1. INTRODUCTION

The multifractal analysis, i.e., the analysis of invariant sets and measures with
multifractal structure, has been recently developed as a powerful tool for numerical
study of dynamical systems. These spectra capture information about various di-
mensions associated with the dynamics. Among them are the well-known Hausdorff
dimension, correlation dimension, and information dimension of invariant measures.

Another example of multifractal spectra is entropy spectra introduced in [3]. They
provide an integrated information on the distribution of topological entropy associ-
ated with local entropies.

In [3, 4, 5] it is demonstrated that multifractal spectra can be used in a sense to
“restore” the dynamics — the phenomenon that we call multifractal rigidity.

The multifractal analysis is essentially measuring the “size” (in the sense of Haus-
dorff dimension or topological entropy) of special discontinuous measurable functions
(such as the local entropy, the pointwise dimension, etc.) on geometrically compli-
cated objects (supports of invariant measures). This is expressed in a function f
which is called the spectrum.

This analysis was investigated in several different situations and there is a huge
amount of literature on this subject (see [9] for references and more details). One
of the main results of this theory is that there is an interval (aq, @) on which the
spectrum f(«) (for definition see below) is analytic, convex, and can be continuously
extended to the boundary provided it is not a point spectrum (see section 4).

One of the questions which arise is what happens outside this interval? We will
see that for expanding conformal repellers the closed interval [ay, ] coincides with
the domain of definition of the spectrum (completeness of the spectrum).

The other question we are interested in is which intervals occur as the domain of
definition of spectra, and which values does it take on the boundary of [ay, as]. We
will give a complete answer to this question by proving that for a given expanding
conformal repeller J any interval in R™ containing the point dimg J is the domain of
definition of the dimension spectrum of some Gibbs measure. We call those intervals
admissible.

This is supported by experimental and numerical observations of chaotic systems.
Although the majority of these studies seem to indicate that the spectrum vanishes
at its boundary there is no rigorous result in this direction known to the authors
besides some results on geometric constructions with Bernoulli measures supported
on their limit sets (see for example [6, 15]). In fact we will show that this is not true
in general. On the contrary, for a given admissible interval (a;, @) and a given pair
of admissible boundary values on f;, fo we construct a Hélder continuous potential
for which the spectrum takes these values at the endpoints of its domain of definition
la1, ap]. Hereby the admissability of a pair of boundary values is determined by
canonical restrictions given by the general shape of the graph of the spectrum. We
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will call spectra with at least one strictly positive boundary value degenerate. Note
that point spectra are degenerated in this sense.

On the other hand, in section 7 we prove that degenerate spectra are not very likely.
Namely, for a typical (in the sense of Baire) Holder continuous potential the dimension
or entropy spectrum of its corresponding Gibbs measure is non-degenerated. This
justifies the experimental and numerical observations. It also shows that despite the
spectrum being defined in terms of the analytic pressure functional the graph of the
spectrum does not depend continuously on the potential.

Throughout the paper we use some standard notations which are explained in the
appendix.

2. EXAMPLES OF MULTIFRACTAL SPECTRA

In this section we illustrate the general concept of multifractal spectra. See [3] for
more details.

2.1. Dimension and entropy spectra. Let X be a complete separable metric
space and F': X — X a continuous map. There are two “natural” set functions on
X. The first one is generated by the metric structure on X. Namely, given a subset
Z C X, we set

where dimg Z is the Hausdorff dimension of Z (see Appendix).
The second function is generated by the dynamical system f acting on X and the
metric on X. Namely,

Gr(Z) = h(flz), (2)

where h(F'|z) is the topological entropy of F' on Z (see Appendix; notice that Z
need not be compact nor F-invariant). We call the multifractal spectra generated
by the function Gp dimension spectra, and the multifractal spectra generated by the
function Gg entropy spectra. We give a precise description below.

2.2. Multifractal spectra for pointwise dimensions. Let m be a Borel finite
measure on X. Consider the subset Y C X consisting of all points z € X for which
the limit

d,n(z) = lim logm(B(z,r))
r—0 logr

exists, where B(z,r) denotes the ball of radius r centered at z. The number d,,(z) is
called the pointwise dimension of m at z. Whenever x € Y we say that the pointwise
dimension of m exists at the point z. Although the pointwise dimension may not
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exist for all points in an expanding conformal repeller J with respect to an invariant
measure m € M, (J) we can always define
— logm(B(z,))

logm(B(z, 7)) and  dy,(z) = lim

d =li
(z) Tl_rf; logr r—0 log

=m

We define the function gp on Y by
9o (z) = dm().
The corresponding multifractal decomposition consists of the sets
D, = {z :dn(z) = a}.
We also consider the sets
D, ={z:d,(z) =a} and D} ={z:d.(z)=a}

We obtain the multifractal spectrum f?(a) = f?(a) = Gp(Dys) = dimg D, specified
by the pair of functions (gp, Gp). The spectrum f is known in the literature as the
dimension spectrum or f(a)-spectrum for dimensions. We will omit the subscript m
if it will cause no confusion. The concept of a multifractal analysis was suggested by
a group of physicists in [8] (see [9] for more references and details).

In [7], Eckmann and Ruelle discussed the pointwise dimension of hyperbolic mea-
sures (that is, measures with non-zero Lyapunov exponents almost everywhere), in-
variant under diffeomorphisms. They conjectured that the pointwise dimension ex-
ists almost everywhere, that is, m(X \ Y) = 0. This claim has been known as the
Eckmann—Ruelle conjecture and has become a celebrated problem in the dimension
theory of dynamical systems. In [2], we establish the affirmative solution of this
conjecture for C**¢ diffeomorphisms (an announcement appeared in [1]).

2.3. Multifractal spectra for local entropies. Let X be a complete separable
metric space and F': X — X a continuous map preserving a Borel probability mea-
sure . Consider a finite measurable partition & of X. For every n > 0, we write
£ =EVEFTIEV -V F™E and denote by &,(z) the element of the partition &, that
contains the point . Consider the set Y =Y, C X consisting of all points z € X for
which the limit

hu(F,6,2) = Tim — log u(é (x))

exists. We call h,(F, &, x) the p-local entropy of F' at the point z (with respect to §).
Clearly, Y is F-invariant and h,(F,&, Fz) = h,(F,§, z) for every z € Y. By the
Shannon-McMillan—-Breiman theorem, u(X \ Y) = 0. In addition, if € is a generating
partition and p is ergodic, then

hu(F) = hy(F, €, @)
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for p-almost all z € X, where h,(F) is the measure-theoretic entropy of F' (with
respect to u). We define the function gz on Y by

ge(z) = hu(F, € ).

