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Abstract

The paper introduces implicitness in stochastic terms of numerical meth-
ods for solving of stiff stochastic differential equations and especially a class of
fully implicit methods, the balanced methods. Their order of strong conver-
gence is proved. Systematic numerical experiments compare the numerical
behaviour of these schemes with that of different other schemes. A wide
class of model equations are also provided as one by-product in order to test
numerical methods in the case of stochastic stiffness in the given system.

Contents

1 Introduction

2 Experiments for Multipliéative Noise

3 Convergence of the Balanced Methods

4 Experiments for a Simple System

5 Experiments for a Linear Three-dimensional System

6 Some Final Remarks

10

13

15

16



1 4Int‘ro duction

During the last years several authors have proposed implicit numerical methods
for stochastic differential equations with respect to strong and weak convergence
criterions. We refer here to the papers of Talay ([14],1982), Klauder and Petersen
([5],1985), Milstein ([9],1988), Hernandez and Spigler ([4],1990), Mitsui and Saito
([11],1991), Drummond and Mortimer ([2] 1991), Kloeden and Platen ([6],[7], 1992)
just to mention few of them.

As in the deterministic case implicit methods are necessary to integrate stiff sys-
tems. However, the introduction of implicitness is restricted in the above mentioned
papers to the deterministic terms, e.g. to the drift term in the Euler scheme. Let
us call such methods deterministically implicit (or drift-implicit) and otherwise
stochastically implicit. Deterministically (drift-) implicit methods are well adapted
for stiff systems with small stochastic noise intensity or additive noise. But in those
cases in which the stochastic part plays an essential role in the dynamics, e.g. as it
is with large multiplicative noise, the application of fully implicit methods involving
also implicit stochastic terms is unavoidable. A good illustration for such a situa-
tion is provided by the following one-dimensional It6 equation with multiplicative
noise

dXt = 0o Xt th , i Z 0 (11)

starting at Xo = zo . Here W = {W,,0 < t} is a standard Wiener process.
The solution of (1.1) decreases rapidly to zero for |o] >> 1 because its Lyapunov
exponent A = —0?/2 is negative. :
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Figure 1.1 : A trajectory of the solution of equation (1.1)

The one-dimensional equation (1.1) cannot be simply called stiff (in the physical
sense), but it has to be interpreted as an equation for one component in a multi-
. dimensional system, at least embedded in a two-dimensional system. From this
view point we are going to consider the numerical solutions for the one-dimensional
equation (1.1). For large parameters |o| in equation (1.1) one observes that explicit
methods work unreliably and have large errors for not too small time step sizes.
They even lead to computer overflows (for having an idea see figure 1.2). On the
other hand using very small time step sizes may require too much computational
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time. In stiff situations this is the crucial point where one has to look for other
more suitable methods. For example, these difficulties occur in the estimation
of the top Lyapunov exponent and in parametric estimation where the long-time
behaviour of the numerical solution is decisive for the calculations. One way is to
use the Itd formula to transform the solutions to reduce or remove the fastly varying
property of both the exact and numerical solution. However this rarely works in
more complicated multi-dimensional systems (see section 5 for an example). By
the common transformation Z; = e* X, with @ € IRt we obtain the linear Itd
differential equation

dZ, = aZ,dt + o Z,dW,, t>0, Zo=1z (1.2)

which, for a close to 0?/2 , can be integrated sufficiently accurate by explicit
methods. Thus transforming is a useful idea when one can expect more stable
behaviour of the explicit methods for the numerical solution of the original model.
But the direct application of explicit methods for equation (1.1) yields as in the de-
terministic case for time step sizes larger than a critical value (more precisely, there
even exists a critical random interval for o # 0) suddenly to an explosion of the
_ numerical solution and its global error. A natural task is to achieve control in nu-
-merical approximations for a larger range of integration step sizes and to overcome
constructively this dilemma by introducing new numerical scheme techniques, such
as the balanced methods. Obviously one cannot apply deterministically (drift-)
implicit schemes to improve the stability of the numerical solution for the stochas-
tic equation (1.1) which does not contain any drift component. Demonstrating the
mentioned dilemma with a simple example the explicit Euler scheme provides poor
results for time step sizes larger than 27* as it can be seen from figure 1.2, and
later from figure 2.1 which show its poor global error behaviour.

