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Abstract

We prove the wellposedness, with respect to the maximum norm, of stress-strain
laws of nonlinear kinematic hardening type, in particular of the Chaboche model.

1 Introduction

In rate independent plasticity, the classical model of Prandtl and Reuf} constitutes the
basic and most well known form of the stress-strain law. It features an elastic region Z
within stress space, bounded by the yield surface 7. We will restrict our discussion to
the yield condition due to v. Mises, that is, Z is a cylinder in stress space respectively a
ball in deviatoric space.

Due to its obvious shortcomings in modelling real material behaviour, the Prandtl-Reuf-
model has been refined in many ways. In the Melan-Prager model, which is also called
linear kinematic hardening, the yield surface moves during plastic loading with a velocity
proportional to the plastic strain rate P,

6" = CéeP. (1.1)

Here, the backstress o describes the translation of the yield surface, that is, the yield
surface at time ¢ is located at o®(t) + 0Z. Adding a nonlinear term in the right hand side
of (1.1),

6" = (Re? — o|é?]) (1.2)

we obtain the model of Armstrong and Frederick [1], which is characterized by the con-
stants v and R. If we decompose the backstress ¢® into a sum

o’ = Zaz, (1.3)

where each constituent o} satisfies an equation of type (1.2), namely
o1, = (k) (R(k)e? — oplé?]) , kel, (1.4)

we arrive at the model of Chaboche which enjoys a widespread popularity among engi-
neers.

We refer to [11] and [6, 7, 8] for an in-depth discussion of those and other models.

We have proved in [3, 4] that the constitutive operators

e =Flo], o=G, (1.5)

generated by these models act in the space W (¢y,t;; T) of absolutely continuous func-
tions, defined on a time interval [to, ¢;] with values in the space of symmetric NV x N-tensors,
and are moreover locally Lipschitz continuous in that space. Our analysis was based on
the study of the operator differential equation

a(t) = 0(t) + M(0,u,2°, D) O)EW)|, € ="Plu;2"), ulty) =u’. (1.6)

Here, 6 represents a given input function, P denotes the play operator (see Section 2
below), M is a causal operator with certain additional properties, and p is a parameter.



In this paper, we discuss the wellposedness of the operators in (1.5) in the space of
continuous functions, endowed with the maximum norm. Again, the analysis of (1.6)
constitutes the main tool; it is carried out in Section 3. To prepare that discussion, in
Section 2 we present some material concerning the play operator, including the new result
of Proposition 2.5. Section 4 is devoted to the discussion of the Chaboche model, the main
results being Theorem 4.2 and Theorem 4.3.

2 The Play Operator

Let C([to, t1]; X) denote the space of continuous functions on [ty,t;] with values in some
normed space X, endowed with the maximum norm

[ullo = max [lu(t) || - (2.7)

tE[to,t1]

We will exclusively deal with evolutions which are completely determined by the past and
present. Such evolutions are called causal.

Definition 2.1 An operator S : Dg C C([ty,t1];Y) — C([to, t1]; X) is said to be causal
if the implication

u=v on [ty,t] = Su=Svon [ty,t], (2.8)
holds for all u,v € Ds and all t € [ty,t1].

Obviously, we can consider a causal operator as acting on the whole family of spaces
S : Dg(t) = {u|io, : v € Dg} — C([to,t]; X), t€[to,ta]. (2.9)

In particular, the initial value (Su)(ty) depends only on u(ty) and thus can be expressed
in terms of an initial value mapping from Y to X. In the sequel, we will freely use these
properties and in particular not distinguish between the various domains Dg(t).

Definition 2.2 (Play and Stop Operator)

Let X be a separable Hilbert space and Z C X a closed convex set. We define the
operator Sy : Whl(tg,t1;X) X Z — Whi(ty,t1; X) as the operator which maps any
u € Whi(ty, t1; X),x° € Z to the solution x of the variational inequality

(z(t) —a(t),z(t) —z) >0VE € Z, a.e. in (to,t1), (2.10)
z(t) € Z, Vte€ [ty ti], (2.11)
z(ty) = z°, (2.12)

where (-,-) denotes the scalar product in X. The operator Sz is called the stop, and the
operator Py defined by

Pz(u;z’) = u — Sz(u;z°) (2.13)

is called the play. The set Z is called the characteristic of Sy and P.

2



The definition of the operators Sz and Pz is meaningful since the variational inequality
(2.10) - (2.12) is known to have a unique solution, see [2]. They have been studied in
general in the monographs [9, 10, 12]. Here, we consider only the case where Z is a ball
of radius r > 0, that is,

Z=B.(0)={z:ze X, |z|<r}, (2.14)

and simply write P and S instead of Pz and Sz. For ease of reference, we list some
properties of P and & which are needed in the sequel. (They hold irrespectively of
whether X is finite or infinite dimensional.) To further simplify the notation, we write

§=Pu;z’), z=38(@u;z"), n=P;z"), y=38@;z"), (2.15)
for any given pairs u, v of input functions and z°, 4° of initial values.

