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ABSTRACT. The martingale problem for superprocesses with parameters
(&, @, k) is studied where k(ds) may not be absolutely continuous with respect to the
Lebesgue measure. This requires a generalization of the concept of martingale prob-
lem: we show that for any process X which partially solves the martingale problem,
an extended form of the liftings defined in [11] exists; these liftings are part of the
statement of the full martingale problem, which is hence not defined for processes X
who fail to solve the partial martingale problem. The existence of a solution to the
martingale problem follows essentially from It6’s formula. The proof of uniqueness
requires that we find a sequence of (¢, ®,k"™)-superprocesses “approximating” the
(&, @, k)-superprocess, where k™ (ds) has the form A" (s, s)ds. Using an argument in
[12], applied to the (&, ®,k™)-superprocesses, we derive, passing to the limit, that
the full martingale problem has a unique solution. This result is apply to construct
superprocesses with interactions via a Dawson-Girsanov transformation.

1. INTRODUCTION
While the characterization of superprocesses by evolution equations has had a spectacular
development in the recent years, the characterization of these processes by martingale
problems was stopped by difficulties arising when considering (¢, ®, k)-superprocess with &
a non-absolutely continuous additive functional. The purpose of this paper is to generalize
[12] to the case where k cannot be written as k(ds) = A(s, &5)ds.

The difficulties first come from the fact that it is not possible to get, in the case of a
general k, the classical form of the (A, D(A))-martingale problems, where A is an operator
with domain D(A). The statement of the martingale problem itself is problematic. It
requires to identify (see Theorem 4) additive functionals K of X, corresponding to additive
functionals k of the motion process & (the lifting K of k). But in our context, unlike in
[10] or [11], X is not, in general, a Markov process and we must find new methods to
determine and manipulate them.

Furthermore, the simplest way to prove uniqueness of the solution to martingale prob-
lems for superprocesses (cf. [12, p. 254] or [4, p. 112]), involves the derivation of the
log-Laplace functional v of X. But this is unapplicable here since v solves an evolution
equation of the form

ore()(@) = T f(E) — T / B(s, €0, ve. () (€:))E(ds)

where k cannot be written as k(ds) = A(s, &;)ds.

Finally martingale problems can used (see §6) to construct superprocesses with inter-
actions. This is one of the advantages of the martingale problem characterization over
the evolution equation characterization. Here the interaction is given by an additionnal
term R, and the process is called the (£, ®,k,R)-superprocess with interactions. This
process is characterized as the unique solution of a martingale problem obtained by a
Dawson-Girsanov transformation of the (¢, ®, k)-full martingale problem (cf. [3] and [4,
Th. 7.2.2]). Here, the difficulty is essentially to properly state the martingale problem:
Dawson’s argument completely extends to our more general context. This difficulty comes
from the fact that the statement of this martingale problem involves additive functionals
which cannot be explicitly described. But unlike in the case of (¢, ®, k)-superprocesses,
a (&, ®,k,R)-superprocess with interactions does not solve a partial martingale problem
(cf. §81.2 and 1). The problem is overpassed by defining these additive functionals as
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the liftings of the (&, ®, k)-superprocesses. This involves the choice of a version of these
liftings, but it turns out that the (unique) solution Pr(i’q)’k’m of the (¢, ®, k, R)-martingale
problem does not depend on this choice, since it is absolutely continuous with respect to
the distribution P}qu)’k) of the (&, ®, k)-superprocess.

1.1. Historical background . A measure valued process X whose log-Laplace func-
tional v, ;(f)(z) solves the integral equation

Uyt (%) = Tp 0 f (&) — Wr,m/ P(s,&s,vs,)k(ds)

where & = (&,S, 7y z) is @ Markov process, k(ds) is an additive functional of ¢ and ¢ is
an operator, is called a (£, 1, k)-superprocess. In view of the advantages and the intrinsic
interest in characterizing superprocesses by a martingale problem, Roelly-Coppoletta [23]
posed and solved in 1986 the martingale problem for the (¢, ()2 ,ds)-superprocesses where
& is a Feller process. In 1987, El-Karoui and Roelly-Coppoletta extended the result to a
large class of (£,4, ds)-superprocesses where £ is a Feller process. In 1988, Fitzsimmons
obtained some results on the martingale problem for the (£,1), ds)-superprocesses (where
¢ is a right process) and in particular he showed that interesting properties can be derived
from a well posed martingale problem. Multitype superprocesses were characterized by
martingale problems in 1990 by Gorostiza and Lopez-Mimbela [16]. In 1992, Fitzsimmons
solved the martingale problem for the (£, ®, ds)-superprocesses for € a right process and

®(z,)) = b(x)\? + /°° (e — 1+ Mu) n(z, du)

where the measure n(z, du) satisfies some properties. No results until recently were avail-
able when the branching additive functional rate k(ds) is not the Lebesgue measure. Diffi-
culties are inherent even in the statement of a martingale problem for superprocesses with
branching rates k(ds) which are not absolutely continuous with respect to the Lebesgue
measure. In 1994, Dawson and Fleischmann showed in [5] that the one point catalytic
super Brownian motion, that is the (&, ()2 , L¢)-superprocesses (where Lf is the local time
of the Brownian motion £ at time t), solves a martingale problem related to the density
of the occupation time process.

In fact, in order to be able to state the martingale problem for the (£, ®, k)-superprocesses,
we first need to extend the notion of lifting and projection introduced in [11] to the case
where X may not be a Markov process. Let (E, B) be a metrizable Luzin space. Given an
M (B)-valued Hunt process X = (X, S, P ) and a E-valued Hunt process £, Dynkin,
Kuznetsov and Skorohod defined the lifting A(ds) of an additive functional a(ds) of £ as
an additive functional A(ds) of X such that for every r,t € R, for every u € M¢(B) and
for every bounded non-negative measurable p(.)

PryA(r,t] = [gu(dz)Prs, A(r, 1] (1)
and more generally

P, f:o p(s)A(ds) = m., f:o ©(s)a(ds). (2)
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If A(ds) is a lifting of a(ds), then a(ds) is said to be the projection of A(ds). And in fact,
given a linear additive functional A(ds) of X, that is an additive functional such that (1)
is verified, one can find an additive functional a(ds) of £ which is the projection of A. The
authors proved that the lifting-projection relation establishes a one to one correspondence
between the additive functionals of £ and the linear additive functionals of X. Their proof
makes use of the Markov property of X. For our purposes, it was necessary to reduce
that condition to the assumption that a certain partial-martingale problem is verified.

In fact we also obtained a criteria for the convergence of the liftings of a convergent
sequence of additive functionals which may have some independent interest. The lifting’s
existence allowed us to define a process, t — M;, playing the role of the martingale problem
statement that “for every r > 0 and every p € Mg (B) there exists only one distribution,
P, ,, on the space of cadlag trajectories in Mg (B), such that P, , (X, = p) =1 and M,
is a P, ,-martingale for t > r ”.

The proof relies on a sequence of superprocesses that we can construct to “approx-
imate” (in a sense specified below) our given superprocess. The approximating super-
processes, X", have the property that their branching additive functional rates k™(ds)
are absolutely continuous with respect to the Lebesgue measure: k™(ds) = A"(s,&;)ds.
But then, El Karoui and Roelly-Coppoletta’s proof of uniqueness can be decomposed into
different steps making sense in terms of the approximating superprocesses, and finally
passing to the limit, their proof finds an expression in our more general context.

