some results of the regularity theory for nonsmooth linear elliptic boundary value
problems. It also contains differentiability properties for superposition operators connected with the weak
formulation of problem (1), (2). In Section 4 we define the appropriate Banach spaces and the open set for
the application of the Implicit Function Theorem. Furthermore, we formulate our problem in a weak sense
and develop an equivalent formulation. Section 5 contains our main result. Here we show the validity of the
assumptions for the application of the Implicit Function Theorem.

2 Assumptions on the data

To specify the assumptions on the coefficients we define a special class of Carathéodory functions (cf. RECKE

[5]):

Definition 1 Let [ € IN, I C IR an open interval and Q C IR! be a domain. We call a function a : Q x Q — I
admissible if and only if it fulfils the following properties:

y — a(z,y) is continuously differentiable for almost all z €
x +— a(z,y) and ¢ — Dsa(z,y) are measurable for all y € Q.

For every compact set C' C @ there exist a compact interval Io C I
and a compact set Jo C R! such that

a(z,y) € I¢ for almost all z € Q and all y € C,

Dsa(z,y) € Jo for almost all x € Q and all y € C.

For every compact set C C @ and 7 > 0 there exists a d > 0
such that for all y, z € C' it holds

ly — 2| < § = |a(z,y) — a(z, z)| < 7 for almost all z € Q,

ly — z| < § = |Dza(z,y) — Dea(x, z)| < 7 for almost all = € .

To work with regularity results for nonsmooth linear elliptic equations defined in nonsmooth domains we want
to use the following very general concept of regular sets (see GROGER [2]).
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Definition 2 A bounded set H C IR™ is called regular if and only if

for every point x € 0H of the boundary there exist two open
neighborhoods U C IR™ of x and V in IR™ and a bijective
transformation B from U onto V, such that B and B! are
Lipschitz continuous and B(U N H) is one of the sets: (5)
Ei={zeR™||z|<1,zm <0},
E2:{xeﬁm||m|<1,xm§0},
Eg:{aceE2|xm<Oorm1>0}.

For all further considerations we will assume that

Q C IR™ is a bounded domain (m > 2) and I', ¥ C 99 such that
G=QUTI and S = QU X are regular,
0N\ T and 90 \ ¥ contain nonempty open subsets,

vk, N, P i Q % (0,+00) — (0,400) are admissible,
E,,E,:Q x(0,400) = R are admissible,
r:Q x R3 x (0,400) — (0,400) is admissible, (6)
F: R — (0,400) is monotonously increasing, continuously
differentiable on IR and it holdst ligrn F(t) = 400,

— o0

D : Q) — IR is measurable and bounded on §2,
e:Q — (0,+00) is measurable and bounded on 2,
0 < ey <e<e* < +oo almost everywhere on €.

The above general assumption on F' includes the most physically relevant Boltzmann and Fermi—Dirac distri-
bution functions. Furthermore, the nonsmoothness of the coefficients in the spatial variables is devoted to the
situation of heterogeneous semiconductor devices.

3 Functional analytic background

Now, for every regular set H C IR™ and its interior () we define the following subspaces of the usual Sobolev
space W12(Q):

C(H) := {wl|a |w € C°(R™) with supp(w) N (H \ H) =0} and

WL2(H) as the closure of C2°(H) in W12(Q).
Let A\™ the usual Lebesgue measure on the Lebesgue measurable sets of IR™. We denote by W~12(H) the

dual space to W12(H) and by (, )y and Jy : Wh2?(H) — W~12(H) the dual pairing and the corresponding
duality map

(Jaw, By g = / (V- Vh +wh)dN™  for all w, h € WY2(H), o
H

respectively. We introduce suitable Banach spaces connected with the Campanato spaces £2¢(f2) for real
numbers w € (m — 2, m):

£29(Q) := {w € L*(Q) | [w]g2.»(0) < o0},

W, (Q) := {w € Wh2(Q) } Vw € 22’“(Q,IRm)} ,

Xo(H) = {w e Wh*(H) |Vw € £2*(Q,R™)},

Y,(H):={he W L3(H)|3w e X,(H) : Jyw = h},

1 2
2 o —w _ m m
oo @) = sup (r / ’w X (Q N B(z, 1)) / wdA ’ dA )
r>0 QNB(z,r) QNB(z,r)



