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Non-equilibrium steady states as saddle points and
EDP-convergence for slow-fast gradient systems

Alexander Mielke

Abstract

The theory of slow-fast gradient systems leads in a natural way to non-equilibrium steady
states, because on the slow time scale the fast subsystem stays in steady states that are driven
by the interaction with the slow system. Using the theory of convergence of gradient systems in
the sense of the energy-dissipation principle shows that there is a natural characterization of these
non-equilibrium steady states as saddle points of a Lagrangian where the slow variables are fixed.
We give applications to slow-fast reaction-diffusion systems based on the so-called cosh-type
gradient structure for reactions. It is shown that two binary reaction give rise to a ternary reaction
with a state-dependent reaction coefficient. Moreover, we show that a reaction-diffusion equation
with a thin membrane-like layer convergences to a transmission condition, where the formerly
quadratic dissipation potential for diffusion convergences to a cosh-type dissipation potential for
the transmission in the membrane limit.

1 Introduction

A gradient system (GS) is a triple (M, E,R) where M is the state space, which is either a smooth
manifold or a convex subset of a Banach space X such that the tangent spaces T, M and cotangent
spaces T M are well defined for u € M. For notational simplicity we restrict to the case that M is
equal to a reflexive Banach space X such that T',M = X and T, M = X*.

The energy functional £ : X — R, =: |—00, 00| is assumed to be differentiable in a suitable subset
dom(DE). The function R : TM = XxX — [0, 00| denotes the dissipation potential, which
means that for all u € X, the function R(u,-) : T, X — [0, 00| is lower semi-continuous, convex
and satisfies R(u,0) = 0. By R* : T*M = XxX* — [0, 00| we denote the dual dissipation
potential which is defined via

R*(u,§) :== sup{(f,v> — R(u,v) ‘ veX }

The gradient-flow equation associated with the GS (X, £, R) can be written in two equivalent forms,
namely

() 0 € O,R(u, ) + DE(u) <= () & € IR (u, —DE(u)),
where 0, R and 0, R* denote the subdifferentials of the convex functions R(u, -) and R*(u, -), re-
spectively, see [Mie16] and the references therein.

Under suitable technical assumptions (such as the validity of a suitable abstract chain rule) there is
a third equivalent formulation according to the energy-dissipation principle (EDP). If u : [0,7] — X

satisfies fOT [R(u, 4)+R*(u, —DE(u))] dt < oo, then (1) and (1) hold a.e. in [0, T] if and only if
the energy-dissipation inequality (EDI) holds, namely

Eu(T)) + /OT<R(u, w)+R*(u, —DE(u))) dt < E(u(0)). (1.1)

DOI 10.20347/WIAS.PREPRINT.2998 Berlin 2023



A. Mielke 2

If we now have a family (X, &, R.).~o of GS with a small parameter ¢ > 0, we say that this family
converges in the sense of the EDP to the limit (X7 Eetts Reff) if we have the following I'-convergences

E L EsinX and .5 Dy in LA([0,T]; X), (1.2)
where the dissipation functionals D, : L2([0, T]; X — [0, oo| are defined as follows:
T
9. (u() = / (Relin, i+ Rz (u, ~DE.(w) ) for e > 0,
OT
Do(u(-)) = / <Reﬁc(u, W)+ R (u, —DSeff(u))> dt fore = 0.
0

We refer to [LM*17] for the first discussion of this concept, to [MMP21] for refinements, and to [DEM19,
Fre19, IMPS21| [FrL.21, IPeS22] for various applications of this approach.

We emphasize two important properties of EDP-convergence: The first simply states that if u. are
solutions to (X, &, R.) and we have convergence u.(t) — u(t) in a suitable way and we have well-
prepared initial conditions, i.e. & (u-(0)) — Eux(u(0)), then w is a solution of the effective gradient
system (X, &, Rer). The second property states that R.g can be different a potentially existing

[-limit Ry, i.e. R. EN Ro. The point is that .. involves a nonlinear construction for the pair (£, R.),
which allows to transfer microscopic information of the energy (encoded in £.—&.¢) into the dissipa-
tion Reqx. We will see this below in Section where R:(u,-) is quadratic and has a quadratic limit
R but R contains a cosh-type membrane part for the transmission through the membrane.

The slow-fast GS under consider are assumed to be of the following form
X = XSIOWXXfast7 SE(Uuw) = E(U> —|—8€(U}), RZ(U,UJ,E,f) = ﬁ*(U’wVE’%é)’

which provides only one class of GS where slow-fast effects can be studied (see [MiS20, MPS21] for
other scalings). The associated gradient-flow equation reads

ew

U .
( ) = 0= R (U,w; ~DE(U), —De(w)),
which shows nicely the slow-fast structure, because ¢ only appears once, namely in front of the time
derivative w of the fast variable w € Xgt.

To pass to the EDP limit we observe that ®. takes the simple form
T
D.(Uw) = / (R(U.w: U 20+ R (U,w; ~DE(U), ~De(w)) )
0

and it is tempting to drop the term cw and minimize the integrand for each ¢ € [0, T] with respect
to the w. However, we will see that this approach is not correct because we have to find the correct
non-equilibrium steady states which create a nontrivial flux as a limit of .

