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Convergence of a finite volume scheme and
dissipative measure-valued-strong stability for

a hyperbolic-parabolic cross-diffusion system
Katharina Hopf, Ansgar Jingel

Abstract

This article is concerned with the approximation of hyperbolic-parabolic cross-diffusion sys-
tems modeling segregation phenomena for populations by a fully discrete finite-volume scheme.
It is proved that the numerical scheme converges to a dissipative measure-valued solution of the
PDE system and that, whenever the latter possesses a strong solution, the convergence holds in
the strong sense. Furthermore, the “parabolic density part” of the limiting measure-valued solu-
tion is atomic and converges to its constant state for long times. The results are based on Young
measure theory and a weak-strong stability estimate combining Shannon and Rao entropies.
The convergence of the numerical scheme is achieved by means of discrete entropy dissipation
inequalities and an artificial diffusion, which vanishes in the continuum limit.

1 Introduction

The segregation of multi-species populations can be modeled at a macroscopic level by cross-diffusion
equations. Segregation typically requires the associated diffusion matrix to have a nontrivial kernel.
In this situation, solutions may have spatial discontinuities; see, e.g., [2] for a two-species model. The
segregation models have been derived, for an arbitrary number of species, from interacting particle
systems in a mean-field-type limit [9]. The class considered here has recently been found to possess
a symmetric hyperbolic-parabolic structure [17]. In this paper, we establish the global existence of
dissipative measure-valued solutions as a limit of finite-volume approximations, the uniqueness of
strong solutions among dissipative measure-valued solutions, and a result on the long-time asymptotic
behavior.

1.1 Equations

The segregation cross-diffusion equations for the vector u = (uy, . . ., u,,) of the population densities
u; are systems of continuity equations

(9tu2- + le(U2V1> = 0, V; = —sz(u), in Q, t > 0, 1= 1, Lo, (1)

where p;(u) = Z?Zl aijuj and 0 C R? (d > 1) is a bounded Lipschitz domain, supplemented with
the no-flux boundary and initial conditions

u;Vpi(u) v =0 ondQ, t >0, w0)=u" nQ, i=1,...,n, 2)

where v denotes the exterior unit normal vector to 0€). The variables (u;) represent, for instance,
densities of animal populations [2], healthy and tumor cell densities [39], or heights of thin fluid layers
(14 137].
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K. Hopf, A. Jiingel 2

The parameters a;; > 0 are assumed to satisfy the following two conditions: The matrix A = (a;;) €
R™ ™ is semistable, i.e., the real parts of all its eigenvalues are nonnegative, and it satisfies the
detailed-balance condition, i.e., there exist 71, . .., m, > 0 such that

Q5 = TjQg4 foralli,jzl,...,n, Z7éj (3)

These equations can be recognized as the detailed-balance condition for the Markov chain asso-
ciated to A, and the vector (7;) is an invariant measure. Under condition (3), the change of vari-
ables u; — mju; 1= u; brings the equation in the form d;u; = div(u;V(Bu);), where the matrix
B = (a;;m; ") is symmetric and positive semidefinite. Thus, from now on we consider, without loss
of generality, the equations

n
Owu; = div(u;Vp;(u)), pi(u) = Zbijuj inQ, t>0,i=1,...,n, (4)

j=1
where B = (b;;) € R™ ™ is symmetric positive semidefinite and b;; > O forall i, j = 1,...,n. We
note that if b;; = 0 for some 7, then b;; = b;; = Oforj = 1,..., n due to the positive semidefiniteness
of B. Thus, in this case, the dynamics of u; become trivial and the ith species can be removed from
the system. We may therefore further assume that b;; > O foralli = 1,...,n. If rank B = n and
u; > Oforallz = 1,...,n, equation is parabolic in the sense of Petrovskii, which at the linear

level is a minimal condition for the generation of an analytic semigroup on L”(2) []. The existence
of global weak solutions in the case rank B = n was investigated in [32, Theorem 17]. If B has
a nontrivial kernel, it is positive definite only on the subspace (ker B)L, and we lose the parabolic
structure. This is the situation we are primarily concerned with in this paper.

1.2 State of the art

Equations () with ker A nontrivial have been studied in the literature in special cases. The first work
is [2], where the global existence of segregated solutions for two species in one space dimension with
a11 = a2 = 1 and as; = ass = k > 0 was shown. This result relies on a change to mass variables.
The analysis was generalized in [3] to several space dimensions if £k = 1. The idea is to introduce new
variables wy = u; +ug and we = uy /(u;+us). It turns out that w; solves a porous-medium equation
with quadratic nonlinearity and w, solves a transport equation, demonstrating the hyperbolic-parabolic
nature of the system. The same idea was used in [27] for a related system, where p;(u) = (u; +us)”
for v > 1. Notice that the choice & = 1 means that the corresponding velocity fields v; in are
independent of ¢, so that the motion of the two species is governed by a single velocity field.

The existence of an infinite family of minimizers of the entropy (or free energy) functional for different
local and nonlocal variants was proved in [6], showing that both segregation and mixing of species is
possible. If the pressure is the variational derivative of a certain functional, one may formulate (1) for
n = 2 as a formal gradient flow. This property has been exploited in [6 [15] to prove the convergence
of a minimizing scheme.

The one-velocity two-species case was generalized to an arbitrary number of species in [18], proving
the global existence of classical and weak solutions by decomposing the system into one decoupled
porous-medium equation and n — 1 transport equations. This approach was generalized in [17] to the
case of multiple velocity fields and with associated diffusion matrices of arbitrary rank r € {1,... ,n}
to show the local-in-time existence of classical solutions. Segregating solutions for one-velocity multi-
species reactive systems were constructed in [30].
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Finite volume scheme for hyperbolic-parabolic systems 3

There exist related cross-diffusion models with rank-deficient diffusion matrices in the literature, for
instance the Maxwell-Stefan equations for fluid mixtures [4], where the diffusion matrix has a one-
dimensional kernel. In contrast to the present problem, the kernel can be removed by taking into
account the volume-filling assumption ZLI u; = 1, which allows one to reduce the system for the

n—1

densities u1, . . ., u,, to a parabolic one for the variables uy, . .., u,—1 Via u, =1 — > "} u; [33].

The analysis and the convergence of approximation schemes to equations (1) for general rank-deficient
matrices A is challenging, since the decomposition of the parabolic and hyperbolic parts is involved.
Moreover, in view of the results of [2], we cannot expect weak solutions in HI(Q), and the hyperbolic
part makes it difficult to obtain (entropy) solutions in the distributional sense. In the present paper,
we choose to enlarge the solution space by considering dissipative measure-valued solutions, which
allow us to encode information about the oscillation properties of the approximate solutions.

DiPerna introduced the concept of (entropy) measure-valued solutions to conservation laws [16]. In this
framework, solutions are no longer integrable functions but Young measures (parametrized probability
measures), which are able to capture the limiting behavior of sequences of oscillating functions. This
concept is based on an earlier work by Tartar [44], who characterized weak limits of sequences of
bounded functions. Due to the lack of uniqueness results, the framework of measure-valued solutions
does not allow one to identify the physically relevant solutions, and further structural conditions on the
solutions are necessary.

One idea to resolve this issue is to require an integrated form of the entropy or energy inequality,
which leads to the concept of dissipative solutions. It has been introduced by P.-L. Lions [38], Sec. 4.4]
in the context of the incompressible Euler equations. In [5] it is shown that dissipative measure-valued
solutions to the incompressible Euler equations enjoy the weak-strong uniqueness property, i.e., the
dissipative measure-valued solution is atomic and coincides with the strong or classical solution of the
same initial-value problem if the latter exists. This idea was further applied to models from polyconvex
elastodynamics [11], to the compressible Euler and Navier-Stokes equations [28, [21], to hyperbolic-
parabolic systems in thermoviscoelasticity [10], and to various other, mainly fluid mechanical models.

In the present paper, we obtain dissipative measure-valued solutions to (4), by passing to the limit
from discrete finite-volume solutions. We further show that they enjoy the weak-strong uniqueness
property (in the sense of measure-valued-strong uniqueness), which entails important consequences
for the numerical approximation. Indeed, one may expect that reasonable structure-preserving ap-
proximation schemes generate a dissipative measure-valued solution. If this measure-valued solution
turns out to be atomic, i.e. taking the form of a Dirac measure at each point in space-time, Young
measure theory implies that the underlying approximate solutions converge in the strong sense. This
idea has, for instance, been exploited in the proof of the convergence of finite-volume-type schemes
for the compressible Navier-Stokes and Euler equations [22] 23]. For a further discussion on the use
of measure-valued solutions in the numerical context, we refer to [24].

The novelty of this paper is the analysis of equations with general rank-deficient matrices B by
combining the measure-valued framework, entropy methods, and finite-volume schemes.
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K. Hopf, A. Jiingel 4

1.3 Key tools, definitions, and overview

The analysis of (4) is based on the observation that the system possesses two Lyapunov functionals,
respectively, the Shannon and Rao entropies

n

Hgs(u) = /th(u)dx, hs(u) = Z (wi(logu; — 1) + 1), (5)
Hp(u) = /QhR(u)dx, hgr(u) = % Z bijuiu;. (6)

The Shannon (-Boltzmann) entropy is related to the thermodynamic entropy of the system, while the
Rao entropy measures the functional diversity of the species [43].

The functionals have two important properties. First, a computation shows that, along smooth solutions

to @, @

dH u
ij=1
dH u
d_tR(u) + Z/ ui\Vpi(u)|2dm =0. (8)
i=1 Y

Since the matrix B is positive semidefinite, the Shannon entropy dissipation term (the integral term in
(7)) is nonnegative and consequently, t — Hg(u(t)) is nonincreasing. The expression p;(u) can be
interpreted as the ith partial pressure and —Vp;(u) as the ith partial velocity (by Darcy’s law). Thus,
we may interpret the Rao entropy dissipation integral as the total kinetic energy of the system, and
t — Hpg(u(t)) is also nonincreasing.