[wllEew oy = lwlZ2) + [WEew o)
iy, @) = lwllfz @) + lwliew @)
lwllx, ) = llwllw, (@)

1PNy, ey o= 11 T3 Bl x -

Now, we collect some properties of the Sobolev—Campanato spaces W,,(Q2) (see, for instance, TROIANIELLO [6],
Hona XIE [8]):

Theorem 1 Let Q C IR™ be the interior of a regular set H C R™ and w € (m — 2, m), then
(1) there exists a constant o, = Coo(w) > 0 such that for all w € £*%(Q) and z € L®(Q) the product 2w
belongs to £2“(Q) and can be estimated by

[zwllez.0 () < coollzllLoe@)llwlle2e @),
(2) there exists a ey = cw(w) > 0 such that for all w € W, () we have w € £2“72(Q) and it holds the norm
estimate

w] g2.0t2(0) < ew llwllw, @),
(3) the space £2“+2(Q) is isomorphic to the space C%"(Q) of Hélder continuous functions, where the Hélder
exponent is 1 = (w —m+2)/2.

Now, we formulate a regularity result for diagonal systems of nonsmooth linear elliptic equations (for a proof
see RECKE [4], compare also with TROIANIELLO [6] and HoNG XIE [8]). Let I € IN,v € (0,1) and denote by
M and G; the spaces of all real [ x [-matrices and real symmetric | x [-matrices, respectively and, finally, by
L (2, &) the set of all matrices M € L>(Q, &) such that

1
YIE2 < M(z)€- € < ;|§|2 for all £ € R™ \ {0} and for almost all z € Q.

Theorem 2 Let k € IN,v € (0,1) and Hy = QUTy, ..., H, = QUL with Ty, ..., Ty C 00 be regular sets with
the common interior Q C R™. For

A= (Az) € Lzo(ﬂv (Gm)k>v d= (dz]) € LOO(Q7mk>7
b= (bij) € L=(, (Me)™), ¢ = (cij) € L=(2, (Mx)™)
we define the linear bounded operator

L(A,b,e,d) : WH2(Hy) x ... x WH2(Hy) — WL2(Hy) x ... x W™L2(Hy) by

k
(L(A,b,c,d)w, ) Z / ((A;Vw; + bijjw;) - Vi + (cij - Vwj + dijug)p;) dA™
=1

for all w = (w1,...,wk), o = (P1,...,0k) € WH2(Hy) x ... x Wh2(Hy).

Then there ezist constants w1 € (m —2,m) and wo = wo(7y) € (M — 2,wy) such that
(1) the operator L(A,b,c,d) maps X, (H1) X ... x X ,(Hy) continuously into the space Y,,(Hy) x ... x Y, (Hy)
for all w € [0,w1]. Moreover, the following map is continuous:

(A,0,¢,d) € L(Q, (Sn)*) x L(Q, (My)™) x LX(S, (M) ™) x L(Q, My,) +—>

L(A,b,c,d) € L(X,(Hy) X ... X Xy(Hy), Yo (Hp) X ... x Y, (Hy)).

(2) Forall j € {1,...,k} and w € [0,w1] the space Y,,(H;) equals the set of all functionals h € W~12(H;) such
that there ezist functions z € £>%(Q,R™) and 2, € £>*~2(Q) with

(h, ;) = /(z Vi + 2o0;) dA™  for all p; € WOM(HJ)
Q

Moreover, in that case there ezists a constant cy = cy (w) > 0 such that

Ihllv, ;) < ev (l2lle2e @mm) + 20l g2.0-2(2)) ,

where the constant cy does not depend on z and z,.
(3) L(A,b,c,d) is a Fredholm operator (index zero) from X ,(H1) X ... x X, (Hy) into Y,(Hy) X ... x Y,,(Hy)
ifw € (m—2,w,].
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For further considerations we have to ensure the continuous differentiability of several operators containing
superposition operators. Here we will apply the following differentiability result of RECKE [5]:

Lemma 3 Let Q C IR! be a domain and | € IN. Furthermore, let Q@ C IR™ be a bounded domain and
a:2xQ — R an admissible function. Then the following superposition operator is continuously differentiable:

Sa:{we CQR)|Vz e Q:w(z) € Q} — L¥(Q) defined by
(Sa(w))(x) := a(z,w(x)) for almost all x € Q.