We follow the approach in [LM*17] and estimate R from below via
R(U Ug-)><E U ) R (0w E,)
w;v,ew) = y . - , W; =, )
) ) C ew

where (Z,¢) : [0,T] — X3, X X[, are smooth test functions. Thus, we have

slow

D.(U,w) > /OT << (?), <5Uw>> —fzﬁ(an;EC)) dt

with Z5 (U, w; Z,¢) = R (U,w; E,¢) — R (U, w; ~DE(U), —De(w)).
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Non-equilibrium steady states and EDP convergence 3

It turns our that we can now pass to the limit &€ — 0 by omitting the term € w. Then, we can then
maximize with respect to ¢ and minimize with respect to w for each t € [0, T']. Hence, in terms of the
Lagrangian .Zgﬁ we are lead to the following sup-inf problem:

Zea(U,Z) i= sup inf Lx(U,w;E (). (1.3)

U}GXfast Ce fdbt

We say that the reduced Lagrangian .Z,.q has a duality structure if there exists Reg : Xglow X Xslow —
[0, oo] such that it can be written as

%H(Ua E) = Reff(Ua E) - :ff (U7 _DE(U)) : (1.4)

Using the EDP backwards, we see that the effective GS ( Xjow, F/, Resr) With the gradient-flow equa-
tion .
U=0= :H(U, —DS(U))

indeed describes the limiting dynamics.

Thus, the main point in applying this theory successfully is to show the existence of the duality structure
(E, Reg) for the reduced Lagrangian -Z.q. And it is here were the theory of NESS comes into play.
The definition of NESS in the above context means that we fix U € Xaow and want to find the NESS
w € Xiast such that

(0) _ (Dgﬁ*(U, w; =DE(U), —De(w))

Vv — —
—x + y UIUEXSOW? VeXsow~ 1.5
0) ~ \DR'(U,w; ~DE(U), —De<w>)> <0> 1 ov- (19

We refer to (2.10) for the general case involving port mappings P : X — Y and P° : X* — Y*,
which in (1.5) take the simple form Y = X0y, P(U,w) = U, and P°(E, () = =. We observe that
fixing U = U artificially generates a flux 1V which is generated by the NESS % associated with U.

The first major link between the theory of NESS and the above saddle-point reduction for Lagrangians
is the fact that NESS w solving (T.5) give rise to a global null-saddle (w, () = (w, —De(w)) for

gg’ﬁ(U, '; —DE(U), -), i.e.

V(w, () € Xpast X Xfogt - fff(U w; —DE(U), —De(w))
S "iﬂaﬁ(U DE( ) De(@)) =0 S gg}ﬁ(ﬁ, @; —DE(U), ()

Proposition provides conditions under which null-saddles automatically have the form
(w, —De(@)), where W is NESS solving (1.5). There seem to exist a number of different variational
characterizations (also called extremum principles) of NESS, but to the best of the author’'s knowl-
edge the saddle-point formulation given here is new. We refer to [ASGB95, [StW98, IDD*12], [DeM84
Cha. V], and [TscQ0, Ch. 30, pp.213-215]. In particular, [StW98] has the appealing title “Maximum of
the Local Entropy Production Becomes Minimal in Stationary Processes”.

The second important link arises from the fact that the existence of null-saddles implies
Zea(U,=DE(U)) = 0 with ZLeq from (T-3). However, Proposition shows that this condi-
tion (for all U € Xaow) is exactly the crucial condition for the existence of a duality structure in the
sense of (1.4). Theorem [2.15| provides the main result giving the explicit construction of R,eq, which
involves a nontrivial series of duality arguments. In particular, the convexity of ( — Zeq(w, ¢) needs
a special argument.

Section [3| gives a more detailed account of the reduction of slow-fast gradient systems as discussed
above. On particular, Section[3.2)it also treats the case where the slow component U € X, and the
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A. Mielke 4

fast component w € X, only interact by a constraint Py U = Prsiw, where Py @ Xgow — Y
and P : Xt — Y are the port mappings. In that case the effective dual dissipation potential is
the sum

o1 (U.Z) = Riiow (U, E) + Ry (Paow U, Piow =)

slow

i.e. Ry encodes all the information on the NESS in Xy,;.

Section [4| provides two ODE examples, the first being that of a general quadratic dissipation potential
and quadratic energies £ and e. Everything can be explicitly calculated such that this case is helpful to
obtain guidance when the abstract theory may be overwhelming. The second example treat a reaction-
rate equation for four species A, B, C, and D undergoing two binary reaction pairs A + B = D
and A + D = (. Starting with constant reaction coefficients k1,2 for the two reaction and assuming
that the vector of equilibrium densities is (a., b., ¢, d.) with d. = cw, the transformation d(t) =
cw(t) provides exactly a slow-fast GS as above, where the energies £ and e are relative Boltzmann
entropies and R is of cosh- -type. Applying the above reduction method via NESS we find an effective
GS of cosh-type for the density vector (a, b, ¢) that corresponds to the ternary reaction pair 2A+ B =
C. The interesting point is that, in contrast to the result in [MPS21], the cosh-type gradient structure is
preserved, but now the effective reaction coefficient depends o the density a.