Let us stress that gg may depend on . The corresponding multifractal decomposition
consists of the sets

Ey={z:h,(F & z)=a}.

We obtain the multifractal spectrum f? = fZ specified by the pair of functions
(98,GEg). We call it the multifractal spectra for (local) entropies or simply entropy
spectrum. In Sections 3 and 4 below we will observe that in some situations these
spectra, in fact, do not dependent on £ for a broad class of partitions.

We remark that in the study of the multifractal spectra for local entropies, the
Shannon-McMillan—Breiman theorem plays the same role as the Eckmann—Ruelle
conjecture in the study of the multifractal spectra for pointwise dimensions.

3. MULTIFRACTAL SPECTRA OF GIBBS MEASURES FOR SUBSHIFTS OF FINITE
TYPE

The results described in the next two sections are proved in [11, 3]. Let Abeapxp
matrix whose entries are either 0 or 1. The topological Markov chain ¥} consists of
the sequences = = (i1io-+-) € {1, ..., p}" such that iy, = 1 for every k> 1. Let
o(i1i2---) = (izt3---) be the shift map on ¥}. We assume that A is transitive, i.e.,
there exists a positive integer M such that all entries of AM are positive (this holds
if and only if 0'|EJ£ is topologically mixing).

Fix a > 1 and define a metric on ¥} by

o0
d(z,z') = a Flix — it
k=1
Notice that d(cz,0z') = a-d(z,z') for all z, 2’ € ¥} with d(z,z') <a'.
Given a continuous function ¢ on ¥}, a measure y on ¥} is said to be a Gibbs

measure for ¢ if there exist constants Cy, Cy > 0, such that for every z = (i142--+) €
YhiandneN

Cl S l’[/( 1 nn)_l - S
exp(—nP(p) + > =, ¢(o*z))
where C;,..., = C,(z) = {2’ € X} :ix =i} for 1 <k <n} is the cylinder set of

length n containing z, and P is the topological pressure with respect to o (see Ap-
pendix).

CZ)
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Let Fp be the space of Holder continuous functions on ¥ with Hélder exponent 6.
We can decompose Fy into

Fo=J 77

K>0

where
Ty ={p € C°(2h) : lo(z) — w(z)] < Kd(z,z')" for all z,2" € X3},
For a Holder continuous function ¢ € Fp on ¥} we define its norm ||¢|| by
l¢llg = sup |@| +inf{K : ¢ € F&}.

If o € Fyand z , 2’ are contained in the same cylinder C,, of length n then

n—1 n—1 n—1
p(0'z) = > p(0’z)| <D ll¢llsd(o’z, 0'z')’
=0 =0 §=0
>, 1
<llelled a™" = lello— =
=0

Let ¢ be a Holder continuous function on ¥} and p the corresponding Gibbs measure;
it exists and is unique (because o[y« is topologically mixing). It is more convenient
to work with the “normalized” function logt on ¥} defined by logy = ¢ — P(p).
Note that u is also the Gibbs measure for log .

For each ¢ € R let us consider the function

of = —T(q) + qlog,

and the corresponding Gibbs measure v’ where the number 7'(g) is chosen in such a
way that P(¢F) = 0. Clearly,

T(q) = P(qlog®). (3)
Let h be the spectral radius of A (which is also the topological entropy of U|EX)'

Proposition 3.1. The function T is real analytic on R, and satisfies T'(q) < 0 and
T"(q) > 0 for every q € R. Moreover, T(0) = h/loga and T(1) = 0.

Denote by ‘B the class of finite partitions of ¥ into disjoint cylinder sets (not
necessarily of the same length). Clearly, each £ € P is a generating partition. We
use it to define the entropy spectrum.

Let ugr be the measure of maximal entropy. We set a(q) = a®(q) = —T'(q).
The range of the function a(g) is the interval [a;, as], where a; = a(+o00) and
as = a(—00).

Theorem 3.2.



1. There exists a set S C X with u(S) = 1 such that for every partition £ € B and
every x € S, the local entropy of u at x exists, has the same value for every &,
and

95(z) = hy(o,€,2) = _/

log ¢ du.
»t

A

2. For Vf—a.e. point T € Ej,

A

1 ¢ :
_ E _ i
ole)=- /E+ logyp dy, = — lim ;0: log $(o”z).

3. The domain of the function a — f¥(a) contains a closed interval [ay, as] €
(0,00) which is the range of the function a(q). For every q € R, we have

fF(a(q)) = T(q) + qo(q).

4. If p # ug, then f¥ is an analytic strictly convez function on (ay, as), and hence,
(fE(-),T) are Legendre pairs with respect to the variables «, q.

Remarks. Let HP, and R, be respectively the Hentschel-Procaccia and Rényi
spectra for dimensions (see [9]). In [11], Pesin and Weiss proved that for every ¢ € R,

T(q) = (1 — Q) HP,(q) = (1 - q)Ru(q) = lim ——log ¥ u(CY",

n—oo 1 loga

where the sum is taken over all cylinder sets of length n.

4. MULTIFRACTAL SPECTRA OF GIBBS MEASURES FOR CONFORMAL
REPELLERS

We consider Gibbs measures invariant under conformal expanding maps, and de-
scribe the associated multifractal spectra for dimensions and entropies.

4.1. Coding of expanding repellers. Let M be a smooth Riemannian manifold
and F: M — M a C' map. Consider a compact subset J of M. We say that F is
expanding and J is a repeller of F' if:

1. there are constants C > 0 and 3 > 1 such that ||D,F"u| > Cg"||u|| for all
ze€d,uecT,M,and n > 1;

2. = ﬂnZO F~"V for some open neighborhood V' of J.
One can easily show that F'J = J.

We recall that a finite cover {Ry, ..., R,} of X by closed sets is called a Markov
partition if:

l.int R; = R; foreachi =1, ..., p;

2. int By Nint R; = @ if ¢ # j;

3. each F'R; is a union of sets R;.



7

It is well known that repellers admit Markov partitions of arbitrarily small diameter.
Markov partitions are used to build symbolic models of repellers by subshifts of finite
type (see Section 3).