4 Weak formulations

Now, we are in the situation to specify the functional analytic setting of the problem (1), (2). In order to apply
the Implicit Function Theorem we have to consider suitable continuously differentiable maps resulting from a
weak formulation of the problem (1), (2) and defined on an open subset of an appropriate Banach space.

Definition 3 We choose the Banach spaces for the problem (1), (2) as Cartesian products of function spaces
defined above:

Too := WH2(G,R?) x (WL2(S) N L>®(Q)) space of test functions for problem (9),

T :=Wh2(G, R?) x Wh2(9) space of test functions for problem (10),
W, == Wh>(Q,R?) x W, (Q,R?) space of boundary value functions,

X, = X, (G, IR?) x X,(9) space of the homogeneous parts,

Y, :=Y,(G,R?) x Y,,(5) space of functionals.

Definition 4 We will decompose solutions of the problem (1), (2) into a sum of given boundary value functions
in W,, and the homogeneous parts of solutions which we want to find in X,:

((U’O?vovwov 00)7 (U7 V? ‘1’7 6)) € WUJ X XW —
(u,0,9,0) = (uo + U, 06 + Vo + ¥, 0, + ©) € W,,.
Definition 5 Assume, that w € (m —2,m), ¢ > b > 0 and 0 < 6, < 6*. Then we define the open subset
M, = M, (b,c,b,,0*) C W, x X, by the following rule:
((toy Voy Vo, 00), (U, V,¥,0)) € M,, if and only if
((u07 vO? /lp07 00)7 (U? V? ‘1’7 @)) 6 WUJ X X‘-U?
|uo + U| < b, v + V| < b, |tho + ¥| < ¢ and
0, < 0,4+ 6O <6 on Q.

Definition 6 For ((uo, Vo, Yo, 6s), (U, V,¥,0)) € M, and all ¢ = (¢u, Py, Py, P9) € Too we define by

(9((to, Vo, Yo, bo), (U, V, ¥, 0)), ¢) :=

- / (Y (U + o) - Vb — Ry) dA™ + / WPV (V +10) - Vo — Reby) dA™+
Q Q

+ /(€V(\If + o) - Véy — (p —n+ D)dy) dN"+
Q

+ /(HV(@ + 00) . v(be + (U + Uo + 1% + 'Uo)R(bG) d)\m—
Q

—/,un|V(U+uO)|2¢9 d\m —/l/p|V(V+vo)|2¢)9 d\m
Q Q



a functional g((ue, Vo, Yo, s), (U, V,¥,0)) on T,. We call (u,v,,6) a weak solution of the problem (1), (2) to
the boundary value functions (uo, Vo, %o, 0,) if and only if
(o, Vo, %o, 00), (U, V,¥,0)) € M, and } )

(9((to, Voy o, 60), (U, V,¥,0)),¢) =0 for all ¢ € T

Analogously to the thermistor problem (see HOWISON, RODRIGUES, SHILLOR [3]), it is now possible to find an
equivalent formulation to (9) replacing the quadratic terms |V (U + u,)|? and |V(V + v,)|? by V(U + u,) - Ve
and V(V + v,) - Vu, and further lower order terms:

Theorem 4 For ((uo, Vo, ¥o,0,), (U, V,¥,0)) € M, and all ¢ = (pu, v, Py, ps) € T we define the map
f: M, — W12(G,R?) x W12(S) in the following way:

<f((u0’ Vo, wo’ 00)7 (U7 V? ‘1’7 @))7 §0> =

:0\

(unV (U + uo) - Vo, — Ry ) dAA™ +/ vpV(V + o) - Vo, — Rpy) A"+
o)

+ [ (eV(¥ + 1) - Voy — (p—n+ D)py) AN+

—

+ (HV(@ + 00) : VQOQ + (uo + UO)R(PG) dA —

—

unV (U + uo) - Ve - g dA™ + /;mUV(U + o) - Vipg dA™ —
Q

ZO\

vpV(V +v5) - Vg + g AN + /VpVV(V + o) - Vg dA™.
Q

ol

Then (u,v,v,0) is a weak solution of problem (1), (2) to the boundary value functions (uo,vo, Yo, 0,) if and
only if

((u07’U07w0390)7(U7‘/7q/,@)) € M, and } (10)

(f (o, Vo, 10, 00), (U, V,¥,0)),0) =0 for all p € T.

