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Abstract

We develop a Hungarian construction for the partial sum process of independent, non-
identically distributed random variables. The process is indexed by functions f from a
functional class H, but the supremum over f € H is taken outside the probability. This
nonstandard form is a prerequisite for the functional Komlés-Major-Tusnady inequality in
the space of bounded functionals [°°(#), but contrary to the latter it essentially preserves
the classical n~'/2logn approximation rate over large functional classes H such as the
Hoélder ball of smoothness 1/2. The nonstandard form has a specific statistical application
in the asymptotic equivalence theory for experiments.

1 Introduction

Let X;,i =1,...,n be a sequence of independent random variables with zero means and finite
variances. Let H be a class of real valued functions on the unit interval [0,1] and t; = ,
t =1,...,n. The partial sum process indexed by functions is the process

Xt (f)=n"1/? anf(ti)xi, feM.
i=1

Suppose f € H are uniformly bounded; then X(®) may be regarded as a random element
with values in [*°(?)- the space of real valued functionals on H, equipped with the sup-norm
HX(") HH = SUPfcy ‘X(")(f)‘. The class H is Donsker if X(™ converges weakly in [®(H) to a
Gaussian process. We are interested in associated coupling results, i. e. in finding versions of
X ™) and of this Gaussian process on a common probability space which are close as random
variables. The standard coupling results of the type "nearby variables with nearby laws” (cf.
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Dudley [4], sec. 11.6) naturally refer to the metric ||-||,,. For an appropriate version of X (n)
(X(™) say) and of a Gaussian process N(®) we might then obtain that

p* (Hx(n) BN

H>x)—)0 (1)

where P* refers to outer probability on the common probability space (cf. van der Vaart and
Wellner [20], 1.9.3, 1. 10. 4).
We are here interested in a different type of coupling. We are looking for versions X(™),
N such that
supP(‘X(”)(f)—N(”)(f)‘ >z) =0 2)
fer
such that in addition exponential bounds of the Komlés, Major and Tusnady type are valid.
Note that (2) is weaker than (1) since the supremum is taken outside the probability, but
there is the further exponential bound requirement. More specifically, we are interested in a
construction involving also a rate sequence r,, — 0 such that

sup P (‘X(")(f) — N (f)‘ >z rn) < ¢pexp{—ciz} (3)
fer

Here ¢y, c1 are constants depending on the class .

The classical results of Komlds, Major and Tusnddy [11] and [12] refer to a sup inside the
probability for a function class H = Hg, where H is the class of indicators f(t) = 1(¢ < s),
s € [0,1]. The following bound was established: for r,, = n='/2logn

p (Hx(n) _N®

>z rn> < ¢pexp{—ciz}, (4)
Ho

provided Xi, ..., X;, is a sequence of i.i.d. r.v.’s fulfilling the Cramér condition
Eexp{tX;} <oo, [t|<ty, i=1,...,n, (5)

where ¢y, c¢; are constants depending on the common distribution of the X;. Note that r, in
(4) can be interpreted as a rate of convergence in the CLT over [*°(H). The main motivation
for our paper is that an extension of (4) to larger functional classes H in general implies a
substantial loss of approzimation rate r, (cp. Koltchinskii ([10], theorem 11.1). Our aim is a
construction where the almost n~1/2-rate of the original KMT result is preserved despite the
passage to large functional classes H like Lipschitz classes.

Couplings of the type (3) have first been obtained by Koltchinskii ([10], theorem 3.5)
and Rio [18] for the empirical process of i.i.d. random variables, as intermediate results.
They can be extended to a full functional KMT result, i.e. to a coupling in [*°(H) with
exponential bounds, but a reduced approximation rate r, determined by the size of H in
terms of entropy conditions. We thus carry over Koltchinskii’s theorem 3.5 from the empirical
to the partial sum process, but under very general conditions: the distributions of X; are
allowed to be nonidentical and nonsmooth. That setting substantially complicates the task
of a Hungarian construction. We can rely on the powerful methodology of Sakhanenko [19]
who established the classical coupling (4) for the nonidentical and nonsmooth case. We stress
however that for the functional version (3) we need to perform the construction entirely anew.
Our results relate to Sakhanenko’s [19] as Koltchinskii’s theorem 3.5 relates to Komlds, Major
and Tusnady [11] and [12].



Our further discussion can be arranged into three points.

A. Statistical motivation. The Komlés-Major-Tusnady approximation has found
an application recently in the asymptotic theory of statistical experiments. In [14] the clas-
sical KMT inequality for the empirical process was used to establish that a nonparametric
experiment of i.i.d. observation on an interval can be approximated, in the sense of Le Cam’s
deficiency distance, by a sequence of signal estimation problems in Gaussian white noise. The
two sequences of experiments are then asymptotically equivalent for all purposes of statisti-
cal decision with bounded loss. This appears as a generalization of Le Cam’s theory of local
asymptotic normality, applicable to ill-posed problems like density estimation.

The Hungarian construction had been applied in statistics before, mostly for results on
strong approximation of particular density and regression estimators (cf. Csorgé and Révész
[3]). It is typical for these results that the supremum inside the probability is needed; for
such an application of the functional KMT cf. Rio [18]. However for asymptotic equivalence
of experiments, it became apparent that it is sufficient to have a coupling like (3) with the
”supremum outside the probability”. Applying theorem 3.5 from Koltchinskii [10], it became
possible in [15] to extend the scope of asymptotic equivalence, for the density estimation
problem, down to the limit of smoothness 1/2. Analogously, the present result can be used for
establishing asymptotic equivalence of smooth nongaussian regression models to a sequence
of Gaussian experiments, cf [7].

B. Nonidentical and nonsmooth distributions. The assumption of identically
distributed r.v.’s substantially restricts the scope of application of the classical KMT in-
equality for partial sums. However this assumption happens to be an essential point in the
original proof by Komlés, Major and Tusnady and also in much of the subsequent work. The
original bound was extended and improved by many authors. Multidimensional versions were
proved by Einmahl [5] and Zaitsev [21] with a supremum over the class of indicators Hy. A
transparent proof of the original result was given by Bretagnolle and Massart [1]. We would
like to mention the series of papers by Massart [13] and Rio [16], [17]. They treat the case
of RF-valued r.v.’s X;, indexed in Zi with a supremum taken over classes H of indicator
functions f = 1g of Borel sets S satisfying some regularity conditions. Condition (5) is also
relaxed to moment assumptions, but identical distributions are still assumed.

Although there are no formal restrictions on the distributions of X; when performing a
Hungarian construction, it is not possible to get useful quantile inequalities if the r.v.’s X; are
non-identically and non-smoothly distributed. (Recall that in the coupling of a r.v. with a
Gaussian via the two distribution functions, a quantile inequality refers to the distance of the
two random variables, cf. section 4.) This can be argued in the following way (see Sakhanenko
[19]). Let us consider the sum S = Xj + ... + X,,, where X; takes values &-(1 + 27*). Then
we can identify each realization X; by knowing only S. In the dyadic Hungarian scheme, the
conditional distribution of X; + ...+ X, /7] given S is considered and used for coupling with a
Gaussian random variable. However this distribution is now degenerate and hence not useful
for coupling. This problem does not appear in the i.i.d. case, due to the exchangeability of
the X;. Quantile inequalities are an essential ingredient in the results of Komlés et al. [11]
and [12].

We take a way to overcome this difficulty proposed by Sakhanenko [19]. In his original
paper Sakhanenko treats the case of independent non-identically distributed r.v.’s for a class
of intervals H = Hy. The particularly simple structure of functions in the set H( simplifies
the problem substantially. Here we consider the problem in another setting: H = ’H(%, L),



where H(%,L) is a Holder ball with exponent % and the sup is outside the probability, i.e.
we give an exponential bound for the quantity (3) uniformly in f over the set of functions
’H(%,L). This setting makes the problem more complicated. In particular this is related to
the fact that the pairs ()?,,WZ), i1 =1,..,n, of r.v’s X; 4 X; and W; 4 Wi, i =1,...,n
constructed on the same probability space by the KMT method are no longer independent.

C. Coupling from marginals. A weaker coupling of X(®) and N(® can be obtained
as follows. Assume for a moment that the X; are uniformly bounded: |X;| < L,i=1,...,n
and also that || f||,, < L, f € H. Take a finite collection of functions Hoo = (fj);j=1,..a C H
and consider Z; = (f(t:)Xi) ey, as random vectors in R%. Reasoning as in Fact 2.2 of
Einmahl and Mason [6] (using the result of Zaitsev [22] on the Prokhorov distance between
the law of Y7 | Z; and a Gaussian law) we infer that for all such #go there are versions x(n)
N such that

P (frg%x nl/? ‘x(")( ) — N ( f)‘ > x> < ¢o(d) exp(—c1 (d)zL L), z > 0. (6)

This yields (3) with rate 7, = n~%/2 for every finite class Hoy C H of size d, but with
constants cy(d), ¢1(d) depending on d. Hence any attempt to construct X(® and N(® on the
full class H from (6) is bound to entail a substantial loss in rate r,, but laws of the iterated
logarithm can be established in this way (cf. Einmahl and Mason [6]). Thus, to obtain (3) for
rm = n~"Y2log?n and a full Holder class ’H(%, L), the shortcut via (6) appears not feasible,
and we revert to a direct KMT-type construction.