Section [5| revisits the results obtained in [LM*17] but now from a more general perspective. Moreover,
the results are generalized by allowing for a reaction term which models sorption into and desorption
from the background. The model starts from a one-dimensional diffusion on an interval, where the dif-
fusion coefficient in the central membrane region |—¢, €| is scaled by ¢. Using Otto’s gradient structure
(see [Ott96, [Ot198] . JKO98, [Ott01])) we start again from relative Boltzmann entropies £ and e and from
quadratic dual dissipation potentials ﬁ*(U, w; -, + ). Inthe limit e — 0 the membrane part collapses
to an interface generating transmission conditions. Our methods shows that Ry is of cosh-type, which
shows that it has inherited properties from the Boltzmann entropy e. Indeed, the Boltzmann function
A(z) = zlogz — z + 1 with A3 (z) = log z generates by the saddle-point problem the cosh-type
function C*(¢) = 4 cosh({/2) — 4. Theorem [5.1] contains a much shorter derivation of R than in
[LM*17, [PeS22], and Theorem generalizes the result to the case including a reaction term that
scales like 1/¢ in the membrane region |—¢, €|.

Finally, Appendix [A] provides classical result on global saddle points as discussed in [EKT74]. For the
readers convenience, we include a full proof for the existence of saddle points for convex-concave
Lagrangians.

2 Constrained saddle points

We first collect some basic facts about unconstrained saddle points, then introduce the notion of
constrained saddle points using the port mappings P : X — Y and P° : X* — Y™ and show that
under a suitable additional condition that these constrained saddle points are indeed NESS solving
if they are null-saddles. Section [2.3]shows a further characterization if NESS as null-minimizers.
Section provides the main result concerning the duality structure for reduced Lagrangians .Z,.q if
the associated NESS are null-saddles.
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Non-equilibrium steady states and EDP convergence 5

2.1 Classical saddle points

For a gradient system (X, £, R) we consider the Lagrange functional
g&',R(u> 5) - R*(U, 6) - R*(U,, _Dg(u))a (21)

which is defined on X x X*. It will be the source of a series of results concerning NESS. We will
simply write .’ in place of .Z% x if the relevant GS (X, £, R) is clear.

Remark 2.1 (Slope dissipation term) In the definition of £« , we use the formula R*(u, —DE (u))
to denote the so-called slope dissipation, which should properly be defined by its weak lower semi-
continuous hull, namely

S(u) == inf{ lim inf R*(u,,, =D& (uy,)) | un — u, u, € dom(DE) } (2.2)
n—oo

For example the linear diffusion equation v, = Aw with no-flux boundary conditions is the gradient flow

equation associated with the Otto gradient system (P (2), Eg,, Ry, Wlth Ep,(u) = [, Ap(u

and Ry, (u, &) = [, 5/ VE[*udx. We obtain the Fisher information S (u fQ 2[V\/_ | dz, WhICh

is well defined even when v = 0 in a set of positive measure, whereas u E dom(DE) needsu > 0

a.e.

Subsequently, we will still write R*(u, —DE(u)) to emphasize the structure of the problem, but when-
ever analysis is done, we replace this term by S.

Obviously, for all u € X the functions .Z (u,-) : X* — R are convex, and in some cases we have
concavity of Z (-, &) for all £ € X*. In the case of quadratic energy £(u) = 3 (Au, u) — (¢,u) and
a quadratic dual dissipation potential R*(u, ) = %(5, K¢) we obtain the simple quadratic Lagrange
functional

gquadr(u>§) = %<€a K€> - %<AU_£>K(AU_€)> (2-3)

which has the above-mentioned concave-convex property on X x X*.

Definition 2.2 (Global saddle points) Given two Banach spaces X and Y and a functional £ :
XxY — R, we call apoint (Z,7) € X xY a(global) saddle point for £ if

VeeX, yeY: ZL(ry) <277 <ZL(T,vy).

Thus, we are in the situation of classical saddle-point theory, see [EKT74] and Appendix [A|that collects
the most important facts. In particular, we will use the the fact that the infimum over £ € X and the
supremum over u € X can be interchanged if a saddle point exists, see Lemma :

(@ Slg:=sup mf Z(u,&) < inf sup Z(u,§) :=1S¢ (2.4a)
ueX §€X €eX” yex
(b)  saddle point (, &) exists = Sly = IS¢ = Z (7, §). (2.4b)

For Zuadr in with invertible A we see that (u, £) is a saddle point if and only if £ = 0 (use
K > 0) and DE(u) = Au—/ = 0, viz.w = A~'4. We then have .Z(u, 0) = 0. If A is not invertible,
we have multiple saddle points, namely all @ minimizing u +—> %(Au—ﬁ, K(Au—€)>. Then, one has
Z(w,0) = — min { (Au—{, K(Au—0)) |u € X }.

DOI 10.20347/WIAS.PREPRINT.2998 Berlin 2023



A. Mielke 6

As a second example we consider
X =R", Eu)= 1(Au u), and R(v) :i(o|v-|+zlv|2) :0|v|1+z|v|2 (2.5)
) 9 ) ’ v 2 2 2 2 2 .

Now we have R*(£) = SO0 L (max{|&|— 0,0})2, which means R*(u,&) = 0 for [{| < 0.

i1 2v o
Hence, we have many saddle points (%, £), namely all pairs with ||, < ¢ and |ATl|., < 0. Again

all saddle points satisfy . (1, £) = 0.

A general characterization is the following. We also complement the result with a discussion of critical
points (T, ) of . is they happen to be of the form £ = —DE ().