Proof: Let (u,v,1,0) be a weak solution of the problem (1), (2) to the given boundary value functions
(to, Vo, o, 0), that means by definition:

((U’O:UOawanO);(U;VY;q/,@)) S Mw and
<g((u07v07¢0790)7 (Uv ‘/7 \Ilv @))7 ¢> =0 for all ¢ € Two.

Now, we consider a test function ¢ = (pu, Pu, Py, a) € T. Since W2(S) is the closure of C°(S) in W12(Q)
we can choose a convergent sequence {¢}}iev C C°(S) with f — @ in W12(Q). Obviously, then

¢i = ( L:¢i:¢w:¢§) = (@u + U‘Péa@v + V‘péﬁﬁﬁ:@é) € Too
is a sequence of test functions in Tw, and for ¢* = (@u, Pu, Py, ¥)) we easily obtain:
<f((u07 vO? /lp07 60)7 (U7 V? ‘1’7 @))7 SD’L> = <g((u07 vO? ¢07 00)7 (U7 “/7 ql? @))7 ¢l> = 0
Finally, the limiting process i — oo yields {f((uo, Vo, Vo, 05), (U, V, ¥, 0)),¢) = 0.

To proof the opposite direction let us now assume, that
((U’O? Vo, 1#07 00)7 (U7 V? ‘1’7 @)) € Mw and
(f ((toy Vo, 10, 65), (U, V,¥,0)),p) =0 for all p € T.
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Fixing a test function ¢ = (¢y, v, Gy, Pg) € Too We can find a sequence {¢} }iemw C CS°(S) which converges to
¢ in W12(Q) and, furthermore, ||¢1é||Loo(Q) < 2||pgll () for all i € IN. Then B = (u, Do, Dy, 0y) € Too and

sai = (‘PZ?SO;?SDWWQ) = (d)u - U¢107¢)U - Vd)zvd)wvd)z) eT
are test functions in T and it holds

<g((u07 vO? wo? 90)7 (U7 .‘/7 ql? @))7 ¢l> = <f((u07 v07 /lp07 00)7 (U7 V? q’? @))7 SD’L> = 0’
Again the limiting process i — oo yields {g((uo, Vo, Yo, bs), (U, V, ¥, 0)), ¢) = 0. |

5 Local existence and uniqueness

Theorem 5 There exists a constant w1 € (m — 2,m) such that for all parameters ¢ >b >0, 0 < 6, < 6* and
exponents w € (m — 2,ws] the map f: M, (b,¢c,0,,0*) — Y, is continuously differentiable.

Proof: First of all, because of the assumptions (6) and Theorems 1 and 2 there exists a number wy € (m—2,m)
such that the map f : M, (b, ¢, 0,,0*) — Y,, is continuous for w € (m — 2, w1].

For the proof of existence and continuity of the partial Fréchet derivatives D, f : M, — L(W,,,Y,,) and
Dof : M, — L(X,,Y,) we want to utilize an argument of RECKE [5]. To do so, we consider admissible
functions a : Q x M, — IR and introduce with the help of the associated superposition operators (see Lemma 3)
the following operators

Aijozﬁ;A?jaﬁaAiaﬁyA?aﬁ7AjﬁaAﬁ My, — Y, by

(Aijap e, W), 9) = [ (a0, W)DiWa Dy N™,
Q
(A%0p(Wo, W), ) 1= /Sa(wO,W)Diwoangag dA™,
Q
(i, W) 0) = [ Sulao, W)DWar - 5 ™,
Q
<A?aﬁ(w07W)v<P> = /Sa(me)Diwoa e dA™,
Q
(Ajg(wo, W), @) := /Sa(wo,W)ngoB dA™,
Q

<Al3 (wO’ W)7 <P> = / Sa(woa W)(Pﬁ d\™
Q

for all p € T, where i,5 € {1,...,m}, a,8 € {1,...,4} and
(wolv .. 7w04) = (u07v07¢0700)7 (Wh .. ',W4) = (U7 V?‘I’7@) and (‘ph .. ',S04) = (¢u7¢v7§0w74p9)'
Except of the two operators f*, f¥: M, — Y, defined as

