Optimal control of laser hardening

by Dietmar Hémberg' and Jan Sokolowski?

Abstract

We present a mathematical model for the laser surface hardening of steel. It con-
sists of a nonlinear heat equation coupled with a system of five ordinary differential
equations to describe the volume fractions of the occuring phases.

Existence, regularity and stability results are discussed.

Since the resulting hardness can be estimated by the volume fraction of martens-
ite, we formulate the problem of surface hardening in terms of an optimal control
problem. To avoid surface melting, which would decrease the workpiece’s quality,
state constraints for the temperature are included.

We prove differentiability of the solution operator and derive necessary condi-

tions for optimality.

1 Introduction

In this paper we present a mathematical model for the laser surface hardening of steel.
In this process a laser beam moves along the surface of a workpiece (cf. fig. 1). The laser
radiation is absorbed by the workpiece, leading to a rapid heating of its boundary layers.
Then, the workpiece is quenched by ’self—cooling’ of the workpiece, which is accompanied
by a growth of the surface hardness. To increase the scanning width, the laser beam
performs an additional oscillating movement orthogonal to the principle moving direction.
Compared to other surface heat treatment procedures, like induction hardening, laser
hardening has the advantage that it can be applied to workpieces with very complicated
geometries or to harden curved edges.

The reason for the possibility to change the hardness of steel by thermal treatment origi-

nates from the occuring phase transitions, depicted in figure 2. At room temperature, in
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Figure 1: Sketch of a laser hardening process

general, steel is a mixture of ferrite, pearlite, bainite and martensite. Upon heating, these
phases are transformed to austenite. Then, during cooling, austenite is transformed back
to a mixture of ferrite, pearlite, bainite and martensite.

The actual phase distribution at the end of the heat treatment depends on the cooling
strategy. In the case of laser hardening, owing to high cooling rates most of the austenite
is transformed to martensite by a diffusionless phase transition leading to the desired

increase of hardness.
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Figure 2: Possible phase transitions in steel

Mathematical models for phase transitions in steel have been considered e.g. in [1], [4],
[5], [11]. In [3], numerical results for laser surface hardening are presented. For a survey
on mathematical models for laser material treatments, we refer to [9].

The paper is organized as follows: in Section 2, we describe the mathematical model,



Section 3 contains existence and stability results. In the last section we investigate the

control problem.

2 Model equations

2.1 The phase transitions

For a detailed description of the following model for phase transitions during surface
hardening, we refer to [3]. A simplified version has recently been used in connection with
the mathematical modeling of induction heat treatments [6].

We introduce the following assumptions:
2o: volume fraction of austenite,

21, ..., 24. relative volume fractions of ferrite, pearlite, bainite, martensite, which have

been transformed from zo,
A,: critical temperature, above which the formation of austenite starts,
M;: critical temperature, below which the formation of martensite starts (M, < A,).

We describe the evolution of volume fractions for given temperature evolution 6(.) by the

following initial-value problem:

20(0) = 20 € (0,1), (2.1a)
%(0) = 0, i=1,..4, (2.1b)

w0ilt) = 5 (aea(8(2)) — 20(t)) H(O(E) — Ad) = 3 23401 (2.1c)

zit(t) = —z

zag(t) = 2o(t

where we assume

(A1) H € C=(IR), monotone regularization of the heaviside graph, satisfying #(0) = 0
(cf. [10]),

(A2) aeq € CHH(IR), aey(z) € [0,1] for all z € R,
(A3) 7 € CYY(IR), m < 7(z) < M for all z € IR, and constants 0 < m < M,

(A4) g, € CY(D),2=1,...,4, D=1[0,T] x[0,1]° x IR, moreover
0<g;, <M, forall(t,z0)€ D and a constant M > 0.



Remark 2.1 (1) aey has been introduced by Leblond and Deveauz [8], to account for
equilibrium fractions of austenite less than one.

(2) H(—0:) prevents the formation of martensite, if the temperature is not decreasing.

