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Representation formulas and far-field behavior of time-periodic
incompressible viscous flow around a translating rigid body

Thomas Eiter, Ana Leonor Silvestre

Abstract

This paper is concerned with integral representations and asymptotic expansions of solutions
to the time-periodic incompressible Navier-Stokes equations for fluid flow in the exterior of a rigid
body that moves with constant velocity. Using the time-periodic Oseen fundamental solution, we
derive representation formulas for solutions with suitable regularity. From these formulas, the
decomposition of the velocity component of the fundamental solution into steady-state and purely
periodic parts and their detailed decay rate in space, we deduce complete information on the
asymptotic structure of the velocity and pressure fields.
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1 Introduction

We are interested in time-periodic incompressible viscous flow around a translating rigid body O. In a
reference frame attached to the solid, the velocity v = v(t, x) and pressure p = p(t, x) of the fluid
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T. Eiter, A.L. Silvestre 2

satisfy 
∂tv + v · ∇v − ν∆v +∇p− ζ · ∇v = f in T× Ω,

∇ · v = 0 in T× Ω,

v = vb on T× Σ,

lim
|x|→∞

v(t, x) = 0 for t ∈ T,

(1.1)

where Ω ⊂ R3 is an exterior domain and T := R /TZ is the torus group related to the period T > 0
of the motion. The fluid has constant viscosity ν > 0 and is subject to a T-periodic external force
f . The body O undergoes a translational motion with constant velocity ζ ∈ R3 \ {0}, and the fluid
motion on its surface Σ := ∂Ω is prescribed via T-periodic boundary values vb, which may describe
a periodic boundary motion or flux through the boundary.

The stationary counterpart of (1.1) is a classical mathematical problem with well-known properties,
which have been studied, for example, in [1, 15–21]. In particular, the velocity field exhibits different
asymptotic behavior inside and outside a wake region created by the translational motion of O. This
behavior is inherited from the steady Oseen fundamental solution. From the point of view of applica-
tions, a precise description of the far-field behavior of the flow can be very useful in numerical studies,
for which a bounded computational domain is defined, and consequently, appropriate boundary con-
ditions must be imposed on the outer boundary of the truncated domain. Such boundary conditions
should be consistent with the asymptotic decay of solutions, as was shown in [2,3].

The study of the time-periodic exterior problem (1.1) is more recent, see [6, 9–12, 22–24, 27–29] for
instance. In this paper, we exploit the mathematical properties of time-periodic Oseen fundamental so-
lution, based on the results of [10, 11, 26], wherein a modern mathematical setting was developed for
the time-periodic Stokes and Oseen problems and extended to the exterior Navier-Stokes equations.
The first step of our analysis is the integral representation obtained in Theorem 3.2 for (v, p), where
we followed [30]. Then, employing the decomposition of the velocity component of the fundamental
solution into steady-state and purely periodic contributions, we deduce complete asymptotic expan-
sions for the steady and purely periodic parts of the velocity and the pressure fields, the main results
being stated in Theorem 3.3.

Comparing our results with the cases Ω = R3, see [6, 10, 11], or with the simpler case vb = ζ ,
addressed for example in [8], we found that the time-periodic boundary data vb significantly influence
the far-field behavior of the velocity and of the pressure of the flow. More precisely, in Theorem 3.6
we show that, if the total flux through the boundary is time-independent, the purely periodic part of the
velocity as well as the pressure show a faster decay rate, the same as for the whole space problem
and the corresponding fundamental solutions. However, if the flux is time-dependent, both quantities
decay at a slower rate.

Structure of the paper. Section 2 contains the notations for functions spaces, differential operators and
distributions that are relevant for the mathematical formulation and analysis of the problem. We also
recall the steady and time-periodic Oseen fundamental solutions and some results for their convolution
with suitably decaying functions, and we prepare a general result on estimates for certain convolution
integrals. In Section 3, we present and discuss the main results of the paper. The linearized time-
periodic problem is addressed in Section 4. Firstly, we deduce integral representation formulas for
the velocity and pressure of the linear problem using the time-periodic Oseen fundamental solution.
Subsequently, a detailed analysis of the far-field behavior of solutions is carried out, exploiting the
decomposition of the velocity fields into a time-independent part and a time-dependent part with mean
value zero. The proofs of our main results are given in Section 5.
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Representation formulas and far-field behavior of time-periodic flow past a body 3

2 Notations and fundamental solutions

2.1 Notations

The standard basis of R3 will be denoted by {e1, e2, e3}. For x ∈ R3 \ {0}, we define the unit vector
x̂ = x/|x|, where |·| denotes the Euclidean norm. For R > 0 we set BR(x) := {y ∈ R3 | |x− y| <
R} and BR := BR(0). The symbol Ω always denotes an exterior domain in R3, that is a domain that
is the complement of a compact set in R3. The unit outer normal at Σ = ∂Ω is denoted by n = n(x).

The gradient of a vector field v is defined by (∇v)ij = ∂ivj =
∂vj
∂xi
, i, j = 1, 2, 3, and ∇ · v = ∂vi

∂xi
denotes its divergence. Here and in what follows, Einstein summation convention is used. We adopt
this notation for the divergence of a tensor field F = (Fij) and define ∇ · F =

∂Fji

∂xj
ei. The notation

T(v, q) is used for the stress tensor T(v, q) := 2νD(v) − pI, where D(v) = 1
2

(
∇v + (∇v)>

)
and I ∈ R3×3 is the identity matrix.

For q ∈ [1,∞] and m ∈ N, Lq(D) and Wm,q(D) denote classical Lebesgue and Sobolev spaces

on a domain D ⊆ Rn, with norms ‖·‖q,D and ‖·‖m,q,D , respectively. If q ∈ [1,∞), byWm− 1
q
,q(∂D)

we indicate the trace space for Wm,q(D)-functions on the (sufficiently smooth) boundary ∂D of D,
equipped with the norm ‖.‖m− 1

q
,q,∂D. When D is an exterior domain, it is convenient to consider the

homogeneous Sobolev spaces defined by

Dm,q(D) := {u ∈ L1
loc(D); Dαu ∈ Lq(D) for any multi-index α with |α| = m}

and equipped with seminorm |u|m,q,D =
(∑

|α|=m ‖Dαu‖qq,D
)1/q

, where q ∈ [1,∞). The space

Dm,q
0 (D) is the closure of C∞0 (D) with respect to the norm | · |m,q,D . The dual space (Dm,q

0 )′(D)
will be denoted by D−m,q

′
(D), where q′ := q/(q − 1).

If X is a Banach space associated with the space variable, Lr(T;X) denotes the space of all
Bochner-measurable functions u : T→ X such that

‖u‖Lr(T;X) :=

(∫
T
‖u(t)‖rX dt

) 1
r

=

(
1

T

∫ T

0

‖u(t)‖rX dt

) 1
r

<∞,

for r ∈ [1,∞), and ‖u‖L∞(T;X) := ess supt∈T ‖u(t)‖X < ∞, for r = ∞. Note that we equip T
with the normalized Lebesgue measure. For r, q ∈ (1,∞) we further denote the space of boundary
traces of functions in W 1,r(T, Lq(D)3) ∩ Lr(T,W 2,q(D)3) by

Tr,q(T× ∂D) :=
{
vb = v|T×∂D

∣∣ v ∈ W 1,r(T, Lq(D)3) ∩ Lr(T,W 2,q(D)3)
}
. (2.1)

The space Tr,q(T× ∂D) can be identified with a real interpolation space, but this property will not be
used in what follows. Moreover, by C(T;X) we denote the space of continuous functions from T to
X .

As in [10, 11, 26], we will denote the Dirac delta distributions on R3, T, and Z by δR3 , δT and δZ,
respectively. When studying the whole space problem, it will be formulated in the locally compact
abelian group G := T × R3, and the Dirac delta distribution on G, δG, will be used to define the
fundamental solution to time-periodic problems. By S′(R3), S′(G) and S′(Ĝ), where Ĝ := Z×R3,
we denote the spaces of tempered distributions on R3, G and Ĝ, see [11] for a precise definition.
Moreover, 1T denotes the constant 1 function on T. In the context of the exterior problem, δΣ will
denote the Dirac delta distribution on Σ, as defined, for example, in [4].

Additional notations will be introduced as they are needed.
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T. Eiter, A.L. Silvestre 4

2.2 Steady-state Stokes and Oseen fundamental solutions

It is well known that

E(x) =
1

4π|x|
(2.2)

is the fundamental solution of the Laplace operator in R3, that is, −∆E = δR3 in S′(R3).

The fundamental solution of the classical Stokes system in R3 is the pair (
Lste

0 ,P) ∈ S′(R3)3×3 ×
S′(R3)3 given by (see, for example, [21])

(
Lste

0 ,P)(x) =

(
1

8πν|x|
(I+ x̂⊗ x̂) ,

1

4π|x|2
x̂

)
.

In particular, the pressure component satisfies

P(x) = −∇E(x), (2.3)

and one directly deduces the estimate

∀α ∈ N3
0 ∃C > 0 ∀x 6= 0 :

∣∣Dα
xP(x)

∣∣ ≤ C|x|−2−|α|. (2.4)

The fundamental solution (
Lste
ζ ,P) ∈ S′(R3)3×3 × S′(R3)3 of the 3D Oseen system has the same

pressure part (2.3), and the velocity component is given by (see [16,21,30])

Lste
ζ (x) =

1

4πν|x|
exp

(
−sζ(x)

ν

)
I− 1− exp(−sζ(x)/ν)

8π|x|sζ(x)
(I− x̂⊗ x̂)

+
|ζ|
16π

1− exp(−sζ(x)/ν)− exp(−sζ(x)/ν)sζ(x)/ν

sζ(x)2

(
x̂+ ζ̂

)
⊗
(
x̂+ ζ̂

)
,

(2.5)

where sζ(x) := [|ζ||x|+ (ζ · x)] /2. It is subject to the pointwise estimate (see [16])

∀α ∈ N3
0 ∀ε > 0 ∃C > 0 ∀|x| ≥ ε :

∣∣Dα
x

Lste
ζ (x)

∣∣ ≤ C
[
|x|
(
1 + sζ(x)

)]−1−|α|/2
. (2.6)

Observe that this estimate is anisotropic in space. In particular, the decay rate depends on the direction
ζ , and reflects the occurrence of a wake region in the flow behind the body. Hence, there is a significant
difference between the velocity components of the Stokes and Oseen fundamental solutions.

The following lemma yields estimates on convolutions of
Lste
ζ with functions with suitable decay.