Proposition 2.3 For every u,v € Wh(ty,t1; X) and every z°,y° € B,(0) there holds

%|:L'—y| <|a@—19|, a.e. in (to,t1), (2.16)
‘|g| |n|‘ +2—& 22— |y?| < H(u,@— 0|, ace in (to,tr), (2.17)
£(t) — n(t)] < max{[€(to) — n(to)], V/(r + A())2 —r2}, Vi€ [to, 1], (2.18)

where A(t) = max{|u(T) —v(7)| : t € [to, t]}.

Proof. (2.16) is well known, see e.g. [2] and [10]; (2.17) has been proved in [3] as inequality
(A.32), and (2.18) can be found in Section 17 of [9] as well as in [10]. 0
Another useful identity ist

1

€)= ;(é(t),x(t)> , E(t) = |€( )|z(t), (2.19)
which follows directly from the variational inequality
(@), z(t) —Z) >0VE € Z, a.e. in (t,t1), (2.20)

since (2.20) implies that £(t) = 0 if |z(¢)| = r and that £(¢) points in the direction of the
outward normal if |z(¢)| = r. Moreover, the inequalities (2.16) and (2.17) together with
the elementary identities

£~ = (Il ~ i)z + Jil(z ~ 9), (221)

<’d, ‘/B> - (v,y) = <u - i)’x> - <1'),.’E - y> ] (2'22)

imply the local Lipschitz continuity of P with respect to the norm of W', see [3].
From the inequality (2.18) we see that we can uniquely extend the operators P and S
to operators

P, S : C([to, t1]; X) x B.(0) = C([to, t1]; X), (2.23)

which are %—Hélder continuous. On C([t,t]; X), the play operator is known to possess
the following smoothing property.



Proposition 2.4
The operator P maps C([to, t1]; X) x B,(0) into C([to, t1]; X)NBV ([to, t1]; X) and satisfies

lim Var P(u, ;z}) = Var P(u;z"), (2.24)

n—oo

if limu, = u in C([ty, t1]; X) and limz? = z° in B,(0).

Proof. The proof given in [10, Prop. 4.11] for the special case where ¥ and z° are the

projections of u,(ty) and u(ty) respectively also works without that restriction. O
The following result appears to be new. It improves the estimate (19.10) of [9].

Proposition 2.5 Let [a,b] C [to,t1] be a given interval. Let u € C([ty,t1]; X), z° € B,(0)
and € > 0 be given with

max |u(t) —u(a)] <e<r. (2.25)
tcla,b]
Then £ = P(u;z") satisfies
€
V <ell . 2.26
o< (- 775) 229

Proof. Assume first that u € Wh(ty, 11; X). For t € (a,b) with £(£) # 0 we choose

0 E(r) #£0
T=u(t) —ula) +(r—e)x(t), x()=4 O ; ’ 2.27
() —u(a) + (r—ex(t), x(t) {0’ 40 0. (2.27)
in the variational inequality (2.10) and obtain
. 1d \
(r—e)le®)] < —5 = (lu(a) = £)°) - (2.28)
2dt
If |z(t)| < r for all t € [a,b], we have Vary,; £ = 0; otherwise, we define
te = max{t:t € [a,b], |z(t)| =1}, (2.29)

and conclude from (2.28) that
b e
20— [0 = 26— [ IO < le@P ~[oft.) (e + ulo)
< r-(r—e?=e¢2r—¢), (2.30)
from which (2.26) readily follows. For arbitrary u € C([to, t1]; X), we choose a sequence

{u,} € Whi(ty,t1; X) with u,, — u in C([t,¢1]; X) and such that (2.25) holds for each
u,, in place of u. With &, = P(u,; z"), we obtain for any partition {7; }o<i<m of [a, b] that

Zm E(r31)| < 20m + 1)|| € — & | / Ealdt. (2.31)

Since &, — £ uniformly by (2.18), (2.23), the assertion follows. 0
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We now extend the Lipschitz continuity result for the operator P from Wh! to C N BV.
Let us first note that if a sequence of arbitrary functions w, : [a,b] — X converges
uniformly to some w € C([a, b]; X) N BV ([a, b]; X), we have

Var w < lim inf Var w, , (2.32)
o, n—oo o}
thus
Varw = lim Var w,,, (2.33)
[a,b] n—o00 [a,b]

if in addition the w,, are piecewise linear interpolates of w.