RCE)I, V()
& Exact solution
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Euler(2*-3) =

° ] 0.z 0:4\ 0.6 d.8 e
Euler (2*-5) ‘\

R

Figure 1.2 : Exact solution and Euler approximation for equation (1.1) with
parameter o = 4 and time step size A =273 and 275



Equation (1.1) is useful as a model equation that can be solved numerically by dif-
ferent methods with different features. With it we can discuss problems and typical
properties encountered with explicit and implicit methods. Of course one could use
smaller integration step sizes here, but the problem is still getting worse with larger
noise intensities parameters o because large o requires extremely small step sizes
for numerical integration. Which integration step size should be chosen to obtain
reliable (explicit) approximations? This question can be decided experimentally.
In our example (1.1) we have obtained experimentally that for integration step sizes
smaller than 27° the explicit Euler method works reliably in the sense of having
no explosions for o = 4 and thereby the critical step size for the one Wiener path
used for the figure 1.2 should be no larger than 275,

We thus have to construct fully implicit methods which involve implicitness in
the deterministic as well as in the stochastic terms, that is, stochastically implicit
methods. In this paper we restrict ourselves to the construction of (fully) im-
plicit methods with low order of strong convergence. In section 2 we will apply
some numerical methods to equation (1.1). Among the methods of this section
there is a new method which we call balanced method. Besides we will introduce
an implicit method which has implicitness even in a stochastic term by analysing
of the multiple It integral [ fdW,dW,. It turns out that this method provides
numerical solutions converge to the exact solution with strong order 1.0. Its path-
wise behaviour seems to be similar to that of the balanced method in the range
of large time step sizes, but in this range its accuracy is actually worse than that
of the balanced method: Naturally, for sufficiently small time step sizes one ob-
tains the strong order 1.0 and thereby the asymptotical error behaviour confirmed
experimentally. This may be explained by the fact that the order of accuracy
(asymptotical property) and the stability (property for ‘real time step sizes’) of the
numerical solution are qualitative different assertions about the numerical method
used, although both properties are related to each another to some extent. In
section 3 we will state the structure of the class of balanced methods for multi-
dimensional stochastic differential equations driven by multi-dimensional Wiener
processes and also prove a convergence theorem.

The balanced methods can be interpreted as a large family of specific methods
providing a kind of balance between stochastic terms. One can hope that by an
appropriate choice of the parameters involved in this family of schemes one is able
to find an acceptable scheme for the integration of a given stiff stochastic differen-
tial equation. Numerical experiments have convinced us about the good behaviour
of the balanced method, at least in comparison with the explicit Euler method, for
example, having a larger range of step sizes where this new numerical method still
works without any explosions in contrast with the explicit Euler method. This can
be easily seen, for example, from figure 1.3 where the same parameters and Wiener
path have been used. There is thus hope for treating successfully a wide class of
stiff equations without any explosion. Actually the last two sections 4 and 5 will
provide some justification for this hope in more complicated situations.
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Figure 1.3 : Exact solution and numerical result of the balanced method simula-
ting equation (1.1) with 0 =4 and A =272 and 27°

Several numerical experiments in section 4 and 5 show the effects of stiffness in
multi-dimensional stochastic systems, the failure of explicit methods in a certain
range of time step sizes and the successful treatment by the balanced methods with
suitable parameters for a very large range of time step sizes (e.g. the range where
the roundoff error does not influence decisively the calculations). The formulation
of specific recommendations for the choice of suitable parameters in these implicit
methods for some given class of stochastic differential equations is a rather difficult
task. It is closely related to the construction of appropriate classes of test equations
and its parameters. In the deterministic case, by the Jordan theorem we have a
rather simple linear complex valued equation which allows the characterization of
stable numerical methods. The situation is similar for additive noise, see Milstein
([9],1988). But in the stochastic case with multiplicative or general noise so far no
comparable result is known. Thus it still remains an open problem to find suffi-
ciently simple, but also rich families of test equations which characterize numerical
methods for stiff stochastic differential equations.

In this paper we understand stiffness in the physical sense involving the simul-
taneous appearence of relatively fast and slow velocities in the dynamics of the
system, for example, as it occurs in this two-dimensional decoupled system (with
its Lyapunov exponents A; = —50.0 and A, = —0.28)

dX} = 10 X} dw}
dX? = XZdt + 1.6 X7 dW}

driven by two independent Gaussian noise sources W} and W? and having first
- component X; = X *exp {—50  t + 10 * W} which converges extremely rapidly
to zero in contrast to its second component X? = X2 xexp {—0.28 x ¢ + 1.6 x W?}
which converges to zero slowly. We will put great emphasis in section 2, 4 and
5 on the systematic study of corresponding numerical experiments and on what
stiffness could mean and imply in stochastic systems. However, it must be pointed
out that all we have done is to provide some first steps for a class of model equations
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analogous to the deterministic theory. As in the deterministic theory the intuitive

meaning of stochastic stiffness is clear to all specialists, but there is still much

controversy about its correct mathematical definition (compare Hairer and Wanner

([3],1991)). What does stochastic stiffness really mean? At the moment we are
unable to provide an exact definition, but at least a class of model equations can

be systematically developed, several numerical effects are studied and these model

equations are successfully treated by a new class of implicit methods which have

no deterministic counterpart.