Throughout this work we will use the notation

log+(r) := max{1, log r} for r > 0. (2.7)

Lemma 2.1. Let g ∈ L∞(R3) and A ∈ [2,∞), B ∈ [0,∞), M > 0 such that

|g(x)| ≤M(1 + |x|)−A(1 + sζ(x))−B.

Then there exists C = C(A,B, ζ) > 0 with the following properties:

1 If A+ min{1, B} > 3, then∣∣|Lste
ζ | ∗ g(x)

∣∣ ≤ CM
[
(1 + |x|)

(
1 + sζ(x)

)]−1
.
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2 If A+ min{1, B} > 3 and A+B ≥ 7/2, then∣∣|∇Lste
ζ | ∗ g(x)

∣∣ ≤ CM
[
(1 + |x|)

(
1 + sζ(x)

)]−3/2
.

3 If A+ min{1, B} = 3 and A+B ≥ 7/2, then∣∣|∇Lste
ζ | ∗ g(x)

∣∣ ≤ CM
[
(1 + |x|)

(
1 + sζ(x)

)]−3/2
log+|x|.

4 If A+B < 3, then∣∣|∇Lste
ζ | ∗ g(x)

∣∣ ≤ CM(1 + |x|)−(A+B)/2
(
1 + sζ(x)

)−(A+B−1)/2
.

Proof. These are special cases of [25, Theorems 3.1 and 3.2], see also [6, Theorem 3.1].

We next provide similar convolution estimates for ∇P in a particular case. However, since ∇P is
strongly singular at the origin, we exclude a neighborhood from the domain of integration.

Lemma 2.2. Let g ∈ L∞(Ω) and M > 0 such that

|g(x)| ≤M
(
(1 + |x|)(1 + sζ(x))

)−2
.

Let R > 0 and χ := χR3\BR
be the characteristic function of the exterior to the ball BR centered at

the origin. Then there exists C = C(R, ζ) > 0 such that∣∣(χ∇P
)
∗ g(x)

∣∣ ≤ CM |x|−2 min
{

1, (1 + sζ(x))−2 log+|x|+ |x|−1 log+|x|+ (1 + sζ(x))−1
}
.

Proof. We use (2.4) and the decay of g to estimate

I(x) :=
∣∣(χ∇P

)
∗ g(x)

∣∣ ≤M

∫
R3\BR(x)

|x− y|−3
(
(1 + |y|)(1 + sζ(y))

)−2
dy

≤ CM

∫
R3

(1 + |x− y|)−3
(
(1 + |y|)(1 + sζ(y))

)−2
dy.

Following the calculations in [25, Section 2], we obtain

I(x) ≤ CM
(
|x|−2(1 + sζ(x))−2 log+|x|+ |x|−3 log+|x|+ |x|−2(1 + sζ(x))−1

)
.

Alternatively, we can omit the anisotropic contributions and directly estimate

I(x) ≤ CM

∫
R3

(1 + |x− y|)−3(1 + |y|)−2 dy ≤ CM |x|−2,

which gives an improved estimate along {x ∈ Ω | sζ(x) = 0} = {x ∈ Ω |x = αζ, α > 0}. In
summary, we conclude the asserted estimate.
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2.3 Time-periodic fundamental solutions

In the time-periodic case, the fundamental solutions can be written as solutions to a system of partial
differential equations on the group G = T × R3. Following [10, 11, 26], the fundamental solution of
the Stokes (ζ = 0) or Oseen (ζ 6= 0) equations is a pair (

L
ζ ,Q) ∈ S′(G)3×3 × S′(G)3 satisfying{

∂t
L
ζ − ν∆

L
ζ +∇Q− (ζ · ∇)

L
ζ = IδG in G,

∇ ·
L
ζ = 0 in G.

(2.8)

The pressure component is given by
Q = δT ⊗ P, (2.9)

that is, we formally have Q(t, x) = δT(t)P(x), where P is the pressure of the fundamental solution
in the steady cases, given in (2.3). The velocity component can be split in the form

L
ζ = 1T ⊗

Lste
ζ +

Lper
ζ , (2.10)

with
Lste
ζ the velocity steady part of the fundamental solution, already presented in the previous sec-

tion, and
Lper
ζ the purely periodic part of

L
ζ , which is given by

Lper
ζ = F−1

G

[
1− δZ(k)

|ξ|2 + i
(

2πk
T
− ζ · ξ

) (I− ξ̂ ⊗ ξ̂)] ,
where FG : S′(G) → S′(Ĝ), Ĝ := Z × R3, is the Fourier transform on the group G. For de-
tails on the definition of the Fourier transform on G and the spaces S′(G) and S′(Ĝ) of tempered
distributions, we refer to [11]. We recall the following decay properties of

Lper
ζ .

Lemma 2.3. Let q ∈ [1,∞). Then

∀α ∈ N3
0 ∀ε > 0 ∃C > 0 ∀|x| ≥ ε :

∥∥Dα
x

Lper
ζ (·, x)

∥∥
Lq(T)

≤ C|x|−3−|α|. (2.11)

Proof. See [10, Theorem 1.1].

In comparison with the pointwise estimate (2.6) for the steady-state fundamental solution, the esti-
mate (2.11) is of higher order and homogeneous in space. Therefore, the occurrence of a wake region
behind the body is mainly reflected in the steady-state part of the velocity field.

The following lemma can be used to derive pointwise estimates for convolutions of the fundamental
solution

Lper
ζ and suitably decaying functions.

Lemma 2.4. Let g ∈ L∞(T× R3) and A,M ∈ (0,∞) such that

|g(t, x)| ≤M(1 + |x|)−A.

Then for any ε > 0 there exists C = C(A, ζ,T, ε) > 0 such that

∀|x| ≥ ε :
∣∣ [|∇Lper

ζ | ∗G g
]

(t, x)
∣∣ ≤ CM(1 + |x|)−min{A,4} (2.12)

and, if A > 3,
∀|x| ≥ ε :

∣∣ [|Lper
ζ | ∗G g

]
(t, x)

∣∣ ≤ CM(1 + |x|)−3. (2.13)

Proof. See [6, Theorem 3.3].

DOI 10.20347/WIAS.PREPRINT.3091 Berlin 2024



Representation formulas and far-field behavior of time-periodic flow past a body 7

2.4 Anisotropic convolution estimates

In the next lemma we study convolutions of functions with anisotropic decay, which is expressed by
sζ(x) := [|ζ||x|+ (ζ · x)] /2. The characteristic function of the exterior domain Ω will be denoted by
χΩ.

Lemma 2.5. Let ζ ∈ R3 \ {0} and φ ∈ L1(T × (R3 \ {0})) such that for some ε > 0, α, β ≥ 0
and p ∈ (1,∞]

∃C > 0 ∀|x| ≥ ε : ‖φ(·, x)‖Lp(T) ≤ C|x|−α(1 + sζ(x))−β.

Let R > 0 such that Σ ⊂ BR. Let p′ := p/(p− 1), where∞′ := 1, and let f be given by

1 f = f̂χΩ with f̂ ∈ Lp′(T× Ω), supp f̂ ⊂ T×BR, or

2 f = f̂ δΣ with f̂ ∈ Lp′(T× Σ),

and define,

Λ(t) :=


∫

Ω

f̂(t, y) dy if f = f̂χΩ,∫
Σ

f̂(t, y) dS(y) if f = f̂ δΣ,

Ξ(t) :=


∫

Ω

yf̂(t, y) dy if f = f̂χΩ,∫
Σ

yf̂(t, y) dS(y) if f = f̂ δΣ,

and

M :=

‖f̂‖Lp′ (T×Ω) if f = f̂χΩ,

‖f̂‖Lp′ (T×Σ) if f = f̂ δΣ.

For S > R + ε there exists C = C(α, β, ε, R, S, ζ) > 0 such that

∀|x| ≥ S : |[φ ∗G f ](t, x)| ≤ C|x|−α(1 + sζ(x))−βM.

If ψ ∈ C1(T× (R3 \ {0})) is such that |∇ψ| = φ, then there is C = C(α, β, ε, R, S, ζ) > 0 such
that

∀|x| ≥ S :
∣∣[ψ ∗G f ](t, x)−

[
ψ(·, x) ∗T Λ

]
(t)
∣∣ ≤ C|x|−α(1 + sζ(x))−βM.

If ξ ∈ C2(T×R3 \ {0}) such that |∇2ξ| = φ, then there is C = C(α, β, ε, R, S, ζ) > 0 such that

∀|x| ≥ S :
∣∣[ξ ∗G f ](t, x)−

[
ξ(·, x)∗T Λ

]
(t) +

[
∇ξ(·, x)∗T Ξ

]
(t)
∣∣ ≤ C|x|−α(1 +sζ(x))−βM.

In particular, if ψ, ξ and f are time-independent, then also Λ and Ξ are time-independent and the
previous estimates reduce to

|[φ ∗R3 f ](x)| ≤ C|x|−α(1 + sζ(x))−βM,∣∣[ψ ∗R3 f ](x)− Λψ(x)
∣∣ ≤ C|x|−α(1 + sζ(x))−βM,∣∣[ξ ∗R3 f ](x)− Λξ(x) + Ξ · ∇ξ(x)
∣∣ ≤ C|x|−α(1 + sζ(x))−βM.

Proof. We only treat the case f = f̂χΩ here. For f = f̂ δΣ we can proceed along the same lines by
replacing volume integrals over Ω with boundary integrals over Σ.

DOI 10.20347/WIAS.PREPRINT.3091 Berlin 2024
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For |x| ≥ S > R + ε ≥ R ≥ |y| and θ ∈ [0, 1] we have

|x− θy| ≥ |x| − θ|y| ≥ (1− θR/S)|x| ≥ (1−R/S)|x| ≥ S −R > ε,

(1 + 2|ζ|R)(1 + sζ(x− θy)) ≥ 1 + 2|ζ||θy|+ sζ(x− θy) ≥ 1 + sζ(x).

In particular, this yields |x|α(1 + sζ(x))β ≤ C|x − θy|α(1 + sζ(x − θy))β . Since supp f̂ ⊂ BR,
we thus obtain∣∣[φ ∗G f ](t, x)

∣∣ ≤ C

∫
Ω

|x− y|−α(1 + sζ(x− y))−β
(∫

T
|f̂(s, y)|p′ ds

)1/p′

dy

≤ C|x|−α(1 + sζ(x))−βM.