([ (wo, W), p) := —/S;m(wo, WHIV(U + uo) - Ve - 0o dA™,
Q

(f(wo, W), ) := —/Sl,p(wo, WHV(V + o) - Vo, - g dA™,
Q

and to be considered separately, each part of the map f can be splitted into a sum of operators of the type
Aijas, Afjaﬁ, Aiag, Afaﬁ, Ajg, Ag : M, — Y,,. Because of the continuous embedding of W,, x X,, into the space



of bounded continuous functions we are able to prove the continuous differentiability of the map f — f* — f¥:
M, — Y, for w € (m — 2,w;] in the same manner as in the announced paper of RECKE [5]. This argument
also yields the existence and the continuity of the partial Fréchet derivatives Do f“, Do f¥ : M,, — L(X,,Ys,).

It remains to consider the partial Fréchet derivatives Dy f*, D1 f”. Let (w,, W) be an arbitrarily chosen
point of M,,. Now, we will prove that the linear map D; f*(w,, W) : W, — Y,, defined as

<D1f (wov )w0790> =

- / S om) (o, W) V(U + o) - Vg - 5 AN+

+ / Syn(Wo, W) (VU + 2Vu,) - Vi, - g dA™

for all ¢ € T and W, = (U, Vo, 120, é\o) € W, yields the sought-for partial Fréchet derivative of f*. To do so, we
define for (w, + W,, W) € M, the functional A* € Y,, by

<Au7§0> = <fu(w0 + @O7W> - fu(wovw) Dy f* (wov )w0790> forpeT

and split it into the three parts A* = A} + Ay + AY as follows

(AY, ) = / (Syon (o + Tos W) — Sy (o W) — Sy (o) (s W) V(U + tt0) - Vit - 05 AA™,
Q

(A2, ) = / (S (o + @, W) — Syn (e, W)) (VU + 2Vup) - Vi, - g dN™,

Ag7 /S,u,n w0+w0, )|Vﬂo|2 (ped)\m
Q

Because of Theorem 1 and 2 there exists a constant ¢y = ca(w) > 0 such that the following norm estimates

hold
1AE v, < e llSpn o + o, W) — Syn(uto, W) = Sty (e, W) | e )| Vit
- eall Sy (w0 + Bos W) = Syt W) — S ) (0, W) .2 62|Vt 2 () [V 20,

A%y, < 2C/\H'S’;m(wo + o, W) — S;m(wm W) — SDz(lm)(wm W)wOHL“’(Q)HVUOHL“’(Q)HV@)HLN(Q)
+ CA”S,un(wo + Wo, W) - S,un(wm W) - SDz(;m) (wo, W)ﬁ)\OHLO"(Q) HVUHEZW(Q)Hva0||L°°(Q)
+ CAllS Dy (um) (Wo, W) || oo () (2/| Vo[ Lo () + IVU || e2.0(0)) Vol L (0),

1A%y, < eallSun(wo + @o, W)l Loe () | Vo 17 (-

Now, with Lemma 3 it follows that D;f"(w,, W) : W, — Y, is the partial Fréchet derivative of f* in
(wo, W) € M,,. Analogously, we prove existence of the partial Fréchet derivative D; f¥(wo, W) : W,, — Y, for
w € (m—2,uw).
Let {(wi, W"};ew C M, be a convergent sequence with (w?, W') — (w,, W) in M,,. From Theorem 2(2)
it follows the norm estimate
| (D1f*(wh, W) = D1 f*“(wo, W)) @olly,, <
< |8y (un) (Wi, WHV(U' + 1) - Vg, = Spy )y (Wo, W)V (U + o) - Vo || g2 (0| @ol L= ()

e[| Spn(wi, WY (VU + 2Vul) — Spun (e, W) (VU + 2Vtto)| o200y | Vi 1 (0
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Again, Theorem 1 and 2 yield a constant ¢, = ¢r,(w) > 0 such that we are able to estimate
| (Drf*(wg, W*) = Dy f*(wo, W) llzawe, v <
< ez, (un) (Wo, W)l Lo (o) (IIV (1 = to)l| L= () + V(U = Ul g2 () [Vt |l o< ()
+ LS Dy uny (Wh, Wl oo (@) |V (1 — wo) | o= (0) I V(U + o) £2. (0
+ eLllSp, uny (Wh, W) = Sy (un) (Wo, W)l L= () IV (U + o) 22 (0| Vto || = )
+ep[[Spn (wh, W)l Lo (@) (2lV (G — uo) [ L=(0) + IV(U* = U)ll 2.0 (0)
+ e[Sy (wh; W) = Spn(wo, W)l (@) (2 Vol = (0) + VUl g2(0) -