Second, the Shannon and Rao entropy densities hg and hy are convex, and their sum hg + hp is
strictly convex and has quadratic growth as |u| — oo, u € (0, 00)™, as soon as b;; > 0 and b; > 0
foralli,7 = 1,...,n. These properties allow us to derive a weak-strong stability estimate based on
the Bregman distance h(u|v) := h(u) — h(v) — h'(v) - (u—v) associated with b = hg + hg.

Identities (7)-(8) provide estimates for u; in L>°(0,7T; L*(2)) and for (Bu); in L*(0,T; H'(Q)),
T > 0. Thus, if B is rank-deficient, these bounds do not ensure gradient estimates for the whole
vector u. Notice that the weak convergence for u,,, and Vp;(u,,) = V(Bu,,); in L*(Q x (0,T)),
which may be expected for suitable approximating sequences u,,,, does not allow us to identify the
weak limit of w,, ; V(Bu,,);. This issue is overcome by a suitable concept of dissipative measure-
valued solutions. Let us mention that the estimates coming from lead to a control of um,iV(Bum)i
in L2(0, T; L*/3(£2)), thus ruling out potential concentrations in this term.

Before giving the definition of the measure-valued solutions, we introduce some notations. We rewrite
equation (4) as
Owu; = div(u; V(Bu);), i=1,...,n,

and set L := ker B C R™. Then L' = ran B 2 {0}. Let P, be the projection onto L and
set s := Ppisfors € R"™. Any vector-valued function u is written as u = (u, . . ., u, ). We define
R> = [0, 00) and let P(W) be the space of probability measures on

W :=R2 x (L)%

DOI 10.20347/WIAS.PREPRINT.3006 Berlin 2023



Finite volume scheme for hyperbolic-parabolic systems 5

The space L;°(§2 x [0, 00); P(WW)) is the set of weakly* measurable, essentially bounded functions
of 2 x [0, 00) taking values in P (). We henceforth use the notation

. F(5,p)) = /Wf(s,p) du(s,p) forv € PV, f € Co(W),

where () is the space of continuous functions vanishing at infinity. Whenever well defined, this notation
will also be used for more general continuous functions f. Finally, we let Q7 := Q x (0, T") for T" > 0.

Definition 1 (Dissipative measure-valued solution). Suppose that u™ € L*(Q;RZ). We call a
parametrized measure
€ L2(9 x [0, 00); ()

with barycenters v := {(ju,s), y := {(u,p) a dissipative measure-valued solution to (@), () if the
following is satisfied for all T' > 0:

B Regularity: Fort =1,...,n
u; € L=(0,00; L*(Q)), 0w € L*(0,00; WH(Q)*), y € L*(Qr; (LH)Y), y = V.
Moreover, 1 acts trivially on the s-component,

(s f(s,p)) = (u, f(W+ Prs,p)) (9)
forall f € Co(RZ x (L4)4).

B Shannon and Rao entropy inequalities: /It holds for a.e. t > 0 that

t
HEY (u(t)) + / / (o | BY2pP)dadr < Hs(u™), (10
0 Q
noot
Hi(u(®) + Y / / (o s:| Bpsl?) dadr < H(u™), (1)
i=1 70 JQ

where Hg and Hp, are defined in )-() and HE" (u(t)) == [ {ttas, hs(s))dx.

B Evolution equation: It holds foralli = 1,...,n and ¢ € C1(Q x [0,T)) that

T T
/ /uiatgbdxdt—l—/u;ngb(O)dx:/ /(uxvt,si(Bp)i)-qudxdt. (12)
o Jo Q 0o Jo

It is easy to see that, under the hypotheses of Definition 1} the functions (1, p) and (i, s;(Bp);) are
well defined (cf. Section . Moreover, u; = (u, s;) > 0. Property (9) can be extended to a larger
class of continuous functions f. In particular, it holds for all f € C'(W) with f > 0. If rank B = n,
property (9) implies that u fulfills (@), (2) in the usual weak sense, since then P, = 0. In Remark [5]
we show that the definition of dissipative measure-valued solutions is consistent with the definition of
weak solutions.

Our main results can be sketched as follows; we refer to Section [2.5for the precise statements.

B Existence of finite-volume approximations: There exists a sequence of approximate solutions
(), where m € N indicates the fineness of the mesh, to an implicit Euler finite-volume
scheme. The numerical scheme preserves the structure of the equations, namely nonnegativity,
conservation of mass, and entropy dissipation; see Theorem

DOI 10.20347/WIAS.PREPRINT.3006 Berlin 2023



K. Hopf, A. Jiingel 6

B Existence of global dissipative measure-valued solutions: Any Young measure u generated by
(un,) is a dissipative measure-valued solution to (@), in the sense of Definition |1, which
further satisfies (9); see Theorem[4] For this result, we need to include some artificial diffusion
in the scheme, which vanishes in the limit m — oo.

B Weak-strong uniqueness: If v is a positive classical solution to (@), (2) with initial datum v(0) =
u™ and 4 is a dissipative measure-valued solution to @, @, then piy1 = Oy(zt) @ dvs(a for
a.e. (z,t) € Qr; see Theorem(7]

B Long-time behavior: The density u(t) := (u.,, S) converges strongly in the L*(€2) norm as
t — oo to a function @* € L*(€; [0, 00)") satistying [, u*dz = [, u"dx and V(Bu*) =0
in €); see Theorem[9]

If equations (4), admit a classical solution, the weak-strong uniqueness property implies that the
sequence of finite-volume solutions converges, in the strong L'-sense, to this classical solution on the
lifespan of the latter; see Corollary [8]

The paper is organized as follows. We introduce the numerical scheme and the precise statements of
the theorems in Section[2] The four theorems are proved in Sections[3}6] and we conclude in Appendix
[Alwith some auxiliary lemmas.

2 Numerical scheme and main results

First, we introduce the notation necessary to formulate our numerical method. Then we state the
numerical scheme and the main results.

2.1 Spatial domain and mesh

Let d > 2 and let Q2 C R? be a bounded polygonal domain (or polyhedral if d > 3). We associate
to this domain an admissible mesh, given by (i) a family 7~ of open polygonal (or polyhedral) control
volumes, which are also called cells, (ii) a family £ of edges (or faces if d > 3), and (iii) a family of
points (7 x ) k7 associated to the control volumes and satisfying [20, Definition 9.1]. This definition
implies that the straight line Txx; between two centers of neighboring cells is orthogonal to the
edge (or face) 0 = K| L between two cells. For instance, Voronoi meshes satisfy this condition [20,
Example 9.2]. The size of the mesh is given by Ax = max 7 diam(K). The family of edges & is
assumed to consist of interior edges &, satisfying o C {2 and boundary edges o € &, satisfying
o C 0N). Foragiven K € T, Ek denotes the set of edges of K, splitting into Ex = Eint ik U Eext k-
Forany o € &, there exists at least one cell X' € T such that o € Ex.

We need a regularity assumption of the mesh. For given o € £, we define the distance

d — d(.Z‘K,l’L) ifo = K|L S 5int,K,
" \d(zk,0) if 0 € Eoxt it

where d is the Euclidean distance in Rd, and the transmissibility coefficient

(13)
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Finite volume scheme for hyperbolic-parabolic systems 7

where m(o) denotes the (d—1)-dimensional Hausdorff measure of 0. We suppose the following mesh
regularity condition: There exists ( > 0 such that forall K € 7 and o € &,

d(zk,0) > (d,. (14)
This condition means that the mesh is locally quasi-uniform. We also use the geometric property

> m(o)d(zk,0) < dm(K) forany K € T, (15)

0€Ent, K

where m denotes the d-dimensional Lebesgue measure. Inequalities and are needed, for
instance, to derive a uniform bound for the discrete time derivative of the approximate solution; see
Lemma[i3l

2.2 Function spaces

Let 7" > 0, N € N and introduce the time step size At = T'/N and the time steps ¢, = kAt
for kK = 0,..., N. We denote by D the admissible space-time discretization of Q27 = 2 x (0,7)
composed of an admissible mesh 7~ and the values (At, V).

The space of piecewise constant functions is defined by
Vi = {v Q= R:3I(vi)rker CR, v(z) = Z vKlK(:C)},

where 1y is the characteristic function on K. To define a norm on this space, we define for v € V7,
KET,andaEEK,

L if o = K|L € 6int’,,Ka D L Do —ID
VKo = K,oU = VKo — VUK, ol = ‘ K,O’U|'

VK if o € gext,K;

Let 1 < ¢ < oo and v € V7. The discrete W14(€2) norm on Vi is given by

1/
lllier = (101547 +[0ltg7) ", where
q q q ~ DO’U I
[0l8 g7 = D mU)oxcl?, [olf =D @lo)ds | =]
KeT oe€ i
where v € V. If v = (vy,...,v,) € V7 is a vector-valued function, we write for notational conve-

nience

n
lollgr = llvillgr
i=1

We associate to the discrete W14 norm a dual norm with respect to the L? inner product:

1’q77’ - 1}

< |||z g7llwl1,q7 forallv,we Vi, 1 <p< oco.

|lvll=1,4,7 = sup { / vwdz :w € Vr, ||lw
Q

Then the following property holds:

‘ | vwda
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Finally, we introduce the space V1 a: of piecewise constant functions with values in V7,

N
Viar= {U QX [0,T] = R: 3oy v C Vi, v, t) = ka(x)l(tk_htk](t)},
k=1

equipped with the discrete L?(0, T; H'(2)) norm
N 1/2
(Z At||v'f||iw) forall v € Vir ay.
k=1

2.3 Discrete gradient

The discrete gradient is defined on a dual mesh. For this, we define the cell T , of the dual mesh for
K e Tando € Ex:

B Diamond: Let o0 = K|L € Et.i- Then T, is that cell whose vertices are given by x g, xy,
and the end points of the edge o.