Theorem 2.3 (Unconstrained saddle points) Consider a GS (X,£,R) and set £ = ZLex as in
(2.1).
(a) A pair (T, €) is a (global) saddle point of £ if and only if
R*(w,6) =0 and R*(u,—DE(W)) = mi)r(lR*(u, —DE(u)).
ue
(b) If there exists ueq € X with DE (ueq) = 0, then all saddle points satisfy R* (u, —DE(w)) = 0,
and hence £ (1, ) = 0.

(c) If in addition to the condition in (b), the dual dissipation potentials R*(u,-) : X* — R are strictly
convex, then all saddle points (1, £) satisfy ¢ = 0 and DE () = 0.

Proof. Part (a). Minimizing . with respect to £ € X* and using use 0 = R*(u,0) < R*(u,§)
yields _
SIy = sup (—R*(u, —DE(u))) =: S < 0.

ueX

Moreover, choosing & = 0 we obtain an upper bound for IS &, namely IS ¢ < S. Thus, with (2.4a)
we conclude SI» = 1Sy = S.

Hence, we conclude that a saddle point (7, ol¢) must satisfy R* (7, —DE () = —S and R*(u, ) =
0, which is the desired result (a).

Part (b). We obtain S = 0 and the result follows.
Part (c). This is an immediate consequence of the implication R*(u, &) = 0 = & = 0 and of Part
(b). [

The following result will not be used in the sequel, but it gives a first insight why the saddle-point theory
for Z¢ r is useful. The point is that there is a certain redundancy in the Euler-Lagrange equation for

critical points (, 5) of £ =, when the critical point satisfies E: —DE&(uw).

(@, ~DE(W) € Xx X" is

Lemma 2.4 (Euler-Lagrange equations if ¢ = —DE(@)) The (4, &) =
=0 € X, i.e. u is a steady state for

a critical point of & = Z¢ r if and only if O:R*(u, —DE(w))
the gradient system (X,E,R).

Proof. We have D¢.Z (u, &)[€] = DeR*(u, £)[¢] and

Dy (u, §)[u] = Dy R (u, §)[] — Dy R (u, =DE (u))[u] + DR (u, =DE (u)) [D*E (u)[a]]

DOI 10.20347/WIAS.PREPRINT.2998 Berlin 2023



Non-equilibrium steady states and EDP convergence 7

Inserting (u, £) = (u— DE(w) we see a cancellation and the two equations for a critical point reduce
to

0 =DeZ(u., £)[§] = DR (us, &)[E], 0= Do (s, &[] = DR (u, &) [D*E () [al]].

Thus, we see that it is necessary and sufficient to satisfy s R* (u., &) = 0. n

Remark 2.5 (NESS in perturbed gradient systems) If a the gradient-flow equation ofa GS (X, £, E)
is perturbed by a general vector field V' in the form

=V (u)+ 0R"(u,—DE(u)), (2.6)

then steady states can still be obtained as stationary points of a Lagrangian jﬂ/ namely

Assume that u, is a steady state for (2.6), namely
0 = V(uy) + 0¢R" (uy, —DE(uy)), (2.8)

then (u, &) = (u.,—DE(u,)) is a stationary point for & and obviously the critical value is 0, i.e.
Z(uy, —DE(uy)) = 0.

To see the stationarity we observe D¢.Z(u,&) = D¢R*(u,&) — V(q), and yields

—~

D¢.Z (us, —DE(u.)) = 0 as desired. For the derivative with respect to u we have

D, & (u, §)[w] = D,/R*(u, ) [w] — (§, DV (u)[w]) — D,R*(u, —DE(u))[w]
— DR (u, —DE(w))[-D*E(u)[w, -]) — D*E(u)[w, V (u)] — DE(u) [DV(u) [w]] .

Inserting { = —DE(q) the first term cancels the third, and the second term cancels the last. Moreover,

the forth and the fifth terms cancel if we additionally use (2.8). Hence, D, (u., —DE (u)) = 0, and
(uy, —DE(uy)) is indeed a stationary point for £ .

2.2 Constrained saddle points

Hence, we now study the constrained case, where the port mappings P : X — Y and P° : X* —
Y* are used to drive the GS (X, £, R). We start by introducing a constrained saddle-point problem
and then relate the existence of constrained saddle points to the existence of NESS.

Problem 2.6 (Constrained saddle-point problem (CSPP)) Giventhe GS (X, €, R) with Lagrangian
Z¢ r and the port mapping P° : X* — Y*, the constrained saddle-point problem forn € Y™* con-

sists in finding a saddle point (,),&,) € X x X* for

Vu € X with P°DE(u) =n V& € X* with P°¢ = —n -
gE,R(uaEn) S gg,R(ﬂ’mgn) S XE,R(E’IPS)'

The saddle point (T, &, ) € X x X* is called a null-saddle if Lz (U, &,) = 0.

(2.9)

If for some 1 # 0 we find a saddle-point (u,, —DE(u,)), then w,, is called a Non-Equilibrium Steady
State (NESS) corresponding to the constraintn € Y.

DOI 10.20347/WIAS.PREPRINT.2998 Berlin 2023



A. Mielke 8

In light of our theory, it will be important to conclude that a constrained saddle point is actually a NESS.
Under natural assumption this can be concluded for null saddle points.

Proposition 2.7 (Null-saddles and NESS) If a constrained saddle point (m,fn) € XxX*isa
NESS, then it is a null-saddle.