Proposition 2.6
Let u,v € C([ty, t1]; X) N BV ([to, t1]; X) and z°,y° € B,.(0) be given. Then there holds for
every [a,b] C [to, ]

Var(V(w) — V(o) < (141 Yaro) (@) —y(@)| + Varw—)) . (230
where
V@O = Vare, V) = Varn (2.35)
Proof. If u,v € Wh(ty,t1; X), we have
b .
Var(v() = V) = [ [1é1 - lil] (230

and (2.34) follows if we integrate (2.17) and use (2.22) as well as (2.16). Let now u,v
belong to C([to, t1]; X)NBV ([to, t1]; X), let u,, v, denote their piecewise linear interpolates
in [a, b] on the grid t; = a+ £(b—a), 0 <k < n. By Proposition 2.4, the functions V (u,)
and V' (v,) converge pointwise to V' (u) and V(v) respectively; since they are monotone,
the convergence is actually uniform. We therefore obtain

Yal;f(V(u) —V(v)) < lim inf}/al;f(V(un) — V(vn)) by (2.32)
a, n—o0 a,
) 1
< Jim (1+ 2varon ) (Jo(o) — o(@)] + Var(un — )

= (1+ 2varo) (le(a) - (@) + Varta — ) by (233),

T [a,b] [a,b]

which is what we wanted to prove. O

3 Main Results

This section is devoted to the study of the initial value problem

a(t) = 0(t) + M(0,u,2°, D) O)EX)], € ="Pl(u;2"), ulty) =u’. (3.1)



We look for a solution w : [ty,t;] — X, X being a finite dimensional Hilbert space, for a
given input function 0 : [ty,¢;] — X, initial values z° € B,(0), u° € X and a parameter
value p belonging to some metric space P. In [3] we have proved the wellposedness of
(3.1) in WHl(ty,¢1; X) through the study of its integrated form

u(t) = u’ +0(t) — 0(ty) + /t 1 M(O,u,2°, p)(s)dV (u)(s), V(u)(t) = VarP(u;z°),

[tO at]

(3.2)

the integral being a Stieltjes integral with respect to the BV function V(u). Because of
Proposition 2.4, (3.2) makes sense also for 0,u € C([to,t1]; X). We thus investigate the
wellposedness of (3.2) for a class of inputs

© C C([to, t1]; X) (3.3)
being as large as possible. We assume that
M 0 x C([to, t1]; X) x B.(0) x P — C([to, t1]; R) (3.4)

is a causal operator with respect to its first two arguments. To obtain existence in the
Wllsetting, we had to ensure that, for some & > 0,

IM(0,u,z°p)(t)] <1—& (3.5)

is satisfied for all ¢ € [ty, ;]; indeed, this requirement is natural since we may have ¢ (t) =
4(t) somewhere along the evolution. It turns out, however, that for some applications one
cannot guarantee (3.5) to hold for arbitrary functions u € C([ty,t1]; X). On the other
hand, we may restrict our attention to functions whose modulus of continuity

pu(0) = sup{|u(t) — u(s)| : s,t € [to,t1], |t —s| < 0} (3.6)
is not too large. The following lemma furnishes the correct bound.

Lemma 3.1 Let u € C([ty,t1]; X) be a solution of (3.2) for some given 0 € ©, u° € X,
% € B.(0), p € P, assume that (3.5) holds for all t € [ty,t]. Then we have

2
tu(6) < 2“9(5) Ve (0,0), (3.7)
where
. K2r
6o = inf{n :n >0, pe(n) > 7}- (3.8)

Proof. Let 6 > 0 be given such that € = p,(6) < rk. If [t — s| < §, we obtain from
Proposition 2.5 that

[ut) —u(s)l < 10(t) = 0(s)| + (1 = &) Var P(u; z°)

< pe(6) + (1— K)e (1 + 2(T€_ 6)> , (3.9)
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hence

uo(8) > € — (1 — ke <1 + ﬁ) = ge + % > ge = guu(d) . (3.10)
Put 0, =sup{d : 0 > 0, u.(0) < rk}. Then by (3.10) we have
1o (8,) > % (3.11)
therefore 6, > &5 and (3.7) follows from (3.10). O
For a given u’ € X, let us denote
Us = {u:u € C(ty, t1]; X), u(te) = u’}. (3.12)

Theorem 3.2 (Existence) Let € ©, v’ € X, 2° € B,(0), p € P be given. Assume
that M(0,-,2° p) : Uy — C([to,t1];R) is continuous, and that there exists a k > 0 such
that

[ M(0,u,2%,p) |, <1—& (3.13)

holds for all u € Uy which satisfy (3.7). Then there exists a solution u € Uy of (3.2) which
satisfies (3.13).