B Triangle: Let 0 € Ecx k- Then Tk, is that cell whose vertices are given by x5 and the end
points of the edge o.

The union of all diamonds and triangles Tk, equals the domain €2 (up to a set of measure zero).
The property that the straight line T T between two neighboring centers of cells is orthogonal to the
edge 0 = K| L implies that

m(o)d(zg,zr) =dm(Tk,) forallo = K|L € Ey.

The approximate gradient of v € V7 a; is then defined by

m(o)
m(Tk,)

where vk , is the unit vector that is normal to o and points outwards of K.

VDv(x,t) = DKJ(’U’C)I/KJ forx € Tk, t € [ti1,tr),

2.4 Numerical scheme

The initial functions are approximated by u° € V7 defined via

1 .
U?’KZM/ w'(x)dx foral K € T,i=1,...,n. (16)
K
Letuf~! = (uf™", ..., ut~") € VJ be given. Then the values u ; forall K € Tandi=1,...,n

are determined by the implicit Euler finite-volume scheme

u’-“K — ukg{l
m(K)# + > Flk, =0, (17)
oceli
]:szo = —TguﬁaDK,gpi(uk) — naTgDK,guf, (18)

DOI 10.20347/WIAS.PREPRINT.3006 Berlin 2023



Finite volume scheme for hyperbolic-parabolic systems 9

where ) = max{Az, At},0 < o < 2, and 7, is given by (T3). The mobility u; , is defined for o € £
by the upwind scheme
(19)

k

e U ¢ if Do pi(u®) < 0.

The upwind approximation allows us to derive the discrete Shannon entropy inequality; see Remark
We may also use a logarithmic mean function; see Remark[2]

We have added some artificial diffusion in the numerical flux ]:fK,m which vanishes in the limit ) — 0.
The term is needed to show the convergence of the scheme. In particular, it provides an n-dependent
bound for the full gradient, compensating the incomplete gradient estimate. Note that the artificial
diffusion is not needed to prove the existence of discrete solutions, and we may set 7 = 0 in this case.
Artificial diffusion/viscosity is used in numerical approximations of the Euler equations to stabilize the
scheme; see, e.g., [23] (3.8)].

The numerical fluxes }—fK,a are consistent approximations of the exact fluxes through the edges, since
Firko+ Firo = 0foralledges 0 = K|L and F; , = 0 for all Eext . The following discrete
integration-by-parts formula holds for v = (vk) € V7

Z Z FikoVk = — Z Fik.oDKk 0. (20)
KeT oelyk 0E€Eint

Notice that the terms .F@KJDK,UU on the right-hand side only depend on o, but not on the specific
control volume K satisfying o € £i. Hence, to evaluate the sum on the right, we may pick for each o
any K with o € £ as long as we keep K fixed.

Remark 1 (Discrete gradient-flow property for upwind scheme). The upwind approximation implies a
discrete gradient-flow property. Indeed, we first observe that the concavity of the logarithm gives

b(loga —logb) < a—0b < a(loga —logb) foralla,b> 0.

Combined with definition (T9) of u/ ,, this leads for uf ;- > 0 and uy; > 0to

uf o (pi(uf) — pi(uf))(loguy , — logul i) > (pi(uf) — pi(ule)) (uf p — uf ) (21)

and therefore, by discrete integration by parts (20),

n

z”: Z Z TU}}’fK’U log uﬁK =— Z Z TguﬁaDK,[,pi(uk)DKJ log u? (22)

i=1 KeT €€k i=1 o€&
n n
«a E 2 k k 2 E : k k
-0 TO'DK,O'ui DK,O’ lOg Uu; S - TabijDK,auj DK,Uui )
i=1 o€&nt i=1 0€E&nt

where we used the monotonicity of the logarithm implying that Dy ,ufDy , loguf > 0. The right-
hand side of is nonpositive due to the positive semidefiniteness of B = (b;;). We deduce from
this inequality the discrete entropy inequality (25). O

k

i?

Remark 2 (Discrete gradient flow property for logarithmic mean). We may define u
mic mean

- Via the logarith-

k k

ur, —uh
L K .
2 o if uf o £ uk and uf e >0, ub, >0,
. logw?, —logu; ' ’ ’ ’
Uig =9 K 7 ik — ok 0 (23)
U g Mu; = u;, >,
0 else.
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K. Hopf, A. Jiingel 10

We remark that the artificial diffusion in the numerical flux allows us to show that uf . is positive
for all K € T (see Section such that ufp (for o = K|L) is always defined by one of the
first two cases. Definition also leads to a discrete gradient-flow property. Indeed, observing that

uf D o loguf = D ul and multiplying by log u} - and summing over all i = 1,...,n,
K € T,and 0 € &k, we see that holds too. Notice that becomes an equality in this
case. O

Finally, we observe that the mobility satisfies in both cases the following properties:

ub < max{uﬁK,uﬁL}, \ufg — ufK| < |ufK — qu| foro = K|L. (24)

1,0

2.5 Main results

We impose the following hypotheses.

(H1) Data: Q C R?is a bounded polygonal (or polyhedral if d > 3) domain, 7' > 0, and u™™ €
L2(;RY) such that [|u™]| 1) > 0. We set Qp = Q x (0, 7).

(H2) Discretization: D is an admissible discretization of () satisfying (14).

H3) Diffusion coefficients: B = (b;;) € RZ*" is symmetric positive semidefinite with rank B €
J >
{1,...,n}andb; > 0fori=1,...,n

Note that since B is positive semidefinite, its square root B'/? exists and 2" Bz = |BY/2z|? for 2 €
R™. Moreover, with A > 0 being the smallest positive eigenvalue of B, we have | B/2z|? > \|z|%.

Theorem 3. Let Hypotheses (H1)-(H3) hold, k € N, n > 0, and let u*~! € VI be given. Then there
exists a solution u* = (uf, ... ul) € V} to scheme (16)-(T8) satisfying uf ;- > 0 fori =1,...,n,
K € T. Inductively, let v/ € V2 j = 1,...,k, be the solution to scheme (T6)-(T8) with u*~*

replaced by u’~*. Then {uj} obey the discrete entropy inequalities

+ZAt|Bl/2u]|2 e Zmz| D23, 7 < He(u0), (25)
+ZAtZZT(, Do (Bud)i | < Hp(uP). (26)
i=1 o€

Moreover, Hp(u*) < Hp(uF~1).

The existence of finite-volume solutions to (16)-(18) was shown in [34] by using the Rao entropy
only, but the proof needs matrices B with full rank. We can avoid this condition since we exploit the
estimates coming from the Shannon entropy. Theorem [3| is proved by adding a discrete version of
the regularizing term e(—Aw; + w;), where w; = logu; are the entropic variables [25, 131, 136],
and a topological degree argument, similar as in [34]. Uniform estimates from the Shannon entropy
inequality allow us to perform the de-regularizing limit ¢ — 0. Observe that the theorem is valid
forn = 0, i.e., no artificial diffusion is needed here.

Theoremand the subsequent results also hold for domains €2 C R? with curved (Lipschitz) bound-
ary. Indeed, one may triangulate €2 in such a way that the control volumes have a curved boundary
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[40], or one may cover £ by additional cells and estimate the integral error; we refer to Remark [14]for
details.

For the convergence result, we introduce a family (Dm)meN of admissible space-time discretizations
of Q7 indexed by the size 7, = max{Axz,,, At,, } of the mesh, where Ax,,, = maxgc7, diam(K)
and At,, is the time step size of the mesh D,,,, satisfying 1, — 0 as m — oo. We denote by 7,
the corresponding meshes of 2 and set V™ := VP,

Theorem 4 (Convergence of the scheme). Let Hypotheses (H1)-(H3) hold, and let (D,,,) be a family
of admissible meshes satisfying uniformly inm € N. Let (u,,) be a sequence of finite-volume
solutions to (16)-(18) with n = n,, > 0, constructed in Theorem[3 Then, up to a subsequence,
(U, V™u,,) generates a Young measure (1 which is a dissipative measure-valued solution to (@),
in the sense of Definition Moreover, the functiont — Hpg(u(t)) is nonincreasing.

The strategy of the proof of Theorem4]is as follows. The estimates from the discrete entropy inequal-
ities and a uniform bound for the discrete time derivative of u,, allow us to apply the compactness
result of [26] to conclude the strong convergence of (a subsequence of) U, in LQ(QT) as m — oo.
Moreover, (u,,) and V" (B, ) are weakly converging in L?(27). Clearly, these convergences are
too weak to conclude the convergence of the nonlinear flux (18). However, the sequence (u,,, V"' U,)
generates a parametrized measure 1 [42, Chap. 6] such that (u, s;(Bp);) is the distributional limit of
Um.io V"™ (Bl,y,);. Moreover, because of the strong convergence of (., ), we can separate this part,
leading to (9).

Remark 5 (Consistency of the definition). The definition of dissipative measure-valued solutions is
consistent with the definition of weak solutions. Indeed, any weak solution « to (4), satisfying the
regularity statements of Definition |1| and the Shannon and Rao entropy inequalities gives rise to a
dissipative measure-valued solution y via fi, ; = (5u(;p,t) ® (5vg(m). On the other hand, if a dissipative
measure-valued solution 4. is trivial in the sense that p, ; = (51,(3;,@ ® (52(%@ for certain functions v and
z,thenv = (u,s) = wand z = (u,p) = y = Vu. We infer that

(i, s;(Bp);) = u;(BV);.