In order to make the proof more transparent we prefer to give a non-optimal (up to
a logarithmic term) result, but we believe that it is possible to get the optimal rate by
using the very delicate technique of the paper [19]. The main idea is, roughly speaking,
to consider some smoothed sequences of r.v.’s instead of the initial unsmoothed sequence
X1, ..., Xpn, and to apply the KMT construction for the smoothed sequences. This we perform
by substituting normal r.v.’s N; for the original r.v.’s X;, for even indices ¢ = 2k in the initial
sequence. Thus we are able to construct one half of our sequence and combine it with a Haar
expansion of the function f. For the other half we apply the same argument, which leads to
a recursive procedure. It turns out that this kind of smoothing is enough to obtain ”good”
quantile inequalities although it gives rise to an additional logn term. On the other hand the
usual smoothing technique (of each r.v. X; individually) fails. Unfortunately even the above
smoothing procedure applied with normal r.v.’s is not sufficient to obtain the best power
for logn in the KMT inequality for non-identically distributed r.v.’s. An optimal approach
is developed in the paper of Sakhanenko [19] and uses r.v.’s constructed in a special way
instead of normals. Roughly speaking it corresponds to taking into consideration the higher
terms in an asymptotic expansion for the probabilities of large deviations, which dramatically
complicates the problem. For more details we refer the reader to this beautiful paper.

Nevertheless we would like to point out that the additional logn term which appears
in our KMT result does not affect the eventual applications that we have in mind, i. e. the
asymptotic equivalence of sequences of nonparametric statistical experiments. We also believe
that that a stronger version of this result (with a sup inside the probability) might be of use
for constructing efficient kernel estimators in nonparametric models. But such an extension
is beyond of the scope of the paper.



2 Notations and main results

Suppose that on the probability space (€', F', P') we are given a sequence of independent
r.v.’s Xi,..., X, such that foralli=1,...,n

E,Xi = 07 'ynCmin < E,XZZ < Cmax’Yn (7)

with some constants 0 < Cpin < Cpax < 00, where 7, is a sequence of real numbers 0 <
Yn < 1, n > 1. Hereafter E’ is the expectation under the measure P’. Assume also that the
following condition due to Sakhanenko [19]

ME' | Xi|* exp{Xo | X;|} < E'X? (8)

holds true for ¢ = 1,...,n with some constant Ay > 0.
Along with this assume that on another probability space (2, F, P) we are given a
sequence of independent normal r.v.’s Ny, ..., N, such that

EN; =0, EN?=FE'X?, (9)

for ¢ = 1,...,n. Hereafter F is the expectation under the measure P.
Let 7—[(%, L) be the Holder ball with exponent %, i.e. the set of real valued functions f
defined on the unit interval [0, 1] and satisfying the following conditions

1f(z) — fy)| < Lz —y['?,

where L > 0 and
[ flloo < L/2.

Let t; =1/n,i=1,...,n be a uniform grid in the unit interval [0, 1]. The notation Y’ 2 X for
random variables means equality in distribution.

Theorem 1 A sequence of independent r.v.’s )?1, . )?n can be constructed on the probability
space (Q, F, P) such that X; 4 X;,i=1,...,n and

> z log? n) <cpexp{—ciz}, >0,

sup P ( > F(t) (X - )
feM(3.L) i=1

where cy, c1 are constants depending only on Cuin, Cmax, Ao, L-

Remark 1 In the above theorem the r.v.’s X;, i = 1,...,n are not supposed to be identically
distributed nor to have smooth distributions, although the result is new even in the case of
i.0.d. 7.v.’s.

Remark 2 In the notation of (3), we have a rate v, = n~ /2 log? n.

Remark 3 The lower bound in condition (7) cannot be relaxed under the uniform design
ti=1/n,i=1,..,n. We conjecture that E'X? could be arbitrarily small if, for instance, the
design is chosen to be

B2

ti:B_%a

%
B? = ZE’X}, i=1,..,n,
k=1

but this does not follow directly from our proof.



Theorem 1 can be formulated in an equivalent but a little bit more compact form.

Theorem 2 A sequence of independent r.v.’s )?1, e )?n can be constructed on the probability

space (Q, F, P) such that X; 4 X;,i=1,...,n and
} < C1,

where cy and c1 are constants depending only on Cuin, Cmax, Ao, L-

n

Y F(E) (X = ;)

=1

1
sup FEexp{co—s
fem(s.n) log™n

It is easy to see that Theorems 1 and 2 follow from Theorem 3 below.

Theorem 3 A sequence of independent r.v.’s )A(:l, e Xn can be constructed on the probability
space (Q, F, P) such that X; 2 Xi, i =1,...,n and for any t satisfying |t| < cp

(2ﬁmxﬁ—m0}3mmﬁﬂ,

=1

1
log®n

sup Fexp {t
fEN(5.L)

where ¢y and c1 are constants depending only on Cupin, Cmax, Ao, L.

The proof of Theorem 3 is given in Section 6.
Now we turn to a particular case of the above results. Assume that the sequence of
independent r.v.’s X7, ..., X;, is such that for alli =1,...,n

E'X; =0, Cmin < E'X} < Crax (10)
for some constants 0 < Cpin < Chax < 00. Assume also that the following Cramér condition
E'exp{Co |X;|} < C1 (11)

holds true for 7 = 1,...,n with some constants Cy > 0 and 1 < Cy < 0.
We establish that Sakhanenko’s condition (8) holds true under (10) and (11). This
follows from the next almost obvious assertion.

Proposition 4 Let X;, i = 1,...,n be r.v.’s satisfying (10) and (11). Then (8) is also
satisfied with some Ag > 0.

Proof. Assume w. l. 0. g. that Cy < 1 and put A\g = C3 min{l/Z,Cl_lCmin/48} . Since
y® < 6exp{y}, we have for any y > 0, with ¢t = C/2

ME X2 exp {No | Xi|} = ot *E'|tX;]> exp {\o | Xi|} < 48X\C, 3 E exp {Cy | Xi|}
< 480\C,3Cy <480 C,CiC LE'X? <E'XZ. 1



3 Haar expansion

We will make use of some elementary facts on Haar expansions (see for instance Kashin and
Saakjan [9]).
The Fourier-Haar basis on the interval [0,1] is introduced as follows. Consider the
dyadic system of partitions by setting
skj =3527",
for j=1,...,2F and
Apy =1[0,881], Ak = (Sk,j—1, Sk,1; (12)

for j =2,...,2F, where k > 0. Define Haar functions via indicators 1(A ;)

ho =1(Ao1),  hij=2"2(1(Aks1,0j-1) — 1(Akt1,29)),

for j =1,...,2% and k& > 0.
If f is a function from L3([0, 1]) then the following Haar expansion

oo 2k
f=colfho+D Y eri(f)h,
k=0 j=1
holds true with Fourier-Haar coefficients
1 1
wlf) = [ S@houdu, () = [ Fhnsw (13)
for j =1,...,2% and k > 0. Along with this, consider the truncated Haar expansion
m—1 2
foo = co(f)ho + Z Z ¢k, (f)h,g, (14)
k=0 j=1

for some m > 1.
Proposition 5 For f € H(%,L) we have

(NI S L/2, e (N <27%2L27°F,
fork=0,1,... and j =1,...,2%.

Proof. It is easy to see that

g = 2P fwdu- [ fwa),
Agy1,25-1 Agy1,25

=22 [ ()~ fur 2 ) du

Since f is in the Holder ball (3, L) we get

< 2 sup  |f(u)— flut 2B / du

UEAL 11,251 Agt1,25-1
< ok/2[o-(k+1)/29-(k+1) < 9-3/2 0k g

|k

Now we give an estimate for the uniform distance between f and fp,.



