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Abstract. We consider the numerical solution of Mellin convolution equations
on an interval by the h-p—version of spline approximation methods. Using a geo-
metric mesh refinement towards the singularity of the integral equation, we prove
stability and exponential convergence in the L, norm, 1 < ¢ < o0, for Galerkin,
collocation and Nystrom methods based on piecewise polynomials.

1. INTRODUCTION

We consider the approximate solution of the one-dimensional Mellin convolution
equation

u(z) — /01 &(z/y)u(y)y 'dy = f(z), z € I :=(0,1), (1.1)

where f and x are given functions and u is the unknown function. Such integral
equations having a fixed singularity at the point z = 0 arise in a variety of app-
lications; for example, they occur when boundary integral methods are applied to
potential problems in plane regions with corners or to crack problems in linear ela-
sticity (see [4], [13] and the references therein). Note that the integral operator in
(1.1) is not compact so that standard theories for the numerical analysis of second
kind Fredholm integral equations cannot be applied. Nevertheless, using graded
meshes and modified spline spaces, results on stability and optimal convergence
orders of Galerkin, collocation and quadrature methods for Eq. (1.1) which are
based on piecewise polynomial basis functions have been obtained in [4], [6], [7],
[9]. These papers apply the technique of the traditional hA—version of spline appro-
ximation methods where accuracy is achieved by decreasing the mesh size h, while
keeping the degree p of piecewise polynomials fixed.

In the present paper we study the h-p-version of those approximation methods

which is obtained if one simultaneously refines the mesh and increases the degree
~of the splines. For the finite element method on a geometric mesh applied to elliptic
boundary value problems in planar polygonal domains, it has been shown in [10]
that, if the given data are piecewise analytic, the h-p-version has an exponential
rate of convergence with respect to the number of degrees of freedom, whereas
the h—version has only a polynomial rate. The state of the art of the p— and A-
p—versions of the finite element method is described in [3]. Only recently the h-p-
version has been introduced into boundary element methods [2], [15]. These papers
analyze the h-p—version of boundary element Galerkin methods with quasiuniform
and geometric meshes for some strongly elliptic first~kind integral equations on a
polygon; [2] establishes, in particular, the exponential rate of convergence when a
geometric mesh refinement towards the vertices is used.



Our aim is to show corresponding results for spline Galerkin methods applied to
the second-kind integral equation (1.1). Furthermore, the h-p—version of certain
collocation and Nystrém quadrature methods is discussed here for the first time.
In Section 2 we recall some analytical properties of Eq. (1.1) in Lg(]), 1 < g < o0,
and in weighted Sobolev spaces. Following [10] we further introduce countable
normed spaces BZ(I) of real-analytic functions on (0,1] which are adapted to the
singularities of solutions to Eq. (1.1) at the origin. As one of our main results we
prove that if the right-hand side f of (1.1) belongs to B2(I) and the kernel function
x satisfles appropriate conditions then the solution u is also an element of BE([).

In Section 3 we define the spline spaces Sppu, o € (0,1), & > 0, consisting of piece-
wise polynomials of degree [un] on the subintervals [o™™, 0™ " 1],s=1,--- ,n—1,
of the geometric mesh. (Here and in the following [a] denotes the integral part of
a.) On the first subinterval [0,0™] the splines are assumed to be zero; this corre-
sponds to the simplest modification of the usual spline spaces in order to deal with
the singularity of the integral equation (1.1) (cf. [4], [6], [7], [9]). Following [10],
we investigate the L, approximation of functions u € B#(I) by splines from S, ;.
The underlying approximation theory, however, is simpler than that of [10] and
essentially relies on Jackson’s theorem. Besides the uniform degree distribution, we
also briefly discuss the case of spline spaces with linear degree distribution; cf. (3.4)
for definition.

In Section 4 we prove stability and exponential convergence in the L, norm (1 <
g < o) of Galerkin and collocation methods with basis functions from S, ,,. In
Section 5 we present the corresponding results for the Nystréom method which can
be regarded as the discrete iterated collocation method based on the spline spaces
Snou- Using a somewhat different approach, it is possible to treat Galerkin and
collocation methods with splines which are not required to be zero over the first
interval [0, 0™ !]; cf. [7] in case of the h-version.

2. SMOOTHNESS OF SOLUTIONS

We first recall some facts about the solvability of Eq. (1.1) in weighted Sobolev
spaces; see [7]. Let A be the Mellin convolution operator defined by

Au(z) := (1 — K)u(z), Ku(z) := /01 w(z/y)u(y)y 'dy. (2.1)

For any interval J and 1 < g < o0, L,(J) will denote the usual Lebesgue space on
J with norm

1/q
i Zo( DIl = { [ fulrde ), g < 003 llus Luo( )] = ess sup u(z)]
For any integer [ > 1, we further introduce the weighted Sobolev space
Lou(I) = {u € Ly(I): 2/ DIu € Ly(I), j = 1,--- , 1}

on the unit interval, which is equipped with the canonical norm-

llw; Laa(Dl = 3° I’ D7u; Lo(T)l], D = dfda.

o<yt



Let % be the Mellin transform of the kernel function of K:
% (2) = / " 27 k(z)da.
0

The function a(z) = 1— K (z) is called the symbol of the Mellin convolution
operator A. For fixed ¢ (1 < ¢ £ o) and p > 0, we make the following set of
assumptions on « and a. '