1.2. Partial and full martingale problem. In general, a martingale problem can
be formulated in the following way: first, to any (canonical cadlag) process X, a real
valued process t — (M%), t > r, is defined up to P, ,-indistinguishability, for every
function G in a certain set S. A cadlag process X = (X, S, P, ,) is said to be a solution
to the martingale problem if the processes (Mf): are P, ,-martingales for every G in S.
The martingale problem ((M¢g),S) is said to be well posed if there exists one and only
one solution to the martingale problem.

We see a well posed martingale problem as a “test” which characterizes a process.
Pick a process X = (X3, S, P,.,,). The test goes like this:

e For every G € S, check if the process t — (M§): is a P, ,-martingale.

If the test is a success, X is the only solution to the (({),S) martingale problem.
In the test, the order in which the processes t — (M) (for G € S) are tested has no
importance. We introduce now a slight modification to this procedure. Let S = S; U S
where S; and S; are two disjoint sets. Our new “test” is the following:

e Test whether or not X is a solution to the ((Mg), S1)-martingale problem
o If the test has not failed continue, otherwise, stop.

o Test whether or not X is a solution to the ((Mf), S2)-martingale problem

The non well posed martingale problem ((M{),S1) is called the partial martingale
problem. A solution to the partial martingale problem is called a solution to the full
martingale problem if it is a solution to the ((Mg&), Sz)-martingale problem.
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In this paper, partial martingale problems are used to determine certain processes -in
terms of the solutions to the partial martingale problem- which enter into the statement
of the full martingale problem; the statement of the full martingale problem is not well
defined for process X = (X, S, P,,,) which are not solutions to the partial martingale
problem.

1.3. Assumptions and basic elements . We fix a constant 7" > 0 and consider our
processes only during the time interval [0,T]. Throughout this paper we assume, unless
specifically mentioned, that

1.3A ¢ = (&, F,mrz), is a (time homogeneous) Feller processes living in a locally compact
separable metric space (E,d).

We denote by B the o-algebra generated by d; given a family F' of measurable func-
tions, we denote by bF' the bounded members of F' and by pF' the non negative f € F'.
C (E) denotes the set of continuous functions vanishing at infinity. We denote by S; the
semigroup of £.We often make use of time inhomogeneous notation and in particular:

Sy (N)(@) == mraf (&) = 1o f(&—r) = Se—r(f)(2).
We denote by L be the set of bounded measurable functions f such that S:(f)(z) is
strongly continuous, that is ||S¢(f)(.) — Se+n(f)()|lo — 0 as b — 0. Obviously, for a

Feller process &, C(E) C £. We denote by (A, D(A)) the infinitesimal (strong) generator
of &.

In addition to a motion process, we need a branching mechanism:

1.3B b(z) and £(z,du) are respectively a measurable function and a kernel satisfying the

conditions: -
0<b(z)<1,0< / uVu?l(z,du) < 1. (3)
0
Throughout this paper we pose
1 oo
Bz, /() = @) () + [ ) te,du) @
0
where £(z) = e * 4+ 2z — 1. We call ® a branching mechanisms. We use the no-
tation ®(z f) ®(z, f(z)). In the same spirit as [12], we assume that for every

o(z) € D(A) O(z,p(z)) € L. Moreover, we want that ® be a regular branching
mechanisms, that is, t — ®(wy, :(w;)) is cadlag when ¢t — w; and ¢t — ¢ (w;) are
cadlag trajectories.

Concerning the branching rate, we require:
1.3C k(ds) is a continuous non negative additive functional of ¢ satisfying the condition
hi(z) := 7,z k(r,t) — 0 uniformly in z ast —r — 0 . (5)

(Note that, since we consider only our processes during the time interval [0, T], this
is equivalent to the “admissibility condition” in [10] according to [10, Lemma 3.3.1].
(Such additive functionals are called admissible additive functionals). We assume
that hy(.) € L for every r,t.
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All measure valued processes considered in this paper will be canonical cadlag processes
and the triple X = (X3, S, P,,.) will always denote such processes:

e for r > ¢, X; denotes the mapping from the space Dy, o)(Ms) to the space Mz,
which is defined by
Xi(w) = wy, for w € Dy o0) (M)

e P, denotes a distribution on Dy, )(M;); we always assume that P, ,(X, = p) =
1.

e 3 denotes the collection of filtrations {3} }1¢[r,00) defined by
37 = ﬂ o(X,:r<s<t+e)r»
e>0

where the superscript =+ denotes the completion with respect to P.,.

1.4. Statement of the martingale problem.

Definition 1 [partial-martingale problem for {]. A process X = (X}, S, P,.,,) will be said
to be a solution to the partial martingale problem for £ if for every ¢ € D(A)

ts (Xe, ) — (X ) — / (X., Ag) ds (6)

is a P, ,-martingale for t € [ r,T).

The full martingale problem requires for its statement the notion of a lifting of an
additive functional:

Definition 2 [Lifting]. Let X = (X;,<S, P,.,,) be a (canonical cadlag Mg -valued) process
and let a(ds) be an additive functional of €. A natural right continuous additive functional
A(ds) of X will be called a lifting of a(ds) if for every t > r, the process

s = A(r, s] + (X, s, a(s, t])
is a P, ,-martingale for s € [r,t].

The following Proposition (which will be proved in a further section) guaranties the
existence and uniqueness of liftings for every solution X = (X;,S, P.,) to the partial
martingale problem.

Proposition 3 [liftings existence and uniqueness]. Let X = (X;,S, P, ) be a solution
to the partial martingale problem for {. Then for every additive functional a(ds) of
¢ satisfying (5), there exists a unique lifting A(ds) of X. Moreover, it is a continuous
additive functional.

Notation 1. Let f be a progressively measurable bounded function and let ® be a
branching mechanism. Then the additive functional ®(&s, f(s,&s))k(ds) satisfies (5), and
we will denote by K®(f)4(ds) the lifting of ®(&,, f(s,&,))k(ds).
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The next result characterizes (¢, ®, k) —superprocesses in terms of a martingale prob-
lems. It is the main result of this paper.

Theorem 4 [martingale problem|. Let » € Ry and p € Ms; let X = (X;,S, P, ) be a
solution to the partial martingale problem for &, and let Pr(i’q)’k) be the distribution of

the (¢, ®, k)—superprocess. The processes

t »—>texp(_ (Xt,0)) +f: exp (— (X, p)) (X5, Ap) ds "
— [ exp (— (X, p)) K2 (ds)

are P, , -martingales for every ¢ € D(A), if and only if P, , = Pr(i’q)’k).
Definition 5. A solution X = (X;,S, P,,,) to the partial martingale for § which is such
that (7) is a P, ,-martingale will be called a solution to the full martingale problem

for (£, D,k).

Remark 1. In this work, we will consider only the partial martingale problem for £, and
only full martingale problem for (£, ®, k). Thus we refer to them simply as the partial
martingale problem and the full martingale problem.

1.5. Acknowledgments. This paper is part of my Ph.D. thesis which has been writ-
ten under the supervision of Donald A. Dawson. He has been the ideal supervisor: he
provided me with technical support (including financial support), he communicated to me
his passion for superprocesses and mathematics and was the best possible catalyst, in the
process of doing my Ph.D. thesis. I couldn’t have written this paper or my thesis without
his help.