In this case, equation reduces to the standard weak formulation of (4) for the density v and the
entropy inequalities and take the usual form of entropy inequalities for weak solutions. More
generally, the conclusion (u, s;(Bp);) = u;(BVu); already holds if, for instance, y is only atomic
in the density component, i.e. [, = 5U(a;,t) & v,t, where v denotes the parametrized measure
generated by (V"' U, ). O

Remark 6 (Full-rank approximation). Let 2 C R? be a bounded Lipschitz domain. An alternative to
the finite-volume approach is to consider a suitable full-rank symmetric positive definite regularization
(B,) € R™" of B with lim, o B, = B, and to approximate (@) by

o = div(u;V(Byu);), i=1,...,n. (27)

After an appropriate additional regularization, it is possible to apply the entropy method of [31], Sec. 4.4]
(using the Rao entropy structure) and to establish the existence of a nonnegative weak solution to (27),
that satisfies both the Rao and Shannon entropy inequalities with B replaced by I3,,. The dissipative
measure-valued solution to (4), (2) is then obtained in the limit p — 0.

The statement of Theorem4]is rather weak, since the Young measure may not be unique. However, we

can prove a weak-strong uniqueness result. According to Remark[14] we can assume in the following
that €2 is a general bounded domain with Lipschitz boundary.
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Theorem 7 (Weak-strong uniqueness). Let) C R? be a bounded Lipschitz domain. Letv € C* (€2 x
[0, T]; RZ) be a positive solution to @), [@) (in the weak sense) with initial datum v(0) = u™ > 0,
and let ;1 be a dissipative measure-valued solution to (4), (). Then

ot = 5v(x,t) & 5V8(x,t) for a.e. ((E, t) € x (0, T).

The assertion is deduced from a stability estimate based on the Bregman distance f(u|v) := f(u)—
f(v)— f'(v) - (u—v) associated with the convex function f := hg + hg, which has to be adapted to
the measure-valued framework. Loosely speaking, we consider the sum Hg(u|v) + Hg(u|v), where

Hy(ulv) = Z/Q (hae) — () — By(0) - (u— v))dz, k=S, R,

and compute its time derivative along solutions to (4). Certain error terms arising in this computation
need to be estimated from above by C' [, f(u|v)dx. For this step and in the absence of L™()-
bounds on the densities u;, we take advantage of the better coercivity properties at infinity of the Rao
entropy.

As a consequence of Theorem|/}, the finite-volume solution converges strongly to the classical solution
if the latter exists.

Corollary 8. Letu € C*(Q x [0,T];RZ) be a positive solution to @), @). Let (u,,) be a sequence
of finite-volume solutions to (16), withn = n,, > 0. Then, as m — o0,

(U, V™) — (u, V) strongly in LP(Q2r)

forallp € [1,2) and all T > 0.

Indeed, the weak-strong uniqueness implies that the Young measure generated by (u,,, V™U,,)
coincides at each point (z,t) with the Dirac measure concentrated at the smooth solution. Since
| (U, V™) [P € LY(Q7) is equi-integrable for every p € [1,2), the assertion in Corollary [8] thus
follows from classical Young measure theory (cf. e.g. [42, Theorem 6.12]).

It is shown in [17, Theorem 2.6] for Q = T? (with periodic boundary conditions) that problem ),
possesses a positive classical solution on a short time interval if the initial data are positive and
smooth. The main results in the present paper should equally be valid in the periodic setting.

If B has a non-trivial kernel, steady states to (4), (2) are not necessarily constant in space and for any
fixed mass vector m € (0, 00)", there exist infinitely many steady states. Given such m, we define
the space of steady states as

Gm = {v € L*(;RL) / vdr =mand V(Bv) =0in Q}
- Ja

Theorem 9 (Long-time behavior). Let (1 be a dissipative measure-valued solution to (4), (2). Letu =
(,s) and setm := [, u™dx. Then S C L>(;RY) and there exists u* € &y, such that, as
t — 00,

u(t) — u*  strongly in L*(€; RL),

where w* = P;.u*. We recall that P; 1 is the projection onto L = ran B.
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For the proof of Theorem@ we argue as follows. The fact that [ ||V (B'/2@)||7 q,dt is finite im-

plies the existence of a sequence t;, — oo such that k +— (B'/2u)(t,) converges strongly in L2(€2)
to B/2u* as k — oo, where u* € &,,. The monotonicity of & +— Hy(u(t)|u*) then shows that
B'/?2(t) converges and consequently, () converges to * for all sequences ¢ — 0o. Such reason-
ing is classical in degenerate cases, where entropy-entropy dissipation estimates are not available;
see for instance [7, 29].

3 Discrete problem

In this section, we prove Theorem[3] The existence proof uses a discrete analog of the entropy method
for cross-diffusion systems [31]. We first introduce a regularized numerical scheme involving an ap-
proximation parameter £ > 0, prove the existence of a solution to this scheme and suitable estimates
coming from the Shannon entropy inequality, and apply a topological degree argument. The uniform
estimates allow us to perform the limit ¢ — 0.

3.1 Definition and continuity of the fixed-point operator
Let u*~! € V' be given and let R > 0, § > 0. We set

Zrp={w=(w1,...,w,) €V} : |w|io7r < Rfori=1,...,n}

and define the mapping F' : Zp — R by F'(w) = w®, where § = #7 and w® = (w, ..., w) is
the solution to the linear regularized problem

K
5( - Z ToeDE oWy + m(K)wiE,K) == (m(At ) (uix — Uf,;(l) + Z ]:z’,K,a)a (28)

o€k o€k

where u; ;¢ = exp(w; k) and F; i, is defined as in with uﬁK replaced by u; k.

To show that F' is well defined, we write as

g __ P
Muw® =v, wherev = (V; k)i=1. n KeT,

m(K _
Vi K = <A—t)<uzK - UﬁKl) + Z FiKo

o€EK

(29)

and M = diag(M’, ..., M) € R%"*% is a block diagonal matrix with M’ € R?*% which has the
entries

My o = —em(K) — ¢ Z Ty My =

oc€lk

e, FKNL#D, oc=K]|L,
0 if KNL=0.

Therefore, the system Mw® = v can be decomposed into the independent subsystems M'w; =

v; fori = 1,...,n. Since M’ is strictly diagonally dominant, these subsystems possess a unique
solution w$. Then w® = (w5, ..., w%) is the unique solution to (29). Thus, the mapping £ is well
defined.
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Next, we prove that F' is continuous. We multiply for some fixed i € {1,...,n} by w; ; and sum
overalli=1,...,nand K € T

=33 Y Dol e > Y mlK

i=1 KeT 0€fk i=1 KeT

S DD OR VRIS 9D ) DE IS

i=1 KeT i=1 KeT o€k

(30)

Using discrete integration by parts analogous to (20), we can rewrite the left-hand side as

> 3TN Drewd i e Y mE) (wh )

1=1 Ke€T 0€fk i=1 KeT
n n n

=) > TaDrow)) +e ) Y mK)(ufk) =) [[wfl,
i=1 0€&nt i=1 KeT i=1

We turn to the terms on the right-hand side of (30). By definition, we have ||w;||1 2,7 < R and conse-
quently [|w;l[oco7 < C(R,T) and ||u;]|127 < C(R,T) (since the problem is finite-dimensional).
This shows that

n
D DL LI Zum L e
At Wik = ti o itz

=1 KeT

< C(R,T,At) Z [ {127

=1

Finally, using definition of the flux and discrete integration by parts,

_Z Z Z E,K,o’wi[{ Z Z Z TG’(Zblju’LO’ DKO'u]) +77 DKO'UZ>

i=1 KeT o€k i=1 KeT o€k

= Z Z To ( Z bijuLU(DK’OUj)(DK’UU)iE) -+ T]a(DKUuZ')(DK,gwf))

i=1 o€&nt 7j=1

ij
ij=1 i=1

< C(R, Tllwilla7

For the last inequality, we used the fact that u; , depends on u; i and u; 1, for o = K|L, and their
discrete L>°(£2) norms can be bounded by the discrete L>°(£2) norm of w;, which in turn can be
estimated by C'(T)||w;lo.0co,7 < C(R,T).

Inserting these estimates into and dividing by ||w||1.2,7 if ||w5]]127 > 0 yields ellws]|127 <
C(R, T, At). This bound allows us to verify the continuity of F. Indeed, let w* — w as { — oo
and set w®’ = F(w’). Then (w®") ey is uniformly bounded in the discrete H'(§2) norm. Therefore,
there exists a subsequence, which is not relabeled, such that w®* — w*® as ¢ — co. Passing to the
limit £ — oo in scheme (28), we see that w*® is a solution to the scheme and w® = F'(w). Since the
solution to the linear scheme is unique, the entire sequence (we’f)geN converges to w*®, which
shows the continuity of F'.

DOI 10.20347/WIAS.PREPRINT.3006 Berlin 2023



Finite volume scheme for hyperbolic-parabolic systems 15

3.2 Existence of a fixed point

We will now show that the map ' admits a fixed point by using a topological degree argument. We
prove that deg(I — F, Zg,0) = 1, where deg is the Brouwer topological degree [12, Chap. 1]. Since
deg is invariant by homotopy, it is sufficient to verify that any solution (w®, p) € Z x [0,1] to the
fixed-point equation w® = pF'(w*) satisfies (w*, p) ¢ 0Zgr x [0, 1] for sufficiently large values of
R > 0. Let (w®, p) be a fixed point. The case p = 0 being clear, we assume that p # 0. Then w;
solves

K

ocefk ocefk

fori =1,...,nand K € T, where uf ;. = exp(ws ) and F x , is defined as in (T8) with u;
replaced by u;K. The following inequality is the key argument.