(A1) J&° Mt k(z)|de < oo;

a(z) # 0, Rez = 1/q; {arga(1l/q + i)}, = 0.
(A20): [ gl/ai=e|k(z)|dz < oo;

a(z)#£0,1/g—p < Rez<1/q.
Here1/q := 0if ¢ = o0, and {arg -}>° denotes the change in argument of a(1/q+:¢)
as £ runs from —co to co. :
Note that the L, operator norm of K is bounded by the integral appearing in
(A1), and then the second condition of (Al) is equivalent to the invertibility of
A on Ly(I). Under the assumptions (Al) and (A2¢), u € Ly(I) and Au € L&(J)
imply that u € L&(I), where L2(I) denotes the weighted space z?Ly(I). Note that
the supremum of the numbers p for which condition (A2?) is satisfied reflects the
principal term of the asymptotics of solutions to Eq. (1.1) at the origin; cf. [5].

The conditions (A1) are of course necessary for the stability in L,(I) of any pro-
jection method applied to Eq. (1.1). To obtain sufficient stability conditions, we
usually have to require some additional smoothness of the kernel function:

(A3): [f5° a¥/eYziDik(z)|dz < 00, 5 =0, , 1.

Condition (A3;) implies that K is a bounded map of L,(I) into Ly;(I), and together
with (A1) this ensures the invertibility of A on Ly (I).

To derive exponential convergence rates for our spline approximation methods,
the framework of weighted Sobolev spaces does not suffice, and following [10] we

therefore introduce appropriate countable normed spaces of real-analytic functions
on (0,1]. For 1 < ¢ < oo and p > 0, let

BX(I)= {we€C>(0,1]:3d >0 independent of j such that
” :Ej—‘ngu; LQ(I)” < dj+1j! y 3 =0,1,--- } :
The functions in Bg(I ) are characterized by different constants d. If we wish to
emphasize the dependence of a function u on d, we shall write u € B ,(I).

In order to state our result on smoothness of solutions with respect to the scale
Bg(I), we introduce the hypothesis

(A49): |; € BY(I). |

Theorem 2.1. Assume (A1) and (A4?), and suppose in addition that (A2¢) holds
if 9 > 0. Then u € Ly(I) and Au € BZ([) imply u € B2(I).

To prove this, we need the following preliminary
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Lemma 2.2. (i) If u € B 4(I), then
I(@DYu; L(D)l| < (2ed)*5, j = 0,1, -
(ii) Conversely, if
H(CDD)JU, LQ(I)H —<- dj+1j!; 7=0,1,---,
then u € B ,.4(1).
Proof. (i) Using the relation 27D’ = zD(zD — 1)--- (2D — j + 1), one obtains
; .

D% 5Dl < 3 (3) 51Dy Ll

1=0
< S GUINE < (G + 1)E

1=0

Since by Stirling’s formula,
77 < (2n) Ve < el 5 =0,1, -, (2.2)
we finally get
|27 D7u; Lo(I)|] < (ed)™(5 + 1) < (2ed)y**5!.

(ii) Note that

I
(D) =Y cla?=i DI~

1=0

with certain non—-negative numbers cf . Applying the operdtor zD to the last rela-
tion, we obtain

At =d+(j+1-i)d, du=cyi=0.

Now, by induction one can easily show that for any 2 and j

d< (”.)j".
7

Therefore we obtain the estimate
j .
i I iy =it
I(zDYu; Lo(T)|| < 3 (i)J |77 D™ u; Ly(1)]|
=0

which implies the assertion as before. O

Proof of Theorem 2.1. Step 1. We first verify the assertion in the case o = 0.
We have to show that, under the assumptions (Al) and (A4°), u € Ly(I) and
Au € BY(I) imply u € BZ(I). Thus, by Lemma 2.2, one may assume that for some
d>1

d, |[(zD) Au; L(I)|| + |[(zD) x; Le(1)|

|lu; Le(D)l] <
S dj+1j!7j=0:17'-"" '

(2.3)



Note that u € Ly ;(I) for any j > 1; cf. [7] (Thm. 1.10). Proceeding by induction
on j, we suppose that for some k> 1 and d; > d

(=DYu; Lo(D)l| < di*'5t, 5 < . (24)
To show (2.4) for j = k, we start with the relation
zDKu(z) = KzDu(z) — k(z)u(l), u € Lg1(I) (2.5)

which follows by applying the operator zD to the integral

’ 1 oo
Ku(z) = [ s(o/yyulylydy = [ s(z)u(e/z)sds.
0 T

By iteration, (2.5) yields for any k > 1

(zD)*Au = A(zD)*u + > (2D)* "7 x(z) (zD)u(l), u € Lax(). (2.6)
: i<k
Applying Sobolev’s embedding theorem for the interval [1/2, 1], one has the esti-
mate

|(2D)* " u(1)] < ell(2D) u; Lo(D)l] + c(e)l[(2D)"u; Ly(T)I|
for any € > 0 and k > 1. Together with (2.3) and (2.6), this implies
1A(z D) u; Lo(I)l| < [[(zD)* Au; Lo(D)|| + dfell(2zD)*u; Lo(T)|
+ c(e)ll(2D)* u; Lo(D)I]}
+ >0 dF(k = 1= ){[I(zD)y* u; Ly(D)]]
7<k=2
+ c(U)lI(zD)w; Lo(T)I[} -
Choosing ¢ sufficiently small and using (2.3), (2.4) and the invertibility of A in
L,(I), we obtain from the last inequality

(2D)u; L(DI| < cd** ki + 3 cdi*(j + 1)d*7(k — j — 1)1,
i<k—2
where ¢ > 1 does not depend on k. Using the estimates
G+ DMk =~ 1)t < (k1)
and selecting dy = 2cd?, we finally have
I(@D)*u; Ly(D)|| < ed** BN+ S cdiP?d*9(k — 1) < dF+1E! .
i<k-2
This shows (2.4) for 7 = k and completes the proof of the assertion in view of

Lemma 2.2.