According to Lemma 3 the limiting process i — oo yields || (D1 f*(w?, W#) — Dy f“(wo, W)) lzow,,v.) — O-
Analogously, we get the continuity of the partial Fréchet derivative Dy f¥ : M,, — L(W,,,Y,). |

Theorem 6 Let 0 € (m —2,m) and

T, Vo, Vo, 00) € W,y such that
( oy Vo 1/) 0) } (11)

Vi, = VU, = VO, =0 and Ty +To = 0 on Q.

We take positive constants 0,,0% b, ks = K4 (05, 0%), s = tsc(Ox, 0%), Ny = Ny(0s,0%), €5 = €,(0x,0%) fulfilling

— 1
[Tol, [To] < b and O, < b, < 0* on Q and ke < kK < — almost everywhere on  x [0, 0%],
R

1 1
e < o < — and py, < v < — almost everywhere on Q X [0, 0%],
/14* :U/*

1 1
N, <N< A and N, < P < A almost everywhere on Q X [0,,60%],

* *
ex > |Ey| and e, > |Ep| almost everywhere on Q x [6,,0*].
Finally, using the properties of F (see (6)) we choose a constant ¢ = c(b, 0, 60%) > 0 such that

c>b+e, and c> |1,| on Q,

c—b—e, 1 b+e,—c
N, F (T) — EF (T) — HD||L0<>(Q) > 0.

Then, there ezxists a constant w = w(b, ¢, b,0%,e,,*) € (m — 2,0) such that

(1) £((To,To,s,00), (U, V,¥,0)) =0 has a unique solution in M,(b,c,0,,0%) and it holds
U =V = 0 = 0 (thermodynamic equilibrium point),

(2) Daf (o, Vo, 1y, 00), (U, V,¥,0)) is a linear isomorphism from X, onto Y,
(3) there exist open sets K,, K and a uniquely determined map s € C*(K,, X,,) such that

K, C W,, is an open neighborhood of (Uy, Do, ¥y, 0,),
K C X, is an open neighborhood of (0,0, ¥, 0),
K, x K C M,(b,c,0,,0%) and

(U,V,¥,0) = s((tto, Vo, %o, 0o)) if and only if
(Uos Vos Yo, 00) € Ko, (U, V,¥,0) € K and f((to, Vo, %o, 00), (U, V, ¥,0)) = 0.



10

Proof: 1. At first we look for a solution (0,0, ¥,0) to the given boundary value functions (%o, T, %, 0, ). That
means, we have to deal with the remaining nonlinear Poisson equation. To do so, we follow closely the methods
of GROGER [1]. Because of the properties of F' (see (6)) we can find a constant ¢; € (0, ¢) such that

c1 >b+e, and ¢; > |i,] on Q,

c1—b—e, 1 b+e.—c1
N*F <T> — V*F (T) — ||.DHLoo(Q) > 0.

Let us define for this constant ¢; > 0 and a function a : 2 — IR the cut-off operator II as

c1 forxzeQ, c1 < a(zx),
(Mla)(z) == a(z) forzeQ, —c <alz)<e,
—c1 forxz e Q, a(z) < —c1

and an operator fi1 for a corresponding regularized problem

fu: We?(G) — WH2(G) by

(fu(®), py) = /EV(WJFEO) Vi dA™+
Q

+/ <NF <ﬂ0+n(§§+%) _En) _PF <Eo _H(@gao)_‘_ﬁp) —D) @wd)\m
Q ¢] ¢]

for all py, € WH2(G).