A special thanks goes Luis Gorostiza and Edwin Perkins. Luis Gorostiza has carefully
read some parts of this paper and suggested numerous improvements and I have had
extremely profitable conversations with Edwin Perkins.

2. THE FULL MARTINGALE PROBLEM: EXISTENCE OF A SOLUTION
In this section we prove the existence part of Theorem 4, that is, we show that the

distribution Pr(i’q)’k) of the (£, ®,k)—superprocess is a solution to the full martingale
problem. The proof is based on the following known results.

2.1. Some known results.

Theorem 6. Let X be the superprocess with parameters (£, ®,k). Then X is a Hunt
process, the lifting of every natural additive functional with finite characteristic exists'
and the lifting of £(&s, du)k(ds) is the modified Lévy measure L(ds,du) of X. In particular
for every bounded measurable real valued function f we have

P / [ £ ) L) = s / / f (up(€)) €6, dub(ds).  (8)

The following moment formulae are satisfied:

IThe notion of lifting of additive functionals is due to [11]. For the definition see section 1.1.
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(i) Pru (X, f) = mru f (&)
(11) PT',IL (Xh ) fl> <Xt27f2> = Tr ,Uffl(é-tl)ﬂ-"' lifz(gtz)

o Jr o, J1(E0)Tae, 2 (60 ) K P (ds)
where k() (ds) = (b(&,) + [o° uL(&s, du)) k(ds).

Proof. The E-valued process £ is a Hunt process. Therefore the superprocess X
is also a Hunt process (see [19, Th. 6.32]). The existence and uniqueness of liftings
is due to [11] (see [10, p. 83]). The fact that the modified Lévy measure L(ds,dpu) is
the lifting of £(ds, dp) := £(&s,du)k(ds) is also due to [11] (See [10, Th. 6.1.1 and Sect.
6.8.1]). The formula (8) follows from the definition of the lifting of a measure valued
additive functional, see [10, equation 6.2.13a]. The moment formulae were established in

[9, p.1163]. |

2.2. Proof of the existence of a solution to the martingale problem. Let
Pr(i’q)’k) be the distribution of the (£, ®, k)-superprocess. Clearly, (6) isa Pr(ﬁjq)’k)—martingale
for every ¢ € D(A). Existence and uniqueness of liftings is given from Theorem 6. Let
C:(¢) be the quadratic variation of the continuous martingale part of the semimartingale
(Xt, ). Then It6’s formula implies that

= (Xe, 0))” = (X0, 9))? = 2 [ (X, 0) (X, A) ds — Ci(p)
+ T (((Xs_+AXs,s0>) ~ (X 0))” = 2(Xom, ) (AX,, )

is a P, -martingale for every ¢ € D(A). Simplifying we obtain that

'_)(<Xt7(p>)2_(< 7'7()0 2f s;‘P XsaA(p>dS
~Cilp)+ ¥ (AX,,9))’

r<s<t

is a P, -martingale for every ¢ € D(A). By definition of the modified Lévy measure, this
is the same thing as saying that

— (<Xt7(p>)2 - (( 7'7()0 - 2f s;‘P XsaA(p> ds

~Ci() + [ [an, (1r9)° L(ds, dp) (9)

is a P,., -martingale for every ¢ € D(A), where fo (1, ) L(ds,dp) is the lifting of
I (up)? (&)€(€,, du)k(ds). Note that (by definition of lifting)

P, / /Mf ) L(ds, ds) = / / (up)? (€)6(€,, du)k(ds).  (10)

Since the P, ,-expectation of martingale (9) is zero, we can use (10) and the moment
formulae of Theorem 6 to calculate

Pry (Cil(9) = T /0 b(€s)¢? (€, k(ds).

P, (%Ct(@ -/ t Q(w)(d8)> =0

Thus
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where Q(y)(ds) is the lifting of the additive functional 1b(&,)¢? (€5)k(ds). Therefore, since
X, is a Markov process, this implies that

ts Ct /Q (ds)

is a martingale. But because ¢ — Ct fo )(ds) is also a rlght continuous pre-

dictable process of integrable variation, we obtaln that 2Ct( ) = fo . We can
apply It6’s formula which gives that

theXP(—<Xt,s0>)+ftexp (Xs,<p>)(Xs,A<P>ds
— [} exp (— (X4, 0)) Q(#)(ds) — [ exp (— (X, 0)) [r, € (— (1, 0)) L(ds, dps)

is a Pr(ﬁjq)’k)—martingale. But since Q(p)(ds) is the lifting of Tb(&)9%(€5)k(ds) and
fo exp (— (1, @) L(ds, dp) is the lifting of [° € (up(&s)) £(&s, du)k(ds) this can be rewrit-
ten to give that

t > exp (— (Xe,0) + [} exp (= (Xs, 9)) (X5, Ap) ds
— [ exp (— (X,, ) K29 (ds)

is a Pr(ﬁfb’k) -martingale. |

3. APPROXIMATION OF SUPERPROCESSES

As explained in §1.1, in order to prove that the full martingale problem has only one
solution, we need to approzimate superprocesses by other superprocesses with branching
rate of the form k™(ds) = A" (s, &s)ds. This is done in Theorem 14 below which may have
some independent interest. But before, some technical results are needed.

3.1. Some technical lemmas.

Lemma 7. Let (2,5, P) be a filtered probability space. Suppose that t — z' is a
sequence of right continuous processes such that

sup P([z2]) 0 (11)

TE[r,t]

where SUP, ¢ [p,¢] indicates here the supremum over all stopping times T such thatr < 7 < t.
Then
sup |z7| — 0 in P-probability
s€[r,t]
Proof. Letn > 0. Let 7' := inf{s € [r,¢] : |z}| > n}, where inf ¢ :=¢. Then we
have

IA

P{|z
7L

P{Supse[r,t] |$:’| > 7]} :n" > T]}

m?g )

and this converges to zero according to (11). |

IA
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Lemma 8. Let (2, R, P) be a probability space and a,(ds) be a sequence of random
measures on Ry. If a(ds) is such that P |a,([0,t]) — a([0,t])] — O for every ¢t > 0, then
there exists a subsequence a,,, such that P-a.s. a,, = a.

Proof. With the use of Cantor’s diagonalization method one finds a subsequence
an, such that P {]a,,[0,q] — a[0,q]| — 0 for every rational ¢ > 0} = 1. But then, because
the mappings t — a,,[0,t] are increasing, this implies that P-a.s. a,, = a. |

Lemma 9. Let k(ds) be any additive functional of an arbitrary right process § = (&, S, m,
Let S{ be the time inhomogeneous semigroup generated by £. For every 0 <r < s <t
we have that ST (hi)(z) < h(z) and

|55 (hi)(z) — hi(2)| = hi(z)
where hi(z) = 7, . k(s,t).

Proof.
Sy(hi)(z) = mre (s, k(s,t])

1

3

=

E]
N N
A

~~

\.fl:

w3 T Sk o

3.2. A-smooth approximation of superprocesses. In §3.2 we introduce the con-
cept of A-smooth approximation of superprocesses. The main result of §3.2 is Theorem 14
below, which states that, under the assumptions 1.3A-1.3C, an A-smooth approximation
exists.

Definition 10. A sequence k™(ds) of additive functionals of £ is said to be uniformly
admissible if for every € > 0 there exists a§ > 0 such that for every s,t € [0,T],|s —t| < §
implies that

sup [|*A7|[, <€

where "hi(z) = 7, k" (s,t).

