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Representation formulas and far-field behavior of time-periodic
incompressible viscous flow around a translating rigid body

Thomas Eiter, Ana Leonor Silvestre

Abstract

This paper is concerned with integral representations and asymptotic expansions of solutions
to the time-periodic incompressible Navier-Stokes equations for fluid flow in the exterior of a rigid
body that moves with constant velocity. Using the time-periodic Oseen fundamental solution, we
derive representation formulas for solutions with suitable regularity. From these formulas, the
decomposition of the velocity component of the fundamental solution into steady-state and purely
periodic parts and their detailed decay rate in space, we deduce complete information on the
asymptotic structure of the velocity and pressure fields.
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1 Introduction

We are interested in time-periodic incompressible viscous flow around a translating rigid body ©. In a
reference frame attached to the solid, the velocity v = v(¢, ) and pressure p = p(t, x) of the fluid
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T. Eiter, A.L. Silvestre 2

satisfy

Ov+v-Vo—vAv+Vp—-(-Vo=f inT xQ,
V-o=0 inT x €,

v=1, onT x X, (1.1)
lim v(t,z) =0 forteT,

|z|—o00

where (2 C R? is an exterior domain and T := R /77 is the torus group related to the period 7 > 0
of the motion. The fluid has constant viscosity v > 0 and is subject to a J -periodic external force
f. The body © undergoes a translational motion with constant velocity ( € R? \ {0}, and the fluid
motion on its surface X := 0f) is prescribed via J -periodic boundary values v, which may describe
a periodic boundary motion or flux through the boundary.

The stationary counterpart of is a classical mathematical problem with well-known properties,
which have been studied, for example, in [1,[15521]. In particular, the velocity field exhibits different
asymptotic behavior inside and outside a wake region created by the translational motion of ©. This
behavior is inherited from the steady Oseen fundamental solution. From the point of view of applica-
tions, a precise description of the far-field behavior of the flow can be very useful in numerical studies,
for which a bounded computational domain is defined, and consequently, appropriate boundary con-
ditions must be imposed on the outer boundary of the truncated domain. Such boundary conditions
should be consistent with the asymptotic decay of solutions, as was shown in [2,3].

The study of the time-periodic exterior problem is more recent, see [6l9-12,22-24,27-29] for
instance. In this paper, we exploit the mathematical properties of time-periodic Oseen fundamental so-
lution, based on the results of [10}/11}/26], wherein a modern mathematical setting was developed for
the time-periodic Stokes and Oseen problems and extended to the exterior Navier-Stokes equations.
The first step of our analysis is the integral representation obtained in Theorem for (v, p), where
we followed [30]. Then, employing the decomposition of the velocity component of the fundamental
solution into steady-state and purely periodic contributions, we deduce complete asymptotic expan-
sions for the steady and purely periodic parts of the velocity and the pressure fields, the main results
being stated in Theorem 3.3

Comparing our results with the cases 2 = R?, see [6,/10,/11], or with the simpler case v, = (,
addressed for example in [8], we found that the time-periodic boundary data v significantly influence
the far-field behavior of the velocity and of the pressure of the flow. More precisely, in Theorem [3.6
we show that, if the total flux through the boundary is time-independent, the purely periodic part of the
velocity as well as the pressure show a faster decay rate, the same as for the whole space problem
and the corresponding fundamental solutions. However, if the flux is time-dependent, both quantities
decay at a slower rate.

Structure of the paper. Section[2]contains the notations for functions spaces, differential operators and
distributions that are relevant for the mathematical formulation and analysis of the problem. We also
recall the steady and time-periodic Oseen fundamental solutions and some results for their convolution
with suitably decaying functions, and we prepare a general result on estimates for certain convolution
integrals. In Section [3] we present and discuss the main results of the paper. The linearized time-
periodic problem is addressed in Section |4 Firstly, we deduce integral representation formulas for
the velocity and pressure of the linear problem using the time-periodic Oseen fundamental solution.
Subsequently, a detailed analysis of the far-field behavior of solutions is carried out, exploiting the
decomposition of the velocity fields into a time-independent part and a time-dependent part with mean
value zero. The proofs of our main results are given in Section
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Representation formulas and far-field behavior of time-periodic flow past a body 3

2 Notations and fundamental solutions

2.1 Notations

The standard basis of R3 will be denoted by {e1, e, e3}. For z € R3 \ {0}, we define the unit vector
& = x/|x|, where |-| denotes the Euclidean norm. For R > 0 we set Br(z) := {y € R®||z —y| <
R} and B := Br(0). The symbol  always denotes an exterior domain in R?, that is a domain that
is the complement of a compact set in R3. The unit outer normal at 3 = 92 is denoted by n = n(x).

The gradient of a vector field v is defined by (Vv);; = O;v; = g—;i, i,j=1,2,3,and V- v = g—z
denotes its divergence. Here and in what follows, Einstein summation convention is used. We adopt
this notation for the divergence of a tensor field ' = (I;;) and define V - I = %Ea;j? e;. The notation

J
T(v, q) is used for the stress tensor T(v, q) := 2vD(v) — pI, where D(v) = 1 (Vv + (Vo)T)

and I € R3*3 is the identity matrix.

Forgq € [1,00]and m € N, LY(®D) and W™%(%D) denote classical Lebesgue and Sobolev spaces
on adomain @ C R™, with norms || -||;.» and || - || .45, respectively. If ¢ € [1, 00), by Wm*%’q(é?@)
we indicate the trace space for W™ (%@ )-functions on the (sufficiently smooth) boundary 0 of D,
equipped with the norm H.||m7%7q’a@. When @ is an exterior domain, it is convenient to consider the
homogeneous Sobolev spaces defined by

D™4(D) :={u € L .(D); D*u € LI(D) for any multi-index o with || = m}

1/q
and equipped with seminorm [/, o0 = (Zm:m ||D“u\|37@> , Where ¢ € [1,00). The space

Dy (D) is the closure of C§° (D) with respect to the norm | - |, 4. The dual space (Dy"?) (D)
will be denoted by D™ (D), where ¢’ := q/(q — 1).

If X is a Banach space associated with the space variable, L"(T; X) denotes the space of all
Bochner-measurable functions v : T — X such that

1 1
T ’ 1 7 T "
follesa = ([ Iuisae) = (5 [ o) <o,
T 0

for r € [1,00), and ||u||peo(T,x) := esssup,er ||u(t)||x < oo, for r = oco. Note that we equip T
with the normalized Lebesgue measure. For r, ¢ € (1, co) we further denote the space of boundary
traces of functions in W1 (T, LY(D)3) N L™ (T, W4(D)?) by

T,4(T % D) := {vp = v|rxon | v € W (T, LYD)*) N L'(T,W>4(D)*)}.  (2.1)

The space T, ,(T x 0D ) can be identified with a real interpolation space, but this property will not be
used in what follows. Moreover, by C'(T; X') we denote the space of continuous functions from T to
X.

As in [10,[11,[26], we will denote the Dirac delta distributions on R*, T, and Z by dgs, o1 and dz,
respectively. When studying the whole space problem, it will be formulated in the locally compact
abelian group G := T x R3, and the Dirac delta distribution on G, ¢, will be used to define the
fundamental solution to time-periodic problems. By 8’(R3), 8(G) and §’(G), where G := Z x R3,
we denote the spaces of tempered distributions on R?, G and G’, see [11] for a precise definition.
Moreover, 11 denotes the constant 1 function on T. In the context of the exterior problem, ds will

denote the Dirac delta distribution on 3, as defined, for example, in [4].

Additional notations will be introduced as they are needed.
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T. Eiter, A.L. Silvestre 4

2.2 Steady-state Stokes and Oseen fundamental solutions

It is well known that 1

~ Adnlz|

is the fundamental solution of the Laplace operator in R?, that is, —AE = dgs in &' (IR3).