2.2 Energy balance equation

Using Fourier’s law of heat conduction and neglecting mechanical effects, we consider the

following heat transfer equation:
pcby — kNG = Fy[0) + Fy[d], in Qr = Q x (0,T), (2.2)

where ) C IR® with smooth boundary.
The positive constants p,c and k denote density, specific heat at constant pressure and
heat conductivity, respectively. The heat sources Fi, F, will take care of the latent heats
of the phase transitions and the heating owing to laser radiation.
Since the self—cooling of the workpiece is the primary quenching effect in surface hardening,
we assume the workpiece to be thermally isolated, i.e. we complete (2.2) by
%:0 in Yr :=00Q x (0,7),
ov

and the initial condition

6(.,0) =6,  inQ.

We assume that the laser radiation is volumetrically absorbed by the workpiece (for

details, we refer again to [3]). Thus, we define
F5[6] := a(8)u,

where a measures the temperature dependent absorptivity of the workpiece’s surface,
and wu is the radiation intensity inside the workpiece. Clearly, u decreases with increasing
distance from the surface.

To simplify the exposition, we assume that the latent heat of all phase transitions has the

same value L. Then, F in (2.2) can be written as follows:

B8] = —pLzoyg
= pL(— Fi[6]A(6,) + F.[6)), (2.3)
with
0] = zoga(t,z, 0)H(M, — 6), (2.4)
R = —%(aeq(ﬂ)—zo)H(H—AS)—zoln(zo)H(As—H)iziggi(t,z,ﬂ), (2.5)
A(f) = —H(—8,). (2.6)



We end up with the following nonlinear problem for laser surface hardening:

0, + F1]0]A(6;) — A8 = F>[0] + o(0)u, in Qr, (2.7a)
00 )

E = 07 mn ET, (27b)

6(.,0) = 6o, in Q, (2.7¢)

where Fy, Fy are defined by (2.4), (2.5), and z is the solution to (2.1a-e).

To simplify notations we have normed all physical constants to one.

Remark 2.2 In view of (2.1¢c), (2.8) means that latent heat is consumed during the
formation of austenite (204 > 0), and released during the transformation back to ferrite,

pearlite, bainite and martensite (2o < 0).

3 Existence and stability results

3.1 Existence of a strong solution to (2.7a—c)
Tn the sequel, we will extensively use Sobolev spaces W21(Qr), g > 1 (cf. [7]), defined by
Wy (Qr) = WH(0, T; L(Q)) N L0, T; W(Q)).
Note that in three space dimensions for ¢ > 5/2 we have
W2HQr) C CP(Qr) with 0 <8 <2 —5/q. (3.1)

We assume

(A5) a € CVY(RR),

(A6) w € W40, T; L)) N L(Qr), u(.,0) = 0, a.e. in

(A7) 8, constant,

then we have the following result:

Theorem 3.1 Assume (A1)-(A7), then (2.7a—c) has a unique solution § € W' (Qr).
Moreover, we have 8, € W' (Qr).

To prove the theorem, we need the following

Lemma 3.1 Assume (A1)-(A4), and let § € W'P(0,T;L*(Q)), p € [1,00], then the

following are valid:



(1) (2.1a—€) has a unique solution z € [WhH>(0,T; L>°(Q))]°.
(2) There are constants c.,c*, independent of 0, such that

0 < ¢ < 20(m,t) < ¥, a.e. 1 Qr.

(3) Let 6; € W¥P(0,T; LP(R)), i=1,2, and 2' the corresponding solutions to (2.1a-e),
then there exist constants L; > 0 , such that

sup |[Fi[01](.,2) — Fil02](-, 1) |70y < Lill01 — O2l[fy1.0(0,7,10(0))
te(0,T)

for any q € [1,00), where F;, 1 = 1,2 are defined in (2.4), (2.5).

Proof:
Let § € WH(0,T; LY(Q)) and z € Q \ N fixed, with N C Q of zero measure. In view of
(A1)-(A4), (2.1a—€) has a unique local solution.
Inserting (2.1d), i=1,...,3 and (2.1e) into (2.1c), we obtain
1
204(t,3) = %(aeq(ﬂ) — zo(t,2) ) H(0 — A,) + z0(t, z)H(A, — )
3

(= H(—0:)ga(t, 2, 0)H(M, — 6) + In(20(t,2)) D gi(t, 2,6)),

=1

where we have omitted the dependency of § and z on (z,t). Using differential inequalities

and (A1)-(A4), one obtains first
2o(t,z) < <1 for all ¢t € [0,T]. (3.2)
Substituting y = 1 — 2o and using (3.2), we get

0<y < —(1—y)ln(l —y)(cr — c—z)

In(c*)
with positive constants ¢;, c2. Hence, using again differential inequalities and (A1)-(A4),
we find y(¢,2) < er < 1 and thereby

2o(t,z) > ¢ > 0 for all t € [0, T].