Definition 11. We say that a mapping ¢ : [0,T] x E — R, is smooth for the strong
generator (A, D(A)) of €, or simply that ¢ is smooth for A, if

1) (s,.) belongs to D(A) for every s
2) Z4y(s,z) exists for every s and Hw — Zy(s, )H -0

oo

3) v, %1/1 and A1 are bounded and strongly continuous

z)-

Definition 12. We will say that a sequence of superprocesses X™ with parameters (§, ®, k™)

is an A-smooth approximating sequence for the superprocess X with parameters
(X,®,k), if:

e k"(ds) has the form A" (s,&;)ds
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e the log-Laplace functional v™ of X™ converges to the log-Laplace functional v of X.

e for every f € D(A), the function ¢"(s,z) :=vy 1(f)(z) is smooth for A,

o for every f € D(A), AvZ 1 (f)(z) + 2ol (f)(2) = @(z, v () (@) A" (s, z).

The proof of existence of an A-smooth approximation, relies on the following Propo-
sition where we show that additive functionals k& can be approximated by additive func-

tionals k™ of the form k™(ds) = A\"(s, &;)ds.

Proposition 13. Let k(ds) be a (continuous) admissible additive functional of a right
process €. There exists a sequence of additive functionals k™ (ds) of the form

k™ (ds) = A" (s,&s)ds
such that

(i) suPg<sct<TSUP,cp |"hi(z) — hi(z)| converges to zero as n tends to infinity, where

"hi(z) = 5,0 k"(s,t) and hi(z) = 7 . k(s,t);
(ii) the sequence k™(ds) is uniformly admissible;
(iii) &"(r,T] converges to k(r,7| in L (m, ) for every r-stopping time T and every r, z;
(iv) for every r,z there exists a subsequence {k™ (ds)}72, converging weakly to k(ds).

Proof. Let t} := LT Choose %T > 8, > 0 such that for every a <  such that

|a — B] < &, we have "
o 1
115l < -
Let us denote by pCg® the set of all infinitely differentiable non-negative functions f :
R, — R, with a compact support. We denote by supp{f} the support of a function
fepC*(Ry). Choose a function f* in pC> (R, ) such that
1) supp{f'} C [t} t] + 0]
2) [ fr(s)ds = 1
3) (for simplicity) f*(s) is a translation of f*(s).
Let

n—1
EM(ds) = 3 bl (67 (s)ds
i=0

and
"hi(z) 1= ms o k(s,t].
Note that .

j n— P n f£n t? s
"hi(z) = L[ S (s)dsSy (b, (@) (12)
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But for s € [t?,t} + 6,)

1771

Szi (h;?+1)(m) = Tie (77575 k(57t1+1])
= ﬂ't] (k(s7tl+l])
= ﬂ't] T (k(tz 7t2+1]) — ’I'I't;7$ (k(t:"7 S])
= e (W i Poben k(87 ’t?+1]) — Mg (”t?@y k(t?, S])

= g (W (60)) — e (W ()
Thus
£ (s tr 7 1
J e @) = mg e (R ()| < max s | < 0
Returning to equation (12) we get that
"W (o) - i @) <
max z) — T =.
=0, .n il T T = n
Now if s € (t]_;,t}) we have hat
" (z) = hy @)l = 7o (K"(s, t" — k(s t" Do
= + Hﬂs,m ( T (ft;?) —hp (ft;?)) Hoo
<2 oap ] +i

Se(t;tl,t?)
and the last expression tends to zero as n tends to infinity. Moreover, since

"hi(z) = hi(z) = mea (K"(s,T] = k(s,T])
—s0 (e, k(4 T] — me e, k7 (8, T))

we easily derive that
sup "Ry (2) — Ki(2)] 0
0<5,t<T,c€E
as n tends to infinity. This establishes that k™ (ds) satisfies property (). Property (ii) is
an immediate consequence of (7).
It remains only to establish property (4i7) and (iv). But property (i) implies that for
every r > 0 and every z € E, we have that

sup 7rr,m(|nh5’(§‘r) —hz(€:)]) =0
T€[r, T

where the supremum is taken over all r-stopping times 7 such that r < 7 < T. Con-
sequently, according to Lemma 7, we obtain that sup,c(, 7 ["h7(&s) — h7(€)] — 0 in
Trg-probability. One verifies easily that all the hypothesis of Theorem 25 are verified,
and this yields property (ii7). Property (iv) is immediate from Lemma 8, and the proof
is complete. |
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Remark 2. In Proposition 13, the sequence of additive functional k™(ds) can be chosen

to have the form .
=D hyp (€)1 (s)ds,
i=0

where fI* € pC®(Ry) forn=1,2,...;1=0,...,n—1;
Proof. Choose §,, such that for every r > 0 and every a < 8 < a + §,, we have

1
e gl < &

Se(he ) — Sp(hsi )

yeeey T

Proceed then exactly like in the proof of Proposition 13. Note that if r € {t,...,t"} then
"hip(z) = > / dsSr(ht; (@)
tr>r vl

But since for s € [t7,t! + §,,] we have

72371

te r t 1
|szit, ) - s )| <=
and since
2 +6n o
> [ sy 0, () = i),
tr>r 2
we get
njypr T 1
["h(2) — hp(z)|| < o
The rest is similar to the proof of Proposition 13. |

Theorem 14. There exists a uniformly admissible sequence of additive functionals k™ (ds)
with k™(ds) = A"(s, &)ds such that (£, ®,k™)-superprocesses form an A-smooth approx-
imating sequence for the (¢, ®,k)-superprocess. For every (r,z) € Ry x E and every
r-stopping time T, k™(r, 7| converges in L' (m, ;) to k(r,7].

Proof.  Let k"(ds) be given as in Remark 2 and let v;,(f)(z) be the log-Laplace
functional of the (£, ®, k™)-superprocess, n = 1,2, ... According to Theorem 26, v;,(f)(z) —
vp,t(f)(z) where v,+(f)(z) is the log-Laplace functional of the (£, ®, k)-superprocess. Ac-
cording to Theorem 28, v;,(f)(z) is smooth for A and Avlr(f)(z) + %UQ’T(f)(m) =
®(z, v p(f)(2))A" (s,z) for every 0 < s < T,z € E and f € D(A). |

4. THE PARTIAL MARTINGALE PROBLEM
In this section we investigate some of the properties shared by all solutions X = (X;, S, P, ,,)
to the partial martingale problem. One of these properties is that for such processes, lift-
ings exist, and therefore, the full martingale problem can be stated.
We also prove that the convergence of processes s — F"(s, ;) to a process s — F(s,£;)
can be “lifted” to obtain the uniform convergence of the processes s — (X, F™(s,.)) to
the process s — (X;, F(s,.)).
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4.1. Connection between X and its particle motion £. The following result is
due to Fitzsimmons [15, Corollary 2.8 ]. It establishes -via the partial martingale problem-
a link between solutions X to the partial martingale problem and their projection &.