Step 2. Passing to the Mellin convolution operator A, = 72Az? with kernel func-
tion 72k, the assertion in the general case may be reduced to the situation consi-
dered in Step 1. Indeed, using the relations (zD)?z %k = z7%(zD — p)’x and the
- considerations in the proof of Lemma 2.2, x € BE(I) implies that z7¢x € BZ([).
Further, by assumption, A, is invertible on L,(I) while A is invertible on Ly(/) and
Lg(I). Thus it suffices to verify that v = 7% € Ly(I) and A,v = 72 Au € BY(I)
imply v € BZ(I), which was already done in Step 1. O
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Remark 2.3. Another analyticity assumption on &, which is stronger than (A4¢)
but usually satisfied in practice, is the following condition

(A5°) : /0°° 2191|373 Dik(z)|de < &5, § = 0,1, .
This condition implies that
K (LY(1)) C BY(I). (2.7)

Indeed, for the Mellin convolution operator z?~¢D?Kz® with kernel function
727k, one then obtains the estimate

|| 272 D7 Ku; Lo(I)|| = ||2”~2D? K2®(z~%u); Le(T)||
< (/ m”"‘l“’lm"D’m(w‘)ldw) |l2=%u; Lo(D)]] < ed™5!, 5 =0,1,--- .
0

Notice that (2.7) together with the invertibility of A on Ly(I) and L2(I) yields
immediately the assertion of Theorem 2.1 if one replaces condition (A42) by (A52)
there. Moreover, the fact that (A5?) implies (A42) can now easily be verified if we
choose in (2.5) a smooth function u, vanishing in a neighborhood of z = 0 and such
that u(1) # 0, and observe that tDKu — Kz Du € B(I).

Example 2.4. Consider the operator (2.1) with kernel function &(z) = —x1(z)z?,
B > 0, where xr denotes the characteristic function of the interval I (i.e. x;(z) =1
if z € I and x1(z) = 0 otherwise). Then the symbol of A takes the form a(z) =
14+ (B+2)7!, and the conditions (A1), (A2¢) and (A4%) are satisfied for 1 < g < o0
and 0 <p<fB+1/q.

Example 2.5. Let k(z) = 1/m(1 + z?). The corresponding equation (1.1) appears as
a local model when the single layer potential is used to solve the exterior Neumann
problem for Laplace’s equation and the plane domain has a corner with right
angle. Then a(z)=1—1/2sin(72/2), and the assumptions (Al), (A22), (A3;)
and (A59) are fulfilledif 1 < ¢<3,0<p<1/¢g—1/3 and [ =1,2,---.

3. AUXILIARY RESULTS FROM APPROXIMATION THEORY

Forl1 < ¢g< oand k¥ =0,1,---, let W;‘(I) denote the usual Sobolev space of
order k on the unit interval, where W2(I) = Lo(I). By Em(u; W¥) we denote the
error in the best approximation of the function u by polynomials of degree < m
with respect to the norm in WF([) :

- En(y WE) = inf {|lu - o; WEI)|| ¢ € P}

The following proposition, being a simple consequence of Jackson’s theorem, is the
key to the derivation of exponential convergence rates for our spline approximation
methods. '

Proposition 3.1. We have
(1) Em(u;Ly) < F(1 +m)~*||DFu; L(1)]], u € W:(I), m+12>k;
(ii) Em(u; Wy) < FHL + m)~F|| DR u; Ly(D)|], w € W), m > k,

where ¢ does not depend on u, m and k.



Proof. If £ = 0, then the result is trivially true. Let £ > 1.
(i) By Jackson’s theorem /
Em(u; Lg) < c(1+m)™H[Du; Lo(1)]],
and applying successively the relations
Em-j(D7u; L) < e(1+m = §) 7 Epejea (D7 u; Lg), 5 = 0,1,
and an elementary inequality, one obtains (see [12], Chap. 1.6)
Eon(u; L) < (K [R)(L + m)™¥| Dou; Lo(D))].

Together with Stirling’s formula (cf. (2.2)), this yields the result.
(i) By (i) there exists a polynomialﬁ € IP,,_; such that |

|Du — 5 Le(I)l| < Fm™ || D s Ly(D)||, m 2 k211,
and setting ¢(z) = J5 ¥(t)dt + u(0), the last estimate implies

llu — s W (DIl < a1l|D(u — 9); Lo(I)l] < exc*m ™| DF*u; Lo(T)]]

where ¢, ¢; only depend on ¢. O

Let R.,, be the orthogonal pfojection of Ly(I) onto IP,. To investigate the L,
convergence of spline Galerkin methods, we need the following simultaneous ap-
proximation result.