In view of (A2)—(A4), c4,c* are independent of §. This proves (1) and (2). Assertion (3)
follows directly from (A1)-(A4) and Gronwall’s lemma. O

Proof of Theorem 3.1:
Proving existence of a unique solution in the space H'(0,T; L*()) is a standard applica-
tion of the contraction mapping principle. Using Lemma 3.1, this can be done exactly as

in [5], Theorem 3.1.



Moreover, in view of (A6) and Lemma 3.1, standard regularity results for linear parabolic
equations (cf. Theorem IV.9.1 in [7]) imply that

6 € W (Qr).
Now, let 6 be the solution to (2.7a—c). Owing to (A2)—-(A4) and Lemma 3.1, we have
F;[0] € WY2(0,T; L°(Q2)), @ =1,2, with derivative

0
EFZ[G] = fia + fi20s,

and f;; € L*(Q), 7,7 = 1,2, depending on 6.
Next, we differentiate (2.7a-b) formally with respect to ¢ to obtain
Htt ‘I‘ Fl [H]AI(Ht)Htt - Aet
= fa1 + ous — f114(0;) + (fzz + a'u — f12A(0t))0t7 in Qr, (3.3a)

% = 0, inY, (3.3b)
6..,0) = (I+PF60]A()) Flb)], inQ. (3.3¢)

(3.3c) has been derived from (2.7a) using (A6).
Since we have 6;, u € L°(Q), the right-hand side of (3.3a) is in L%?(Qr). Thus, according
o [12], the solution to (3.3a—c) is continuous, i.e. we have §; € C(Qr). Hence, we can

again apply Theorem IV.9.1 in [7] to obtain

Ht € W42,1(QT)7

which finishes the proof. O

3.2 Stability estimates

We have the following stability result.

Theorem 3.2 Assume (A1)-(A7) and let 0;, 1 = 1,2, be the solution to (2.7a—c) with
respect to u; € W0, T; L*(Q)) N L?(Qr). Then, there exists a constant C > 0 such that

101 — 02|21 (@) + 1616 — O2.ell (0,13 ())nE (0,7322(0)) < Cllur — uallwieo,7;04(0))-

To prove Theorem 3.2, we need the following result, which is an easy consequence of

Lemma 3.1 and (A1)-(A4).



Lemma 3.2 Assume (A1)-(A4) and let 0;,+ = 1,2, as in Theorem 8.2, then there ezist
constants L; > 0, such that

OF;[6,] 2
(+8) = =5, (8) oy ds < Lillfr = B2l o o s,

where F;, 1 = 1,2 are defined in (2.4), (2.5).

Proof of Theorem 3.2:
Defining 0 := 6; — 0, and u := u; —u,, we insert 6;, 05 into (2.7a), subtract both equations,
and test with 6, to obtain:

//0 duds —|—//F1 A(81,5) — A(62,,)) . deds + %/|V€(t)|2daz
- / / A(6a,,)(F1[6:] - Fi[05))0,dads + j / o(6: )ubydzds + j / us (1) — a(65)) 8, dads

+// (Fa[61) — Fa[62])udds =: I + ... + L.

Using the inequalities of Holder and Young, Lemma 3.1 and (A5), we obtain:

t

1
L] < g//ezdmd3+cl/||0”H1 (0,5:22(22)) 95

0
t
1
|| < g//02dmds—|—c2//u dzds,
00
t
1
| sg//mmw+@/mmwmww;@w
o0 0
t t
1
[1s| < g//eidmds ‘|‘C4/||9||12111(o,s;L2(n))d3-
00 0

Thanks to the monotonicity of A, applying Gronwall’s lemma leads to

t

¢
//Hfda:ds —|—/|V€(t)|2da: < c5//u2dmds.
Q 00

00
Testing with —Af and making the same computations as before we get

t

¢
//|A0|2dmds < ca//uzdmds.
0 0

0 Q



Hence, in view of (2.7b), we end up with
16121 (@q) < crllullz2(@n)- (3.4)