Proposition 6 For f € H(3,L) we have

sup |f(t) — fm(t)] < L27™/2.
0<t<1

Proof. It is easy to check (see for instance Kashin and Saakjan [9], p. 81) that whenever
t€Am

funlt) = 27 /A f(s)ds,

m,j

for j = 1,...,2™, which gives us f,,(t) = f(tm ), with some t;,; € A, ;. Since f(t) is in the
Hélder ball H(%, L), we obtain for any j = 1,...,2™ and t € Ap,

11(t) = fm(®)] = [£(8) = fn(Emg)| < LIt —Emg|/* < T27™. W

4 Background on quantile transforms

Assume that on the probability space (', F’, P') we are given a sequence of independent
r.v.’s Xy, ..., X, which satisfies for any i = 1, ...,n the conditions

E'X; =0, (15)

and
E' | X;|* exp {AX;} < o0, (16)

for some A > 0. For any h satisfying |h| < A introduce the r.v.’s with conjugate distributions,
i.e. the r.v.’s X;(h), i = 1,...,n whose distributions are Cramér transforms

P (X;(h) <z) = hde (y), =R,

of distributions Fj(y) = P(X; <y), y € R!, i = 1,...,n. Put for brevity

B(h)? = Y E'X;(h)? B*=B(0)=) E'X]
i=1 i=1

LR = S EIXMP, Tk = g

Let X = X; 4+ ...+ X, and X (h) = X1(h) + ... + X,,(h). The characteristic function of X (h)

N B exp {(h + V1 £)X)
E'exp{hX} '

¢ (t,h) = E'exp {vV/—1tX(h)} =

For any r > 0 denote

U(r) = sup / o (&, h) |dt,
\t\>T()

|h|<r

K(r) = sup ZE'|X
|h\<7‘Z 1



Definition 1 Let r > 0. The r.v. X is said to be in the class Dy(r) if 0 < E'X? < oo and
there are independent r.v.’s X1, ..., Xy, satisfying conditions (15) and (16) with X\ = r, such
that X = X1 + ... + X, and r®U(r) < B3, 472K (r) < B2

We now introduce the quantile transform and the associated basic inequality (see
Lemma 7). Let X be an arbitrary r.v. on a probability space (', F', P') and N be a nor-
mal r.v. on another probability space (Q,F, P) with distribution functions F(z) and ®(z)
respectively. Note that the r.v. U = ®(N) is distributed uniformly on [0, 1].

Definition 2 A r.v. X on (Q,F, P) is said to be the quantile transform of the r.v. N if it
satisfies the equation _
F(X)=®(N)="U.

It is easy to see that a solution X exists if and only if F' is continuous, and in that case
X is unique a. s. and has distribution function F'. Note that for X in Dy(r), F' is continuous.
The following assertion is due to Sakhanenko [19] (see Lemma 1, p. 32).

Lemma 7 In addition to the above suppose that X € Dy(1) and N are such that E'X? =
EN? = B2. Then

~ X2

‘X—N‘ SCl{l—i‘ﬁ}

provided |)?| < B%/2 and B > 4. Here c; is an absolute constant.

Let us now introduce the conditional quantile transform and the associated basic in-
equality ( Lemma 8 below).

Let X;, Xo be independent r.v.’s on a probability space (', F', P') and Ny, Ny be
independent normal r.v.’s on another probability space (2, F, P). Put X, = X; + X3 and
Ny = Ni + N>. Suppose that we have constructed a r.v. Xy with the same distribution as
Xy, which depends only on Ny and on some random vector W. Suppose that the r.v.’s N;
and N2 do not depend on W. Let F'(z|y) be the conditional distribution function of the r.v.
X7 w.r.t. Xy and ®(z|y) be the conditional distribution function of the r.v. Ny w.r.t. Ny.

Definition 3 A r.v. )?1 1s said to be a quantile transform of N1 conditionally w.r.t. 5('0 and
Ny if it satisfies the equation

F(X1|Xy) = ®(N,|Ng) = U.

Remark 4 The r.v.’s X1 and Xg = X[) — X1 are mdependent and Xl = Xl, X2 = Xg
Moreover the r.v.’s X1 and X2 are functions of the r.v.’s Xy, N1 and Ny only.

Proof. Consider the r.v. U = ®(N1|Np). It is easy to see that the distribution of U
given Ny = y, for any real y, is uniform on [0, 1]. This means that the r.v.’s U and N; are
independent. Since N; and Nz do not depend on W, we conclude that t U does not depend
on Ny and W. But X is a functionof Ny and W only. Hence U and X, are also independent.

Next, since the uniform r.v. U does not depend on Xj, we can easily check that the
distribution of X given Xy = y, for any real y, is exactly F(-|y). Taking into account that

Xo £ X(), we conclude the two-dimensional distributions of the pairs (X1, Xo) and (X1, Xo)
coincide. From this we obtain in particular that X1 and Xg are independent r.v.’s and that

)Z 1 4 X1, )?2 4 X5. Moreover it is obvious by construction that )?1 and )?2 are functions of
XU, Nl and N2 only. |



Remark 5 We point out that the r.v. 5(:2 = 5('0 — )?1 defined above is in fact the quantile
transform of the r.v. Na conditionally w.r.t. Xy and Ny.

The following assertion is due to Sakhanenko [19] (see Lemma 3, p. 32).

Lemma 8 In addition to the above suppose that X1, Xs € Dy(1l) and Ny, Ny are such that
E’Xl = EN1 and E’XQ = EN2 Put

_ E'X}? » E'X?E'X}

- E'X} - E'X?

a;

Then fori=1,2

. 3 % 32
Xi—Ni—ai(XO—NO)‘SCQ{l-FBZ2+B—3}:

provided | X;| < B2/6, | Xo| < B2/6 and B > 4. Here cy is an absolute constant.
The following remark is easy to check, so the proof is left to the reader.
Remark 6 If X € Dy(r) for some r > 0, then rX € Dy(1).

Remark 7 If the r.v.’s X and X, X2 in Lemmas 7 and 8 are in the class Dy(r) for some
r > 0, then the assertions of Lemmas 7 and 8 hold true with ci(r) = r lc; and co(r) = r lco
replacing c1 and co respectively.

In the sequel we will give some sufficient conditions for a r.v. X to be in the class Dy(r).
Assume that on the probability space (2, F', P') we are given a sequence of independent
r.v.’s Xy, ..., X, which for i =1, ..., n satisfies the conditions

E'X; =0, E'X? < Chpax (17)

and
ME' | X2 exp {No | Xi]} < E'XZ, (18)

for some Ay > 0. Put X = X; + ... + X,,.

Proposition 9 Assume that for any € € (0,1] and any § € (0,1] there is a constant cy
depending only on €, §, Ag and Cypax such that

e® sup / lo(t, h)|dt < ¢y (E'X2)_3/2.
|h|<e J|t|>d

Then X € Dy(r) for some constant r > 0 depending on Ny and Crax.

10



Proof. Condition 0 < E'X? < oo follows from the independence of X1, ..., X,, and (17).
Condition (18) with A = Ay/2 follows from (18) and the inequality y < exp{y},y >0:

E' | X exp {NoX;/2} <3 E’ | X;|? exp { o | Xi|} <3 E’X2 < 0.
Now we proceed to check condition r2U(r) < B~3. First we will show that T(h) > &y if
|h| < g for some €y and §y depending on A\g and Cpayx. To this end put ¥; (h) = E' exp{hX;}
for |h| < Ag. A three term Taylor expansion yields for |h| < Ay

1 1
i (h) =1+ 5th’X,? + Eh?'E’X,?' exp {0hX;},

with 0 < 6 < 1. Hence by (18) and (17) we have for |h| < min{)\g, ;1;,/(2}

5
i (h) <1+ 2 th’X2 <1+= hZCmax <3 (19)
In the same way we show that for |h| < X\g/2
]‘ / " 3 !
§E X; <j'(h) < §E Xi. (20)

For this we note that by Taylor expansion

Y(h) = !(0) + hep"(6R) = E' X2 + hE' X3 exp {6 X},

)

where 0 < € < 1, and make use of the inequalities (18) and (17). Inequalities (19) and (20)

yield
n h)
E'X;(h)? = ¥i ( —E’X2
)= gy = 10
Hence for |h| < gy = min{)\g/2, CI;;;/;Z}
= En:E’X-(hV >3 zn:E’X? _ 3 (21)
A T A

On the other hand by (18) for |h| < Ay

ZE’ | X (R ZEX2 (22)

Put §y = min {;5Xo, 1} . Then from (21) and (22) we have for |h| < g

_1B(h)* _ 3

This bound implies

U(eop) < sup / lo(t, h)| dt = U*(eo, dp)-
|h|<eo J1t[>do

11



By the assumptions of the proposition for these £y and §y there is a constant ¢; depending only

on gy, 6 and Ay such that e2U* (g, dp) < c1(E'X?)73/2 = ¢; B3, From the last inequality

we get that for r <r =¢g min{l,c{l/2

r2U(r) < ¢, 'edU(eg) < ¢; telU* (g9, 80) < B3,

It remains only to check the condition 472K (r) < B?; this can easily be obtained from (18)
and the inequality y < exp{y}, y > 0, if we take r < ro = Xy/4:

4’K(r) < 4> E'|X[*exp{r|Xi|}

=1
n

< 4 E'|XP exp {2r | Xi]}
i=1

< XY E'|Xil exp {o | Xi[}

=1

n
< Y E'X}=B
i=1
Now the assertion follows if we put 7 = min{ry,72}. W

5 A construction for non-identically distributed r.v.’s.

In this section we assume that we are given a sequence of independent r.v.’s X;,i = 1,...,n
satisfying the relations (7) and (8) for all 7 = 1,...,n. We will construct this sequence on the
same probability space with a sequence of independent normal r.v.’s N;,7 = 1, ..., n satisfying
(9) so that they are as close as possible. More precisely, the construction is performed so that
the quantile inequalities in Section 4 are applicable. The sequences obtained are dependent.