If R*(U,,-) : X* is strictly convex and (T, €,) € XxX* is a null-saddle, then it is a NESS, i.e.
& = —DE&(u).

Proof. The first statement follows directly from .2’ (u, —DE(u)) = O forall u € X.

For the opposite implication we start from a general null-saddle (1, £).From0 = Z(u,§) < Z(u, )
for all £ with P°¢ = 1 we see that £ = £ and £ = —DE(w) are global minimizers. By strict convexity
the minimizer is unique, which proves the assertion. ]

We recall the example in where R* is not strictly convex, because of R*(£) = 0 for [{|o < 0.
The saddle points (7, &) are characterized by |AZi|o, < o and |¢|, < o and all of them are null-
saddles. However, only the ones satisfying additionally E = —Au are NESS. This shows that the
result does not hold without a further condition like our strict convexity.

The next result shows that a NESS obtained from as a constrained saddle point satisfy the desired
Euler-Lagrange equation (1.5), where port mapping P° features twice, namely first as constraint on
the state and secondly to insert the Lagrange multiplier v € Y, which denotes the necessary fluxes
to support the NESS @ induced by the constraint P°DE(u) = —n.

Proposition 2.8 (Euler-Lagrange equations for NESS) If the saddle point in the CSPP (2.6) has
the form (u, &) = (u, —DE(T)), then the corresponding Euler-Lagrange equations for NESS reads

0 =DR*(u,-DE(w)) — P™v, P°DE()=-neY*, veY. (2.10)

Proof. In (Z:9) we may consider variations & and 1 with P°¢ = 0 and P°D?E(u)[a] = 0. Thus, we
obtain

0 = De.Z(u, €)[€] = DeR*(u, €)[€] = (€, DeR* (u, €))x.
0= D,Z(u, &)[i] = DR (u, €)[@] — DyR* (u, —~DE(u))[i] + DeR* (u, —DE(u)) [D2E (u) (]

Inserting £ = —D& () we obtain a cancellation in the second line leading to
0= (£, DeR* (W, —DE(M)))x and 0 = (D2E(w)[a], DeR* (W, €)) x.

However, by the choice of admissible variations, we see that the second relation follows from the first.
Hence we have D:R*(u, —DE(w)) € (ker(PO))l.

To conclude, we simply use Fredholm’s alternative (theorem):
(ker(P?)) = {z e X |P6=0 = (,2)x =0} = ran(P*):= { P*y|yeY }.
With this we have D¢R*(w, —DE(w)) € { Py |y € Y }, which gives j € Y such that

holds. [
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Non-equilibrium steady states and EDP convergence 9

Under the assumption that for all 7 € Y* there exists a unique NESS u,, of (2.10) with Lagrange
parameter v = ©,,, we can define the port relation

P:Y" =Y n—7,

It is this port relation which will play a crucial role in the sequel. As a first result we observe, that in
the case that ‘R is independent of the state, the port relation can be obtained easily from R, it is
independent of the energy &, and it is given as the differential of an effective potential Ry;. We refer to
Section[4.1]to a simple and explicit case.

Proposition 2.9 (Port relation for state-independent dissipation) If R : X — [0, c] is a state-
independent dissipation potential, then the port relation 3 is given by

v="P(n) =0R(v) with Ry(v) = R(P“v).
Equivalently, Ry, is characterized via Ry, () := infe. poe—,, R*(€).
Proof. By Fenchel's equivalence we have { € 0¥ (v) <= v € JU*(£). Hence, the NESS equation
can be rewritten as
DR(P**v) = =DE(u), P°DE(W) =-n, veY,

where we used that R*, and hence also R, are independent of u. Hence, we have the relation n =
P°DR(P°*v) = D,Ry (v), which is independent of u. Applying Fenchel’s equivalence once again
we obtain the assertion v = D, R (n).

The second characterization of Ry follows by an application of Lemma|2.12 |

Looking into the proof of the above theorem, we can see that the inverse port relation 3! : Y — Y*
in the state-dependent case has the more general form

n= PODR(H(U); v) ,

where T(v) is the NESS associated with the flux v € Y. It is surprising that also in such cases one
can show that 371 (v) = DR,cq(v) for a reduced dissipation potential R.q that is now depending
on R and &, see Section

We now provide a general existence result for constrained saddle points and for NESS. For this we
use the following major assumptions on . = £z g and B : X* — Z.

Vue X, e X" Lu,-): X" >R and —Z(,£): X >R are 211a)
A1a

lower semi-continuous, strictly convex, and coercive;
VneY*: {ueX|P°DE(u)=n}isclosed and convex. (2.11b)

Theorem 2.10 (Existence of constrained saddle points) Assume that (X,E,R) and P° : 2( *

Y™ satisfy (2.17). Then, for eachn) € Y™ there exists a unique constrained saddle point (1, 577) for
Z (in the sense of (2.9)).

If additionally the mapping X > u — D& (u) € X* is surjective, then these saddles points are NESS
satisfying {, = —DE& (u,) and @2.10).
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Proof. The existence follows by applying Proposition with U={{eX"|P¢=—-n}and
V ={ue X|P°DE(u) =1 }, where we extend £ by —oo outside of V ifitis not a linear space.
Thus, we find a unique constrained saddle point (,, £, ) with P°DE (T,) = n and P°¢, = —n.
Using Proposition it is sufficient to show that (27,7, 5,7) is a null-saddle. Because we already have a
saddle point, it is sufficient to show SI» < 0 < IS &.