2 Experiments for Multiplicative Noise

As already mentioned above there exists a well developed literature proposing and
investigating different numerical methods using a time step size A in order to
construct discrete time approximations converging to the solution X of the given
stochastic differential equation as the step size A converges to zero. For simplicity
in this paper numerical methods on a given time interval [0, T'] are fixed by schemes
based on equidistant time discretization points 7, = n A, n =0,1,..., N with step
size A=T/N,N =1,2,.... Here we shall use the abbreviation Y, instead of Y,a
to denote the value of the approximation at time nA. To classify different methods
with respect to the rate of strong convergence as in Kloeden and Platen ([6],1992)
we say that a discrete time approximation Y2 converges with strong order v > 0
if there exist constants Ag € (0,00) and K < +o00, not depending on A, such that

E|Xr - Y| <KAT (2.1)

for all A € (0,A). The simplest useful method is the Euler method, which is
sometimes called the Euler-Maruyama method, see Maruyama (1955). For equation
(1.1) it has the form

Yoy = Yo+ oY AW, (2.2)
where AW, =W, ., -W., n=201,...,N—-1 and Y, = Xo. The Euler
method is an explicit method. In fact there is no counterpart of the deterministic
implicit Euler method because E|(1 + cAW,)™!| does not exist. Nevertheless, to
introduce implicitness in the numerical treatment for this special equation within
the 1t6 calculus an outway could be to look at the next higher order method and
try to introduce implicitness there. For this purpose we start from the scheme

| ) . _
Yop1 =Y+ oY AW, + §azn((AWn)2 ~A),Ye=X,,n=0,1,...,N—1

which represents a numerical method of strong order 1.0 (see Milstein [9], Kloeden
and Platen [6]). Again the introduction of implicitness in oY,AW, as for the
explicit Euler method above fails, but one can analyse the stochastic term

;—azm(AWny _A) = %ozYn(AWn)z - éazmx

and introduce partial implicitness in it because of %azA > 0. This leads to the
scheme "

0.2

. ,

Yo = Yo + (cAW, + %(AW,,)Z)Y,, — S Yl n =01, ,N-1 (23)
which is a stochastically implicit method in the It6 sense. For the special equation
(1.1) it is identical with a scheme stated in Kloeden and Platen ([6],1992, p. 400),
which was derived using the Stratonovich calculus, where it is a deterministically
(drift-) implicit scheme for the corresponding Stratonovich equation. The numerical
approximation discribed by the scheme (2.3) converges to the exact solution with
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strong order v = 1.0 . This statement can be verified by the use of a convergence
theorem (see Theorem 2 of section 3) proved in Milstein ([9], [10], 1988). We note
that in both (2.2) and (2.3) no stochastic diffusion term is implicit.

In this paper the main emphasis is focused on a class of fully implicit schemes
converging strongly and also allowing random terms to be made implicit. In a
natural way the method we are proposing can be called balanced method. For
equation (1.1) it takes the form '

Yori = Yo + oY AW, + o(Ye — Yot )|AW,|, n=10,1,...,N — 1 (2.4)

starting in Y5 = X, and using AW, as in (2.2).

It makes it possible to introduce implicitness also in the stochastic terms. We are
proving in section 3 that the balanced method converges with the same strong
order v = 0.5 as the Euler method does. There we will see the balanced method
described by (2.4) is a special member of the class of balanced methods.

Let us perform several numerical experiments for the linear equation (1.1) which
has the explicit solution

2
X, = exp{oW, - %—t} Xo ,t>0 (2.5)

In the previous section 1 the attention has been drawn to the pathwise behaviour
of the numerical solution driven by different schemes for the integration of equation
(1.1). Now we are investigating the dependence of the global error | X; — Y;| of the
above described numerical schemes on the time step size A at the discretization
points t =nA,n=0,1,..., N. For this purpose estimated mean errors are plotted
and corresponding error bars (90% confidence intervals) at the discretization points
are added in the next three figures. To identify the errors corresponding to one
and the same time step size we interpolate the estimated mean errors linearly. At
first we look at the results of the Euler method.
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Figure 2.1 : Estimated mean global error Eps(¢) of the Euler method at time
t for different time step sizes using sample size 40 x 1000 and o = 4