Next, we differentiate (2.7a-c) formally with respect to ¢ (cf. (3.3a-c)), insert 6y, 0,

subtract the equations and test with 8y to obtain

t
, 1
0/ ! 62 deds + / / P[0 A'(81,6)01,05 — FilB5] A'(6,5)6s,) Busdlads + ! V6,[2da
/ OF[6,] OF,[65]
S 0/ ! (A1) 2 = A(02) 5 2 )buidods
t t
—I—O// 6F2 6};(1;£02])033dmds—|—// (a(@l)ul,s—a(Hg)ug,s)HNdmds
t
+ o (01 )urby s — o (B3)uba ) bsedads =: I + ... L. (3.5)
0/! 1 ul 1 a |02 )U202 ) ras 1

We estimate term by term, using Hélder’s and Young’s inequalities, (A1)-(A6), Lemmas
3.1 and 3.2, (3.4) and the embedding H'(2) C L*(Q). The second term in (3.5) gives

j [ (BB 461,810, — Fil6:]4'(83,0)82,0)Busdinds
[]7

_|_

F\[0,]A'(6,,,)62, dzds + / / Bo,00 F[6:] (4'(61,) — (A(65,)) b1, dadls

02,1 A'(02,0) (F1[61] — Fi[62]).sdzds

O D
SRS

0

t
1
= 6//938d“’d3 —Cs/||02 ssllZe(ay - 1105l % (g
0
t t
_cg(/||02,ss||%4(n)ds) ./(||9||§4(m + ||03||§4(Q))d3
0 0
1 f t
> —6//053dmds — clo/ (1 + ||02,“||%4(Q)) ) ||93||§{1(Q)ds
0N

t
—cll//u2dmds,
0 Q

ds

ni< [ [la) (P52 - 90,



Q;
3
S

Fi[0
Hssda:ds + clg//u dzds + c13/ Ha (91
s

4(Q) ||05||H1(Q)d5

¢ ¢
1
|| < E//Hidazds —|—c14//u2dazds,
0 0 00

t
L] < // fus,e(e(61) — o(82)) B da:ds—l—//‘a B )18, | ds
o0
1 t
< g//e d3‘|‘015||u||H1 (0,T5L2(Q))
0
t t
L] < a'(@l)ulﬂsﬂss dwdt + / / usba,0 (0 (62) — o (62)) B dvds
0 Q
n / / 62,00 (6,)uf|dzds
1 t
< :f / 0%,ds + cio / sl - 116el 22y
0
t
terr [ 182.al2s(a) - iy - 16113y ds
0
tets [ 12.all3s(0) - Iullfeyds
0
1 t t
< 5 [ [8uds +cis [usligay - 16:]13eyds
00 0

¢
—|—c19//u2dazds + c20||u||%4(QT).
00

Altogether, we end up with

t t
1 1
o[ [Bds+5 [1V6de < enllulliomumay + canllulliaan + [ 9(5)16.15:oyds
0 Q Q 0

IN

t
casllulfi o + [ 9(5)18ulEayds
0

10



with a positive, nondecreasing function g € L*(0,T'). Applying Gronwall’s lemma finishes
the proof. O

Remark 3.1 Using the embedding H'(Q2) C L%(Q), a particular consequence of Theorem
3.2 1s

||01 - 02||W1'6(0,T;L6(Q)) S é”ul - u’2||W1'4(0,T;L4(Q))' (36)

4 Optimal control

4.1 Problem statement

The aim of laser heat treatments is to increase the surface hardness of the workpiece.
Therefore we have to control the volume fraction of martensite, i.e. we consider the

following cost functional

T
:&/ z4a:T @//Uﬁdazdt.
2 2
0 Q

Q

In order to maintain the quality of the workpiece, it is of the utmost importance to avoid

surface melting. To this end, we have to introduce the state constraint
6(z,t) < O, a.e. in Qr, (4.1)

where 0, is the melting temperature of the workpiece.

