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Approximating dynamic phase-field fracture in viscoelastic materials with a
first-order formulation for velocity and stress

Marita Thomas, Sven Tornquist, Christian Wieners

Abstract

We investigate a model for dynamic fracture in viscoelastic materials at small strains. While the sharp crack interface
is approximated with a phase-field method, we consider a viscous evolution with a quadratic dissipation potential for the
phase-field variable. A non-smooth constraint enforces a unidirectional evolution of the phase-field, i.e. material cannot
heal. The viscoelastic equation of motion is transformed into a first order formulation and coupled in a nonlinear way to
the non-smooth evolution law of the phase field. The system is fully discretized in space and time with a discontinuous
Galerkin approach for the first-order formulation. Based on this, existence of discrete solutions is shown and, as the step
size in space and time tends to zero, their convergence to a suitable notion of weak solution of the system is discussed.

1 Introduction

The propagation of dynamic cracks is a complex phenomenon and crucial for the understanding of materials under extreme
loading conditions. Inertia and acceleration terms have to be taken into account in the model description in situations when
fast external loadings are applied to the system or when interacting effects of elastic wave propagation and crack evolution
are too substantial to be neclected. Our work is set in such a context. The material domain is 2 C R%, d € {2,3} and
the deformation and damage of the body will be monitored over a time interval [0, 7] C R. The fracture, which appears
as a spatial discontinuity of complex geometry in the domain, is approximated with a phase-field method: Instead of a
lower-dimensional crack, the damage variable z: [0, 7] x © — [0, 1] is used to characterize the material failure. Here
z(t,z) = 1 stand for the undamaged material state, whereas z(t,x) = 0 refers to the the state of maximal damage in
in the material point € ) at time ¢ € [0, T'|. Additional complexity enters the mathematical description when covering
time-dependent behaviour in viscoelastic materials where the material response does not only depend on actual loading
conditions but also on the history of the deformation.

Existence of solutions in this setting has been shown in e.g. [9} 14} (10, |15} 17] with the momentum balance formulated as
as second-order system. Time discretizations for these systems using finite differences or Newmark methods show a high
numerical dissipation [18] and if the focus lies on the hyperbolic nature of the problem, numerical methods are required
that are capable of accurately capturing the elastic wave propagation.

For this purpose, to prevent that energy is lost by the numerical implementation, the viscoelastic momentum balance is
reformulated as a first-order system and combined with a space discretization using a discontinuous Galerkin approach.
This method has been developed and tested in [18]. Our aim in this work is to provide a convergence analysis for the
algorithm introduced in [18].

In the following we give more details about the setting considered in this paper.

We want to determine the displacement vector u: [0,7] x Q — RY, the velocity v = 0 u, the linearized strain € =
sym(Du) = 2(Du + Du”') and the strain rate & = ;e = sym(Dv) , where & and 9;¢ denote the time derivative of
€, such that formally the elasticity system satisfies

0 =090, v —dive — f in (0,T) x Q

with mass density pg > 0, volume force f and degraded viscoelastic stress response o. With constant material tensors,
C € RExdxdxd the Hookean elasticity tensor, damping tensor D € RZ%4*@*? and the degradation function g € C?(R),
the stress field o: (0,7) x Q — R4*d

is here defined by
o = (C(z)e + D(2)0se) .
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M. Thomas, S. Tornquist, C. Wieners 2

Given initial values ug and &g for displacement and strain where £9 = sym(Duy), the displacement variable u can be
t
reconstructed from the velocity v such that u(t) = ug + / v(s) ds. Then, the second-order momentum balance above

0
can be rewritten as a first-order system using the state variables (v, &, o-) as

000 v —dive =f in@, (1.1a)
oe —sym(Dv) =0 in@, (1.1b)
o— (C(z)e+D(2)0e) =0  inQ, (1.1¢)

where Q := (0, T) x £ denotes the space-time cylinder for a given T > 0 and adomain Q C R, d = 2, 3. System
is complemented by the following boundary and initial conditions on 92 = 9y§2 U 9p§2 with OS2 denoting the Neumann
and Jp{ the Dirichlet boundary:

v =vpon (0,7) x &2, on=gyon (0,7) x O, (1.2a)
v(0) =vg inQ, e(0) =€o inQ. (1.2b)

This configuration depends on initial data vy and &g, volume forces f, and boundary data gy and vp.

We also investigate the case ) = 0 without viscosity, but then the regularity of the solution is reduced. As a measure for
the material degradation in every point of the domain, the phase-field variable z: [0, 7] x 2 — [0, 1] is introduced where
z(t,x) = 0 represents the damaged material and z(t, ) = 1 the totally undamaged state. Self-healing of the material
is not allowed. Thus, a monotonically decreasing evolution of the phase-field variable is enforced using the characteristic
function

(3):=9¢ 220 (1)
_ Z2) = .
X(=o0.0) 0 <0

and the non-smoothness of the characteristic function leads to a subdifferential inclusion describing the propagation of the
phase-field variable:

0 € B0z + OX(—00,0(Dp2) + %C’(z)s re—Ge(1—2z+12A2) in(0,T) x Q. (1.4)

The phase-field evolution depends on a retardation time 3, > 0, a length scale [, > 0 and a scaling factor G, > 0 that
is a material parameter and encodes the energy release rate by crack opening. G. is related to the Griffiths constant for
brittle fracture and the length scale 1/I.. Moreover, the term —(1 — z + [Az) approximates the sharp crack surface in
the sense of [1]. The subdifferential inclusion is complemented by the following boundary and initial conditions

G?Vz-n = 0 on(0,T) x 09, (1.5a)
z(0) = z InQ. (1.5b)

Outline of the paper. We specify the problem setup in Sect.[2]and introduce the mathematical assumptions on the do-
main and given data. In Section [2.2] we introduce a suitable weak formulation in Definition [2.1]and summarize our main
result. Subsequently, in Section [2.3] we give a comparison to previous results, in particular with regard to the weak for-
mulation of the momentum balance as a first-order and as a second-order system. The discretized system is presented
in Sect. |3] Here, a staggered implicit scheme is used for the time discretization and for the spatial approximation a dis-
continuous Galerkin approach is employed. The motivation of this approach originates in the solution theory of first-order
hyperbolic systems.

Starting from this point, a comprehensive convergence analysis is carried out. In Proposition [3.5|we show the existence of
discrete solutions and establish a discrete energy-dissipation estimate: In the elastic part, a linear system of equations has
to be solved. For the phase-field evolution the treatment of a nonlinear system requires more advanced techniques. Here,
a generalized Newton method with a descent approach is employed in Section[3.2]to ensure the energy stability estimate
already on the fully discrete level, cf. [3} [17]. Beginning with Proopsition the limit passage in the discrete evolution
equations is discussed and the energy dissipation estimate for the solutions in the limit is established in Lemma[4.5|based
on the results of Lemma[4.3] Lemma[4.4] Eventually, the existence of weak solutions in the sense of Def. [2.7]is concluded
in Theorem[4.2]
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Dynamic phase-field fracture in a first-order formulation for velocity and stress 3

2 Mathematical assumptions and weak formulation

In this section we derive and formulate a weak version of the momentum balance and differential inclusion (1.4).

2.1 Basic assumptions on the domain and the given data

For this purpose, we agree on the following setup.

Assumptions on the domain: We assume that

Q Cc RY, d e {2,3} is abounded Lipschitz domain with boundary 92 = Q \ Q and

_ (2.1a)
relatively open Dirichlet and Neumann boundaries I'p, I'y C 092 suchthat I'n UT'p = 0€2.

We denote the space-time cylinder by
Q=(0,T)xQ. (2.1b)

Assumptions on the tensors C, D and on the degradation functions: We assume that the symmetric material ten-

sors C, D : z — REX4*4 can be expressed as the products of sufficiently smooth degradation functions gc, gp : 2 —

(9 g*] and constant tensors C, D € REXxxd e,
foralze R: C(z):=gc(z)C and C(z):=gp(z)D. (2.2a)
The constant fourth-order tensors (@, D are further assumed to be symmetric
C,D e Rz Ixdxd (2.20)

and positive (semi-)definite. More precisely, we assume that Cis uniformly positive definite, i.e.,

there is a constant cz > 0 such that for all A € RX4. CA:A> C@|A\2, (2.2c)

sym
and that D is positive semi-definite, only, i.e.,
there is a constant c¢; > 0 such that for all A € RIX4. DA : A > c®|A\2. (2.2d)

sym

Observe that we explicitly allow for the case ¢z = 0, so that viscous dissipation cannot act as a regularization. We will
therefore distinguish in our results the two cases ¢z = 0 and ¢z > 0.

According to (2.23), in dependence of z, the material is degraded by the elastic and the viscous degradation functions g¢
and gp. For the two degradation functions we impose the following assumptions:

Regularity: gc, gp € C*(R), (2.2¢e)
Monotonicity: 9c(2), 9p(2) > Oforall z € R, more precisely,
>0 forzel0,1],
90(2),90(2) ¢ >0 forz € (2,,0) U (1,2%) forgiven z, < 0 <1< z*, (2.2f)
=0 forz € (—o0,z]U[z* 00).
Boundedness from below: there is a constant g, > 0 such that g(z) > gy forallz e R. (2.29)
The monotonicity assumption ensures that increasing material damage decreases the stored elastic energy, i.e., if
0 < z1 < 22 < 1then €(z1,€) > E%(22,€) forany e € RE<I*4*? because g(z1) > g(22) for g € {gc, gn}-

This strict monotonicity is imposed on the physically relevant range z € [0, 1], where z represents the volume fraction of
undamaged material. Together with the monotonicity assumptions on the remaining intervals and the boundedness from
below we may conclude that

there are constants 0 < ¢, < g™ and g** such that 0 < g, < g(z) < ¢*, (2.2h)

so that g(2), g(2) =% € L*°(Q) for any £%-measurable function z : 2 — R.
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Assumptions on the given data: For the given data in the Cauchy problem (T.1)-(1.2) we make the following assump-
tions

volume load: f € L2(Q;RY), (2.3a)
surface load: gn € L2((0,T) x I'n;RY), (2.3b)
surface velocity: vp € L2((0,T) x I'p;RY) (2.3¢c)
initial data: 20 € H' (), vo € L*(;RY) and g9 € L*(Q; REXY) . (2.3d)
2.2 Weak formulation of Cauchy problem (1.1)—(1.2) & (1.4)—(1.5) and main result
Throughout this paper we denote by
(,)a with A€ {Q,Q} (2.4)

the inner product on L2(A), L2(A; R%) or L2(A4; R%4X4) depending on the respective arguments.

sym

Derivation of a weak formulation for Cauchy problem (T-1)-(T.2): Let z be a sufficiently smooth solution of and
let (v, e, o) be a sufficiently smooth solution of system (T-7). To deduce a weak formulation for in the spirit of a
first-order system we test system with sufficiently smooth test functions (w, ®, ¥) and integrate the result over Q)
0= (000v —dive —f, W)Q + (8 — sym(Dv), 'I’)Q + (o0 — C(2)e — D(2)dse, \II)Q
= (goatv, W)Q + (8,55, P — ]D)(z)\II) - (div o, W)
+ (o — C(2)e, 'II)Q - (f,w)Q :

— (Sym(Dv)7 (I))Q (2.5)

Q Q

For this, we have used the symmetry of the tensor ID(z). Next, we integrate in by parts as often as to shift all
appearing derivatives from the solution to the test functions. This gives

0= —(,Qov,atw)Q + (Q()V(T),W(T))Q - (,QQV(O),W(O))Q - (e,c’MI’ - at(]D(z)\Il))Q
+ (e(7), ®(T) — D(2(T7))¥(T)),, — (£(0), 2(0) — D(2(0))¥(0))
+ (o, sym(Dw))Q or)xoa T (v,div <I>)Q — (v, ®n)
+ (o — C(2)e, \I')Q — (f,W)Q .

Q Q

— (on, w) (0,T)x

Inserting the Cauchy data yields

0= —(Qov,atW)Q + (00v(T), w(T)), — (00v(0),w(0)), — (£,0;® — O, (ID)(z)lP))Q
+ (e(7), (T) — D(2(T))®(T)), — (€0, B(0) — D(2(0))¥(0))

Q
+ (o, sym(Dw) ) — (gn,w) (0,T)xTy (on, W)(o,T)xFD 26)
(V div (I)) - (VD7(I)n)(O,T)><FD - (V,'I’Il) (0,T)xTy
(0’ (C ) - (fv W)Q'

With the additional conditions for the smooth test functions (w, ®, ¥)

w(T)=0, ®T)=w(T)=0 inQ, (2.7a)
w=20 on (0,7) x I'p, (2.7b)
Pdn =0 on (0,T) x 'y, (2.7¢)
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equation (2.6) results in the following variational characterization of Cauchy problem (T.1)—(1.2)

0= —(a0v,0w),, = (00v0, w(0)), — (€, 0:® — 8 (D(2)®)),,
~ (20, ®(0) = D(2(0)) ®(0))

Q
+ (o, sym(Dw)) 5 = (88 W) (0 1)1, 2.8)
Jr(v,dlv ) (VD’(I)H)(OT)XF
+ (0 —C(x)e, ¥), — (f,w),

for all sufficiently smooth test functions (w, ®, ¥) satisfying (2.7) .