Both the estimate of the mean global error and its corresponding variance increase
monotonically in t, e.g. we observe a worsening error behaviour of the Euler method
for the time step sizes A = 27* and = 27°. On the base of figure 2.1 one suspects
it exists a critical time step size Aq such that for step sizes smaller than Ay < 27°
~ the error propagation in the Euler method remains under control. Beyond this
random boundary for the time step size, e.g. for A larger Ao, the global error
explodes in practice and the scheme becomes useless for such large time step sizes.
We repeated the above simulations for the stochastically implicit scheme (2.3)
which has a kind of implicitness only in the hlgher order term occuring by a purely
" stochastic multiple It6 integral.
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Figure 2.2 : Results of the numerical method (2.3)

Here we observe a slightly improved behaviour of the global error at the discretiza-
tion points for time step size A = 275, This stochastically implicit method is able
to reduce the variance of the global error estimates and keeps the mean global
errors itself under control for time step sizes smaller than 27°. But for time step
sizes larger than 27* it has no control on the mean global error.

Finally we apply the balanced method (2.4) representing a fully implicit method
to the linear equation (1.1) and for the same step sizes. By the way, looking ahead
to its general formulation in section 3, this method uses the functions ¢°(¢,z) = 0
and c'(¢,z) = |o].

EpsCt)
.

13 +

10 ¢+

Figure 2.3 : Global error estimates Eps(t) of the balanced method (2.4) at time ¢



In the last two figures the same equation and parameters as well as sample size
were used as in figure (2.1). Comparing the numerical experiments for the ba-
‘lanced method (2.4) with those where we applied the methods (2.2) and (2.3) it
turns out that only the scheme (2.4) yields a significant improvement in limiting the
error propagation. For the given stochastic differential equation (1.1) the balanced
scheme is able to keep the propagation of errors under control if the time step size
was increased to larger values and thereby for almost the whole range of possible
time step sizes (except for too small A, where the roundoff error dominates). Be-
sides this method causes a decisive variance reduction of the corresponding global

“error estimates. In additional we have seen that the global error could not be
controlled successfully by one stochastically implicit method (see experiments for
(2.3)) and thereby the accuracy of the method for large time step sizes. However,
this does not mean this stochastically implicit method was useless here. Rather the
stability region of the numerical solution has been extended in comparison with the
‘explicit Euler’ solution. Besides it indicates that one has to be very careful with
the introduction of implicitness in numerical solutions (The discussion ‘where’ and
‘which intensity’ we omit here.). Now, as the first experiments have been done, the
convergence of the balanced method has to be justified mathematically and not
only experimentally.



3 Convergence of the Balanced Methods

To formulate the balanced methods in general we suppose the d-dimensional stocha-
stic process {X; : t > 0} with E}(Xo)2 < o0 satlsﬁes the d-dimensional stochastic
differential equation

dX; = a(t, X)) dt + Y ¥(t, X.) dW} (3.1)
i=1

where a, b',...,b™ are d - dimensional Lipschitz continuous vector valued functions
which fulfil also a linear growth condition. The processes W7 = {W/; t > 0}, j =
1,...,m represent independent standard Wiener processes on a filtered probability
space ({2, F, (]—})»O,P) with its filtration (F;)e»o satisfying the usual conditions,
see Kloeden and Platen ([6],1992). Usually one takes F; = o{W,,0 < s < t} as
the given filtration. Furthermore for 0 < s <t < co and y € R* X;"¥ denotes the
value of a solution of (3.1) at time t which starts in y € R? at time s .
Now the balanced methods applied to (3.1) can be written in the form

Yair = Yo+ a(rm, Ya)A + 3 0(7n, IAWS + Ca(Ya — Yapt) (3.2)

=1
where

Cr = (70, Yu)A + Zc’ TnY, IAW’I , (3.3)

=1

AW] = Wi, — Wi, A=1Tu1—Tn,n=01..,N-1and &c,...,c"
represent d x d - matrix valued functions. We assume that for any sequence of real
numbers (o;) with ao € [0,&],c1 > 0,...,am > 0,& < oo and (¢, z) € [0, o0] x IR?
the matrix o
M(t,z) = I+ ao(tz)+ Y a; d(t,z)

—
where I is unit matrix has only positive eigenvalues and it holds M(t,z) = M7 (¢, z),
e.g. M(t,z) is symmetric. Such matrices are invertible and fulfil the condition

(M(t,2))!| < K < oo | (3.4)

Obviously (3.4) can be easily fulfilled in keeping %, c?,...,c™ all positive definite.
Thus under these conditions one obtains directly the one-step increment Y1, — Y,
of the balanced method via the solution of a system of linear algebraic equations.
Furthermore we suppose that the components of the matrices % c!,...,c™ are
uniformly bounded (if even the components of a are uniformly bounded, then it is
sufficient to demand that ¢°, ¢!,...,c™ have components satisfying a linear growth
condition). The latter condition will be necessary to prove the convergence of the
balanced methods via a theorem stated in Milstein ([9],1988).