Proposition 3.2. For any u € W:'H(I), 1<g< oo0and m >k,
(1 = R s Lo( D)l £ *+1(1 4 m)™*|| DF* 1 Lo(T)]]
where ¢ is independent of u, m and k.
Proof. 1. Let 1 < ¢ < 2. Then, for any ¢ € IP,,, the estimate
(1 = R )u; Lg(DIl < 111 = Ren)us La(1)]
| < =5 La(D] < ealfu — o Wo ()]
holds, where ¢, only depends on g. Here we have used Sobolev’s embedding theorem.
Now it suffices to apply Proposition 3.1 (ii).
2. If 2 € ¢ £ o0, we have for any ¢ € Py,
(1 = Ren)us Lo(DIl < [l = @3 Lo( DI + [[Ren(u — 9); Lo(T)I] < 1w = 03 Lo(D)|
+ a(l+m) 7w — o Ly(T)||
< (L a)(L+m) "l — g LDl

where c; is independent of u, ¢ and m and the second inequality is a consequence
of [14], Thm. 3.3. It remains to apply Proposition 3.1. (i). O

To the Chebyshev nodes on I
1

L (m).____ . COS(2j+1)7r . e m
6.7""6] —2{1+ 2(m+1)}7.7"'0) ) 1y (31)
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we now associate the corresponding Lagrange interpolatory projection L, onto
IP,,. The following result is needed in the convergence analysis of spline collocation
methods and is the analogue of .the preceding proposition.

Proposition 3.3. For any u € Wt (I),1 < ¢ < o0 and m > &,
(1 = Lo Jus Lo(D)]] £ (L +m)~F|| DM s Lo(T)],
where ¢ does not depend on u, m and k.
Proof. 1. Let ¢ < 0o. By a theorem of Erdss and Feldheim (cf. [16] Chap. 14.3),
we have
|£mu; Lo(DI] < e(g)lw; Loo( 1)

for allm € IN and all continuous functions u on [0,1]. Utilizing Sobolev’s embedding
theorem, we thus obtain for any ¢ € P,

1= Loy LDl < s — 93 (D)) + 1o — ); L]
< (1+ @)l — @ Lo(D)]] < erfg)llu — o3 Wy (D]
and it suffices to apply Proposition 3.1 (ii).
2. Let ¢ = 0o. By a theorem of Bernstein (see [13] Chap. 3.3.1), the Lo, operator
norm of L, is bounded by ¢;(1 + log(1 + m)). Now we obtain as before
(1 = L ); Loo(D)]] < (1 + log(1 + m))lu — @5 Lo ()|
for any ¢ € IPn, and Proposition 3.1 (i) completes the proof. O

We now introduce the spaces of piecewise polynomials on geometric meshes occur-
ring in the h-p—version of spline approximation methods. For any n € IN and fixed
o € (0,1), we first define the geometric mesh A, = A,, = {z;: 0 <72 < n} on I,
where

m;:m(")za"‘i,i:1,~--,n; (Bo:O. (32)

Let I; = (zi-1,2:), hi = z; — z;_1, where the upper index n is omitted for conveni-
ence. To the mesh A, , and a fixed parameter p > 0, we then associate the spline
space

Sn=Snop = {u € Loo(I):uly, =0, ulg, € Pyny, ¢ 2> 2} (3.3)

which corresponds to a uniform degree distribution on the subintervals of A,.
Sometimes we also consider the case of linear degree distribution

Stin = {u € Lu(I) tulyy =0, ulp, € Py, i > 2. (3.4)

n,o,Hu

The following theorem is the crucial approximation property of Sy,; for ¢ = 2 it |
is of course a special case of the two-dimensional results obtained in [10]. Let P,
denote the orthogonal projection of Ly(I) onto Sp,u-

- Theorem 3.4. Let u € B(I), 1 < ¢ < oo and g > 0. Then
(1 = Pa)u; Ly(T)]] < ce™™™, (3.5)

where the constants ¢ and b do not depend on n.
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Proof. Step 1. On the first subinterval (0, z;) of the mesh A,, we have

s Lo(I)| < 078 |z72u; Lo(L)]| < cro™. (3.6)
Here and in the sequel ¢, ¢, -+ denote various constants not depending on n and
. :
Step 2. Next we prove the estimate
lu — Py Ly(zy,1)|| < cro™/e (3.7)

in the case ¢ = 2. In order to do so, we choose a polynomial ¢; on each subinterval
I, 1> 2, such that according to Proposition 3.1 (i) (with m = [un] and k = [vn],
0 < v < p) and the scaling argument, the estimate

{caha/ (L + [pn]) Y™ || DEu; Lo(L))|

[lu — @i Lo(L3)]] <
< Aeohifzioa(1 + [pn]) Y™ 28| |2t DEy; Ly(1)||

(3.8)

holds. Here c;, is also independent of : and v, and v will be chosen sufficiently small
later on. Since h;/z;—1 = (1 — o)/o (cf. (3.2)) and u € B3(I), the last expression
in (3.8) can be bounded by

fes/(1+ [um])}e™ ofumlt .
Therefore we obtain from (38)