5.1 Some notations

Put M = [logy n]. Tt is clear that 2 < n < 2M+1 Introduce uniform design points ¢; = %,
i =1,...,n on the unit interval [0, 1]. For any fixed m = 1, ..., M define

Im={j:1<j2M™™ <n},

Denote the number of elements in J,, by n,,, i.e. ny, = #J,. For any m = 0,..., M and

j € Jm put for brevity (m,j) = j2M ™. Let 6 = tym gy and X7" = X iy for j € Jp,.

Put 8,(0) = 0 and B (s) = E'(X]")? if s € (¢ 1,¢7"], j € Jm. If £ < 1 then define
Bm(s) = E'(X )2 for s € (t7 ,1]. Introduce the increasing function by, : [0,1] — [0,1] as
follows: .

m(s)d
b (t) = M, t €10,1].
fo Bm(8)ds
Let a.,(t) be the inverse of b,(t), i.e.
am(t) =inf {s € [0,1] : by, (s) > t}. (23)
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It is easy to see that condition (7) implies that both b,,(t) and a.,(t) are Lipschitz functions:
for any t1,ts € [0, 1] we have

|bm(t2) - bm(t1)| < Lmax |t2 - t1|
and
|am(t2) - am(t1)| S Lmax |t2 - t1| (24)

with Lyayx = max/Cmin-

Consider the dyadic scheme of partitions Ay ;, j = 1,..., 2%k =0,..M of the interval
[0,1] as defined by (12). For any m = 0, ..., M denote by I;"; the set of indexes ¢ € Jp, for
which by, (¢*) falls into Ay ;, i.e.

LY ={i € Jm :bn(t) € Ay}, §=1,..,2%, k=0,.,m.

Since Ak,j = Ak+1’2j,1UAk+1’2]‘ and Ak+1,2jflmAk+l,2j = ), it is clear that I,??] = II::):LI—I,Zj—l—i_
I,Z’_‘l_l,2j_1 for j = 1,...,2%. In particular Jy; = Ipy.

It is not hard to see that each set I kj contains at least one element, if we choose n to
be large enough.

Note that we have introduced the above sets of indices such that the sequence X" =

X(m,j)» J € Jm 1s split into blocks with ”almost” the same variances. This turns out to be
one of the crucial points in the proof of our results, as we will see later. Indeed, if we set now

Xiy= 2 X7 (25)

eIy,

then it is easy to see that the following holds true.

Proposition 10 For any k=0, ...,1 and j = 1,...,2% we have
‘E’(X]T:zjil)Z - E’(Xlrgrfzj)ﬂ < 2CmaxVn-

Proof.  Let A(Ag;) be the length of the interval Ay ; and A} ; = am(Ag,;) be the image
of A j by the map an,(t). Then

fAEJ- Bm(8)ds
AMAg ) = W (26)
o Pm

By the definition of 3,,(s) and (7) we have

Bm(s)ds = by Y E' (X" + 0hmCrnaxTn,

AY . - —Tm
k,j lelk,j

where hy, = t™ — ™, = 2M~™/p and |§| < 1. This and (26) imply
/ ,Bm dS)\(Ak] Z E, Xm) + ocmax'Yna
zeI,;"]
from which we easily obtain the assertion if we note that

E (xp) =Y E(xm)?

zelm

due to the independence of the r.v.’s X", i € LY.
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5.2 The construction

Recall at this moment that we are given just two sequences of independent r.v.’s: X,
i =1,...,m on the probability space (', 7', P') and N;, i = 1,...,n on the probability space
(Q,F, P). We would like to construct on the probability space (2, F, P) a sequence of inde-
pendent r.v.’s )?i, t = 1,...,n such that each X; has the same distribution as X;. We now
describe an appropriate version of the Komlés-Major-Tusnddy construction.

e KMT procedure. Let &, j, j = 1,...,2™ be a sequence of independent r.v.’s defined on
a probability space (¥, F', P') and 1 ; j = 1,...,2™ be a sequence of independent normal
r.v.’s on the probability space (€2, F, P). We want to construct a sequence independent r.v.’s
Em,ja j=1,..,2™ on (Q,.'F, P), such that Em,j 4 Sm,ja j=1,...,2™. Put gk,j = 6’,‘5’172].*1 +
Ek+1.2> Mhj = Mk+1,2j—1 + Me+1,250 § = 1, w2k for k =0,..,m — 1. First define €0,1, to be
the quantile transform of 79 ; (see Section 4). Supposing that for some k = 0,...,mm — 1 we
have already constructed the r.v.’s §~k,j, j=1,..2% let §~k+1,2]-_1 be the quantile transform
of Mg41,2j—1 conditional w.r.t. Ek,j and ng ;, for j = 1,...,2F (see Section 4). Finally, let
Ek+]_’2j = E,m- - Ek+]_’2j,]_, j =1,...,2F, this completing the KMT procedure.

_ The following lemma, due to Komlos et al. [11], [12] and Sakhanenko [19], shows that
€m,j, J = 1,...,2™ is the required sequence.

. >~ d
k are independent and €kj = kg

Lemma 11 For any k =0, ...,m the r.v.’s E,w-, ji=1..2
j = 1,...,2%. Moreover the r.v.’s Ejr J = 1,...,2F are functions of the sequence Mk, ] =

1,...,2% only.

Proof. The case with £ = 1 follows from the Remark 4. Assume that the assertion holds
true for some k£ > 1 and let us prove it for £ + 1 < m.

For the sake of brevity put X = {Ek,j :j=1,..,2F} and Y = {nk,]- 1j =1, ...,2’“}.
Only the independence needs to be checked, the equality in distributions being obvious by
Remark 4. Again by Remark 4 it follows~that the r.v.’s Xg41 are functiorls of the r.v.’s
Y41 only. Note that each pair (€41,2j-1,8k+1,2) is a function of the r.v.’s § ; and Uy ; =
®(Nk+1,2j—1|Mk,;) only, while the r.v. Uy ; does not depend on the r.v.’s Y}, and, in particular,
on the r.v. Ek] Hence for any real z, y

P (Ek+1,2j71 <@, Epp12; <Y IYk) =P (Ek+1,2jfl <@ €112 <Y |§~k,j) : (27)

Since the r.v.’s X;1 are independent conditionally w.r.t. Yy, taking into account (27) we
obtain

2k+1 2k
Pl ] {§k+1,j < x,-} = E[[P ({§k+l,2j*1 < @951, k1,25 < 7521'} IYk)
j=1 Jj=1

2k
= FE H P ({§k+1,2]’—1 < i1, Ert125 < 5621'} |§k,j) ,
j=1

for any reals z;, j = 1,..., 2k+1. By the induction assumption the r.v.’s Ek,j, j=1,..,2% are
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independent, hence

2k+1 2k
P H {§k+1,g <z } = H P (§k+1,2j—1 < @oj_1, Ert12j < 562]') .

To complete the proof it suffices to make use of the independence of r.v.’s Ek+1,2j,1 and
Eki1,2j- W

It turns out that these properties are enough for proving a KMT result if the ”indexing”
functions belong to the class of indicators. However for proving our functional version of the
KMT approximation we need more properties of this construction. To formulate them we
introduce the following notations:

1/2 1/2
2 2

_ Em 11,95 . Emgi1251
/Bk+1,2j—1 = — 2 ’ /8k+1,2j -\ 2 )

Enk+1,2j—1 Enk+1,2j
Vij = Br+1,2j 1Mk+1,25-1 — Bet1,2iMk+1,25>
Zkj = &k+12j-1 —&kt1,25,  Ckj = Zk,j — Vi

Lemma 12 For any k=0, ...,m the r.v.’s (4 j, j = 1, ..., 2% are independent.

Proof.  The proof is similar to that of Lemma 11. We also keep the same notations. First
we note that the r.v.’s Vi ; and ng; = Mky12j—1 + Mk41,2; are independent since they are
normal and uncorrelated. Obviously each r.v. (4 ; is a function of the r.v.’s §k j» Ur,j and Vk g

only. Also Uy ; and Vk] do not depend on the r.v.’s Y; and, in particular, on the r.v. fk]
Hence for any real x

P(Ck,j < :E|Yk) = P(Ck,] > x|§k ])

Since r.v.’s (x; j = 1,..., 2% are independent conditionally w.r.t. Yy

2k 2k

2k
[T {¢ks <} | = ET] P (G < ilYe) = B[] P(Crj < z4lk),
j=1 7j=1

i=1

for any reals z;, j = 1, ...,2F. Now we make use of the independence of the r.v.’s §~k,j, j =
1,...,2F to obtain the assertion. W

In the sequel we shall need also an auxiliary procedure which is not as powerful as
the KMT construction, but permits us to construct somehow the components inside an al-
ready constructed arbitrary sum of independent r.v.’s. Below we present one of the possible
methods.

o Auziliary construction. We start from an arbitrary sequence of independent r.v.’s
&1, &n given on (U, F',P"). Put S,, = & + ... + &, Suppose that on another probability

space (Q,F, P) we have constructed only the r.v. Sp = Sn, which corresponds to the sum
Sn and we wish to construct its components, i.e. the independent r.v.’s {1, ,{n such that
§1 4 &, and Sn = §1 4+ .+ §n. As a prerequisite we assume that on the probability space
(Q, F, P) we are given independent normal r.v.’s 1, ..., . First we define &; to be the quantile
transform of 7; conditional w.r.t. §n and U,, where U, = 11 + ... + n,. If for some £k < n
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the r.v. El, ...,Ek,l are already constructed, we define Ek to be the quantile transform of n;
c~0ndit~ional~w.r.t. SQ — & —...— &1 and U, — 1 — ... — ng_1. Finally for £ = n we put
& = Sn — &1 — ... — &n—1, this completing our procedure.