Proof. We use the retarded argument method. For p > 0 we introduce the shift operator
77 : C([to, t1]; X) — C([to, t1]; X) by the formula

w00 ={ Ui " Le ) @1

We consider the integral equation for the unknown function u,
t1
u,(t) = u’ + 0(t) — 0(ty) + / M0, 7°u,, 2°,p)(s) AV (T7u,)(s) . (3.15)
to

Since V(7°u,) =0 on I; = [to, to + p], we have u, = u® +60 — 0(¢y) on I; and, because the
constant u = u° satisfies (3.7),

M0, 7°u,, 2% p) ()| <1 -k (3.16)

on I;. Assume now that u, is defined by (3.15) on I}, = [to, ty + kp] and that (3.16) holds
on I as well as

a1, (6) < %m(a), Vo e (0,6). (3.17)

We extend u, to I41 by (3.15). The assumption on M together with (3.17) implies that
(3.16) also holds on I;,;. We now prove that (3.17) remains valid if we replace I}, by Ij.1.
Indeed, let § € (0,d5) be given, set € = 2pg(6) < wr. For any s,t € Iy4q with [t —s| <6
it follows from (3.15) that

[4p(t) = uy(5)| < 10(8) = 0(3)| + (1 = #) Var Plrvu, ;") (3.18)



whence, by (3.17) and Proposition 2.5,

€
V Py - x20) < 1 3.19
[S’aifP(T u,,,a:)_e( +2(T_6)>, ( )

hence

() — u,(s)] < € (1 -5y ;%:’3) e (1 _ %) <e. (320

Consequently, (3.17) holds with I replaced by Ix,, and by induction we conclude that
the solution u, of (3.15) on [ty, ¢1] satisfies (3.16) on [ty, ;] as well as

o (8) < %m(a), Ve (0,6). (3.21)

This implies that the family {u, : p > 0} is an equicontinuous and bounded subset of Uy.
By virtue of the Arzela-Ascoli theorem, there exists a sequence p, — 0 and a function
u € Up such that u,, — u uniformly. Since this implies that 7"u,, — u uniformly, we
may use the continuity of M and Proposition 2.4 to pass to the limit in (3.15) and to
conclude that u is a solution of (3.2) which satisfies (3.13). 0

Corollary 3.3
Let the assumptions of Theorem 3.2 hold, let 6 € C([to,t1]; X) N BV ([to,t1]; X). Then
each solution u of (3.2) which satisfies (3.13) belongs to C([to,t1]; X) N BV ([to, t1]; X),
and there holds

1
Varu < — Var§ (3.22)
[a,b] K [a,b]

on every subinterval [a,b] of [to, t1].
Proof. We immediately obtain from (3.2) and (3.13) that

}/al;]ru < }/zz]rﬁ + (1 — k) }/zz]r’P(u ;2°), (3.23)

and (3.22) easily follows since Vary, 5 P(u; 2”) < Varj,y u, the latter being a consequence
e.g. of (2.34), setting there z(a) = y(a) and v constant. O

We have uniqueness for the case where 0 € C([to,t1]; X) N BV ([to,11]; X). We do not
know whether uniqueness holds in the general case 6 € C([to, t1]; X).

Theorem 3.4 (Uniqueness) Let § € ©, v’ € X, z° € B,(0), p € P be given. Assume
that M satisfies, for some function L : C([to,t1]; X) N BV ([to, t1]; X) — Ry,

sup |[M(0,u,z°,p)(s) — M(0,v,2°, p)(s)] < L(v) - Var(u — v), (3.24)

s€[to,t] [to,t]

for all u,v € Uy and all t € [to,t1]. Then any two solutions u,v € C([ty,11]; X) N
BV ([to, t1]; X) of (3.2) which satisfy (3.13) are identical.



Proof. Assume that u # v. Define
a=inf{t:t e[ty t], u(t) #v(t)}. (3.25)

For t > a we have

u(t) —o(t) = /M(9,u,$°,p)(8)d(V(U)—V(v))(S)

—I—/ M(0,u,z°,p)(s) — M(0,v,2°,p)(s) dV (v)(s), (3.26)
hence

Var(u — v) < (1 — &) Var(V(u) — V(v)) + L(v) Var(u — v) Var P(v; z°) . (3.27)

[a,t] [a,t] [a,t] [a,t]

By Proposition 2.6 we have, since z(a) = y(a),

1
Var(V(u) — V(v)) < (1 + — Var v) Var(u — v). (3.28)
[a,t] T [a,t] [a,t]
Putting (3.27) and (3.28) together we obtain
1—
\[/a]r(u —v) < [1 — K+ ( A L(v)) \[/a}r v] \[/a}r(u —v). (3.29)
a,t r a,t a,t

Since Varj,(v) — 0 as t | a, we conclude from (3.29) that Varpg(u —v) = 0if ¢ is
sufficiently close to a, which contradicts the definition of a. O
We now discuss the question of continuous dependence on the data. For a given data
vector y = (0,u°, 2z, p) and a given k > 0 we define

Uyr = {u:u e C([to, t1]; X), u solves (3.2) and satisfies (3.13) on [to, 1]} - (3.30)

Theorem 3.5 (Compactness of the Set of Solutions)
Let Y C © x X x B.(0) x P be compact, assume that M is continuous on its domain of
definition given by (3.4). Then for any given k > 0 the set

D, ={(y,u):yeY,uecU,,} (3.31)
is a compact subset of Y x C([ty, t1]; X).