For the lower estimate we simply use inf¢cry 2 (u, §) < £ (u, —DE(u)) = 0. Taking the supremum
overu € V wefind STy < 0.

For the upper estimate we start from a general & € U such that the surjectivity of DE provides a
ue € V with £ = —DE(u¢). With this we have sup,,cy 2 (u, ) > L (ue, &) = 0. Now taking the
infimum over £ € U yields IS > 0 as desired. m

2.3 NESS as minimizers

The main observation of the last section is that the equation does not have a simple variational
structure. lts characterization via the above saddle-point theory provides some kind of variational
structure, but needs a doubling of variables. Moreover, in nonlinear problems (non-quadratic .Z’) the
saddle-point theory for solving infinite-dimensional problem like PDEs is technically very demanding.

The naive way of treating the CSPP (2.9) would be to minimize first with respect to £ providing £ =
=p(z, u) and such that it remains to study the minimization problem

u — R(u,—DE(u)) — R*(u,Ep(z,u)) subjectto BDE(u) = .

This approach is doable but has the disadvantage that it is difficult to keep enough control on the
mapping u — Zg(z, u) to tackle the final minimization problem.

The following result shows that the saddle point can be turned into a minimization problem by applying
a suitable Legendre transformation with respect to the constrained variable &, but keeping a dual
parameter A € Z*. Thus, the minimization formulation stays explicit in terms of the constituents of
the GS (X, £, R). Moreover, it is more directly related to the Euler-Lagrange equations (2.70).

Proposition 2.11 (NESS as minimizers) For alln € Y* any global minimizer (u,y) € X XY of the
constrained minimization problem
minimize R(u, P**y) + R*(u, —DE(w)) + (n,y)y

) o (2.12)
over (u,y) € XxY subjectto P°DE(u) =n

gives rise to a constrained saddle points (1, E) e X >_<X * for (2.9) where we can choose anyg =
Argmin{ R*(w,¢) | P°¢ = —n }. Vice versa, if (u,€) is a constrained saddle point for @29), then
(u, ) withy € Argmax{ (n,y) — R(u, P°*y) ’ y €Y } is a global minimizer for @2-12).

Moreover, if (0, ) is a null-minimizer, then (7, €) is a null-saddle, and under the additional assumption
of strict convexity of R*(u, -) it defines a NESS solving (2.10).
Proof. We define the auxiliary dissipation potentials ¥,, : Y — R..; y — R(u, P°*y) and can now

apply Lemma [2.12]below. This gives
inf  R*(u,&) = U (~2) = sup (—(n, y)y —R(u, P*'y)). (2.13)

§iPog=—n yey
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With this we obtain the following chain of identities:

sup 5ienxf* Ler(u,&) = sup ([ inf R*(u,f)}—R*(u,—DS(u)))

u€EX gEX*

PODE(u)=n P°&=-n PODE (u)=n Po¢=—n
el O *
D sup ([sup (~ny)y — Rlw, Py))] = R*(w, ~DE(w) )
POISLEE();):W yey

= U:PO}D%;):?? (R(U, Py) + (n,y)y + R*(u, —Dg(u))>,
ye

This shows that the minimization problem (2.12) is equivalent to the CSSP (2.9) if we choose &= Z €
X* in @13) optimally, i.e. { = Argmin{ R*(,§) | P°¢ = —n }.
Moreover, the values are the same up to a minus sign. Hence, null-minimizers (u,y) € X xY cor-

respond to null-saddles (, £) € X x X*, and the remaining statement follows from Proposition
]

In the above proof the relation in (2.13) relies on the following result.

Lemma 2.12 For a lower semi-continuous and convex ¥ : X — R, and linear bounded operator
B : X* — Z we have

inf  U*(£) = su (A,z - B*A).
it (O = sup ((A,2)z — 0B
Proof. Consider a dissipation potential ¥ : X — [0, co] and a bounded linear mapping A : Y — X
and define the dissipation potential U : Y — [0, 0o]; y — W(Ay). In [MaM20, Prop. 6.1] the identity
(U)*(n) = inf { U*(¢) | A*¢ = n } is established. Applying this with Y = Z*and A = B* : Z* —
X the assertion follows. [

2.4 Constrained Lagrangians, duality structure, and NESS

When doing reduction or I'-limits of Lagrangians, we may end up with a general function IC : Y xY™* —
R and may then ask the question whether this function can be written as a Lagrangian -Z¢ .

Definition 2.13 (Duality structure) We say that a function KC : Y xY* — R has the duality structure
(E,R), if (Y, E,R) is a gradient system and

K= %R, namely¥(y,n) € YxY": K(y,n) = R*(y.n) — R*(y, —DE(y)).
We observe that for a given K the dissipation functional R and its dual R* are uniquely determined by

R*(y,n) = K(y,n) — K(y, 0). Hence, we have the following necessary and sufficient conditions of
a duality structure.

Proposition 2.14 (Conditions for duality structure) Given an energy E : Y — R, the function
K :YxY* — R has a duality structure (E, R) if and only if

V(y:n) € YY" K(y,n) = K(y,0), (2.142)
VyeY: Ky, ):Y" — R isconvex, (2.14b)
VyeY: K(y,—DE(y)) =0. (2.14c)

Then, R is given by R*(y,n) = K(y,n) — K(y, 0).
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Proof. It is obvious that K satisfies (2.14) if it has the duality structure (E, R).