Lemma 15. Let X = (X;,S, P, ,) be a solution to the partial martingale problem and
let S; be the semigroup of £&. If T is a bounded r—stopping time then for all f € bB

P%

.
(7

(Xr o, f) = (Xr, Sef) , for every t > 0
where PE‘; denotes the conditional expectation with respect to ..
The following technical lemma will be used several times in this paper:

Lemma 16. Let X = (X;,S, P.,) be a solution to the partial martingale problem for A.
Then for every f € bB, every T > 0 the process t — (X;,ST—.f) is a cadlag martingale.
In particular, for every bounded r—stopping time T we have that

Pr,,u <X‘r7 ST—Tf> = <,LI,, ST—rf>

Proof. Form Lemma 15, we have that

P3(Xops, ST—t—o(f)) = (X1, ST—1(f))

and hence the process t — (X, S7_+(f)) is a martingale. Since it is dominated by
t = || fllo (Xt 1), it belongs to class (D), according to [10, Lemma A.1.1]. If f € D(A),
then S;f € D(A) for every t > 0. Hence, for every t',the process ¢t — (X3, S7—¢(f)) is a
cadlag process. Hence if A, denotes a sequence of partitions {t?}7, of the interval [r, T
with mesh{A,} — 0, then the process z}* defined by

n—1
t— )= Z 1[t;»,t7+1)(t) <Xt7 ST—t?f)
i=0

is a cadlag process. Because f € D(A), we have that l[t?:t?ﬂ)(t)ST*t?f(m) converges
uniformly (in z and ¢ € [r,T]) to St_+(f)(z). Therefore t — z} converges uniformly (in
t) to t = (X;,ST—+f). Consequently, t — (Xi, S7_;f) is a cadlag martingale. From the
optional sampling theorem we get that for every bounded r-stopping time 7

P, (X7, ST f) = (1, ST+ f) - (13)

The extension of equality (13) to arbitrary f € bB follows from the fact that D(A)
is dense, for the bounded pointwise convergence, in bB. From Lemma [10, A.1.1.D], we
conclude from this equality that ¢ — (X, ST—+f) is a right continuous -and therefore
cadlag- martingale. |

Corollary 17. Let 8 € (r,T], a € [r,T] and let f(.) € bB. Then the process
t— Ty 1= l[a,ﬁ)(t) <Xt7 SEf)
is cadlag, and moreover, for every § > 0 and every stopping time T

P ptrys = Pryliap) (T +9) <XT’ SEf)
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Proof. The process t — <Xt/\ﬁ,5[t3/\ﬁf> is a martingale; so is therefore ¢t —

L) (1) <Xt, sgf>.
Let 7 be a stopping time and § > 0. Note that without lost of generality, we can
assume that 7 < B : this is due to the facts that for 7 > 8, we have z;rg4+5 = Tr45 = 0.
From the optional stopping time theorem, we get

PRI (Xo1s, 8570 F) = (X, 555)

where PSEL (.) denotes the conditional expectation with respect to S7
Because 1} )(T + &) € I7 this completes the proof. |

Corollary 18. Let ty :=r < t; < ... < t, := T be a partition of [r,T]. Let fi(.) € bB,
that is a bounded B-measurable function, for i = 1,...,n. Then the process

t— Ty = Z l[t“t,+1 <AXVt7 St +1fi+1>

is cadlag, and for every stopping time T and every § > 0 we have that

n—1

Pro(@r5) = Prp Y Lgitis) (7 +6) < X, S0, fi+1>

Proof. This is immediate from the above Corollary. |

4.2. Liftings. Consider now the function A%.(z) := =, .a(r,T] which is called the
characteristic of the additive functional a(ds). Assume that h is bounded. Note that
by Markov property, for every 0 < r < s < T we have

S; (ht) (z) = 7re (ms6,a(s, T]) = mrpa(s, T] < hi(2).

We use this in the following proof of the existence and uniqueness of liftings for solutions
to the partial martingale problem.
Proof of Proposition 3: According to Lemma 15

Pr‘(ij (Xits, f) = (X, Ssf), Prp-almost surely for every f € bB.

Consequently,
Py (Xers, h™) = (X, S (hy™)) < (X, b)),

and therefore process t — z; := (X;, hl.) is a supermartingale.
Let A, :=r =t} < ... <t = T be a sequence of nested partitions of the interval
[r, T] with mesh{A,} — 0. According to Corollary 18, the processes

£
tes ol = 21““) <Xt,5t?+lhT+>
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are cadlag. Since k(ds) is admissible, we have, according to Lemma 9

t tin+1 t
Sin he™ —h|| 0.

max sup ‘
oo

=0-n=been oy, )

Moreover, due to the fact that ¢t — (X;, 1) is cadlag,

sup (X;,1) < oo.
s€[r,T)

We can thus conclude that

lim sup |zf —a| =0.

N0 e[, T
The uniform limit of a sequence of cadlag functions being also cadlag, we conclude that
t — z; is cadlag.

Thus, by Doob-Meyer decomposition theorem (cf. [10, Th. A.1.1]),t — z; has a unique

compensator A(ds) (which is, by definition of lifting, the unique lifting of a(ds)) and

n—1 )
Art] = lim ¥ P {(Xu b)) = (Xua b ) }
n—1 &
= lim ¥ P {(Xuhit) = (X, St 3 ) (14)

lin ng P {( Xtz )}

weakly in L'(P,) as A runs over a standard sequence of partitions A = {r =ty < t; <
... <ty =t} of the interval [r,t]. Moreover, the convergence in (14) is strong when A is
continuous.

We now show that the lifting A of an admissible additive functional a is continu-
ous. According to [10, Th. A.1.1], A is continuous if and only if for every sequence of
r—stopping times 7, /7, with 7, < 7, we have E, ,z,, \( Er  T-.

Let the r—stopping times 7, increase to 7. Choose € and pick ¢ such that | — 8] < §

<e.

implies ||hj
oo

We have
Pr,umrn > Pr,umr > PT‘,;LmTV(TnthS) = Pr,ul{'rn+5<'r}m‘r + PT,MI{Tn+5ZT}an+§

But because z belongs to class (D), we have, for n big enough, that the right hand side of
the above differs from E, ,z,, s by a quantity which is less than or equal to €. Therefore,
for big n,

Prori5 < Pouts +c. (15)
On the other hand we get from Lemma 9
Nt T+6 HTIT T+6
;} Pr,ul{;,;Tngrk“leT} <XT+57 SHTlThT > = Py <XT+5, hr > (16)

but by Corollary 18, the left hand side of (16) coincides with

N-1 .
> T
P"vﬂl{ﬁ'T§T+6<’+TlT} XﬂSiJrTlT T :

=0
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An other use of Lemma 9 gives

= HrlT T T+6
E Prplisrerysciiny <XT751+1 T > = Pru(Xe, ST b7,
and therefore

Prpy(Xris, b %) = Pp (X, ST shit0).
Thus, using (15), we have, for n big enough,

0< P uzr, — Prpzr < e+ Pry(r, —2r,46)
= e+ P":M (XTn7th> - <XTn7 Tn +(5th+6>)
= E+Pr,u(< Tn ) T+§>)
< e(1+u).

This shows that P, ,z,, \( P .2 and therefore, the compensator A of z is continuous.

4.3. Convergence for £ versus convergence for X. Let f"(r,z) be a collection of
nearly Borel functions, and (for fixed T' > 0) consider the process s — F{'r(&5), s € [0, T,
where F)'r(z) := w5 f" (T, 7). To these processes, correspond the “lifted” processes given
by s — <XS, Fs’fT> In this subsection, we establish a criterion under which the pointwise

convergence of F'n(z) to Fy,r(z) implies the that the process s — <Xs, F£T> converges
uniformly in s to the process s — (X, Fs,T) .