1/ | [vn]
{g e = 35 Lz(L-)lIz} < cafes/(1 + ()}l [on]! < ¢ (c""i i {::,]]) (3.9)

since [vn]!(1 + [vn])"P" < 1. Choosing now v = pu/c with sufficiently large c in
(3.9), we get (3.7) for ¢ = 2. Indeed, if ¢ = 2¢3/0 and pn/c > 1, the last expression
in (3.9) can be dominated by c,0®™ < /™, whereas for all indices n with pn/c < 1
it can be bounded by ¢4 < ¢;0*"

Step 3. We finally verify (3.7) for arbitrary q. Then (3.6) and (3.7) obviously imply
estimate (3.5). Arguing as before, but applying Proposition 3.2 instead of Propo-
sition 3.1 (i), we get for 7 > 2

llu — Pats; Lo()|| < ea{es/(1 + [un])}e™al(1 + [vn)])! (3.10)
By virtue of the obvious estimate (1 + [vn])!{(1 + [un])‘[""] <1, this yields again

1 + [vn] bon]
1+[un]> ’

|lu — Pru; Lo(z1,1)]] < cq (c;;

hence the result. O

Remark 3.5. Let N be the number of degrees of freedom (i.e. the dimension) of
Snou- Then N < un? ie. n > /N/py, and (3.6) and (3.7) imply the estimate

(1 = Po)u; Ly(D| < e {JQVN/“ n om/c} < e VE (3.11)

9



where ¢, ¢; and ¢; do not depend on N and p, while b is independent of N but de-
pends on p. Note that a somewhat more precise estimate for ¢ = 2 and a discussion
of the optimal choice of x and o can be found in [10]. The starting point there is
the more precise version of Proposition 3.1 (i)

(m—k+1)!

Enei La) < (o)

|1 D%u; Lo(T)|P, m+1 > k

which is shown by approximating u by the Legendre polynomials.

Remark 3.6. If P, denotes the orthogonal projection of Ly(I) onto Si™  (cf.

n,o,u

(3.4)), then the assertion of Theorem 3.4 only holds, in general, if x is sufficiently
large. Indeed, instead of estimate (3.10), one obtains from Proposition 3.2 that

[ = Pou; Lo(I)| < cazf{es/(1+ [m]) Y1+, 62> 2,
which gives
|[u = Paw; Lo(L)|| < ca{cso™®(1 4 1)/(1 + [ui]) Foo < c27 0"
if 4 is large enough. These estimates yield
|l = Pou; Lo(21,1)[| < cac®™,

and consequently

111 = Po)w; Ly(D)|] < c10%™ < cpe bV VIR, (3.12)

where N = dim Sl"‘ and ¢y, ca, b are independent of n, N and p. This corresponds
to the result in [10] for qg=2.

Finally, to the Chebyshev nodes (3.1) and the mesh A, we associate the colloca-
tion points :

Zi; = ( ) = T;-1 +£.7h17 (7').7) € ‘-7

where J = {(¢,7) : 2 < i < n, 0 < j < [pn]}. For any continuous function u on
(0, 1], define the interpolatory projection Qnu € Sn o by

(@nu)(zi5) = u(zi), (4,7) € T - (3.13)

To prove exponential convergence of spline collocation methods, we need the follow-
ing analogue of Theorem 3.4.

Theorem 3.7. If u € B&(I),1 < q¢< oo and g >0, then

(1 — @n)u; Le(I)]| < Ce_bna
where ¢ and b are independent of n.

Proof. This follows as in Step 3 of the proof of Theorem 3.4, using of course
Proposition 3.3 in place of Proposition 3.2. O
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4. STABILITY AND EXPONENTIAL CONVERGENCE OF GALERKIN AND
COLLOCATION METHODS

Let A =1 — K be the Mellin convolution operator defined in (2.1). For the appro-
ximate solution of Eq. (1.1), we first consider the h-p-version of spline Galerkin
methods, namely the Galerkin method with splines from S,, = S, ,,. The Galerkm
solution u, € S, is defined by

P,Avu, = u, — P,Ku, = P,f. (4.1)

Theorem 4.1. (i) Assume (Al), and suppose additionally that condition (A3,)
holds if g # 2. Then the Galerkin method (4.1) is stable in Ly([1), i.e

|| PrAtin; Lo(I)l| 2 cllun; Lo(D)I], tn € Sny 2 1o, (4.2)

where n, is large enough and ¢ does not depend on u, and n.

(ii) Under the conditions of (i) and the assumptions f € B2(I), ¢ > 0, (A29)
and (A4¢), the Galerkin solution u, of (4.1) converges exponentla.lly to the exact
solution u of (1.1) in L,(I), i.e.

= tn; Lo(I)]] < ce™®, (4.3)

where N is the number of degrees of freedom, ¢ and b are some constants not

depending on N (if 4 is fixed).

Note that the Galerkin method (4.1) is stable in Ly(I) under the minimal (inver-
tibility) assumptions on A, whereas in our approach the stability in Ly(I), g # 2,
requires some additional smoothness of the kernel function. The proof of Theorem
4.1 (i) is based on the stability of the finite section method for Eq. (1.1). Consider
the truncation operators

Tt = X(au)t, @1 = o) = 0™ (44)

Lemma 4.2. If assumption (A1) is satisfied, then
|| ATnu; Lo(1)|] 2 cllmau; Lo(I)||, w € Lo(I), n > 1o, (4.5)

where n, is sufficiently large and ¢ is independent of u and n.

