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Theory of valley splitting in Si/SiGe spin-qubits:
Interplay of strain, resonances and random alloy disorder

Abel Thayil, Lasse Ermoneit, Markus Kantner

Abstract

Electron spin-qubits in silicon-germanium (SiGe) heterostructures are a major candidate for the
realization of scalable quantum computers due to their long spin coherence times and compatibility
with existing semiconductor fabrication techniques. A critical challenge in strained Si/SiGe quantum
wells (QWs) is the existence of two nearly degenerate conduction band minima that can lead to
leakage of quantum information. To address this issue, various strategies have been explored to
enhance the valley splitting (i.e., the energy gap between the two low-energy conduction band
minima), such as sharp interfaces, oscillating germanium concentrations in the QW (wiggle wells),
and shear strain engineering. In this work, we develop a comprehensive envelope-function theory
augmented by the empirical pseudopotential method to incorporate the effects of disorder, strain,
and resonances arising from the symmetries of silicon’s crystal structure. We apply our model to
analyze common epitaxial profiles studied in the literature and compare our results with previous
work. This framework provides an efficient tool for quantifying the interplay of these effects on the
valley splitting, enabling complex epitaxial optimization in future work.

1 Introduction

Electron spin-qubits in Si/SiGe heterostructures are one of the major candidates for the realization of
universal quantum computers [1–3]. The material platform has excellent scalability prospects because
of the abundance of nuclear spin free isotopes (e.g., 28Si and 76Ge) required for long coherence
times and its compatibility with industrial fabrication technology [4–6]. Experiments have demonstrated
high-fidelity state initialization and readout in combination with one and two-qubit gates exceeding the
fault-tolerance threshold [7–9]. In addition, scalable quantum computing architectures require coherent
coupling of distant qubits to overcome crosstalk and qubit wiring limitations [10, 11]. As a major step in
this direction, coherent qubit transfer across the chip was recently demonstrated using conveyor-mode
electron spin-qubit shuttles [12, 13].

One of the key challenges in the design of reliable Si/SiGe qubits is the enhancement of the energy
splitting between the two nearly degenerate valley states at the conduction band minimum of a biaxially
strained SiGe/Si/SiGe quantum well (QW), see Fig. 1. The energy splitting between these states,
called valley splitting, is caused by the coupling of the two valley states by the heterostructure potential
[14–16]. Interface roughness and random alloy disorder in the SiGe barrier [17–19] cause the valley
splitting to fluctuate across the chip with typical values ranging from several tens to hundreds of
µeV [20–23]. These statistical fluctuations of the valley splitting are notoriously difficult to control and
inevitably lead to spatial domains with very low splitting, known as spin-valley hotspots, where the valley
splitting becomes comparable with the Zeeman-splitting [22, 24, 25]. As a result, low valley splittings
are a potential source for spin-dephasing and leakage of quantum information [26, 27]. While these
issues might be secondary for stationary qubits, they are particularly challenging in spin-qubit shuttles,
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Fig. 1. (a) First Brillouin zone of the face-centered cubic (fcc) lattice. The degeneracy between the six equivalent conduction
band minima in Si near the X-points is lifted by strain. (b) Energy diagram for the conduction band ground states in
Si/SiGe quantum dots. Biaxial strain due to lattice mismatch between Si and SiGe leads to a separation of the two valleys
oriented along [001] and [001] from the other four conduction band ground state valleys. The heterostructure potential and
alloy disorder finally lift the remaining degeneracies. (c) Cubic unit cell of relaxed bulk Si (diamond crystal) composed of
two interpenetrating fcc sub-lattices separated by a non-primitive translation along a quarter of the face diagonal. Atoms
of the first and second fcc sub-lattice are shown in red and blue, respectively. (d) Biaxial strain along [100] and [010]
yields a tetragonal crystal with reduced symmetry. Like in the relaxed crystal, the two sub-lattices are interchangeable by
a nonsymmorphic screw symmetry [30, 32]. (e) Additional shear strain along [110] further reduces the symmetry to an
orthorhombic system. The displacement between the two interpenetrating sub-lattices is controlled by Kleinman’s internal
ionic displacement parameter ζ (blue arrows). The nonsymmorphic screw symmetry, which transforms the two sub-lattices
into one another, is broken by the shear strain.

where the electron is conveyed over micrometer distances across a disordered landscape [28, 29]. For
such applications a reliably large valley splitting above 200 µeV would be desirable in order to avoid
spin-valley hotspots [28, 30, 31].

Recently, several heuristic strategies have been proposed to enhance the valley splitting by engineering
the Si/SiGe heterostructure [18, 30, 32, 33]. These include sharp interfaces, narrow QWs and QWs with
uniform low Ge-concentration [17] and more elaborate epitaxial profiles in the QW such as a Ge-spike
[34] or an oscillating Ge concentration, known as the wiggle well [30, 32, 33]. In all strategies, there
is a complex interplay of resonances, strain and disorder effects, which can lead to an enhancement
of the expected valley splitting. For practical applications, a distinction between deterministic and
disorder-induced enhancements is crucial to assess the likelihood for the occurrence of spin-valley
hotspots.

The theoretical description of valley splitting is primarily based on effective mass models, partially
augmented by empirical tight-binding models [17, 18, 32, 35, 36], pseudopotential theory [30, 37] or
density functional theory [15, 16, 38]. Moreover, these effective mass models have also been combined
with statistical models to incorporate the effects of alloy disorder. For instance, in Refs. [17–19] alloy
fluctuations have been modeled by sampling of Ge atoms in the primitive unit cells of the crystal from
a (scaled) binomial distribution. Alternatively, there are also approaches in which the alloy disorder is
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already taken into account at the level of the crystal structure [30]. Furthermore, the coupling between
valley states across different Brillouin zones is inconsistently accounted for in the literature. These
effects lead to non-trivial resonance conditions, that are addressed in several studies [30, 32, 33],
whereas most of the existing literature employs the so-called “2k0-theory”, where only the direct
interaction of the two valley states within the same Brillouin zone is considered [14, 18, 19, 26, 39, 40].
Finally, only few works explicitly discuss the impact of strain [32, 35, 41, 42]. In particular, merely the
recent paper by Woods et al. [32] provides a combined analysis of non-trivial resonances and (shear)
strain based on an effective mass theory derived from a tight-binding model. This model, however,
disregards disorder-induced enhancements of the valley splitting.

In order to improve the understanding of the complex theory of valley splitting in Si/SiGe qubits, it is
pertinent to develop a comprehensive theoretical model that combines all the aforementioned effects –
namely strain, random alloy disorder and reciprocal lattice vector resonances – into a unified framework.
This objective has been accomplished in the present paper by means of an effective mass model, which
merges several existing concepts consistently in a unified framework. We demonstrate that our model
faithfully reproduces several known results on valley splitting statistics, interface effects and the shear
strain-dependency of the wiggle well, but also extends the state of the art.

The paper is organized as follows: In Sec. 2 we present the theoretical model for the valley splitting
in Si/SiGe quantum dots, which involves perturbation theory for the multi-valley Schrödinger equation
(using the effective mass approximation), a model for the random alloy disorder in the heterostructure
and empirical pseudopotentials to account for the electronic band structure and crystal symmetries.
Numerical results are described in Sec. 3. Major attention is devoted to strain-induced effects, which
extend previous findings on the QW interface-width dependency and wiggle well-type heterostructures.
Finally, Sec. 4 provides a thorough discussion of the results and comparison with similar models
followed by an outlook in Sec. 5. Several technical considerations on band structure coefficients and
valley splitting statistics can be found in the appendices A and B.