Furthermore, we use the fundamental theorem of calculus to deduce∣∣[ψ ∗G f ](t, x)−
[
ψ(·, x) ∗T

]
Λ(t)

∣∣
=

∣∣∣∣ ∫
T

∫
Ω

(
ψ(t− s, x− y)− ψ(t− s, x)

)
f̂(s, y) dyds

∣∣∣∣
=

∣∣∣∣ ∫
T

∫
Ω

∫ 1

0

y · ∇ψ(t− s, x− θy)f̂(s, y) dθdyds

∣∣∣∣
≤ CR

∫
Ω

∫ 1

0

|x− θy|−α(1 + sζ(x− θy))−β
(∫

T
|f̂(s, y)|p′ ds

)1/p′

dθdy

≤ C|x|−α(1 + sζ(x))−βM.

Similarly, from Taylor’s Theorem we deduce∣∣[ξ ∗G f ](t, x)−
[
ξ(·, x) ∗T Λ(t)

]
+
[
∇ξ(·, x) ∗T Ξ

]
(t)
∣∣

=

∣∣∣∣ ∫
T

∫
Ω

∫ 1

0

(1− θ)(y ⊗ y) : ∇2ξ(x− θy)f̂(s, y) dθdyds

∣∣∣∣
≤ CR2

∫
Ω

∫ 1

0

|x− θy|−α(1 + sζ(x− θy))−β
(∫

T
|f̂(s, y)|p′ ds

)1/p′

dθdy

≤ C|x|−α(1 + sζ(x))−βM,

which completes the proof.

3 Main results

In what follows, we always assume that 0 ∈ R3\Ω and ζ 6= 0. To formulate suitable integrability prop-
erties of solutions, we recall the projections P and P⊥, which decompose a functionw ∈ L1

loc(T×Ω)
into a steady-state part w0 and a purely periodic part w⊥:

w0(x) := Pw(x) :=

∫
T
w(t, x) dt, w⊥(t, x) := P⊥w(t, x) := w(t, x)−Pw(x).

Firstly, we consider weak solutions to (1.1). Since we are dealing with incompressible flows, we will
take test functions in C∞0,σ(T×Ω), which is the subspace of C∞0 (T×Ω)3 constituted by divergence-
free functions (with respect to the space variable).

Assuming f ∈ L2(T;D−1,2(Ω)3) and vb ∈ L∞(T;W 1/2,2(Σ)3), a function v ∈ L1
loc(T × Ω)3 is

called a weak solution to (1.1) if
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Representation formulas and far-field behavior of time-periodic flow past a body 9

i. ∇v ∈ L2(T× Ω)3×3, Pv ∈ L6(Ω)3, P⊥v ∈ L∞(T;L2(Ω)3),

ii. ∇ · v = 0 in T× Ω, v = vb on T× Σ,

iii. the identity∫
T

∫
Ω

[
− v · ∂tϕ+∇v : ∇ϕ− ζ · ∇v · ϕ+ (v · ∇v) · ϕ

]
dxdt =

∫
T

∫
Ω

f · ϕ dxdt

holds for all ϕ ∈ C∞0,σ(T× Ω).

For the derivation of the asymptotic decay rates of v and p, we have to ensure increased regularity of
weak solutions. To this end, we additionally assume one of the following conditions:

∃κ, ρ ∈ (1,∞) with
2

ρ
+

3

κ
< 1 : P⊥v ∈ Lρ(T;Lκ(Ω)3), (3.1)

∃κ, ρ ∈ (1,∞) with
2

ρ
+

3

κ
< 2 : ∇P⊥v ∈ Lρ(T;Lκ(Ω)3×3). (3.2)

Both assumptions increase the regularity of weak solutions as was shown in [7].

Now, suppose that the exterior domain Ω ⊂ R3 has a C2-boundary. To quantify the regularity of the
data, recall the trace classes Tr,q(T× Σ) defined in (2.1).

Theorem 3.1. Let f ∈ Lr(T;Lq(Ω)3) and vb ∈ Tr,q(T× Σ) for all q, r ∈ (1,∞). Let v be a weak
time-periodic solution to (1.1) that satisfies (3.1) or (3.2). Then

∀s2 ∈ (1,∞), s1 ∈ (
4

3
,∞], s0 ∈ (2,∞] : Pv ∈ D2,s2(Ω)3 ∩D1,s1(Ω)3 ∩ Ls0(Ω)3, (3.3)

∀q, r ∈ (1,∞) : P⊥v ∈ W 1,r(T;Lq(Ω)3) ∩ Lr(T;W 2,q(Ω)3), (3.4)

and there exists a pressure field p ∈ L1
loc(T× Ω) such that

∀s2 ∈ (1,∞) : Pp ∈ D1,s2(Ω), ∀q, r ∈ (1,∞) : P⊥p ∈ Lr(T;D1,q(Ω)) (3.5)

and (1.1) is satisfied in the strong sense.

Proof. The result was shown in [7] for vb ∈ C(T;C2(Σ)3)∩C1(T;C(Σ)3). In the proof given there,
the regularity assumptions on the data are derived from the time-periodic maximal regularity results
in [13] for the linearized system, where boundary data in the class Tr,q(T × Σ) were studied. This
allows for the stated generalization.

In this framework, we can derive (implicit) representation formulas for time-periodic weak solutions
to (1.1). In particular, we deduce two different representation formulas for the velocity field.

Theorem 3.2. Let f ∈ Lr(T;Lq(Ω)3) and vb ∈ Tr,q(T× Σ) for all q, r ∈ (1,∞). Let v be a weak
time-periodic solution to (1.1) that satisfies (3.1) or (3.2). Then

v(t, x) =

∫
T×Ω

L
ζ(t− s, x− y)[f(s, y)− v(s, y) · ∇v(s, y)] dsdy

+

∫
T×Σ

L
ζ(t− s, x− y) [T(v, p)(s, y)n(y) + (ζ · n(y))vb(s, y)] dsdS(y)

+

∫
T×Σ

vb(t, y) · [D(
L
ζei)(t− s, x− y)n(y)] dsdS(y) ei

−
∫

Σ

[vb(t, y) · n(y)] P(x− y) dS(y),

(3.6)
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v(t, x) =

∫
T×Ω

L
ζ(t− s, x− y)f(s, y) dsdy

−
∫
T×Ω

[∇(
L
ζei)(t− s, x− y)] : v(s, y)⊗ v(s, y) dsdy ei

+

∫
T×Σ

L
ζ(t− s, x− y) [T(v, p)(s, y)n(y) + (ζ · n(y))vb(s, y)] dsdS(y)

−
∫
T×Σ

L
ζ(t− s, x− y)(vb(s, y) · n(y))vb(s, y) dsdS(y)

+

∫
T×Σ

vb(t, y) · [D(
L
ζei)(t− s, x− y)n(y)] dsdS(y) ei

−
∫

Σ

[vb(t, y) · n(y)] P(x− y) dS(y)

(3.7)

for all (t, x) ∈ T× Ω, and the pressure field p, associated to v by Theorem 3.1, satisfies

p(t, x) = p∞(t) +

∫
Ω

P(x− y) · [f(t, y)− v(t, y) · ∇v(t, y)] dy

+

∫
Σ

P(x− y) · T(v, p)(t, y)n(y) dS(y)

+

∫
Σ

P(x− y) ·
[
(ζ · n(y))vb(t, y) + (vb(t, y) · n(y))ζ

]
dS(y)

+

∫
Σ

2ν vb(t, y) · ∇P(x− y)n(y) dS(y)

+

∫
Σ

E(x− y) [∂tvb(t, y) · n(y)] dS(y)

(3.8)

for all (t, x) ∈ T× Ω and some function p∞ ∈ L1(T).

Based on these representation formulas and the decay properties of fundamental solutions, we will
derive asymptotic expansions for (v, p), in which the two functions

Φ(t) :=

∫
Σ

vb(t, y) · n(y) dS(y), Ψ(t) :=

∫
Σ

vb(t, y) · n(y)y dS(y) (3.9)

will appear. The scalar function Φ denotes the total flux of the flow through the boundary Σ. To specify
the decay of the remainder terms, we use the function log+ defined in (2.7).

Theorem 3.3. Let f and vb be as in Theorem 3.2 with supp f compact. Let v be a weak solution
to (1.1) that satisfies (3.1) or (3.2). Then the velocity field v satisfies

v(t, x) =
[L

ζ(·, x) ∗T F
]
(t) + Φ(t)P(x)−Ψ(t) · ∇P(x) + R(t, x), (3.10)

where

F(t) :=

∫
Ω

f(t, y) dy +

∫
Σ

[
T(v, p)(t, y)n(y) +

(
ζ · n(y)− vb(t, y) · n(y)

)
vb(t, y)

]
dS(y),
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Representation formulas and far-field behavior of time-periodic flow past a body 11

and there exists C > 0 such that

|R0(x)| ≤ C
[
|x|
(
1 + sζ(x)

)]−3/2
log+|x|, (3.11)

|∇R0(x)| ≤ C
[
|x|
(
1 + sζ(x)

)]−2
log+

(
|x|

1 + sζ(x)

)
, (3.12)

|R⊥(t, x)| ≤ C|x|−3, (3.13)

|∇R⊥(t, x)| ≤ C|x|−7/2(1 + sζ(x))−1/2, (3.14)

for all (t, x) ∈ T× Ω. The pressure field p, associated to v by Theorem 3.1, satisfies

p(t, x) = p∞(t) + Φ′(t)E(x) +
[
F(t) + ζΦ(t) + Ψ′(t)

]
· P(x) + R(t, x) (3.15)

for some p∞ ∈ L1(T), and there exists C > 0 such that

|R(t, x)| ≤ C|x|−2 min
{

1, (1 + sζ(x))−2 log+|x|+ |x|−1 log+|x|+ (1 + sζ(x))−1
}

(3.16)

for all (t, x) ∈ T× Ω with |x| sufficiently large.

Theorem 3.3 yields new insights into the decay properties of the velocity and pressure fields. First of
all, due to the decomposition (2.10) of the velocity component of the fundamental solution, we obtain
separate asymptotic expansions for the steady-state and purely periodic parts of v.

Corollary 3.4. In the situation of Theorem 3.3, the velocity field v = v0 + v⊥ satisfies

v0(x) =
Lste
ζ (x)F0 + Φ0P(x) + R0(t, x), (3.17)

v⊥(t, x) =
[Lper

ζ (·, x) ∗T F⊥
]
(t) + Φ⊥(t)P(x)−Ψ⊥(t) · ∇P(x) + R⊥(t, x) (3.18)

for all (t, x) ∈ T× Ω, where R = R0 + R⊥ satisfies (3.11)–(3.14).

Combining the decay properties of the fundamental solutions with those of the (faster decaying) re-
mainder terms, we deduce the following result.