Note, that here and later on coefficients considered in a thermodynamic equilibrium point are overlined. Ob-
viously, by (6) the so defined operator fi1 is strongly monotone and Lipschitz continuous. Therefore, the
regularized problem

(fn(®), py) =0 for all py € W *(G) (12)
admits a unique solution ¥ € W12(G). To show the boundedness of ¥ we consider the test function
Py = max {E—I—EO —c1,0} € WH2(Q).
Because of 9, < ¢; we have
T+ Eo —¢c<V¥and0< @y < max {T, 0} almost everywhere on 2.
With ¥ € W12(G) it follows that
Py € WH(G) and V(¥ +9,) - Vioy, = [Vy|?.
Inserting ¢y in (12) we get for Qp = {z € Q |T—|—Eo >}

D) _0 - E 7 _0 _En
/€|Vga¢|2d)\m - /DW, ™+ / (PF (%ﬁp) _NF (%)) oy N <
(o] (o]
Q Q Q

n

< / (N%F (1’_‘;}%) ~ N,F (%) + ||D|Loo(9)) wyp dA™ < 0.

Qn

Hence, we have proved the estimate ¥ + v, < ¢; < ¢ almost everywhere on . Analogously, testing with
¢y = min{¥ + ¢, +c1,0} € WH2(Q),

we see that W + 1), > —c; > —c and finally, |¥ + 1,| < ¢1 < ¢ almost everywhere on 2. Therefore, it holds

/evﬁww A" = —/EVEO Vg dA™ +/(To—ﬁ+D>sow da™
Q Q Q
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for all py, € WH2(G).

Having in mind Theorem 1(1), Theorem 2(2) and assumption (6) it is easy to see, that there exists a constant
w1 € (m—2,0) such that the integral terms on the right hand side define a functional in Y,,, (G). Furthermore,
by Theorem 2(3) there exists a constant w, = wo(e€) € (M — 2,w1) such that the integral on the left hand side
defines an injective Fredholm operator from X, (G) into Y, (G), which is then even a linear isomorphism from
X, (G) onto Y, (G). Therefore, to the given boundary value functions it exists a thermodynamic equilibrium
point

((E07607E07§0)7 (07 0767 0)) S Mwo (b7 (& 0*7 0*)7 f((ﬂ07607govgo)v (07 07$7 0)) =0.

To show its uniqueness let (U,V,¥,0) € X, ‘be any homogeneous solution to the given boundary value
functions. Inserting at first the test function (U,V,0,0) € T and then (0,0,0,0) € T in (10) it follows
immediately from (11) that

U=V =6=0.

Finally, we consider two homogeneous solutions (0,0,%4,0) € X,,, and (0,0,¥5,0) € X, . Testing (10) with
(0,0,%; — U5,0) € T and subtracting the remaining integral identities the monotonicity of F' yields U3 = Ws.
2. Now, Theorem 5 gives us a constant we € (m — 2,w,] such that the partial Fréchet derivative

DQf((ﬂ07507E07§0)7 (07 0767 0)) € L(Xw27yw2)

exists. After a little computation we obtain the following matrix formulation of this derivative:

(D2 (o, T B, o), (0,0, F,0))(T, V, 8,8), (9, 00, 00 0) ) =

vu gm 0 0 0 Vu U T/0o T/0, a3z 0 Pu

:/ V‘/{ 0 7p 0 O Vi T ‘//: 7/?0 7/50 ass3 0 Oy dm
ve 0 0 ¢ 0 Voy T 0 0 ag O Py

2\ vo 0 0 0 % Ve ) 0 0 as O ©o

for all (f]\,f/\',(l\/,@) € X, and (pu, Pv, Py, pe) € T.

Noting the diagonal structure of the first matrix under the integral we can apply the regularity theory (Theorem
2(83)) for weakly coupled systems to get a constant w € (m — 2,ws] such that the partial Fréchet derivative

D2f((ﬂmﬁov Eov 50)7 (07 0767 0))

is a Fredholm operator (index zero) from X, into Y,,. Considering the equation
Dsf ((To, B, ¥, B0), (0,0, %,0)(T, V, ¥,8) = 0

from the structure of the second matrix under the integral it follows at first

~ ~

U=V=06=0

because of F/@O > 0 on €. In the third column of the second matrix then only the element ass is of interest.
Indeed, with the monotonicity of F' we get

F/ <u0+wog\11_En)+§£Fl (vo_wog_‘ll—’_Ep) ZOOHQ

a3 =

Sl=

o

and therefore ¥ = 0. Hence, Dsf((to, o, Vs, 00), (0,0, ¥,0)) is injective and thus a linear isomorphism from
X, onto Y,,.
3. The third assertion is an immediate consequence of the above results and the Implicit Function Theorem.
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