Function spaces for (1.4) and (2.8): In view of conditions and we define on the time-space cylinder Q) =
(0,T) x € the following function spaces for the smooth test functions:

V:=CYQ; Rd) , (2.9a)
Vorp = {WGV'W( ):0inQ,W:Oon(O7T)><FD}, (2.9b)
= CHQ;REY) (2.90)
Wr:i={®T eW: ¥(T)=0inQ}, (2.9d)
Wrn = {® €Wr: ®n=00n(0,7) x 'y}, (2.9¢)
2:={peCl(Q):p<0aeinQ}. (2.9f)

Short-hand notation for the terms in (1.4) and (2.8): Moreover, we introduce the following short-hand notation for the
Ambrosio-Tortorelli phase-field term appearing in

bo(z,¢) = —G. (1 -z, go)Q + G I? (Vz, V(p)Q , (2.10a)

and for the bilinear forms appearing in

mq((v, ) = (0ov, W), + (e.1)4 (2.10Db)
aQ( ) = (o’, sym(Dw) )Q (v7 div 'I>)Q , (2.10c)
’“Q( ) = (0 — C(2)e, ¥),,, (2.10d)
lo(w, @ ‘I’) = (£, w) o + (e0vo, w(0)), + (€0, 2(0) = D(2)¥(0)),
+ (vo, ®n) ©,7)xTp T (gn, W) (0,T)xTy * (2.10e)
Here, the linear form EQ depends on the given data f, v, €9, Vp, and gy.
With this, a weak formulation of the Cauchy problem (T-1)—(1-2) and (7.4 is introduced as follows.
Definition 2.1 (Weak solutions of system (T.1)-(1-2) & (T.4)-(1-5)). A quadruple (v, e, o, z) with
(v,e,0) € LX(Q;R? x RO x RN and 2 € H'(0,7;L2(Q)) NL?(0, T; H'(Q)) (2.11)
is a weak solution of the Cauchy problem [T.3)—(1.2) & ([T.4)—(1.5) if the following conditions are satisfied:
B weak formulation of the momentum balance
—mgq((v,€), (0w, 0,® — 0, (D(2)®))) + ag((v, o), (W, ®)) 2122

+TQ(Z; (5’0')7\11) - EQ(W7¢’7\I’) =0

for all test functions (w, ®, ¥) € Vpr p X Wp y x Wr,

DOI 10.20347/WIAS.PREPRINT.3002 Berlin 2023
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B one-sided variational inequality for z

1
Br (82, go)Q + 5(@’(2)5 L€, @)Q +bo(z,0) > 0 forallp€eZ, (2.12b)
2(0) = 2z inHY(Q), (2.12c)
B unidirectionality:
foralit; < to € [0,T]itisz(te) < z(t1) a.e. in€. (2.12d)

Subsequently, in Sections [3H4] we will prove the existence of a weak solution in the sense of Def. More precisely, our
main result can be summarized as follows:

Theorem 2.2 (Existence of a weak solution). Let the assumptions on the domain, the material tensors and the
given data be satisfied. Then the following statements hold true:

1. There exists a quadruple (v, e, o, z) of regularity (2.17) which is a weak solution of the Cauchy problem &

in the sense of Definition[2]
2. Apart from (.72B)—{2-12d) a solution z also satisfies z(t) € [0, zo| for allt € [0, T].

For the proof of Thm. [2.2] we will introduce for system a fully discrete approximation in space and time in Section
We will show that the discrete system has a solution, see Propsition[3.5] and that, as the fineness of the discretization
increases, the discrete solutions converge in a weak sense to a weak solution of (2.72), see. Yet, before we immerse
into this task, we provide a comparison of the results in [17], which make use of a second-order weak formulation of the
momentum balance with the weak formulation in the sense of Def.[2.1]

2.3 Comparison of the first-order and a second-order weak formulation of the momentum
balance and the energy-dissipation (in)equality

Comparison of weak formulation of the momentum balance as a first-order and as second-order system: Already
in [17] the existence of a weak solution to the dynamic phase-field fracture model was shown by means of a fully discrete
scheme. Herein, a weak solution was introduced as pair (u, 2) of regularity

u e H'(0, T;HL(Q,RY)), =z € H'(0,T;L*(Q)) NL*(0, T; H(Q)) (2.13)
and characterized by the conditions (2.72b)—(2.72d) for the phase field variable z in addition to a weak formulation of the
momentum balance as a second-order system, i.e., forall ¢ € [0, 7] :

t t
po(u(t),v(t))a — po/ (a(s),v(s))ads + / (C(2)sym(Vu) + D(z)sym(Vu), sym(Vv)), ds
0 0

(2.14)

= o010 + [ (F(5), w6
for all test functions v € L2(0, T; HL (2, RY)) N H(0,T : L*(Q,R?)),
where HA(Q,RY) := {p € H'(Q,R?), = 0onTp}.
Hereby, for the results in [17], the positive definiteness of the viscous tensor ID was assumed, i.e., that ¢z > 0 in (2.2d).

In the following we establish the equivalence of the weak formulation (2.12a) of the first order system and of the weak
formulation (2.74) of the second-order system under the restriction that v(7") = 0 for the test functions in ([2.14).

Proposition 2.3 (Equivalence of the weak formulations (2.72a) and (2.74)). Let the assumptions on the domain,
the material tensors and the given data be satisfied. Further assume that cz > 0 in (2.2d).

1. Let the pair (u, z) be a weak solution in the sense of [2.72b)—2.14). Then the triple
(u, sym(Vu), (C(z)sym(Vu) + D(z)sym(V1r)))

is also weak solution of the weak formulation (2.12a) of the first order system.

DOI 10.20347/WIAS.PREPRINT.3002 Berlin 2023
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2. Let the quadruple (v, e, o, z) be a weak solution in the sense of Def. Then there additionally holds

v e L?(0,T; H(Q,R?)). (2.15)

Assume that the initial data ug € Hj(Q,R?) and ey € L*(Q,R%<Y) satisfy
Epg = sym(Vuo) in L2(Q; RdXd) . (2.16)

Then it can be identified
¢)
u = u +/ v(s)ds in H(0,T; H' (2, R?)), (2.17a)
0

= sym(Vu) in L*(Q,R¥9), (2.17b)
¢ = sym(Vu) =sym(Vv) inL*(Q,R¥), (2.17¢)
(2.17d)

and the triple (v, €, o) can be identified with
(v,e,0) = (a,sym(Vu), (C(z)sym(Vu) + D(z)sym(Vu))) (2.17e)
and satisfies the weak formulation of the second-order system (2.14) for all test functions

v € L*(0,T; Hp(Q,RY)) N H'(0, T; L*(2,RY))

2.18
with the restriction that v(s) = 0 forall s € [t, T}, foranyt € (0,T). (218

Proof. To 1.: For the weak solution u of we observe that the corresponding triple satisfies

(1, sym(Vu), (C(2)sym(Vu) + D(2)sym(Va))) € L*(Q : R? x Rg;ff x R‘Siyxnif) )
which is the regularity (2.71), and we introduce the following notation

v u, (2.19a)
e = sym(Vu), (2.19b)
e = sym(Vv), (2.19¢)
o = C(z)sym(Vu) + D(z)sym(Vu) = C(z)e + D(2)¢, (2.19d)
Vp = u|FD = l:lD =0. (2196)

Accordingly, testing by & € Wry and by ¥ € Wr gives
(€ —sym(Vv),®)g =0 foral ® € Wy and (0 — (C(2)e +D(2)é))g =0 forall ¥ € Wy (2.20)
Furthermore, we sett = 1" in and restrict to test functions
veC*Q,RYNLA0,T; HA(Q,RY)) N HY(0,T : L*(Q,RY))

with the additional property that also
r=0 on(0,T)xTIp.

We use once more (2.19d) in order to introduce o in (2.14) and add equations (2.20) to the result. Repeating the integration
by parts and the arguments from (2.5)—(2.8) gives the weak formulation of the first-order system.

To 2.: Let the quadruple (v, €, 0, 2) be a weak solution in the sense of Def. Thanks to the uniform positive def-
initeness of the tensor D(z), energy estimates indeed result in the additional regularity (2.15), see Lemma below.
Accordingly, we can define the displacement field as in (2.77a) and regularity (2.75) further ensures that sym(Vu) €
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HY(0,T; L*(Q,R%)), cf. &175), as well as the relations v = 11 € L2(0, T; H*(Q,R?)) and sym (V1) = sym(Vv) €
L2(Q;REX), cf. @770). Testing with the triple (0, ®,0) € VN X Wrny X Wy and reversing the integration
by parts in space provides

0= *(6, at(P)Q — (EO, @(0)){2 + (V, le@)Q — (VD, <I>n)(07T)XFD

(2.21)
=—(£,0:®)q — (g0, (0))a — (sym(Vv), ®)q
Using and performing another integration by parts in time on the third term gives
0=—(g,0:®)q — (€0, ®(0))q + (sym(Vu), 0, ®)¢g + (sym(Vug), ®(0))n 2.22)

= —(e —sym(Vu),0,®)g,

where we also have used (2.76). Thanks to the fundamental lemma of the calculus of variations this shows that & —
sym(Vu) = ca.e. in () for a constant ¢ € R. By the compatibility of the initial data (2.76) we conclude that ¢ = 0.

Similarly, we test with the triple (0,0, ¥) € Vrn X Wy X Wr to find
0= (g,0:(D(2)¥))q + (€0, D(2(0))¥(0))a + (0 = C(2)e, ¥)q - (2.:23)
By the density of W, resp. W y in
Wr = {® € H'(0,T; H'(Q,RLD)), ®(T) = 0in Q} , resp.

Wrn = {® € Wp, dn=00n (0,T) x Iy},

we conclude that relations [2:21), 2:22) also hold true in Wy and that relation @:23) also holds true in Wy Assuming
further that W in (2.23) is such that even D(z)¥ € Wy v, we are allowed to make use of (2.27) and (2:22) and conclude
0= (e,0:(D(2)®))q + (€0, D(2(0)) ¥(0)) + (o — C(2)e, ¥)q
= —(sym(Vv),D(2)¥)q + (o — C(2)e, ¥)q (2.24)
= (o — (C(2)sym(Vu) + D(z)sym(Vv)), \II)Q ,
Note that D(z)® € Wy is possible, since z € H'(0,T; H'(Q)).
Now we choose two test functions
U, e Vp:=C%(Q;RY) N L0, T; HE(Q,RY)) n HY(0, T; L2(, RY))
with the additional properties
v(s) = w(s) in{ foralls e [t,T]andanyt € (0,77, (2.25a)
D(z)sym(Vi)n = D(z)sym(Ve)n on (0,7) x I'y. (2.25b)
From this we infer that a triple (w, ®, ¥) given by
wi=@-0)eVrp and &=V :=sym(V(—D)) e Wry (2.26)
provides admissible test functions for (2.72a), such that also (2.27)—(2.24) are valid. Due to this, rewrites as
0=—mqg((v,e), (0w, 0,® — 8, (D(2)®))) + ag((v, o), (W, ®))
+r1q(2;(e,0),®) — lo(w, ®,®)
== (pov(0), w(0))o = (pov, W)@ + (C(2)sym(Vu) + D(z)sym(Va), sym(Vw))q
— (£, w)qQ — (8n W) (0,1)xTy forallw € VppN 02(@; Rd) .
Since V7 is dense in the set of functions w = (& — &) € L2(0,T; HA (2, R?)) n H(0,T; L?(2, R?)) with the
additional property this gives
0 = — (pov(0), W(0))a — (pov,W)g, + (C(2)sym(Vu) + D(=)sym(Va), sym(Vw))g,
— (£, W), — (8w W) 0.0xry
forallw = (& — &) € L?(0,T; Hi(Q,RY) n H' (0, T; L*(Q,R?)) with 2.253) ,

where @Q; := (0,t) x Q. This finishes the proof of statement 2. O
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Dynamic phase-field fracture in a first-order formulation for velocity and stress 9

Discussion of the energy-dissipation (in)equality: Moreover it has to be mentioned that under the assumption of
uniform positive definiteness of D(z), in addition to (2.720)—(2.14) it was possible in [17] to show that a weak solution
(u, z) also satisfies the following energy-dissipation balance for all t € [0, T']

ENn (1(1)) + & (2(t), () + (¢, u(t)) + / 2R (2(r)s a(r) dr + R ((r)) dr

(2.27)

= ékin(u(o)) +c§91(z( ),u(0 )) +Se"t / ateext 7“ u(r )) r.

Above, in (2.27) and in the discussion below we use the following notation for the energy functionals and dissipation
potentials of the system

&z, u) = &%z,e) = /Q %C(z)s cedx, wheree =sym(Vu), (2.28a)
Ehn(ya) = ghin(y) .= @/ |v|? dx, where v =1, (2.28b)
EM(z) = —/ 24+ 12|Vz?) dx (2.28¢)
EX(t,u) = / £(t) - u(t) dx — /F gn(t) - u(t)dx, (2.28d)
e (t,u) = /Q £(t) - u(t)dx + /F gu(t) - u(t)dx, (2.28¢)
EM(t,v) = / f(t) - vdx+ / gn(t) - vdx, (2.28f)
Qt ri ) .

so that /0 £ (1, v) dr = E9(1, u) — E(0, 1) — /0 0,E% (1, u) dr
RVS(z;0) = RVB(2;8) o= /Q %D(z)é :édx, whereé =sym(Vu), (2.28)
RF(2) = |z|2 + X(—o00,0)(£) dx  with X (0] from (2.28h)

Remark 2.4 (Energy-dissipation balance for weak solutions in Def. [2.1). For the viscous system, i.e. cp > 0 in (2:2d),
the proof of the equality in [17] relies on testing the weak second-order momentum balance by the the time-
derivative U of the solution u. This is an admissible test function in the setting of (2.14). However, in Proposition
equivalence of the weak first-order momentum balance a) and the weak second-order momentum balance (2. 14 is
only valid when restricting the test functions v € L*(0, T’ H },(Q, RYYNHY(0,T; L?(2,RY)) in &14) by the additional
property that v(s) = 0 forall s € [t, T for some t € (0,T), cf. (2.18). Hence, in the setting of Proposition 2.uis
no longer a suitable test function for the momentum balance, since u(t) # 0, in general. Therefore, we cannot expect to
establish an energy balance for a weak solution (v, €, o, z) in the sense of Def. , even ifcp > 0 in (2.2d).