Lemma 10 (Discrete Shannon entropy inequality). Let w® be a solution to 31) and u5 := exp(ws).
Then

pHg(u® —I—sAtZ |wS[[T 5.7 + pAL Z Z Tobij D ot Dk o U5

] 1 Uegmt

+ 4,077%752 () ?2 7 < pHs(u*).

=1

Proof. We multiply (31) by Atwl rosumoveri =1,...,nand K € T, and use discrete integration
by parts (cf. @0)). Then eAt Y ", |lwi|[f o7 = T + [2 + I3, where

I = —PZ Z m(K)(u; i — Ufj{l)wim

i=1 KeT
I = —pAtZ Z 7ot o Dic,oPi(U°) D o w5 ¢
i=1 0€&nt
I = —pnO‘AtZ Z TO'DK7O’U§DK,Uw’iK
i=1 oc€&nt

The definition u5 ;, = exp(w; ;) and the convexity of the Shannon entropy imply that

Ilz—PZZm(K zK_u )IOgUzK< P(HS() HS(Uk_l))‘

i=1 KeT

For 15, we rely on inequality (21):

L=—pAty Y 7, (pi(uy) —pilui)(log s, —logus i)

i=1 o=K|LEEns

< —pAt Z Z Tobig (U5, — 5 1) (U5 1, — U5 )

7".]:1 UZK\LE&M

= —pAt i Z TgbijDKﬁufDK’gu;.

17.7:1 O':K|L€gint

DOI 10.20347/WIAS.PREPRINT.3006 Berlin 2023



K. Hopf, A. Jiingel 16

Finally, using the elementary inequality (a — b)(loga — log b) > 4(y/a — v/b)?,

I3 = —pn“At To(us ; — us i) (logus ; — logus
PN i,L 7, K i, L 7, K

i=1 o=K|LEE

<Ay > () = (uE)?) = 4P77“At2| )2 o

i=1 o=K|LEEn:

Combining these estimates finishes the proof of Lemma[10] O

We now complete the topological degree argument. Lemma|[{0]implies that

aAtZ w3 0.7 < pHs(u* ™) < Hg(u"™).

i=1

With the choice R := (¢ At)™Y/2Hg(u*~1)"/2 + 1 we find that w® ¢ 0Zr and deg(I — F, Z,0) =
1. We conclude that F' possesses a fixed point.

3.3 Limite = 0

By Lemmal([10} there exists C' > 0, independent of €, such that

Czn: Z m(K)(u x — 1) < Hg(u®) < Hg(u™1).

i=1 KeT

This gives a uniform discrete Ll(Q) bound for u$. There exists a subsequence (not relabeled) such
that uf ;- — u;x ase — Oforalli = 1,...,nand K € T. Moreover, the discrete H*(£2) bound
for \/ew; implies that ew§ ;r — Ofori = 1,...,nand K € T. Then the limite — 0in yields
the existence of a solution u* := (uz K) 1,...n, ke to (17). Observing that

Tobz DK ocU; DK O’u - Ta DK cru (DK U )
J

i,j= o€& ocel

> A3 7| BYDgou P = A BV, 7,

oe€

the same limit in the regularized entropy inequality directly leads to the discrete entropy inequality

25).
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3.4 Discrete Rao entropy inequality

To verify (26), we multiply by Atp;(uk.), sumoveri = 1,...,nand K € T, and use discrete
integration by parts:

ZZ fre— up e pi(ul)

i=1 KeT

=AY YN 7 (uf Dicopi(u®) + n°Dicoul ) pi(ul)

i=1 KeT o€l

= —Ati Z 7;,uf7a(Dc,pZ-(uk))2 — At i Z TabijDK,quDK’Juf

i=1 0E€Ent 4,j=1 0€&nt
n n

=AY S ol (Dapi () — AL ST (B[
i=1 0€&nt i=1

By the definition of pl(uk) and the symmetry and positive semidefiniteness of B, the left-hand side
becomes

Z HR(Uk) — HR(Uk_l).

We infer the monotonicity of k£ +— HR(u’“). After summation over k = 1, ..., 7 and a renaming of the
indices k and j, this shows and thus completes the proof of Theorem

3.5 Positivity

Thanks to the artificial diffusion, the discrete solution uﬁK is positive fori = 1,...,nand K € T.
Indeed, let i € {1,...,n} be fixed and assume that there exists K € 7 such that uﬁK = 0. We
infer from I3 in Section [3.2]that

Ua(uf,L - Uf,K)OOg U;L — log UfK) < C(At, UO);

where L € K is a neighboring cell of K. If uf; > 0, the limit ¢ — 0 in the previous estimate leads
to a contradiction since log u; ;- diverges. Therefore uZ 1 = 0.Let L’ € T be a neighboring cell of
L. Arguing in a similar way as before, it follows that uF L = = (. Repeating this argument for all cells
in 7, we find that u} ,, = 0 for all K € 7. This implies that Y ;.. m(K)uf , = 0 and, by mass
conservation, ZKGTm(K) u) ;= 0, which contradicts the positivity of the L}(Q) norm of u?
Hypothesis (H1).

4 Convergence

In this section, we prove Theorem |4, that is, we show the asserted convergence of the numerical
scheme. Uniform estimates are derived from the entropy inequalities and (26). Lemma([ig]in the
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appendix shows that |u""7\ < \7YBY2uF|, where we recall that @* = P, iu”. Thus, we obtain a
uniform estimate for @* in the seminorm | |1,277. Moreover, since b;; > 0 and bw > 0 forall 7,5
(cf. Hypothesis (H3)), estimate provides a uniform bound for u* in the discrete L?(€2) norm.
Hence, there exists a constant C' > 0 which is independent of = max{Az, At} such that

ZAt (@11 7 + |BY*u “IR27) + 0" ZAH 1/2’127< C, (33)
k=1 k=1
|, max, ||u ||027+ZAtZ Z Toll] 5] D, (Buw);|* < C. (34)
i=1 0€Ent

4.1 Compactness properties

We first prove a full gradient bound with a negative power of 7 on the right-hand side.

Lemma 11. There exists C' = C(() > 0 independent of ) such that

N N
Z At|uf|i4/377 <Cn*, Z At’“ﬂiLT <Cn“.
=1 -

Proof. By the mesh regularity and property (15),

m(o)d, m(o)d(zg, o)
2 W) S22 imK) S

N ESY

celfk

This yields, using Hélder's inequality and the L?(2) bound for u?,

o€k

K43 . uf, —uf 4/3
it |14/3,T_ Z m(o)d, a4
Uegint g
ol — 4/3 4/3
= D W) ()2 = k) )2 ) )]
Uegint
2/3
< (32 W ()~ i )’)
0€Eint
1/3
([ ok (0 )
Uegint
kN\1/2(4/3 kA2 m(o)d, 1/3
< C‘(“z) 12,7 Z m(K)(u%K) Z W
KeT g€EK
4/3 2/3
< COI) s 7t s

Taking the exponent 3 /2, multiplying by At, and summing over k = 1,..., N proves the first inequal-
ity. The second inequality follows along the same lines (or by Hélder’s inequality). O

Lemma 12. There exists C' = C({) > 0 independent of ) such that

N
> Atluf (BVPE )54y < C.
k=1
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Proof. We infer from the definition of the discrete gradient and Hoélder’s inequality that

~ 4/3
~ 4/3 m( ) ~
||uf:7 (BVD g ||0/4/37’ Z Z i )4/3 —T DKJ(BUk) (35)
KeT 0€&ms, K ( KU)
m(o)/? ey 4/3
B Z Z 1/3 Ui,o’)2/3m(TK )2/3 ‘(uio—)l/zDKﬂ(Buk)i‘

KeT o€tk

2/3

(Z Z m(Txo)( )2) (Z Z |DKU k)z|2) :
KeT o€€int,k KeT o€&int,k

Because of m(Tk ) = m(o)d,/d for o € &gk, mesh regularity (T4), and property (75), we find
for the first factor that

SN mTko)(ul,)? gC(c)Z( > a(a)dw,a))(uw (36)

KETUGSmt K KeT UE&m,K
<C(Q) Y mE)(uf)* = C(Oall§ 0.7
KeT

where we also used . The second factor on the right-hand side of becomes

> Z uf,Dro(Ba)| =d > Y b, |Dio (BT

KETUGEHH; K KETUGglnt K

We take to the power 3/2, multiply by At, and sumover k = 1,..., N:

ZAtlluw (BVP@);[§,4/5. < €' max IIU ||02T2At > moul,De(BE)* < C,

k=1 k=1 0€Ent

where the uniform bound follows from (34). O

For the compactness argument, we need an estimate for the discrete time derivative, which is defined

by
k—1

—v
At
Lemma 13 (Discrete time derivative). There exists a constant C' = C'(¢) > 0 independent of ) such
that

k
(%
atAtk: fOFUGVT7At,]€:1,...,N.