Proof. Consider the map ®u(z) = e~*/%u(e™?) which is an isomorphism of Ly(1)
onto Ly(0,00). Then ®(1 — K)®~! becomes the Wiener-Hopf integral operator

1-W, Wu(z) := /Ooo w(z — y)u(y)dy ,

with kernel function w(z) = e~*/%k(e™®) € L1(—o00, 00). Now (4.5) is a consequence
of the stability of the finite section method for Wiener-Hopf equatlons see (8] for
g < o0 and [1] for ¢ = o0, or [13]. O

Proof of Theorem 4.1. (i) For any u, € S,, the relation
Po(l = K Yun = n(1 = K)Tptin + 7n(1 = Po)Kup, (4.6)

11



holds. Therefore, by virtue of (4.5), for the proof of estimate (4.2) it is sufficient to
verify that '

H"rﬂ(l_Pﬂ)K”q—')O) n — 0o, (47)

where || - ||, denotes the operator norm on L,(I). We first consider the case ¢ = 2.
Let w € Ly(I). In the sequel c,c;,--- denote various constants not depending on

u,n and 7. Applying Proposition 3.1 (i) (with ¥ = 1) and the scaling argument, we
obtain for z > 2
(1 = Pa)Ku; Ly(L)|| < chi(l + [pn]) || DKu; La(L)|

< c(hifzica)(1 + [un]) e DKu; La(L)l] - (4.8)
< e YeDKu; L(L)|.
If we assume, in addition, that K is a continuous map of L,y(I) into L, (), then
(4.8) implies that

|1Ta(1 = Pn)Ku; Ly(D)|| < exn™ || DEw; La(1)]] < ean™ [Ju; Le(1))]]
which proves (4.7) for ¢ = 2. Now we observe that, for any ¢ > 0, K may be
approximated by a convolution operator K, with kernel k., satisfying condition
(A3;) such that ||K — K.||» < . Since the projections P, are of course uniformly

bounded on L,(I), it suffices to verify the L, stability of the Galerkin method for
1 — K, if € is sufficiently small.

Next we prove (4.7) for arbitrary q. Applying Proposition 3.2 (with & = 1) and the
scaling argument, we get for any u € Ly(I) and ¢ > 2

1 (1 = Po)Ku; Lo(I)|| < chi(1 + [un]) M| D* Ku; Ly(L )|
< o(hifziea)*(1 + [pnl) 7H2® D* Ku; Lo(I)|| < exn™ ||z D* K Ly(L)]] -

Since K is a bounded operator of L,(I) into Lg (1) by condition (A3,), it follows
from the last estimate that '

|[Ta(1 — Pn)Ku; Lo(D| < exn™|[2? D? Ku; Lo(I)]] < can™ [Ju; Lo(DII - (4.9)
which completes the stability proof.
(i1) By assumption and Theorem 2.1, the exact solution u of Eq. (1.1) belongs to

Bg(I). Therefore, in view of Theorem 3.4 and Remark 3.5, it is now sufficient to
verify the estimate
[l = tn; (DI < €ll(L = Pa)us Lo(DII, n > 1o -
Since [[u — un; Lo(I)|| < [I(1 = Pu)u; Lo(I)]| + || Pats — tn;j Lo(I)|| and the stability
estimate (4.2) implies :
1Pt — i (D) € el PAACL = Ba)es LD, 7. 1
it remains to verify that the last expression is bounded by ¢||(1 — Pn)u; Lqy(1)||. For

g = 2, this is obvious because of the uniform boundedness of P,. In the general
case, we have by (4.9)

1PRA(L = PoJu; Lo(I)]| < |lmn K (1 — Po)u; Lo(I)]] +
+ lma(1 = P)K(L = FuJu; L(T)[] < cl|(1 = Pa)u; Lo(T)]|
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which completes the proof. O

We now consider the h-p-version of spline collocation methods. We seek an element
U, € S, such that

QnAun =Un — QnKu, = Q'nf ) (4’10)

where @, denotes the interpolatory projection defined in (3.13). The following
result is the analogue of Theorem 4.1 for the collocation method. Its proof follows
the same line as there, using of course Proposition 3.3 and Theorem 3.7 instead of
Proposition 3.2 and Theorem 3.4.

Theorem 4.3. (i) Assume (Al) and (A3;). Theh the collocation method (4.10) is
stable in Ly(T), i.e. estimate (4.2) holds with P, replaced by Q.

(ii) If, in addition, the assumptions f € BE(I), ¢ > 0, (A2?) and (A4?) are satisfied,
then the collocation method converges exponentially in Ly(I), i.e. estimate (4.3)
holds with the collocation solution u, of (4.10). '

Remark 4.4. For the approximation methods (4.1) and (4.10) with basis functions
from 857, (cf. (3.4)), the results of this section hold if 4 is sufficiently large;

compare Remark 3.6 and the proof of Theorem 4.1. To derive stability of those
methods, one has to use, for example, the estimates

I(1 = P)Kw; Ly(L)|| < chi(l+ () 7| DK w; Ly(L)l|, & > 2
instead of (4.8).