Then, the control problem for laser surface hardening takes the following form:

Minimize J(u)

subject to (2.7a-c),

the constraint (4.1), and
u € Ugg,

(4.2)

with the convex set of admissible controls U,q C W40, T; L*(Q)) N L°(Q7), satisfying
u(.,0) =0 a.e. in Q for all u € U,gq.

4.2 Differentiability of the solution operator

In view of Lemma 3.1, the solution to (2.1a-e) defines an operator

2100 (200])(,t) = 2(z, ),

where z is the unique solution to (2.1a—e) for given temperature evolution . In the sequel,

we will identify Z with z.

11



Lemma 4.1 Assume (A1)-(A4), then
z @ WH(0,T; LP(Q)) — [C(0, T; LP(Q))P°

is Fréchet—differentiable for any p € [2, o0].

Proof:

The proof is a standard application of the implicit function theorem (cf. [13], Theorem
4B), hence we will only sketch it:

(I) Let G : U Cc W'»(0,T; LP(Q)) x [C(0,T; LP(Q))]* — [C(0,T; L*(Q))]® be defined by

t
G(8,2) = 2 — 2" — [ F(¢,2(€),8(¢))de;

0
where f is the right-hand side of (2.1c-e) and 2° = (290, 0,0, 0,0)7 is the vector of initial
values, defined in (2.1a-b).
According to Lemma 3.1, for given § € W'?(0,T; LP(Q)) (2.1a—€) has a unique solution
such that G is well-defined on a neighbourhood U € W'?(0,T; LP(Q)) x [C(0,T; LP(Q))]®
of 4.
Using the mean—value theorem and (A1)-(A4), one proves now that
(IT) G is differentiable with respect to z, with

Gulh) =h— [ f. - hde,

for all h € [C(0,T; LP(Q))]%, s.t. (8,2 +h) € U.
Thanks to (Al)-(A4) and Lemma 3.1(2), f is differentiable with respect to z, and the

mean—value theorem gives
flt,z+h,0) — f(t,2,0) = f.(¢t, 2+ ph,8) - h,
with p € (0,1) for (z,t) a.e. in Q7. Hence, we get

/ G(8,2 + h) — G(6, 2) — G.[hl|de

IN

[ [1(&2+h,0) — £(6,2,6) — f. - h|dwde

[I
g

| /\

[ 1hl2dedeé < callhl ooy
Q

In the same manner it is proved that

12



(ITI) G is differentiable with respect to 6, with

t t
Golh = — [ fo- hae — [ fo, - hede,
0 0
for all h € WHP(0,T; LP(Q)), s.t. (6 + h,2) € U. Here, f5, denotes the partial derivative
of f with respect to the time derivative of 6.
Next, we have to show that
(IV) G.[h] = f has a unique solution for any f € [C(0,T; L*(Q2))]°.
This can be done using a contraction mapping argument.
In view of (Al)-(A4) and (II)-(IV), G, G, and G4 are continuous, hence the implicit

function theorem shows that z is continuously differentiable with derivative

Zg[h] == —Gz_ng [h]

Using Lemma 4.1, (A1)-(A4), and the product rule, we obtain easily

Lemma 4.2 Assume (A1)-(A4), then F; : W2'(Qr) — W;/;(QT), 1=1,2, and p €
[2,00), as defined in (2.4), (2.5) are Fréchet-differentiable, satisfying

Fiolh] = gi1 - A + gia - 26[h],
where g;1 € L*®(Q) and gi» € [L®(Q)]° for1=1,2.
Now, we can prove the differentiability of the solution operator.

Theorem 4.1 Assume (A1)-(A7) and let S : Usg — W3 (Qr), u — S(u) = 8 be the
solution operator to (2.7a—c).