(2.2)

The fundamental solution of the classical Stokes system in R? is the pair (I, P) € &'(R3)%*3 x
S’(IR3)3 given by (see, for example, [21])

1 1
ste _ A A ~
Iy, P)(z) = (—(H+$®$)>Wﬂf) -

8nv|z|
In particular, the pressure component satisfies
P(z) = —VE(x), (2.3)
and one directly deduces the estimate

VaeN} 3C >0 Vo #0: [DiP(z)] < Clz|727 (2.4)

The fundamental solution (I'$**, P) € &'(IR?)3*3 x &’(IR?)3 of the 3D Oseen system has the same
pressure part (2.3), and the velocity component is given by (see [16,[21,30])

o) =g (- 1 a9 s
N 1|g7|T 1-— eXp(_dg(ﬂf)/V);(:;I;(—dg(x)/l/)dc(x)/y (I N C) o <$ N C) |
where J¢(x) := [|¢]|x] + (¢ - )] /2. Itis subject to the pointwise estimate (see [16])
VaeN} Ve>0 3C>0 Vz|>e: |[DoTE()| < Cfla|(1+4c(x)] % (29)

Observe that this estimate is anisotropic in space. In particular, the decay rate depends on the direction
(, and reflects the occurrence of a wake region in the flow behind the body. Hence, there is a significant
difference between the velocity components of the Stokes and Oseen fundamental solutions.

The following lemma yields estimates on convolutions of ]P?e with functions with suitable decay.

Throughout this work we will use the notation
log (r) == max{1,logr} for r > 0. (2.7)
Lemma 2.1. Letg € L®(R3?) and A € [2,00), B € [0,00), M > 0 such that
9(@)] < M(L+]al) A1+ sc(a)) 7.
Then there exists C = C'(A, B, () > 0 with the following properties:

1 If A+ min{l, B} > 3, then

T2 # g(a)] < CM[(1+ [a) (1 + 5¢())] "

DOI 10.20347/WIAS.PREPRINT.3091 Berlin 2024



Representation formulas and far-field behavior of time-periodic flow past a body 5

2 IfA+min{l,B} >3 and A+ B > 7/2, then

19I5 5 g()| < CM[(1+ ) (1 + ()]

3 IfA+min{l,B} =3and A+ B > 7/2, then

IVTE<] % g(2)] < CM[(1+ [2])(1+ s¢(2))] ™ *Log, |-

4 IfA+ B < 3, then

‘|V]Iw2te| *g(x)} < CM(l-i— |CL’|)_(A+B)/2(1—|—.§§(:E))_(A+B_1)/2‘

Proof. These are special cases of [25, Theorems 3.1 and 3.2], see also [6, Theorem 3.1]. O

We next provide similar convolution estimates for VP in a particular case. However, since VP is
strongly singular at the origin, we exclude a neighborhood from the domain of integration.

Lemma 2.2. Letg € L*>°(Q)) and M > 0 such that
—2

lg(@)] < M((1+ [z))(1 + 3¢()))

Let R > 0 and x := xwrs\Bjy be the characteristic function of the exterior to the ball B, centered at
the origin. Then there exists C' = C'(R, () > 0 such that

|(XVP) * g(x)‘ < CM|z|~? min {1, (1+ 3¢(z)) 2 log |z| + |x|_110g+|x| + (1+ .ﬁdm))_l}.
Proof. We use and the decay of g to estimate

I(z) = |(XVP) x g(z)| < M - )\x —y (L + D+ 2c(y)  dy
R3 BR T
<OM [ (o= yl) (1 D3+ )y
R3
Following the calculations in [25] Section 2], we obtain

I(z) < C’M(|x|_2(1 + dc(x))_Q log, |x| + || 73 log, |x| + lz|2(1 + ég(x))_l).

Alternatively, we can omit the anisotropic contributions and directly estimate
Ia) S OM [ (1| = y) (0 +[yl)dy < OMJa] 2
R3

which gives an improved estimate along {z € Q| J;(x) = 0} = {z € Q|z = af, @ > 0}.In
summary, we conclude the asserted estimate. O
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2.3 Time-periodic fundamental solutions

In the time-periodic case, the fundamental solutions can be written as solutions to a system of partial
differential equations on the group G = T X R3. Following [10,(11,26], the fundamental solution of
the Stokes (¢ = 0) or Oseen (¢ # 0) equations is a pair (I'¢, Q) € 8'(G)**® x &'(GQ)? satisfying

at]Pg — I/AIFC + VQ - (C : V)IFC = ]I(SG in G, (2 8)
V-T:=0 inG. '
The pressure component is given by

that is, we formally have Q(¢,z) = dr(t)P(x), where P is the pressure of the fundamental solution
in the steady cases, given in (2.3). The velocity component can be split in the form

I¢ =1y @ T + T, (2.10)

with IF?e the velocity steady part of the fundamental solution, already presented in the previous sec-
tion, and '™ the purely periodic part of I'¢, which is given by

1~ 9a(k) j (ﬂ—é@é)

T — 7 :
O P i -

)

where 75 : 8'(G) = S'(G), G := Z x R3, is the Fourier transform on the group G. For de-

~

tails on the definition of the Fourier transform on GG and the spaces 8'(G) and 8'(G) of tempered

per

distributions, we refer to [11]. We recall the following decay properties of II‘C .
Lemma 2.3. Letq € [1,00). Then

VaeN) Ve>0 3C>0 V|z|>e: [DITP"(: < Oz =37l (2.11)

’x)”mmr)

Proof. See [10, Theorem 1.1]. O

In comparison with the pointwise estimate (2.6) for the steady-state fundamental solution, the esti-
mate (2.11) is of higher order and homogeneous in space. Therefore, the occurrence of a wake region
behind the body is mainly reflected in the steady-state part of the velocity field.

The following lemma can be used to derive pointwise estimates for convolutions of the fundamental
solution I"'?*" and suitably decaying functions.

Lemma 2.4. Letg € L=(T x R®) and A, M € (0, c0) such that
lg(t, 2)] < M(1+ |a]) ™

Then for any £ > 0 there exists C' = C'(A,(, T, &) > 0 such that

Viz| > e ’ [|VIP2’er] *c g] (t,x)’ <CM@1+ ]m\)_mi“{AA} (2.12)

and, if A > 3,
Vgl > e x| [[T2] 5 g] (t )| < CM(1+ |a]) . 213)
Proof. See [6l, Theorem 3.3]. O

DOI 10.20347/WIAS.PREPRINT.3091 Berlin 2024
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2.4 Anisotropic convolution estimates

In the next lemma we study convolutions of functions with anisotropic decay, which is expressed by
Ic(x) :==[|¢]]x| + (¢ - )] /2. The characteristic function of the exterior domain 2 will be denoted by

XQ-

Lemma 25. Let( € R*\ {0} and ¢ € L'(T x (R3\ {0})) such that for somee > 0, a, 3 > 0
andp € (1, 00]

30>0 Vel 2e: 90Dl < Clal (1 + 4()) ™.

Let R > 0 such thaty C Bg. Letp' :=p/(p — 1), where o0’ := 1, and let | be given by

1 f= fyawihfe LP(T x Q),suppf C T x Bp, or

2 f=foswithf e LV'(T x %),
and define,

/f(t,y)dy if f = fxo, /yf(ty)dy if f = fxo,
A(t) =79 2(t) =1 ¢

/ f(t.y)ds(y) iff = fos. / yf(ty)dS(y) iff = fbx.,
> )

and R R
[l rxey i f = fxa,
||f||Lp’(sz) if f = fos.

For S > R + ¢ there exists C = C'(«a, 3, ¢, R, S, () > 0 such that

Yz > S o *a f(t @) < Claf (1 + a¢(2)) " M.

Ifp € CHT x (R3\ {0})) is such that |Vi)| = ¢, then there is C = C(«, B,¢, R, S, () > 0 such
that
Vel > St |l fI(t @) = [0 @) #1 A](6)] < Cla]| (1 + s¢(x)) " M.

If¢ € C*(T x R3\ {0}) such that |V*¢| = ¢, then there is C' = C(a, 8, ¢, R, S, () > 0 such that

V|| > S Hf xa fl(t,x) — [£(~,x) *TA} (t) + [Vﬁ(-,x) * E} (t)‘ < C\x!’a(ljtdg(x))’ﬁM.

In particular, if 1, £ and f are time-independent, then also A and = are time-independent and the
previous estimates reduce to

[0 s fl(2)] < Cla|™(1 + 3¢(x)) "M,
[0z f](2) = Ap()] < Cla| ™ (1 + 3¢(2) ™" M,
[ #z2 fl(2) = A&(2) + = - VE(2)] < Cla] (1 + a¢(2)) 7M.