Corollary 3.5. In the situation of Theorem 3.3, there exists C > 0 such that the velocity field v =
v0 + v⊥ and the pressure p satisfy

|v0(x)| ≤ C
[
|x|
(
1 + sζ(x)

)]−1
, |∇v0(x)| ≤ C

[
|x|
(
1 + sζ(x)

)]−3/2
, (3.19)

|v⊥(t, x)| ≤ C|x|−2, |∇v⊥(t, x)| ≤ C|x|−3, (3.20)

|p(t, x)− p∞(t)| ≤ C|x|−1 (3.21)

for all (t, x) ∈ T× Ω with |x| sufficiently large.

The asymptotic properties of v and ∇v were already studied in [6] in the case of time-periodic flow
in the whole space Ω = R3. Comparing these decay rates with those given in Corollary 3.5, we
observe that the steady-state parts v0 and ∇v0 decay at the same rate, while v⊥ and ∇v⊥ decay
faster when Ω = R3. This difference is due to the presence of the boundary, more precisely, the time-
dependent boundary data. If the total flux Φ defined in (3.9) is time-independent, that is, if Φ ≡ Φ0,
then the asymptotic expansion simplifies and the decay rates for the purely periodic velocity field and
the pressure increase as follows.
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Theorem 3.6. In the situation of Theorem 3.3, assume ∂tΦ ≡ 0, that is, Φ ≡ Φ0. Then v and p
satisfy

v(t, x) =
[L

ζ(·, x) ∗T F
]
(t) + P(x)Φ0 −∇P(x)Ψ(t) + R(t, x), (3.22)

p(t, x) = p∞(t) +
[
F(t) + Φ0ζ + Ψ′(t)

]
· P(x) + R(t, x) (3.23)

for some p∞ ∈ L1(T) and for F as in Theorem 3.3. Moreover, R0 satisfies (3.11) and (3.12), R⊥
satisfies

|R⊥(t, x)| ≤ C|x|−4, (3.24)

|∇R⊥(t, x)| ≤ C|x|−4, (3.25)

and R is subject to (3.16). Additionally,∇v⊥ has the asymptotic expansion

∂jv⊥(t, x) =
[
∂j
Lper
ζ (·, x) ∗T Flin

⊥
]
(t)−Ψ⊥(t)∂j∇P(x) + R

∂j
⊥ (t, x) (3.26)

with

Flin(t) :=

∫
Ω

f(t, y) dy +

∫
Σ

[
T(v, p)(t, y)n(y) +

(
ζ · n(y)

)
vb(t, y)

]
dS(y),∣∣R∂j

⊥ (t, x)
∣∣ ≤ C|x|−9/2(1 + sζ(x))−3/2

for j = 1, 2, 3 and all (t, x) ∈ T× Ω. In particular, there is C > 0 such that

|v0(x)| ≤ C
[
|x|
(
1 + sζ(x)

)]−1
, |∇v0(x)| ≤ C

[
|x|
(
1 + sζ(x)

)]−3/2
, (3.27)

|v⊥(t, x)| ≤ C|x|−3, |∇v⊥(t, x)| ≤ C|x|−4, (3.28)

|p(t, x)− p∞(t)| ≤ C|x|−2 (3.29)

for all (t, x) ∈ T× Ω with |x| sufficiently large.

For constant total flux, we thus obtain the same decay rates for the velocity field as in the case Ω =
R3 (without boundary), see [6]. Moreover, the steady-state part and the purely periodic part of the
velocity field and the respective gradients as well as the pressure decay with the same rate as the
corresponding fundamental solutions.

Although the decay of the term∇R⊥ given in (3.25) is faster than that in (3.14), it is of the same order
as the decay of∇

Lper
ζ . Therefore, (3.22) does not yield a proper asymptotic expansion for∇v⊥ since

a leading-order term is not identified. Instead, if one considers only the linear boundary contributions
that appear in Flin

⊥ for the leading term, then one arrives at (3.26), which properly identifies the leading
term of an asymptotic expansion for∇v⊥.

Obviously, the assumption of constant total flux is also satisfied if we consider a time-independent
forcing f and boundary data vb. In this case we have v(t, x) = v0(x), and from Theorem 3.6 we
rediscover the well-known asymptotic expansion and decay estimates for the velocity field associated
to steady flow past a body, see [1,17,19,21].

In the previous theorems, the assumption that |x| is large is actually not necessary for the decay
estimates of the velocity field v, its gradient ∇v and the corresponding remainders since these are
bounded due to the regularity from (3.3) and (3.4) and the embedding theorem from [7, Theorem 3].
However, bondedness with respect to time does not follow for the pressure p, so that the assumption
cannot be omitted completely.

The proofs of these results will be provided in Section 5.
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Representation formulas and far-field behavior of time-periodic flow past a body 13

4 The linearized time-periodic problem

In the present section, we derive representation formulas and study the asymptotic behavior of the lin-
earized time-periodic problem that is obtained from the Navier-Stokes equations when the convective
term v · ∇v = ∇ · (v⊗ v) is neglected or replaced with∇ ·F for a tensor field F. At this stage, F is
know and satisfies suitable summability properties.

4.1 Representation formulas for solutions

Assume Ω ⊂ R3 is an exterior domain with C2-boundary. For the whole section, we let f ∈
Lr(T;Lq(Ω)3),F ∈ Lr(T;W 1,q(Ω)3×3) and vb ∈ Tr,q(T×Σ) for some q ∈ (1, 2) and r ∈ (1,∞),
and consider a solution (v, p) to the (linear) time-periodic Oseen problem

∂tv − ν∆v +∇p− ζ · ∇v = f −∇ · F in T× Ω,

∇ · v = 0 in T× Ω,

v = vb on T× Σ,

lim
|x|→∞

v(t, x) = 0 for t ∈ T.

(4.1)

Note that the existence of a solution (v, p) with v = v0 + v⊥ and

v0 ∈ D2,q(Ω)3 ∩ L2q/(2−q)(Ω)3,

v⊥ ∈ W 1,r(T;Lq(Ω)3) ∩ Lr(T;W 2,q(Ω)3),

p ∈ Lr(T;D1,q(Ω))

was shown in [14, Theorem 4.7]. Moreover, the velocity field v is unique in this class, while the pressure
p is unique up to addition with a space-independent function.

In order to derive the integral representation formulas for the velocity and pressure, we first transform
the exterior problem (4.1) to a whole-space problem. To do so, we extend the velocity and pressure to
R3 \ Ω in the following way:

ṽ(t, x) :=

{
0 if x ∈ R3 \ Ω,

v(t, x) if x ∈ Ω,
p̃(t, x) :=

{
0 if x ∈ R3 \ Ω,

p(t, x) if x ∈ Ω.
(4.2)

In a first step we assume F ≡ 0. The next lemma is proved along the same lines as in the steady
case [30].

Lemma 4.1. Under the above assumptions on the data and if F ≡ 0, the extended fields (4.2) satisfy
∂tṽ − ν∆ṽ +∇p̃− ζ · ∇ṽ = F + ν∇g in G,

∇ · ṽ = g in G,

lim
|x|→∞

ṽ(t, x) = 0 for t ∈ T,
(4.3)

where
g := −(vb · n)δΣ, (4.4)

F := χΩf + T(v, p)nδΣ + (ζ · n)vbδΣ + ν∇ · [(n⊗ vb + vb ⊗ n)δΣ] . (4.5)
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Proof. The distributional gradients of ṽ ∈ S′(G)3 and p̃ ∈ S′(G) are given by

∇ṽ = χΩ∇v − n⊗ vbδΣ, ∇p̃ = χΩ∇p− pnδΣ, (4.6)

and for the time derivative, we have
∂tṽ = χΩ∂tv. (4.7)

From (4.6), we obtain∇ · ṽ = χΩ∇ · v− (n · vb)δΣ = −(vb · n)δΣ = g in G with g defined in (4.4).
Moreover,

ζ · ∇ṽ = χΩ(ζ · ∇v)− (ζ · n)vbδΣ, (4.8)

2D(ṽ) = ∇ṽ + (∇ṽ)> = 2χΩD(v)− vb ⊗ nδΣ − n⊗ vbδΣ, (4.9)

and therefore

∇ · T(ṽ, p̃) = 2ν∇ · (χΩD(v))− ν∇ · (vb ⊗ nδΣ + n⊗ vbδΣ)−∇ · (p̃ I)
=χΩ(ν∆v −∇p)− T(v, p)nδΣ − ν∇ · [(n⊗ vb + vb ⊗ n)δΣ].

From −ν∆ṽ +∇p̃ = −∇ · T(ṽ, p̃) + ν∇(∇ · ṽ) and the previous relations, we also get

−ν∆ṽ +∇p̃ = − χΩ(ν∆v −∇p) + T(v, p)nδΣ + ν∇g
+ ν∇ · [(n⊗ vb − vb ⊗ n)δΣ].

(4.10)

Adding the identities (4.7), (4.10) and (4.8) side by side, then replacing the expression χΩ(∂tv −
ν∆v +∇p− ζ · ∇v) with χΩf yields the first equation of system (4.3) with F given by (4.5).

Let us consider the solution (ṽ, p̃) of whole space problem (4.3). In general,∇· ṽ = g 6= 0 and there-
fore the integral representation of (ṽ, p̃) using the fundamental solution (

L
ζ ,Q) cannot be applied

directly to (4.3). In what follows, the component-wise convolution is taken over R3 or over G. Since,
by (2.3),

∇ · (P ∗R3 g) = (−∆E) ∗R3 g = δR3 ∗R3 g = g,

we will decompose the velocity component of the solution of (4.3) as

ṽ = (ṽ − P ∗R3 g) + P ∗R3 g =: ũ+ P ∗R3 g,

where ũ satisfies∇ · ũ = 0 and

∂tũ− ν∆ũ− ζ · ∇ũ
= ∂tṽ − ν∆ṽ − ζ · ∇ṽ − ∂t(P ∗R3 g) + ν∆(P ∗R3 g) + ζ · ∇(P ∗R3 g)

= −∇p̃+ F + 2ν∇g +∇(P ∗R3 (ζg)) +∇(E ∗R3 (∂tg)).

From {
∂tũ− ν∆ũ− ζ · ∇ũ+∇ (p̃− 2νg − P ∗R3 (ζg)− E ∗R3 (∂tg)) = F in G,

∇ · ũ = 0 in G,

we immediately obtain the pressure in terms of a convolution in G with Q (recall (2.9)) as

p̃− P ∗R3 (ζg)− 2νg − E ∗R3 (∂tg) = Q ∗G F + p∞ = P ∗R3 F + p∞,
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Representation formulas and far-field behavior of time-periodic flow past a body 15

where p∞ ∈ L1
loc(G) such that p∞(t, ·) is a polynomial for each t ∈ T. This can readily be verified via

Fourier transform, see [5, Lemma 5.2.5]. In virtue of the decay of the convolutions and the integrability
properties of∇p and the convolutions, these polynomials must be constant, so that p∞ ∈ L1

loc(T) =
L1(T). Therefore,

p̃ = p∞ + P ∗R3

[
F + ζg

]
+ E ∗R3 (∂tg) + 2νg, (4.11)

where g and F are given by (4.4) and (4.5), respectively, and ∂tg = −(∂tvb · n)δΣ.