Remark 4.5. In contrast to collocation methods based on piecewise polynomials
of fixed degree (cf. [4], [7]), for the h-p-version one does not have so much freedom
in the choice of collocation points. If we take, for example, equidistant points &; =

fgm) = j/m (7 = 0,--- ,m) on the unit interval, then the L, operator norm of
the corresponding Lagrange interpolatory projection L£,, grows exponentially as
m — oo (cf. e.g. [11]) so that the results of Proposition 3.3 and Theorem 4.3
cannot be expected in this case. Selecting, however, §§-m) as the Gauss-Legendre
points on I, one has the estimate (see [16], Chap. 14.4)

1£m; Loo(D)]] < ev/mllu; Loo(I)]], m = 1,2,

for any continuous function u on [0,1], and defining @, again by (3. 13) Theorem
4.3 holds with this choice of the collocation points z,;. This only requires a shght
modification of the corresponding proofs.

5. NYSTROM METHODS

We finally study stability and exponential convergence of a quadrature method
which can be interpreted as the discrete iterated version of the collocation method
(4.10). To define this method, consider the (m + 1)-point interpolatory quadrature
rule

/0 vdmN}:w(”‘)v(f("‘) / Loy dz o (5)

7=0
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with weights w; = wgm) (j =0,--- ,m) and the Chebyshev nodes ¢; = §§~m) intro-
duced in (3.1). The following property which is a consequence of a theorem of Fejer
(cf. [12], Chap. 3.6.2) is of importance for our convergence analysis:

wg-m) >0 foralljandm. (5.2)

Let @, be the interpolatory projection onto S, ., defined in (3.13) via the colloca-
tion points z;j, (3,7) € J. Then the composite quadrature rule obtained by shifting
(5.1) (w1th m = [;m]) to each submterval I, i > 2, of the geometric mesh A, ,
and summing over 7 > 2 is

1 1
/ vdz ~ Y wjv(zi)hi = / Qnv dz . (5.3)
0 (id)eT 0
Using (5.3) we approximate the integral operator K in (2.1) by

Ku(z) = Z wil(z, @i )u(zij)hi, ¢ €T, (5.4)
(i.3)eT

where 4(z,y) := y~'k(z/y). The Nystrém solution u,(z) to the integral equation
(1.1) is now defined by

(1 — Kp)un(z) = f(z), z€1. (5.5)

Note that (5.5) is a linear system in the values u,(z:;), (3,7) € J, and then f(z)+
K,un(z) may be computed giving u,(z) for all z € I.
To derive a stability result for (5.5), we need the following technical lemmas.

Lemma 5.1. If v € Wf*!(I) and m > k, then

| / vde — 3 w{™u(EM)] < FH(L ) K| Dk, LDl (5.6)

Jj=0

where c is independent of v, k and m.

Proof. For any ¢ € IP,, the left-hand side of (5.6) can be estimated by

[ =)l + 16— o) E) < Il - o5 LD +

- j=o

+ zw‘ Nw = @3 Lo (D] < €llv — o; WD -

Here we have used (5.2) and Sobolev’s embedding theorem. Now the assertion
follows from Proposition 3.1 (ii). O

Lemma 5.2. Under the condition (A3;), we have
(K — Kaus (DIl < en™" |15 Loa(Dl, 4 € Loa(D), n € IV,

where ¢ does not depend on u and n and 7, denotes the truncation operator (4.4).
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Proof. Applying Lemma 5.1 (with k = 1) and the scaling argument, we obtain for
any u € Lg2(I),n € IN and 2 > 2

(un]
| ), oyt = X wstle, (e
< (1 + )R D3Ae gl ) (5.7)

< eonH|y? D24z, y)uly); La(L)|| -

Furthermore, the relation

2DZZ(:I:,y)u(y > (2, y)y"Du(y)

0<r<2

holds, where £.(z,y) = y '&.(z/y) and the functions &, satisfy the first condltlon
of (Al) From (5.7) we obtain for all z € I and n

(Ko~ KnJu(o)| S eon™ 3 [ 6o, )lly” D uldy

0<r<2

which implies the result by passing to L, norms. O

We are now in a position to prove stability of the Nystrém method in the weighted
Sobolev spaces Lgo(I).

Theorem 5.3. Assume (Al) and (A34). Then the Nystrom method (5.5) is stable
in Lgo(I), ie.

(L = Ko)us Laa(D)I| 2 ellus Loa(DIl, v € Loa(D), 1 > o, (538)
where n, is sufficiently large and ¢ does not depend on u and n.

Proof. Step 1. First we verify that the operators 1 — K, are stable in L,,(]).
Lemma 4.2 implies the stability of these operators in L,(I) since one has the matrix

representation
[ m(Q—-K)r, 0
L= K = ( —raK(1 =) 1 )

with respect to the direct sum Lg(I) = mp(Lo(1)) @ (1 — mn)(Lg(I)). Moreover, for
i=12

169 D; Lo(D)|| < 169 DA(1 ~ KmaYu; Lo(D)| + 1167 D3 Km; Ly(1)]|
and by (A3,) and the stability of 1 — K, in Ly(I)
169 D% Kt LD < el s L(DI| < clls Lo(D)| < (1 = Ko Lo( DI
These estimates obviously yield (5.8) with K, in place of K.
Step 2. We show that for any n € IN, u € Ly»(I) and j = 0,1, 2 the estimate
107D (K7 — K )i Lo(D)]] < en™"||u; Loa()]] (5.9)

holds. Then the stability of (5.5) follows from that of 1 — K, by small perturbation
with respect to the L, operator norm. Note that Lemma 5.2 implies (5.9) if 7 = 0.
For j = 1,2, we use the fact that K = 2 DIK is the Mellin convolution operator
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with kernel z7D’k and that KV = mjD."Kn is the approximate operator (5.4)
corresponding to K. Since by (A34) KU) satisfies condition (A35), it suffices to
apply Lemma 5.2 to those operators. O

Remark 5.4. Using the more traditional approach of showing that ||(Km, —
K.)Knllo — 0 as n — oo, one can also prove the stability of (5.5) in Le(I);
cf. [9] in the case of the h-version of the Nystrém method.