As explained in Remark instead of the balance we can only deduce the following upper energy-dissipation
estimate for weak solutions in the sense of Def.[2.1}

Proposition 2.5 (Energy-dissipation inequality for weak solutions in Def. [2.1). Let the assumptions on the
domain, the material tensors and the given data be satisfied and assume that the quadruple (v, e, o, z) of regularity
2:17) is a weak solution of the Cauchy problem & in the sense of Definition[2.1 Assume that D is
uniformly positive definite, i.e., that c, > 0 in (2.2d). Then the energy-dissipation estimate

EXN (v(t)) + € (2(t),e(t)) + EPT(2(t)) + /O 2RV (&) + RPE(D,2) ds

(2.29)

< &M (v(0)) + €9(2(0),€(0)) + EPF(2 / & (s, v(s)) ds

holds true for all t € (0, T].
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3 Discrete system

3.1 Discretization in space and time

In order to find a solution in the sense of Definition[2.7] the system (2.12a)—(2.12d) is fully approximated in space and time.

Approximation in space: The visco-elastic wave equation (2.12a) is approximated with a discontinuous Galerkin (DG)
method, while the phase field evolution law (2.12b) is approximated with lowest order conforming finite elements.

On amesh ), = UKEJCh K with elements K, let

Vi = [ Pe(GRY) and WiEi= J] PelFGRELY (3.1a)
KeXy KeXs
be the discontinuous finite element space of polynomial degree k > 1, and let
Vit C P(Q5,) N C°(Q)  be the lowest order conforming finite elements, (3.1b)
fia i : ) _ —
so that ¢, € V}" is uniquely defined by the values (aph(x))xeNh at the element vertices N;, = UKGKH’ Nk c Q.
Then, we have
min ¢p(x) = min pp(x) and max ¢p(x) = max pp(x), K eXy.
xENgK xcK xENK xcK

We assume that the mesh is shape regular and that diam(K) < hfor K € Kj,.

For the discontinuous functions, we define jump terms on the faces F; = UK Fk, where F are the faces on every
element K. For inner faces f € J, N, let K¢ be the neighboring cell such that f=0Kn OK . On boundary
faces f € F;, N O we set K; = K. Let nk be the outer unit normal vector on 9K. We define the jump [v} ]k =
Vh,K; — Vh,k oninner faces, where vj, i denotes the continuous extension of vi|K to K. In the same way, the jump
for the stress tensor is defined. On Dirichlet boundary faces, we set [v;,]k,f = —2vj, and [0k, pn = 0. On Neumann
boundaries, set [vj| ks = 0 and [oh] i, fn = —2 00,

Following [11}(7,|18], this defines the DG approximation of the forms a¢ and £ appearing in the weak momentum balance
(-12a), ct. also (2.70), which now involve the discontinuous functions (vy,, oy, ), (W, @) € Vi x W# depending on
the phase field zj, € V" with

a‘}ilg(zh; (Vh,oh), (Wh, <I>h)) = (o-msym(th))Qh + (V;“div (I)h)ﬂh

_ % Z Z (DK (onxnx = Zp(2n)Vh i), 0K - (Zp(20) " [ ®n]k, fok — [Wh]K’f)>

KeX, f€Fk f (3.2a)
1 _
—3 > > (nK x (onxnk = Zp(zn) Vi) nx X (Ze(zn) " [ @]k iox — [Wh]K,f))f
KeXy, feFk

and the right-hand side
GE(t 2ns Wiy @) = (£(8), wa)g + (vo(1), ®rm) .+ (gn(t), wa)p,

D n(
— (vo(t), Zp(zn)(n - wp)n + Zs(z)(n x Wh)) (3.2b)
— (gn(t), Ze(zn) (- @pn)n + Zs(z,)n X (<I>hn))F

N

Following the methods of [7], we have introduced here the zj,-dependent impedances

Zp(zn) =V 9(zn)oo(2p+ A) and  Zs(zn) = v 9(zn)oop (3.2c)

of compressional waves and shear waves, respectively, see Remark [3.1] for a discussion. Above, in A > 0and
1 > 0 denote the Lamé constants of the material tensor C from (2.24).
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Remark 3.1. The form of the DG-operators and in particular the impedances are highly motivated by the solution theory
of general Riemann problems for linear first-order hyperbolic conservation laws, see [7, Section 3, p. 22ff] and [11}, Section
3, p. 4ff] for the construction of solutions. The Riemann problem is considered locally across the face f € F}, between
finite element cells K € X}, and solutions of the (local) Riemann problem are used to approximate the flux across the
interface f.

The numerical method can be simplified by using fixed impedances Zp = +/ Q0(2u + \) and Zs = /oo independently
of the degradation. The arguments in the subsequent sections only rely on the monotonicity and the consistency
of the DG approximation.

Proposition 3.2 (Monotonicity and consistency of the DG approximation). Let the assumptions on the domain,
the material tensors, and the given data hold true. Then, for all b > 0 the DG approximation introduced in has the
following properties:

1. Forall z, € Vi the bilinear form aj% (zp,; -, -) = (Vi x Wie) x (V8 x W) — R is monotone, i.e.,

a';llg (Zhy (vha O'h), (vha Gh))

1 _
=1 o> (HZP(Zh) Yog - fonlk.mkllF + || Ze(zn) ok - vilkgllF
KeXy, feFk (33)

+ |1 Zs(zn) 20 X [ornlie e F + || Zs(zn) /2 3)

ng X [Vh,]K,f
>0 forall (v, o) € (Vi x Wie),
2 Forallt € (0,T) and for all z, € V' the bilinear form aj¥(zp;-,-) = (V€ x Wi#) x (V# x W¥) — R

and the linear form é‘;lg (t, Zp;) : (V,;jg X ng) — R are consistent, i.e., they satisfy for all smooth test functions
(VV7 @) S vT,D X WN-'

@y (zn; (Vi on), (W, ®)(1)) = (o, sym(Dw) (1)), + (vi, div®(t)),, (3.4a)
GE(t, 203 (w, ®)(1) = (£(t), W), + (Vo) ®(t)n). + (gn(t), w(t))p, - (3.4b)
Proof. The proof of Prop.[3.2]is carried out in Appendix [A] O

Approximation in time: In the discrete formulation, the condition 9;z < 0 is approximated using a Yosida regularization

é 6
Yiu(2) := ?hMi(z) with M (2) := max{Z%,0} and penalty parameter d, := ﬁo >0, (3.5)
for §g > O fixed. Note that the Yosida regularization is continuously differentiable with
dY}, (u) u ifu>0
/ Y
= = 3.6
Vi) = =4, 0 ifu<o. (36)
In this way we regularize the viscous dissipation potential for the phase field variable by
RY(2) :/ (ﬂ;m? +Yh(z)> dx. (3.7)
9}
Moreover, depending on 23" € V' and €' " and with the notation (:28), we also introduce the functional
_ _ 1 _ _
Gru(zntertz) = AT;;R%(Z” — 2 ez, en ) + €M (2)
IBr n—1\2 1 n—1 1 —1 n—1
= 2n — 2 — Yy, (2p — 2 + =C(z)e} " : g} 3.8
/Q(QAtZ(h h ) +Atz h(h h ) 2 ()h h ( )

+ %((1 — Zh)2 + lC2|Vzh|2)) dx
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In analogy to we define in in §2 the following linear and bilinear forms
ma((v.e),(w,n)) = (00v,w), + (g,m), foralv,weL*(Q;R?) andalle,n € L*(%RI%Y), (3.9a)

ro(z;(e,0),®) = (o — C(2)e, ), forall z € L>°(Q) and o, e, ¥ € L2(Q; RI%%) | (3.9b)

sym

ba(z,0) == —Ge((1 - 2),0), + Gel3 (V2, Vo), forall z, p € H'(Q), (3.9¢)

Time discretization: We assume that the loading is much slower than the wave speed. Thus we start with large time
steps Atqs > O for quasi-static increments. If waves are initiated by crack opening, the time step is decreased to

Atpr € (0, Atgs) suchthat cpAtye = h  with wave speed cp = /(2 + A\)/p) . (3.10)
Staggered time-discrete scheme: Let t) = 0, ] = Atq, and At} = t} — 1. Given the quadruple of initial values

(v9,€9, a9, 29) with (v9, €0, 00) € V& x Wi x W and z)) € Vi with 2 € (0, 1] we proceed as follows in every

timestepn =1,2,3,.. .

(S1) Depending on (5271, z,’fl) from the previous time step, we approximate the phase field z;" € V' by the implicit

Euler method, i.e., by computing a critical point of 92(52_1, z,’j_l; -) by solving the nonlinear equation

ﬂr —1 —1
1
1 _ _ 3.11a
5GP e on)g + balefon) =0 e
for all o5, € V&'
such that
Shen bz hiz) < Shlen . (3.11b)

We introduce in Section[3:2]an iterative solution method for (3.17a) and show that (3:77b) is satisfied when starting
the iteration procedure with 2} '

(S2) Dependingon (vt et ol ) € VX W x Wi and 2} € V" we compute the solution (v}, €7, o) €
V,‘:g X ng X W}‘Zg for time step n by the implicit Euler method, i.e., by solving the linear equation
mo((Vh,en), (Wh, ®n — D(23) ) + Athra(2h; (€h, o7), ©r)
+ atpas (215 (Vi oR), (Wa, @) (3.12)
= mQ((‘fZ_la 62_1)7 (Wha (I’h - ]D)(ZZ)\I’}L)) + Atﬂ(i‘g( 27 2}7;7 (Wha (ﬁh))

for all (wp,, @, ®p,) € Vi x Wi x W;E.

(83) If the relaxed energy is small and 2} = z,’fl, we expect that the next time step will also be quasi-static, and we
set At]T! = Atqs; otherwise, we set AL T = Aty
Then, we set tﬁ“ =ty + AtZH, and we continue with the next time step n := n + 1 proceeding with (S1).

For simplicity of the presentation, we consider in the following only the case of homogeneous boundary data vp = 0 and

gn = 0, and the volume forces are approximated by the L? projection 7! € V,?g in (tzfl7 th) x Q,ie,

_ dg
(fz’wh>(t2’1,tﬁ)><9 = (f’wh)(t;‘fl,t’,;)xﬂ’ wp €V,©, (3.13)
and we use for the subsequent analysis the discrete right-hand side

GE(tr, 2t (wh, B)) = (£7, W), - (3.14)

We also assume that (v, €?) are the L2 projections of the initial values (vo, &)

For later reference we collect the main properties of the functional SZ(EZ_l, z,’f‘l; -) in the following lemma
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Lemma 3.3 (Properties of § h(eZ L2 ). Letthe assumpt/ons [2-3) hold true. Then, for allh > 0, alln € N
and all (e, 2 1) € Wil x Vth the functional Gy (e}~ ', 215+ V —> R is continuous and coercive, i.e., there
are constants cg,, cg, > 0 such that

Shien bz ) > 091||ZhH%[1(Q) —Cg, - (8.15)

Proof. Coercivity: Omitting quadratic terms of lower order wrt. z;, in G and using the positivity of the degradation
function gc in (2.2a) we conclude

n n— n— Br n— 1 n— n—
SHCHIRNCH 1§Zh)=/ (Mtn(z -z +ﬁYh(zh—2h )+ 5Cn)en e
+ %((1 — )+ lcz|Vzh|2)) dx

Z/Q(%((1—zh)2+lf|Vzh|2))dx

Ge (=, 2 2
/§2(2(2—1+ZCV2;1) dx

G. 5 G. G, 5
> Ze,2 Moy e
_/Q(42h 5 + 2lc|Vz;L|)dx

> ¢, [|2nll7m o) — ¢s.

Y

with ¢cg, = ¢g, (G, 1) and cg, = cg, (G, |Q]).

Continuity: The functlonal Gr(zp~t, el ) consists of linear and quadratic terms in zj, and in addition zj, ~ gc (z5)
is by definition in (2:2a) smooth. This ensures the continuity of the mapping z;, — G (2~ ! N Loan). O

3.2 Computation of a critical point in (S1)

We show that the discrete nonlinear problem in (S1) can be solved iteratively such that, additionally, foralln € {1,..., N},
the discrete solutions 2} and z}’f*l at steps n and n — 1 also satisfy the condition

Sn(ehhznhan) < Ghlep ™ T, (3.16)

where (sﬁ ! z{f 1) are the solutions computed in the previous step n — 1. This result is accomplished by constructing

a minimizing sequence for the coercive and continuous functional Gj! in the finite-dimensional space V.

Given the solutions (e}~ ! 2 he Ve x ng from the previous step n — 1, recall from (3.15) that

n(n— n— Br n—
Gr(ert 2t ) ::/Q(Mt;;(zh_zh 1? +ﬁYh(zh—zh D) (3.17)
1 nfl G 2 2
+5CCn)ep " e 4+ S (1= ) + EIVanf?) ) dx

for any z, € V,". With this, one calculates

DSy (er "t zn s zn)lon] =—= (zn — 21 Hon) g + —= (Vi(zh — 20 1), 0n)
1
—|—§((C’(zh) nlien 1,<Ph)Q+bQ(Zha<Ph)

AR AR

forall z5,, o5, € V. Tofind a zero of DS"( n—1 z,?_l; -) a generalized Newton method is used. This is applicable since

dim Vi < coand DGR (e}, 27715 ) s semi—smooth.
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For all zp, ¥n, on € V}ff we define the approximative linearization cq by

ﬁ(ﬁﬁha@h)

co(zn: Un, on) = NG (%7 on) o+ Ge (Y on) o + Gele (Von, Veon)
h

At"

where in the linearization the derivative g/ (=5, is omitted and the subdifferential of Y3," (=5, is replaced by 22 (¢, ¢n) ,
. h
Thus, for all z;, € V< the bilinear form cq (2 -, ) : VT x VT — R is positive definite and continuous.