We also establish that a criteria under which the convergence of the additive functionals
k™(ds) to the additive functional k(ds) implies the same convergence for their liftings
K™(ds) and K (ds).

In fact, we are particularly interested in the processes s — <Xs, v;"T()> where v™ is the
log-Laplace functional of an A-smooth approximating sequence for the superprocess with
parameters (£, ®,k). We want to show that s — <XS,’U;L,T(.)> converges in probability
uniformly in s to s = (X,,vs,7(.)).

We also study the processes s — (X;,” hi.(.)) where ™h#.(.) is the characteristic of an
additive functional k£™(ds). We derive from the uniform convergence of s — (X, hi(.))
to s = (Xs, hi-(.)) that (under some assumptions) the liftings K™ of k™ converge (weakly
a.s.) to the lifting K of k. This is crucial for the proof of uniqueness to the martingale
problem.

Uniform convergence of sequences of “lifted processes”.

Notation 2. Let z; be a function of s € [r,T]. In the following, the expression z* will
denote
Z¥ = sup z.
tE[T,T]

Lemma 19. Let f*(t,z) be a sequence of uniformly bounded measurable functions sat-
isfying the condition

sup  |Seysfr(t+0)(z) — f*(t,z)] > 0asd — 0. (17)
0<t<T,z,n
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Suppose that
flt,z) = lim f"(t,z). (18)

n—oo

Then the process

2" —a|" == sup [(X¢, f"(t,.)) — (Xe, f(2,.)]

te[r,T]
converges to zero in P, ,-probability.

Proof. Let ¢t/ :=r + #(T —r), for i =0,...,m. Define

= (X )
mtoo = <Xta f(ta )>

"= N (6 (X, Sty £, )
= N e (8) (X Sk F02,0))

Recall that for every w, sup,¢(,, 1) (Xt(w), 1) < co. Thus, (17) implies that for every e > 0
and for every m big enough, we have

sup |z™™(w) — z™(w)|" <e.
nE[L,.m00]

Therefore, it suffices to prove that for every m > 0, [z™™ — z°™|* converges to zero in
P, ,-probability.
This will clearly be verified if for every ¢ > 0

sup |<Xt75,t;fn(07 )> - <Xt:Szf(ca )>|

t€[r,c]

converges to zero in P, ,-probability. This is the case if

sup <Xt,S§ ™ (e,.) — fe, )|>

te[r,c]

converges to zero in P, ,-probability. To prove this, it suffices, according to Lemma 7, to
check that
lim sup P.,(X.,S.|f"(c.)— f(c.)]) =0.
n—oo r<r<c
But for every g € B, the process (X, Stg) is a cadlag martingale. Hence, from the
optional sampling theorem we get that for every stopping time 7

Pr,u <XT7 SZ |fn(c7 ) - f(c7 )|> PT,M (XT: Sg |fn(c7 ) - f(c7 )|>
(b, SC1™ (e, ) = fle, ) -

Because f™ converges to f, and because {f"} is uniformly bounded, the right hand
side of the last equality tends to zero. |



Martingale Problem for (¢, ®, k)-Superprocesses 18

Corollary 20. Let k™(ds), k(ds) be a collection of uniformly admissible additive function-
als of a right process £ and ® a regular branching mechanism. Let v™ be the log-Laplace
functional of the (£, ®, k™)-superprocess, and v the log-Laplace functional of the (£, ®, k)-
superprocess. Let g € L and suppose that v]'1(g)(z) converges to v, r(g)(z) for every

r,z. Then s — <Xs, UZT(g)> converges uniformly to s — (X;,vs 1(g)) in P, ,-probability.

Proof. Let g € L. Note that the functions v;7(g)(z) and ®(z,v]'r(g)(z)) are
uniformly bounded. This implies that the family of additive functionals {k*"}, de-
fined by k*"(ds) := ®(&s, vl 7(f)(€))k™(ds), is uniformly admissible. It follows from
Lemma 9 that (17) holds with f™(¢,z) = mok**(r,T] and f(t,z) = 7w .k*(r,T],
where k*(ds) := ®(&s,vs,7(f)(€s))k(ds). This yields (17) with f"(¢,z) := vz (f)(z) and
f(t,z) := v r(f)(z). The assumption that v, (f)(z) converges to v, r(f)(z) is identical
o (18). An appeal to Lemma 19 completes the proof. |

Convergence of additive functionals versus convergence of their liftings.

Proposition 21. Let k™(ds), k(ds) be a collection of uniformly admissible additive func-
tionals. Suppose that for every v,z we have that

"hip(z) 1= mp k" (r, T] = 7, k(r, T] =: hip(x). (19)

Then for every r-stopping time T, K™(r, 7] converges to K (r, 7] in L' (P,,,,), where K™(ds)
(resp. K(ds)) is the lifting of k™(ds) (resp. k(ds)).

Proof. Because the additive functionals are uniformly admissible, we derive form
Lemma 9 that condition (17) is verified with f™(¢,z) =™ hl.(z) and f(t,z) = hi(z).
Condition (19) is identical to condition (18) and therefore, according to Lemma 19,

sup |<Xt,” h%) — (Xt,hf_,w>| -0
te[r,T)
in P, , -probability.
Clearly, for every stopping time 7 and every bounded random variable M

Pry (M (X7," h7)) = Pry (M (X, hT)) .

We have already established, in §4.2, that processes

t— Tt = (Xt, hg—v>
t— ozl = (X" hb)

are right continuous supermartingales of class (D) whose compensators are the liftings
K™(ds) of the additive functionals k™(ds). In fact, since the additive functionals k™(ds)
are uniformly admissible, there characteristics "h/.(z) are uniformly bounded, so that the
processes t — z}* belong uniformly to class (D).

It suffices only to appeal to Theorem 25 to obtain the desired result. |

Corollary 22. Let k™(ds), k(ds) be a collection of uniformly admissible additive function-
als of €, let ® be a regular branching mechanism, let v™ be the log-Laplace functional of the
(&, @, k™)-superprocess, and v the log-Laplace functional of the (£, ®, k)-superprocess. Let
f € £ and assume that v} (f)(z) converges to v, T(f)(z) for every r,z. Let K2R ()
be the lifting of ®(s,{,, v} 1(£5))k™ (ds). Then, for every r-stopping time T, K2R (7]
converges to K®() (r 1] in L'(P, ).
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Proof.  Clearly, v;'r(z) — 7 f(§) converges to v.r(z) — 7,2 f(&) for every r,z.
That is,

T T
"hip () = Wr,z/ B(s, &, v5e, )K" (ds) —Hrr,z/ (s, &, vs,e, )k(ds) =: hip(z)

for every (r,z) € [0,T] x E. Moreover, the additive functionals ®(s,&s, vy, )k"(ds) are
uniformly admissible. An appeal to Proposition 21 completes the proof. |

5. THE FULL MARTINGALE PROBLEM: UNIQUENESS OF THE SOLUTION
We now prove the uniqueness of the solution to the full martingale problem. Assume for
now on that (X, S, P.,) is a solution to the full martingale problem. Our first goal, in
this section, is to establish that (X, S, Pr,,) is a solution to an “extended” form of the
full martingale problem.