Proof. We only treat the case f = fXQ here. For [ = fég we can proceed along the same lines by
replacing volume integrals over {2 with boundary integrals over >..

DOI 10.20347/WIAS.PREPRINT.3091 Berlin 2024



T. Eiter, A.L. Silvestre 8

For|z| > S > R+¢> R > |y|and 0 € |0, 1] we have

[z =0y > || = Oly| = (1 = OR/S)[z[ > (1 = R/S)|z| > S = R > ¢,
(14 2[CIR) (L + 3¢(z — Oy)) = 1+ 2|C[|0y| + 3¢ (z — Oy) = 1+ 3¢().

In particular, this yields ||*(1 + 3¢(2))? < Cla — 0y|*(1 + a¢(z — Oy))P. Since supp f C Bp,
we thus obtain

v 560 € o=yt ate =)  [1fsas)
< Cla|™(1 + 3¢(x)) M.
Furthermore, we use the fundamental theorem of calculus to deduce
[l f1(t,2) = [P0 @) #2 JA®)]

¢(t — S5 T = y) - ¢(t - 8,.%))]3(5,@/) dde

1
y - V(t —s,x — 0y) f(s,y) dddyds

<CR// & — Oy (1 + sc(x — 0)) < (s, ) ds)l/p/dedy
< Clz| (1 + g¢(x))” BM.
Similarly, from Taylor's Theorem we deduce
1€ 6 1t 2) = [€(, ) T Al )] + [VE(, @)+ E](1)]
(1=0)(y @y) : V*E(z — 0y) f(s,y) dfdyds

p/
<C’R2//|x—9y| Y+ ac(x—0y))~ (/|fsy[pds) dody
< Cla] ™ (1 + 3¢(2)) ™M,

which completes the proof. O

3 Main results

In what follows, we always assume that 0 € R? \ﬁ and ¢ # 0. To formulate suitable integrability prop-
erties of solutions, we recall the projections % and %, , which decompose a function w € Lj..(T x Q2)
into a steady-state part wq and a purely periodic part w | :

wo(z) = Pw(x) = /Tw(t,x) dt, wi(t,z) =P w(t,x) =w(t z)— Pw(z).

Firstly, we consider weak solutions to (1.1). Since we are dealing with incompressible flows, we will
take test functions in Cg%, (T x ), which is the subspace of C3°(T x £2)? constituted by divergence-
free functions (with respect to the space variable).

Assuming f € L*(T; D=%2(Q)3) and v, € L>=(T; W/%2(2)3), a function v € L}
called a weak solution to if

(T x Q)% is

loc

DOI 10.20347/WIAS.PREPRINT.3091 Berlin 2024



Representation formulas and far-field behavior of time-periodic flow past a body 9

i. Voe LT x Q)¥3, pv e L8(Q)3, P v e L=(T; L*(Q2)3),
i. V-o=0inTxQuv=v,0nT x X,
iii. the identity
// [—U-atgo—l-VU2V(p—C-VU-QO—I—(U-VU)-(p]dl‘dt://f-godxdt
T JQ T JQ
holds for all p € Cg%, (T x ).

For the derivation of the asymptotic decay rates of v and p, we have to ensure increased regularity of
weak solutions. To this end, we additionally assume one of the following conditions:

2 3

Jk,p € (1,00)with = + = < 1: Pve L/(T; L*(Q)?), (3.1)
p K
2 3

dk, p € (1, 00) with p + p, <2: V®ve L\(T; L7(Q)**). (3.2)

Both assumptions increase the regularity of weak solutions as was shown in [7].

Now, suppose that the exterior domain 2 C R? has a C?-boundary. To quantify the regularity of the
data, recall the trace classes 7 ,(T x X) defined in (2.1).

Theorem 3.1. Let f € L"(T; LY(Q)?) and v, € T, (T x X) forall q,r € (1,00). Let v be a weak
time-periodic solution to that satisfies or 3.2). Then
4
Vs € (1,00), s1 € <§’ ], 89 € (2,00] 1 Pv € D*>2(Q)* N D (Q)* N L*(Q)?,  (3.3)
Vg, € (1,00) 1 Pyv € WH(T; LYQ)*) N L (T; W>1(Q)?), (3.4)
and there exists a pressure fieldp € Li. (T x Q) such that
Vsy € (1,00) : Pp € DM2(Q),  Vq,r € (1,00): Pyp € L'(T; D*(Q)) (3.5)
and is satisfied in the strong sense.
Proof. The result was shown in [7] for v, € C(T; C*(X)?)NC*(T; C(X)?). In the proof given there,
the regularity assumptions on the data are derived from the time-periodic maximal regularity results

in [13] for the linearized system, where boundary data in the class 7, ,(T x X) were studied. This
allows for the stated generalization. O

In this framework, we can derive (implicit) representation formulas for time-periodic weak solutions
to (1.1). In particular, we deduce two different representation formulas for the velocity field.

Theorem 3.2. Let f € L"(T; L4(Q)*) and v, € T,.,(T x ) forall q,r € (1,00). Let v be a weak
time-periodic solution to (1.1) that satisfies (3.1) or (3.2). Then

o(t,z) = / Tt s =) (s) = o(s.9) - Vs, )] dsdy
T / Te(t — 5,2 — ) [T(v,)(5, g)n(y) + (€ - n(y))un(s, 9)] dsdS(y)
TxX (3.6)
+ / _u(t,9) - [D(Igen)(t = 5,2 = y)n)] dsdS(y)e

_ /E [ws(t,) - n(y)] P(z — ) dS(y),

DOI 10.20347/WIAS.PREPRINT.3091 Berlin 2024



T. Eiter, A.L. Silvestre 10

v(t,x) = /T . ]I‘C(t — s,z —y)f(s,y)dsdy
— /T . [V(Tee;)(t — s,z —y)] s v(s,y) @u(s,y)dsdye;
[ Telt= s ) [E0p) . n() + (¢ nl)s, )] dsdS(y)
Tx3 (3.7)
- / Telt = s = g)(ua(s.9) )l ) dsdS(o)
+ / _ult.0) - [D(Te)(t — 5.2~ y)n(y)] dsdS(y)e

_ /E (s, y) - n(y)] Pz — y) dS(y)

forall (t,x) € T x 2, and the pressure field p, associated to v by Theorem satisfies

pltsa) = palt) + [ Pla=0)- [F(t) = olt.) - Vol )]y
+ [ Pl ) Tt p)n() 4S()
+ [ Pl=9)- [ttt + ((t.9) ()] a56) @)
+ [ 2vuit.y) - VPl = )n(s) as(

+ [ B ) @t ) nly) dS()
>
for all (t,z) € T x Q and some function p,, € L*(T).

Based on these representation formulas and the decay properties of fundamental solutions, we will
derive asymptotic expansions for (v, p), in which the two functions

D(t) = / w(ty) - n(y)dS(y),  W(t) = / wlty) -ny)ydSy)  ©9)

will appear. The scalar function ¢ denotes the total flux of the flow through the boundary .. To specify
the decay of the remainder terms, we use the function log__ defined in (2.7).

Theorem 3.3. Let f and vy, be as in Theorem (3.4 with supp f compact. Let v be a weak solution
to (1.1) that satisfies (3.1) or (3.2). Then the velocity field v satisfies

v(t,x) = [Le(-, z) *p F| (1) + ©(t)P(z) — U(t) - VP(z) + R(t, 2), (3.10)

where

F(t) 1—/Qf(t,y) dy+/Z [T(v,p)(t,y)n(y) + (€ nly) —v(t,y) - n(y))v(t,y)] dS(y),
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Representation formulas and far-field behavior of time-periodic flow past a body 11

and there exists C' > (0 such that

Ro(2)] < Cllz](1+ c(x))] " 1og, |2, (3.11)

2 ||
IRy (t,2)| < Clz| 2, (3.13)
VR (t,2)| < Cla| (1 + ¢(z)) /2, (3.14)

for all (t,x) € T x ). The pressure field p, associated to v by Theorem satisfies
p(t,z) = poo(t) + ' (H)E(x) + [F () + (P(t) + V()] - P(x) + R(¢, 2) (3.15)
for some po, € L*(T), and there exists C > 0 such that
R(t,z)| < Clz|?min {1, (1 + 3¢(z)) " log,|z| + |z| ' log, |z| + (1 + 3c(z)) '} (3.16)

forall (t,z) € T x Q with |z| sufficiently large.