The velocity component of a solution to the time-periodic whole-space problem (4.3) is unique up to
addition by a polynomial in space, see [5, Lemma 5.2.5], so that the decay of the convolution and the
integrability properties of v yield the identity ũ =

L
ζ ∗G F , that is,

ũ = (1T ⊗
Lste
ζ ) ∗G [fχΩ + T(v, p)nδΣ + (ζ · n)vbδΣ]

+ ν(1T ⊗
Lste
ζ ) ∗G ∇ · [(n⊗ vb + vb ⊗ n)δΣ]

+
Lper
ζ ∗G [fχΩ + T(v, p)nδΣ + (ζ · n)vbδΣ]

+ ν
Lper
ζ ∗G ∇ · [(n⊗ vb + vb ⊗ n)δΣ] ,

where the first two convolutions, which are time-independent, can be written as

(1T ⊗
Lste
ζ ) ∗G [fχΩ + T(v, p)nδΣ + (ζ · n)vbδΣ] (x)

=

∫
T

∫
Ω

Lste
ζ (x− y)f(t, y) dydt

+

∫
T

∫
Σ

Lste
ζ (x− y) [T(v, p)(t, y)n(y) + (ζ · n)(y)vb(t, y)] dS(y)dt

=

∫
Ω

Lste
ζ (x− y) [Pf(y)] dy

+

∫
Σ

Lste
ζ (x− y) [PT(v, p)n(y) + (ζ · n)(y)Pvb(y)] dS(y)

=: ũ
(1)
0 (x) + ũ

(2)
0 (x),

and
ν(1T ⊗

Lste
ζ ) ∗G ∇ · [(n⊗ vb + vb ⊗ n)δΣ] (x)

= −ν
∫
T

∫
Σ

vb(t, y) ·
[
∇y

(
(
Lste
ζ )(x− y)ei

)
n(y)

]
ei dS(y)dt

− ν
∫
T

∫
Σ

n(y) ·
[
∇y

(Lste
ζ (x− y)ei

)
vb(t, y)

]
ei dS(y)dt

= −
∫
T

∫
Σ

vb(t, y) · D(
Lste
ζ (x− y)ei)n(y) dS(y)dt ei

= −
∫

Σ

Pvb(y) · D(
Lste
ζ (x− y)ei)n(y) dS(y)dt ei =: ũ

(3)
0 (x).

The time-periodic terms can be written as
Lper
ζ ∗G [fχΩ + T(v, p)nδΣ + (ζ · n)vbδΣ]

=

∫
T×Ω

Lper
ζ (t− s, x− y)f(s, y) dsdy

+

∫
T×Σ

Lper
ζ (t− s, x− y) [T(v, p)(s, y)n(y) + (ζ · n)(y)vb(s, y)] dsdS(y)

=: ũ
(1)
⊥ (t, x) + ũ

(2)
⊥ (t, x),
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and
ν
Lper
ζ ∗G ∇ · [(n⊗ vb + vb ⊗ n)δΣ]

= −
∫
T

∫
Σ

vb(t, y) · D(
Lper
ζ (t− s, x− y)ei)n(y) dS(y)ds ei =: ũ

(3)
⊥ (t, x).

For the velocity v in the exterior domain, the previous results yield the formula

v(t, x) = ũ(t, x)−
∫

Σ

vb(t, y) · n(y)P(x− y) dS(y), (t, x) ∈ T× Ω.

Concerning the pressure term, we restrict p̃ from (4.11) to Ω using the fact that the support of g is
contained in Σ. For (t, x) ∈ T× Ω we thus obtain

p(t, x) = p∞(t) + [P ∗R3 (F + ζg)](t, x) + [E ∗R3 (∂tg)](t, x)

= p∞(t) +

∫
Ω

f(t, y)(t, y) · P(x− y)dy

+

∫
Σ

P(x− y) · T(v, p)(t, y)n(y) dS(y) +

∫
Σ

ζ · n(y)P(x− y) · vb(t, y) dS(y)

+ 2ν

∫
Σ

vb(t, y) · ∇P(x− y)n(y) dS(y) +

∫
Σ

ζ · P(x− y)vb(t, y) · n(y) dS(y)

+

∫
Σ

E(x− y)∂tvb(t, y) · n(y) dS(y)

=: p∞(t) + p̃(t, x) +

∫
Σ

E(x− y)∂tvb(t, y) · n(y) dS(y).

With the above notations for ũ(i)
0 (x), ũ(i)

⊥ (t, x), i = 1, 2, 3, and p̃(t, x), we thus proved:

Theorem 4.2. In the case F ≡ 0, the solution (v, p) of problem (4.1) admits the representation

v(t, x) = ũ
(1)
0 (x) + ũ

(2)
0 (x) + ũ

(3)
0 (x)

+ ũ
(1)
⊥ (t, x) + ũ

(2)
⊥ (t, x) + ũ

(3)
⊥ (t, x)

−
∫

Σ

vb(t, y) · n(y)P(x− y) dS(y),

(4.12)

p(t, x) = p∞(t) + p̃(t, x) +

∫
Σ

E(x− y)∂tvb(t, y) · n(y) dS(y) (4.13)

for all (t, x) ∈ T× Ω and some p∞ ∈ L1(T).

Now we address the case F 6≡ 0. Later on, the tensor field F will be replaced with the nonlinear term
v ⊗ v.

Lemma 4.3. Consider the problem (4.1) with f ≡ 0 and vb ≡ 0. Under the stated assumptions on F,
the extended fields ṽ and p̃ defined in (4.2) satisfy

∂tṽ − ν∆ṽ +∇p̃− ζ · ∇ṽ = T(v, p)nδΣ −∇ · (χΩF)− (n>F)δΣ in G,

∇ · ṽ = 0 in G,

lim
|x|→∞

ṽ(t, x) = 0 for t ∈ T.
(4.14)
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Representation formulas and far-field behavior of time-periodic flow past a body 17

Proof. In this case, the distributional gradients of ṽ and p̃ are simply given by

∇ṽ = χΩ∇v, ∇p̃ = χΩ∇p− pnδΣ,

so that from the proof of Lemma 4.3 with f ≡ 0 and vb ≡ 0, we get∇ · ṽ = χΩ∇ · v = 0 in G and

∂tṽ − ν∆ṽ +∇p̃− ζ · ∇ṽ = χΩ(∂tv − ν∆v +∇p− ζ · ∇v) + T(v, p)nδΣ in G.

Replacing χΩ(∂tv−ν∆v+∇p−ζ ·∇v) with−χΩ(∇·F) and using the relation for the distributional
divergence

∇ · (χΩF) = χΩ∇ · F− (n>F)δΣ

yields the first equation of (4.14).

As before, from the whole space problem (4.14), we derive representation formulas.

Theorem 4.4. If F ∈ L∞(T × R3)3×3 and |F(t, x)| ≤ M(1 + |x|)−A, for some A ≥ 2, then the
solution (v, p) to problem (4.1) with vb ≡ 0 and f ≡ 0 admits the representation

v(t, x) =

∫
Σ

Lste
ζ (x− y)

∫
T

[
T(v, p)(t, y)n(y)− n(y)>F(t, y)

]
dt dS(y)

−
∫

Ω

∇
(Lste

ζ ei
)

(x− y) :

∫
T
F(t, y)dt dy ei

+

∫
T

∫
Σ

Lper
ζ (t− s, x− y)

[
T(v, p)(t, y)n(y)− n(y)>F(t, y)

]
dS(y)dt

−
∫
T

∫
Ω

∇
(Lper

ζ ei
)

(t− s, x− y) : F(t, y) dydt ei,

(4.15)

p(t, x) = p∞(t) +

∫
Σ

P(x− y) · T(v, p)n(y) dS(y)−
∫

Ω

(∇ · F)(t, y) · P(x− y)dy (4.16)

for all (t, x) ∈ T× Ω and some p∞ ∈ L1(T).

Proof. Consider the problem (4.14). Taking into account that∇· ṽ = 0 inG, we obtain from the same
uniqueness argument as above that

p̃ = p∞ + Q ∗G
[
T(v, p)nδΣ −∇ · (χΩF)− (n>F)δΣ

]
= p∞ + P ∗R3

[
T(v, p)nδΣ − (n>F)δΣ

]
− (∇P) ∗R3 (χΩF)

for some p∞ ∈ L1(T), and

ṽ =
L
ζ ∗G

[
T(v, p)nδΣ −∇ · (χΩF)− (n>F)δΣ

]
= (1T ⊗

Lste
ζ ) ∗G

[
T(v, p)nδΣ − (n>F)δΣ

]
−
[(

1T ⊗∇(
Lste
ζ ei)

)
∗G (χΩF)

]
ei

+
Lper
ζ ∗G

[
T(v, p)nδΣ − (n>F)δΣ

]
−
[
∇(
Lper
ζ ei) ∗G (χΩF)

]
ei.

From here onwards, the arguments are similar to those of Theorem 4.2 and lead to the representa-
tions (4.15) and (4.16).
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4.2 Asymptotic expansion of the velocity and pressure fields

First, we consider the caseF ≡ 0. Here, we use the functions Φ and Ψ defined in (3.9), which depend
on the boundary data vb.

Theorem 4.5. Let (v, p) be the solution of system (4.1) with F ≡ 0, and such that f has compact
support. The asymptotic expansion at infinity of the velocity field v is of the form

v(t, x) =
[L

ζ(·, x) ∗T Flin
]
(t)− Φ(t)P(x) + Ψ(t) · ∇P(x) + R(t, x), (4.17)

where

Flin(t) :=

∫
Ω

f(t, y) dy +

∫
Σ

[T(v, p)(t, y)n(y) + (ζ · n)(y)vb(t, y)] dS(y), (4.18)

and there is C > 0 such that

|Dα
xR0(x)| ≤ C

[
|x| (1 + sζ(x))

]−3/2−|α|/2
, |Dβ

xR⊥(t, x)| ≤ C|x|−4−|β| (4.19)

for all α, β ∈ N3
0 with |β| ≤ 2, and all (t, x) ∈ T × Ω with |x| sufficiently large. In particular,

asymptotic expansions for the steady-state part v0 and the purely periodic part v⊥ of v are given by

v0(x) =
Lste
ζ (x)Flin

0 − Φ0P(x) + R0(x), (4.20)

v⊥(t, x) =
[Lper

ζ (·, x) ∗T Flin
⊥
]
(t)− Φ⊥(t)P(x) + Ψ⊥(t) · ∇P(x) + R⊥(t, x). (4.21)

The asymptotic expansion at infinity of the pressure is of the form

p(t, x) = p∞(t) + Φ′(t)E(x) +
[
Flin(t) + ζΦ(t)−Ψ′(t)

]
· P(x) + R(t, x) (4.22)

for some p∞ ∈ L1(T) and

|Dα
xR0(x)| ≤ C|x|−3−|α|, |Dβ

xR⊥(t, x)| ≤ C|x|−3−|β| (4.23)

for all α, β ∈ N3
0 with |β| ≤ 1, and all (t, x) ∈ T× Ω with |x| sufficiently large.