2 Valley Splitting Theory

2.1 Coupled Envelope Equations

The interaction of the two nearly degenerate low-energy valley states at the conduction band minimum
k = ±k0 ≈ (0, 0,±0.84) × 2π/a0 of a biaxially (tensile) strained QW grown in [001] direction is
described by the coupled envelope equation model [15, 30, 32](

H0 (r) V ∗
c (r)

Vc (r) H0 (r)

)(
Ψ+ (r)
Ψ− (r)

)
= E

(
Ψ+ (r)
Ψ− (r)

)
, (1)

where Ψ± (r) denotes the envelope wave functions of the corresponding valley states. Here, the valley
splitting corresponds to the energy difference between the first excited state and the ground state. The
coupled envelope equation model can be derived from the crystal Hamiltonian following Refs. [43, 44].
The Hamiltonian in (1) involves

H0 (r) = − ℏ2

2mt

(
∂2

∂x2
+

∂2

∂y2

)
− ℏ2

2ml

∂2

∂z2
+ U (r) (2)

Vc (r) =
∑
G,G′

c+ (G) c∗− (G′) ei(G−G′+2k0)·r U (r) (3)
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where ml and mt are the effective mass tensor components at the silicon conduction band minimum
and U (r) is the total confinement potential. The intervalley coupling is described by Vc (r), which
involves the plane wave expansion coefficients c± (G) = c±k0 (G) of the periodic part of the Bloch
states at the two valleys, u±k0

(r) =
∑

G eiG·rc±k0
(G). The band index is suppressed throughout

this paper, as we are solely concerned with the (lowest-energy) conduction band.

The total confinement potential

U (r) = Uhet (r) + UQD (x, y) + UF (z) , (4)

describes the effects of both the epitaxial heterostructure and the electrostatic fields induced by the
metal gates at the top surface of the device. The heterostructure potential Uhet (r) describes the
potential induced by the Ge atoms in the SiGe alloy, i.e., a type-II Si/SiGe QW with random alloy
disorder, which will be described in more detail in Sec. 2.2. Note that in the present model, the effects of
Ge atoms are entirely described by the heterostructure potential, whereas the underlying band structure
(i.e., effective masses and Bloch factors) are those of pure Si. We assume a harmonic QD confinement
potential induced by the gate electrodes

UQD (x, y) =
mt

2

(
ω2
xx

2 + ω2
yy

2
)
, (5)

where ωx and ωy describe the lateral extension of the QD an thereby the orbital splitting ∆Eorb =
min (ℏωx, ℏωy). In the limiting case of ωx = ωy, the QD takes a circular shape. Finally, we assume a
constant electric field F along the growth direction, which induces the corresponding potential

UF (z) = −e0Fz, (6)

where e0 is the elementary charge.

2.2 Heterostructure Potential and Alloy Disorder

The heterostructure potential describes the built-in potential due to the epitaxial profile. In order to
account for disorder effects in the Si1−xGex alloy, we choose a statistical model similar to that in
Refs. [19, 40], where the heterostructure potential is described as a random field

Uhet (r) = ∆EcΩa

∑
i

Ni δ (r−Ri) . (7)

Here, ∆Ec is the Si/Ge conduction band energy offset, Ωa = (a0/2)
3 is the atomic volume (not

to be confused with the volume of the primitive unit cell) and Ri is a lattice vector of the (strained)
diamond crystal, see Fig. 1 (c)–(e). The number of local Ge atoms at each lattice site is modeled as
an independent random variable Ni, which follows a Bernoulli distribution depending on the local Ge
concentration X = X (Ri)

Ni ∼ Bernoulli (p = X (Ri)) . (8)

In the following, we assume a one-dimensional epitaxial profile characterized by X (r) = X (z)
describing the Ge concentration in the QW

X (z) = Xb (1− Ξ (z)) , (9)

where Xb is the Ge concentration in the barrier (we assume Xb = 0.3 throughout) and

Ξ (z) =
1

2

(
tanh

(
h+ z

σl

)
+ tanh

(
− z

σu

))
(10)
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is a smoothed indicator function that describes the shape of the QW. Here, h is the QW thickness and
σu and σl describe the width of the upper and lower QW interfaces, respectively. The interface widths
can be obtained experimentally using scanning transmission electron microscopy (HAADDF–STEM),
typical values for Si/SiGe QWs are σu ≈ σl ≈ 0.5 nm [17, 31, 45].

The heterostructure potential is separated into a deterministic and a random component

Uhet (r) = UQW (z) + δUhet (r) , (11)

where the deterministic component describes the nominal QW confinement potential given by the
expectation value

UQW (z) = ⟨Uhet (r)⟩ = ∆EcΩa

∑
i

X (Ri) δ (r−Ri)

≈ ∆EcX (z) . (12)

Here we used the mean value of the Bernoulli-distributed random Ge number at each lattice site
⟨Ni⟩ = X (Ri). The random component has zero mean

⟨δUhet (r)⟩ = 0 (13)

by construction. Using the covariance of the Bernoulli distribution

⟨(Ni − ⟨Ni⟩) (Nj − ⟨Nj⟩)⟩ = δi,j X (Ri) (1−X (Ri)) ,

the covariance function of the heterostructure potential is obtained as

⟨δUhet (r) δUhet (r
′)⟩ = (∆Ec)

2Ωaδ (r− r′) Ωa

∑
i

X (Ri) (1−X (Ri)) δ (r−Ri) (14)

≈ (∆Ec)
2ΩaX (z) (1−X (z)) δ (r− r′) .

The simple covariance function reflects the assumption of locally independent distribution of Ge atoms
stated in Eq. (8) (i.e., no clustering of Ge atoms). The covariance function (14) is used in Appendix B to
derive statistical properties of the intervalley-coupling element and the valley splitting.

2.3 Empirical Pseudopotential Theory and Strain

The empirical pseudopotential method (EPM) provides an accurate description of the electronic band
structure with only a few parameters adapted to experimental data. The approach is particularly efficient
for silicon, germanium and other semiconductors [46, 47]. A major advantage of the EPM is that it can
naturally account for strain effects arising from a displacement of the crystal ions R′

i = (I + ε)Ri,
where ε is the strain tensor. The key steps for the inclusion of strain in EPM calculations are the
consideration of strained reciprocal lattice vectors G′

i ≈ (I − ε)Gi (assuming small strain to linear
order), the modification of the primitive unit cell volume Ω′

p ≈ (1 + tr (ε)) Ωp, interpolation of the
atomic pseudopotentials at the strained lattice vectors and consideration of internal ionic displacement,
describing the relative shift between the two sub-lattices, see Fig. 1 (e). For strained SiGe alloys,
numerous empirical pseudopotential models can be found in the literature [42, 48–53].

In this paper, we use the non-local EPM model described by Fischetti & Laux [49]. From this model,
we have obtained the plane wave expansion coefficients of the Bloch factors ck (G), the location of
the conduction band minima ±k0 = (0, 0,±k0) (i.e., the two valley states) and the corresponding
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effective mass tensor components ml and mt by numerical diagonalization of the pseudopotential
Hamiltonian (taking 113 plane waves into account). We assume biaxial (tensile) strain due to the lattice
mismatch between the Si0.7Ge0.3 substrate and the Si quantum well [54]

εQW =

 ε∥ 0 0
0 ε∥ 0
0 0 ε⊥

 (15)

with ε∥ = εx,x = εy,y = aSiGe
0 /aSi0 − 1 ≈ 1.14% and ε⊥ = εz,z = −2C12/C11ε∥ ≈ −0.88%,

where C1,2 and C2,2 are elastic constants of Si [49]. Below, we will consider additional shear strain,
which might originate from the macroscopic device geometry [32, 55, 56], dislocations [57, 58] or alloy
disorder [59–61].