Foralln € {1 . N} the algorithm to compute z}; is the following:
. Set 2 1= 27t

2. Fork =1,2,3,...compute a direction of descent dZ’k € V}, by solving

CQ( n,k—1, dn k7 (Ph) _ _Dgz(szl*l’ ZZL 1. Z;: k— 1)[90,1} , for all gy, € V;Sf (3.18)
n n—1, nk—=1y __
3. Stopif DG} (e}, Zh szt ) =0.

4. Otherwise, dZ # 0, and we show that there exists a step size o, ; > 0 such that

_ k-1 k - - k—1
Snleh o eyt ankdyt) S Gileh A ). (3.19)

5. Setz)"" = 2" a, 1d". Proceed with step k + 1 using 2..

In order to verify (8:19), we discuss each of the five summands appearing in G (e}~ 1,2,?_1;22’]“71 nykdn’k)

separately, cf. - For the first, the fourth, and the fifth summand we observe

1 e
Sl b e = = Sl (T = )+ a2l
(3.20)
1 1 1
S G i = 2 R - ) el @2
vaZ”’“ 1+an,kaZ’kHé:fHVz"k YIZ A g (Ve VdZ’k)Q—i—%ai,kHVdZ’kHé. (3.22)

For the third term in 3-17), remember that C(z) = gc(z). We make a Taylor expansion of gc € C*(R) around 2, k= 1(3:)
fora.a. x € (. This yields

ge (217 (%) + anadyt (x))

(3.23)
k-1 -1 K sn,k—1 kv 2
= g0 (1 00) 4 el (51 00) A 66) 4 0l (1 (00) (65 ()
~n,k—1 n,k—1 n,k
with an intermediate value such that ] (x) = 27" (x)| < | dyy " ()]
Finally, we verify for the second term in (3.17) that
Vi (577 (0) + iy (%) = 27 ()
1, (3.24)

<Y, ( n,k— 1(X) _ Zg—l(x)) + an,th/(zg’k_l(X) — Z}TLL_l(X))d?k(X) + 5%k (dzyk(x))Q '

For this, we distinguish the following four cases:

1) 27N (%) + anpd P (x) — 2271 (x) > 0and 271 (x) — 2P (%) > 0,
2) 2F (%) + ;gd"’k(x)—zh Y(x) > 0and 2" ! (x) — 20 (x) <0,
3) z "’“ 1(x)+ p kd) (x) 2 Hx) < 0and 27 (x) — 27N (%) > 0,
4) z;j’“(x) an pdy ¥ (x) — 2271 (x) < 0and 27" (x) — 2 (x) < 0.
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n,k—1

mElx) + anykd;ﬁ’k(x) — 277N (x) > 0and 2" (x) — 27 (x) > 0, we have

Incase 1), i.e., if z;,’

n,k— n — 1 n.k— n _ 2
Y}, (Zh’k 1(x) + amkdh’k(x) -z 1()()) = 5(zh’k 1(x) + ozn,kdh’k(x) -z 1(x))

= ST — ) e () - 2 ) ) + sl (A ()

n — n— n — n— mn ]- mn
= Vi (2 () — 22N %)) s Ya! (2 () — 2 Hx)) A () + s a2 g (dR (%))

2

hence (3.24) for case 1).

In case 2), i.e., if 27" 71 (x) 4 v pdF (%) — 2071 (x) > 0and 277 (x) — 227 (x) < 0, we have
max {zZ’k_l(x) + oznyde”k(x) — z;f_l(x), O} < amde’k(x)
and thus

0 < Vi (2" 1) + appdi (%) — 27 (x)) < a2, (dF (%))

n,k— n— n,k— n— mn, 1 mn,
= Vi (200 = 27 00) ¥ (0 - 2 0) () + ol k(7 ()

which is (3:24) for case 2).

In case 3), i.e., if 27" (%) 4 v pd 7 (%) — 207 (x) < 0and 277 (x) — 227 (x) > 0, we have

Vi (277 (x%) + anpd (%) — 277 (%)) =0
and

Vi (2 F 7 (%) — 207 (x)) + anaYn (20T (%) — 2 (%)) AR (x) + %afl’k(dZ’k(x))Q
(7200 = 71 00)° o (5177100 — 2 00) R 00 + 50 (7 00)°

- n EDENY
(Zh’]C 1(X) + anﬁkdh’k(x) — % 1(X)) >0,

DN = N =

which yields (3.24) for case 3).

In case 4), i.e., if 27" (x) 4+ v pd (%) — 207 (x) < 0and 2777 (x) — 2771 (x) < 0 we observe that

Vi "7 () e pdy ™ () =2 (%)) = 0, Yalzp "7 (%) =2 (%)) = 0, and V3! (2 () —2 7 (%)) = 0,

and thus we have (3:24) also in case 4).
Collecting all estimates (3:20)(3:24) for the five contributions of G7 (e ™1, 2715 2 (x) 4+ vy d) " (%) — 21 (x)),

DOI 10.20347/WIAS.PREPRINT.3002 Berlin 2023



M. Thomas, S. Tornquist, C. Wieners 16

we find
1 ne1. _nk—1 k Br k-1 & 1
GRef e ) = o s -
1 k-1 nk
+/ (AtnYh(zerL + oy, — Zl)
Q h
1 ~
+ 29@(22 L an,kd;:’k)(CeZ*l :EZ*1> dx (3.26)

4 e (1= 5+ sl + B[94 + 0V 2)

—_11n2 ﬂr — —
= 2Ath W e IHQJFO‘"”“M;; (& A d o + ”’“2At“” 4"
. } o2
g T ) e (G - ) )
+%/Qg(c(zzk HCel =t ep ! dx—l—%(g&(z;”k_l)@e’g*l :szfl,dZ’k)Q

2
S (g e e ),
v %(;p A [ zan,k((l L L zg(v,zg’kfl,wg’k)g)

ol (5 + 21V E))

2
= SR 2 ) o a DGR A ]+ e ()
2
o ~
+ Z”“ (ge(zr " Cep=t ep~tdp, it (3.27)
2
_cn n—1, n,k—1 an,k n,k—1, m,k mk
_9h( y 2R Y2 )+ 72 — On Lk CQ(Zh d d )
2
an,k 1"y =n,k—1 n—1 m,k m,k
+— (gl ) Cep ™t eyt dpt)
= Gn(er o M ) + Rp(dp ) - (3.28)

In order to deduce (3.19) from this estimate it now has to be shown that a step size ., x can be chosen such that
n,k . ai,k n,k—1, m,k g,k ai,k 1ieznk=1\~_n—1_, n—1mnk mk !
Ry (dy "5 ang) = B ca(z, ™ idy " dy) + 1 (g(C(Zh )Ce, ™ reydy " d, )Q <0.
(3.29)
: " . I N " .
For this, we recall that g¢ is continuous and that g = 0in R\ [0, 2], so that gc is bounded. Thus, there exists a constant
< Chn=Crnle, ,C g epending on h but independent of £ such tha
0 < Chn = Chnlel ™", C, gf) depend h but independent of & such that

1 s ,
5(96(2,?”“ NCep et dpt ) < O ||diy ’“HQ < Chom ca(zp" i drr, dih) (3.30)
2AERC
with Ch n = _ 22 “hin ’
Br

where we also used the positive definiteness of CQ(Z;:’kil; -, -) for the second estimate in (3:30). With this, we estimate
2
n

2

(67

2
& nk—1. mk mky | Omk f miank—1NAS n—1 . n—1 gk gk
—an’k>CQ(Zh sdpt dyt) + (9C Gz )Cep ™ v ep™dy " dyy )Q

Ry (d; an) = ( .
(8.31)

a2 n n mn
((I—FC}”L) 2k ank—)CQ(th 1,dh"k,dh"k).
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We are now able to select

1 . an 1
Op = ——=— and =y, sothat ((1 + Chyn)—"’“ - an,k) =—— <0. (3.32)
1+Chp 2 2(1 + Chm)

Inserting this in (3:37), thanks to the positive definiteness of cq (2} k= 1, -), we conclude (3.29).

Moreover, inserting our choice of v, from (3:32) into 3:28) we deduce with 2" = 2" 4 a,,d}"" that

_ 1 _
92’(8271,2271;22’]6) < Gr(ept 2l zZ’k N cQ(zZ’k 1;d2’k,d2’k). (3.33)
2(1 + Ch,n)
In consequence, the sequence (G}, (e}, L=t 2R, enis (strictly) monotonically decreasing. Since Sp(en™ L=t
h h et h

is also bounded from below (by 0), (9h( h_ zp~ L i 2 ))keN converges to its infimum. Rearranging terms in

and making once more use of the positive definiteness of cQ(zZ’k 1, ,+) we infer that
cld 7 < el d dpt)
< @0+ Cra)) (S A ) = Gien ™ 2 h) (3.34)

—0 ask — o0.

This implies that d"’k —0ask — oo.

By coercivity of G}/ (e}~ !  2n 1..), the sequence (zZ’k)keN is bounded in the finite dimensional space V;'. Thus, there
exists a conver ki imit 22 in V¢
ging subsequence (), ) jen and a limit 2 in V',

Now we show by contradiction, that 2} is a critical point in (S1):

Suppose that z;; is not a critical point. Then DS} (e~ ! zhfl zi)en) # 0 for some cph € V" and as a consequence

of (3.18), also cq(2}'; d}}, vn 0 for some ¢y, € V By continuity of DG} (e} ™", 2}, L. ] and cqa(-; -, @n), since
k Ry, @ h
z;l I 2z}, in the finite dimensional space V<, we also have that

0#DSh(en " 20 2™ )en] = DGRlen ", 2h Y 20 lion] #0

from some index jo € N on. Consequently also cQ(zZ’kj : dZ’kj , dZ"kj) /4 0as j — 00, in contradiction to (3.34).
This concludes the proof. O

Remark 3.4. This result is only required to guarantee that the numerical algorithm in (S1) is well-defined. For the existence
proof of a weak solution only the existence of a critical point of the functional 92() is required, and this holds by coercivity
and is independent from the numerical realization of (S1).

3.3 Existence of discrete solutions
In this section we show that the discrete problems (3-11) and (3:12) defined in the staggered scheme (S1)—(S3) admit a
solution. For shorter notation we set

n—1

Aey =g}, — €} and Azp =20 — 2z} tforn=1,...,N, (3.35)

and define the projection
e LY RS — Wie, (1@, W,), = (B, ®,,), forall® € LY(Q;RI), ¥, e Wi, (3.36)

sym sym

Proposition 3.5 (Existence of discrete solutions). Let the assumptions as well as the setup for the discretization
introduced in Sec.|3.1| hold true. Then the following statements hold true:
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1. Foreveryh > 0,n=1,...,N and N € N fixed there exists a solution z}' € V' of the nonlinear problem B11) in
(S1) and a unique solution (vh, ep, o) € VI x Wi x W, of the linear problem [312) in (S2).

2. Foreveryh >0,n=1,...,N and N € N the discrete stress tensor o}, € Whg is characterized by the identity
1
(a;;, qlh)ﬂ - (H‘}f(@(z;;)eh) + MHd‘o‘(m(z;;)Ae;;), \1:,7,)Q for all @), € W (3.37)

3. In case of homogeneous boundary data vp = 0, gn = 0, the discrete solution is bounded by the discrete energy-
dissipation inequality

in/_.n e n VlS 1
EXN (Vi) + €% (20, ) + €M (2)) + Z (iR Nef) + Atﬁf(ﬂﬁ))
(3.38)
< EMn(v9) 4 (20, €0) + EPF(2) +th £5,vh) g

Proof. To 1.: Existence of a solution 2}’ € V,ff of (3.71a): By Lemmathe functional G (-) is coercive and continu-
ous, thus lower semicontinous and therefore has a minimizer z}* in V;'. The minimizer is a critical point of G} and solves
the nonlinear equation in (S1). On the other hand, a critical point and local minimizer for (S1) can be calculated
iteratively as has been shown in Section

Existence and uniqueness of a solution (v}, e}, o) € V,fg X W,‘:g X ng for (3.12): We show that the discrete
linear system (3.12) has a unique solution. Since (3.12) is finite dimensional and linear, it suffices to prove that the kernel
of the mapping

(Wh, @70, ¥5) = ma (W), ®7), ) + atiay (21 (Wh, ©h), ) + sthra (=1 (B9, €5), )
related to the homogeneous problem is given by {(0,0,0) € V,f:g X W,‘:g X W;jg} It follows immediately that the
dimension of the image is equal to the dimension of the domain, i.e., the existence of a solution is clear.
Thus, assume that (w9, ®9 ¥9) € V,?g X Wﬁg X ng solves the homogeneous problem
mQ((“’?ﬁ (I)(})L)v (Wh’ @), — D(ZITLL)‘I’h)) + At;iazg (Zh7 (W}w ‘I’h) (Wh7 (I)h)) + Athrﬂ (zh7 ( ?w ‘I’?z)7 'Ilh) =0
(3.39)
for all (wy,, @1, ¥),) € V& x W2 x W, We show in the following that necessarily (w9, ®), ¥9) = (0,0, 0).
Choosing (0,0, ¥},) as a test function in (3.39) yields
0= —(®9,D(z5)®s), + Aty (¥) — C(z) @7, ¥s),, (3.40)
= —(IED(z) @), ¥p), + Aty (T — LE(C(27) @), ¥y),  forall ¥y, € WE.
This shows that
) = I (C(=h)®)) + (ath) ' THED(])®5) (3.41)

Next, testing (3-39) with (w?), ¥/ 0) and exploiting the monotonicity of a;ibg as well as (3.47) and assumptions
on the tensor C, results in

(w5, @), (wh, W) + ot (a5 (. @), (wh, )
> mQ«wz, ). (W), ®9)) = oo (Wl wh)g, + (9, ¥0),,
=00 (Wh,wh), + (@5, C(z)®7), + (at) (25, D(2) @),
2 0o HWhHQ + HC ) 2@, HQ = 00 ||Wh||Q +9*C<c||'1’ ||Q

Thanks to pg, g«cz > 0 this implies
wl =0 and ®)=0. (3.42)
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Inserting this into (3.40) yields
T9 =0, (3.43)

so that we can indeed conclude that the solution of the homogeneous problem is (0, 0, 0).