To show the opposite, we observe that R : (y,n) — K(y,n) — K(y,0) is a dual dissipation
potential because of (2.74a) and (2.14b). Inserting the formula for R into the condition 0 = K(y, ) —
R*(y,n) + R*(y, —DE(y)) for the duality structure, we obtain

0= K(y,n) — Rk(y,m) + Ri(y, —DE(y))
= K(y.n) — (K(y,n)—K(y,0)) + (K(y, —DE(y)) — K(y,0)) = K(y, —DE(y)).

Hence, (2.74c) guarantees that this (E, Ric) is the desired duality structure. n

We return to our constrained saddle point problems by generalizing it in a crucial way. For this we use
the second port function P : X — Y which allows us to impose direct conditions Pu = y on the
state variable, whereas P°DE(u) = 7 does this indirectly. Nevertheless, we always assume there is
anenergy E : Y — R, such that

Pu=y = P°DE(u)= DE(y). (2.15)

An important point for understanding of the induced kinetic relation generated by the gradient system
(X, €, R) with port (P, P°) is to study the reduced Lagrangian .Z;.q : Y xY* — R defined via

Zrea(y,n) = sup inf ZLer(u,g). (2.16)
BE2, By

In contrast to the previous analysis, we are now using to independent constraintsy € Y andn € Y,
whereas in Section we always assumed the compatibility n = —DE(y), cf. (2.75). However,
assuming there are null-saddles under these constraints means that -Z;.q(y, —DE(y)) = 0 holds,
i.e. the necessary holds. Hence, the major part of the following proof goes into showing that
n — Zea(y,n) is convex and attains its minimum value at 7 = 0. The convexity in 7 is nontrivial,
because convexity is preserved by taking suprema (over u with Pu = y) but not by taking infima (over
& with P°¢ = ).

Theorem 2.15 (Duality structure for .%,.q) Consider a gradient system (X, E, R) with port map-
pings P : X — Y and P° : X* — Y and a compatible energy E as in (2.15). Assume
that for all y € Y the CSSP withn = —DE(y) = —P°DE(u) has a null-saddle. Then,
the reduced Lagrangian Z,.q defined in has the duality structure (R, E) with R*(y,n) =
Zrea(y, 1) — Zrealy, 0), namely

Zrea(y,n) = R*(y,m) — R*(y, ~DE(y)). (2.17)
Proof. The proof relies on the following auxiliary functionals:

M XXV 5 Ry M () = inf (R*(u,g)—R*(u,—Dg(u))),
POog=n

M XXY = R, M(u,v) = sup <<7],v> — M’“(u,n))
ney*

N Y XY — Ry, Ny, v) = inf M(u,v).
Pu=y

Clearly, we have Zea(y, 1) = sup { M*(u,n) | Pu=1y }.
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Step (a): M(u,v) = R*(u, —=DE(u)) + R(u, P°*v).
To show this, we simply use the definitions and obtain
M(U, U) - Sllp (<n7U> - M*<U,77))

= sup () = jnf | (R( ) =R (u, ~DEW))) )
= R*(u,—DE(u)) + sup ((n,v) — R*(u,))
=R*(u,—DE(u)) + 5861?* ((P°¢,v) — R*(u,€)) = R*(u,—DE(w)) + R(u, P**v).

Thus, the desired result of part (a) is established.
Step (b): Defining R(y,v) = N (y,v) — N(y,0) and R(y,-) = (R(y,-))"" we have to show

By the definition of R, it it is sufficient to derive the identity A(y,0) = R*(y, —DE(y)). Since R is
the convexification of R with respect to v for fixed 3, we can use the identity R*(y, ) = (R(y,"))".
Using the abbreviation 77 := —DE(y) € Y* we find

R* (y7ﬁ) - N(y> O) = ilel}f/) <<7/7\7 U> - \(N(ym)—/\/'(y, O)) > - N(:‘/» 0)

~~

=R(yv)
= sup (@ v) = N(y,v)) = sup ((n,v> = dnf Muv ))

g ()t (D) )

veY u: Pu=y

= sup (=R (u, ~DE(w)) + sup (7 v) — R(u, P*'v)))

u: Pu=y veY
B2 ip (—R*(u,—DS(u)) + inf R (u, 5)) =sup inf Zexr(u,§) =0.
u: Pu=y £ Pog= Pu= yP &=n

For the last identity we used 7 = —DE(y) and that we arrived exactly at the desired CSSP for .Z
with compatible constraints, which has a null-saddle by assumption. Hence, (2.18) is established.

Step (c): We establish by simple manipulations:
Lrealy,m) = sup M*(u,n) = sup (sup ((n,v) — M(u, v)))

= sup ((n.0) = inf M(uv)) = sup ((n,v) = N(y,v))
o sup <<n,y> —R(y,v) = R*(y, —DE(y))) = R*(y,n) — R*(y, —DE(y)),

which is the desired result.

Step (d): It remains to show that R* is a dissipation potential. From R*(y, -) = (ﬁ(y, ))* we see that
R*(y, -) is lower semi-continuous and convex.