Let J be a repeller of an expanding map F, and £ = {Ry, ..., R,} a Markov
partition of J with respect to F. We define a p x p transfer matrix A = (a;;) by
setting a;; = 1 if R; N F'R; # @, and a;; = 0 otherwise. Consider the associated
subshift of finite type (X7, 0). For each z = (iyiy---) € X7}, we set

x(z) = {:L' e X:Flze R;, for every k > 1}.

The set x(z) consists of a single point ¢ € J, and we obtain the coding map x: ¥} —
d for the repeller. The map x is continuous, onto, and the following diagram is
commutative:

+ _° +
Yp — Xy

xl lx
g —— 3

We assume that the matrix A is transitive (and thus, F' is topologically mixing).

It is clear that any Markov partition £ is a generating partition. The same is true
for any partition of J by rectangles obtained from a Markov partition (not necessarily
all of the same level) and corresponding to disjoint cylinder sets in . We denote
the class of such partitions by Br. It is easy to see that for every partition £ € Pp,
there is a partition n € 3 such that xn = &.

A smooth map F: M — M is called conformal if D,F is a multiple of an
isometry at every point x € M. Well-known examples of conformal expanding
maps include one-dimensional Markov maps, and holomorphic maps. We write
a(z) = ||D,F|| for each z € M and denote by a some lift of a to X} via ¥, i.e.,
a(z) = a(x(z)) for z € J\ U, ; (RiN R;). The multifractal spectra for J do not
depend on the ambiguity at the boundaries of the rectangles and we have the set
{r€d: Frzg;; (RinNR;) for all n} in mind when we write J. On this set the
function x is invertible and the point z = x !(z) is uniquely defined.

A Moran cover of depth n associated to a positive number B and a set X C J is
a finite set of points z; € ¥} such that X C |, x(Cn,(z;)) where Cp,(z;) are the
cylinder sets of length n; > n containing z; and

n;—1 n;—1

Bil H CL(O‘jQi) S dlamX(an (&z)) S B H a(o-jgi)'

Sometimes we will also view the Moran cover as a set of cylinder sets {C,.(z;)}.
An expanding conformal repeller J admits Moran covers of arbitrary depths and
multiplicity @ for any subset X C J and some positive real numbers B and ) not
depending on the depth or the subset (see [11] for details).
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4.2. Multifractal spectra. Let J be a repeller of a conformal C'*¢ expanding
map F, for some € > 0. Let also mp be the unique Gibbs measure correspond-
ing to the function z — —dimg J - loga(z) on J and up its lift to 3. It is known
that mp is a measure of maximal dimension, i.e., dimg J = dimg mp (see [14]). We
denote by mp the measure of maximal entropy for f: J — J, by pg its lift to X and
by h the topological entropy of F' on {.

Let ¢ be a Holder continuous function on ¥ and m = o x™* the corresponding
Gibbs measure. Write logy = ¢ — P(¢p).

For each ¢, p € R, consider the functions

¢p,q = —1Ip(q)loga + qlogy

and the corresponding Gibbs states v,” on ¥ where the numbers Tp(q) are chosen
such that

P(@D,q) = 0.

Proposition 4.1. The function Tp is real analytic and satisfies T(q) < 0 and
T7(q) > 0 for every g € R. We have Tp(0) = dimg J and Tp(1) = 0.

Note that the equality Tp(0) = dimpg J follows the formula for the dimension of a
conformal repeller established by Ruelle in [14]. Set

a(q) = a”(q) = —Tp(q).

The range of the function a(q) is the interval [ay, as] where oy = a(+00) and ay =
a(—00).

We now give a full description of the multifractal spectrum f?, for Gibbs measures
supported on repellers, i.e., measures projected from Gibbs measures on X} — of
conformal smooth expanding maps.

The following theorem shows (with minor exceptions) that f” is defined on an
interval, is analytic, and strictly convex. It also establishes a relationship between
the functions fP(a) and Th(q); namely, they form a Legendre pair.

Theorem 4.2.
1. For m-almost every x € {, the pointwise dimension of m at x exists and
Joilogpd
s+ 108 K
z) =dp(r) = ——F>——.
gD( ) ( f2+logadﬂ
A

2. For VqD—a.e. point € Ej,

ozD(q) — _M — _ lim Z?:o logqp(gj&)
ij lOg a quD n—00 Z?:O lOg (J/(O'JE) )
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3. The domain of the function o — fP(a) contains a closed interval (aP, o) €
(0, +00) which coincides with the range of the function aP(q). For every q € R,
we have

fP(@"(9)) = Tn(q) + ga”(q). (4)

4. If m # mp, then fP and Tp are analytic strictly convex functions, and hence,
(fP,Tp) is a Legendre pair with respect to the variables a, q.
5. If m = mp, then fP is the delta function

fD(a) _ dimpg J if o =dimgy{
0 ifoz;édirnHH.

The identity (4) is a consequence of property 1 in Theorem 4.3 below.
We now describe the full measures for the spectra f” and fZ. It turns out that
these are the unique Gibbs measures v” and v for the (Holder continuous) functions

¢p,q and g ,, respectively.
Theorem 4.3. The following properties hold:
1. For every q € R, we have mf(Dao(q)) =1 and

dmp (z) = To(q) + ga”(g)

form? =vP ox '-a.e. © € Dyn(y).
2. For every p € R, we have mf(EaE(p)) =1 and

hme (f, X, €) = hy,e(0,€,2) = Tr(p) + pa”(p)
formJ =vPox '-ae z € E,py,y and every £ € Py.

In the next three sections we are going to establish the main results for the dimen-
sion spectrum f(a) = fP(a) on J. The corresponding statements for the entropy
spectrum can be obtained from the dimension spectrum results by setting loga = 1.

Some of the notations used in the following sections are explained in the appendix.

5. MULTIFRACTAL SPECTRA ARE COMPLETE

In this section we are going to prove that D, = @ if a ¢ [, as] where the numbers
a1 and a, are defined as oy = lim,_,oc @(g) and as = lim,,_ a(q) (see section 4).
In fact we show that there is no limit point of w as r — 0 outside the interval
[y, ).

Let ¢ be a Holder continuous function on ¥}, u its Gibbs measure on %7 and
m = pox ! the corresponding Gibbs state on .