2.4 Perturbation Theory

The valley splitting can be approximated by first-order degenerate perturbation theory [14] assuming
that both the intervalley-coupling potential Vc (r) and the alloy-disorder potential δUhet (r) are small.
In this case, the problem (1) is to zeroth-order approximated by(

−ℏ2

2
∇ ·
(
m−1∇

)
+ ⟨U (r)⟩

)
Ψ0 (r) = E0Ψ0 (r) ,

where ⟨U (r)⟩ = UQD (x, y) + UQW (z) + UF (z) is the mean potential energy, cf. Eq. (12). The
reduced zeroth-order problem describes two energetically degenerate valley states with identical orbital
wave function Ψ0 (r). Using the separation ansatz Ψ0 (r) = ϕ0 (x, y)ψ0 (z) and E0 = Et,0 + El,0,
the problem decouples into two scalar effective mass-type Schrödinger equations, i.e., the transverse
problem (

− ℏ2

2mt

(
∂2

∂x2
+

∂2

∂y2

)
+ UQD (x, y)

)
ϕn (x, y) = Et,nϕn (x, y) (16)

and the longitudinal problem(
− ℏ2

2ml

∂2

∂z2
+ UQW (z) + UF (z)

)
ψn (z) = El,nψn (z) . (17)

The exact ground state wave function of the transverse problem reads

ϕ0 (x, y) = (πlxly)
−1/2 e−

1
2(

x
lx
)
2

e
− 1

2

(
y
ly

)2

(18)

with ground state energy Et,0 = (ℏωx + ℏωy) /2 and QD width lj =
√
ℏ/ (mtωj), j ∈ {x, y}. The

ground state {El,0, ψ0 (z)} of the longitudinal problem is obtained numerically using a finite difference
approximation.

In first-order perturbation theory, the multi-valley envelope function in Eq. (1) for the degenerate ground
state is taken as (Ψ+ (r) ,Ψ− (r))T ≈ (α+, α−)

T Ψ0 (r), which after integration with Ψ∗
0 (r) yields

the reduced problem (
E0 + δE0 ∆∗

∆ E0 + δE0

)(
α+

α−

)
= E

(
α+

α−

)
. (19)
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Here, δE0 =
∫
d3r δUhet (r) |Ψ0 (r)|2 is a random shift of the energy level (that has no further

physical implications) and the parameter

∆ =

∫
d3rΨ∗

0 (r)Vc (r)Ψ0 (r)

=
∑
G,G′

c+ (G) c∗− (G′)

∫
d3r ei(G−G′+2k0)·rU (r) |Ψ0 (r)|2 (20)

is the complex-valued intervalley-coupling strength. We note that Eq. (20) involves all of the afore-
mentioned effects, i.e., strain (via modification of the reciprocal lattice vectors and the Bloch factor
expansion coefficients), alloy disorder and non-trivial resonances due to coupling with valley states
in neighboring Brillouin zones. Finally, the energy splitting of the two valley states described by the
reduced problem (19) is obtained as

EVS = 2 |∆| . (21)

A comprehensive theoretical description of the intervalley-coupling strength provides the key to the
engineering of deterministic enhancements of the valley splitting in Si/SiGe qubits.

2.5 Intervalley Coupling Parameter

The intervalley coupling parameter ∆ given in Eq. (20) has a deterministic and a random component

∆ = ∆det +∆rand, (22)

reflecting the deterministic and stochastic components of the total confinement potential (4). In the
following, we will evaluate both components.

2.5.1 Deterministic Component

The deterministic component
∆det = ∆l

det +∆t
det (23)

comprises a transverse and a longitudinal contribution corresponding to the confinement potentials of
the two decoupled effective mass equations (16)–(17). Using the exact ground state wave function (18)
of the transverse problem, the in-plane integration can be evaluated explicitly. With this, one arrives at

∆l
det =

∑
G,G′

c+ (G) c∗− (G′) e−
1
4
(Gx−G′

x)
2l2xe−

1
4(Gy−G′

y)
2
l2y× (24)

×
∫

dz ei(Gz−G′
z+2k0)z (UQW (z) + UF (z))ψ2

0 (z)

and

∆t
det =

∑
G,G′

c+ (G) c∗− (G′) e−
1
4
(Gx−G′

x)
2l2xe−

1
4(Gy−G′

y)
2
l2y× (25)

×

[
ℏωx

2

(
1

2
− (Gx −G′

x)
2 l2x

4

)
+

ℏωy

2

(
1

2
−
(
Gy −G′

y

)2
l2y

4

)]
×

×
∫

dz ei(Gz−G′
z+2k0)zψ2

0 (z) .
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Deterministic enhancements of the valley splitting can be achieved, when the product of the confinement
potential and the longitudinal wave function component resonate with the complex exponential in
Eq. (24). This means, that the Fourier spectrum of

S (z) = (UQW (z) + UF (z))ψ2
0(z)

must provide large amplitudes S̃ (q) at wave numbers q that obey the resonance condition [30]

Gz −G′
z + 2k0 + q = 0 (26)

for any possible combination of Gz and G′
z. In this case,∫

dz ei(Gz−G′
z+2k0)zS (z) = 2π S̃∗ (Gz −G′

z + 2k0)

gives a strong contribution via an enhancement of the coupling strength between certain valley states,
possibly across different Brillouin zones. Here we used S (z) =

∑
q e

iqzS̃ (q) and S̃ (−q) = S̃∗ (q). A
similar reasoning holds true for an enhancement of the transverse component (25) with correspondingly
adapted S (z), but for typical parameter values the longitudinal component (24) is dominant. This
concept of confinement potential engineering targeting at large Fourier amplitudes S̃ (q) is explicitly
addressed in the wiggle well proposal [30, 32, 33], but is implicitly exploited in other approaches (e.g.,
sharp interfaces [23], Ge-spike [34]) as well.

The two expressions (24) and (25) can be considerably simplified by exploiting that the in-plane
extension of the QD wave function is much larger that the lattice constant lx, ly ≫ a0. With this, the
Gaussians (second line of both expressions), effectively reduce to a Kronecker-Delta reproducing the
selection rule for quantum wells [15]. In the limit of small strain, this approximation, which is described
in detail in Appendix A, allows for a very compact notation

∆det =
∞∑

n=−∞

∆det,n =
∞∑

n=−∞

C(2)
n Jdet

n , (27)

where we have introduced the effective band structure coefficients C(2)
n described in Eq. (41) and the

integrals Jdet
n defined in Eq. (48). The compact form allows for a fast numerical evaluation, where a

single summation over a few integers replaces the tedious double summation over the reciprocal lattice
vectors in Eq. (24)–(25).