Proof. Since Y is bounded and its projection to © is equicontinuous, Lemma 3.1 implies
that D, is bounded and its projection to © x C([ty,¢1]; X) is equicontinuous. It remains
to prove that Dy is closed. Let (yn,u,) be a sequence in Dy, so that

Un(t) = 6° + 0 (t) — O (ty) + /t MO, s 20, p) () AV () (5) (3.32)

|| M(ena Un, xg,pn) <1l-&k (3.33)

oo

If (yn, un) converges strongly to some (y,u) € Y x C([ty, t1]; X), we can use the continuity
of M and Proposition 2.4 as before to pass to the limit in (3.32) and (3.33) and to conclude
that u € Uy .. O



Corollary 3.6 (Continuous Dependence) Assume that M is continuous on its do-
main of definition given by (3.4). Let a sequence of data y, = (0n,u’,z%,p,) be given
with y, — y = (0,u°, z° p), assume that there exist unique solutions u,,u € C([ty, t1]; X)
of the corresponding initial value problem (3.1) such that (3.83) holds with a k which does
not depend on n. Then u, converges to u uniformly.

Proof. This is an immediate consequence of Theorem 3.5, applied to the set Y = {y, :
n € N} U {y}, and the fact that u is the only element of U, . 0

4 Application to the Chaboche Model

The Chaboche model — which we will take for granted here, let us again refer to [11] and
[6, 7, 8] — represents a particular rate independent stress-strain law in elastoplasticity. It
defines the relation between the strain € and the stress o through a set of equations and
inequalities which involve as internal variables the elastic strain ¢, the plastic strain e?,
the plastic stress o” and the backstress ¢®, the latter being decomposed into a weighted
sum of individual backstresses o! and o} indexed by elements k from an index set I. The
constitutive relations have the form

oc=0"+0P, e=¢e+er, (4.1)

o= Ae”, (4.2)

el eTy, |oh<r, (oh—a6)>0, VeeTy,l|o|<r, (4.3)
o’ = /IUZ dv(k) + Vo', (4.4)

or = (k) (R(k)e? — op|é?|) , forall keI, (4.5)

ol = CleP, (4.6)

to be complemented below by initial conditions for those variables which carry the memory
of the model.

We first explain the notation. By T, we denote the space of symmetric N x N tensors
endowed with the usual scalar product and the associated norm

<T’ n> = Z TijNij » |T| =V <T’ T> ) (4'7)

ij=1
For 7 € T, we define its trace Tr7 and its deviator 7; by

Trr

N
TrT:ZTii:<T,5), Td:T—T(S, (4.8)
i=1
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where ¢ = (;;) stands for the Kronecker symbol. We denote by
Ty={r:7€T, Trr =0}, Tj:{T:T:)\J,)\GR}, (4.9)

the space of all deviators respectively its orthogonal complement. The operator A : T — T
represents the linear elastic law, and we assume A to be linear, symmetric and positive
definite, a particular case being Hooke’s law

Ae = 2ue + ATr (e)d, (4.10)

where A, > 0 denote the Lamé constants. The elastic domain has the form of a von
Mises cylinder

K,={r:7€T, |4 <r}, (4.11)

r > 0 being the yield stress. Due to (4.1) and (4.3), in the space of total stresses the
elastic domain will be located at o®(t) + int(K,) at time ¢. Concerning (4.4) - (4.6) we
assume that [ is a measure space, v is a finite nonnegative measure on I, the numbers
v}, C" and the functions R € L(I), v € L(I) satisfy v/, R > 0, C* > 0, [, R(k)dv(k) > 0
and

0 < Ymin < Y(k) < Vmaz, ae. in I, (4.12)

for some constants Ymin and Ymaz- We also introduce the constants

r,, = / (kY™ R(k) dv(k), m=0.1,2. (4.13)