Lemma 5.1.
1 d 1 d
e Jlogvoxde o, Jlosvoxdp

- - Q.
pEM.(J) [logadp pEM.(J) [logadp ?
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Proof. We present the proof of the first equality. In view of theorem 4.3 we only have

to prove that inf ey, (g) —% < ay. Simpelaere proved in [16] that

T(q) = inf hy—q [logyoxdp _ hup = q [ logp dvy
pEM..(3) [logadp fEJX log a dvP

This gives for ¢ > 0 that

_Jlogddy, Jlog dv,

< < di - =T
g9 = qflogadl/q = G Yy qflogadl/q (9)
. . [logtoxdp
= f {d —
peill\r/[le(ﬂ) < e [logadp
Jlogioxdp

< dim — inf
- d quMe(H) flogddp

Dividing by g and letting ¢ — +o0o gives the first assertion of the lemma. The
other equality can be proved in a similar fashion. O

We are now ready to prove the following
Theorem 5.2. We have a; = inf,eyd,,(z) and ap = sup,cydm(z). Hence,
Do =2 iff ad o,

Proof. In view of Theorem 4.3 we only have to prove that a; < inf,c;d,, (z). Let us
assume that this is not the case. By theorem 4.2 there is a A > 0, a point z € %}
with x(z) = z € J and a subsequence n;, of the natural numbers such that

Zyio log ¢(07 )

— = — <
> % loga(oiz)
1 ng—1 5

Let p be an accumulation point of the sequence of measures p, = v ijo oz
Obviously,

O[l—A

Jlogvdp _
[ logadp

Hence,
_Jlogddp _
[logadp —

what contradicts lemma 5.1. This proves the first statement. The proof of the second
assertion goes along the same lines. O

Ozl—A
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6. THERE ARE DEGENERATE MULTIFRACTAL SPECTRA

Let us now fix an expanding repeller J together with its metric. This gives rise to
the symbolic coding space ¥} with transition matrix A and to the Hélder continuous
potential loga = log||DF|| as explained in section 4. In this section we show that
for arbitrary “allowed” boundary values (a4, f(a1), as, f(as)) we can find a Holder
continuous potential whose multifractal dimension spectrum attains these values at
its boundary. Since the spectrum f(a) = fP(a) is a convex function and is not
above the diagonal-i.e., f(a) < « for all @ € (oq,a2) — , its maximum value is
equal to dimg J and its graph touches the diagonal to the left of its maximum at
a = a(l) = f(a(l)) = dimyz m we get the obvious restrictions:

(a1, f(ou), a2, f(az)) € B € R*
with
B = {(z1,y1,T2,92) €ER* : yy <y < dimp J, 92 < dimy J < o}
Let
B =Bn {(z1,y1,22,92) : y1 < 1 <dimpg J,y> < dimg J < z2}

be the set of admissible boundary values. The main result of this section is the
following

Theorem 6.1. Let J be an expanding conformal repeller. Then for any quadruple
(T1,Y1,T2,y2) € B there is a Hélder continuous potential log ) with dimension spec-
trum f(a) satisfying

a1 =T fla1) =y

Qlp = Io f(a2) =Y

Remark. If (z1,y1,22,92) € Band z; = y; or z3 = yy or y; = dimy J or yo = dimg J
then the measure m is the measure of maximal dimension mp and has a degenerate
spectrum consisting of the point (dimg J,dimg J). We are not going to prove this
explicitly but one can derive that no boundary values outside B° can be attained
from the proof of the above theorem 6.1 and the well-known fact that any proper
subshift — i.e. closed shift-invariant proper subset of ¥} — has topological entropy
strictly less then hyp(XF).

The proof of the theorem relies on a series of lemmas. Some of them are gener-
alizations of well-known facts in symbolic dynamics. However, we choose to prove
them with the help of the multifractal analysis in order to show that this analysis
can be used to derive results in symbolic dynamics.

The next lemma is due to Simpelaere for repellers equipped with Gibbs measures.
It has been proven by several other authors for “geometric constuctions”(see for ex-
ample [6, 15]).
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Lemma 6.2 ([16]). Let log be a Hélder continuous function on ¥, m the corre-
sponding Gibbs measure on J and f its dimension spectrum. There exist probability
measures p; and py concentrated on D,, and D,,, respectively, such that

dian(‘Dal) = lim f(a(Q)) =dimg p1 = fi = f1
q—+oo
and

dimg(Da,) = lim f(a(q)) = dimpg py := fy” = fo.

q—r—00
We also need the following fact.

Lemma 6.3. Let log®y be a Hélder continuous function on X, m the corresponding
Gibbs measure on J and f its dimension spectrum. We have:

i) dimg D) < f(alq)) for ¢ > 0;

ii) dimg D;r(q) < f(a(q)) for ¢ <0;
In particular dimy D, = fi and dimy D}, = f5.
Proof. fix ¢ > 0. We are going to prove that the s-dimensional Hausdorff measure of
D, is finite provided that s > f(a(q)) = T'(q) + a(q)g-

We set s = f(a(q)) +& = T(q) + alg)g +¢& where ¢ > 0. If z € D, then by
theorem 4.2

" log(oix 1
7%, log a(oz) z

for some subsequence ny = ng(z) of the naturals. Therefore, we can find a Moran
cover (see section 4) € = {z,,...,z;} of D, with arbitrary large depth and multi-
plicity @ such that

ng(z;)—1
Z(diam Crre)))’ < ZQB H a(o’z;) "
z;cC ‘ 7=0

ny(z;)—1

<Y QB [] aloie,) T@re@ate)

=0

nk(ﬁz)_l
<QBY. [ v(o'z)'a(c’z) ™ min(y) # maxa’
=0

< QB 1,(Ci) < @B < o0
z,€C

if k is sufficiently large. A similar proof works for the set D;“(q) when g > 0. O
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For our next sections we need estimates on the entropy — which equals the Hausdorff
dimension in the symbolic space ¥ equipped with the constant metric corresponding
to the function loga = 1 according to theorem 3.2 and theorem 4.2 — of larger sets
then Df These estimations are based on the variational principle for non-compact
sets developed by Pesin and Pitskel’ (see [10] and Appendix).

Define the mazimum and minimum sets for ¢ by

M(p) = {z € ¥} : p(z) = maxp} and M(p) = {z € ¥} : ¢(z) = mingp}.