N
> A2 47 < C.

k=1

Proof. Let ¢ € Vi be such that ||¢||147 = 1. We multiply by ¢, sum over K € T, apply
discrete integration by parts, and use Hélder’s inequality:

At (ufK - uf,Kl)(bK’
KeT

- ’ - Z TUu’iaDK,Upi<uk)DK,o¢_ ,’70( Z TO'DK,O'ufDK7g¢

0€Eint 0€&int

< C|]uﬁU(BVDﬂk)i
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Then we infer from Lemmas [{1] and [12] that
N

>
k=1

which concludes the proof. O

k k—11)2

o < C(O) + COm",

—-1,4,T

The solution u* € Vr to refers to a fixed mesh. Let (Dm)meN be a sequence of meshes sat-
isfying such that the mesh size 7, = max{Ax,,, At,,} converges to zero as m — oo and
set N, = T/At,,. Let uy, = (Upm1,-..,Un,) be defined as the piecewise constant function
Up (7, t) = ub. for (x,t) € K X [tp_1, 1), where u” is a solution to (T7) on the mesh D,,,, K € T,
and k = 1,..., N, and set u), = (up,;)i,, where uy, () := u)(x) for z € K. Notice that
ud — u™in L*(Q)) as m — oo. Furthermore, we introduce the function t,,, ; := (U, ., )7 de-
fined by tn ;o (2, t) = uf, for (x,t) € Tk o X [ty—1,t;), where K € T, 0 € £,andk =1,...,N.
This function is piecewise constant on the dual mesh.

Let ¢ € Vrbesuchthat ||¢||147 = 1andletw,, = Pp1u,,. We write (P;;) for the matrix associated
to Pr.. Then

" m(K
12 Mt~ o

KeT j=1
< C)|ofl || 1 arldlliar < C.

Z m(K)atAtam,i,KﬁbK

KeT

Together with estimate (33), this implies that

Nm Nm
DoAY a7 <C Y Aty iy < C.
k=1 k=1
It is shown in [35, Sec. 6.1] that the discrete norms || - ||1.2.7 and || - || -1 4,7 satisfy the assumptions

of the compactness result in [26, Theorem 3.4]. Therefore, there exists a subsequence, which is not
relabeled, such that ,,, — v strongly in L?(27) as m — oo for some v € L?(Qr). Moreover, up to
a subsequence, we have u,,, — u weakly in L?()7) and consequently U, = Ppiu,, — Priu=1
weakly in L?(Q7). This shows that U = v.

Estimate implies that v, := V™, is uniformly bounded in L?(Q27). Hence, there exists a
subsequence (not relabeled) such that y,,, — y weakly in L?(27). We conclude as in [8, Lemma 4.4]
that y = Vu. We summarize:

U — U, Y — y = VU weaklyin L*(Qr). (37)

These convergences are not sufficient to pass to the limit in the term umvivavm(Bum)i. The idea is
to embed the problem in the larger space of Young measures. Let P(W) be the space of probability
measures on W := RZ x (L*)<. Since the sequences (u,,) and (¥,,) are bounded in L*(Q)r), we
can apply [42] Theorem 6.2] to conclude the existence of a subsequence (not relabeled) and a family
of probability measures 1 = (ji5¢) with 1, € P(W) for a.e. (x,t) € Qp such that the following
holds:

If f is a continuous function on TV vanishing at infinity and if the sequence ( f (ty,, ¥m)) convergences
weakly in L'(7), then its weak limit, which we denote by f(t,,, ¥, ), satisfies

I (s Y ) (@, ) = (pay, f(s,p))  forae. (z,t) € Qr.
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In the above reasoning 7" € (0, o) was arbitrary. Hence, a diagonal argument allows us to choose /.
independent of T € (0, co) such that u € L (2 x (0, 00); P(W)) and the weak convergences
hold for all 7" > 0. As a consequence,

:<:u78>7 a:<ﬂagv y:<:uap> a.e.ian(O,oo),

where s = P;.s.

4.2 Convergence of the scheme

We show that p is a dissipative measure-valued solution in the sense of Definition [1] satisfying (9).
The proof adapts the strategy of [8] to the present situation, where only a weaker form of convergence
is known to hold. Let 7" € (0,00), leti € {1,...,n}, v € C§°(2 x [0,T)), and let n,, =
max{Az,,, At} be small enough such that supp(¢)) C {z € Q : d(x,0Q) > n,,} x [0,T). We
introduce

T
F{g:—/ /um’if)t@bdxdt—/ugm-(x)d)(x,())dx,
0o Ja Q
T
F% :/ /um’iygvm(Bﬂm)i . V¢dxdt
o Jo

The convergence results established above imply that, as m — oo,

P - / / widhbdadt — / 8 (2)0(z, 0)dz.

The limit in £ is more involved. First, Lemma implies that the term w,, ; ,(BV™,,); is weakly
relatively compact in L'(€27) and thus weakly convergent in L!(€r) along a subsequence. Second,
we assert that

Umo — Um — 0 in L'(Qr) as m — oo, (38)

We proceed as in [41], Section 4.2], but since we cannot control the full gradient, we need to rely on
the artificial diffusion. It follows from m(Tx ) = d27,/d that

” U io — mzHO,LTm < C Z Z TKU U i — uZL,i,K‘

KeTm 0€€nt, K

2 2 k
C TK 0’ m i, L um,i,K|

KeTm O'Ggmt K

S O Z (TK U)| m,z,L U'?]?n,i,K
o‘:K\LEé’int
<C d27,| ub | < Onuk .
> TU umzL m,z,K — m um,z s
UZK\LE&M

where the constant C' > 0 may change from line to line. We take the square, multiply by At,,, sum
overk =1,..., N, and use Lemmal[i1}

Nm

Z Atm”ufn,i,a - ufn,z'“%,lﬂ'm < 07751_&-
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The right-hand side goes to zero as soon as o < 2. Hence, U, —,, » — 0 strongly in L*(0, T'; L*(2)),
which implies (38). We note that, by interpolation, the strong convergence together with the fact
that the sequence (U, — U, o )m is uniformly bounded in L?(Q7) implies that

U, — U, — 0 strongly in LP(Qr) for every p < 2.
We now assert that, as a consequence of (38), the sequence (U, », V"U,,) generates the same

Young measure 4 as (u,,, V"U,,) (after possibly passing to another subsequence). Indeed, since p
is uniquely determined by its action on Cy-functions, to verify the assertion, it suffices to show that

im [ (f (s V") = f (i, V") ) pddt = 0

m— 00 QT

for all f € Co(W) and ¢ € L*(Qr). This follows from and the dominated convergence the-
orem, because functions f € Cy(W) are uniformly continuous. Since t, ; ,(BV™u,,); is weakly
convergent in L' (Q7), we thus infer that

um,i,o(vaam)i(xvt) - /‘/'Vsz(Bp)zd/Lm,t(sap) = <Mm,t7 Sz(Bp)z>

We conclude that

T
F3 —>/ /(ux,t,si(Bp)dedt.
o Ja

Let Y% = 1 (zk,tx) and multiply by Aty%" and sum over K € Ty, k = 1,..., N,,. This
gives " + FJ" + F3" = 0, where

m k—1 k—1
Fi —E E m(K zK_uzK> K

k=1 KeTm

_ZAt Z Z Tou DKUBU) kl,

KG'Tm O'Ggmt K

' = —n i At,, Z Z TUDKJuf@Df(_l.
k=1

KeTm Uegint,K

£

We infer from the Cauchy-Schwarz inequality and Lemma /[ ]that

N 1/2 , N 1/2
| < n;;a(z Atmmmm) (Z Atm|wk—1|%,4mn) <Ol 50
k=1 k=1

as m — oo. We claim that Fjj — Fj" — Ofor j = 1,2.

For the limit of F]f — F]", we use as in the proof of [8, Theorem 5.2] discrete integration by parts in
time:

" =— Z > m(E)uf (U — i) = D m(E ) e

k=1 KeTn KeTm
:—Z Z/ / uf O (g, t)dadt — Z/ ud (g, 0
k=1 KE€Tm KeTm
F;};:—ZZ/ / Kat¢mtdxdt—2/ ud 1p(z,0)d
k=1 KeTnm KeTm
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It follows from the regularity of ) that

|Fly — F"| < CO)llw]l o2 @ 19l o2 @y At — 0 as m — oo,

We deduce from the definition of the discrete gradient that

Npm ~
20 — m(TK ) 1,0 K,o m)i K,o 9
k=17t  o€En 7 Tk,o

2 [y W)

d,

w} s Do (Bl ) Do 0" ' dt.
This gives

N
P = 51 < ) ) w(0)ul,|Dio(Biy,)i|

k=1 0€&nt
ty D k—1 1
X / ( Ko _ Vi - I/K’Ud:I)) dt‘.
th_1 da m(TK,U) Tk o

By the proof of Theorem 5.1 in [8], there exists C' > 0, independent of 7),,,, such that

/tk (I)K,crwk_1 1 /
te—1 dO' m(TKﬂ') Tk

which shows, using the Cauchy-Schwarz inequality, that

Vi - VKde) dt‘ < CAtym,

,o

Nm
|F278 - F2m| < Cnm ZAtm Z ﬁi(a)uf,ADa(Bam)A

k=1 o€Eint

Nm, 1/2
< canAtmy(Bug)i|1,2,Tm( >y ﬁ(a)da(ugay) .

k=1 KeTm Uesint,K
We conclude from the Cauchy-Schwarz inequality, estimate (36), and the uniform bounds (33)-(34)
that

Nm

1/2 ; Nm
B — B < O ( 3 Atm|<3uk>i|%,2,7m) (Z Atmuufuam)
k=1

k=1
<C(Q)Nm — 0 asm — 0.

1/2

We deduce that I']; + I35 — 0 as m — oo. Then, because of F]" + Fj" + F3" = 0,
Fly + Fop = (Fiy — F{") + (Fog — F3*) — Fy* — 0 asm — oo,

which proves that u; satisfies

/OT/glui8t¢dxdt+/glu§n¢(0)dx = /OT/Q<Mx,t7Si(Bp>i>'V¢dxdt.