We will prove that the model (4.1) - (4.6) is well posed in C([ty,t1]; T) N BV ([to, t1]; T),
that is, that the corresponding operators

e =Flo], o=(G[e], (4.14)

are well defined and continuous on a suitable subset of C([to, t1]; T) N BV ([to, t1]; T), with
respect to uniform convergence. In order to do this we have to pass to a weak formulation
— in fact, the reduction to the initial value problem (3.1), which we have developed and
used in [3] and [4] to prove wellposedness in the space W', works here too. We introduce
the auxiliary variable

u = ae? + ol (4.15)
with a certain constant o > 0 to be fixed below. If we moreover fix an initial value
oP(ty) = o} € K, (4.16)

by virtue of (4.3) we can express (4.15) as

oqg =1 =358(u;00,), €p:é§, §="P(u;004) - (4.17)
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Using the variations of constants formula and (2.19) which becomes ré? = ¢%|é?|, we can
solve (4.5) for the backstresses of and obtain

ot = (-22v0) (b + [ aam) . @y

where
V(t) = [\t/(ftﬁg’ Wi(t) = exp <@V(t)> , (4.19)

and o?(ty) = ob(k) are given initial values for the backstresses o}. Indeed, if we define o
by (4.18), (4.19), then o? satisfies

ob(t) = o (to) + @ /tt <@x(s) — aZ(s)) dv(s). (4.20)
We express (4.18), (4.19) in operator form as
or(t) = Fi(u, 08, 00)(t) - (4.21)

If we use (4.15) and the model equations, the choice
a=TI,+/C (4.22)
leads, after formal differentiation, to

U= g4+ /I'y(k)a,'; dv(k) |€] . (4.23)

If we assume Hooke’s law (4.10), the choice

a=T,+/C +2u (4.24)
leads to
0= 2ia+ /1 Y (k)o? dv (k) |7 (4.25)
The initial condition
u(ty) = u’ = aeP(ty) + o (ty), (4.26)

requires, in addition to (4.16), an initial value for €”(¢y). In the strain controlled case
with Hooke’s law assumed, it is determined by €(¢y) and the other initial values through
the equation

o’ +0f = 2ue® = 2u(eqg — €P) . (4.27)

In the stress controlled case, we must have

o(ty) =ob + /Iag(k) dv(k) + V' C'eP(ty) . (4.28)

12



Thus, the initial data and o(t;) determine eP(¢;) in the case v! > 0; if ! = 0, we choose
to fix

eP(ty) = €7, (4.29)

and treat (4.28) as a restriction on the stress inputs. Our weak formulation of the
Chaboche model thus becomes

w(t) =+ 0(t) — 0(t) + /t: M(u, 0% o) (s) dV (s) (4.30)
V() = Yaré = Var Plusof,), (1.31)

M08y a$)(0) = [ 10 0B o) 0) (). (1.32)
u’ = aeP(ty) + o, (4.33)

where F is defined in (4.18) - (4.21), and £P(t,) is fixed as discussed above. In the strain
controlled case, we have

a=T1+VC"+2u, 0=2ueq, (4.34)

and the stress o is finally obtained from
b 2:“’ p
oc=G(e;00,00) = A(e —e?) = Ae — —P(u;0h,). (4.35)
o}
In the stress controlled case, we have

a=T+C", 0=o0y. (4.36)

1
e=F(o0;08,00,e8) =e*+eP = Ao+ E’P(u ;oby) - (4.37)

According to (4.32), the initial values for the backstresses o play the role of the parameter
p for the operator M. We set

P ={o}:0bc LL(I;Ty), |ob(k)| < R(k) a.e.}. (4.38)

The properties required of M follow from the corresponding properties of the operators
F3, which we now derive.

Lemma 4.1 For every a > 0, the family (F{)rer of operators is defined in the domain
Dr = C([to, t1]; Tq) x B, (0) X P for almost every k. The individual operators F{ are causal,
map Dr into C([to,t1]; Ta) N BV ([to,t1]; Ta), are continuous if considered as operators
F: Dp — C([to, t1]; Ta), and satisfy

1 7w, 084, 05) || o < R(K) (4.39)
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on Dr for almost every k € I. Moreover, for every u,v € C([to, t1]; Ta) N BV ([to, t1]; Ta),
ob, € B,(0) and o € P we have

:qu | Fe (u, 08, 00)(s) — Fi (v, 054,00)(s)| < (4.40)
S 0,
R(k)v(k k 2 k) 3
< (k)v(k) [7( ) (Varv) + (—7( ) + —) Varv + 2| Var(u — v) .
o ar  \ [to,t] o T /) [to,t] [to,t]

Proof. Except (4.40), all properties follow directly from (4.18), (4.19), Proposition 2.3
and Proposition 2.4, and for the same reasons it suffices to prove (4.40) for u,v €
Whl(ty,t1; T4). In that case, we have, using (2.21), (2.16), (2.34) and (2.36),

A [0 = it

|f,?( u, Od’ao)(t) ( ’ 0d,08)(t)|

(klv( )/to E(r)e- IO 5 _ o= il as | gy

< 2 o) - i) + ) - o)