The easy proof of the following assertion is left to the reader.

Remark 8 The r.v.’s §~1, ’Lgn Just constructed are independent and such that E, 4 &, 1=
1,...,n. Moreover the r.v.’s &1, ...,&, are functions of the r.v.’s n1, ..., N, and S, only.

The KMT procedure described above allows us to make use of the quantile inequalities
proved in Section 4. It should be pointed out however, that in order to get precise quantile
inequalities, one has to assume the r.v.’s &, ;, ¢ € Jp, to be in the class Dy(r) for some r > 0
(see Section 4 for more details) or to be identically distributed (see Komlés etc. [11], [12]). We
will avoid such type of assumptions by using a construction which goes back to the paper of
Sakhanenko [19]. The idea is to substitute the initial sequence with some smoothed sequences
and to apply the above KMT procedure to them. We proceed to describe formally this
construction. Consider the product probability space (", ", P") = (', F', P') x (Q, F, P)
on which sequences X;, ¢ =1,...,n and N;, ¢ = 1,...,n are independent.

o M-th step. For any i € Jy; put
XM =x;, WM=N\; (28)

(2

and
yM

)

M . . .
{Xi , if ¢ is odd, (29)

wM, if ¢ is even.
The meaning of these notations is: XiM , © € Jur is the sequence X;, ¢ € Jys which we wish

to construct on (Q,F, P), WM i € Jy is the corresponding sequence of normal r.v.’s given

on (,F,P) and Yl-M , © € Jpr is the smoothed sequence which we will construct at this
step. First we split the sequences YiM ,t € Jy and WiM , © € Jyr into blocks as follows: for
j=1,...,28 and k =0,..., M put

M _ M M _ M
Yeg= 2 Y, wiz= > wi.
en); UShl
Then obviously for j =1,...,2¥ and k =0,..., M — 1

M _ M M
Yii = Yiti2j-1 + Yitioy

M _ M M
Wi = Wiligj_1 + Wil

We are now prepared to apply the KMT procedure as described above with m = M, &, ; =
YA],\I/{]- and 7y, ; = WAA,}{j, j =1,...,2M to construct a sequence of independent r.v.’s YJ\J/\I/I,]"
j=1,...,2M such that }7]\1‘/1/[] 4 Y]\]/\I/[,j’ j=1,...,2M For this let }70]}/1[ be the quantile transform
of WOI‘,/{. Having defined }7,91‘/][, j =1,..,2% for some k = 0,..., M — 1, let ?kﬂfmjil be the
quantile transform of Wﬁl 91 conditional w.r.t. Yk]V][- and W,%-, for j = 1,...,2%. For even
indexes 25 we put }N’kj\_{l’?j = }N’k]}’]I — ?kI\-I/{l,2j—17 j =1,..,2%. By Lemma 11 the r.v.’s }7]\]/\[’{]-,
j=1,...,2M are independent and such that

oM d M . M
YM,j = YM,j’ ] = ]., ,2 .
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It remains to construct the components inside each sum }7]\]/\[/[ ;- For this we make use of the

auxiliary procedure for an arbitrary sequence presented above. For each fixed j = 1,..., oM
this construction provides a sequence of r.v.’s YiM ,1 €1 AA,/II j such that
oM oM
Yili= > Y
i€l
and oy
YMEYM ieny; (30)

(2
initial step of our construction.

Let us remark that actually we have constructed only half of the initial sequence, that
is we have constructed the r.v.’s X; only for odd ¢ € Jps. In order to construct the second
part of the sequence, we will repeat the same procedure. More generally, we proceed now to
describe formally the m-th step of our construction.

Moreover each r.v. YM is a function of ?AI/\[/[’ j and WiM ,t1 el AI‘//[I’]- only. This completes the

e m-th step. Suppose that for some m = M —1,...,0 we have already constructed the

r.v.s V" Wt and Y™, i € Jii1. Then we define X™, W™ and Y™, for i € Jy,, as
follows

X = Xgtt, W=, (31)

and

X if ¢ isodd
m __ ) bl
Yit = { wim, if ¢ iseven. (32)
The meaning of these notations is: X", ¢ € Jp, is the part of the sequence X;, ¢ € Jjs which

(2

is not yet constructed, W;™, ¢ € J,, is the corresponding sequence of normal r.v.’s given on

(Q,F,P)and Y™, i € Jp, is the smoothed sequence which we will construct at this step. First
we split the sequences Y;™, j € J,,, and W™, j € Jy, into blocks as follows: for j =1, . 2k

and k£ =0,...,m put
Y=Y v, W= Wi

i€, ierm,
Then obviously for j =1,...,2¥ and k =0,....,m — 1

m _ m m
Yii = Yebigi 1+ Yeiio)
m _ m m
Wi = Wiligi1 + Wik

We will apply the KMT procedure with &, ; = Y,

m,j?

and 9, = W, 7 =1,..,2™ to

m,j)

construct a sequence of independent r.v.’s )N/'n'{fj, j = 1,...,2™ satisfying )7”'1"] 4 Yo J =
1,..,2™. Let Yjj be the quantile transform of W";. Having defined Yt g o= 1,...,2F for
some kK = 0,...,m — 1, let Yt 2j-1 be the quantile transform of Wil 2j-1 conditionally
w.r.t. }N/'k'Z and W,:f‘j, for j =1,...,2F. For even indexe~s 2j we put }N/'k’ff_l,% = }N/k”'; — }N/'k’ff_l,2j_1,
j =1,...,2%. By Lemma 11 we have that the r.v.’s Yo J =1,..,2™ are independent and
such that -

Yo =Yn j=1,..2™.

m,7?

17



It remains to construct the components inside each sum ?T:Zj, j=1,...,2™. Again we make
use of the auxiliary construction described above. For each fixed j = 1,...,2™ it provides a
sequence of r.v.’s Y}, i € Il ; such that

Yo=Y

i€l

and

~m d m . m
vrmdym, iern, (33)

Moreover each r.v. f’im is a function of }77;”] and W™, i € I ; only. This completes the m-th
step of our construction.

5.3 Some useful properties

Let us discuss some properties of the r.v.’s introduced above. In analogy to X" (see Section
5.1) set NJ" = Ny, jy, where m =0,..., M, j € Jp, and (m, j) = joM-m

Proposition 13 For allm =0,...,M and i € J,

wm L ;.

Proof.  Indeed by (28) WM = Nj, j € Jur and by (31) W = Y+t £ wmtt g
m = 1,.., M — 1. The last equality in distribution is due to (33), (30) and (32), (29) for
i = 27 even. A simple recursion argument completes the proof. W

Proposition 14 For all m = 0,..., M the r.v.’s }N’im, i € i, are independent and such that
for any i € Jp,
Fm i{ Xm, if ¢ is odd,
(2

N™, if 1 is even.

Proof. The independence follows from the Lemma 11. Next, it follows easily from (30) and

(29) in the case m = M, and from (33) and (32) for m =0,..., M — 1 that Y™ 4 ym=wnr

if 4 is even and f’im 4 Y™ = X" if i is odd, ¢ € Jp,. It remains only to apply the previous

Proposition 13. W

Proposition 15 The vectors {zm 11 € I, i—odd}, m=M,...,0 are independent.

Proof. It iseasy to see that according to Lemma 11 and Remark 8 the r.v.’s f’im, 1 € Jy are
functions of the normal r.v.’s W™, i € J,, only. By (31) this implies that the r.v. Y™, i € J,,

depend only on the vector {?km"'l 1k € Jnya, k—even} . Since }N’km"'l, k € Jn11 is a sequence
of independent r.v.’s, this means that the vector {}N’zm 11 € Jm} does not depend on the vector

{?kmﬂ 1k € Jny, k—odd} . Applying this recursively we get that {?km 1k € Jn, k—odd} ,
m = M, ...,0 is a sequence of independent random vectors. H
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The desired sequence )A(:i, i = 1,...,n can be constructed on the probability space
(Q,F, P) in the following way. For any ¢ = 1,...,n let (m,j) be the unique pair such that
i=j2M~™ where 0 < m < M and j is odd in J,,. Then we set

Xi=Y" (34)
Proposition 16 The r.v.’s )Z'i, t=1,...,n are independent and such that

v. 4

X;2Xx;, i=1,.,n

Proof. It is clear that
{)?i:i:L..., }_uk O{Y i€ dm, ] odd}

Let J! be the set of odd numbers in J,,. Note that for any fixed m € {0, ..., M} by Proposition
14 the r.v.’s f’jm, j € JL are independent and such that }~’jm 4 X" 7€ JL . The assertion

is immediate if we note that the sequences }N/jm, j € JL are independent for different m by
Proposition 15. W
The following elementary representation is essential in the proof of our results.