5.1. Extension of the martingale problem to time dependent functions. The
“extended” form of the full martingale problem for (£, ®,k) is given in the following
Lemma:

Lemma 23. Let X; be a solution to the full martingale problem for (£, ®,k) and let
be smooth for A. Then

t > exp (— (X¢, %)) + f: exp (— (X, ¥s)) (XS,Asz + %d;S) ds (20)
— [ exp (= (X, 1)) K2 (ds)

is a P, ,—martingale, where K®¥)(ds) is the lifting of ®(&,,1,)k(ds).

Proof. The proofis a generalization of Lemma 8 in [12] (see also [13, Lemma 4.3.4]).
First, for a measurable function f(s,z), let us define (when the expressions makes sense)

us(s, Xe) = exp(—(Xe, f(s,.))
Uf(saXt) ‘= €Xp (_ <Xtaf(57')>) <Xt7%f(sa')>
wy(s, Xe) = exp(—(Xe, f(s,.)) (Xe, AS(s, ) -

Let ¥ be smooth for A. Then we have
u¢(t27Xt2) _UT/’(tl:th) = _.];tlz U¢(S7Xt2)ds
and

B fu(t, Xiy) — ult, X)) = B [ [P w(ts, X,)ds] (21)
_ESu [ " u(ty, X,) K‘P(dnl)dk(ds)} .

Therefore, if A™ is a partition of [t1, 2] with mesh{A™} — 0 and ¢™ and X™ are defined
by

Y(s,z) = g b7 @)L an, ) (8)

Xn(s) = X X e, ) (9)
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then, clearly,

n—1

B(£q,un (£.))dE n
Z [tf,t:‘_,_l)(s)K (€s,ven (€5)) (ds) = K& ] (fs))dk(ds)
(where K"(s:¢:)4%(ds) denotes here the lifting of 7(s, £,)k(ds)) and we get (by summing
the expressions in (21)) that
B [u(ty, Xiy) —u(t, Xe)] = —E% [[ vy (s, X7)ds]
—ESu [ f1 w,pn(s,Xs)ds} (22)

+ESa | [ u¢n(s,Xs)K‘I’(¢n)dk(ds)] .

We want to show that

nlgrr;o ESt [j; vy (s X”)ds] = ESu [fl vy (s, X )ds]
nILH;O ESu [ftlz wyn (s, Xs )ds] = ESu [fl wy (s, Xs )ds] (23)
lim B [ S g (s, X ) KB )dk(ds)] S [ S ugls, X, )K*P(Wk(ds)]

which would complete the proof of the Lemma.
1°)Let us first show that the first two limits of (23) are verified. From Lebesgue’s
theorem, it suffices to prove that for a fixed s > t;, we have that P, ,-almost surely

(X3 ths) = (Xs,s)

(Xs, 97) = (X5, %)

(X, APT) = (X, At
(X3, Stps) = ( Xy 25s) -

Only the last convergence is not straightforward. Let )+ denote the set of non-negative
rational numbers. Since w € D(A), we have the processes

— <Xt, ¢S+hh ¢S> , where s,h € Q4

are P, ,-indistinguishable from right continuous processes. But since (X3, 1) is a cadlag
process,
sup (X¢,1) < oo;
r<t<T

t Mh—% — %1/13 uniformly in z, we obtain that P, ,-almost surely, the

using the facts tha
mappings {t — <Xt, %¢s>}sEQ+ are uniform limits of right continuous mappings; they
are therefore also a right continuous. Because the function %1/13 is strongly continuous
and bounded, it is easy to derive that (¢,s) — <Xt, Bs 1/15> is jointly right continuous,
P, ,-almost surely. Hence, < o 881/15> < 5 BS'L/JS>, P, ,-almost surely, as wanted.

2°) We now show that the third limit of (23) holds. Note that, for every w, s
(Xs, Y1) (w) converges uniformly (in s € [r,T]) to s — (X, ¥s) (w). According to Propo-
sition 21, K®¥")dk(p 7] converges to K*(¥)¥ (r 1] in L'(P,.,). With Lemma 8, it is
also possible to suppose (perhaps by taking a subsequence) that K®(¥")% (ds) converges
weakly to K®(¥)4k(ds). This yields (20) as wanted. |
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5.2. Proof of uniqueness for the full martingale problem. We are now ready
to show that the solution to the full martingale problem for (£, @, k) is unique, as stated
in Theorem 4.
Proof of the uniqueness part in Theorem 4:
Step 1) According to Lemma 14, we can choose a uniformly admissible sequence of
additive functionals k" (ds) = A"(s,&s)ds such that if v'7(f)(z) (resp. v.,7(f)(z)) is the
log-Laplace of the (&, ®, k™)-superprocess (resp. (£, ®,k™)-superprocess) then
(i) vp.r(f)(z) converges to v.,r(f)(z) for every r,z, f
(ii) v (z) is smooth for A, for every f € D(A)
(iii) Avp () + %’U;T(.) = ®(.,v7)A"(s,.), for every f € D(A)
(iv) for every r, z and every r-stopping time 7, k™(r, 7] converges in L' (m, ) to k(r, 7]
Let us define
K (ds) := (XS, (., 'U;L’T))\”(s, )> ds
Kp(ds) := K®Ir)dk(dg),

Note that KT'(ds) is the lifting of the additive functional ®(&,, vy 7)A"(s,{;)ds. According
to Proposition 21 and Corollary 22 we have that

(A) For every r-stopping time 7, both random variables K}'(r, 7] and K% (r, 7] converge
to K®.1)dk(p 1] in LY(P,,).

Invoking Lemma 8 we are also allowed to assume (by mean of taking a subsequence)
that a.s.

(B) K(ds) and K3(ds) converges weakly to K1) (ds),

Moreover, from Corollary 20, it is also possible to suppose (by mean of taking a
subsequence) that

(C) s— <XS,’U;L,T> converges uniformly (in s € [r,T]) to s — (X, vs 1) .
Step2) According to Lemma (23),

tr—)exp(—<Xt,vt >)+f exp( <XS,U;L7T>) <XS,AUQ’T+%UZT>ds
 JFexp (- (Xes o)) KH20
(

is a martingale. Putting = = (X, v} T> the equality

0
Avir + -vir = @(.,UZT))\"(S, J)

Os
gives
e = MMep +f e % KP(ds) f e % K3 (ds) (24)
Clearly e~* — e~** pointwise and in L' (P.,) where z; := (X, v ) and v is the

log-Laplace functional of the superprocess (£, ®, k).
From (A), (B) and (C) we get that

¢ t
/ e~ KI'(ds) —/ e K2(ds) = 0 (25)
0 0
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where the convergence holds in L!(P, ).
That forces M*(¢p) to converge in L*(P,,) to a limit M;(p) which has to be a mar-
tingale, and we get
Pru(€7°7) = Pry (e77)
Which is precisely
Prp (exp (= (X1, 9))) = exp (= (4, vr,1)) -
Since T is arbitrary, X is the superprocess with parameters (£, @, k). |

6. APPLICATION TO SUPERPROCESSES WITH INTERACTIONS

We now introduce a Dawson-Girsanov transformation (cf. [3] and [4, Th. 7.2.2]) for
(&,(.)%, k)-superprocesses. The purpose of this section is to generalize [4, Th. 7.2.2]. In
fact, the difficulty? consists here in finding an appropriate way to state the martingale
problem: the proof that it is well posed (Theorem 24) is identical to [4, Th. 7.2.2].

In addition to the hypotheses and notation of §1.3, we now restrict ourself to the binary
branching mechanism, that is, we additionally assume that ® has the form ®(z,)\) = A2.
Throughout the rest of this paper we fix r > 0 and p € Ms.