Lemma 6.4. Let ¢ be a Hélder continuous function on X} and fF the entropy spec-

trum for its Gibbs measure. Let us assume that M(yp) and M(y) are compact invariant
sets. Then

1P = hioy(M(9))  and 3" = hiop(M(9))

Proof. Since

n—1 n—1

1 .
sup lim — Z o(o’z) < max(p) = — Zgo(a’y)
n Y

€2+ n—oo N j:()

for all y € M(y), the set M(go) is contained in the set D,,. Similary M(p) € D,,.
Hence,

fi= f1 <ht0p(M(§0)) and f, = fz < hiop(M(40))-

For the reverse inequality we observe that

zeD,

al

if and only if lim — Z ¢(0’z) = max .

n—oo M

But this is only possible if V,(z) N M., (M(p )) # & where V,(z) is the set of ac-
cumulation points of the sequence of measures = Z? (} iz (see also appendix). By

theorem 8.3 from the appendix this yields fi = k0, (M()). The arguments for fs
are analog. O

Examples. Let ¥} = Xy be the full shift on N symbols, loga = const. = 1 and p the
Bernoulli measure generated by the probability vector (py,...,py) —i.e. log®(z) =
log¢(z1) = logp,, where z = zixsx3... — then f; = 0 ; i = 1,2; if and only if
there is a %may and a iy, such that p; . < pj < pi,... for all j & {imin,imaez}- In
this case M(logv) and M(log 1)) consist of the periodic point £ = tmin, tmin, imin, - - -
OF T = fmaz imazs imazs - - - » Tespectively. Otherwise the sets M(log ) and M(log 1))
are subshifts of finite type generated by the sets of symbols {¢ : p, = minp;} or
{i : p; = maxp;}, respectively. It is not hard to see that the extremal sets M(log )
and M(log ) for measures defined by potentials depending only on a finite number
of coordinates - i.e. logy(z) = log¢(zo,...,z,) - are subshifts of finite type. This
need not to be true for arbitrary Holder potentials.
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Proposition 6.5. Let J be an expanding conformal repeller. For any pair of numbers
d; < dimgd ; @ = 1,2; there are disjoint closed invariant subsets S; C J such that
dimyg 8; = d; and it exists lim,,_, % log||DF™(z)|| = Ai if z € 8.

Proof. We fix d; and ds according to the assumption of the proposition. The proof
goes by constructing inductively closed invariant subsets SZ(") which are images of
subshifts of finite type in X7} under the projection x and approximate the final sets
S;. Let us denote by up the pull back of the measure of maximal dimension on J to
¥i. Let A\p = A\, hp = h,, = Apdimy J and X = max{loga, 1} ; A = minloga.
We also fix € < min(dimg J — d;)Ap. For m € Nlet L =1/ min4(d; + 1),

n—1
1 .
AT = {g € Zj : ‘; 5 loga(o’z) — Ap| < Le for all n > m}
§=0

and

HE’”:{QEZI:

1
hp — —log up(Crz)| < e for all n > m} )
n

Finally we put
" =A"nH"
and set
Y = min{m € N: pp(I'™) > 1/2}

In view of the Birkhoff Ergodic Theorem and the Shannon-McMillan-Breiman The-
orem the number (Y is finite and we can define

4(K + M)X(d; + 1) 1+ log4 .
1) — 1 (1)
m max{{ - + 1, (di Hg_di))\D_E ,m

where |-| denotes the integer part of a real number, K = ||log a||91i; and M is the
smallest number such that AM > 0.

For m > m®) we consider

Con ={Cn(z):z€ qu)}

€

Then
pp(Crm(z)) < emtotme
and
rm 1
Card{Qfm} > I’LD( € ) > _emhpfms
max pip(C(z)) ~ 2

By the choice of ¢ and m(Y) we can choose a subset ¢§1) € €, with cardinality

lexp{m®")(Apd; + die/4)}] + 1. We define the subshift Sfl) as the set of points
z € X} with the property that there is a | < m® + M such that for all j € N the
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cylinders C,,) ("M +M)z) are from the set €. According to this construction

the set S{" is a subshift of finite type. We set 8@ = x(S®). We note that M is
the number that all entries in the transition matrix A are positive. This means that

2 # @ and

1 k|
lim —log Card{Ci(z) : z € S }> lim — - IOgCard(¢§1))[m(1)+MJ 1

k—00 k k—oo
£

> Apdi + 2
and
1 1 ok ok
lim — log Card{Cy(z) : z € S} < Tim - log Card(¢{") {m“”MJ rank(A)[m“)*MJH
k—oo k k—oo k

3
S )\Ddl + 56

Hence,
1 3
)\Ddl + 26 < htop(S ) < )\Ddl + 28

For all z € Sfl) we have

)
= l k+MJ+1 . mD_1
Tm — ir) < Tim F+HI(mM+M) 5\
klir{;kz;loga(a g)_klgglo lz; @ M z; loga(o z)+ M)
= - —
M
S)\D+L€+m(l)+M‘|‘m(1)+M
<Ap+(L+1)e
and
[m(1;+MJ+1 1 -
lim — Y loga(oiz) > lim — log a(od HHm™M+M) gy 41X
lim Z g fm o e X sl z) + M)
K M
2 >\D — Le —

m® +M mO+M
EAD—(L‘F].)E

Combining the above estimates on the entropy and the Lyapunov exponents and
setting Sgl) = x(SF)) we can conclude that

di + Z < dlmH(Sgl)) < dy + 2
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Now we will construct the set Sél) eXh\ Sfl). Since € < min(dimg J —d; ))\D we can
choose a subset Q:gl) € ¢, with cardinality |exp{m® (Apdy +dae/4)} | +1. We note
that there is a cylinder C' € X7 of length m() which has empty intersection with the

subshift Sfl). Let m = 8m(!) /e. Then we define the subshift Sél) as consisting of all
points z € X} such that there is a [ < m + M such that for all j € N the cylinders

. 1
Crtm® (0’+J(m+m( )+M)§) are of the form

Cm(l),l ..k Cm(1)’m xC

where C’m(l), E ¢1 ;1 =1,...,m ; and C; x Cs is the cylinder C; N o lclcy,.