The above expressions fully account for strain (to linear order) and non-trivial resonance due to coupling
with valley states in neighboring Brillouin zones. Hence, the present model goes beyond the commonly
employed “2k0-theory” [18, 19, 26, 39, 40], which accounts only for the n = 0 contribution in Eq. (27).
This corresponds to the trivial resonance condition G = G′, cf. Ref. [15], where only the spectral
component at

q|n=0 = −2k0

contributes. The plot of the band structure coefficients in Fig. 2 (a) shows, that this approximation is
indeed justified in many scenarios, but might fail when the integrands of Eqs. (24)–(25) exhibit strong
non-trivial resonances, i.e., with G−G′ = nG0 for n ̸= 0 where G0 is given in Eq. (42). In these
cases, contributions proportional to band structure coefficients C(2)

n̸=0 become relevant. A particularly

important resonance is the one mediated by C(2)
n=−1 at

q|n=−1 =
4π

a0
(1− εz,z)− 2k0 ≈ 2k1 −

4π

a0
εz,z, (28)
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which is targeted in the long-period wiggle-well [30, 32, 33]. Here, k1 = 2π/a0 − k0 ≈ 0.16× 2π/a0
is the reciprocal-space distance of the valley states from the Brillouin zone boundary (corresponding to
the nearest X-point in the absence of strain), see Fig. 1 (a). We note that uniaxial strain εz,z (which
is typically compressive, see Eq. (15)) leads to a slight modification of the resonance condition. As
shown in Fig. 2, the band structure coefficient C(2)

n=−1 obtained from the EPM is linear dependent

on the shear strain component as C(2)
n=−1 ≈ −0.427 × εx,y. This result is in excellent agreement

with the theory recently presented by Woods et al. [32], which predicts a linear dependency of the
long-period wiggle-well on shear strain following a sp3d5s∗ tight-binding model. One can clearly see
that the resonance is suppressed in the absence of shear strain εx,y = 0, which is explained by
a nonsymmorphic screw symmetry of the (relaxed or biaxially strained) silicon crystal structure [30,
32]. In the presence of shear strain, however, the n = −1 resonance yields enhancements also for
other strategies much simpler than the long-period wiggle-well, e.g., sharp interfaces or uniform Ge
concentrations in the QW. This is discussed in more detail along with numerical simulation results in
Sec. 3 below. Finally, in Sec. 3 we also observe small contributions of the non-trivial n = −2 resonance,
in particular at sharp interfaces. This corresponds to

q|n=−2 = 2k0 + 4

(
k1 −

2π

a0
εz,z

)
, (29)

i.e., a coupling between distant valley states separated by an intermediate Brillouin zone. The impact of
further non-trivial resonance was found to be negligible.

2.5.2 Random Component

The random contribution to the valley splitting in Eq. (22) results from alloy disorder and is described by

∆rand =
∑
G,G′

c+ (G) c∗− (G′)

∫
d3r ei(G−G′+2k0)·rδUhet (r)Ψ

2
0 (r) (30)

It can be shown that ∆rand obeys a complex normal distribution

∆rand ∼ ComplexNormal (µ = 0,Γ, C) , (31)

with zero mean µ = 0, covariance Γ = ⟨|∆rand|2⟩ and relation (or pseudo-covariance) parameter
C = ⟨∆2

rand⟩. As the relation parameter is typically negligible in comparison to the covariance, the
random contribution is well approximated by a circular symmetric normal distribution in the complex
plane with independent and identically distributed real and imaginary parts

Re (∆rand) ∼ Normal

(
µ = 0, σ2 =

1

2
⟨|∆rand|2⟩

)
,

Im (∆rand) ∼ Normal

(
µ = 0, σ2 =

1

2
⟨|∆rand|2⟩

)
.

We refer to Appendix B.1 for a detailed derivation. Consequently, the characterization of the disorder-
induced component to the valley splitting requires solely the computation of the covariance ⟨|∆rand|2⟩.
Using the covariance function of the random potential (14) and the in-plane wave functions (18), one
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Fig. 2. (a) Band structure coefficients C(2)
n governing the magnitude of the deterministic contribution to the valley splitting

as a function of shear strain εx,y . The coefficients have been computed from Eq. (41) using plane wave expansions of the
Bloch factors for strained silicon at the conduction band minimum. Next to shear strain, biaxial tensile strain arising from the
Si/Si0.7Ge0.3 heterostructure was assumed, see Eq. (15). Coefficients with odd n show a linear dependency on shear

strain, while coefficients with even n are practically constant. (b) Same as (a) for the band structure coefficients C(4)
n given

by Eq. (47) governing the magnitude of the disorder-induced contribution to the valley splitting.

obtains

⟨|∆rand|2⟩ =
1

2πlxly
(∆Ec)

2Ωa

∑
G,G′

∑
K,K′

c+ (G) c∗− (G′) c∗+ (K) c− (K′)× (32)

× e−
1
2

(
(Gx−G′

x−Kx+K′
x)lx

2

)2
e−

1
2

(
(Gy−G′

y−Ky+K′
y)ly

2

)2
×

×
∫

dz ei(Gz−G′
z−Kz+K′

z)zX (z) (1−X (z))ψ4
0 (z) .

Following the same steps as in the deterministic part above, the fourfold summation over reciprocal
lattice vectors can be reduced to a single summation

⟨|∆rand|2⟩ =
∞∑

n=−∞

C(4)
n J rand

n , (33)

where the integrals J rand
n are given in Eq. (46) and the band structure coefficients C(4)

n are defined

in Eq. (47). We refer to Appendix A for details. The band structure coefficients C(4)
n are plotted as a

function of shear strain in Fig. 2 (b). In contrast to the deterministic part, non-trivial resonances are
less pronounced in the disorder-induced contribution to the valley splitting such that Eq. (33) is in fact
largely dominated by the trivial contribution proportional to C(4)

n=0. In general, modifications due to shear
strain are weaker for the random component than for the deterministic part.
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2.5.3 Valley splitting Statistics

From the normal distribution of ∆rand it immediately follows that the valley splitting obeys a Rice
distribution

EVS ∼ Rice
(
ν = 2 |∆det| , σ2 = 2 ⟨|∆rand|2⟩

)
, (34)

see Appendix B.2 for details. This result has been reported previously using the 2k0-theory in Refs. [17,
18] with a similar model for the alloy disorder. Here, it has been extended to a more complex case that
includes non-trivial resonances and strain. We find that the qualitative result of a Rice distribution for
EVS is unchanged under these extensions, but the shape parameters of the distribution ν = 2 |∆det|
and σ2 = 2 ⟨|∆rand|2⟩ are modified to account for more complex physics, see Eqs. (24)–(25) and (32).

The Rice distribution was found to be in good agreement with fully atomistic tight-binding simulations
[17, 31] and experimental results from conveyor-mode shuttling tomography of the valley splitting [29].

In the following, we will frequently consider the mean and variance of the Rice distribution given by

⟨EVS⟩ =
√
π

2
σ f

(( ν
2σ

)2)
(35)

Var (EVS) = 2σ2 + ν2 − ⟨EVS⟩2 (36)

with shape parameters ν and ∆ specified above. The expression for the mean involves the (monotoni-
cally increasing) function

f (x) = e−x ((1 + 2x) I0 (x) + 2xI1 (x)) ,

where In (x) denotes the modified Bessel functions [62]. The asymptotics

f (x) ∼

{
1 + x x≪ 1

2
√

2x/π x≫ 1

indicate that the expected valley splitting is dominated by the deterministic part only if ν ≫ 2σ, but is
disorder-dominated otherwise:

⟨EVS⟩ ∼

{√
π
2
σ ν ≪ 2σ,

ν ν ≫ 2σ.