Proposition 17 For any function f(t) : [0, 1] — R!

gf(ti)( N;) = Zthm (¥ - wim).

m=0icJm,

Proof. Put for brevity

where (m,j) = j2M—™ j=1,..,2™, m=0,..,M and
=3 s (X -w).
1€Jm
We will show that for any m = M, ...,0
=3 s (- w) + sm (36)
ieJ}k,

where S_1 = 0. Fix an m € {0, ..., M} . By (35) and (34) )Zgn = f’lm for any i € J.,. Hence
=3 s (Ve —we) + 3 s (X -1 (37)
(IS ES i€J2,
where J2 is the set of even indexes in Jp,. It is easy to see that i = 2j € J2 if and only
if j € Jm—1 and that " = 7"~ 1. Moreover for i = 2j € J2 we have by (35) and (34)
X Xm ! while by (31) Ym =W !, Then the last sum on the right-hand side of (37)

equals S’m 1 this proving (36). Next since by (35) X; = XM and by (28) N; = WM for
i€ Jy =11,...,n}, it is obvious that

S (T- M) = 3 sy (R - wi) = s (39
=1

1€y

The assertion of the lemma follows from (38) and (36). W
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5.4 Quantile inequalities

In analogy to (25) put for m =0,...,M, k=0,...,m and j € Jj

= > " (39)

S

The following lemma shows that the r.v.’s ?k',’;, j € Ji are smooth enough to allow application
of the quantile inequalities in Section 4.

Lemma 18 Form =0,...,M, k=0,...m—1, j =1, ...,2% the r.v. }7,9"; is in the class Dy(r),
for some constant r > 0 depending on Cnin, Cmax, Ao-

Proof. = We check the conditions of Proposition 9. Toward this end fix m, k, j as in the
condition of the lemma and note that

Yk] ZYm_Z?im"i_Z?imECl‘i‘CZa

zEIm i€l i€ly

where I; and I are the sets of all odd and even indexes in I respectively. By Proposition

14 we have f’im 4 N; for any ¢ € I. Thus the r.v. (3 is actually a sum of independent normal
r.v.’s. Note that condition & < m — 1 assures that for n large enough the set I ,2’?]- has at least
two elements, from which we conclude that I has at least one element. Next taking into
account (7) and the obvious inequality #Iy > %#I,Z‘j we get

C’min m
BG > Crinn#tly > == m# i > e BG,
with ¢ = Cmin/(3Cmax)- For |h| < Xp and t € R let
fe.n(t) = Eexp{(h + v—11)(;}/E exp{h(;}

be the conjugate characteristic function of the r.v. (;, ¢ = 0, 1, 2. Since {; and (> are indepen-
dent and (> is normal

[feon®] = [fen(®) feon()] < |feo,n(t)]

12 12
eXP{—gECg} < eXP{—gclECg},

IN

for |h| < Ao, t € RL. With this bound we have for any § > 0

2

t _
J o< [ eml—Genga < (g,
t|>

[t|>6

where ¢ is a constant depending only on Cpin, Cmax and d. This proves that the condition of
Proposition 9 is satisfied. It remains only to show that conditions (17) and (18) are satisfied.

This follows from (7) and (8) as soon as 17;’" 2 X; or 17;-"‘ 2 N; for any ¢ € I, C Jn by
Proposition 14. Here we also make use of the elementary fact that Sakhanenko’s condition

(18) holds true for any normal r.v. . W

20



For any m=1,...,M, k=0,...,m and j € J; put

~ 2
Bp, = E(Y,g;.) :

I S| (‘?k’j;‘ < BY).

Introduce the sets _
i = { ¥ < o }

and S
Gri = {‘Ykﬁ‘ < B, [Wiy| < COB’TJ'}’ o

for k =1,....,m, where ¢y = Cpin/(72Cmax)-
The following quantile inequalities are crucial in the proof of our results.

Lemma 19 On the set Gy

) 2
(%5:)

S5 <erq 1+ B [

where c1 is a positive constant depending only on Cupax, Cmin, Ao-

Proof. It is enough to note that by Lemma 18 the r.v. f’gﬁ is in the class Dy(r) for some

r > 0 depending on Cpax, Cmin, Ao and to apply Remark 6 and then Lemma 7 with X = }70’7’?[,
X=Yiand N=W7;. &

Lemma 20 Let m =0,...M, k=1,....m—1, 7 € Jy_1. On the set GZ:2]-_1 N GZf2j

(}"}m,* ) 2 (}"}m,*) 2
k,25—1 n k,2j

m m ’
Bk,?j—l Bk,?j

|Skiaj—1 — Siaj| Ser {1+

where c1 1s a positive constant depending only on Cupax, Cmin, Ao-

Proof. Fix m, k, and j as in the condition of the lemma. We will make use of Lemma 8
with _ _ _ _ _ _

X1 =Y, Xo=Yh, Xo=Yl (42)
and

By Lemma 18 r.v.’s Xy, X; and X, are in the class Dy(r) for some r > 0 depending only on
C1min; Omax; )\0-

By Proposition 14 we have By, = Ziel{;}, E(X™)? for | € J,,. Note that the set Ty
contains at least one element, i.e anl =#I I?,Ll > 1. Then by (7) B,'C”‘l > ChinYn for I € J,,. By
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Proposition 10 we get B,’c”2j_1 < B,'C”Qj + 2CmaxVn < 63B,’c"2j, where ¢3 = 3Chax/Chmin- In the
same way we get By, < c3By; ;. Using these inequalities we arrive at

B2 _ By 1Bk o S 1 Crin
BITijl + B,T:zj ~ 6 Chax

max{B,’c’fQj_l, B,Zk]-}. (44)

Now we can check the conditions of Lemma 8. Indeed, by (44) on the set Ji 2;_1 N Ji 2;
| X;| < B%/12

for i = 1,2 and thus _ ~ -
| Xo| < |X1] + | X2| < B?/6.

Now Lemma 8 and Remark 6 imply

where o; = EXZ-2 /EX% and co is some constant depending only on Cujin, Cmax, Ao- From
Proposition 10 it follows that

‘E’XIQ _ ‘E,‘XZ2 < 2Cmax')’n < 2Cmax

lo1 — ag| = < < , (46)
E'X3 Bty By
while on the set G?ijl N GZ”ZJ- we have
‘)?0 . Ng‘ < ‘)?1 - Nl‘ + ‘)?2 - NZ‘ < 200BP, ;. (47)

The assertion of the lemma can easily be obtained from (45), (44), (46) and (47). W

6 Proof of the main results

6.1 Auxiliary statements

We keep the same notations as in the previous section.

Lemma 21 Let m =0,....M, k=0,....,m and j € Ji,. For any co > 0 there is a constant c;
depending only on Ay and cy such that

P (‘}7&‘ > coBgfj) < 2exp {—clBgfj}

and
P (‘W,Z‘]‘ > coBgfj) < 2exp {—clBgfj} .

Proof. By the Chebyshev inequality we have with ¢ > 0
P (Vi > tByYy) < exp {—~tBY} Eexp{ty}. (48)

Since }N/'k"; is a sum of independent r.v.’s }N/im, i € IT"; by (39), by (8) and Lemma 25 we obtain
for |t] < Xp/2

Bexp {17} = ] Bexp {3} < ] expo {PETm)?} = exp {B7} .

iEI,’g’?]- iEIg?j
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Choosing t =ty = min{cg/(2¢2), Ao/2} and inserting this bound into (48), we obtain
E (Y,:Z- > coBgfj) < exp {—tg(co — tgcz)Bgfj} < exp {—clBg’lj} ,
where ¢; = tgcy/4. In the same way one can show that
E(Y% < —coByy) < exp{—c1 By},

which together with the previous bound proves the first assertion of the lemma. The second
claim is straightforward since the r.v. Wy is normal. W
Recall that the r.v’s S7"; are defined by (40).

Lemma 22 There are two positive constants ¢y and ¢, depending only on Cuin, Cnax ond
Xo such that for anym =0,..,.M, k=0,..m—1,j=1,..,2*

Eexp {co ‘S’,Z"]‘} <e.