+ |ﬁ(T>|@/t (s)| - li(s) | dsdr
< BEnb ((2+—/ il ar) [ [ = it ar

= |ﬁ(T>|dr||x—y||oo>
< M((w@/g |v'(T)|dT> <1+%/t:|i)(r)|d7>

+ %/t:w(T)mT) /t:m(T) ()| dr, (4.41)

from which (4.40) readily follows. O

Theorem 4.2 (Wellposedness, Strain Controlled Case)
Under the assumptions stated above (4.13), the weak formulation of the Chaboche model
(4.30) - (4.35) together with Hooke’s law (4.10) defines an operator

o=G(e;08,0)), G:D — C(to, t1]; T) N BV ([to, t1]; T), (4.42)

D :=C(to,t.; T) N BV (to, t.]; T) x K, x P. (4.43)

If (en, 0% ,,, 05 ,,) is a sequence in D with €, — € uniformly, sup, Varj, 4, < 00, 0, —
) ’ ’ )

ob in T and ag,n — of in LL(I;T,), then the corresponding stresses satisfy o, — o
uniformly and sup,, Varp, ;) on, < 00.
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Proof. Due to Lemma 4.1 and (4.34), we have

B 2u + VIC!
Ty +2u+viCt’

H M(u’agd’ag) ||oo <l-k, K (4'44)

for all (u, 0%, 0b) € C([to,t1]; T) x B,(0) x P, and moreover the assumptions of theorems
3.2 and 3.4 are satisfied, thus there exists a unique solution u € C([to,?1]; T4) of (4.30)
- (4.34) which is moreover an element of BV ([to,1];T4) by virtue of Corollary 3.3. If
(&ns 00 s ag’n) is a sequence with the properties stated above, then due to corollaries 3.3
and 3.6 we have sup,, Vary, ;) u, < oo and u, — u uniformly for the corresponding
solutions. From (4.35) we see that these properties carry over to o, and o as well, taking

into account Proposition 2.4. O

Theorem 4.3 (Wellposedness, Stress Controlled Case)
Let the assumptions stated above (4.13) hold.

(Case v! > 0.) The weak formulation of the Chaboche model (4.30) - (4.33), (4.36),
(4.37) defines an operator

e =F(o;08,08), F:D — C(t,t1]; T) N BV ([to, t:]; T), (4.45)
where D is given by (4.43). If (an,ag’n,ag,n) is a sequence in D with o0, — o

uniformly, sup,, Vary, ,jon < 00, 0f,, — ot in T and of, — of in L,(I;Tq), then
the corresponding strains satisfy €, — € uniformly and sup,, Vary, ;) €, < 00.

(Case v! =0.) The weak formulation of the Chaboche model (4.30) - (4.33), (4.36),
(4.37), (4.29) defines an operator

e=F(o;08,00,€0), F:Dy— C([to, t1]; T) N BV ([to, t1]; T), (4.46)

where Dy C C([to, t1]; T) N BV ([to, t1]; T) x K, x P x Tq is the subset of quadruples

(0,08, 08, €h) which satisfy

o(to) = of + /1 o (k)dw (k) (4.47)

as well as

<Ty, |logll. <To+r. (4.48)

/ (k)b (k)du (k)

I

b p - - b . -
If (On, 00,11, 0 > €6.n) 15 @ sequence in Dy such that oy, 07 ,,, 05 ,, are as in the previous

0,n?

case, 5, — €0 in T, and which in addition satisfies

sup /W(k)ag’n(k)dy(k)‘ <Ty, sup|ogn|, <To+r, (4.49)
I neN

neN

then the corresponding strains satisfy €, — € uniformly and sup,, Vary, ;) €, < 0o.
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Proof. Due to Lemma 4.1 and (4.36), we have

b L V!

| M(u, 004 00) |lo <1 -k, k= T cl (4.50)
for all (u,0%,,a8) € C([to,t1]; T) X B.(0) x P. For the case v/ > 0, the arguments are
completely analogous to those in the proof of Theorem 4.2 and will not be repeated. In
the case v/ = 0 we have & = 0. The required bound on M is then obtained through an
a priori estimate involving the additional assumptions (4.48) and (4.49). The following
proof extends the arguments of [4] to the present situation. Let (0,05, 08,eh) € Dy be
given, let u’ = ael + o, a =T4. Let

1 TYmaz
B=——+—=
’Ymin FQ

(4.51)

Choose k > 0 small enough such that

I

/ 7(k)03(k)dy(k)‘ <Ty(1— k), (4.52)

|0alle <To+r—pBlik, (4.53)