Then, S s differentiable, and for any h satisfying u + h € U,q, its directional derivative
1 = Su(u)[h] is the solution to the following linear problem:

(1 + Fy(6)A'(6))e — Ap+ (A(6) Frl6) — Fogl6] — uc/(6)) ] = al6)h, (4.3a)
3

o9

$(.,0) = 0. (4.3¢)

Proof:
(I) (4.3a—c) has a unique solution ¢ € W2''(Qr).
Let Kr = {f € W;l(QT)\f(,O) =0, ||f||W3z,1(QT) < M}, with a constant M > 0, and
define
F o Kr — Wy'(Qr),  Fl¥ =4,

13



where 1) is the solution to

~

(1 + F1[6]A4(6.))be — Atp + (A(8:) F16[6] — Fapl] — uc’(6))[h] = a(6)h, (4.4a)

0y
B
$(.,0) = 0. (4.4¢)

Since §; € C(Q7), according to Theorem IV.9.1 of [7], (4.4a-c) has a unique solution

satisfying
A N3
19052 0my < AlelO)rlZsary + 4 (A(B)F1[6) — Fapl6] — ucl(8)) )], .
< 4l|a(8)hlI3s(gm) + o (11750 + 126[ENFs0n) + 1b]25(0my)
< Al 03 (gp + (T + lullisiom) 1P 132e (g (4.5)

Here, we have used Lemmas 4.1 and 4.2 as well as the embeddings W3 (Q1) C C(0,T; L3(Q))
and W' (Qr) C L8(Qr). Choosing M > 4||a(0)h| 3 (@,), there exists a T+ > 0 such that
F is a self-mapping on Kr+. Because of the linearity of the F-derivatives, F is also

a contraction, if 77 has been chosen small enough. Applying the contraction mapping
theorem, we obtain a unique solution % to (4.3a—c).

(II) Let g := S[u + h] — S[u] — ¢, then |lq|lyy2:1 g, = olllAllwra o1, @))nLs (r))-

We define 8" := S[u + h] and 6 := S[u]. Then, g solves the following linear problem

(1+ Fi[6]4(6.))g: — Aq+ (A(6:) Fre[6] — Fogl6] — uc'(6))[q] = G(6,6"), (4.6a)

0q
5 = 0 4.6b)
q(-,0) = 0, (4.6¢)

with
G(6,0") = —F[6] (A(6]) — A(6:) — A'(6:)(67 — 6:))
(F[6™) — Fi[6) — Ful0)[6™ — 6])
)
)

Using again Theorem 9.1 in [7] and reasoning as in (4.5), we get

3
lall3zsigm < 4/ | (AP olf] — Fool8) —uo!(6))1al|, . ds + 4G (68, 6" [3+am)

L3 (@)

14



T
< s [Nl g ds +41G (8,813 0
0
Invoking Gronwall’s lemma, we end up with

lallw2i (g < call G(6, 6™z (or)-
Now, using (Al), (A5) and Lemma 4.1, we obtain
1G(6,8Mlz@) < o[ = 8*llwrsorizscan) + esllullzo@n 10 — 0112 gn)
+eol|hllze@nl0 — 6" Loon).

Applying the stability result of Theorem 3.2 and the embedding H?'(Qr) C L°(Qr)
finishes the proof. O

4.3 Necessary conditions of optimality

We begin with some notations. Let

K ={ne€ C(Qr)) |1 < bm}.

For a control u + h, with u,u+ h € U,q, we denote by [", 2] the solution to (2.1a-¢) and
(2.7a—c), and by [¢,w] the solution to the linearized system (4.3a-c) and

wy = fzw+f9¢7 in QTa (473‘)
w(.,0) = 0, in Q, (4.7b)

where again f is the right-hand side of (2.1c—€). According to Theorem 4.1 and (3.1),
the solution operator S : U,y — C(Q_T) and the cost functional J are differentiable with

S'(u)[h] = 9,
and

T

J'(u)[h] = By / (24(2, T) — 1iv(2) ) wa(z, T) do + B / / uh dzdt.
Q 0 Q

We will now derive optimality conditions for the non—convex optimization problem under

consideration using an abstract result for the existence of Lagrange multipliers by Casas

(cf. [2], Theorem 5.2).

iFrom the abstract result it follows that there exist

A > 0 and a Borel measure g > 0 such that

15



A+ el megry > 0,

/(n—@)d,uﬁOforallnEK,

M (w)v—u] + / S'(u)[v—u]du > 0 for all v € U,q.