Obviously, S S = @ and Sél) is of finite type.
Proceedlng the same estimations for the entropy and the Lyapunov exponents for

the subshift SS) as for the subshift Sfl) yields

3 13
)\Ddz + g&‘ S htop(S( )) < )\Ddg + gé‘

For all z € Sél) we have

and

lim — Zloga (oiz) > Ap — (L—i—g) €

k—)oo
Combining the above estimates we see that for Sgl) = X(Sél))
17
d2+8 <d11’I1H(S )<d2+§€
Let us now assume that for given sufficiently small 6 and each [ < n we have
constructed two subshifts of finite type S{l) and Sél) with the properties
(iii) 8 c ¢V
(iv)
J

2l+1

6

l
< huop(8P) < Apd; + =

Apd; + =

(v) For all z € Si(l) we have
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and
k-1 5
lim — loga(ciz) > A0 — 2

(vi) For 8 = y(SV)

o 4]
d—|—2l+1<d1mH8 <di+—_

where : = 1,2 ;1 =1,...,n and )\i are some real numbers. In particular, if we set
0 = & we can assume that )\51) = Ap.

Now we repeat the construction of S in ¥ by substituting ¥ by s and
setting € = §/2". The role of the measure of maximal dimension up is played by
the lift ug) to X} of the measure of maximal dimension of 8§”) . This means we
construct subshifts of finite type S inside the subshifts of finite type S\ in the
same manner as we constructed Sfl) inside 3. We then get a subshift Sf”H) which
satisfies the inequalities (iv) — (vi) for [ = n + 1.

The subshift S(n Y is constructed in a similar manner by substituting ¥ by Sén)

and proceeding as above. We define 8{"™") = y(S(+D).

This way for each natural number we have two subshifts of finite type with prop-
erties (iv) — (vi) and which form two nested sequences. We observe that the numbers
A" converge to a number A; = A\
Si=[)8" and S;=[)s" i=1,2

n>1 n>1

as n tends to infinity. Let

Then for all z € S;
_ ) (o0)
hrn n o 5 loga(oiz) = \;™°

and for §; = x(S;)
dimg §; < infdimg SE”) =d;

Moreover, 8; N8y = & since S N Sgl) = . But on the other hand any accumulation

point ug,o) of the sequence of measures {ug)} sits on S;. By the upper semicontinuity

of the metric entropies we derive

dimg 8; > dimpg ugo) ox !> limdimg ug) ox ! =limdimg SE”) =d;
This completes the proof of the proposition. O
Corollary. hiy,(S;) = \id;
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We are going to define a potential ¢ on ¥} which achives its maximum on S;
and its minimum on Ss. We will show that the corresponding Gibbs measure has an
entropy spectrum with f; = d; and fy = ds.

Let dy, da, S; and Sy be as in the proof of the proposition —i.e. §; = x(S;). For
21 > 29 we consider the following set of functions

21 1f§ € Sl
F(z1,20) = p € Fp: o(x) =X 29 ifzeS,
o(z) € (29,21) else

Lemma 6.6. If d; = dimyg 81 < —2z; < dimg J and —2z5 > dimpg J then there is a
function @y € F(z1, 22) with P(pyloga) = 0.

Proof. Let UM and UP be two nested sequences of open sets converging to S; and
So, respectively. We specify for n € N two functions

2 ifx & U
gog)(g) =< 29 ifzeS,
o(z) € (22,21) else
and
Z1 lfﬂ S Sl
PP (z) =1 2 ifz ¢ U

o(z) € (29,21) else

We note that we can find such functions because the sets S; are closed. The functions
go,(f) are in the closure of the set JF(z1,2;). If we denote by pY i i = 1,2 ; the

topological pressure of the Gibbs measures corresponding to gogf) log a, respectively

we have

PM = max {hu—l—/gos) logadu}

HeMe(ZX)
> Ry + / oM logadup
Z dll’nH 3 + ZZND(Uy(f)) + Zl)\D(l - /’LD(UT(LQ)))

Because dimg 8y < dimpg J and consequently, mp(82) = 0 and the fact that up is a

Borel measure we see that lim,, . uD(Ur(LZ)) = 0. Hence, by the assumptions of the
lemma

lim PM > Apdimg J+ 2, > 0

n—o0
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On the other hand

P® = max {h —I—/gogf) logadu}

peMe(SF)
= max{max{h /go,(f) logadu}; rnax{hu —I—/(pn logadu}}
peM
< max{huD + /gogl logadpp; hiop(S1) + rnax{/ Q\2 logadu}}
S max {dlmH 3 + 29 + ZLU,D(US)); d1>\1 + Zl>\1 + m%/;{{zzu(U,(Ll)}}
peMs

where M; = {p € M(X}) : u(S1) = 0} and My = {p € M. (X}) : u(S;) = 1}.
Hence, by the assumptions of the lemma and the definition of the sets U,(ll) and U,S2)
lim Prsl) < max{dimg J + 22; (d1 + 21) A1} < 0

n—o0

Since the topological pressure is a continuous functional on the connected set F(z1, 22)
the assertion of the lemma follows. O

The next lemma gives us information on the boundary values of the entropy spec-
trum for the above considered potentials. It will also be used in the next section.

Lemma 6.7. Let d;, S;, z; ; i = 1,2 ; be as above and ¢y € F(z1,22) be a potential
with P,(pgloga) = 0 according to the previous lemma. If fP(a) is the dimension
spectrum of the Gibbs measure corresponding to @y loga then fP = d; and o; = —2;.

Proof. We are going to show that z € D,, then V,(z) N M, (S;) # @. Since each
z € S; has the property that V,(z) N M, S; # @ the corollary 8 of the variational
principle yields the assertion, because, dimg(S; = d; and

Js, pologadp
fSi logdp i

for z € §; where p € V,(z) and 1044 is the Gibbs measure for the potential ¢, loga.
For the latter equality we used that the pressure of ¢, loga is zero, ¢y = 2; is constant
on S; and theorem 4.2.