6.1. The (£, (.)?, k)-superprocess. According to [19, Th.1.3 and Rem 1.1], there ex-

2
ists a continuous version of the (£, (.)2, k)-superprocess. Let X = (X;, S, P}i’(') ’k)) denote

the canonical (€, (.)?, k)-superprocess realized on Cj,. o) (M ), the subspace of Dy, ooy (M)
consisting of continuous trajectories. It clearly follows from Theorem 4, that Pr(ﬁj(')z’k)
is the unique distribution on Cf, o)(My) such that Pr(i’(') *) solves the full (€, ()%, k)-
martingale problem. It follows from Itd’s formula and uniqueness of the full (&, (.)2, k)-

martingale problem that Pr(i’(')z’k) is the only distribution on C}, »)(Ms) such that, for
every ¢ € D(A),

ts My(p) = (X1, 0) — (Xr0) — / (X., Ag) ds.

2 ~
is a square integrable Pr(ﬁj(') ’k)—martingale with quadratic variation Q(p?)(ds), where

Q(¢?)(ds) is the lifting of ©2(&,)k(ds).
One easily checks that

(M(f), M(g)) (ds) = Q(fg)(ds). (26)

We denote by M the (orthogonal) martingale measure (with intensity v ((r,t] x A) =
f:@(lA)(ds)) extending the martingales M;(¢). We denote by Q(ds,dz,dy) the co-
variance functional of M. It is clear from (26) that Q(ds, f,g) = Q(fg)(ds) for every
7,9 € pbB. We set

Pu:={f: flw,s,z) € P x B, Pﬁi’(')z’k) i EfZ(w,s,m)V(w,ds,dm) < oo},
+ X

2See the discussion in §1.
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where P is the predictable o-algebra. For any g : My — C’(E) which is bounded and
measurable we pose

_exp{// X,,y) dsdy——/// (X.,2)g s,y)Q(ds,dm,dw}-

6.2. Statement of the (¢, (.)2, k, R)-martingale problem. In addition to the nota-
tion of §6.1, let ! denote a bounded an measurable mapping from M; to C(E). Clearly,

Q(ds,dz,dy) is defined up to Pr(ﬁj(')z’k)—indistinguishability, but if P, , is another dis-
tribution on Cp, o) (M), it may not be the case that Q(ds,dz,dy) is defined up to
P, ,-indistinguishability. Choose and fix any of the Pr(ﬁj(')z’k)—indistinguishable version
of Q(ds,dz,dy). The statement of the (£, (.)2, k, ®)-martingale problem is:

There exists one and only one distribution Pr(ﬁj(')z’k’%) on Ciy o0y (Mg) such that for
every ¢ € D(A),

to MP(p) = <Xt,w>—<Xr,¢>—[ (X, Ap) ds—/ | [rxawe@a(ds,ds,

is a continuous local martingale with increasing process

/// Q(ds, dz, dy),

and such that t — Z_x(t) is a martingale.

Remark 3. Theorem 24 below asserts that Pr(i’(')z’k’m and Pr(i’(')z’k) are equivalent mea-
sures. Therefore the solution of the (¢, (.)2, k, R)-martingale problem does not depend on
the choice of a particular version of Q(ds,dz, dy).

6.3. (&, ()2, k)-superprocesses with interactions. In addition to the hypotheses
and notation introduced so far, we now require that3:

6.3A For every 8 > 0, and every ¢t > r

PE() k) (eeQ((r,tLE,E)) = p&O*H (eaé(l)(nt]) < oo.

Ly

Let g : M¢ — C’(E) be bounded and measurable. Since X, is continuous and g
is bounded and measurable, g(Xs,.) € Par and by [4, Th. 7.1.6] the stochastic integral

f J 9(Xs,y)M(ds, dy) is a continuous martingale with increasing process f: Iz [5 9(Xs, 2)9(Xsy)Q(ds, dz, dy).
Therefore, by [4, Th. 7.1.7], Z,(t) is a continuous Pr(i’(')z’k)—local martingale. It follows

from [4, Th. 7.1.7] that, that under assumption 6.3A, t — Z,(t) is a Pﬁi’(')z’k)—martingale.
The later is required in [4, Th. 7.2.2] and this is why assumption 6.3A was introduced.

3This condition can be compared to a condition in [9] which asserts that for every ¢ > 0 and every
6 > 0, sup,..; sup, Tp,z % (M) < oo,
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Theorem 24 [A Dawson-Girsanov transformation]. The (&, (.)?, k,R)-martingale
2
problem is well posed, and its solution P}i’(') ®R) is a measure which is equivalent to

()% k
PEO™

Proof. The proof is identical to the proof in [4, Th. 7.2.2]. In Dawson’s argument,
one should only replace 1° Q (X5, dz,dy)ds by Q(ds,dz,dy), 2° r by R and 3° R(X,, dz)ds
by [R(X,,y)Q(ds, dz,dy). [ |

7. APPENDIX
Theorem 25. Let 2z, n = 1,...,00 be right continuous supermartingales and A™, n =
1, ..., 00 their compensators. Assume the ™ belong uniformly to the class (D). Assume also

that for every stopping time T, " converges weakly in L' to z>° and that sup |z7 — ]

0<s<T
converges to zero in probability. Then for every stopping time T, A? converges to A>° in
L.

Proof. See [8, VII.19 and 20]. |

Theorem 26 [joint continuity in fdd]. Consider branching functionals k!,...,k>® = k
being uniformly of bounded characteristic. Suppose that for every starting point (r,z) €
[0,T] x E and every r—stopping time o < T we know that k™(r, o] converges to k(r,o] in
L*(m, ) as n — oo. Then the related log-Laplace functionals converge:

ol (@) = on(f)@),  0<r<t<T, wcB, febE,.

Proof. See [6, Th. 23]. |

Definition 27. We say that a mapping I'(s,z,\) is locally in X strongly continuous
if for every s > 0 and every A > 0

lim sup |[(s,z,A) —T(¢,z,A)| =0
28 e B 0<A<A

Theorem 28. Let (¢, F, 7, ;) be a time homogeneous right process with value in a metriz-
able Luzin space (E, ). Let S; denote the semigroup of £ and let £ C b€ denote the set of
functions f € b€ such that S:(f)(z) is strongly continuous. Let (A, D(A)) be the (strong)
generator of S. Let ®(s,z,\) be a non negative mapping such that ®(s,z,p(z)) € L for
every ¢ € D(A) and such that for each A,T € R,

194/l V124l V 12560 V 12Xl =2 M(A,T) =: M < 00

where the supremum is taken over the triples (s,z,\) such that 0 < s < T,z € E,0 <
A < A. Assume that ® and its derivatives are locally in X\ strongly continuous. Then for
each ¢ € D(A), there exists a unique solution v to the equation

T
vi,7(p)(2) = ST190() —/t Sr—t [(r, vr,7(p))] (2)dr.
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v satisfies the properties

1) v r(p)(z) belongs to D(A) for every t;
[ranrlelmnetl _ gy, 1)) 0,

3) v, %vt,T and Avy 7 are bounded and strongly continuous.

2) %Ut,T((P)(:E) exists and

Moreover

[1]

[2]

[4]

[5]

[7]

8]

0

50T (9)(@) + Aver(9)(z) = B(F, 7, 0,7 () (2)).

Proof. See [18, Th 2]. |
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