Proof. Fix m, k and j as in the condition of the lemma. Let ¢ = A\y/4, with Ay from the
condition (8). It is easy to see that

Eexp {t|S7;|} = Q1 + Q2

where

Qi = Bewp{t|sp}1 (G5 ,UGTs L), (49)
Qx = Eexp{t|S{|}1(GYy; 1 NGy 1),

the set G}’ being defined by (41) and G;nl’c being the complement of the set Gy U =2j—-1,2j.
First we give an estimate for Q1. Applying the Holder inequality we get from (49)

m 1A 1/2 me 1/2 me\ /2
Q1 < (exp {2t Sy N2 (P (o75.) © +P(Grs) ) (50)
By Lemma 21 we have with [ =25 — 1,25
P (op) = P (7] > e:Bn) + P (W] > e:Br) < 200 {~esBRi},  (51)

where ¢y = Chin/(76Cmax) and c3 depends only on ¢y and ).
On the other hand from (40) and from the Holder inequality we get
m vm m 1/2
Bexp {2157} < (E exp {4t|Yk’j)|} Eexp {4t|Wk’j|}) .

Since f’k”; is exactly the sum of the independent r.v.’s f’im, i€ Iy,

Eexp {4t|}~/k"}|} < FEexp {4t17k";} + Eexp {—4t17k'3-}
< H Eexp {4t}~/im} + H E exp {—4t}~’im}.

ielgjj ielgj].
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Taking into account (8) and 4t < A\¢/3 by Lemma 25 we arrive at

Eexp {4t| X7} <2 [[ Eexp{16£°E(X]*)*} < 2exp {16¢° B’} . (53)
ieJ,j?]-

A similar bound holds for the second expectation in the right-hand side of (52), namely
Eexp {4t|W"|} < 2exp {16t* By} . (54)
Inserting the inequalities (54) and (53) into (52) and then (52) and (51) into (50) and choosing

t to satisfy the inequality ¢ < ¢ty = min{e3/32,\¢/4}, we arrive at

1 1
Q1 < 4dexp { <8t2 — 5(:3) B,’C’?j} < 4dexp {—16331:,?]-} <4, (55)

Now we proceed to give a bound for Q). By virtue of Lemma 20 we have that on the
set GI::Y:ijl N GZij with some constant and ¢4 depending only on Chax; Chin, Ao

1St < ca {14 Ullyj 1 + Ui} (56)

for k > 1, where we denote U} = (?k";’*)z/B,'c”‘l, [ = 25 — 1,2j. Similarly, by Lemma 19 we
have
1Soa| < es(1+Ugh),

where Uy = (}7073,*)2 / B and c5 is a constant depending only on Cpax, Cmin; Ao-
If £ > 1, then according to (56) and by the Holder inequality

Q2 < Eexp{tes (1+ U1+ Uis;)}

1/2 1/2
< exp{tcs} (Eexp {2tC4U,?:L2]-_1}) / (Eexp {2t04U,Z’?2]-}) /2, (57)
By Lemma 27 for some constant cg depending only on Ay we have
Eexp {csUp; 1} < (1+2/cq) (58)

and a similar bound holds true for Uily;- If we take ¢ to be such that tc4 < min {cg,%p}, then
from (57) and (58) we obtain

Qs < exp {es} (1+2/c5)” (59)

The case with k = 0 is similar. Combining the estimates for @1 and Q2 given by (55) and
(59) we obtain the assertion of the lemma. H

6.2 Proof of Theorem 3

For the sake of brevity put
Sulf) = £(t) (X = I:) .
i=1

We have to show is that there are two positive constants ¢y and c¢;, depending only on Cly,
Chax; Ao, L, such that for any ¢ satisfying |t| < ¢y

1
Eexp{tlog—ZnSn(f}) <exp {t’c1 }. (60)
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Toward this end let M = [logy n] and note that according to Proposition 17

M
m=0

where

s =3 ra (V- w).

1€Jm
By the Holder inequality
1 M 1 1/(M+1)
Eexp {t—QSn(f)} < H <Eexp {t(M+ 1)— Sm}> . (61)
log” n o log”n
Put for brevity
U, = (M +1)/log?n. (62)

Obviously u, < 1 for n such that logn > 2.
It is easy to see that inequality (60) will follow from (61) if we prove that constants ¢
and c¢; can be chosen so that for any ¢ satisfying [t| < ¢y

Eexp {tu,S™} < exp {t*c1 }, (63)

for m = 0,..., M. In the sequel we will give a proof of (63).
First we consider the case m = 0,1. If we choose the constant ¢y to be cg = Ay/(6L),
then it is easy to see that |2tu,L| < A¢/3 and thus by Lemma 25 we have for i € J,,

Eexp{2tu,LV;"} < exp {42L*B(V")? } . (64)
An analogous bound holds true for the r.v.’s W™, i € Jp, :

E exp{2tu, LW/} < exp {2t* L>E(W;™)?} . (65)
By the Holder inequality

1/2

Eexp {tunS™} < | Eexp{2tun »_ f(t7") V" Eexp{2tu, Y f ()W )] . (66)
J€EIm J€EIm

Using the independence of the r.v.’s f’-m, Jj € Jym and W™, j € Jp, and the inequality

(2

| flloo < L/2, we obtain from (64), (65) and (66)
m 3 212 m\2
E exp {tu,S }Sexp{zt L EZJ E(X™) } (67)

Since for m = 0,1 the set J,,, has cardinality less than 3, by (7) we have

3" E(X)? < #JmCinax < 3Cimax- (68)

1€Jm

Hence (63) follows from (67) and (68), provided m =0, 1.
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For the case m > 2 introduce the function g(s) = f(a(s)), s € [0,1], where a(s) is
defined by (23). Put for brevity s* = b(t]"), ¢ € Jp. Then for the sum S™ we get the

following representation
s =3 g(s7) (V- wim).

1€Jm

Let gm-—1 be the truncated Haar expansion of g for m > 2 (see (14):

—1=co(yg ho-l-Z?k/QZCk] (9)Pk,j, (69)

where c(g) and cg j(g) are the corresponding Fourier-Haar coefficients defined by (13) with
g replacing f. Then obviously
S™ =S+ S

where

ST = 3 () —gm 1 (57 (T - W), (70)

1€Jm

SP = > gmoa (5 (V= W)

1€Jm
By the Holder inequality
E exp {tunS™} < (E exp {2tu, ST} E exp {2tu,, SJ*})/2 . (71)

Now the inequality (63) for m > 2 follows from Propositions 23 and 24 below. This will
complete the proof of Theorem 3.
First we prove the following

Proposition 23 There exist two positive constants cy and c1, depending only on Cuax, Cumin,
Ao, L, such that for any t satisfying |t| < ¢

E exp{tu,S7"} < exp {t?c1 } .
Proof.  Since by (24) the function a(s) is Lipschitz and f € H(3, L), it is easy to see that

the function g(s) = f(a(s)) is also in a Hélder ball H(, Lo), but with another constant Lo
depending on Cpax, Cin and L. By Holder’s inequality

1/2
E exp{tu, ST} < (Eexp { > pif’im} Eexp {— > piWim}> : (72)
1€Jm 1€Jm

where p; = 2tuy, (9 (8") — gm—1 (")) and [t| < cp = Ao/(6Ly). Note that by Proposition 6
19 — gm 1o < Lo2~(m=1)/2, Therefore for |t| < ¢y

|pi] < 2|t unLo2™ (M2 < 2|t L2~ (=12 < X /3.

Then according to Lemma 25 we have for i € J,,

Bexp {p¥i"} <exp {p? B2} < exp {82132 " B(X]")?} . (73)
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An analogous bound holds true for the normal r.v.’s W™, i € Jp, :
Eexp {p;W/"} <exp {4t’L32 ™E(X[")*}. (74)

Taking into account that 17;-"‘, i € J;, and W™, ¢ € Jp,, are sequences of independent r.v.’s

and inserting (73) and (74) into (72) we obtain

E exp{tu, ST} < exp {6t2L32—m > E(Xg")2} : (75)

Now we remark that #J,, < 2™*+!. Then by (7)

> B(X]")? < #JmCrax < 2™ Crnax- (76)

Inserting (76) into (75) we obtain the assertion. H
Now we will produce a bound for the second expectation on the right-hand side of (71).

Proposition 24 There exist two constants ¢y and ci1, depending only on Cuin, Cmax, Ao, L,
such that for any t satisfying |t| < cy

E exp{tu, S5} < exp {t*c1 } .