We remark that method (3.2) - (3.3) turns out to be rather general. In the purely
deterministic case it covers for instance the 1mphclt Euler method with one or more
Newton iteration steps. Now we are able to state the corresponding convergence
theorem for the general balanced methods.
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Theorem 1 :

Under the above assumptions the balanced methods (3.2) converge with strong
order v = 0.5 , that is for all k = 0,1,..., N and step size A=T/N ,N =1,2,....

(B(1Xs, - il2IFo) ™" < K (14 [ Xo2) /2 AV (3.5)

where K’ does not depend on A. .

To prove Theorem 1 we recall a theorem concerning the order of strong convergence

formulated in Milstein ([9],[10],1988) .
Theorem 2 (Milstein [9)) :

Assume for a one-step discrete time approximation Y that the local mean error

and mean square error for all N = 1,2,..., and n = 0,1,..., N — 1 satisfy the
estimates
[B(X7 — Yol )| < K (14 Va2 A (3.6)
and 12
(BUX = Yo PIF)) 7 < K (L+[YaP)Y? A7 (3.7)
with p, > % and p; > p; +% . Then
(BUXSR —vi7) " < K1+ 1 XoP)2 a7 (3.8)

holds for each k£ = 0,1, ..., N.

Pointing out the basic assertion for the proof of Theorem 1, we note that under the
above assumptions on the local error Theorem 2 provides the global error bound
and the strong order v = p; — % for the underlying one-step method. The proof of
Theorem 1 consists of checking the validity of the assumptions of Theorem 2 for
the balanced methods (3.2) assuming the boundary condition (3.4) for the matrix
- M(t,z) and applying finally the Theorem 2.

Proof of Theorem 1 :

Firstly we show that the estimate (3.6) holds for the balanced methods (3.2) with
P = % . For this purpose the local Euler approximation step

YE, = Yi + a(n, O)A + 3. ¥(me, Ya) AW, (3.9)

J=1

11



k=0,1,...,N —1is introduced and one can deduce for n =0,1,..., N — 1 that

H = |1E(X:;f(n — Y1 Fr) (3.10)

= |BX7E - YEF) + BV — Yau )
< K(1+|YP)? A% + H (3.11)

with
Hy := |B(Y5: — YanlFr) (3.12)
= |E ((I — (I + Ca) ™), Ya)A + 3 (7, mawz)m) (3.13)
Jj=1
= |FE ((I + Cn)‘IC’n(a(T,,,Y,,)A + Z bj(Tn,Y,,)AW,{)IF.,") . (3.14)
7j=1

Exploiting above the symmetry property of AW?, 5 = 1, ...,m in those expressions
involving this zero mean Gaussian variable we obtain

Hy = |B((I + Ca) ™ Caa(a, Ya)A| ) (3.15)

and it follows with (3.4) that |
Hy, < K E(|Ca(n, Ya)A||F:) (3.16)
< K (14 |V,]H)Y2 A% (3.17)

Thus the assumption (3.6) with p; = 1.5 in Theorem 2 is satisfied for the balanced
methods.

Similarly we check assumption (3.7) for the local mean square error of the balanced
methods (3.2) and obtain for n = 0,1,..., N — 1 by standard arguments

- ' 1/2 |

Hy = (B(X7 = Yaul| 7)) (3.18)
- 1/2 1/2

< (BOXzP -YEPIF)) T + (BOYE - YauPIF,)) T (3.19)

< KQ+|v.H)Y2A . (3.20)

Thus we can choose in Theorem 2 the exponent p, = 1.0 together with p; = 1.5
and apply it to prove finally the strong order v = 0.5(= p, — % of the balanced
methods, as was claimed in Theorem 1 . .
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4 Experindents for a Simple System