Theorem yields new insights into the decay properties of the velocity and pressure fields. First of
all, due to the decomposition (2.10) of the velocity component of the fundamental solution, we obtain
separate asymptotic expansions for the steady-state and purely periodic parts of v.

Corollary 3.4. In the situation of Theorem|3.3, the velocity field v = vy 4 v, satisfies

vo(x) = T (2)Fy + PoP(z) + Ro(t, x), (3.17)
vy (t,x) = [T (- 2) #p Fo|(t) + PL(t)P(x) — WL (1) - VP(2) + R (t,2) (3.18)

forall (t,z) € T x ), where R = Ry + R, satisfies (3 11)—(3-14).

Combining the decay properties of the fundamental solutions with those of the (faster decaying) re-
mainder terms, we deduce the following result.

Corollary 3.5. In the situation of Theorem|3.3, there exists C' > 0 such that the velocity field v =
Vo + v, and the pressure p satisfy

wo(x)] < Cllz|(1+3c@)] ™" |Vuole)] < Cllal(1+ :(x))] %, 3.19)
vi(t, )| < Clz] 7, Vo (t, )] < Cla] 72, (3.20)
Ip(t, 2) = poo(t)] < Clz|™ (3.21)

forall (t,z) € T x S with || sufficiently large.

The asymptotic properties of v and Vv were already studied in [6] in the case of time-periodic flow
in the whole space ) = R3. Comparing these decay rates with those given in Corollary we
observe that the steady-state parts vy and Vv, decay at the same rate, while v, and Vv, decay
faster when ) = R3. This difference is due to the presence of the boundary, more precisely, the time-
dependent boundary data. If the total flux ® defined in ( is time-independent, that is, if & = &,
then the asymptotic expansion simplifies and the decay rates for the purely periodic velocity field and
the pressure increase as follows.
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Theorem 3.6. In the situation of Theorem|[3.3, assume 0,® = 0, that is, ® = ®y. Then v and p
satisfy

v(t,z) = [Te(-, @) %0 F (1) + P(2) Py — VP(2)U(t) + R(¢, ), (3.22)
p(t, 2) = poo(t) + [F(t) + ®oC + V'(t)] - P(x) + R(t, 2) (3.23)

for some p., € L'(T) and for F as in Theorem Moreover, R satisfies (3.11) and (8.12), R
satisfies

R (t,2)] < Ola|™, (3.24)
VR, (t,z)| < Cla|™, (3.25)

and R is subject to (3.16). Additionally, Vv, has the asymptotic expansion
0L (t, ) = [P (-, 2) *r FI] () — W (£)9; VP (x) + RY (¢, x) (3.26)
with
Fi(t) = /Q f(t.y)dy + /E [T (v, p)(t,y)n(y) + (C- n(y))ve(t,y)] dS(y),
(R (t,2)] < Clal ™21+ s¢(2) 7"

forj =1,2,3and all (t,x) € T x ). In particular, there is C' > 0 such that

o) < Cllal(1+5¢(2)] ™, [Voo(@)] < Clll(1+5:(2))] 7, @27)
i (t,2)] < Cla| %, VoL (¢, @)| < Cla| ™, (3.28)
[p(t, %) = poo(t)] < Cla]™? (3.29)

forall (t,x) € T x § with |z| sufficiently large.

For constant total flux, we thus obtain the same decay rates for the velocity field as in the case {2 =
R? (without boundary), see [6]. Moreover, the steady-state part and the purely periodic part of the
velocity field and the respective gradients as well as the pressure decay with the same rate as the
corresponding fundamental solutions.

Although the decay of the term VR | given in is faster than that in (3.14), it is of the same order
as the decay of VIFCW. Therefore, does not yield a proper asymptotic expansion for Vv since
a leading-order term is not identified. Instead, if one considers only the linear boundary contributions
that appear in fffn for the leading term, then one arrives at (3.26), which properly identifies the leading
term of an asymptotic expansion for Vv | .

Obviously, the assumption of constant total flux is also satisfied if we consider a time-independent
forcing f and boundary data v;. In this case we have v(t,z) = vy(z), and from Theorem (3.6 we
rediscover the well-known asymptotic expansion and decay estimates for the velocity field associated
to steady flow past a body, see [1,/17./19,]21].

In the previous theorems, the assumption that |x| is large is actually not necessary for the decay
estimates of the velocity field v, its gradient Vv and the corresponding remainders since these are
bounded due to the regularity from and and the embedding theorem from [7, Theorem 3].
However, bondedness with respect to time does not follow for the pressure p, so that the assumption
cannot be omitted completely.

The proofs of these results will be provided in Section
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Representation formulas and far-field behavior of time-periodic flow past a body 13

4 The linearized time-periodic problem

In the present section, we derive representation formulas and study the asymptotic behavior of the lin-
earized time-periodic problem that is obtained from the Navier-Stokes equations when the convective
term v - Vv = V - (v ® v) is neglected or replaced with V - I for a tensor field IF. At this stage, I is
know and satisfies suitable summability properties.

4.1 Representation formulas for solutions
Assume 2 C RR? is an exterior domain with C?-boundary. For the whole section, we let f €

L™(T; L9(Q)3), F € L™ (T; Wh(Q)***)and v, € T, ,(Tx %) forsome g € (1,2)andr € (1, 00),
and consider a solution (v, p) to the (linear) time-periodic Oseen problem

ov—vAv+Vp—(-Vo=f—-V-F inT x Q,

Vov=0 inT x Q,
V=1 onT X X, (4.1)
lim v(t,z) =0 fort € T.

|z|—o00
Note that the existence of a solution (v, p) with v = vy + v, and

vy € D*1(Q)? N L2/C-9 ()3,
v € WH(T; L9(Q)°) n LT (T; W4(Q)°),
p € L'(T; D(Q))

was shown in [14, Theorem 4.7]. Moreover, the velocity field v is unique in this class, while the pressure
p is unique up to addition with a space-independent function.

In order to derive the integral representation formulas for the velocity and pressure, we first transform
the exterior problem (4.1) to a whole-space problem. To do so, we extend the velocity and pressure to
R3 \ Q in the following way:

(4.2)

3t x) 0 ifr cR3\Q,  _ 0 ifz € R3\ Q,
v(t,z) = _ : _
v(t,x) ifx € Q, p(t,z) ifz e

In a first step we assume I = 0. The next lemma is proved along the same lines as in the steady
case [30].

Lemma 4.1. Under the above assumptions on the data and if ' = 0, the extended fields (4.2) satisfy

0v—vAv+Vp—(-Vo=F+vVyg inG,

V-i=g inG, (4.3)
| llim o(t,x) =0 fort € T,
where
g = —(vy - n)ds, (4.4)
F = xof + T(v,p)nds + (¢ - n)vpds + vV - [(n @ v, + v, @ n)dsx)] . (4.5)
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Proof. The distributional gradients of 0 € &’(G)3 and p € $'(G) are given by
Vo = xoVv —n®@uos, Vp=xaVp—pnis, (4.6)

and for the time derivative, we have
3155 = XQat'U. (47)

From (.6), we obtain V-0 = xoV - v — (n-vp)0x. = —(vp, - n)dx = g in G with g defined in (44).
Moreover,

¢- VU= xa(C-Vv) = (¢ n)uds, (4.8)
2D(v) = Vo + (Vo) = 2xqD(v) — v ® ndy — n @ vydy,
and therefore
V-T(v,p) =2vV - (xaD()) — vV - (vp ® ndy, + n @ vpdx) — V - (pI)
=Xa(vAv — Vp) — T(v,p)nés — vV - [(n ® vp + v, ® n)dx).
From —vAv + Vp = —V - T(v,p) + vV (V - v) and the previous relations, we also get

—vAU 4+ Vp = — xo(vAv — Vp) + T(v, p)nds + vVg

410
+ vV - [(n® vy, — v @ n)oy). 4.10)