Proof. We derive (4.20) and (4.21) from the representation formula for v in Theorem 4.2. For the
steady-state part v0 = Pv we have

v0(x) = ũ
(1)
0 (x) + ũ

(2)
0 (x) + ũ

(3)
0 (x)−

∫
Σ

Pvb(y) · n(y)P(x− y) dS(y).

Since |∇
Lste
ζ (x)| ≤ C

(
|x|(1 + sζ(x))

)−3/2
for |x| ≥ ε, from Lemma 2.5 we obtain∣∣ũ(1)

0 (x) + ũ
(2)
0 (x)−

Lste
ζ (x)Flin

0

∣∣ ≤ C
(
|x|(1 + sζ(x))

)−3/2

for |x| sufficiently large. Lemma 2.5 further yields∣∣ũ(3)
0 (x)

∣∣ ≤ C
(
|x|(1 + sζ(x))

)−3/2

for |x| sufficiently large. Similarly, using Lemma 2.5 and the identity |∇P(x)| = C|x|−3, we deduce∣∣∣∣ ∫
Σ

Pvb(y) · n(y)P(x− y) dS(y)− P(x)Φ0

∣∣∣∣ ≤ C|x|−3
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for |x| sufficiently large. Collecting the last three estimates, we conclude (4.20) with the asserted
estimate of the remainder R0. Since the purely periodic part v⊥ = P⊥v satisfies

v⊥(t, x) = ũ
(1)
⊥ (t, x) + ũ

(2)
⊥ (t, x) + ũ

(3)
⊥ (t, x)−

∫
Σ

P⊥vb(t, y) · n(y)P(x− y) dS(y),

we obtain in the same way that∣∣ũ(1)
⊥ (t, x) + ũ

(2)
⊥ (t, x)−

[Lper
ζ (·, x) ∗T Fv,⊥

]
(t)
∣∣ ≤ C|x|−4,∣∣ũ(3)

⊥ (t, x)
∣∣ ≤ C|x|−4,∣∣∣∣ ∫

Σ

P⊥vb(t, y) · n(y)P(x− y) dS(y)− P(x)Φ⊥(t) +∇P(x)Ψ⊥(t)

∣∣∣∣ ≤ C|x|−4

for large |x|. Summarizing, we obtain (4.21) with |R⊥(t, x)| ≤ C|x|−4 for large |x|.
Now let us turn to the asymptotic expansion (4.22) of the pressure. We define

p(1)(t, x) =

∫
Ω

f(t, x) · P(x− y) dy,

p(2)(t, x) =

∫
Σ

P(x− y) · T(v, p)n(y) dSy +

∫
Σ

ζ · n(y)P(x− y) · vb(t, y) dSy

+

∫
Σ

ζ · P(x− y)vb(t, y) · n(y) dSy,

p(3)(t, x) =

∫
Σ

E(x− y)∂tvb(t, y) · n(y) dSy,

so that p(t, x) = p(1)(t, x) + p(2)(t, x) + p(3)(t, x) + p∞(t). Arguing as above, we use |∇P(x)| ≤
C|x|−3 for x 6= 0 to obtain ∣∣∣∣p(1)(t, x)− P(x) ·

∫
Ω

f(t, y) dy

∣∣∣∣ ≤ C|x|−3,∣∣∣∣p(2)(t, x)− P(x) ·
∫

Σ

[T(v, p)(t, y)n(y) + (ζ · n)(y)vb(t, y)] dSy − Φ(t)P(x) · ζ
∣∣∣∣ ≤ C|x|−3,∣∣∣∣p(3)(t, x)− Φ′(t)E(x) + Ψ′(t) · P(x)

∣∣∣∣ ≤ C|x|−3

for |x| sufficiently large. Collecting these estimates, we arrive at (4.22) with remainder term R satisfy-
ing (4.23) for α = β = 0.

To obtain (4.19) for |α|, |β| ≤ 2 and (4.23) for |α|, |β| ≤ 1, we can argue in the same way. For
example, for the pressure p we thus have

∂jR(t, x) = ∂jp(t, x)− Φ′(t)∂jE(x)−
[
Flin(t) + ζΦ(t)−Ψ′(t)

]
· ∂jP(x)

for j = 1, 2, 3, and we can repeat the previous argument. Moreover, since (v0, p0) satisfy the steady
Oseen equations and f has compact support, elliptic regularity implies smoothness of (v0, p0) far from
the boundary. Therefore, the above argument is admissible for derivatives of R0 and R0 of arbitrary
order.

Remark 4.6. By assuming more time regularity of the data f and vb, we could ensure higher-order
regularity of the full solution (v, p) far from the boundary, that is, not only of the steady part. Then the
previous argument also yields decay rates for higher-order derivatives of the corresponding remainder
terms.
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In the next theorem we treat the homogeneous boundary value problem containing solely a forcing of
the form∇ · F. Note that specific decay rates are assumed for F and∇ · F.

Theorem 4.7. In system (4.1) assume vb ≡ 0 and f ≡ 0. If F ∈ L∞(T;W 1,∞(Ω)3×3) with

|F(t, x)| ≤ C
(
|x|(1 + sζ(x))

)−2
, |P⊥F(t, x)| ≤ C|x|−A (4.24)

for some A > 0, then the asymptotic expansion at infinity of the velocity field v is of the form

v(t, x) =
L
ζ(·, x) ∗T

[∫
Σ

(
T(v, p)n+ n>F

)
dS

]
(t) + R(t, x), (4.25)

and there is C > 0 such that

|R0(x)| ≤ C
[
|x| (1 + sζ(x))

]−3/2
log+|x|, |R⊥(t, x)| ≤ C|x|−min{A,4} (4.26)

for all (t, x) ∈ T × Ω with |x| sufficiently large. In particular, asymptotic expansions for the steady-
state part v0 and the purely periodic part v⊥ are given by

v0(x) =
Lste
ζ (x)

∫
Σ

[
PT(v, p)(t, y)n(y) + Pn(y)>F(t, y)

]
dS(y) + R0(x), (4.27)

v⊥(t, x) =

[
Lper
ζ (·, x) ∗T

∫
Σ

[
P⊥T(v, p)(t, y)n(y) + P⊥n(y)>F(t, y)

]
dS(y)

]
(t) + R⊥(t, x).

(4.28)

Additionally, if

|(∇ · F)(t, x)| ≤ C
(
|x|(1 + sζ(x))

)−5/2
, (4.29)

then the asymptotic expansion at infinity of the pressure is of the form

p(t, x) = p∞(t) +

(∫
Σ

[
T(v, p)(t, y)n(y) + n(y)>F(t, y)

]
dS(y)

)
· P(x) + R(t, x), (4.30)

for some p∞ ∈ L1(T) and

|R(t, x)| ≤ C|x|−2 min
{

1, (1 + sζ(x))−2 log+|x|+ |x|−1 log+|x|+ (1 + sζ(x))−1
}

(4.31)

for all (t, x) ∈ T× Ω with |x| sufficiently large.

Proof. We use the representation formulas from Theorem 4.4 and split v into several parts. Then

u(t, x) :=
L
ζ ∗G [(T(v, p)nδΣ] (t, x) =

[
L
ζ(·, x) ∗T

∫
Σ

T(v, p)n dS

]
(t) + Ru(t, x)

is treated as in the previous lemma. For the part w, which involves F, it is convenient to decompose
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w = wΩ + wΣ with

wΩ(t, x) :=

∫
T

∫
Ω

[∇ (
L
ζei) (t− s, x− y)] : F(s, y) dyds ei

=

∫
Ω

[
∇
(Lste

ζ ei
)

(x− y)
]

:

∫
T
F(s, y)ds dy ei

+

∫
T

∫
Ω

[
∇(
Lper
ζ ei)(t− s, x− y)

]
: F(s, y) dyds ei

=: wΩ
0 (x) + wΩ

⊥(t, x),

(4.32)

wΣ(t, x) :=

∫
T

∫
Σ

L
ζ(x− y, t− s)n(y)>F(s, y) dS(y)ds

=

∫
Σ

Lste
ζ (x− y)

∫
T
n(y)>F(s, y)ds dS(y)

+

∫
T

∫
Σ

Lper
ζ (t− s, x− y)n(y)>F(s, y) dS(y)ds

=: wΣ
0 (x) + wΣ

⊥(t, x).

(4.33)

Combining the decay properties (4.24) with Lemma 2.1 and Lemma 2.4, we conclude

|wΩ
0 (x)| ≤ C

(
|x|(1 + sζ(x))

)−3/2
log+|x|,

|wΩ
⊥(t, x)| ≤ C|x|−min{A,4}.

If we define

RwΣ

(t, x) := wΣ(t, x)−
[
L
ζ(·, x) ∗T

∫
Σ

n>FdS

]
(t),

then Lemma 2.5 implies ∣∣RwΣ

0 (x)
∣∣ ≤ C

(
|x|(1 + sζ(x))

)−3/2
,∣∣RwΣ

⊥ (t, x)
∣∣ ≤ C|x|−4

for all (t, x) ∈ T × Ω with |x| sufficiently large. Since we have R = Ru − wΩ − RwΣ
, estimate

(4.26) follows.

Now let us address the pressure term. We write (4.16) in the form p = p− q with

q(t, x) :=

∫
Ω

P(x− y) · (∇ · F)(t, y) dy.

As in the proof of Theorem 4.5 we obtain∣∣Rp(t, x)
∣∣ ≤ C|x|−3 (4.34)

for all (t, x) ∈ T× Ω, where we split R = Rp −Rq with

Rq(t, x) = q(t, x)− P(x) ·
∫

Σ

n(y)>F(t, y) dS(y).