To 2. Characterization (3:37) of the discrete stress tensor o: To determine the form of the discrete stress o}, we
test 3-12) for the unique solution (v}, 7, o'}') with a test function (0, 0, ¥,). This yields for all ¥, € W,

ma((vi,ep), (0, ~D(z)®n)) + atira (2 (e, oh), ¥n) = ma((vi ' ep ™), (0, ~D(z) ¥4)) -
Rearranging terms and exploiting definitions @ gives for all ¥, € ng
0 = Atpra(zps (ehon), ¥y) — () —ep " D(2)¥4)
= At} (o — C(z)er, \Ilh)Q - (AeZ,D(z}f)\Ph)Q
= atp(of — IHC(ER)eR), Un) g — (IGE(D(=1) aeh), ¥a),
From this we infer that

1
ol = TIE(C(2)er) + ﬁH“g(}]])(z,’;)Ae;f) . (3.44)

To 3. Energy-dissipation inequality (3.38): The discrete energy-dissipation estimate (3.38) is deduced in the following
by testing in (S2) with the triple (VZ7 oy, (Atﬁ)_lAsﬂ). This results in the following expression
ma((vi,ep), (Vi ah — D) (aty) " aep) + otira (s (), o), (bth) "L ae})
d
+ atyat (25 (Vi o), (Vi oh)) (3.45)
=ma((viten ), (Vi o = D(zp)(ath) " aeh)) + atiGE(t 21 (Vi o)

and the expressions herein have to be further rearranged using the definitions (2.70) of the quadratic forms and of the
energies and dissipation potentials (2.28).
For this, we insert the characterization (3:44) of o, into (3.45) and find

n _n n d ny.n
mﬂ((vhvsh)a (v, 11 g((c(zh)eh))) + TSZ(Zha (EhsTh)s Aeh)
+ atpayt (215 (i o), (Vi o) (3.46)
n— n— d d
_mQ(( ! 6h 1) (Vﬁﬂhg((c(zﬁ) ))) +Atn£g( h»zh’(vhvah))
Herein, we further observe with the aid of (2.10) and (2:28) that
n _n n d, ny.n n .n n d, nyn
maq ((Vh’ Eh)a (vh7 th(c(zh)gh))) = 00 (Vh’ Vh)Q =+ (Eh’ th(c(zh)sh))g
=00 (Vi, i) + (€5, C(zh)en) (3.47)
=2 Eki“(vZ) +2 851(2,71’, en),
and similarly, that

ma (vl en ), (Vi IRE(C(2)eR)) = a0 (Vi h Vi) + (61 L ClaReR)

A (3.48)
< NN (vR) + E9(aR, ) + E (Vi) + (R e ),

where we have used Young’s inequality. Furthermore, again in view of and (2:28), we find for rq in that
ra (a1 (ef o), bef) = (oF — Cap)er aeh) = (o — IEC()eR), aeh) g

1 d n n n 1 n n n
= (Atzﬂhg(D(Zh)Agh)a A€h>9 = (@D(Zh)ﬂ%v A€h)9 (3.49)

2 is
= R (ne).
Aty
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Here we have also exploited the definition of the projection operator IT;E.

Inserting (3.47)—(3.49) into (3.46) and rearranging terms results in the estimate

: 2 )
ENNVR) + €% (2R eR) + 5 RV (aeq) + atpay (215 (Vi o), (Vi o)
ALT (3.50)
< ENVET) H ENR ) + AGE(1 2R (Vi o)) -
In view of (3:2) and the properties of the DG-approximation stated in Prop. [3:2|we further have that

ety 2 (Vi o) = (Fr, vide (3.51a)

and

ayf (2 (Vit o), (Vi o)) > 0 (3.51b)
by the monotonicity (3.3) of the DG-operator.
With the aid of the findings (3:57) relation can be further estimated by

. 2 fa i —_ e n— e 7
EN(VR) + (e o) + o RY(acf) < @) = (V) £ (ef e ) + (R VDo (352)
h

In order to complete the energy-dissipation estimate it remains to deduce from the discrete phase-field equation
(8.17) in (S1) an estimate corresponding to (3.52). For this, we exploit that a discrete solution z}; € V,ff in particular
satisfies (3.11b), i.e., we assume

Sn(en ™ an e S Ghlenha .

as we have verified in Section Thanks to this property we obtain

1 n € n n— n n n— n— n
Atnjz%f(Azh) +¢& I(Zh’eh 1) + 8pf(zh) = 9h(€h 17Zh 1; 2y
h

and rearranging terms gives

1

N RE(A2) 4 EP(2) < &9(2pten™h) — &(ap, en ) + &M (2T (3.53)
h

Putting (3.53) together with (3.52) ultimately yields

. 2 e 1
ENN(vi) + E(2) ef) + € () + R (M) + o Ry (827)
XA At]

h (3.54)
< EN(VET) €N ) € () + At (R vE) g -
Summing (3:54) over n results in telescopic terms and thus proves the assertion. O

3.4 Discrete version of the weak formulation (2.12)

Let {t) =0<t, <...<tf'<tn<... < t;bv’l = T} with Nj, € N be a discretization of the time interval [0, T].
Foralln € {0,1,..., Ny} we now define piecewise constant interpolants in time

(2hs Vis €ny 1) € L2(0, T VT x VI x Wit x W) by

(3.55a)
(Zh; Vi, En, Uh)(t) = (Z;;Lv VZ, €Zﬂ UZ) forallt € (tz_lv tm ;
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piecewise constant interpolants evaluating in a previous time step

(éha¥h7§h7gh) € LQ(OaT; Vi:f X V};jg X Wf‘:g x W;zig) by

o n—1 n—1 _n—1 n—1 n—1 ,n (355b)
(2hs Vi €, 0 (t) = (2, vy e oy ) foralit € (8,7, t3],
and the piecewise linear interpolants by
(4n,&n) € L2(0,T; V" x W) by
(8.55c¢)

(Zn, €n)(t) (Azp, nel) forallt € (L1 t0).

T Aty
These interpolants in time can be used both for the solutions and for the test functions of the discrete scheme (3.11)—(3.12)
and also for the given data. Based on this we conclude the following result:

Proposition 3.6 (Properties of the interpolants of the discrete solutions). Let the assumptions of Prop. be satisfied.
Keep h > 0 and N;, € N fixed. Let (21, Vi, en, o) € L*(0,T; fof X V;:g X W;jg X ng) be the interpolants of the
discrete solutions obtained by (3.11)—3.12) of the staggered time-discrete scheme. Then the following statements hold
true:

1. The quadruple (21, Vi, €n, o) € L2(0,T; VT x V;g X W,‘fg X ng) satisfies
e the discrete phase field evolution
. ) 1
(ﬂrzha (Ph)Q + (}/;L/(Zh)a SDh)Q + 5 ((C/(zh)gh L€, QDh)Q + bQ(Zh, Sah) =0 (3.56a)
Nh

for all ()" C V', on(s) = @f fors € (71,17,
e the discrete weak momentum balance

T
mQ((Vh,én), (Wh, ®n — D(21)®4)) 4 rq(2n; (€, on), ¥h) +/0 5% (zn; (Vh, o), (Wi, @) dt

Np,
d
= Z GE(ty, 215 (wi, @7))
n=1
(3.56b)
for all (w, ®7, OM)Nr VI W W (wy, @1, ) (s) = (Wi, 7, 0T ifs € (177117,
2. The discrete stress tensor o}, € L*(0,T; W;:g) is characterized by the identity
(on. qlh)Q = (TE(C(n)en) + TED(z1)en), \I'h)Q for all ()N, © Wi, Wy (s) = ¥} o

ifs € (ty 1t
3. In case of homogeneous boundary data vp = 0, gy = 0, the discrete solution is bounded by the discrete energy-
dissipation inequality for allt € (0, T

£ (1) + Eent), e0(0) + £ (1) + [ (2070) + Rl ds
) 0 (3.58)
< &N (VD) + E9(20, €9) + €7 (=) +/0 (£r,vh)g-

4. The quadruple (24, Vi, €n, oh) € L2(0,T; V£ x Vi x Wi x Wie) with oy, = 1132 (C(21)en) + 5 (D(21)én)
satisfies the following uniform a priori bounds

0 1 G.
O va  + gucelenl? + S (1 -l + 2 |93
. e s J, .
tgacsllenl? + 2l + 2 masegn, 03 (359

max{T

kin /0 el; 0 _0 pf/ 0 71}2 2
< max{T, 1} (£(v}) + (=0, &f) + €(20) ) + o IElle:

. . o . d d d d
hence the sequence (zp,, Vi, €n, Zh, C€n )1 is uniformly bounded in L2(0,T; Vet x ViEX W EX W, E X VE X W, E).
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Proof. Statements 1.-3. are direct translations of Prop. 1.-3., when using the definition of the interpolants in
time of the solutions obtained at every time step by the staggered scheme @11)-(3.12).

For statement 4., we observe for the total energy
1 G
S lvalle + 31 2enlly + S (It = 2ally + 2 [ Va1
N
= 3 atg (0 (vi) + e ) + €7 )
n=1
and for the dissipation
. . J :
1) e+ 2 a2, + 22l mae 2, 03]

P d .
|[D(zn) 1/2€h|| nelgmyxa T EHZhH?t;j—l,t;;)xQ - EhH max{p, O}||?t;j—1,t;;)xn>

/\

Sl 5 n
L (Iptepy 2aehlf, + 2 st + 2 man(as, 0}

N
2
"y
2
]; 1
Z AthRm en) +Mﬂz*,;f(mg))

N
Using (B:13), we get Z Atp(Eh, Vi) = Z (f, vh)(t;:fl’tg)XQ = (f, vh)Q.
n=1

n=1

Together, the estimate for the energy (n = 1, ..., N) and for the dissipation (n = NN) yields the assertion by
0 2 1 2 G, 2 2
2 llvally + 3 1CGn)2enlly, + 5 (11 = 2ullf + 2112115
)
DG el + Sl + 2 max{zh,c)}ng

mn € vis n 1 n
W(ENM (V) + EN (2 ER) + EM(2)) + Z (Ath:R (ne}) + Atkﬂ%ﬁf(m”)

uMz

< max{ Z Aty } (Skm n)+ E%(z),ep) + €M (zp) + (vah)Q)

2
SmMHU}@mw%+8%£¢%+EW£0+EE%554M@+€HWNZ~
0
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4 Limit passage in the discrete systems (3.56) and existence of weak solu-
tions for system (2.12)

We consider a shape-regular family (Qh)he}c of meshes with 0 € I, e.g., obtained by uniform refinement of a coarse
mesh. For simplicity, we consider uniform time steps

Aty = Atp, =T/Np,  with N, € N suchthat cusAtp, = h (4.1a)
with respect to a reference wave speed c,s > 0. We set

1
n—1/2 _ 2(tn l—l—t ) (4.1b)

ty =nat, and
. . . 1, . ~ .
By Prop.the discrete solutions (zn, Vi, €, 2h, D(21) 2 &R ) neac with D(21) = gp(zp,)D are uniformly bounded so
that we obtain the compactness result stated below in Prop. We point out that subsequently we write ¢z €, in order to
indicate that we also include the case that ID(z3,) is not positive definite, so that c; = 0 and then

]D)(Zh)é'h = C]ﬁ)éh =0= ]D)(Z)EZ = C]f))é’ (4-2)

see below. While convergence statements (4.5a)—(4.5¢€) follow from standard compactness arguments, convergence
result is a consequence of (a discrete version of) the Aubin-Lions Lemma, cf. e.g. [16, Lem. 7.7], which guarantees
that the embedding

H'(0,T;L%(Q)) NL*(0,T;H'(Q)) — L*(Q)

is compact. This yields strong convergence of the discrete phase field approximations, which, in turn facilitates the
convergence and identifaction of the stress tensor. Let us also point out that states the unidirectionality of the
phase-field evolution in a weaker way as the (2.12d). The improved result (2.12d) is obtained in Theorem

Proposition 4.1. Let the assumptions of Prop. . 3.5 be satisfied. For all h € and N}, € N let (zy, Vh, Ep,Oh) €
L2(0,T; Vi x Vi x W' x W) be the interpolants of the discrete solutions obtained by @11)—3.12) of the stag-
gered time-discrete scheme with o, = (T3 (C (2, )ep, + T2 (D(2,)én ). Assume that the discrete initial data converge

strongly, i.e., that
(20, v9) = (20,v0) in HY(Q) x L*(Q;R?) (4.3)

Then there exists a (not relabelled) subsequence (zh, Vi, Eh, Uh)hej—fo with Hg C H and0 € WO and a weak limit

(2,v,e,0) € L2(0, T H'(Q)) x L*(Q;RY) x LX(QRGLT) x L2(Q; RGy?) (4.4)

sym sym

such that the following convergence statements hold true:

Zn — z in L (O T H ) (4.52)
Vi, =V in L2(Q;R%), (4.5b)
en — € in L2(Q; R&XY) | (4.5¢0)
i — 3 in L2(Q;R%), (4.5d)
CRER — CpE in L2(Q; R&%Y) (4.5€)
Zn — 2 strongly in L2(Q;RY) , (4.5f)
o — o =C(2)e+D(2)é in L*Q; Rfly;d) . (4.59)

Moreover, the following statements hold true:

1. For the limit z the weak derivative O;z exists, so that 0;z = % from (&.5d), and
z€ H'(0,T;L%(Q)) with 2(0) =29 and Oiz=2:<0aeinQ, (4.6)

i.e., the initial datum is attained and a weaker version of the unidirectionality (2.12d) of the phase-field evolution is
ensured.
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2. Assume in addition that D is positive definite, i.e. ¢ > 0 in (2.2d) and that the initial datum is well prepared, i.e.

e) —eo in L*(Q;RXD) (4.7)

sym
also the weak derivatives 0y and sym(Dv) exist, and

e(0)=¢e9 and O =& =sym(Dv). (4.8)

Proof. To convergence statements (4.5a)-{@5e): By (3.59) in Prop.[3.6] the discrete solutions (z, Vi, €n, Zh, Cn)nesc
are uniformly bounded by

2 2 2 . 2 .12 . 2
Ivaly + llenlly + (1 = zallfy + 1920 ]%) + 11 enllyy + 1215, + on | masc{za, 037, <

with a constant C' > 0 independent of h € H but depending on the initial data vo, zg €, the load f, the lower
bound ¢g(zr) > g« > 0, and the material parameters. Thus, by compactness, there exist subsequences (zp,)her, C
L2 (0, T, Hl(Q)) and (v, €n, 21, \/%éh)hej{o that converge weakly in L2 to a limit (2, v, €, 2, Cj €), which proves
convergence statements (4.5a)—(4.5€).