Finally, we choose §; > 0 such that

_ K27
50 < 50d = mf{’? in > 0, ,u'crd(’r’) > 7} (454)
and
4 kI K2\ 2
= ey < B ey (B 4.55
€= —p d(50)_r+4F2 r +<4F2> (4.55)
We will prove that every solution u € C([ty, £o]; Tg) of
t
u(t) = u’ + oq(t) — aa(to) + / M(u, a8, 00)(s) dV (u)(s) (4.56)
to
satisfying
I M(u,005,00) [lo <1 - K, (4.57)

on [ty, o], can be extended to a solution u € C([to,{1]; T4) of (4.56), where £; = min{{, +
do,t1}, and that every such extension satisfies (4.57) on [to,¢1]. To this end, we apply

Theorem 3.2 on [fy, 1] with # = £ and

O ={0}, 0=odly, (4.58)

W =u(®), U= {a:ae C[k,];Ts),a() = a°}, (4.59)



and for ¢ € [fy, ;] we define

~

M(i, 2°, p)(t) = M(u*, 0k, 00)(t), (4.60)

Py

where 20 = S(u;o-gd)(tO), k) = 02(50) and
ey Joult), ifte fto, ],
v = { a(t), ifte [ly, 1], (4.61)

Note that we have S(4,2°) = S(u*,0b,) and P(i,3°) = P(u*,08,) on [ty,11]. Causal-
ity and continuity of M again follows from Lemma 4.1. To prove that the remaining
assumption of Theorem 3.2 is satisfied, let us fix u € U, with

2
,U:{L((S) < Eué(é), 0 < 59. (4.62)
We then have for all ¢ € [to, ;]
(k) * *
[ (", 0t 0}) (0) = B (u", 0b, o) ()] < 2R(K) |1 — & T (VOO
2R(k)y(k
< PO varpian). e
0,
From (4.55), (4.62) and Proposition 2.5 it follows that
VarP(u*;0%,) <el14 —— <l t € [to, &1] (4.64)
arP(u*; : :
ot 1004) = € 2r—¢)) = 4Ty’ 051
From (4.63) and (4.64) we obtain
M(a,2°, p M(a. 80 5) )] < 222 Var Pluo?) < © 4.65
M@ 3, B)(8) — M35 ) < T VarPlusof) <5, (469
and consequently
IM(,2°,p) ()| <1—F, t€ by ti]. (4.66)

Thus, Theorem 3.2 can be applied and yields an extension of u to [fo,fl]. Let now
@ € C([ty,t1]; T4) be any such extension. We want to prove that

IM(i,2°,p) ()| <1—k, t€ byt (4.67)

If this is not the case, there exists a ¢ € [fy,{;] such that

(M(@,2°p)(t)| > 1 — &, (4.68)
IM(@,2°,p)(s)] < IM(a,2°,p)(t)|, Vsel[i’). (4.69)
Put
o(t) = 2AULELPE) (4.70)
M (1,20, p)(t)]



By (4.69), we have for all s € [°, )
5)(t) — M(a, 2°,5)(s), (1)

M(i, 20, p
// e z(r) — ok(7), e(t)) dv(k) AV (u)(7), (4.71)
0) and

0 <

because of (4.32), (4.2 (4.21), where

z(t) = S(u;00,)(t), V(u')(t) = VarP(u*;08y), op = F'(u',00,,00).  (4.72)

[tO 7t}

Since the functions x and o} are continuous and V' (u*) is nondecreasing, it follows from
(4.71) that

/1 v(k>2<R§k)x(t> ~ b(0) (V) dv (k) > 0. (4.73)
Since z(t) = 0% (t) = oa(t) — [, ob(£) dv(k), (4.73) yields
%<ad(t>,e> > / (F— #3908 ) (0H0). e(0) (). (4.1
hence
foalle = [ (14 225 (b0 e aviwy (4.75
— Tytr— /I <1+”F(’:) >(R(k)e(t)—a,';(t),e(t)>du(k).

For almost all k& € I we have (R(k)e(t) — ob(t),e(t)) > 0, hence by definition (4.51) of 3
we have

[(H%f)z) (R(k)e — ob(t), ) dulk) < 5/ Ke — ob(t), ) du(k)
= ALl — IM(,2°9)(1)])
< Bk (4.76)

From (4.75) and (4.76) it follows that
l0alle >To+7— BTk, (4.77)

which contradicts (4.53). Thus, no ¢ € [fy, ;] can satisfy (4.68) and (4.69), and we have
proved the statement concerning (4.56) and (4.57) completely. Uniqueness of the solution
u in [tg, ¢1] and its continuous dependence upon the data follows in the same manner as in
the proof of Theorem 4.2. We only have to note that assumption (4.46) guarantees that
the choice of & to ensure (4.52) and (4.53) does not depend on n. 0
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