Fix R∗ > 0 such that Σ ⊂ BR∗ and let χ ∈ C∞0 (R3) be a smooth function such that χ(x) = 1 for
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|x| ≤ R∗/2 and χ(x) = 0 for |x| ≥ R∗. Then

q(t, x) =

∫
Ω

χ(x− y)P(x− y) · [∇ · F(t, y)] dy

+

∫
Ω

[1− χ(x− y)]∇P(x− y) : F(t, y) dy

−
∫

Ω

∇χ(x− y)⊗ P(x− y) : F(t, y) dy

+

∫
Σ

χ(x− y)P(x− y) ·
[
n(y)>F(t, y)

]
dy

=: q1(t, x) + q2(t, x) + q3(t, x) + q4(t, x).

For the first term, we use P(x) = C|x|−2 and directly estimate∣∣q1(t, x)
∣∣ ≤ ∫

BR∗ (x)

C|x− y|−2
(
|y|(1 + sζ(y))

)−5/2
dy ≤ C

(
|x|(1 + sζ(x))

)−5/2

for |x| ≥ 2R∗. For the second term, Lemma 2.2 implies∣∣q2(t, x)
∣∣ ≤ C|x|−2 min

{
1, (1 + sζ(x))−2 log+|x|+ |x|−1 log+|x|+ (1 + sζ(x))−1

}
.

For the third term, we consider |x| ≥ 2R∗ and deduce∣∣q3(t, x)
∣∣ ≤ ∫

BR∗ (x)\BR∗/2(x)

|x− y|−2
(
|y|(1 + sζ(y))

)−2
dy ≤

(
|x|(1 + sζ(x))

)−2
.

Invoking Lemma 2.5 for the last term, we conclude∣∣∣∣q4(t, x)− P(x) ·
∫

Σ

F(t, y)n(y) dS(y)

∣∣∣∣ ≤ C|x|−3

for |x| large. In virtue of R = Rp −Rq and (4.34), we finally arrive at (4.31).

5 Proofs of the main results

The representation formulas for the nonlinear case given in Theorem 3.2 can be deduced from the
linear case as follows.

Proof of Theorem 3.2. The weak solution v to the nonlinear problem (1.1) solves the linear prob-
lem (4.1) if we replace F with v ⊗ v since we then have f −∇ · F = f − v · ∇v. By Theorem 3.1
we deduce v · ∇v ∈ Lq(T × Ω)3 for any q ∈ (1,∞). Therefore, the representation formulas (3.6),
(3.7) and (3.8) directly follow from combining those for the linear case given in Theorem 4.2 and
Theorem 4.4.

To prove Theorem 3.3, the linear terms in the representation formulas can be handled as in the proof
of Theorem 4.5. However, new difficulties arise from the nonlinear terms. To treat them, we begin
with the following decay property of the velocity gradient. For the whole section, we choose a radius
R∗ > 0 such that Σ ⊂ BR∗ .
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Lemma 5.1. For all ε > 0 there exists C > 0 such that for all R > R∗ it holds∫
T

∫
Ω\BR

|∇v|2 dxdt ≤ CR−1+ε. (5.1)

Proof. For the case Ω = R3, this estimate was shown in [22, Lemma 5.2]. In the present case of
an exterior domain Ω, it follows in exactly the same way by using the increased regularity stated in
Theorem 3.1.

From (5.1) we can derive a first pointwise estimate of the remainder terms for the velocity field. This
estimate serves as a starting point for an iterative procedure that increases the decay rate step by
step.

Proof of Theorem 3.3. We begin with the velocity field and follow the approach from [22] and [6].
Instead of repeating these calculations here in detail, we explain the major steps and the differences
that are due to the occurrence of boundary terms.

To separate the linear from the nonlinear contributions in the representation formula (3.6), we let
v = u− w with

w(t, x) :=

∫
T×Ω

L
ζ(t− s, x− y)[v(s, y) · ∇v(s, y)] dsdy.

Then u satisfies
u(t, x) = ũ

(1)
0 (x) + ũ

(2)
0 (x) + ũ

(3)
0 (x)

+ ũ
(1)
⊥ (t, x) + ũ

(2)
⊥ (t, x) + ũ

(3)
⊥ (t, x)

−
∫

Σ

vb(t, y) · n(y)P(x− y) dS(y)

for (t, x) ∈ T × Ω, where the terms on the right-hand side are exactly the same as in the repre-
sentation formula (4.12) for the linear case. Decomposing u = u0 + u⊥ into steady-state and purely
periodic part, and arguing as in the proof of Theorem 4.5, we obtain that the associated remainder
term

Ru(t, x) := u(t, x)−
[L

ζ(·, x) ∗T Flin
]
(t) + P(x)Φ(t)−∇P(x)Ψ(t),

where

Flin(t) :=

∫
Ω

f(t, y) dy +

∫
Σ

[
T(v, p)(t, y)n(y) +

(
ζ · n(y)

)
vb(t, y)

]
dS(y),

satisfies the same estimates as in the linear case, that is,

|Dα
xR

u
0 (x)| ≤ C

[
|x| (1 + sζ(x))

]−3/2−|α|/2
, |Dα

xR
u
⊥(t, x)| ≤ C|x|−4−|α| (5.2)

for |α| ≤ 2 and (t, x) ∈ T × Ω with |x| large. In particular, in virtue of the decay properties of the
fundamental solutions, this implies

|Dα
xu0(x)| ≤ C

[
|x| (1 + sζ(x))

]−1−|α|/2
, (5.3)

|Dα
xu⊥(t, x)| ≤ C|x|−2−|α|. (5.4)
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Next we derive estimates of w, which will lead to an estimate of the actual remainder term R =
Ru −Rw, where

Rw(t, x) := w(t, x)−
∫
T

L
ζ(t− s, x)

∫
Σ

(vb(s, y) · n(y))vb(s, y) dS(y)ds.

To do so, we decompose w = w0 + w⊥ such that

w0(x) =
Lste
ζ ∗R3

[
χΩ

(
v0 · ∇v0 + P(v⊥ · ∇v⊥)

)]
(x), (5.5)

w⊥(t, x) =
Lper
ζ ∗G

[
χΩ

(
v0 · ∇v⊥ + v⊥ · ∇v0 + P⊥(v⊥ · ∇v⊥)

)]
(t, x). (5.6)

Exploiting the decay properties of
L
ζ and Lemma 5.1, one can argue as in [22] to first show that

∀ε > 0 ∃C > 0 : |w0(t, x)| ≤ C|x|−1+ε (5.7)

and

∀ε > 0 ∃C > 0 : |w⊥(t, x)| ≤
C
(
|x|−3/2 + |x|−2/5+ε(‖v0‖L∞(B|x|/2) + ‖v⊥‖L∞(T×B|x|/2))

)
. (5.8)

Combining (5.7) with (5.3), we conclude

∀ε > 0 ∃C > 0 : |v0(t, x)| ≤ C|x|−1+ε. (5.9)

Similarly, (5.4) leads to

∀ε > 0 ∃C > 0 : |v⊥(t, x)| ≤ C
(
|w⊥(t, x)|+ |x|−2

)
. (5.10)

We use these inequalities to further estimate (5.8) and to obtain

∀ε > 0 ∃C > 0 : |w⊥(t, x)| ≤ C
(
|x|−2/5+ε‖w⊥‖L∞(T×B|x|/2) + |x|−7/5+ε

)
. (5.11)

Since v⊥ ∈ L∞(T × Ω) by Theorem 3.1, we have w⊥ ∈ L∞(T × Ω) due to (5.4). This allows
to derive a first estimate of w⊥ from (5.11), We can use this estimate to derive a new bound of the
right-hand side of (5.11), which improves the estimate of w⊥. Iterating this procedure and combining
it with (5.10), we arrive at

∀ε > 0 ∃C > 0 : |v⊥(t, x)|+ |w⊥(t, x)| ≤ C|x|−7/5+ε. (5.12)

To improve these decay rates, we turn to the representation (3.7), from which we deduce that w =
wΩ + wΣ with wΩ and wΣ defined as in (4.32) and (4.33) for F := v ⊗ v, respectively. First of all,
Lemma 2.5 implies the estimates

|wΣ
0 (x)| ≤ C

(
|x|(1 + sζ(x))

)−1
, (5.13)

|wΣ
⊥(t, x)| ≤ C|x|−3 (5.14)

for |x| large. To obtain a decay rate for wΩ
⊥, we use (5.9) and (5.12), which imply

|v0 ⊗ v⊥ + v⊥ ⊗ v0 + P⊥(v⊥ ⊗ v⊥)|(t, x) ≤ C
(
|x|−12/5+ε + |x|−14/5+ε

)
.

Now Lemma 2.4 yields the estimate

∀ε > 0 ∃C > 0 : |wΩ
⊥(t, x)| ≤ C|x|−12/5+ε. (5.15)
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In virtue of (5.10) and (5.14), this yields the (optimal) estimate

|v⊥(t, x)| ≤ C|x|−2 (5.16)

for all (t, x) ∈ T× Ω with |x| large. For wΩ
0 we proceed similarly. From (5.9) and (5.16) we deduce

|v0 ⊗ v0 + P(v⊥ ⊗ v⊥)|(x) ≤ C
(
|x|−2+ε + |x|−4

)
,

so that Lemma 2.1 yields

∀ε > 0 ∃C > 0 : |wΩ
0 (x)| ≤ C|x|−1+ε(1 + sζ(x))−1/2+ε. (5.17)

Combining this estimate with (5.3) and (5.13), we conclude

∀ε > 0 ∃C > 0 : |v0(x)| ≤ C|x|−1+ε(1 + sζ(x))−1/2+ε, (5.18)

which leads to the improved pointwise estimate

|v0 ⊗ v0 + P(v⊥ ⊗ v⊥)|(x) ≤ C
(
|x|−2+ε(1 + sζ(x))−1+ε + |x|−4

)
.

Repeating the above argument and using Lemma 2.1 again, we deduce

∀ε > 0 ∃C > 0 : |w0(x)| ≤ C|x|−3/2+ε(1 + sζ(x))−1+ε, (5.19)

and with (5.3) and (5.13) we conclude the (optimal) decay rate

|v0(x)| ≤ C
(
|x|(1 + sζ(x))

)−1
(5.20)

for all x ∈ Ω. Invoking now (5.16) and (5.20), we obtain

|v0 ⊗ v0 + P(v⊥ ⊗ v⊥)|(x) ≤ C
((
|x|(1 + sζ(x))

)−2
+ |x|−4

)
≤ C

(
|x|(1 + sζ(x))

)−2

and

|v0 ⊗ v⊥ + v⊥ ⊗ v0 + P⊥(v⊥ ⊗ v⊥)|(t, x) ≤ C
(
|x|−3(1 + sζ(x))−1 + |x|−4

)
≤ C|x|−3.