In order to distinguish between regimes with primarily deterministic or disorder-dominated contributions
to the mean valley splitting, we consider the separatrix defined by the condition

ν

⟨EVS⟩

∣∣∣∣
separatrix

=
1

2
(37)

where both components contribute with equal weight. The separatrix condition can be solved explicitly
for the shape parameters as

ν

2σ

∣∣∣
separatrix

≈ 0.3507

where x0 ≈ 0.3507 satisfies f (x20) = 4
√

2/π x0, which reflects Eq. (37).
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symbol description value

∆Ec Si/Ge conduction band offset 0.5 eV
Xb mean barrier Ge concentration 0.3

ℏωx, ℏωy orbital splitting energy (circular QD) 3.0meV
F electric field strength 5mV/nm

σu, σl upper and lower QW interface width 0.5 nm
h quantum well thickness 75ML

Tab. 1. Parameter values used in the computations, if not stated otherwise. Band structure parameters were computed as a
function of strain using the EPM model described in Ref. [49] with parameters stated there.

3 Results

In this section, the model described in Sec. 2 is employed to compute the valley splitting for different
types of engineered heterostructures. We will specifically highlight the effects of shear strain and
non-trivial resonances, that go beyond previously reported results. Parameter values used in the
computations are given in Tab. 1.

3.1 Conventional Heterostructure: Dependence on Quantum Well Interface
Width

Sharp interfaces are a common strategy to enhance the valley splitting [15, 23, 63]. From the perturbative
expression for the intervalley coupling parameter in Eq. (20), it is clear that any heterostructure which
contains sufficiently sharp spatial features overlapping with the wave function will lead to an enhanced
valley splitting. This is because the correspondingly broadband Fourier spectrum still has comparatively
large amplitudes even at high wave numbers, especially close to 2k0. Consequently, there is a great
potential for further enhancement of the valley splitting in the presence of shear strain εx,y ̸= 0, which
unlocks the low-frequency resonance near 2k1 that is typically supported by much larger Fourier
amplitudes.

The results in Fig. 3 show indeed, that the influence of shear strain on sharp interfaces can be significant.
Without shear strain, extremely sharp interfaces with a width σu,l ≲ a0/4 of less than one monolayer
(ML) are required to achieve a deterministic enhancement of the valley splitting, see Fig. 3 (a). This
result is consistent with previous findings based on the 2k0-theory [18, 19]. If shear strain is applied,
the range in which a deterministic enhancement can be expected is considerably increased. In Fig. 3 (b)
it is shown that already moderate shear strain of εx,y = 0.1% yields deterministic enhancements for
rather broad interfaces with a width of up to four MLs. Correspondingly, the valley splitting is increased
approximately by a factor of two. In any case, sharp interfaces should be combined with a strong electric
field across the quantum well, in order to enhance the weight of the high-frequency Fourier components
by a large overlap of the wave function with the interface.

3.2 Unconventional Heterostructures

A very promising approach to achieve deterministic enhancements of the valley splitting is the wiggle
well heterostructure, which employs an oscillating Ge concentration within the QW [30, 32, 33]. In the
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Fig. 3. Impact of interface width on valley splitting. (a) Expected valley splitting ⟨EVS⟩ and shape parameters ν and σ
of the Rice distribution in the absence of shear strain εx,y = 0 as a function of the QW interface width, cf. Eq. (10). The
interface width is given in units of monolayers (ML) a0/4 ≈ 0.1357 nm of relaxed Si. The gray shaded region indicates the
deterministically enhanced regime according to Eq. (37) and the red shaded region shows the [25%, 75%] quantile of the
Rice distribution. Deterministic enhancements are observed for sharp interfaces with up to one ML width. (b) Same as (a),
but for small shear strain εx,y = 0.1%. The deterministically enhanced regime is extended to about four MLs. (c) Absolute
values of the individual components ∆det,n contributing to the deterministic valley splitting, see Eq. (27), as a function of
the interface width. In the absence of shear strain, the resulting valley slitting is dominated by the n = 0 and n = −2
resonances in the deterministically enhanced regime, whereas the n = 0 resonance dominates in the disorder-dominated
regime. (d) In the case of small shear strain εx,y = 0.1% the n = −1 component is the dominant contribution over the
entire parameter domain. In the plot, an electric field of F = 10mV/nm was assumed.

following, we assume an epitaxial profile of the form

X (z) = XQW (z) + Ξ (z)x (z) ,

where XQW = Xb (1− Ξ (z)) is the profile of the conventional SiGe/Si/SiGe quantum well, see
Eq. (9), and

x (z) =
Xww

2
(1 + cos (qz)) , (38)

describes the oscillating Ge concentration in the QW with amplitude Xww and wave number q. The
smoothed QW indicator function Ξ (z) is given in Eq. (10).

In the following, we will discuss a number of special cases of Eq. (38) that are each characterized by a
particular wave number q.

3.2.1 Uniform Germanium Concentration

For q = 0, the profile in Eq. (38), reduces to a uniform Ge concentration in the QW. In this configuration,
which was first proposed in Ref. [17], the mean valley splitting is enhanced because the random Ge
concentration corresponds to a flat (white noise) power spectrum in reciprocal space, contributing even
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Fig. 4. Mean valley splitting in the wiggle well heterostructure as a function of wave number. (a) In the absence of shear
strain εx,y = 0% deterministic enhancements are observed only at q = 2k0 (short-period wiggle-well), which increases
with increasing amplitude Xww. Away from the resonance, the non-zero valley splittings are disorder-dominated. (b) A small
amount of shear strain εx,y = 0.1% unlocks a new resonance near q ≈ 2k1 (long-period wiggle-well). (c) Mean (solid
lines) and standard deviation (dashed line) of the valley splitting for fixed amplitude Xww = 5% and different values of
shear strain εx,y . A constant electric field F = 5mV/nm and biaxial tensile strain, see Eq. (15), was assumed in the
simulations.

at large wave numbers. The increase of the valley splitting is, however entirely disorder-dominated.
Therefore, numerous spin-valley hotspots must be expected [26].

For a sufficient amount of shear strain, when the deterministic component starts to be dominated by the
n = −1 resonance, cf. Fig. 3 (d), slight enhancements of the deterministic contribution can be expected.
These enhancements are, however, much smaller than the disorder-induced component for typical
parameters. This is shown in Fig. 4 (a)–(b), where the valley splittings at q = 0 are practically unchanged
even in the presence of shear strain. Moreover, Fig. 5 (b) shows a regime with enhanced mean valley
splitting at very low wave numbers, which is clearly outside of the deterministically enhanced regime
(indicated by the separatrix condition (37), dashed line). Finally, the typical epitaxial profile and electron
density distribution is shown in Fig. 5 (c) along with the power spectral density (PSD) of the product
(UQW (z) + UF (z))ψ2

0 (z) and the complex-plane distribution of the intervalley coupling parameter
∆, which further evidences the disorder-dominated nature of this concept.
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Fig. 5. (a) Mean valley splitting of the long-period wiggle-well with fixed wave number q = 2k1 as a function of shear strain
εx,y and Ge amplitude Xww. The dashed line is the separatrix defined in Eq. (37) that separates disorder-dominated and
deterministically enhanced regimes. For large shear strains, a (weak) deterministic enhancement is achieved already for very
small Ge amplitudes. The red line indicates the constant shear strain value considered in panel (b). (b) Mean valley splitting
as a function of wave number q and amplitudeXww for fixed shear strain εx,y = 0.07%. Three domains with valley splitting
enhancements can be observed, i.e., at very low q ≈ 0 (neary constant uniform Ge concentration in the QW), near q ≈ k1
(lower harmonic/ Ge spike, only for sufficiently high Xww) and near q ≈ 2k1 (long-period wiggle-well). The dashed line is
again the separatrix. (c) Left: Epitaxial profile and ground state electron density distribution for the uniform Ge concentration
in the well (q = 0, Xww = 0.05) at shear strain εx,y = 0.07%. The ratio ν/ (2σ) indicates that this configuration falls
into the disorder-dominated regime. Right: Power spectral density (PSD) of the product (UQW (z) + UF (z))ψ2