Adding the identities (4.7), (4.10) and (4-8) side by side, then replacing the expression xq(dv —
vAv + Vp — ¢ - V) with xq f yields the first equation of system (4.3) with F' given by (4.5). O

Let us consider the solution (0, p) of whole space problem (@.3). In general, V-0 = g # 0 and there-
fore the integral representation of (7, p) using the fundamental solution (I'¢, Q) cannot be applied
directly to (4.3). In what follows, the component-wise convolution is taken over R? or over G. Since,

by (2.3),
V - (P s 9) = (_AE) *R3 § = Ops *g3 § = ¢,

we will decompose the velocity component of the solution of (4.3) as
TN):(?NJ—P*RSQ)+P*R3g::'&+P*R3g,

where 7 satisfies V - & = 0 and

Byii — vAGL — C - Vil
= aﬂj — VvAD — C -Vov — 8t(P *R3 g) + VA(P *R3 g) + C : V<P *R3 g)
= —Vp+ F+20Vg + V(P xps (C9)) + V(E *ps (919))-

From

Ot —vAu— (- Vu+V (p—2vg — P xps ((g) — Ex*gs (0i9)) = F inG,
V-u=0 inG,

we immediately obtain the pressure in terms of a convolution in G with ) (recall (2.9)) as

p— Pxgs (Cg) — 2vg — E *gs (019) = Q *q F' + poo = P #rs F + Poo,
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Representation formulas and far-field behavior of time-periodic flow past a body 15

where py, € Li..(G) suchthat p(t, -) is a polynomial for each ¢ € T. This can readily be verified via
Fourier transform, see [5, Lemma 5.2.5]. In virtue of the decay of the convolutions and the integrability
properties of Vp and the convolutions, these polynomials must be constant, so that p,, € Llloc(’JI‘) =
L*(T). Therefore,

D = Poo + P *ps [F+<’g} + E *gs (0g9) + 2vg, (4.11)

where g and F’ are given by (#.4) and (#.5), respectively, and 0;g = —(Oyvp, - n)0s:.

The velocity component of a solution to the time-periodic whole-space problem (4.3) is unique up to
addition by a polynomial in space, see [5, Lemma 5.2.5], so that the decay of the convolution and the
integrability properties of v yield the identity & = I'- *¢ F, that is,

i = (1t @ I'T) x¢ [fxa + T(v, p)nds + (¢ - n)vyds]
+ (I @ TFC) ¢ V - [(n @ vy + vp @ n)dx]
+ I *c [fxa + T(v, p)nds + (€ - n)vyds]
+ VI *q V- [(n @ vy + vy @ n)ds]

where the first two convolutions, which are time-independent, can be written as

(It @ ) *¢ [fxa + T(v,p)nds + (¢ - n)usds)] (z)

//]I‘Ste x—y)f(t,y)dydt

T / / TS%(z — ) [T(v, p)(t, y)n(y) + (€ - n)()unlt, v)] dS(y)dt
- / TS (z — ) [PF(y)] dy
n / TS(z — ) [PT (0, p)n(y) + (C - n)(y)Prs(y)] dS(y)

~(1 ~(2
=y (z) + ) (x),

and
v(lr @ IT°) %6 V - [(n @ vy + vy @ n)ds] (v)

- / / w(t,y) - [V, ((T2) (& — y)es) n(y)] e dS(y)dt

— 1// / y (TE(z — y)e;) vu(t, y)] e dS(y)dt
-/ / w(ty) - DT (x — y)en(y) dS(y)dte;
/ Puply) - DITL(z — y)en(y) dS(y)dte; =: 7 (2).

The time-periodic terms can be written as
7" *¢ [fxa + T(v,p)nds + (¢ - n)vpds]

= / P (t — 5,0 —y) f(s,y) dsdy
TxQ

n / T2 =5, — ) (T p) (s, (o) + (C ) )5, )] dsdS (o)

= a(t, ) + (¢, 2),
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and
V]I‘per xg V- [(n® vy + vy @ n)ds]

// op(t,y) - DI (t — s, 2 — y)e))n(y) dS(y)ds e; =: ﬂ(f) (t,x).

For the velocity v in the exterior domain, the previous results yield the formula
ofta) = lt.a) ~ [ wlt.y) nPE - ) dS), (o) € Tx D
b

Concerning the pressure term, we restrict p from (.11) to €2 using the fact that the support of g is
contained in X.. For (¢, z) € T x €2 we thus obtain

Pt,2) = poo(t) + [P #gs (F + Cg))(t,2) + [E s (Bug) (¢, 2)
= paolt) + / F(t )t y) - Pl — y)dy

+/ZP(x—y) T (v, p)(t, y)n /C —y) -t y) dS(y)
+ou /E w(t,y) - VP(z — y)n(y) dS(y) + /EC Pz —y)u(t,y) - n(y) dS(y)
n / E(z — y)dup(t,y) - n(y) dS(y)

(1) + Pt 1) + / B — y)dmn(t,y) - nly) dS(y).

2

With the above notations for @ (), i\ (¢, z), i = 1,2,3, and p(t, z), we thus proved:

Theorem 4.2. In the case IF = 0, the solution (v, p) of problem (&) admits the representation

(t,z) = ) (x) + ag) (2) + 1) (2)

+al(t,2) + Pt 2) + D¢, x) 4.12)
_ / u(ty) - n(y)P(x — y) dS(y),
plt,2) = poolt) + Pt z) + / E(z — y)dwn(t,y) - n(y) dS(y) (@.13)

forall (t,z) € T x Q and some p,, € L'(T).

Now we address the case IF' # (. Later on, the tensor field IF' will be replaced with the nonlinear term
v Q.

Lemma 4.3. Consider the problem (1) with f = 0 and v, = 0. Under the stated assumptions on I,
the extended fields v and p defined in - satisfy

00 — VAT +Vp — -V = T(v,p)ndy — V - (xoF) — (n"F)dy inG,
V'ﬁZO inG, (4_14)
lim o(t,z) =0 fort € T.

|z|—o00
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Proof. In this case, the distributional gradients of v and p are simply given by
Vo = xoVv, Vp=xaoVp— pnis,
so that from the proof of Lemmaf4.3lwith f = 0and v, =0, weget V-0 = xqV - v =0in G and
00 —vAU+ Vp — (- VU = xo(0w — vAv+ Vp — (- Vo) + T (v, p)nds, in G.

Replacing xo(0;v —vAv+Vp—(- Vo) with —xq(V - IF) and using the relation for the distributional
divergence

V: (xaF) = xoV - F — (n"F)és

yields the first equation of (4.14). O

As before, from the whole space problem (4.14), we derive representation formulas.

Theorem 4.4. IfF € L>°(T x R?)3*3 and |F(t,z)| < M(1 + |z|)~4, for some A > 2, then the
solution (v, p) to problem [@#1) with v, = 0 and f = 0 admits the representation

oltr) = [ T =) [ [PCp)(tmn) = o) Fit, )] deds(y)
- /Q V (%) (x — y) /T F(t,y)dt dye;
+ [ [ T = s =) [T )ne) = n(o) Ft.)] dS()ar
//v (T2e)) (t — 5,2 — y) : F(t,y) dydte;,

p(t, z) =poo(t)+/EP(x—y)-T(v,p)n(y) dS(y)—/Q(V-F)(t,y) P(z —y)dy (4.16)

(4.15)

forall (t,z) € T x Q and some p,, € L*(T).