To statement 1.: Since §;, — oo for h — 0, we obtain for the limit

| max{;},()}HQ < hleigcl0 I max{,éh,()}HQ < hleirﬂlflo % =0 andthus 2 <0ae.inQ.

Now we show that the weak time-derivative of the limit z exists and that it can be identified with 2. Thus, checking the
definition of the weak derivative for smooth test functions ¢ € C*(Q) with ¢(T") = 0 gives

Np,
(Zh78t¢)Q = (Zf?’at(b)(t;"*l,tg)xﬂ
n=1
Np,
= (a0t —olth ™) g
n=1
Np,
= (21, 0(0) g + > (s~ =20t ),
n=1
Np,
= (=0, 0(0) = > (a2, 6ty ),
n=1
Np,
= _(22’¢(0))Q - (n, (¢ 1))(tﬁfl,t2)x9'
n=1

By the well-preparedness of the initial datum and the fact that [|¢(t} ') — é(t)|lq — 0ast) ™' — ¢ by the
smoothness of ¢, we conclude

(20:6(0) + (2,000) o = Tim (=0, 0(0)) g + (20, 10) )

€3o
Ny,
p— 1 ; _1
== Jlim > (n 6 1 o
7;\]:1 (4.9)
h
Tl > (én:9) (th =) %9

n=

:—(z7¢)Q.
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Testing with ¢ € CL(Q) shows that the weak derivative in time of z exists and identifies 9;z = 2. This implies that
z € H (0, T;12 (Q)) By the regularity of Bochner spaces we thus also have z € CO([O, T); L2 (Q)) Hence, testing
with ¢(0) # 0 and ¢(T") = 0 shows that the initial datum z(0) = 2 is attained. This finishes the proof of statement
1.

To statement 2.: If, in addition, Dis positive definite, i.e., c5 > 0in (2:2d), also the subsequence (&p,)ne ¢, itself weakly
converges in L? to a limit &, and, thanks to the well-preparedness of the initial datum, one can show with the same
arguments as above that the weak derivative in time of € exists, that the inital datum is attained, and that one can identify

atE:é.

It remains to verify for the limit velocity that sym(Vv) exists and that one can identify sym(Vv) = &.
To do so, we select a smooth test functions & € C1(Q; RLX), and let @ € Wy N HE(Q; RE%?) be an approximation

of ® that is piecewise constant in the time intervals (¢;' ", ¢7) with lim (H@Z - ‘I>H + H div(®p — <I>)H ) =0
h—0 Q Q
Then, testing in (S2) with (0, ®7, 0) yields
ma((Vh,€p), (0, 1)) + athay (=1 (vi, 0}), (0, ®7)) = ma(vi ' ep "), (0,85))
and further using the definitions and of the discrete bilinear forms results in
1

—(ne}, @), + (vh, div @)

Aty 973

Z Z ((HK (onxng — Zp(21) VK ) Dk - (ZP(Zh)il[(I)h]K,an)f

KeXp fGS:K

+ (nK X (oh,knK — Zp(2h)Vh,K ), DK X (ZP(Z}z)l['I’h]K,an)f> .

Since the approximations ®} € Wi N H(Q; R ) satisty [®7]x,; = 0, we obtain

sym

(8 @) o+ (vodive®), = lim (&0 ®0) g+ (vadives) )

Np,
= lim > ((ach, ®3)g + st (va, div ®}),, ) (4.10)

h€to n=1
= O 5
so that, in case of positive viscosity, the weak symmetric gradient in space exists for v and can be identified with & =

sym(Dv). This finishes the proof of statement 2..

To convergence statement (4.5f): The proof of this convergence result is based on the Aubin-Lions Lemma, cf. e.g. [16]
Lem. 7.7]. Yet, since zj, is discontinuous in time, the Aubin-Lions Lemma cannot be applied directly. Thus we define

t
n(t) = 2° —|—/ Zn(s)ds € Vi fort € [0,77,
0

so that 2, € H(0,T; ViT) and 9y 2, = Zp; from 20 = —L- (20 — 2] ") we get 2, (t]) = 2}l forn = 0,..., Nj,, and
h

using uniform time step sizes At} = Atj, we obtain

N ( Ny,
o=zl = 3 [ e =t e Z' G g — o
h hllQ = n—1 “h zh Q ” 1 Zh Zh Q
n=1"th Ath
Np, 2
N (At;) (ath)?
=3 5 %k -l = Z =216 = 5=zl (4.11)
n=1 n=1
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Since (21, ) heac, converges weakly to z in L?(Q) by and since (£4)negc, is uniformly bounded in L%(Q) by (3.59),
also (25)neac, converges weakly to z in L2(Q). Then, we obtain

0= lim (Vz — Vzy, (p)

heHo Q
- _ hleiyff}]%0 (z — 21, div go)Q
= — hleir:%clo (z — Zp, div (p)Q
= lim (V2= Va,9), foranyye Ci(Q).

This implies that (V25 )nesc, — Vzin L?(Q). Alltogether, this gives
Z, =z inL?(0,T;HY(Q)).
Since also 2, — 9;z = Zin L2(Q) by and statement 1., we conclude that
Z, =2z inH'(0,7;L*()) andin L*(0,T;H'(Q)).

Since, by the Aubin-Lions Lemma the embedding of H' (0, 75 L?(Q2)) N L2(0, T; H'(Q)) to L*(Q) is compact, we
obtain strong convergence of (25 )heg¢, in LQ(Q). By (4.11) this also holds true for the sequence of piecewise constant
interpolants (zy ), which finishes the proof of statement (@.5).

To convergence statement (4.5g): The strong L?-convergence of the interpolants (z5,), obtained in also implies
strong convergence of (g7 (2r)),cq¢, i L?(Q) for J € {C, D}. In addition, we have g (z1) € L™(Q) for all h € Ho.

Together with the weak convergence of (e, €x)neac, in L2(Q; REX4 REXD) this yields for all ¥ € L2(Q; REX?)

sym 7 —sym sym

lim (o, = lim At” 0' negn
heﬂfo( h Ef}foz )

n d n d nyan dg\yn

- hlelr:%clo Z Aty (T (C(2p )ey) + I (D(2p )ép), I, )Q
Nh

= lim At”(C(zh)Eh +D(Zh) n dg‘Iln)

heXHo
n=

= lim > Aty (Clzp)er, ER™), + oty (D(z;)ér, TEE™)

= hlelr?rcl0 Z Aty g@(zh)(Csh, Hdg\I’") + Aty (gD(zZ)fDéZ, H?f'l’")n

Np,

= 1 At (C ewn At (De g
Jim > (Cep, ge(21) ) + oty (Déy, gp (21T )Q

= lirﬁ (Csh,g@(zh)ﬂig\I’)Q + (]]j)émgm(zh)ﬂig\II)Q

—

*

- ((CE g(C( )‘II)Q + (DatE,gD(Z)\II)Q
= (QC(Z)(CE, ‘IJ)Q + (QD(Z)DatE, \I’)Q

tn
At" tno1
arguments are used: We have that both ¢gs(z,) — ¢s(2) and H‘;Lg\Il — W strongly in L?(Q) as h — 0. This implies
convergence in measure. Additionally we also have that |gJ(zh)Hig\Il| < g*|H‘;Lg\I'| pointwise a.e. in () by the growth
properties of gy, cf. (€.2h). Thus, gJ(zh)H‘;f\Il — g7(2)W strongly in L2(Q : ngxrff by the dominated convergence
theorem. O

with ¥" = W(t) dt, so that (o', ) nec, converges weakly in L2(Q; REXd). In (x), weak/strong convergence

Sym
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Convergence results enable us to pass to the limit . — 0 in the discrete version of the weak formulation
when using suitable approximations of admissible test functions. This this way we establish now that the weak limit of the
discrete solutions obtained in Lem. |[4.1]is a weak solution of the elastodynamic phase field model in the sense of Def.

Theorem 4.2 (Existence of weak solutions in the sense of Def. [27). Let the assumptions of Proposition[4.1] be satisfied.
The weak limit

(2,v,e,0) € H'(0,T;L*(Q)) N L*(0, T; H'(Q)) x L*(Q; RY) x L*(Q; R&x™) x L*(Q; RELY)

sym sym
approximated by the sequence (zp, Vh, €p, a'h)he 5, Of discrete solutions constructed by the staggered time-discrete
scheme (3.11a)—(3.12) is a solution of the weak formulation (2.12).

Proof. Proof of the attainment of the initial value 2 (2.12c): This property has already been verified in (4.6).

Proof of the unidirectionality property (2.72d): So far, we have only verified the weaker unidirectionality property stated
in (@.6). For the pointwise-in-time unidirectionality property we refer to [17, 5.2.1 Unidirectionality (10b), p. 33]. The
proof of this pointwise condition relies on the uniform bound in which does not depend on the retardation 3., and
the additional convergence property (4.26f), which we establish in Lemma [4.4] below.

Proof of the one-sided variational inequality (2-126): We show that the weak limit (2,&) € H*(0,7;L%*(2)) N
L2(0,T; H*(Q)) x L?(Q;REX?) of the sequence of interpolants (24, €n)nesc, solves @:12b) by passing to the limit
h — 0in (3.56a).

For this, we introduce suitable approximations ¢y, € H(0, T’; V,ff) of the admissible test functions ¢ € Z, cf. (2.9). This
is done by nodal interpolation in space such that

On(tn,x) = @(tn,x) forx € Np,andn =0,..., Ny, (4.12a)

and by linear interpolation in time

on(t) ((tn — )n(tat) + (t— tn,l)cph(tn)) . te(tai,tn), n=1,...,Ny. (4.12b)

oG
Since p < 0 a.e.in @ by definition of Z and since we use lowest order finite elements, we also ensure that

on <0 inQ. (4.13)
By construction, since ¢ is smooth, we also have the following strong convergence results for the interpolants

on — @ inL20,T;HY(Q)) and ¢n — ¢ inL¥(Q). (4.14)
Using these interpolants we rewrite (3.56a) as follows

1
(Ben, @h)Q + (Y4'(2n), %)Q +bq (2, Pn) = 5(@’(zh)§h tEps —<Ph)Q (4.15)

and next we discuss the limit passage for each of the terms separately.

For the first term in we observe by the weak L?-convergence of (25)1 and the strong convergence [@.14) of
the interpolants

(Beznson) g = (Bezs0) g - (4.16)

For the second term in {#.15) we use that ¢, < 0in (), whereas Yh/(éh) > 0 a.e.in Q. This allows for the estimate

(Ya'(2n),n) g < 0. (4.17)

For the third term in (#.15) we argue by the weak L?(0, T’; H*(2))-convergence and the strong convergence of
the interpolants (4.14) to conclude that
bQ(zn,pn) = bq (2, ¢) - (4.18)
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For the fourth term in we observe that the integrand has nonnegative sign, i.e. —goh(C'(zh)eh ep > 0ae.
in @, thanks to the growth properties of the material tensor and the fact that ¢, < 0 a.e. in Q. Due to this, the
integrand is also convex in g,,. Therefore we would like to pass to the limit in the fourth term of with the aid of a lower
semicontinuity result [6, Thm. 3.23]. For this we define the map f : R x ]ngfnd =R, f(y,&) = y@ﬁ : €. We observe
that f(-, -) is a Carathéodory function and convex in the second variable £. With this we define the functional

3: L2(Q)NL>(Q) x L*(;RIXY) — R,

Igc(2)p,€) = /Qf(—gé:(Z)w,E) dxdt = (gz(2)Ce s &, —p) , = (C'(2)e s &, —0) 4 -

The strong convergence of (2n)nesc, in L2(Q), hence also of (gf(zr))nesc,, and the strong convergence [@.14)
of (¢n)hes, in L=(Q) by construction implies the strong convergence of (g{c(zh)gph)h@{g in L2(Q). Then, weak
LQ(Q)-convergence in the variable € enables us to invoke [6, Thm. 3.23] and to conclude lower semicontinuity of the
functional J.