0 (z) as a
function of the wave number k. The contribution to the valley splitting is dominated by the 2k1-resonance and thus larger
than predicted by the 2k0-theory. The inset shows the statistical distribution of the intervalley coupling parameter in the
complex plane in the range of −0.5meV ≤ Re (∆) , Im (∆) ≤ 0.5meV. (d) Same as (c), but at (q = k1,Xww = 0.17).
The product of the potential and the wave function yields a strong Fourier component at k = 2k1, despite the potential
has only half of the frequency q = k1. The configuration has a moderate deterministic enhancement ν/ (2σ) ≈ 0.50.
(e) Same as (c), but for a long-period wiggle-well at (q = 2k1, Xww = 0.05). The q = 2k1-periodic modulation of the
potential provides a significant deterministic enhancement of the valley splitting ν/ (2σ) ≈ 0.82. A constant electric field
F = 5mV/nm and biaxial tensile strain, see Eq. (15), was assumed in all simulations.

3.2.2 Short-Period Wiggle-Well

The results shown in Fig. 4 feature a strong resonance at q = 2k0, which grows with increasing
Ge amplitude Xww, but is practically independent of shear strain. This configuration is called the
short-period wiggle-well. The effect is based on a direct enhancement of the coupling between the
valley states within the same Brillouin zone triggered by the periodicity of the confinement potential.
The short-period wiggle-well requires a high-frequent Ge modulation with an extremely short wave
length λ = π/k0 ≈ 2.4ML ≈ 0.32 nm. The epitaxial growth of such rapidly modulated structures
is out of reach with the current technology, which is why the short-period wiggle-well not relevant for
practical applications.
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3.2.3 Long-Period Wiggle-Well

In the presence of shear strain, a second resonance emerges in Fig. 4 (b) near q ≈ 2k1, which grows
linearly with increasing amplitude Xww. Here, k1 = 2π/a0 − k0 is again the reciprocal-space distance
of the valley state from the Brillouin zone boundary. This resonance is caused by the so-called long-
period wiggle-well [30, 32, 33], which enhances the coupling of valley states in neighboring Brillouin
zones separated by approximately 2k1. The immediate dependence of this effect on shear strain was
pointed out only recently [32].

In fact, our analysis in Sec. 2.5.1 predicts a modification of the resonance condition in the case of
non-zero uniaxial strain εz,z along the growth direction, see Eq. (28). This prediction agrees well with
the numerical results shown in Fig. 4 (b), which reveal that the peak position occurs at a wave number
slightly larger than 2k1. The corresponding wave lengths are λ = π/k1 ≈ 13.1ML ≈ 1.78 nm
(disregarding the strain-induced shift) and λ ≈ 12.4ML ≈ 1.68 nm (including the shift). Epitaxial
growth of such structures is within reach with molecular beam epitaxy.

The dependency on shear strain is illustrated in Fig. 4 (c), showing a linear relation between the mean
valley splitting and shear strain. In addition, the plot shows that the standard deviation of the valley
splitting (dashed lines) is much smaller than the mean value. This indicates a strong deterministic
enhancement of the valley splitting achieved by the long-period wiggle well.

The two-parametric plot in Fig. 5 (a) shows the dependency of the mean valley splitting in a long-
period wiggle-well (with wave number q = 2k1) on shear strain and the Ge amplitude. The separatrix
(dashed line) indicates that a minimum shear strain of about εx,y ≈ 0.02% is required to enter
the deterministically enhanced regime even for high Ge amplitudes. For large shear strains above
εx,y ≳ 0.08%, however, the deterministic enhancement sets in already for tiny Ge amplitudes (but
then also with very small mean valley splittings). In Fig. 5 (b), the mean valley splitting ⟨EVS⟩ is shown
for fixed shear strain εx,y = 0.7% as a function of the wave number q and the Ge oscillation amplitude
Xww. The broad resonance around q ≈ 2k1 falls clearly in the deterministically enhanced regime and
is relatively robust against slight deviations from the ideal wave number. The typical epitaxial profile and
the corresponding electron density distribution are shown in Fig. 5 (e) along the with the PSD and the
complex-plane distribution of the intervalley coupling parameter (inset). The strong spectral contribution
at 2k1 leads to a strong deterministic enhancement of the valley splitting such that the complex normal
distribution governing the statistical properties is steered away from the origin. Hence, a significant
suppression of spin-valley hotspots can be expected. The long-period wiggle-well is therefore a very
promising approach to achieve large, deterministic enhancements of the valley splitting.

3.2.4 Lower Harmonic Wiggle-Well / Ge-Spike

Finally, we note the emergence of a new resonance in Fig. 4 (b) at approximately q ≈ k1, i.e., about
half the wave number of the long-period wiggle-well. This lower harmonic resonance is suppressed in
the absence of shear strain and sets in only at fairly high Ge amplitudes. The resonance is also clearly
visible in Fig. 5 (b) for Ge amplitudes above Xww ≥ 12% and falls clearly within the deterministically
enhanced regime. The underlying mechanism becomes clear in Fig. 5 (d), which shows an intricate
interplay of the periodic heterostructure potential and the electron ground state wave function. While
both of them individually have a frequency spectrum dominated by the k1-component, their combination
effectively triggers the 2k1-resonance mechanism that underlies the long-period wiggle-well. From the
plot it becomes also clear why a large Ge amplitude is required, since this is crucial for the strong
confinement of the electron wave function.
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While at first glance the longer wave length might be favorable due to reduced demands on the
epitaxial growth process, the required high Ge content causes severe drawbacks. In fact, we expect a
strong enhancement of the spin-orbit interaction in such a structure [64], that would have far-reaching
consequences on the operation of the spin-qubit. In addition, the deterministic enhancements achieved
with such a structure are lower than that of a corresponding long-period wiggle-well.

Finally, we remark that the second Ge-peak near the lower interface is not essential for the observed
effect. It is simply enforced by the parametrization in Eq. (38). Without the second Ge-peak, the structure
has strong similarities with the Ge-spike described in Ref. [34], but with a much broader Ge-peak.

4 Discussion

The theoretical model of the valley splitting in Si/SiGe heterostructures developed in Sec. 2 of this
work merges a number of previously existing modeling concepts into a unified framework. In this way,
a comprehensive description of a number of important effects contributing to the valley splitting in
engineered heterostructures, i.e., alloy-disorder, strain and resonances, has been achieved at the level
of envelope function theory.

The numerical results in Sec. 3 are consistent with previously reported findings, but also extend them
in view of a systematic investigation of strain effects. For instance, significant shear strain-induced
enhancements of the valley splitting even at wide interfaces were predicted. In addition, the model
includes all non-trivial resonances that mediate intervalley coupling across neighboring Brillouin zones.
Most notably, this includes the important resonance near 2k1, which triggers the mechanism behind the
long-period wiggle well. This is the main difference to the prevailing 2k0-theory, which does not explain
the long-period wiggle-well. The key accomplishments of the 2k0-theory as described in Refs. [18, 19],
lies in the description of disorder-induced effects and the distinction between deterministic and disorder-
dominated enhancements of valley splitting. This part of the theory has been adopted practically
identically in the present model.