Proof. Consider the problem (4.74). Taking into account that V- v = 0 in (G, we obtain from the same
uniqueness argument as above that

P =P + Q¢ [T(v,p)nds — V- (xoF) — (n'F)éds]
= Poo + P s [T (v, p)nds — (n"F)ds| — (VP) sps (xoF)

for some po, € L'(T), and

V= ]PC *a [T(v,p)néz -V (XQ]F) — (HTF)52]
= (1y ® TE®) #¢ [T(v, p)nds — (n'F)és] — [(Ir® V(IE%;)) *¢ (xolF)] e
+ If‘cper *q [T(v,p)nég — (nTF)ég] — [V(]Plgerei) *q (XQF)} e;

From here onwards, the arguments are similar to those of Theorem and lead to the representa-

tions (4.15) and (4.16). O
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4.2 Asymptotic expansion of the velocity and pressure fields

First, we consider the case I = 0. Here, we use the functions ® and ¥ defined in (3.9), which depend
on the boundary data vy,

Theorem 4.5. Let (v, p) be the solution of system @) with ' = 0, and such that f has compact
support. The asymptotic expansion at infinity of the velocity field v is of the form

v(t,x) = [Le(, x) xp F™](t) — @()P(z) + U(t) - VP(z) + R(t, z), (4.17)

where

(1) = / F(t.y) dy + / T p)(Ey)n(y) + (€ m)u(t.y)]dS@),  @18)

and there is C' > 0 such that
—3/2—|a|/2

|DERy(2)] < O] (1 + 3¢(x))] . |DIR (8, 2)] < Cla[ (4.19)

for all a, 3 € N} with || < 2, and all (t,z) € T x Q with |z| sufficiently large. In particular,
asymptotic expansions for the steady-state part vy and the purely periodic part v, of v are given by

vo(z) = ]I‘Zte(x)g(}i“ — OoP(z) + Ro(x), (4.20)
vy (t,x) = [Fz’er(-, ) #p F(t) — @1 (1)P(2) + Vo (t) - VP(z) + R (t,2). (4.21)
The asymptotic expansion at infinity of the pressure is of the form
p(t,x) = poo(t) + P'(E(z) + [F(t) + (O(t) — U'(1)] - P(z) + R(t, 2) (4.22)
for some p., € L'(T) and
|DSRo ()| < Cla| 7, DR (8, 2)| < Claf 7> (4.23)

forall o, B € N3 with | 3] < 1, and all (t,x) € T x Q with || sufficiently large.

Proof. We derive (4.20) and (4.21) from the representation formula for v in Theorem For the
steady-state part vy = Pv we have

vo(z) = g () + af () + a) (x) — / Puy(y) - n(y)P(z — y) dS(y).

Since |VI'Y(z)| < C(||(1+ Jc($)))_3/2 for |z| > &, from Lemmawe obtain

@8 () + @) () — T2 () F"| < C(jal(1 + a¢(x)))

for || sufficiently large. Lemma 2.5|further yields

| ()] < C(|2|(1 + ()

for || sufficiently large. Similarly, using Lemma [2.5/and the identity | VP (z)| = C|z|~2, we deduce

/2 Pu(y) - n(y)P(z — y) dS(y) — P(2)Bo| < Cla|?
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for || sufficiently large. Collecting the last three estimates, we conclude (4.20) with the asserted
estimate of the remainder (R,. Since the purely periodic part v, = P, v satisfies

osftr) =80 (t,2) + 7(60) + 70 (1) — [ Ponltey) 0Pl ~ ) dS(0),
p)
we obtain in the same way that

@V, z) + P (t,x) - [T (-, &) sy F ] (8)] < Ol ™,

@ (t,2)| < Cla 4,

/E@va(t, y) - n(y)P(x —y)dS(y) — P(x)®, (t) + VP(2)V ()| < C|z|™*

for large |x|. Summarizing, we obtain with | R (¢, )| < Clz|~* for large |z|.

Now let us turn to the asymptotic expansion of the pressure. We define
Vit,) = [ f(t.0)-Pla =y,
pA(t,x) = /P(x—y) T(v,p)n(y)dsS, —i—/C —y) - w(t,y)dS,
/C P(x —y)up(t,y) - n(y) dSy,
PO(t) = [ Bl =)o) - n()ds,

sothat p(t, x) = pM (¢, z) + p@ (¢, 2) + p®(t, 2) + puo (t). Arguing as above, we use |VP(z)| <
C|z|3 for z # 0 to obtain

‘ﬁwt$ /fty < Cla|™,
p(t,x) — P(x) - /Z [T (v, p)(t, y)n(y) + (¢ - ) (y)ve(t, y)] S, — @(t)P(z) - ¢| < Cla| 72,

p(t, ) — @' (t)E(z) + V(1) - P(x)| < Claf| ™

for || sufficiently large. Collecting these estimates, we arrive at (4.22) with remainder term R satisfy-
ing (4.23) fora = = 0.

To obtain @#.19) for ||, |3] < 2 and @#23) for |al,|5| < 1, we can argue in the same way. For
example, for the pressure p we thus have

R (1) = p(t, v) — ¥ (10, E(x) — [F™ (1) + CO(t) — ¥'(1)] - 0,P(a)

for j = 1,2, 3, and we can repeat the previous argument. Moreover, since (v, py) satisfy the steady
Oseen equations and f has compact support, elliptic regularity implies smoothness of (vg, po) far from
the boundary. Therefore, the above argument is admissible for derivatives of Ry and R of arbitrary
order. O

Remark 4.6. By assuming more time regularity of the data f and v, we could ensure higher-order
regularity of the full solution (v, p) far from the boundary, that is, not only of the steady part. Then the
previous argument also yields decay rates for higher-order derivatives of the corresponding remainder
terms.
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In the next theorem we treat the homogeneous boundary value problem containing solely a forcing of
the form V - IF'. Note that specific decay rates are assumed for I and V - .

Theorem 4.7. In system (@) assume v, = 0 and f = 0. If F € L>°(T; WhH>(Q)>*3) with
2

F(t,2)] < C(l2](1+ 9¢(x))) 7, |PLF(t,2)] < Claf™ (4.24)

for some A > 0, then the asymptotic expansion at infinity of the velocity field v is of the form

v(t,x) =T¢e(-, ) *p {/ (T(v,p)n+n'F)dS| (t) + R(t, z), (4.25)
x
and there is C' > 0 such that
Ro(x)| < Cllz] (1 + 3c(x))] P log, |2],  |RL(t z)| < Cla| ™A (4.26)

for all (t,x) € T x § with |x| sufficiently large. In particular, asymptotic expansions for the steady-
state part vy and the purely periodic part v are given by

vo(x) = T (x) /E [PT(v,p)(t, y)n(y) + Pn(y) "F(t,y)] dS(y) + Roe(x), (4.27)

v (t,x) = lﬁﬁer(nl’) *T/z [PLT(v,p)(t,y)n(y) + Pin(y) T F(t,y)] dS(y)| () + RL(t, z).

(4.28)

Additionally, if

(V- F)(t,2)| < C(|a](1 + ac(2))) ", (4.29)

then the asymptotic expansion at infinity of the pressure is of the form

p(t,7) = po(t) + ( [ [P0 0)00) +1(0) Pl ds<y>) P(a) + R(t2), (430

for some po, € L'(T) and
R(t,2)| < Clz|?min {1, (1 + 3¢(x)) " log,|z| + |z| ' log, |z + (1 + s¢(2)) '} (4.31)

forall (t,z) € T x S with |z| sufficiently large.

Proof. We use the representation formulas from Theorem [4.4]and split v into several parts. Then

u(t,x) :=T¢ *¢ [(T(v, p)nds] (t,z) = {]I’C(-,x) * /ET(v,p)n dS} (t) + R“(t, x)

is treated as in the previous lemma. For the part w, which involves I, it is convenient to decompose
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w = w + w* with
w(t, x) == // [V (Lee;) (t—s,2—y)] : F(s,y)dydse;
TJQ
= \Y ]I‘SteeZ T — :/]F s,y)dsdy e;
/[ (Ffe) (@ = v : | Fls.p)dady 4.32)
// V() (t — 5,2 —y)| : F(s,y) dydse
w(t, z) = / / Te(z —y,t —s)n(y) ' F(s,y)dS(y)ds
= [ Iz — / TF(s,y)dsdS
[ =) [ ) s asas) s

//erer (t —s,2 —y)n(y) "F(s,y) dS(y)ds

= wy (z) + wi(t, z).

Combining the decay properties (4.24) with Lemma[2.1]and Lemma|2.4] we conclude

w(x)] < C(|2|(1 + 3¢(x))) " log, |z],
w(t, z)| < Cla|”mm A4,

If we define

R (L, 2) = w (L, z) — []PC(-,x) s /E nT]Fds] (1),

then Lemma [2.5|implies
Iﬂ%o 7)] < O(lel(L+ ac(a)) ™,
‘mi | < C|35‘_4

forall (¢,x2) € T x € with |z| sufficiently large. Since we have R = R* — w
(4.26) follows.