Hence, in the sense of distributions,

Opu; = div{p, s;(Bp)s), w(0)=ul", i=1,... n. (39)

7 )
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4.3 Entropy inequalities

We verify the entropy inequalities (T0) and (7). The definition of u® and the regularity u'™ € L?((2)
imply the strong convergence u, — v in L*(€)) as m — oo.

Re Shannon: Since (u,, ), is bounded in L?(27), the sequence (hs(tm))m C LY(Qr) is equi-
integrable. After passing to a subsequence, we can therefore assume that (hg(u,,))m is weakly con-
vergent in L' (£27), which implies that for a.e. (z,t) € Qr,

(i, his () = D (um) (2, 1).

The dual mesh allows us to rewrite the Shannon entropy dissipation in (25) as

k e
S BB o, = [ [ 195 ) Padr
ey o 0o Jo
Given 0 < § < 1, let m be large enough such that At,,, < J. Then entails for all ¢ € [0, T that

=3
Hs(un,(t)) +/O /Q (V™ (BY2u,,) 2 dzdr < Hg(ul).

Next, let £ € C([0,T);R>) with £(0) = 1 and & < 0. We multiply the last inequality by the
nonnegative function —¢’(t) and integrate over t € [4, T :

T T t—4
/ / (=€ (1)) (um(£))dalt + / (—&(1)) / V(B8 Pdedrdt < €(5) Hs(u).
) Q ) 0 Q

We take the lim inf,,_, . in the above inequality, where we invoke [42, Theorem 6.11] for the second
term on the left-hand side. This yields

T T t—0
/5 (—€(1)) / (s hs(s))dadt + / (—€(1) / / oy | BY2p2) dedrdt < €(5)Hs(u™).

As ) | 0, we infer

[ e [anstnaae [ o) [ [ o imrpasisas < st

This is true for all £ € C1([0,T); R>) with £(0) = 1 and £’ < 0. We then choose & = &, with (&),
a suitable approximation of the Heaviside-type function 1(y ;,; and let £/ — oo to deduce at time
t =toforae. to € (0,77

Re Rao: Next, we verify and the time monotonicity of Hg(u). Since (u,,) converges strongly to
win L*(Qr), we find that

m— 00

H(u(t)) = % / B2 (1) Pda % Tlim 3 m(E)[BY2, (0P = lim Ha(u,(1).
L Ton

Together with the non-increase of [0, 00) 3 ¢ — Hpg(up(t)) (cf. Theorem [3), this implies that the
mapping t — Hg(u(t)) is nonincreasing. It remains to show (T7). To this end, we let 0 < § < 1 and

DOI 10.20347/WIAS.PREPRINT.3006 Berlin 2023



Finite volume scheme for hyperbolic-parabolic systems 25

take m large enough so that At,, < d. Then it follows from the discrete Rao entropy inequality
that

n t—6
Hp(um(t) + ) /0 /Q Ui (BV ™l )| 2dadr < Hp(u,).
i=1

To estimate below the lim inf,,, ., of the second term on the left-hand side, we recall that 1 is also
the Young measure associated with (%, », V" Uy, ). We therefore infer from [42, Theorem 6.11] for
everyi € {1,...,n}

t—6 t=4
/ /<ux,T,si](Bp)i|2>da:dT < lim inf /um,i,o](BVmﬁmMdedT.
0 Q 0 Q

m— 00

Thus, in the limit . — oo we deduce

nooatg
)+ 3 [ [ (ool Bp)E)dadr < Hnlu),

and sending 0 | 0 we obtain (T7).

4.4 Separation of the s-component

For simplicity, we only prove identity () in the case where f = f(s) € Co(RL). Let g(s1,52) =
f(s1 + s2), defined on the convex set

Q ={(s1,52) € L" x L: 51+ s, € RL}.
Since (,,) converges strongly in L?(£27), the Young measure 1, generated by ( Py, 1 t,,, Pr,, ), has

the form fi,, = 53(%@ @ V1, Where v = (1/5,;7,5) is the Young measure generated by the sequence
(Pru,,) [42, Prop. 6.13]. Hence, by construction of 1 and 1,

B f(s)dMLt(s):/629(81,82)(1’[71’15(31’32):/Qg(a(l’,t),SQ)dﬁI,t(ShSQ)
= / fu(x,t) + s2)dfiz (51, s2).
Q

It follows that (11, f(5)) = (tte,s, f(u(z,t) + 52)) forall f = f(s) € Co(RL) and a.a. (,1).

4.5 Time regularity

The time regularity for the density part u = (i, s) of the barycenter of 4 follows from the continuity
equation (39). To see this, we first note that due to b;; > 0, b;; > 0, and property (9),

<u$,t, ) > < Cjtas, |BY%12) = C|BY (e, )2 = Chalu(a,t))  (40)

=1
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fora.e. (z,t) € 2 x (0,00). Then we use Jensen’s inequality to estimate fori = 1,...,n,
00 3/2
H(u, Si(Bp)i>”%2(0,00;[/4/3(9)) S / </<Mz,t7 fsz(Bp)1!4/3)da:) dt
N 0 Q »
S/ (/<:ux,t7S?>1/3<Mz,t>Si|(Bp)i|2>2/3d-fE> dt
0 Q

() 1/2
< [T Jmastian) [ s Paoar
0 Q Q
1/2 s
< (esssup/(um,s%dx) (/ /<Mx7t,si|(Bp)i|2>dxdt),
0<t<oo (9] 0 Q

where Hdélder’s inequality was applied several times. It therefore follows from that

18still 2 0,00:w14(2)) < 11t $4(BP)i)l 120 00i24/3(2)) < CHR(u™),
where the last step also uses and (40). This finishes the proof of Theorem

Remark 14 (Curved domains). We claim that Theorems|[3|and[4]also hold for curved Lipschitz domains
Q1 C RY The triangulation then contains control volumes with curved segments that are part of
0€). The analysis of this section is still possible, since we consider no-flux boundary conditions and
no boundary values need to be defined. The analysis has to be adapted in two points. First, the
convergence of the scheme is typically proved on polygonal meshes and the error between the curved
cell and the polygonal cell (which is of order (Aw)d“) needs to be taken into account. Second, as
the compactness of the approximate sequence has been established for polygonal domains [26], the
error between the approximate sequence and its extension by zero to the polygonal domain has to be
estimated. In two space dimensions, it is of order Ax; see [40, Prop. 4.14] for details. The drawback of
this approach is that one has to perform numerical integrations over the curved elements, which may
be cumbersome in particular in three space dimensions.

Figure 1: Triangulation of a curved domain.

Here we report on the simple approach of [19]. The idea is to cover €2 by additional control volumes and
to estimate the integral error. To simplify the presentation, let 2 C R? and let T be a sufficiently fine
triangulation of €2 into triangles. To each cell with two vertices on OS2, we add the reflected triangle to
the triangulation such that {2 C U7+ K, where T* consists of all cells K € 7 and the associated
reflected cells K, with nonempty intersection with §2; see Figure [1l Denoting by w, = K, N if
K,.NQ#Pandw. = K\ Qif K, N Q = (), the domain splits into

Q=0,UQ,\Q = ( U K)u(UwT)\(Uwc).

KeT Wy We
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We can perform the numerical analysis on V7 as in Sections (3| and 4. For the convergence of the
scheme, we need to show that the difference of the integrals over €2}, and 2 vanishes when 7, — 0.
The difference consists of two contributions: the integral over €2, and the integral over €)... We illustrate
the convergence for the integral

‘ / um,wvm(Bﬂm)i . de.fl}

S C Z m(wr) Hum,i,a HO,oo,wT HVm(Bam)z HU,oo,wra
Wy

where ) is a smooth test function. By the inverse inequality [13] Section 21.1]

[ollocow, < [Vllosr, < C(AZ) |v]lozk,,

the bound m(w,) < C(Ax)4*! (which is valid under certain regularity conditions on the mesh), and
the Cauchy-Schwarz inequality, we have

1/2
< cm(z ||um7iva|rag,f<,,) (Z ||vm<Bam>i||3,2,K,n)
K, K,

<CAx —0 asn—0,

1/2

/ U io V" (Blpy,); - Vipdo

T

taking into account the uniform bounds from and (26). In a similar way, the integral over {2, tends
tozeroas n — 0. O

5 Stability

In this section, we prove Theorem [7| Let 1 be a dissipative measure-valued solution and let v €
C1(Q7) be a positive solution of (@), (2). We introduce the relative Shannon and Rao entropies by,
respectively,

H @Olo®) = 3 [ (e ) = 0G0 0) = ¥ (0. 0) - (05 = ), 1))

= / Z (<:ux,t7 Si log Si) — U log V; — (Ul — Uz))dl‘ > O,
Q=1

Ha(u(lolt) = 5 [ 1B o)(z )P de >0,

where h(z) = z(logz — 1) + 1 for z > 0. We further define the usual relative Shannon entropy
Hs(ulv) = [, 30 (uilogu; — u;logv; — (u; — v;))da. Furthermore, we set

Hg (ulv) = Hg" (ulv) + Hr(ulv),

rel

H.o(ulv) = Hg(ulv) + Hg(u|v).
We first compute the relative entropy inequalities.

Lemma 15 (Relative entropy inequalities). Suppose that () has a Lipschitz boundary. Let 1 be a
dissipative measure-valued solution, u := {1, s), and letv € C'(Q2) be a positive solution to (@),
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fort € (0,T) (in the weak sense). Then, fora.e.t € (0,7T),
H (u / / s | Bl/2 (p — V)| >dxdr (41)

+/ /<Mz,r,2(vi —5;)Vlogw; - (B(p — Vv)); >d3:dT < Hg(u™v(0)),
Hal / / Z Yo Sil(B(p — V) [2)dadr (42)
+/0 /Q<MI,T,;(SZ-—%)V(BU)Z--(B(p Vo)), >da:dr< Hp(u™[v(0)).