The model presented in this paper differs in a number of aspects from the model by Feng & Joynt
[30], which has been the first to provide an explanation for the mechanism behind the long-period
wiggle-well in the framework of envelope function theory. The mechanism proposed there to induce a
violation of the nonsymmorphic screw symmetry – which otherwise suppresses the resonance near
2k1 – is based on a randomization of the plane wave expansion coefficients of the Bloch factors.
The latter are determined for statistical ensembles of disordered SiGe alloys using a combination
of an empirical pseudopotential model and an extended virtual crystal approximation, whereby the
alloy disorder induces the desired symmetry breaking. This approach is in principle very plausible,
but a subsequent analysis shows that the corresponding statistical distribution of the valley splitting
implied by this method does not lead to a Rice distribution (as observed in experiments and atomistic
simulations). Instead, a significantly more skewed distribution is found, which has a significantly larger
probability density at low valley splittings compared to the Rice distribution. Furthermore, in the model
by Feng & Joynt, the distribution of the intervalley coupling parameter in the complex plane takes a
strongly elliptical shape, which is very different from the nearly circular distribution obtained here, see
Appendix B.1. Another consequence of the symmetry-breaking mechanism proposed there is that
the variance of the valley splitting in the long-period wiggle-well becomes very large. Thus, the valley
splitting enhancement due to the long-period wiggle-well is found to be primarily disorder-dominated
and by no means deterministic. This is reasonable when one assumes that the symmetry breaking is
disorder-induced. These predictions on the characteristics of the long-period wiggle-well are in sharp
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contrast to those obtained in the present work, where the nonsymmorphic screw symmetry is broken via
shear strain. As a consequence, the present model predicts a strong deterministic enhancement of the
valley splitting in the long-period wiggle-well. The actual microscopic symmetry-breaking mechanism,
however, is very likely a combination of both effects. The impact of disorder on the long-period wiggle-
well might therefore require further investigation. Finally, the model by Feng & Joynt shows another
pronounced resonance for a wiggle well with intermediate wave number q = k0. This peak does not
correspond to any meaningful resonance condition within the present model and can not be confirmed.

Finally, we discuss the relation between the present work and the recent paper by Woods et al. [32].
In Ref. [32], the shear strain induced symmetry-breaking mechanism to unlock the resonance behind
the long-period wiggle-well was unveiled for the first time. The envelope function model presented
there, which is derived from a one-dimensional tight-binding model, features an intervalley coupling
matrix element with unconventional functional form that is notably different from other expressions
in the literature. In the present model described in Sec. 2 of this paper, however, the standard form
of the intervalley matrix element is preserved even in the presence of strain effects. The numerical
results obtained here are qualitatively in an excellent agreement with those reported by Woods et
al.. In particular the joint linear dependence of the long-period wiggle-well on shear strain and Ge
concentration is recovered. Furthermore, we also find good quantitative agreements in the magnitude
of the obtained valley splittings. The quantitative comparison requires caution, however, as the present
model also contains disorder-induced contributions, which are omitted in Ref. [32].

5 Conclusions and Outlook

We have developed a comprehensive theoretical model that describes a broad range of physical
mechanisms determining the valley splitting in Si/SiGe heterostructures, namely alloy-disorder, strain
and resonances between valley states across neighboring Brillouin zones. The numerical results are
consistent with previously known results but also offer new insights extending the state of the art.
With regard to applications, the key accomplishment of the model presented here is a comprehensive
characterization of the long-period wiggle-well. This includes complex phenomena such as the shear
strain-induced symmetry breaking, which unlocks the corresponding resonance mechanism, as well as
a quantification of the statistical fluctuations of the valley splitting caused by alloy disorder. Our model
predicts a significant deterministic enhancement of the valley splitting for the long-period wiggle-well.
Because of the critical role of shear strain, we conclude that strain engineering [32, 42, 56] must be
further advanced to enhance the design of future Si/SiGe spin-qubit devices.

In contrast to detailed atomistic models, the present model offers a comprehensive description of
multiple physical phenomena at very low computational cost. Therefore, it is well suited to rapidly
characterize the valley splittings of a vast number of different epitaxial designs. In a subsequent work,
the present model will be employed for free-shape optimization of the epitaxial profile to further enhance
the valley splitting beyond the limitations of the simple wiggle-well structure considered here.
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A Evaluation of Valley Splitting Components and Band Structure
Coefficients

In the small strain limit, the reciprocal lattice vectors are written as Gn =
∑

j nj (I − ε)bj , where
the bj , j ∈ {1, 2, 3} are the primitive reciprocal lattice vectors of the unstrained FCC lattice [54]

b1 =
2π

a0

 −1
1
1

 , b2 =
2π

a0

 1
−1
1

 , b3 =
2π

a0

 1
1

−1

 .

Therefore, the difference between two reciprocal lattice vectors reads

Gn −Gn′ =
3∑

j=1

∆njb
ε
j

where ∆nj = nj − n′
j ∈ Z is an integer and bε

j = (I − ε)bj is a compact notation for the strained
primitive reciprocal lattice vector.

We will now evaluate the contribution to the valley splitting from Eq. (24). Evaluation of Eqs. (25) and
(32) is carried out along the same lines. The summation in Eq. (24) can be rewritten as

∆l
det =

∑
∆n1

∑
∆n2

∑
∆n3

∑
G,G′

c+ (G) c∗− (G′) δG−G′,
∑

j ∆njbε
j

× e−(
1
2
lx

∑
j ∆nje

T
x bε

j)
2

e−(
1
2
ly

∑
j ∆nje

T
y bε

j)
2

×
∫

dz ei(
∑

j ∆nje
T
z bε

j+2k0)z (UQW (z) + UF (z))ψ2
0 (z)

where we have inserted a three-dimensional Kronecker delta and summation with ∆ni=1,2,3 running
over all integers. As the in-plane extension of the QD is much larger than the lattice constant lx, ly ≫ a0,
the Gaussian terms (second line) effectively reduce to simple selection rules encoded by new Kronecker
delta functions:

e−(
lx
2

∑
j ∆nje

T
x bε

j)
2

≈ δ−∆n1+∆n2+∆n3,0e
−( lx

2

∑
j ∆nje

T
x εbj)

2

,

e
−
(

ly
2

∑
j ∆nje

T
y bε

j

)2

≈ δ+∆n1−∆n2+∆n3,0e
−
(

ly
2

∑
j ∆nje

T
y εbj

)2

.

These selection rules greatly simplify the evaluation of the summation in ∆l
det, which (after renaming of

the remaining free summation index to n) yields the compact result

∆l
det =

∑
n∈Z

C(2)
n J l

n. (39)

Here we have introduced the family of integrals indexed by n ∈ Z

J l
n = e−

1
4
(nG0,xlx)

2

e−
1
4
(nG0,yly)

2

∫
dz ei(nG0,z+2k0)z (UQW (z) + UF (z))ψ2

0 (z) (40)

and the band structure coefficients

C(2)
n =

∑
G,G′

c+ (G) c∗− (G′) δG−G′,nG0 . (41)
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Both expressions involve (components of) the vector

G0 = bε
1 + bε

2 =
4π

a0

 −εz,x
−εy,z
1− εz,z

 , (42)

which determines both the resonance conditions in Eq. (40) and the selection rule in Eq. (41). We note
that shear strain components εz,x and εy,z lead to a Gaussian damping in Eq. (40) and are therefore
expected to reduce the magnitude of the valley splitting. The compact form of Eq. (39) allows for an
efficient numerical evaluation, where the double-summation in Eq. (24) was effectively replaced by a
single summation over J l

n (with precomputed C(2)
n ) for a few integers only.