Now let us address the pressure term. We write (4.16) in the form p = p — q with

a(t.) = [ Plo—y) (V- E)(tg)dy.
0
As in the proof of Theorem we obtain
|9%p(t,x)‘ < COlx|3

forall (t,z) € T x €, where we split R = RP — R with

(1, z) = q(t, z) — P(z) - / n(y)TF(t, ) dS(y).

Q

— (R“’E, estimate

(4.34)

Fix R, > O such that ¥ C Bg, and let x € C§°(R?) be a smooth function such that x(x) = 1 for
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|z| < R./2and x(z) = 0for |z| > R.. Then
a(t z) = / (@ — )Pz —y)- [V - F(t,y)]dy
" / 1 x(z — y)]VP(z — y) : F(t,y) dy
Q
—/QvXu—y)@P(x—y):My)dy
n / ¥z — )Pz — 1) - [n()TF(t,9)] dy
= ql(tvx) + q2(tv $) + q3(t’ :L‘) + q4<t,$).

For the first term, we use P(x) = C'|z|~2 and directly estimate

|q1(t, )] < / ()cu—yr?(ry\(lwc(y)))5/2dysc<\x|<1+é<<m>>>5/2

for || > 2R,. For the second term, Lemma 2.2)implies
|g2(t, )| < Clo|?min {1, (1 + s¢(z)) " log  |z| + |z log, || + (1 + s¢(x)) "}
For the third term, we consider |z| > 2R, and deduce

|as(t, )| < / I )Iaf — 2 (lyl (1 + 3c()) " dy < (J2l(1+ 5¢(x)))
Bpg, (z BR*/Q T

Invoking Lemma|2.5]for the last term, we conclude

Qalt, z) — P(a) / F(t,y)n(y) dS(y)| < Cla|

by

for |z| large. In virtue of R = RP — R and (@-34), we finally arrive at (4-37). O

5 Proofs of the main results

The representation formulas for the nonlinear case given in Theorem can be deduced from the
linear case as follows.

Proof of Theorem|[3.2. The weak solution v to the nonlinear problem solves the linear prob-
lem if we replace I with v ® v since we thenhave f — V - F = f — v - Vu. By Theorem 3.1
we deduce v - Vv € LI(T x Q)3 forany ¢ € (1, 00). Therefore, the representation formulas (3.6),
and directly follow from combining those for the linear case given in Theorem and
Theorem[4.4] O

To prove Theorem the linear terms in the representation formulas can be handled as in the proof
of Theorem However, new difficulties arise from the nonlinear terms. To treat them, we begin
with the following decay property of the velocity gradient. For the whole section, we choose a radius
R, > Osuchthat ¥ C Bg,.
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Lemma 5.1. Foralle > 0 there exists C' > (0 such that for all R > R, it holds

// Vo> dedt < CRME. (5.1)
T JO\Br

Proof. For the case {2 = RR?, this estimate was shown in [22, Lemma 5.2]. In the present case of
an exterior domain €2, it follows in exactly the same way by using the increased regularity stated in
Theorem[3.dl O

From (5.1) we can derive a first pointwise estimate of the remainder terms for the velocity field. This
estimate serves as a starting point for an iterative procedure that increases the decay rate step by
step.

Proof of Theorem[3.3. We begin with the velocity field and follow the approach from [22] and [6].
Instead of repeating these calculations here in detail, we explain the major steps and the differences
that are due to the occurrence of boundary terms.

To separate the linear from the nonlinear contributions in the representation formula (3.6), we let
v = u — w with

w(t,z) = /T . Le(t — s,z —y)v(s,y) - Vo(s,y)] dsdy.

Then wu satisfies
ult,x) =y (2) + a) (x) + @) (x)

+a0(t2) + 72 (¢, z) + 3D (¢, x)
_ /Evb(t y) - n(y)P(x —y)dS(y)

for (t,z) € T x €2, where the terms on the right-hand side are exactly the same as in the repre-
sentation formula for the linear case. Decomposing u = ug + u into steady-state and purely
periodic part, and arguing as in the proof of Theorem |4.5] we obtain that the associated remainder
term

R(t,x) = u(t,z) — [Lc(-,z) #p F)(t) + P(2)D(t) — VP (z)¥(1),

where
70 = [ ey [ [Fepnt)+ (€ nm)utn) S
)
satisfies the same estimates as in the linear case, that is,
ampu —3/2—|al/2 ampu —4—|af
|DYRG ()] < Clz| (1 + s¢(x))] ;DR (t 2)| < Cle| (5.2)

for || < 2and (t,2) € T x Q with |z| large. In particular, in virtue of the decay properties of the
fundamental solutions, this implies

|D2ug(x)] < C[la| (1+ ac(x))] "2, (5.3)
| Do, (t, )] < C]x\’Q"al. (5.4)
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Next we derive estimates of w, which will lead to an estimate of the actual remainder term R =
RY — R™, where

RY(t,x) =w(t,x) — /

et = s.0) [ (ols9) - nlo)en(s, ) aS o).

To do so, we decompose w = wy + w | such that

wo(x) = T *ps [xa(vo - Vog + P(vL - Voy))](2), (5.5)
wL(t,x) = ]Pger *a [XQ (Uo . VUL +v - VU() + @L(UL : VUL))] (t,ZE). (5.6)

Exploiting the decay properties of I'¢ and Lemma one can argue as in [22] to first show that
Ve>0 30 >0: |wy(t,z)| < Cla|M* (5.7)
and
Ve>0 AC>0: |wio(t,z)] <
C (|27 + 2|72 (ol oo pieirz) + 1Ll o rsepieiray)) - (5:8)
Combining with (5.3), we conclude
Ve>0 30 >0: |v(t,x)| < Cla|M. (5.9)
Similarly, leads to
Ve>0 3C>0: |vi(t)| < C(lwe(tz)| + |z|7?). (5.10)
We use these inequalities to further estimate and to obtain
Ve>0 3C>0: |wi(t,z)| < C(la| P wi pooupienzy + 2] 77/7H). (5.11)

Since v, € L™(T x Q) by Theorem we have w; € L®(T x Q) due to (5.4). This allows
to derive a first estimate of w, from (5.11), We can use this estimate to derive a new bound of the
right-hand side of (5.11), which improves the estimate of w . lterating this procedure and combining

it with (5.10), we arrive at
Ve>0 3C>0: |vi(t,z)|+ |wi(t,z)| < Clz| "7/t (5.12)
To improve these decay rates, we turn to the representation (3.7), from which we deduce that w =

w4+ w* with w® and w* defined as in #.32) and [@.33) for I := v ® v, respectively. First of all,
Lemma[2.5]implies the estimates

i ()] < C(J2](1+ a¢(2))) (5.13)
lw (¢, z)| < Cla| ™ (5.14)

for || large. To obtain a decay rate for w}, we use (5.9) and (5.12), which imply
[vo @ v1 +v1 @ vy + Py (v @vi)|(t,x) < O(|o|12/5F 4 |z ~1/5F).
Now Lemma|2.4]yields the estimate

Ve>0 3C>0: |[w(t z)| < Olz| 125, (5.15)
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In virtue of and (5.14), this yields the (optimal) estimate
vy (t,2)] < Cla|™? (5.16)
forall (t,z) € T x Q with || large. For wS} we proceed similarly. From and we deduce
lvo ®@ vg + P(vL @ vy )|(z) < C (|| 7>T + |z ™),
so that Lemma[2.1]yields
Ve>0 3C>0: |wl(x) < Olz|~" (14 gc(x)) "V (5.17)
Combining this estimate with and (5.13), we conclude
Ve>0 3C>0: |v(z)] < Cla| (1 + a¢(x))~1/2Te, (5.18)
which leads to the improved pointwise estimate
[vo @ vo + P(vr @ v)l(2) < C(l2] 751+ a¢(2)) = + [2] 7).
Repeating the above argument and using Lemma [2.7] again, we deduce
Ve>0 3C>0: |wo(x)| < Cla|324(1 + s¢(x)) "1, (5.19)
and with and we conclude the (optimal) decay rate
[vo(@)] < C(|](1 + s¢(x))) (5.20)
for all x € €. Invoking now and (5.20), we obtain
o ® v + P(v @ v1)l(2) < C((J2l(1 + 3¢(2))) " + J2l ™) < O (|l + s¢(x)))
and
lvo @ vy +v1 @vg+ P (v @vi)|(t,x) < Oz (1 + 3e(2)) ™" + |2]7*) < Cla| .