In this and the next section some numerical experiments for multi-dimensional
systems are reported. For simplicity we are going to only illustrate phase plane
figures of the systems. For this we have chosen ‘typical’ trajectories driven by the
stochastic system components. Further experiments such as the examination of
first and second moments of the global error and their propagation for increasing
time ¢ are left to the reader. Already the phase plane figures will be sufficient to
indicate graphically explosions in the numerical solution and better behaviour of
the balanced methods. We start from the decoupled system of two equations

dX; = oX} dW} and dX? = pX}? dW}
and use the transformations

1 1
Yl = 35X+ XP) and VP = 5(X; - X7)

to obtain the system
1 1
AV} = So(¥}+YR) AW} 4 o p(¥} — YP) AW} (4.1)

1 1
dy? = EO‘(Y;I +Y7) dW) - EP(Ytl ~Y?) dWy
It has already been seen in the introduction section that the Euler approximation
explodes in contrast to that of the balanced method. For system (4.1) this is also
clearly apparent from figure 4.1 where ‘typical’ trajectories for the same Wiener
path have been plotted in the phase plane (Y{},Y;?) on a time interval 0 <t <2 .

Y2¢t)

8 10

vice>

y Linearly interpolated

(— path generated by the

balanced method
Vz
/,‘»"3}
4 -6
Yy
4 -8l
P
V4

Figure 4.1 : Numerical solution of (4.1) of the Euler and balanced method for
the parameter set (A, o, p) = (0.04,4,1) starting at (1,0)
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The corresponding trajectory of the exact solution is not included here, but from
multi-coloured computer experiments we know that the solution of the balanced
method is close to the exact solution. For the balanced method with simply func-
tions °(t,z) = 0, c!(¢,z) = o and c*(t,z) = p the trajectories (thick line) are
attracted by a submanifold of the phase plane (¥;! = —Y;?) and stay closely to the
zero point (0, 0), which replicates the behaviour of the exact solution. In contrast
the Euler trajectories do not show this attraction and have large oscillating values,
at least for time step sizes larger than 1072 considered here. Of course the results
need to be confirmed for other Wiener paths. In any case more reliable assertions
can only be concluded from the error propagation graphs as in section 2. Neverthe-
less, figure 4.1 is confirmed in several experiments and one suspects that the global
error of the Euler method behaves badly and has an unbounded error propagation
for step sizes that are too large.

The same effects are obtained if there is a rotation in the system. For this purpose
we add linear drift terms BY;'dt and —3Y;?dt to system (4.1) to obtain the system

AV} = BYZdit So(VR Y)W+ oYY WE  (42)
AP = Y} di+ oY) + V) AW — 2 p(V]) — V) dW]

in which the solution is forced to rotate in the phase plane (¥},Y;?) depending
on the magnitude of the drift parameter 8. In this model the balanced method
also stabilizes the numerical solution, as is shown in figure 4.2, compared with the
‘Euler solution’. For time step sizes larger than 1072 one can expect explosions in
the Euler approximation as in this figure.

\'Z(t)

1 4
N

; '/ —~ Linearly mt polated path of
y P the ba lan d method -

+ 1 1 N i
-10 -8 -6 —4/-2 ;;}7{ 2 6 8 10 wice)

ot/
)

—al ’,f_/_',d-) <- I;’ial:;‘ar ly interpolated Euler
Figure 4.2 : Numerical solution of (4.2) of the Euler and balanced method
using A = 0.02 and (0,8, p) = (4,5,0.5) on [0,1]

*%
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Of course the figures depend strongly on the parameter choice (A, o, 8, p,T), but

we are only demonstrating what can happen in numerical solutions, especially in

stiff situations. Figure 4.2 displays the poor behaviour of the ‘Euler solution’ in

comparison with that of the ‘balanced solution’ on the time interval [0, 1]. If one
observes it for larger times T then very large fluctuations in the ‘Euler solution’

will occur and even result in overflow, but the exact solution and the ‘balanced nu-

merical solution’ are moving closely to the zero point. That the ‘balanced solution’

better reflects the exact solution in fact can be easily checked by the use of very

small step sizes A.

5 Experiments for a Linear Three-dimensional
System

Let us consider the two—dimensional system

dX, = AX;dt + Y o'X, dW{ (5.1)
7=1
. 7 j
with’ A=<a b) and a’=(0}1 a?)
—b a 021 022,
where o7, = ol, and o), = —0f, ,j = 1,..,m . This system was studied in

Auslender and Milstein ([1],1982) and has Lyapunov exponent

A=t Yol ~ ()] (5:2)

=1

But the system (5.1) is not stiff in the physical sense. We can always apply a
transformation to the system to shift its Lyapunov exponent to a reasonable value
which allows explicit integration methods to be used. But for A << 0, if we add
the equation

dY, = aY,dt + oY, dWH : - (5.3)
+ (X! +7XP) dt + (W X] + piXT) dWY

i=1

to the system (5.1) we obtain a new three-dimensional system, which for o — "72 >>

Aor a— % << A can be interpreted as being stiff.