Proof. From (70) and (69) we obtain

m—2 ok
m m k m m
53" =co(g9)Sgs + Z 2k/2 ch,j(g){SkJrl,ijl — Sih12i b
k=0 j=1

where S} are defined by (40). Since the function g(s) is in the Holder ball with a Holder
constant Ly depending on Cpax, Cmin, L, according to Proposition 5 we have the following
bounds for the Fourier-Haar coefficients:

Co(g) < L0/2a |Ck,j(g)| < 2_3/2L02_ka (77)

for £k =0,...,m —2. Note also that by Lemma 22 there are two constants cs and c3, depending
only on Cnax, Cmin, Ao, such that

Eexp {c; ‘S’,’c”lj‘} < ¢z, (78)

for j=1,..,2% and k =0, ...,m — 1.
Put ¢y = ¢2/(8Lg). By Holder’s inequality we have for any ¢ satisfying |t| < ¢

m—2 1/m
E exp {tu,S5'} < (E exp {tmunco (g)S(Tl} H Eexp {tmungk}> ,
k=0

where for the sake of brevity we denote

2k

& = 2k/2 Z ¢k, (9{Sk 41,251 — Skr1,2i ) (79)
j=1
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for £k = 0,...,m — 2. The statement of the proposition will be proved if we show that for ¢
satisfying |t| < ¢
E exp {tmunco(g)Sgy } < exp {t*L3ca} (80)

and
E exp {tmu, &} < exp {t2L305} , (81)

for some constants ¢4 and cs depending only on Cpax, Chin, Ao- We shall assume m and &
fixed from now on.
It is easy to show (80). For this we note that by (77) and (62) for |¢t| < ¢

[tmunco(g)| < [t|m(M 4+ 1)Lo/(2 log2 n) < |t| Ly < co. (82)

Then (82), (78) with ¥k =0, j = 1 and Lemma 26 imply that the inequality (80) holds true
with Cq = 463/63.
The proof of (81) is a bit more intricate. The main trouble is that the r.v.’s

- k
G = Skr1.2i—1 — Sky125 J=1,..,2 (83)

are dependent and so we cannot make use of the product structure of the exponent exp {¢t{x}
directly. However Proposition 10 ensures that the components of the sum & (see (79)) are
almost independent, this allowing to exploit the product structure in an implicit way. The
main idea is to introduce the r.v.’s

v —_— . m . m
Vi = B2j1Wiii0j-1 — B2i Wi,

Boj—1 = ( Ba; )1/2 Bo; = (B2j—1>1/2
- Boj 1 ’ ! By ’

with By;_1 = BIT—Irl,Zj—l and Bs; = Bltzrfi—l,2j' The r.v. 17] can be easily seen to be independent

where

of the r.v. Witi0j-1 — Wiii0; = Wiy for j =1,...,2%. Set also for brevity
Zj = ?krilgj—l - ?krilgja Vi = ngr-ib—l,2j—1 - Wﬁ-l,?j’
for j =1,...,2%. By Lemma 12 the r.v.’s
G=2;-V;, j=1,.,2"
are independent. It is obvious that
G=G+Vi=Vs (84)
From (79), (83) and (84) we obtain
& = & + &5,

where
2k
& = 22 a9,
j=1
2k

= 223 a9) (Vi - Vi) (85)

i=1

oy
E
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By Holder’s inequality

1/2

E exp {tmunéi} < (Eexp {2tmun§,ﬁ} Eexp {2tmun§,%}) (86)

Now we proceed to estimate the first expectation in the right-hand side of (86). We make
use of the independence of r.v.’s (;, j = 1, ..., 2F to get

2k
Eexp {thunfi} < H Eexp {trjgj} , (87)
i=1
where 7; = 2mu,2*/2¢; ;(g). We will show that for j = 1, ...,2F

Eexp {trjgj} < exp {t22_kLgcs} , (88)
with some constant ¢g. First by (84) and by Hélder’s inequality we have
Eexp {trjgj} < (E exp {2tr;(;} Eexp {2trj (V] — ‘7]) }) e . (89)
By (83) and by Holder’s again inequality we get
Eexp {2tr;j(;} < (Eexp {4trj5',7c”+1’2]-_1} Eexp {4t7‘j5,7cn+1’2]-})1/2 . (90)
Note that by (77) and (62)
ldtr;| < ‘Stmun2k/zck’j(g)‘ < 4]t Lo2 M2 < c,. (91)
From (78), (91) and Lemma 26 we obtain for [ =2j — 1,25 and &k < m — 2
Eexp {4tr; S 1,1} < exp {t22*kL%C7} , (92)
with the constant c; = 4c3/c3. Inserting (92) into (90) we obtain
Eexp {2tr;(;} < exp {t22_kLgC7} . (93)

Thus we have estimated the first expectation in the right-hand side of (89). To estimate

the second one, we note that in view of the independence of the normal r.v.’s W,f 11251 and

Wlf+1,2j
~ 2
Eexp {2t7"]' (V, - V;)} = €xXp {41527"? (\/BQj—l - \/ng) } . (94)
Because of the elementary inequality (v/a — v/b)? < |a — b|, with a,b > 0, and of Proposition

10
2
(\/LK — \/ng) < [Bgj—1 — Baj| < 2Cmax-

Inserting this bound into (94) and using (91) one obtains

Eexp {2tr; (V; - V;) } < exp {27 L3cs }, (95)
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with some constant cg depending only on Cpax. From (93), (95) and (89) we obtain the
inequality (88). Inserting in turn (88) into (87) we arrive at the bound

Eexp {2tmu,& } < exp {t*Locs} . (96)

Thus we have estimated the first expectation in the right-hand side of (86). It remains
to estimate the second one. Since the r.v.’s V; — V}, j = 1,...,2* are independent, (85) and
(95) we obtain

Eexp {2tmu,&} <exp {t*Lics}. (97)

The inequalities (96) and (97) imply (81), this completing the proof of the proposition.
|

7 Appendix

In the proofs we made use of the following simple auxiliary results.

Lemma 25 Let ¢ be a real valued r.v. such that E§ = 0, 0 < E€2 < oo and for which
Sakhanenko’s condition

MoE [€° exp{ofé]} < FE?
holds true for some Ao > 0. Then for all |t| < Xy/3

Eexp{té} < exp {t2E§2} .

Proof. Let u(t) = Fexp(tf) and ¥(t) = log u(t) be the moment and cumulant generating
functions respectively. The conditions of the lemma imply that u(t) < ¢; for any real |t| <
Ao/3, and using a three term Taylor expansion we get with 0 < v <1

t2 t3
P(t) = $(0) + ' (0)t + W(O)E + ¢"'(Vt)€.

Note that ¢(0) = 0, ¥/(0) = 0, ¥"(0) = E¢2 and u(t) > 1 by Jensen’s inequality, while for
the third derivative we have for any real s satisfying |s| < A\g/3

P () = " (s)n(s) ™" — 3u" (s)u'(s)m(s) > + 21 (5)?u(s) 2.
Using Holder’s inequality and p(s) > 1 we arrive at the bound
4" (s)| < 6E[E[* exp(Aol€])-
Since |t| < A9/3, by Sakhanenko’s condition
0 < w(t) < LEE 1 LB exp(Aolé]) < . W
Lemma 26 Let & be a real valued r.v. such that E€ =0 and

Eexp{)\0|§|} S C1,

for some Ay >0 and c¢; > 1. Then for all |t| < Ay/2

E exp{tt} < exp{cot’},

where cy = 4y /A3.
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Proof.  The argument is similar to Lemma 25. We use the same notations. A two term
Taylor expansion yields with 0 < v <1

! " t2

b(t) = $(0) + ¢ (0)t + 4" (vt) 5.

Since z? < 2exp(|z|) for any real z, for any s satisfying |s| < A\o/2 we have

¥"(s) = u(s) 2{€2 exp(s€) — (B exp(s€))?)
< BE exp(sg) < BE exp(l€l) <85,
0

0

IN

Consequently
2
0 <9(t) = ¢ (vt) <45t W

Lemma 27 Let&;, i = 1,...,n be a sequence of independent r.v.’s such that for alli =1, ...,n
E¢=0,0< EE < oo and
Bl&| exp {Moléil} < B,

for some positive constant Ag. Put S, =& + ... + &, and S;; = Sp1 (|Sn| < Bfl) . Then
Eexp{ci(S;/Bn)?} <1+2/ci,
where ¢; = $min{\o/3,1/2}.
Proof. Denote
F(z) = P ((S}/Bn)? > z).

We will prove first that
F(z) < 2exp{-coz}, @3>0, (98)

where cs = 2¢y. For this we note that
F(z) = P (S*/Bn > V&) + P (S%/Bn < —Va) .

It suffices to estimate only the first probability in the right-hand side of the above equality,
the second one being handled in the same way. If z > B2, then

P (8} /Bn > Vx) =0,
thus there is nothing to prove in this case. Let z < B,,. Then denoting ¢ = 2¢3+/x one obtains
P (S’,*l > \/5) < P (S’n > \/5) < exp {—t\/E} Eexp {tS,/Bn}

exp {—tV/z} H Eexp {t&/B.}. (99)

Note that ¢/ By, = 2cov/z/By, < 2¢3 < Ag/3. Then by Lemma 25

Eexp {t&/Bn} < exp {{*E¢}/B2} .
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Inserting this into (99) we get

P (S:/B, >+Vz) < exp{-t/z} HeXp {?E¢}/B]}

= exp{—tv/z +1*} <exp{—caz}.

this proving (98). Integrating by parts we have

Eexp{ci(S5)?/Ba} = /0 ” exple}dF (z)
= 1+/0<>o F(z)exp{ciz}dx

< 1+ 2/ exp{ciz — cox}dx
0

1+2/c;. W

A
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