Proof. It follows from ([{2) thatforalli = 1,...,nand ¢ € L*(0,T; W'*(Q))

T T
/ (Opui, P)wa(q)-dt = —/ /(um, si(Bp)i) - Vodadt, (43)
0 o Ja

where (-, -)y1.4(q)« denotes the duality pairing between W4 (€2)* and W' (€2).
Re Shannon: The solution property and positivity of v imply that for every ¢ € C* (ﬁT; R™),

—Z/ 9, log v;) Q/Jde—/sz V(Bv); (w>

= /vi : V(B{p\)dx — Z/QV(BU)Z- - (Vlogv;)ude.

Lett € (0,7T) be arbitrary. An integration over 7 € (0, ¢) and an approximation argument imply that
forall b € L*(Qp; R™) with VB € L*(Qr),

n t t
—Z/ /(@ logvi)mdxdT:/ /Vv : VBydadr
— Jo Ja 0 Jo
nooat
-y / / V(Bv); - (Vlogv;) ¢;dadr.
i=1 /0 JQ

The choice ) = u = (u, s) and the property VBu = B{u, p) = (u, Bp) lead to
noo
—Z/ /(at log v;)u;dzdr =
i=1 70 0
t noot
:/ /Vv : VBudxdr — Z/ /V(Bv)i - (Vlog v;)u;daxdr
0 Ja — Jo Ja

t nooa
= / /(,u:w, BY?vy Bl/2p>da:d7 — Z/ /(umﬁ, s;Vlogv; - V(Bv);)dxdr.
0 Jo — Jo Ja

Next, we use ¢; = 14 logv; as a test function in the weak formulation (3), multiply by —1, and
sumoveri =1,...,n:

n t n t
— Z/o (Opug, log v )wa(y-dr = Z/o /ngm’ si(Bp);) - Vlogv;dzdr.
i=1 i=1
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We add the previous two equations:
td - ' 1/2 1/2
_/O &/S)Z(logvi)uidxdT:/o /QWM,B Vv : B/*p)dadr
i=1
t n
+/ /<,ux7—r,ZSiV10gUi - (B(p — Vv));)dxdr.
0 JQ i=1

Combined with the identity

t t
/ /(MI,T,Bl/QVUZB1/2p>d[£d7'—/ /(ﬂx77,|Bl/2Vv|2>dxdT
0 Jo 0 Jo
t n
-/ <ux,7,2w1ogw-<B<p—w>>i>dxdr:o,
0 Jo P

the Shannon entropy inequality (T0), and mass conservation (d/dt) [, v; dz = 0, this gives @).

Re Rao: Since v;V (Bv); € L*(Qr), we can test the equation for v with the function 19 4 B(v—u) €
L*(0,T; H'()). This yields

t t n
/ / o' B(v — w)dadr = —/ / Z v;V(Bv); - V(B(v — u));dzdr.
0 Ja 0 JQ =
Next, we choose ¢ = 194 (Bv); in equation foruandsumoveri =1,...,n:
t t n
_ / (9ht, By dr — / / S {ptars 5:(Bp)) - (BVv)idadr.
0 0o Joig

Adding to these identities the Rao entropy inequality and rearranging terms gives

Lrd (u—v)TB(u —v)dzdr < — t zn:<ﬂx,7,si|(B(p—Vv))i|2)dxd7'
. (83

- / /ﬂzwm (si — v)(BV); - (B(p — Vo))idadr,

which implies (42), concluding the proof. O

We proceed with the proof of Theorem |7} To this end, we estimate the last integrals on the left-hand
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sides of and (42). We infer from Young’s inequality that

i(w —5;)Vlioguv; - (B(p — Vv)); (44)
=1

ilBl/Q(p Vo) |2—|—C’Z|V10gvz\ (5 — v;)?

=1

%!31/2(1) Vo)l + Cls — v,
zn:(si —v;)V(Bv); - (B(p — Vv)); (45)
=1

331% Vo) |2+CZ|V (Bo)2(si — v)?

=1

1
]B1/2(p V)| 4+ C|s — v]?,

where C' > 0 depends on the L>°(Qr) norms of |V log v;| and V(Bv);. Thus, adding the relative
entropy inequalities (41) and (42), the first terms on the right-hand sides of (44) and (45) can be
absorbed by the left-hand side of such that

SO0+ [ [ (3180 - V0 asar
<0 [ [l = )aatr + Hoolu o).

The coercivity estimate from Lemma[17]in Appendix [A]implies that

/Q(ux,nls— v(a, ) ") de < CH (u(t)|v(t)).

We insert this bound into and invoke Gronwall’s inequality to deduce that

2 O0) + [ [ (a0 = Vo) )aodr < e Huolulo(0) =0,

where the last equality follows from v(0) = u™. Hence, i, ; = Ou(zt) @ Ovi(ay) for ae. (z,t) €
Q x (0, T), which finishes the proof of Theorem|7]

6 Long-time asymptotics

In this section, we prove Theorem|[9] First, we verify that S, C L>(Q2). Indeed, if v € G, the vector
Bu is constant and [, Bvdz = Bm, which implies that Bu = (Bm)/|(|. Since the entries of B
and the components of v are nonnegative, v; < (Bm);/(b;|€2|) foralli = 1,. .., n. This proves the
claim.

The entropy inequalities (T0)-(T1) and the bound |{x, B/?p)|> < {(u, |B'/?*p|?), which follows from
Jensen’s inequality, show that

| IR E gt <o, s ful®)llz < o

<t<oo
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Thus, there exists a sequence (t;) C (0,00) with ¢, — oo such that u(tk) — u* weakly in
L*(Q) and B'?u(t;) — B'?u* strongly in L*(2) as k — oc. Since [, u(t;)dz = m and the
sequence (V(B'?u(ty))) converges to zero in the L?(€2) norm, we find that [, u*dz = m and
V(BY2u*) = 0. This implies that u* € &,,. Moreover, we deduce from the strong convergence that

1
lim Hp(u(ty)|u”) = = lim ||BY?(u(ty) — u*)||72) = 0.
k—oc0 2 k—o0

We assert that t — Hpg(u(t)|u*) is nonincreasing for a.e. ¢ > 0. Indeed, we know from Section
thatt +— Hp(u(t)) is nonincreasing. Furthermore, since [, u(t)dz = [, u*dz and Bu*is a
constant vector, we have [, u(t)" Bu*dz = [, u(s)” Bu*dx for t > s. Hence, for t > s,

Hr(u(t)|u*) = Hg(u(t)) + Hp(u") — /Qu(t)TBu*dx
< Hg(u(s)) + Hg(u*) — /QU(S)TBu*dZL' = Hpr(u(s)|u"),

proving the claim.

We conclude that Hg(u(t)|u*) < Hg(u(ty)|u*) — 0fort > t; — oo. It follows from the positive
definiteness of B'/2 on L that

[a(t) — @2 < CIUBY2(A(t) = @)lz20) < 2Hr(u(t)|u”) — 0

as t — oo. This finishes the proof of Theorem[9]

A Auxiliary results

Let the matrix B = (b;;) € R™ " be symmetric positive semidefinite. Then the square root of
B'/? exists and 2" Bz = |BY?z|? for = € R". Let P, and P, . be the projection matrices onto
L = ker B = ker B/2 # {0} and L* = ran B, respectively.

Lemma 16. Let A > 0 be the smallest positive eigenvalue of B'/%. Then

|Pp.z| < X YBY2z| forz € R™

Proof. Letz € R"and z = : ?Z]* > MA|Z]2. Then the conclusion follows
from BY/2Z = B'/?z — BY2Pz = B'/?z. O

We introduce the relative entropy densities

haule) = 3 (0~ B03) = )05 = ) = 3 (w108 2 = (s = ).

i=1 i=1 ¢

1 1
ha(ulv) = 5 (0 —v)" Blu—v) = S|BY*(u— ), u,v € [0,00)"

where h(z) = z(log z — 1) + 1. We denote by || A|| the norm of A induced by the Euclidean norm
|- |inR™.
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Lemma 17 (Coercivity). Let ag = %mini€{17,.,7n} bii > 0, a1 = ||Bl|2, and let K > 1. Then there
exists a constant ¢, > 0, only depending on aq, a / ap, and M, such that for all u, v € Rg with
0< v <M,

hs(ulv) + hg(u|v) > c.lu —v|?.
Proof. By assumption, we have su’ Bu > 3> | biu? > aolul? for all u € RZ. If (ag/2)|u| >
ai|v| then
hr(ulv) = %UTBU —v"Bu + %UTBU > aolul* — ay|ul|v| + aolv|?
> aolul’ — Flul? + aolol? = Flul? + aolof? = Tl — ol

Next let (ag/2)|u| < a1|v|. We find for f(z) = zlog z that

uglog Tt — (g — i) = flus) = () = f'(wr) (s = )

2

0

= (=) [ (sl =)+ 0) = 1) [0

= (u; — v;) //f w; — v;) + v;)dsdo.

Then we infer from |u; /v;| < 2a1/ay that

1 1
(=1 +1)  M(sQarjag—1) + 1)

" (s(u; —vy) +v;) =

and consequently,

log Ui ( ) > / / dsdf
4i 208 (4 i Vi 2(11/&0 — 1) + ]_

which shows that hg(u|v) >

2 where

- / / dsdo
TN mln o s(2a1/ag—1)+1

Putting these estimates together and observing that hg(ulv) > 0, hg(u|v) > 0, we conclude the
proof with ¢, = min{ag/3, ¢1 }. O
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