Once again numerical experiments indicate that the balanced method has a larger
range of step sizes where the corresponding balanced algorithm of the form (3.2)
provides no explosions and that the Euler method fails for large step sizes. For a
special parameter set and m = 2 we have the following ‘typical’ plot in the phase
plane (Y;},Y;?) which describes graphically numerical solutions of the equations
(5.1) for (X}, X?) components of the three-dimensional system (5.3) starting at
(1,0,0) . Note that while these components effect the dynamics of the Y; compo-
~ nent, they are not themselves effected by the Y; values.
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Figure 5.1 : Trajectories of the Euler and balanced method using A =27°

6 Some Final Remarks

The results of this paper show that new numerical methods also involving implicit
stochastic terms can be implemented successfully. The class of balanced methods
introduced here stabilizes the numerical solution for a larger range of step sizes
than explicit methods. While a number of model equations (e.g. (1.1) (1.2), (4.1),
(4.2) and (5.1) with (5.3)) stiffness in stochastic systems have been considered, a
suitable class of test equations has not been determined.

Stochastically implicit methods are necessary for the successful numerical treat-
ment of stiff systems. Our results show that one has to be.-very careful about how
one introduces implicitness in numerical solutions. Often it is not sufficient simply
to introduce implicitness just in one term of the scheme. One must also take into
consideration the influence played in the dynamics by both the stochastic and de-
terministic terms. Implicit methods can be classified in fully implicit (such as the
balanced methods (3.2)), deterministically implicit (drift-, see Kloeden and Platen
(6], 1992)) or pure-stochastically implicit (for example, a subclass of the balanced
methods) methods. This interpretation depends on the calculus which one is work-
ing with, that is It6 or Stratonovich. In the balanced methods the type of implicit-
ness can be chosen by appropriate weight functions ¢?(¢,z),j5 = 1,2,...,m+1. The
appropriate choice of weights in a balanced method was not described construc-
tively here and requires further investigation. This problem is closely connected
with the problem of determining a suitable test equation for such methods.

Many questions remain open for the use of balanced methods for the numerical
treatment of stiff stochastic systems. For instance, how can one generalize the con-
cept of balanced methods to higher order methods? Do the higher order methods
already have an inbuilt property of balancing stochastic terms?

16



Stability considerations will also be necessary to provide qualitive statements about
the behaviour of stochastic numerical methods, to calculate the corresponding sta-
bility region of the balanced method, to distinguish between the methods regarding
their reliability and error behaviour and to provide rules for the practical imple-
mentation. In stochastic numerics the introduction of a suitable stability concept
and criteria have proven to be extremely dlfﬁcult tasks.

17



References

[1] Auslender, E.I. and Milstein, G.N. : Asymptotic expansion of the Lyapunov
index for linear stochastic systems with small noise, Prikl. Matem. Mekhan.

46, 358-365 (In Russian), 1982

[2] Drummond P.D. and Mortimer, I.K. : Computer simulation of multiplicative
stochastic differential equations, J. Comput. Phys., 1991

[3] Hairer, E. and Wanner, G. : Solving differential equations II : Nonstiff Prob-
lems, Springer Series in Comp. Math. 8, Springer, 1991 ‘

[4] Hernandez, D.B. and Spigler, R. : Numerical stability of implicit Runge-Kutta

methods for stochastic differential equations, Preprint, University of Padua,
1990

[5] Klauder, J.R. and Petersen, W.P. : Numerical integration of multiplicative-
noise stochastic differential equations, STAM J. Numer. Anal. 22, 1153-1166,
1985

[6] Kloeden, P.E. and Platen, E. : Numerical solution of stochastic differential
equations, Appl. of Mathem. 23, Springer, 1992

[7] Kloeden, P.E. and Platen, E. : Higher-order implicit strong numerical schemes
for stochastic differential equations, J. Statist. Phys. 66, 283-314, 1992

- [8] McNeil, K.J. and Craig, [.J.D. : An unconditional stable numerical scheme
for nonlinear quantum optical systems — quantised limit cycle behaviour in
second harmonic generation, Univ. Waikato, Research Report no. 166, 1988

[9] Milstein, G.N. : The numerical integration of stochastic differential equations,
Uralski Univ. Press, Sverdlovsk (Ekaterinburg), 225 pp. (In Russian), 1988