Along the same lines, we obtain for Eq. (25) and (32)

∆t
det =

∑
n∈Z

C(2)
n J t

n (43)

⟨|∆rand|2⟩ =
∑
n∈Z

C(4)
n J rand

n (44)

with integrals

J t
n = e−

1
4
(nG0,xlx)

2

e−
1
4
(nG0,yly)

2

× (45)

×

(
ℏωx

4

[
1−

(
nG0,xlx√

2

)2
]
+

ℏωy

4

[
1−

(
nG0,yly√

2

)2
])∫

dz ei(nG0,z+2k0)zψ2
0 (z)

J rand
n = e−

1
8
(nG0,xlx)

2

e−
1
8
(nG0,yly)

2 (∆Ec)
2Ωa

2πlxly

∫
dz einG0,zzX (z) (1−X (z))ψ4

0 (z) (46)

and a second set of band structure coefficients governing the magnitude of the disorder-induced
contribution

C(4)
n =

∑
G,G′

∑
K,K′

c+ (G) c∗− (G′) c∗+ (K) c− (K′) δG−G′−K+K′,nG0 . (47)

Note that because of the symmetries J rand
−n =

(
J rand
n

)∗
and C(4)

−n =
(
C

(4)
n

)∗
, the summation in

Eq. (44) can be further reduced to

⟨|∆rand|2⟩ = C
(4)
0 J rand

0 + 2
∞∑
n=1

Re
(
C(4)

n J rand
n

)
.

Finally, we combine the two deterministic contributions (40) and (45) into a single expression as

Jdet
n = Jdet,t

n + Jdet,l
n . (48)

B Statistics

In this section, we derive the statistical properties of the intervalley coupling parameter ∆ and the valley
splitting EVS induced by the random alloy disorder.
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B.1 Intervalley Coupling Parameter

We consider the random component of the intervalley coupling parameter given in Eq. (30) and seek
for a characterization of its statistical properties in terms of its characteristic function. The characteristic
function is the Fourier transform of the probability density function, which is given for a complex-valued
variable as

φ∆rand
(s ∈ C) = ⟨eiRe(s∗∆rand)⟩.

Substitution of Eq. (30) and Eq. (7) yields

φ∆rand
(s ∈ C) = ⟨ei

∑
j Re(s∗wj)(Nj−X(Rj))⟩,

where we have introduced the short-hand notation

wj = ∆EcΩa

∑
G,G′

c+ (G) c∗− (G′) ei(G−G′+2k0)·RjΨ2
0 (Rj) .

As the local Ge concentration at different lattice sites is statistically independent, we arrive at

φ∆rand
(s) =

∏
j

e−iRe(s∗wj)X(Rj)⟨eiRe(s∗wj)Nj⟩

where the product runs over all atomic positions in the crystal. Using the characteristic function of a
scaled Bernoulli distribution

⟨eiRe(s∗wj)Nj⟩ = 1−X (Rj) +X (Rj) e
iRe(s∗wj)

we obtain

φ∆rand
(s) =

∏
j

e−iRe(s∗wj)X(Rj)
(
1−X (Rj) +X (Rj) e

iRe(s∗wj)
)
.

Expansion to second order in wj (which is proportional to the atomic volume) yields

φ∆rand
(s) ≈

∏
j

(
1− 1

2
X (Rj) (1−X (Rj)) (Re (s

∗wj))
2

)
≈ e−

1
2

∑
j X(Rj)(1−X(Rj))(Re(s∗wj))

2

= e−
1
4
|s|2Γ− 1

4
Re(s∗2C),

which is the characteristic function of a scalar complex-valued normal distribution with covariance Γ
and relation parameter (or pseudo-covariance) C . This is essentially the statement of the central limit
theorem adapted to complex-valued random variables. Hence

∆rand ∼ ComplexNormal (µ = 0,Γ, C) ,

where the covariance reads

Γ =
∑
j

X (Rj) (1−X (Rj)) |wj|2 (49)

= (∆Ec)
2Ωa

∑
G,G′

∑
K,K′

c+ (G) c∗− (G′) c∗+ (K) c− (K′)

×
∫

d3r X (z) (1−X (z)) ei(G−G′−K+K′)·rΨ4
0 (r)

= ⟨|∆rand|2⟩
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and the relation parameter is

C =
∑
j

X (Rj) (1−X (Rj))w
2
j (50)

= (∆Ec)
2Ωa

∑
G,G′

∑
K,K′

c+ (G) c∗− (G′) c+ (K) c∗− (K′)

×
∫

d3r X (z) (1−X (z)) ei(G−G′+K−K′+4k0)·rΨ4
0 (r)

= ⟨∆2
rand⟩.

From the above considerations and

Γ = ⟨(Re (∆rand))
2⟩+ ⟨(Im (∆rand))

2⟩,
C = ⟨(Re (∆rand))

2⟩ − ⟨(Im (∆rand))
2⟩+ 2i⟨Re (∆rand) Im (∆rand)⟩,

we conclude that the real and imaginary parts of ∆rand do in fact have a slightly different variance and
exhibit a weak correlation:

⟨(Re (∆rand))
2⟩ = 1

2
(Γ + Re (C)) ,

⟨(Im (∆rand))
2⟩ = 1

2
(Γ− Re (C)) ,

⟨Re (∆rand) Im (∆rand)⟩ =
1

2
Im (C) .

However, due to the rapidly oscillating term proportional to 4k0 in Eq. (50), the relation C is typically
orders of magnitude smaller than the covariance Γ, such that we can assume C ≈ 0 to a good
approximation. In this limit, the distribution of ∆rand becomes circularly symmetric in the complex plane.
Including the shift due to the deterministic contribution ∆det = |∆det| exp (iΘ), we finally arrive at

Re (∆) ∼ Normal

(
µ = |∆det| cos (Θ), σ2 =

1

2
Γ

)
, (51)

Im (∆) ∼ Normal

(
µ = |∆det| sin (Θ), σ2 =

1

2
Γ

)
. (52)

B.2 Valley Splitting

The statistical distribution of the valley splitting EVS = 2 |∆| is again obtained via computation of its
characteristic function. We consider

φEVS
(s) = ⟨eiEVSs⟩ = ⟨e2i|∆|s⟩.

Using the probability density function implied by Eqs. (51)–(52) we obtain in polar coordinates

φEVS
(s) =

∫ ∞

0

dR e2iRs R

πΓ
e−

R2+|∆det|2
Γ

∫ 2π

0

dθ e
2R|∆det|

Γ
cos (θ−Θ)

=

∫ ∞

0

dξ eiξs
ξ

2Γ
e−

1
2

ξ2+(2|∆det|)2
2Γ I0

(
2 |∆det| ξ

2Γ

)
.

The last line is the Fourier transform of probability density function of the Rice distribution. From this,
we extract the statistical distribution of the valley splitting as

EVS ∼ Rice
(
ν = 2 |∆det| , σ2 = 2Γ

)
.
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