However, observe that the fourth term in involves the left-continuous piecewise constant interpolants (g}, )r, for
which we have not yet established the required LQ(Q)-convergence. This convergence result has only been established
for the right-continuous piecewise constant interpolants (ey,), in @5c). Therefore we show below in that we may
replace ,, by £}, upon creating an error term ERR(h) = |J(g¢(2n)¢n, €1,) — d(9¢(21)@n, €n)| that tends to zero as
h — 0. Accordingly, we can pass to the limit in the fourth term in (4.15)

1
§(C'(Zh)§h D Eps _<Ph)Q = J(g9c(zn)en,€,) = d(9c(zn)en, €n) + ERR(R), and hence

(4.19)
1
liminf = (C'(21)e,, : €, — = liminf c(z € ERR(h)) > (C'(2)e : e, —
m i 2( (2n)€n €y —%1) o m i (3(gc(zn)n.€n) + () = (C'(2)e 1 e,—0),
by the above established lower semicontinuity and the convergence of the error term (4.23).
Now, (4.15) together with (4.16)—(4.19) ultimately results in
1 .
5((:/(2)5 re,—9)o < (B2, ga)Q +bg(z, ) forallp € Z, (4.20)
which is (2.12b).
To conclude the proof of (2.72b) it remains to discuss the error term ERR(h) introduced in (-19).
For this, we insert ¢} = @h(tZ_lﬂ) and observe that
ST GRIER s €8s —h) g = (C/Gnlen s € =01) -1 g1
since @y, is linear and zj, and €, are constant in time in every interval (t}fl, tﬁ), so that we have
Ny,
(C'(zn)en : €ns—n) g = D AR (C'(z)eq : €fty —oh) o - (4.21)
n=1
Moreover, we have
Np,
(C(zn)en : en—pn)g = 3 A (C/ ()R et —f) o - (4.22)
n=1

The error term ERR(h) = |3(gc(2n)¢n, €) — (gc(2n)n, €n)| is thus given by the difference of and (£.22).
To further express it we observe that
Np
(C'(zn)en : €n, _SDh>Q - Z At (C(z)er ™ e =) g,
n=1

NG (C’(z}]yh)shNh’ e, —gth")Q
Np—1
= 0ty (C'(2h)ef s eh, =0k ) + D Atz((@f(zg+1)€z cen, —on ) — (C'GR)ep < e, —(pZ)Q) .

n=1
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Rearranging terms gives

ERR(h) :‘ ((C,(Zh)gh S Eh, _Qoh)Q - Z Atz (CI(ZZ)EZ_l : 62_17 _SOZ)Q‘

‘AtNh (C'( DEACE EhN"7—<Pfth) + oty (C'(zp)e) < €, — ‘Ph)

Np—1
+ Z sty (€GN e —ep™) g = (CGRER e —0h) g )|

Since  is smooth, we obtain for the interpolation  lim (p ™ — @) = 0in L°(Q), and since z € H(0,T;2) and
€Ho

thus continuous in time, and ¢’ is continuous and bounded, we also observe th}ICI (g (z}f“) - J(z), zp)Q = 0 for
€Ho

ally € L2(). Moreover, (Ce}, e}
proves that

q is uniformly bounded, so that the terms on the right-hand side tend to zero. This

Np,
ERR(h) := ‘((C’(zh)sh En, —goh)Q - Z At (C(zp)ept rep ™, *QDZ)Q‘ —0 ash—oco. (4.23)

n=1

This concludes the proof of (2.12b).

Proof of the weak momentum balance (Z.12a): For (w,®, W) € Vyp x Wy x Wy let (W}, @7, ¥}) € (V¥ x
Wi x W) N CO(Q;RY x Réxd x Rdx{i) be the nodal interpolant in space of (w, ®, ¥)(¢}) defined by

sym
(Wi, @3, O (ty,x) = (W, ®, W) (t1,x) forx € Npandn =0,...,Np,
and let (wy,, ®5,, ¥;) € HY(0,T; V,fg X W,fig X W,fig) be the linear interpolation in time, cf. (#.12b), so that we have

strong convergence of (W, ®5, ¥p,)peac, to (w, @, ).

n—1

Weset (w1, &)1 WY = (wy, @, Uy) (¢ 1/2) and observe O, w, (t) = AW} for AW} = Wi —w)

andt € (tp—1,t,), n=1,..., Nj.Using w), Ni — 0, we obtain

Af"

Ny, N, N
_(Qovhv 8twh)Q = - Z (Q()VZ, AWZ)Q = - Z (QOVZa WZ)Q + Z (QOV;LLv Wz_l)Q
n=1 n=1 n=1
Nh

= (e0vh, w}) JFZ 00AVE, Wy 1)9

Ny
and for A®} = &7 — @7~ ! analogously, i.e., — (e, 8t‘I*h)Q = (5, ®%), + Z (aer, @771,

n=1

Since for (W;:_l7 @Z‘l) all jump terms and boundary terms vanish, we obtain consistency for the DG bilinear form
a(,'lg(zﬁ; (Vi o), (wi—h ®p ) = (o’}l",sym(Dwzfl))Q + (vi,div @Zﬁl)ﬂ .

Thus we obtain in (S2), since we assume homogenous boundary conditions vp = 0 and gy = 0,

mo ((Avy, Aep), (Wi ', @3 = D(zp) TR )

= ot (65t 2 (Wi @) = e (4155 (v o), (Wi @)

—ra(zp; (eh, o), )~ 1))
= Atﬁ(( hy W 1) — (o}, sym(Dwj~ )) — (v}, div @271)9
)

n n—1
— (a‘h — C(zp ey, ¥y Q)
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Together with

ma((avy, se}), (0,D(=1) ¥ 71)) = (8ef, D(z) ;1) = oty (D(=7)é, ¥ 71,

this yields
(QOvh7atWh)Q + (Eh7 th’h)Q + (QOV27W2>Q + (827 q’O)Q
Np,
= — Z ( QOAV}” 71 1) + (AE’Z?(PZ_l)Q)
Nh
== ma((avy, aep), (Wit @ h)
n=1
Nh
= Z Aty ((O'Z, sym(DwZﬁl))Q + (VZ, div @271)9
n=1
+ (05— Clep)eh = Dl Ui, — (Ewi ) ).
Using strong convergence of the test functions and of (g(zh))heﬂfo we find in the limit
Qo (V78tW)Q + (Ea até)Q + 00 (VO’W(O))Q + (607 )
= hlégflo ((QOVh; 8twh)Q + (Eh,@t@h) ( Ovha 2)9 + (527 (PO)Q)
Np,
- hleigflo n—1 B, ((Gh’ sym(Dwj™ 1))52 + (v, div ‘I’Z’l)n
+ (of — Clef)ef — D(ER, w3 — (£, Wi 0) )
= hleir&rclo ((o-h, sym(DWh))Q + (vh,div @h)Q
+ (on — C(zn)en — D(zp)én, ‘I’h)Q - (meh)Q)
= (o, sym(DW))Q + (v, div <I’)Q + (o — C(2)e — D(2)¢, \II)Q — (£, W)Q .
This shows that the weak limit solves (2.123). |

Improved convergence results and energy-dissipation estimate for the weak solutions

In the remaining part of the section we will discuss the energy-dissipation estimate and show how to obtain this
estimate by investigating the limit passage in the discrete energy estimate in (3.38).
We remark that for sufficiently regular solutions the energy-dissipation balance |17} Def. 1.3]

EN(v(t)) + E(2(t), e(t)) + EM(2(t)) — (¢, u(t)) +/ (RV=(&(s)) + R¥(2(s))) ds
= EM(v) + €%(20,&0) — €(0,u(0 / E™(s,u(s))ds

with

éext(s’u( )) = (at ( ) ( ))de+ (8th(S)’u(S))6NQ
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can be established [17, Thm. 5.1]. An integration by parts yields

EXN (v (t)) + E(2(1),e(t)) + EP(2(1)) + /0 (R7B(&(s)) + R (2(s))) ds
= &M (v) + E%(20, €0) —|—/0 E¥'(s,v(s))ds

and this is the relaxed form we are considering here with less regularity.

To pass to the limit in the discrete energy inequality (3.38), in particular pointwise in time convergences for the state
variables are needed to estimate the first three energies £, €°! and EPF on the left-hand side.
This demands having uniform bounds also pointwise in time at hand.

Lemma 4.3. Let the assumptions of Proposition be satisfied. For the discrete solutions (zp, Vi, €, cﬁ)é)h obtained by
the staggered time-discrete scheme (3.11a)—(3.12) the additional estimates hold true with a constant C' > 0 independent
ofh > 0:

IvallBo,rL2re)) < C, (4.24a)
thHB(O,T;L?(Q,ngX,;j)) <, (4.24b)
||éh||L2(O,T;L2(Q ngfl‘j)) S 07 (4240)

Heh||BV(O7T;L2(Q,ngXrg)) <C, (4.24d)
thHB(O,T;Hl(Sl)) <C, (4.24e)

. C
120l (0,72 () < ViR (4.24f)
llznllBV (0,151 (2)) < C, (4.24g)

Proof. The discrete energy dissipation estimate (3.38) gives

: 1
e (i) = 5 [ miviPdx<C+ > adh(ehvh),

=C+ (f,Vh)Q
C+lflalvalie
C

with C' = C(vo, &9, z) and since by Lemmavh is uniformly bounded in L2(Q). This shows (#24a) and in a similar
way the bounds in (4.24b)-(4.24€). Notice, that for (4.24d), the bound on €}, in Lemma is used to find

Np, Np, n—l T
k k 1 .
> ik e ||LrZAth|\ st = [ 18 ar s

= ||éh|\L1(o,T;L2) < VT|énlzorz) < C.

The uniform bounds on the z-dissipation gives (4.24%) where the bound still depends on ;.. To find bounds not depending
on the parameter 3,, we concentrate on the Yosida part of the dissipation and proceed ||ke in [1 7, proof of (48h), p. 26/27].

In this way, from Lemma|3.5|one can derive an uniform bound on the total (pointwise) = 2f |l (o)
of zj, such that together with (4.24¢) it follows (4.24g).
O

We discuss now the limit passage in the discrete energy dissipation estimate of Lemma3.5]which are based on the results
hereafter.
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Lemma 4.4. Let the assumptions of Lemmal4.3 be satisfied. The following convergence statements are valid.

vy — v weakly in L? (O T;1%(Q Rd)) (4.26a)
vi(t) = v(t) weakly inL*(Q,R?) foralit € [0,T], (4.26b)
en — € weaklyinL?(0, T; L*(RYD)) (4.260)
en(t) — e(t) weakly inL*(Q Rffn‘f)) forallt € [0,T], (4.26d)
2n(t) = z(t) weakly in H'(Q) forallt € [0,T], (4.26e)
2n(t) — 2(t) strongly in L2(2) forallt € [0, T), (4.26f)
zp, — z  strongly inL, (O7 T, L2(Q)) forallp € [1,00), (4.269)
zp — = weakly- inL>°(0, T H'(Q)), (4.26h)

Proof. As a consequence of (4.24g), a variant of Helly’s Theorem in eg. [12, Theorem 2.1.24, p. 74]

can be used to see that and by compactness are true. Thus, in case of a vanishing mobility parameter 3, —
0, the damage variable z has a time derivative in the sense of measures with values in L' (2),i.e. z € BV (0, T'; L*()),
although the pointwise convergences are with respect to Hl(Q) respectively LQ(Q) in a strong sense. The bound in
is here crucial.

(@-26a) follows from the uniform bound in (4.24a). Applying dominated convergence in conjunction with and using
the bound it follows and in addition that the limit is equal to (4.26h). The weak-* convergence is here clear
by [@.24¢).

Eventually, is a consequence of (4.24b), while (4-26d) follows from by a version of Helly’s Theorem [13]
Theorem 6.1]. At first, we find

en(t) — &(t) weaklyin L2(Q,R¥X%)) forall t € [0, 7] (4.27)

sym

and it has to be shown that € = . For this, a discrete compactness result in [8, Theorem 1, p. 2] is used:
Since L2(Q, R4X4) cc H™1(92, REX4) compactly, it is with (.240) and (.24d)

Sym sym

||Eh||L2 (O,T;Hfl(Q,ngX,ﬁ)) + ||€hHLoo (0,T;L2( ngx[:)) 2C
Thus,

e, — & strongly in L, (0, T; H ' (Q, REXT)) forall g € [1, 00) (4.28)

Sym

and & € CO([0,T]; H~1(Q, RZX4)). This implies with (4.26¢) and (#.27) by uniquenes of strong/weak limits that & =

sym

e=¢&inL?(0, T; H1(Q,RL%Y)) since [@28) implies

sym

en(t) — e(t) strongly in H1(Q,R%*9) for aimost all t € [0, 7.

sym

If we now choose € as representative for this class, (4.26d) can be concluded.

It remains to show the pointwise convergence v, (t) — v(t) weakly in L2(£2,R%) to pass to the limit in the discrete
energy estimate (3.38). To find uniform bounds, see Lemmal[4.6] below.

Now, having a bound on v, in L2(0, T; H},(Q, R%)*) uniformly for all b > 0, a first consequence is the uniform bound-
edness of the total variation of vy, implying with and Helly’s selection principle [12, Theorem B.5.10] that we find
a subsequence such that

vi(t) = V() weakly-* in H}, (Q, RY)* for every ¢ € [0, T (4.29)
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and
v € BV(0,T;Hp (0, T; RY)¥) (4.30)
Furthermore, with it is
[Vrllrzo.rms @.ray) + [[VhallLe L2 @ray) < C
and by [8, Theorem 1, p. 2], passing to a subsequence, it can be concluded that
vy =V (4.31)

strongly in every L, (0, T; H' (Q, R%)*) where v € C°([0, T]; H}, (Q, R%)*).

Since implies v, — v weakly in L2(0, 7; H=1(Q, R%) we find v = v in L2(0, T; H~1 (€2, R?)) and by
vi(t) = v(t) in H71(Q,R?) fora.a. t € [0, T]. With (@.29), this implies

v=v=vinL'(0,T;HL(Q,R")*). (4.32)

Now, for arbitrary ¢ € [0, T'], every subsequence of (v}, (t))y, is uniformly bounded in L2 (2, R?) by and thus ad-
mits a subsequence weakly converging in L2(€2, R%) to some v; € L2(Q2, R). By itisv, = v(¢)in H,(Q,RP)*,
i.e. [[vi — V(¢)|lg-1 = 0 and the convergence is true for the whole sequence (and everyt ¢ € [0, T')).