Since v is a solution to the linear problem (4.1) together with F = v ⊗ v, the asymptotic expan-
sion (3.10) with the asserted remainder estimates (3.11) and (3.13) now follows from Theorem 4.5
and Theorem 4.7.

Now we turn to the asymptotic expansion of∇v and derive estimates of∇w. From the formulas (5.5)
and (5.6) we deduce

∂jw0(x) = ∂j
Lste
ζ ∗

[
χΩ

(
v0 · ∇v0 + P(v⊥ · ∇v⊥)

)]
(x), (5.21)

∂jw⊥(t, x) = ∂j
Lper
ζ ∗

[
χΩ

(
v0 · ∇v⊥ + v⊥ · ∇v0 + P⊥(v⊥ · ∇v⊥)

)]
(t, x) (5.22)

for j = 1, 2, 3. We use the integrability properties from Theorem 3.1 and the estimates (5.18)
and (5.16) to proceed analogously to [6] and to conclude the first estimate

|∇w0(x)|+ |∇w⊥(t, x)| ≤ C|x|−1,

and thus
|∇v0(x)|+ |∇v⊥(t, x)| ≤ C|x|−1
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in virtue of (5.3) and (5.4). Together with (5.18) and (5.16), this estimate implies∣∣v0 · ∇v0 + P(v⊥ · ∇v⊥)
∣∣(x) ≤ C

(
|x|−2(1 + sζ(x))−1 + |x|−3

)
≤ C|x|−2(1 + sζ(x))−1/2,∣∣v0 · ∇v⊥ + v⊥ · ∇v0 + P⊥(v⊥ · ∇v⊥)

∣∣(t, x) ≤ C
(
|x|−2(1 + sζ(x))−1 + |x|−3 + |x|−3

)
≤ C|x|−2.

Returning now to (5.21) and (5.22), we can use Lemma 2.1 and Lemma 2.4 to deduce

|∇w0(x)| ≤ C|x|−5/4(1 + sζ(x))−3/4,

|∇w⊥(t, x)| ≤ C|x|−2,

and thus
|∇v0(x)| ≤ C|x|−5/4(1 + sζ(x))−3/4,

|∇v⊥(t, x)| ≤ C|x|−2,

due to (5.3) and (5.4). Again, this gives an improved estimate on the nonlinear terms, and repeating
this argument once more, we finally arrive at the (optimal) estimate

|∇v0(x)| ≤ C|x|−3/2(1 + sζ(x))−3/2,

|∇v⊥(t, x)| ≤ C|x|−3.
(5.23)

To derive estimates (3.12) and (3.14) for the corresponding remainder terms, we introduce another
decomposition of Rw. Let χ ∈ C∞0 (R3) a smooth function such that χ(x) = 1 for |x| ≤ R∗/2 and
χ(x) = 0 for |x| ≥ R∗. We decompose ∂jRw = I + J , j = 1, 2, 3, with

I(t, x) :=

∫
T×Ω

χ(x− y) ∂j
L
ζ(t− s, x− y)[v(s, y) · ∇v(s, y)] d(s, y),

J(t, x) :=

∫
T×Ω

[1− χ(x− y)] ∂j
L
ζ(t− s, x− y)[v(s, y) · ∇v(s, y)] d(s, y)

−
∫
T
∂j
L
ζ(t− s, x)

∫
Σ

(vb(s, y) · n(y))vb(s, y) dS(y)ds.

By (5.20), (5.16) and (5.23), we have∣∣v0 · ∇v0 + P(v⊥ · ∇v⊥)
∣∣(x) ≤ C|x|−5/2(1 + sζ(x))−5/2,∣∣v0 · ∇v⊥ + v⊥ · ∇v0 + P⊥(v⊥ · ∇v⊥)

∣∣(t, x) ≤ C|x|−7/2(1 + sζ(x))−3/2.

Since ∂j
L
ζ ∈ L1

loc(T× R3) (see [10,21]) and χ∂j
L
ζ has compact support, Lemma 2.5 implies

|I0(x)| ≤ C|x|−5/2(1 + sζ(x))−5/2,

|I⊥(t, x)| ≤ C|x|−7/2(1 + sζ(x))−3/2

for |x| sufficiently large. For J0 we use v · ∇v = ∇ · (v ⊗ v) and integration by parts to obtain the
decomposition J0 = J1

0 + J2
0 + J3

0 with

|J1
0 (x)| ≤

∫
Ω

[1− χ(x− y)]
∣∣∂j∇Lste

ζ (x− y)
∣∣ ∣∣v0(y)⊗ v0(y) + P(v⊥ ⊗ v⊥)(y)

∣∣ dy,
|J2

0 (x)| ≤
∫

Ω

|∇χ(x− y)|
∣∣∂jLste

ζ (x− y)
∣∣ ∣∣v0(y)⊗ v0(y) + P(v⊥ ⊗ v⊥)(y)

∣∣ dy,
|J3

0 (x)| =
∣∣∣∣ ∫

Σ

[1− χ(x− y)] ∂j
Lste
ζ (x− y)P((vb · n)vb)(y) dy

− ∂j
Lste
ζ (x)

∫
Σ

P
(
(vb · n)vb

)
(y) dS(y)

∣∣∣∣.
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Now consider |x| ≥ 2R∗. For |y| ≤ R∗, we then have |x − y| ≥ |x| − |y| ≥ |x|/2 ≥ R∗. Using
Lemma 2.5, we deduce ∣∣J3

0 (x)
∣∣ ≤ (|x|(1 + sζ(x))

)−2

for |x| sufficiently large. Similarly, for J2
0 we deduce

|J2
0 (x)| ≤ C

∫
BR∗ (x)\BR∗/2(x)

∣∣∂jLste
ζ (x− y)

∣∣ (|y|(1 + sζ(y))
)−2

dy ≤ C
(
|x|(1 + sζ(x))

)−2

for large |x| since ∂j
Lste
ζ (x − y) ∈ L1

loc(R3). To estimate J1
0 , we use (2.6) and the decay esti-

mates (5.20) and (5.16) to conclude

|J1
0 (x)| ≤ C

∫
Ω\BR∗/2(x)

(
|x− y|(1 + sζ(x− y))

)−2(|y|(1 + sζ(y))
)−2

dy

≤ C
(
|x|(1 + sζ(x))

)−2
log+

(
|x|

1 + sζ(x)

)
for |x| ≥ 2R∗, where we used [6, Lemma 3.5]. Collecting all estimates for ∂jRw

0 = I0 +J1
0 +J2

0 +J3
0

and combining them with (5.2), we obtain (3.12). Finally, we estimate J⊥ directly, which yields

|J⊥(t, x)| ≤ C
( ∫

Ω\B1(x)

|x− y|−4|y|−7/2(1 + sζ(y))−3/2 dy + |x|−4
)

≤ C|x|−7/2(1 + sζ(x))−1/2

for |x| ≥ 2R∗ due to (2.11). Together with the estimate of I⊥ and (5.2), this gives (3.14).

The results for the pressure, which can be decomposed into a component associated with vb and
f and another one associated with F = v ⊗ v, are now obtained by combining (4.22)–(4.23) and
(4.30)–(4.31).

The statements of Corollary 3.4 and Corollary 3.5 are now direct consequences.

Proof of Corollary 3.4. From the identity
L
ζ = 1T⊗

Lste
ζ +

Lper
ζ we directly conclude (3.18) from (3.10)

by taking the purely periodic part. Taking the steady-state part, we nearly arrive at a similar formula,
which only differs from (3.17) by the term Ψ0 · ∇P (x). Since |∇P (x)| ≤ C|x|−3, this term can be
absorbed into the steady-state remainder R0.

Proof of Corollary 3.5. The asserted estimates were already shown in the process of proving The-
orem 3.2. However, they are also direct consequences of the asymptotic expansions (3.17), (3.18)
and (3.15) combined with the decay properties of the fundamental solutions stated in (2.6), (2.11)
and (2.4), respectively.

Finally, we consider the case of constant total flux.

Proof of Theorem 3.6. First of all, note that ∂tΦ = 0 is equivalent to Φ ≡ Φ0, and thus to Φ⊥ =
0. Therefore, the asymptotic expansions from Theorem 3.3 and Corollary 3.4 simplify, and we ob-
tain (3.22) and (3.23). Moreover, these formulas imply the improved pointwise estimates (3.27)–(3.29)
in virtue of the decay properties of the fundamental solutions from (2.11) and (2.4). In particular, this
yields

|v0 ⊗ v⊥ + v⊥ ⊗ v0 + P⊥(v⊥ ⊗ v⊥)|(t, x) ≤ C
(
|x|−4(1 + sζ(x))−1 + |x|−6

)
≤ C|x|−4,
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and we can conclude the remainder estimate (3.24) for R⊥ from a combination of Theorem 4.5 and
Theorem 4.7 as above. Moreover, we now have∣∣v0 · ∇v⊥ + v⊥ · ∇v0 + P⊥(v⊥ · ∇v⊥)

∣∣(t, x) ≤ C|x|−9/2(1 + sζ(x))−3/2,

so that, similarly to above,∣∣∣∣ ∫
T×Ω

[1− χ(x− y)] ∂j
Lper
ζ (t− s, x− y)P⊥[v(s, y) · ∇v(s, y)] d(s, y)

∣∣∣∣
≤
∫

Ω\B2(x)

|x− y|−4|y|−9/2(1 + sζ(y))−3/2 dy ≤ |x|−9/2(1 + sζ(x))−3/2

for |x| ≥ 2R∗. Therefore, the estimate of J⊥ in the proof of Theorem 3.3 can be replaced with

|J⊥(t, x)| ≤ C
(
|x|−9/2(1 + sζ(x))−3/2 + |x|−4

)
≤ C|x|−4,

and in virtue of (5.2) and the previous estimate of I⊥, we obtain (3.14).

To derive the asymptotic expansion (3.26), observe that R
∂j
⊥ = ∂jR

u
⊥ − ∂jw⊥. Due to

∂jw(t, x) = I(t, x) +

∫
T×Ω

[1− χ(x− y)] ∂j
L
ζ(t− s, x− y)[v(s, y) · ∇v(s, y)] d(s, y),

the previous integral estimate and the estimate of I⊥ yield∣∣R∂j
⊥ (t, x)

∣∣ ≤ ∣∣∂jRu
⊥(t, x)

∣∣+ |∂jw⊥(t, x)| ≤ |x|−9/2(1 + sζ(x))−3/2

by (5.2), which completes the proof of Theorem 3.6.
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