Since v is a solution to the linear problem (4.7) together with ' = v ® v, the asymptotic expan-
sion (3.10) with the asserted remainder estimates (3.11) and (3.73) now follows from Theorem [4.5
and Theorem 4.7

Now we turn to the asymptotic expansion of Vv and derive estimates of Vw. From the formulas (5.5)
and (5.6) we deduce

djwo(x) = 9T * [xa(vo - Voo + P(vr - Vur))] (), (5.21)
djw (t,x) = OTL™ « [xe(vo - Vur +vi - Vg + Py (vy - Vur))|(t, x) (5.22)

for 5 = 1,2,3. We use the integrability properties from Theorem and the estimates (5.18)
and (5.16) to proceed analogously to [6] and to conclude the first estimate

[Vwo(2)| + [Vw, (t,z)| < Cla| ™,
and thus

[Vo(2)| + [VoL(t,z)| < Cla| ™
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in virtue of and (5.4). Together with and (5.16), this estimate implies
v+ Voo + Py - Vou)| () < C(lal (1 + 4(a))™" +]a] )
< Clal (1 + a¢()) 72,
[vo - Vv + vy - Vg + Py (ve - Voo )| 2) < C(|o] (14 s¢(2) ™t + [z 7 + [2]77)

< Olz|™2

Returning now to and (5.22), we can use Lemma|2.1]and Lemma [2.4]to deduce

V()] < Cla (1 + 3¢ ()7,
Vw.(t,z)| < Cla| 2,

and thus » »
Voo ()| < Cla] (1 + s¢(x)) =%/,

Vo (t,2)] < Cla| ™,
due to (5.3) and (5.4). Again, this gives an improved estimate on the nonlinear terms, and repeating
this argument once more, we finally arrive at the (optimal) estimate
[Vo(w)] < Clae|™*2(1 + 3¢ () 2,
|V, (t,z)| < Clz| 2.
To derive estimates (3.12) and (3.14) for the corresponding remainder terms, we introduce another

decomposition of R¥. Let y € Cg°(IR?) a smooth function such that x(z) = 1 for |z| < R, /2 and
x(z) = 0for |x| > R,. We decompose 0;R" =1 + J, j = 1,2,3, with

I(t,2) = / e DO = 5.0 = ) [o(s.0) - V(s )] ),

(5.23)

J(t,2) = / =3z =PI OTelt = 52 = plo(s.9) - Vols. )] d(s.0)

— [omet—s.0) [ (i) nw))en(s.) dS(w)ds
T b
By (5.20), and (5.23), we have
[op - Vo + P(v1 - Vou)|(2) < Cla| (1 + ac(w)) 2,
!vo Vv +vy - Vg + Pr(vg - VUJ_)‘(t,l‘) < C|x|_7/2(1 + dc(:r))_?’/z.
Since 9;I¢ € Li,.(T x R?) (see [10,21]) and x9; T has compact support, Lemma|2.5)implies
[To(2)] < Cla| (1 + a(2)) 2,
[IL(t, @) < Cla| ™2 (1 + 3¢ (x)) 7>
for |x| sufficiently large. For Jy we use v - Vv = V - (v ® v) and integration by parts to obtain the
decomposition Jy = Jj + JZ + J3 with
T (z)] < /Q[l —x(@ = )] |9; VT (x = y)| [vo(y) @ voly) + P(vL @ v1)(y)| dy,
B < [ 19w = 98T = )] [1oy) © woly) + Do 90.)0)] do
Q

[Jo ()| =

/E 1 — x(x — )] T — ) P((vy - n)on)(y) dy

— O, (x) / P((vs - n)vy) (y) dS(y)|.

by
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Now consider |z| > 2R.. For |y| < R., we then have |z — y| > |z| — |y| > |z|/2 > R.. Using

Lemma[2.5] we deduce )

|5 (2)] < (l21(1 + 3¢ ()
for |z| sufficiently large. Similarly, for J¢ we deduce

—2 —2
|75 ()] < 0/ 0, (x = y)| (Iyl(L+ 2¢(y))) ~ dy < C(J2|(1 + 3¢(x)))

Br, (z)\Bg, j2(z)
for large |z| since O;I3°(z — y) € Lj,.(R®). To estimate .J§, we use and the decay esti-
mates and (5.16) to conclude

|5 ()] < C/Q\ " (Jz = yl(1 + ac(@ =)~ (Jyl(1 + 3c(y)) " dy
BRr, 2(z

< O(le|(1 + 5c(2))) " log, (L)

1+ JC<$)

for |z| > 2R., where we used [6, Lemma 3.5]. Collecting all estimates for O, RY = Io+ Jg + JZ + J3
and combining them with (5.2), we obtain (3.12). Finally, we estimate J, directly, which yields

JL(t2)] < O / 7T ) dy el )
1(x

< Cla| ™2(1 + a(x)) 712

for || > 2R, due to (2.11). Together with the estimate of I, and (5.2), this gives (3.14).

The results for the pressure, which can be decomposed into a component associated with v, and
f and another one associated with ' = v ® v, are now obtained by combining (4.22)—(4.23) and
(4.30)—(4.31). O

The statements of Corollary [3.4]and Corollary [3.5|are now direct consequences.

Proof of Corollary[3.4, From the identity I'c = 1p®T'¢"*+I'g™ we directly conclude (3.78) from (3.10)
by taking the purely periodic part. Taking the steady-state part, we nearly arrive at a similar formula,
which only differs from by the term Wy, - VP (). Since [VP(x)| < C|z|~3, this term can be
absorbed into the steady-state remainder Ry,. O

Proof of Corollary[3.5 The asserted estimates were already shown in the process of proving The-
orem However, they are also direct consequences of the asymptotic expansions (3.17), (3.18)
and (3.15) combined with the decay properties of the fundamental solutions stated in (2.6), (2.11)

and (2.4), respectively. O

Finally, we consider the case of constant total flux.

Proof of Theorem[3.6. First of all, note that 0;® = 0 is equivalent to ® = P, and thusto ¢, =
0. Therefore, the asymptotic expansions from Theorem and Corollary simplify, and we ob-

tain (3.22) and (3.23). Moreover, these formulas imply the improved pointwise estimates (3.27)—(3.29)
in virtue of the decay properties of the fundamental solutions from (2.11) and (2.4). In particular, this
yields

oo @ vi + v ®vg + Po(vr ®vi)|(t,2) < C(Jz]™ (1 + 3¢(2) 7 + |2[7°) < Claf ™,
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and we can conclude the remainder estimate (3.24) for (R | from a combination of Theorem and
Theorem [4.7] as above. Moreover, we now have

|U0 . VUJ_ +v - VUO + @J_(’UJ_ . VUJ_)‘(t,ZL’) S C‘l’|_9/2(1 + Jc(l’))_g/Q,

so that, similarly to above,
\ [ X 1o s, - pule(s) - Vels,plaGs,y
TxQ
< / & — g~y 20+ ()2 dy < a2 (1 4 s ()
Q\B2(x)

for |x| > 2R.. Therefore, the estimate of .J, in the proof of Theorem can be replaced with
[t )] < O(Jal ™21+ 3¢(2)) 72 + |2| ™) < Cla™,

and in virtue of (5.2) and the previous estimate of 7, , we obtain (3.74).
To derive the asymptotic expansion (3.26)), observe that RY = 0;R'l — 0w, . Due to

dyw(t,x) =I(t,x) + /Tr Q[l —X(@ = y)]OTc(t — 5,2 —y)[v(s,y) - Vu(s,y)] d(s,y),

the previous integral estimate and the estimate of I, yield
(R (8, 2)| < |0;RY (1, 2)| + [Oywi(t,2)] < |2]~2(1 + 3¢ (x)) >

by (5.2)), which completes the proof of Theorem (3.6 O
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