~ We are now ready to state our result %on exponential convergence of the Nystrom
method.

Theorem 5.5. Assume f € B(I), ¢ > 0, (Al), (A2?), (A4?) and (A5°). Then
the Nystrém method converges with the error bound (4.3), where u, denotes the
solution of (5.5).

Proof. Using the relation (1 — Kn)u,, = (1 — K)u and Theorem 5.3, we obtain
[l = un; Lga(DI] < ell(1 = Kn)(u = un); Laa(D = el|(K = Kn)u; Laa(1)]] -

Recall that condition (A5°) is stronger than (A34). Furthermore, by assumption
and Theorem 2.1, we have u € B2(I) so that it remains to apply Lemma 5.7 below

to the operators DI (K — K,,), j =0,1,2. O

Remark 5.6. Under the conditions of the preceding theorem, we obtain the expo-
nential convergence rate

llu — unj L i(I)|] < ce™™, ¢,b independent of n,
for any j € IN. Indeed, if we apply the operators z7 D7 to the relation
U —up = Ku — Kpup, = (K — Kp)u + Kn(u — un),
we obtain with the notation in Step 2 of the proof of Theorem 5.3
' DI (u—uy) = (K9 — Ky + KO (u — u,), (5.10)

where the kernel of K() also satisfies the assumption (A5°). Lemma 5.7 below
yields the exponential rate for the first term in (5.10). For the second term, this
is a consequence of Theorem 5.5 and the uniform boundedness of K{/), the latter
following from Lemma 5.2 applied to K) and the continuity of K : Ly(I) —
Ly x(I) for any j and k.

Lemma 5.7. If the assumptions u € B2(I), ¢ > 0 and (A5°) are fulfilled, then
(K — Kn)u; LD S ce™™ (5.11)
where the constants ¢ and b do not depend on n.

Proof. We proceed similarly as in the proof of Theorem 3.4. First we have
(L = s LoD < ell(1 = ma)us Lo(D)] < o™ ella2u; L(I)]| < co™ .

Here and in the sequel ¢ and b denote various constants which are independent of
n. It remains to show the estimate

[|(Kmn — Kn)u; Lo(I)]| £ co®™ . ’ (5.12)
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Applying Lemma 5.1 (with & = [vn], m = [un]) and the scaling argument, we
obtain for all 1 > 2 and v € (0, 1) ’

[un]
| J, Koty = 3wz, 25 )u(z)hd
efe/(1+ [m])}[w‘]h“""]nD“[""]e(m,y)u(yy Li(L)l (5.13)

<
< efe/(L+ [un]) Y™t [y P2 Dy, y Ju(y); La(L: )H

Define the functions «; and £; by »
y 7 i(zfy) = 4i(z,y) =y Dillz,y) . (5.14)
Recall that y~*x(z/y) = £(z,y). Then

/°° mllq—llﬁ'(m)ldm < gt g, = 0 1, (5,15)
0

where d is 1ndependent of j. This follows easily from condition (A5°), usmg Lemma
2.2 and the relations (zD) = (Dz — 1),

(Dyy )b, y) = (~1Yiy ((sDYx)(o/y)
Let now K; be the Mellin convolution operator with kernel function
{e/(1 -+ [am]) Y (2)
and define the functions v; by ‘
v;=0 on I, w;(z)=2fz"Diu(z)] on I;,i>2.
Since u € BE(I), we then have ‘
|lvg; Le(DIl < 5, 5 =0,1--- . (5.16)
Furthermore, with the notation of (5.14)

m

D™ (e yuly) = 3 (’J") e,y )™ D u(y)

i=0 |
for any m, and combining the estimates (5.13) we can write

1+{vn]

(SR STETES M e TN OIS

“Using (5.15) and (5.16), this implies
[[(Kmn — K Ju; Lo(D)]|

J
< cfe(1 + [pn]) (2 + )t < cfe(1 + [vn])/(1 + [un]) ™

Here we have used the estimate

(2 4 [wn))l/(1 + [vn])P™ < 21+[=m1
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As in the proof of Theorem 3.4, the last quantity in (5.17) can be estimated by
cob™ if v € (0, p) is chosen sufficiently small. This completes the proof of (5.12). O

Remark 5.8. All results of this section extend with the same proofs to the case
when the collocation points z;; are defined by means of the Gauss-Legendre nodes

(m)

f;—m) on I, since the corresponding weights w;"’ satisfy condition (5.2) again.

Finally we note that the results on the Nystrém method remain valid if we choose
a composite quadrature rule based on a linear degree distribution on the mesh A, ,
(i.e. a suitable interpolatory projection @, onto Sﬁ’;,# is taken in (5.3)) and if p is
sufficiently large.
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