Let us fix £ € X and assume that V,(z) N Mi,,S; = @. This means that

dim”cpo log a (x) =

n—1

T j _

lim n 2 l’s) = v <z
]:

and

lim A(n,z) =y <1

n—o0
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where A(n,z) = Card{G(n)} and G(n) = {0 < j < n—-1:07 > w}. We can
conclude that

Y wo(0’z) loga(o’z)

lim — :
noo Yo loga(oiz)
< Tm Ejec(n) wo(0?z)loga(oiz) + ngzc(n) 0o(ciz)loga(oiz)
— (1-A4 in(1
<z — (21 —w) lim ( (n, z)) min(log a)
n—yoo max(loga)
<z
Therefore, € Da,. The proof for ay is similar. 0

Proof of theorem 6.1. Let ¢y be as in lemma 6.6 withz; = z1, 20 = x3, fi = y; and
fa = y2. The proof of the theorem 6.1 is now a concatination of proposition 6.5 and
lemma 6.7. ]

7. TYPICAL MULTIFRACTAL SPECTRA ARE NON-DEGENERATE

In this section we are going to show that a typical (in the sense of Baire category)
Holder continuous potential gives rise to a Gibbs measure with non-degenerate spec-
trum —i.e. f; = fo = 0. We note that the space of Holder continuous functions on
d as well as the space Fy are Baire spaces with the topology of uniform convergence.
We first proof that the above situation holds for entropy spectra of Hélder continuous
potentials on ¥} and then use the same approach as in the proof of theorem 6.1 to
conclude the result for dimension spectra on J. The result can be stated as

Theorem 7.1. Let J be an expanding repeller for the map F'. Then there is a residual
subset R C Fy such that every Gibbs state on J which corresponds to a potential in
R has a non-degenerate spectrum.

We will use the next lemma

Lemma 7.2. For any invariant set S and any natural number m,

lim hyp{z € X5 ¢ lim A(Cr(S), N,z) > aN} = hip(Unn(5)).

a—1 N—oo
Proof. Let m € N and S € ¥} ; 0(S) = S be fixed. Since S is invariant the set
Un(S) # @. Moreover, C,,(S) is a finite union of cylinder sets and, hence, closed.
This implies that the characteristic function x = xc¢,,(s) of the set Cy,(S) is a Holder
continuous potential on X}. It is easy to see that the multifractal decomposition D,
of the entropy spectrum of the Gibbs measure corresponding to x has the following
expression

A(Um, N,
Da:{ger:A}im %
—>00

:—a+ﬂ&ﬁ
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and

T AUmJN)
D;:{EEEI lim %z—a—kﬂ,(){)}

N—oo

Because relative frequencies are bounded in between 0 and 1 we get oy = P,(x) — 1,
as = P,(x) and

Un(S) C Dy, C U D-

a€(ay,a1+(l—a))

= D;l'i'(l—a) = {E € z]—iA— : NE—H;O A(Cm(S)7N) E) Z G'N}
This together with lemma 6.3 implies the assertion of the lemma. O

The next proposition deals with the statements of theorem 7.1 in the case of the
entropy spectrum of Gibbs measures on 7.

Proposition 7.3. There is a residual subset © C Fy such that the entropy spectra
for Gibbs measures corresponding to potentials in © are non-degenerated.

Proof. The idea of the proof is to find a residual set ® C F4 such that any function
@ € O has Ay (M(9)) = hip(M(p)) = 0. The assertion follows then from lemma 6.4.
First we find for any € > 0 an open dense subset ©f C JFy.

Let us fix e > 0, 7 € N and ¢ € Fy. Then there is a periodic point z, with some

period ng such that

€ 1 , e 1 ,
Maz, — = := ;euz% T}LIIJO - ;QD(UJE) s < -~ ]Z; p(o’'zy) < Maz,

We consider the set C' = Cp,(Ss,) = U;’igl Cho(07z,) where S, is the trajectory
of the periodic point z,. We observe that U = Up,(Ss,) = Sz, and hence has zero
entropy. We define a new function close to ¢ by

(z) = {go(g) ifzeC

o(z) —e else
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Clearly, ¢ € Fp and || — ¢|ls < . We will see that this function ¢ has the property
that A, (M()) < e. For z € ¥} and n € N we estimate

n—1

3P|1'_\

55 (o' > @lolz) + ) @lo'z)

oizeC 0igC

<
Il

IN
S|
]
S
q‘
&
_l’_
™
S
.
&
2
Q
S
&

A(C
gMax‘;,—l—i— (1—M>8
r n
because
no—1
Mazy; > — J > M — -
2= Z p(0’z,) azy
7=0
Hence,

7=0
— A(C 1
C{IEEE+ lim ( ’n’x)ZI——}
n— 00 n T
In view of lemma 7.2 we can find a € > 0 such that
A(C 1 _—
€ > huop {x ext: im ACmz) —} > hiop(M(2)).
n—o0 n 'S

We set

Qi(p) ={Y € Fo: [|[& - ollo <e}.
The above estimations still hold with &’ = 2¢ for all potentials ¥ € Qi(¢). Therefore,

for all € > 0 the set
o5 == [ J ()

pEFy

is an open and dense in JFy for which the entropy of the maximum sets M(yp) of
its elements ¢ has topological entropy less then 2. We repeat the same procedure
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for the set M and produce a set ©% with the property that h,,(M(p)) < 2e for all
@ € ©5. Let

0= ﬁ L ©F ney).
N=0n>N

Now we observe that functions ¢ € © have the property that

htOP(W[(QD)) = htOP(M(QD)) =0
Moreover, by the way of constructing the set ©® we immediately have that © is a
residual subset of Fy. O

Proof of theorem 7.1. As we have seen in the proof of theorem 6.1 and f lemma 6.7
the boundary values of the dimension spectrum of the Gibbs measure m = po x~!
on J adjoint to the potential 1(z) = ¢(z) loga(z) coincide with those of the entropy
spectrum of the Gibbs measure p on ¥} corresponding to the potential ¢. The proof
of the theorem 7.1 concludes by observing that the operator £, on Fy defined by
L.(o(z)) = ¢(z)loga(z) is in fact a homeomorphism of the space Fy — in particular
it transforms residual sets into residual sets — because loga is bounded away from
Zero. U

8. CONCLUDING REMARKS

In the previous sections we proved results about the behavior of the dimension
spectrum of a Gibbs state on an expanding conformal repeller at its boundary. We
used an approach which is related to the entropy spectrum of the underlying symbolic
space, but stated the results only in terms of the dimension spectrum. However, the
corresponding results for the entropy spectrum can easily be derived from the dimen-
sion results by considering the symbolic space ¥} itself as an expanding conformal
repeller equipped with the metric

oo
dz,z') =) e ik — —l.
k=1

This metric corresponds to the stretching rate by the constant factor e. Then the
dimension spectrum for a Gibbs measure y on o coincides with the entropy spec-
trum for the Gibbsmeasure m = p o x on J. Moreover, the same considerations are
succesful in a more general situation. Namely, we can derive the same results for the
entropy spectrum for any map that admits a finite Markov partion — i.e. admits a
coding by some symbolic space ¥}. Axiom A basic sets in any finite dimension be-
long to this class. The situation with the dimension spectrum is more complicated.
The main problem in generalizing the results for expanding conformal repellers to
non-conformal maps in higher dimensions is that there is no general theory of com-
puting the dimension of an invariant set or measure. In particular, the Bowen—Ruelle

dimension formula T (0) = dimpg J (see proposition 4.1) need not hold. However, the
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results on multifractal dimension spectra can be verified for two-dimensional hyper-
bolic horseshoes. This investigation was done in [16, 12, 4]. Using the same approach
it is easy to see that the results in this paper also hold for two-dimensional hyperbolic
horseshoes.