[10] Milstein, G.N. : A theorem on the order of convergence of mean square ap-
proximations of solutions of systems of stochastic differential equations, Theor.
Prob. Appl. 32, 738-741, 1988

[11] Mitsui, T. and Saito, Y. : Discrete approximation for stochastic differential
equations, 1991 (to appear)

[12] Petersen, W.P. : Stability and accuracy of simulations for stochastic differen-
tial equations, IPS Research Report no. 90-02, ETH Ziirich, 1990

[13] Smith, A.M. and Gardiner, C.W. : Simulation of nonlinear quantum damping
using the positive representation, Univ. Waikato Research Report, 1988

[14] Talay, D. : Analyse Numérique des Equations Différentielles Stochastiques,
These 3eme cycle, Univ. Provence, 1982 '

18



Veroffentlichungen des Instituts fiir Angewandte Analysis

und Stochastik

Preprints 1992

10.

11.
12.

13.
14.
15.

16.

. D.A. Dawson and J. Gértner: Multilevel large deviations.

. H. Gajewski: On uniqueness of solutions to the drift-diffusion—model of

semiconductor devices..

. J. Fuhrmann: On the convergence of algebraically defined multigrid meth-

ods.

. A. Bovier and J.-M. Ghez: Spectral properties of one-dimensional Schrédin-

ger operators with potentials generated by substitutions.

. D.A. Dawson and K. Fleischmann: A super-Brownian motion with a single

point catalyst.

. A. Bovier, V. Gayrard: The thermodynamics of the Curie-Weiss model with

random couplings.

. W. Dahmen, S. Pré8dorf, R. Schneider: Wavelet approximation methods for

pseudodifferential equations I: stability and convergence.

. A. Rathsfeld: Piecewise polynomial collocation for the double layer potential

equation over polyhedral boundaries. Part I: The wedge, Part II: The cube.

. G. Schmidt: Boundary element discretization of Poincaré-Steklov operators.

K. Fleischmann, F. I. Kaj: Large deviation probability for some rescaled
Superprocesses.

P. Mathé: Random a,pproximatioﬁ of finite sums.

C.J. van Duijn, P. Knabner: Flow and reactive transport in porous media
induced by well injection: similarity solution.

G.B. Di Masi, E. Platen, W.J. Runggaldier: Hedging of options under dis-

crete observation on assets with stochastic volatility.

J. Schmeling, R. Siegmund—Schultze: The singularity spectrum of self-affine
fractals with a Bernoulli measure.

A. Koshelev: About some coercive inequalities for elementary elliptic and
parabolic operators.

P.E. Kloeden, E. Platen, H. Schurz: Higher order approximate Markov chain
filters.



- 17.

18.
19.

20.

21.
22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

H.M. Dietz, Y. Kutoyants: A minimum-distance estimator for diffusion pro-
cesses with ergodic properties.

I. Schmelzer: Quantization and measurability in gauge theory and gravity.

A. Bovier, V. Gayrard: Rigorous results on the thermodynamics of the dilute
Hopfield model. '

K. Groger: Free energy estimates and asymptotic behaviour of reaction-
diffusion processes.

E. Platen (ed.): Proceedings of the 1** workshop on stochastic numerics. -

S. PréfBdorf (ed.): International Symposium ”Operator Equations and Nu-
merical Analysis” September 28 — October 2, 1992 Gosen (nearby Berlin).

K. Fleischmann, A. Greven: Diffusive clustering in an infinite system of
hierarchically interacting diffusions.

P. Knabner, I. Kégel-Knabner, K.U. Totsche: The modeling of reactive so-
lute transport with sorption to mobile and immobile sorbents.

S. Seifarth: The discrete spectrum of the Dirac operators on certain sym-
metric spaces.

J. Schmeling: Holder continuity of the holonomy maps for hyperbolic basic
sets II. '

P. Mathé: On optimal random nets.

W. Wagner: Stochastic systems of particles with weighfs and approximation
of the Boltzmann equation. The Markov process in the spatially homoge-
neous case.

A. Glitzky, K. Groger, R. Hiinlich: Existence and uniqueness results for
equations modelling transport of dopants in semiconductors.

J. Elschner: The h-p—version of spline approximation methods for Mellin
convolution equations. *

R. Schlundt: Iterative Verfahren fiir lineare Gleichungssysteme mit schwach
besetzten Koeffizientenmatrizen.

G. Hebermehl: Zur direkten LésungA linearer Gleichungssysteme auf Shared
und Distributed Memory Systemen.