This can be seen as follows: Assume that the statement for ¢ € [0, 7] is not true for the whole sequence. Then there
is a subsequence such that vj2(t) — v weakly in L2(£2,R?). Again we conclude that v, = V(t) identified in
H~1(,R?) and thus ||[vie — v¢||z-1 = 0. We want to show that this is also true with respect to the L.2-Norm. For
that, let w € L%(Q,R%) and (wy), € HL(Q,R?) sit. |[w, — w2 — 0as h — 0. Then, (v — V2, W)2 =
limy, o (V¢ — Vi, Wp )12 = 0 which shows that the identity v; = vy is also true in L2(£2, R?) and we conclude that
for the whole sequence and every t € [0,T] itis

vi(t) = v; weakly in L2(©, RY). (4.33)

Since by (@.26a) we already know that for a.a. ¢ € [0, 7] we can identify v(t) with a function in L2(2, R?), it follows like
above that v; = v(t) in L2(Q, R?). Thus, we find for almost all ¢ € [0, T] the convergence v, () — v(t) weakly in L2.
Since the limit function v in (4.263) is defined almost everywhere only, we make a choice for the remaining ¢ € [0, T':

v(t) = vy
and can state the L2-convergence in (#.26b) since by (#.33) the whole sequence converges for every t € [0,T].

It follows that for the first three energies on the left-hand side of the discrete energy estimate (3.38) an estimate from below

can be performed using (4.26b), (4.26€) for first and third, and (4.26f), (4.26d) in conjunction with [5, Thm. 3.4 Dacorogna,
p. 74] for the middle term. The dissipation potentials on the left-hand side can be estimated by convergences €, — &,

zp — %, lower semi-continuity and non-negativity of the Yosida-part. Eventually, for the remaining parts on the right-hand

side the strong convergences of the L2-projected initial v%, z?L, 52 are exploited for the first three terms while for the last

a weak/strong argument is used. O

Finally, we present the energy-dissipation estimate (2.29) in the following Lemma.

Lemma 4.5. Let the assumptions of Proposition be satisfied. Then the limit quadruple satisfies the energy-
dissipation estimate

ENM(v(t)) + E(=(t), e(t)) + EP(2(t)) +/ (RV5(&(s)) + R (2(s))) ds
. 0 (4.34)
< E4(vo) + €920, £0) + /O £(s, v(s)) ds

forallt € [0,T).
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A crucial step in the preceding proofs, especially in the proof of (4.26b) in Lemma[4.4]needed the following bound:

Lemma 4.6. Let v} € V,® be discrete solution of (52) obtained in Lemma Define Vi(t) = 2= (vl = Vi) for
h

te (tZ_l, t}). The sequence (V1,)nea¢ is uniformly bounded in L2(0, T; H5 (Q, RY)%).
Proof. Following the argumentation in [17} proof of (76e) on p. 32], we want to show that v;, defines an element of the
space L2(0, T; HE (22, R9)*) for every h € H and that (V4)nesc C L2(0,T; HL (€2, R?)*) is uniformly bounded.
For this purpose, we assume that for w € V = C(Q,R%) an approximation W, € L2(0,T;V,'¢) C L*(Q,R%) by
H!-stable L2-projection in space exists such that

(\Afh,ﬁ/'h)Q = (Vp, W) forall vy, € LQ(O,T; V:g> C Lz(QJRd)
and the gradient of the projection can be estimated from above by the original function, i.e.

VW ()lle < ekl VW(t)lla, (4.35)

see e.g. in |2, 4] where conforming and shape regular triangulations and continuous piecewise polynomial conforming
elements guarantee these properties. In particular, continuous elements are contained in the spaces V}?g by definition in
Section[3

Atestin (S2) with (W,(t),0,0), ¢ € (¢}, ¢}), yields:
(\'/'h(t), Wh(t))ﬂ = — (G‘Z, E(Wh(t))ﬂ + (fh(t), Wh(t))ﬂ
since the DG-terms vanish by estimate and if [|[Wp|L2(0,7;m1) < 1, we find

(VmVVh)Q = —(Uh,E(Wh)>Q + (f,Wh)Q
< llorlolle(Wr)lle + flellWalle < C

by Lemma We conclude for w € V = CH(Q, R?) with || W |12 (0,751 < 1 that

(Vh,W)Q = (\"h,Wh)Q + (Vh,w —VVh)Q

<C+0

(4.36)

since w and L2-projection W have the same action on elements of V2. Taking the supremum over all w € C1(Q, R)
with || W||r2 0, 7,11 ) < 1 shows that

Va2 HL(Q.RA)F) — sup vy, w) . <C.
L2(0,T;HL (2,R4)*) weC (O (Vh, )Q

|\W\|L2(07T;H%))S1
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The results in Appendix [A| are taken from [7], and Appendix [B| provides a constructive proof of the Aubin-Lions Lemma
which illustrates the connection to space-time finite elements.

Appendix A Consistency and stability of the DG approximation

For (vi, o), (wp, ¥),) € Vh(/jg X W:g depending on the phase field z;, we have

0 (23 (Vi, on), (Wh, @)

- (o';“sym(th))Q + (vp, div \Ilh)Qh

h

- % Z Z ((nK : (O'h,KnK — ZP(Zh)Vh,K),IlK : (Zp(zh)il[\l/h]K,an — [WIL]K,f))

KeXy feTk !

+ (HK X (oh,xknK — Zp(2n)VhK ), DK X (ZP(Zh)_l[‘I’h]K,an — [Wh]KLf))f)

= —(div ah,wh)Qh’ — (sym(Dvy,), ‘I’h)Qh’ + Z Z ((O'h,KnK7Wh,K)f + (Vi ‘I’h,KHK)f)
KeXy, feTk

1

I ((ah,KnK, wili.s) ; + (Vire, [2n]x.mxc)
KeXy feFk

— (nk -onknk, Zp(zp) 'ng - [‘I’h]K,fIlK)f — (Zp(zn)nk - Vi DK - [W}L]K,f)f

- (HK X Uh,Knszs(Zh)ian x [‘I’h}K,an)f
— (Zs(zn)nk X Vi i, nE X [Wh]va)f>
and, using on inner faces

1 1
(Uh,KIlK,Wh,K)f + (Uh,Kanf,Wh,Kf)f + i(o'h,KnKa [Wh]K,f)f + i(ah,Kanfv [Wh]Kf,f)f

= (U}L,KnKawh,K)f - (U}L,Kfnnwh,xf)f

1 1 1 1
+ i(ah,KnK;WKf,h)f - i(o'h,KnKawK,h)f - §(Uh,Kan7wK,h)f + i(Uh,Kanawa,h)f
1 1
= _5([Uh]K,an7WK,h)f - 5([0h]Kf,anf7WKf,h)f

— (ng - opknK, DK - [‘I’h]K,an)f — (g, - onK,NK, DK, - [‘I’h,]Kf,anf)f

= —(ng - op k0K, DR - [‘I’h}K,fﬂK)f + (ng - ohK, MK, N - [‘I’h}K,fﬂK)f

(nx - [onlx . ni - [hlx k)

—(nk - [on]k g, 0k - ‘I’K,hnK)f — (ng; - [oh]k, 0K, 0K, - ‘I’Kf,hIlK,-)f
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and correspondingly for the other terms and the boundary faces, so that

a2 (z; (Vi o), (Wi, ©))

—(div o, Wh)Q - (sym(Dvh), \I'h)Q}

T3 Z > ( KM, Whi) p + ([Valk.s, ®nxni)

Keﬂ(h feFk
+ (Zp(zn) 'ng - [on)k, K, DK - ‘I’h,KnK)f + (Zp(zn)nk - [Vilk,f 0K 'Wh7K)f

+ (ZP(Z}L)ian X [oh] K, MK, N X ‘II}L,KnK>f
+ (Ze(zn)ng X [Vilk g0k X Wh,K)f>

- ( div oy, Wh)Q — (sym(Dvy), 'I'h)szh

-5 Z > (( (lonlk.pnx + Zp(zn)[Vhli.f) 0k - (Ze(zn) " ¥h xnk + wh,K))f

KGTKh fEFK

+ (DK x ([onx, i + Zs(zn)[Vilk,p) nx % (Zs(zn) "' Wh kg +Wh,K))f> :

Together, we get

ayt (zn; (Y, o), (Vhy on))

= %a;g(zh; (Vh, O'h), (Vh, O'h)) + %a“;f(zh; (Vh, O'h)7 (Vh, O'h))
E—— Z Z (( (onxni — Zo(2n)Vh i )0 - (Zp(zn) Hon] g — [Vh]K’f))f
KEUCh fETK ’
(nK X (onxng — Zp(zn)Vhix ) 0k X (Zp(2n) ' onk, Kk — [Vh]K,f))f
( ([on)x,pnk + Zp(2)[Vilk,f) 0k - (Zp(2n) " o k0K + Vh,K))f
( ([onlk,nx + Zs(zn)[Valk,r) 0k % (Zs(zn) ' on xni + Vh,K))f)

n Z > ( (Ze(zn) "0 - lon] k. mr,nk - [on]x mi) , + (ZP(Z}L)HK[Vh]K,fanK-[Vh]K,f)f
KEKh feFK
+ (Zs(z2n) "'k X [on]k i, 0k X [o4] K mK),

+ (Zs(zh)nK X [Vh]K,leK X [Vh]K,f)f> :
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For smooth test functions (w, ®) € C'(Q; R? x R%X?) we obtain

sym

a(}ilg (Zh; (Vh, Uh)a (Wv ‘I’))

- (ah,sym(DW))Qh + (vh,div \Il)Qh

_ % > 2 ((nK (onxnk = Zo(zn)vh i), - (Ze(an) 7 [Pk, ke [W}K’f))f

KeXy feFk
+ (nK X (on,xknK — Zp(2n) VK ), DK X (ZP(zh)il[‘I’]Kﬁan - [W]K,f))f>

= (ah,sym(Dw))Qh + (vp, div \Il)Qh
+ (nK copng — Zp(zp)k - Vi, DK ~W)FD + (nK X opng — Zs(zp)ng X Vi, D X W)FD
+ (nK Vi — Zp(zn) 'ng - opng, ng - \Ian)FN
+ (nK X vy, — Zs(zn) 'ng x opng, ng x \Ian)FN
= (a‘h,sym(Dw))Qh + (vp, div \Il)Qh
+ (O'hnK — Zp(zp)(ng - vp)ng — Zs(zp)ng x Vh,w)FD

+ (Vh — Zp(Zh)il(nK . O'hl’lK)IlK — ZS(Z}L)ian X opNg, \I’IIK)FN

and thus a (zn; (v, 00), (W, ®)) = (o, sym(Dw))Qh + (v, div 'I’)Qh for test functions with w = 0 on I'p and
Yng =0onTy.

Appendix B Approximation properties of space-time finite volumes

We define the projections

1 ty,
L, 1Q) — LX), (L)) = o [ wltxde, e (6).
rJtp!
I, xc: L) — R, M, e = % (My)x)dx,  xcK,
K
,: L2(Q) — L*(Q), (Iup)(t,x) =1L, k¢, KcX,,

so that IT;, is the L2 projection to space-time finite volume aproximations in Po(Q7,).

Lemma B.1. Forp € H'(0,7;L2(Q2)) NL?(0,7; H'(Q)) we have

T max,, At} h
le =Telly </ =" ello + Zlvele-
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Proof. For ¢ € C(Q) define o, = I1,,0 and @, = I, . Then, we obtain for ¢ € (tzfl, th)andx € K

o130~ 000 = g [ (p18:3) — (5. 30)ds

n

Ain (/tl (%0(75 x) — (s, ))ds — /th (go(s x) — (¢, x))ds)
(/nl/a-rSOTXdeS—/ /OT@Txdes)

Qn (/,J s as — [ - )3s<p(8aX)dS>

Pn(X) — pnx = ‘K|/ Pn(x) — on(y)) dy

th
¢ dsdydt
Ath/ \KI// y) - Vo(t,y + s(x —y)) dsdydt,

so that

le = eull, = Z//fn ( t x)—«pn(x))st)thdx

= Z/ / ( </tt — 705 p(s,x)ds — /tt;; (ty — s)asso(s,x)ds>>2 dtdx

Np,

, t th th 2
<> [ / [t [ -o2as) [ (0up(sx0)ds | drax
— Ja (8t5)* Jin— ¢t t th

Np,

2 1 th ! n— n T
= HatSOHQ; 306602 /t:1 <[Zl(t — 3 4 (tp — t)3> dt < g(n—IlnaXN Ath> H(’)tgaHQ,

.....

2

||§0n SDhHQ Z Z / (Atn/"lul(| K(X—Y)/O V@(t,ers(x—y))dsdydt) dx

n=1KeXy s

, i
SE Z / (Ath nl/‘x yl dydt/ // IVo(t,y +s(x—y )’ dsdydt) X

Np, hd+2 ty ) h ,
< 2 3AtZ|K\ / /K/K/O ’V@(t,y—l-s(x—y))’ deXdydt§§’|v¢HQ~

This yields the assertion by ||<,0 - (PhHQ < HSO - <Pn||Q + ||<pn - SDhHQ- O
Corollary B.2. The embedding E: H* (07 T, LQ(Q)) NL2 (0, T, Hl(Q)) — L%(Q), E¢ = ¢ is compact.
Proof. By Lem. we obtain

B¢ = el g = llo = enllg < lo = enllg + len —enllg

max,, Aty

h
< BB Bl yg ol 4+ Vel —0, heX,
L8 5,0 + L 9l
so that E can be approximated by a sequence of mappings IT;, : H' (0,77 L?(Q2)) NL?(0,7; H' (Q2)) — L*(Q) with
finite dimensional range, which shows compactness of the embedding F . O
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