APPENDIX

Let (X,d) be a complete separable metric space. Consider a set Z C X and a
positive number §. A cover of Z by sets of diameter at most § is called a d-cover
of Z. For any s > 0, we define the s-dimensional Hausdorff measure of Z by

mu(Z,s) = (lgli% 1r£}f Uze;[(dlam U)?,

where the infimum is taken over all finite or countable d-covers U of Z. There exists
a unique value of s at which mg(Z, s) jumps from +oo to 0. We call this value the
Hausdorff dimension of Z and denote it by dimg Z. We have

dimyg Z = inf{s: my(Z,s) = 0} =sup{s: mg(Z,s) = +oo}.

Let f: X — X be a continuous map. If U is a finite open cover of X, for each
integer n > 1 we denote by S,(4) the collection of strings U = Uy ---U,, where
Ui, ..., U, € Y. For each U € S,(U), we write n(U) = n and define the open set

XU)={zeX:ff'zeUfork=1,...,n}.
Consider a set Z C X. We say that a collection of strings [ covers Z if the union

Uuer X(U) D Z. For every real number s, we define

M(Z,s,4) = nh_)rgo 1rF1fU§€; exp (—n(U)s),

where the infimum is taken over all collections I' C [, Sk(4) covering Z. There
exists a unique value of s at which M (Z, s, 1) jumps from 400 to 0, given by

h(Z,\) = inf{s : M(Z, s, ) = 0} =sup{s : M(Z,s, ) = +o0}.
We define the topological entropy of f on the set Z by
h(flz) = lim (7,4

(one can show that the limit always exists). If Z is compact and f-invariant, then
h(f|z) coincides with the classical topological entropy (see, for example, [9]). How-
ever, the set Z need not be compact nor f-invariant for our definition.

The following simple statement follows from the special type of metric on ¥}
introduced in Section 3.

Lemma 8.1. For any subset Z C ¥} we have h(f|z) = dimg Z - loga.
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For each n € N, we define the metric d,, on X by
dn(z,y) = max{d(f*z, ffy) : 0 <k <n-—1}.

Given § > 0, we say that a finite set £ C X is a (n,0)-separated set if d,(z,y) > ¢
whenever z, y € E and x # y. We define the topological pressure of the continuous
function ¢: X — R (with respect to f) by

n—1
— 1
P(p) =lim lim — log s%p Z exp Z o(fFz),
k=0

d—+0n—oon
zEE

where the supremum is taken over all (n, §)-separated sets E.

For a subset U € ¥} we set Z = Z(U) = {z € U : V,(z) N My, (U) # @} where
M., (U) is the set of invariant measures concentrated on U. We also use the notation
M.(U) for the set of ergodic measures on U> Pesin and Pitskel’ have proven the
following variational principle.

Theorem 8.2 (Pesin and Pitskel’ [10]).

hip(Z) = sup h,
MGMim,(U)

We will use a slight modification of the above variational principle.

Theorem 8.3.
hiop(Z) = supinf{h, : p € V,(z) N M.(U)}

zeZ
Proof. We denote by Z the set {z € X% : V,(z) consists of a single measure}. We
consider an invariant measure g on U. Let u = [ p dm(¢) be its ergodic decomposi-
tion. Then for m — a.e. ¢ pu(U) =1 and p¢ is an ergodic measure. Moreover, since
h, = fhmuC dm(¢) we can choose ¢ in the way that h, < h, . If z(¢) is a generic
point for the measure u, then z(¢) € Z. It follows that
sup  h, < sup hy, (g
NeMinv(U) QEZA
<supinf{h, : v € V,(z) N M (U)}
z€Z
<supinf{h, : v € V,(z) N M (U)}
zeZ
Obviously, we have
sup h, > supsup{h, :p € V,(z) N M(U)}
HEMinV(U) QGZ

> supinf{h, : p € V,(z) N M.(U)}

z€Z

We will state some simple consequence of this variational principle.
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Corollary. Let S be a compact invariant set. Then
hiop{z € T} 1 Vo(2) N Mipy (S) # D} = hiop(S)

Proof. Since S € {z € ¥} : V,(z) N Mi (S) # o} the statement follows immediately.
U

The Legendre transform of the function T is the function D defined by D(«a) =
sup,(ag — T'(q)). We then say that the pair (D,T) is a Legendre pair with respect
to the variables o, g. We say that a C? function T is strictly convez if T" > 0
everywhere on its domain. Given two strictly convex C? functions D and T, one can
show that the pair (D, T) is a Legendre pair with respect to the variables «, ¢ if and
only if D(a) = T'(q) + qor, where o = —T"(q) and ¢ = D'(«).

We will use the following additional notations. Let z € ¥}. We consider the set

V,(z) of accumulation points of the sequence of measures {% Z?:_(} } 0giz- Clearly,

any measure p € V,(z) is invariant.

For a given subset S € ¥} we write Cp,(S) for the set |J, g Cm(z) and Un(S) =
{z € X}|o*z € C,.(S)for allk € N}.

The number of times the trajectory {o*z}& , of the point z hits a given set U is
denoted by A(U, N,z) = Card{0 < k < N : oz € U}.

For a given set X we denote the set of invariant, respectively ergodic, measures
supported on X by M, (X) and M,(X).

If p € M. (X}) then m = pox ' € M,(J) and the limit lim,_,o £ log || DF"™(z)|| =
limy, o0 & Z?;[} loga(oiz) = A\(z) exists form-a.e. z € Jorfor u-a.e. z = x !(z) €
¥, respectively. Since the measure y is ergodic the number A(z) is constant almost
everywhere and hence depends only on the measure. We will denote this number by
Ap O Ap,.
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