Here u € U,q denotes an optimal control, § = §(u), zs = 2z4(u) and the second conditon

means that the measure y is supported on the set

E={(z,1) € Q|8(z,1) = 6.} (4.8)

which is closed since § € C(Q).
The multiplier A = 1 provided there exists an admissible control v € U,g such that the

following Slater condition is satisfied,
O(u; z,t) + Y(u;z,t) (v —u) < O,

for all (z,t) € Q@ = Q, where ¥(u)(v — u) = S'(u)[v — u]. In the sequel, we assume for
simplicity that the Slater condition is satisfied.
To simplify the third optimality condition we introduce the adjoint state equations. To

this end, for any given n € V1,€ = (&, ..., &) € Va, we denote by
Wi(n, )] = B [ (24(e,T) ~ 1in(e))a(a, T) da + [
)

the linear form which is defined on the space V' =V} x V3, which will be specified below.
We assume that the spaces Vi and V, are selected in such a way that the linear form

U[(n,&)] is continuous on the space V| i.e.

[ ndu| < Cillnlv,

[ (a2, ) = () éaa, T) de

Q

< 02||§||V2

The linearized state equations are rewritten in the following form
veVi : L11(y) =a(f)hin Qr,

weVy 1 Lo(y) + Laa(w) =0 in Qr,

where
L11(9) = (1 + RO A'(8:))e — Agp+ (A(8:) Frgl8] — Fal6] — ue!(6)) ],

Lo1() = —fotb,

16



£22(w) = Wy — fzw7

and we set

. 0 .
Vi = {n € W3'(Qr)In(0) = 0 in @, 31 = 0 in Zr}.

For the choice made for the space Vi, the space V, can be defined e.g. in the following
way. We have to satisfy two conditions by the definition. First, that the linearized state
w(h) € V,, the second that the linear form

¢ = [ (aale,7) = n(2))a(a, T) do
Q
is continuous on the space V,. Since the linearized state is regular, i.e. satisfies the
equation
Loz(w) = Lo1(¢) in @ with the initial condition w(0) = 0 in £,

we can select

Vo ={£ € C(0,T; [LY(Q)]*)I£(0) = 0, L22(¢) € [L*(Q)]°},

with the norm
1€llva = [[L22(E)l1z2(@ye

therefore

Lo1(n) + L22(€) € [L*(Q))° for all n € V1, € € V.

We introduce the linear mapping

L: VW

_ L11(n)
Hmé) = ( L21(n) + L22(£) ) +9)

where V = V) x Vo, W = Wy x Wy and W, = L3(Q), W> = [L*(Q)]°. Then an adjoint
state (p,r) € W' = L%(Q) x [L*(Q)vipssokol]® satisfies the following equation

of the following form

((p,7), L(1, &) )wrxw = ¥[(n, €)] for all (n,€) € Vi x Va.

The existence and uniqueness of the pair (p,r) € W' follows by an application of the
representation theorem for linear and continuous functionals on the space V.
Using the adjoint state, it follows that

J(@)k)+ [ 8wkl = (IR, wlk))]+ 6 [ [ uhdeds
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= ((p,7), L(b[R], wh])ywixw + B / / wh dzdt

in view of (4.3a)

T
T
= [ [ a(6)hpdedt + 6, [ [uhdadt.
0 Q
0o Q

The adjoint state (p,r) € L%(QT) x [L*(Qr)]° is given by a solution to the following

system
/OT/Q {(1 + F1[6)A'(8:))n: — An + (A(Ht)FLe[@] — Fh4[0] — ua'(@))n} pdzdt

_/OT/Qfermdt = /nd,u (4.10a)
/OT /Q €, — f.€)rdzdt + By / (24(e, T) — (2))a(a, T) dz = 0 (4.10D)

foralln € Vi, £ € V.
Since the existence of an optimal control is a consequence of standard compactness ar-
guments, which we omit here, the following necessary optimality conditions hold for the

control problem under consideration:

Theorem 4.2 There exists an optimal control u € Uyq which minimizes the cost func-
ttonal J(u) over the set of admissible controls and subject to the state constraint 6 € K.
If the Slater condition is satisfied, then there exists a Borel measure p > 0 supported on
the set = and the adjoint state (p,r) € L%(QT) X [L*(QT)]° such that the state equations
(2.7a-c), the adjoint state equations (4.10a-b) and the following optimality condition is

satisfied:
/ / v—udazdt—l—ﬁg// (v—u)dzdt >0

for allv € Uyg.
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