The formula for M in (a) shows M (u,v) > M(u,0). Hence, taking the infimum over u satisfying
Pu = y, we have N (y,v) > N(y,0),i.e. R(y,v) > 0. By definition of R we also have R(y, 0) = 0,
which allows us to conclude R*(y,0) = 0 and R*(y,n) > 0. Hence, R*(y,-) : Y* — [0,00] is a
dual dissipation potential. |
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3 EDP-convergence for slow-fast GSs via NESS

We consider a family of gradient systems (X, &, R.) where € > 0 is the small parameter modeling
the ratio between fast and slow relaxation times.

We consider two cases distinguished cases: in the first the state space can be decomposed in the
formu = (U, w) € XgowX Xpast = X and in the second we have

X = {'LL = (U7 ’LU) S XsloWXXfast ‘ P(U,U)) = PslowU - Pfastw = O}

where Piow @ Xaow — Y and Pr @ Xt — Y are suitable port mappings. Here we consider
U € Xqow as the slow macroscopic part of the state variables, while w € X, is the fast microscopic
part, that one wants to eliminate in the limit ¢ — 0.

In both setting we assume that the scaling in € is very particular, but nevertheless we are able to treat
a number of prototypical cases. In particular, we assume E.(U,w) = E(U) + € e(w).

3.1 Case 1: product space X = Xyt X Xglow

The precise assumptions on the scaling with £ > 0 are the following:
E(U,w)=EU)+ee(w) additive split of energy, (3.1a)
RAU,w;E, 1) = R (U, w; E, %u) fast relaxation of w, (3.1b)

where R : X x X* — [0, <] is a general dual dissipation potential.

The associated gradient-flow equation takes a simple form, because the appearance of ¢ is chosen in
a particular way.

U =D=zR (U,w; —DE(U), —De(w)), (3.2a)
ew =D, R (U,w; ~DE(U), —De(w)). (3.20)

Thus, on the formal level, we can drop the term ew, because w relaxes into a NESS on the time
scale € which is much faster than the evolution of U which happens on time scales of order 1. The
microscopic variable w moves into the NESS w = w(U) satisfying

0=D,R (U,w; =DE(U), —De(w)). (3.3)

Note that o — ﬁ(U, w; =, 1) is not a dual dissipation potential, but after doing a linear correction we
see that U* (U, w; Z, ) : Xy — [0, 00| defined via

U (U, w; B, p) =R (U,w; E, p) = R (U,w; E,0) — (1, DR (U, w; E, )
is a dual dissipation potential. Rewriting in terms of U* we obtain
0 =D,V (U, w; —=DE(U), —De(w)) + R (U, w; ~DE(U),0),

which is indeed an equation for a NESS in the sense on (2.10).

Inserting the limiting relation w = w(U) into the first equation of we obtain the reduced macro-
scopic problem _ o
U =D=R (U, @(U); ~DE(U), —De(@(V))). (3.4)
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The disadvantage of the above approach is that we lose control over the gradient structures. As we
have started with the GSs (X, &, R.), it is natural to ask whether the effective equation (3.4) has a
natural gradient structure inherited from F, e, and k.

This question can be answered by the notion of EDP-convergence, which provides a tool to stay on the
level of gradient systems. We follow here the approach developed in [LM*17]] which forms the basis
of the further developments of EDP-convergence in [DEM19, IMMP21]. The abbreviation “EDP” stand
for the energy-dissipation principle (cf. [Mie16, Thm.3.3.1]) that shows that under suitable technical
assumptions a curve u. = (U, w.) : [0,T] — X is a solution of the gradient-flow equation if
and only if it satisfies the energy-dissipation inequality

&muw+A(R&@mywq@xﬂ&wm)ﬂs&mm»

The idea in [LM*17, MaM20] is to replace the primal dissipation R (u, 1) by the lower bound (&, %) —
RE(u, &) for an arbitrary test function £ : [0, 7] — X*. Then, the limit e — 0 is performed and finally
one maximizes with respect to £ to recover the limiting energy-dissipation balance again.

Thus, for a general smooth function £ : [0, 7] — X* we have

E(u(T)) +/0 <<§,u5> — RE(us; &) + RE(ue; —Dé}(ua))) dt < E.(u:(0)).

Using the explicit -dependence of £, and R imposed in (3.1) and choosing £ = (=, () we arrive
at

E(u(T)) + /0 (<(5,5¢),u5>—ﬁ* (42, ¢) +R (us; —DE(U), —De(ws))) dt < &.(u.(0)).

Now passing to the limit ¢ — 0 the term (e(,.) and the terms ce(w.(t)) vanish. Assuming
(U.,w.) — (U, w) we are left with the inequality

E(U(T)) +/0 ((E, U — L (U, w;E, g)) dt < B(U(0)) forall (Z,¢) € L=([0,T]; X*),
where £(U,w) = E(U)+e(w) and hence

ZLeg(Uw;Z,¢) =R (U,w; E,¢) — R (U,w; ~DE(U), —De(w)).

Since w appear in the integral only via w(t), but not with a derivative w(t) we can eliminate w(t) by
a pointwise infimum. Similar, we can eliminate { by a pointwise supremum. Hence, defining -Z,cq :
Xelow X X — Rvia

slow

Zed(U,Z) = sup inf Zrz(U w;E (). (3.5)

WE Xgast ce fast

we obtain the inequality

P+ [ ((E.0) - %) < 5OO), @9

Now it remains to show that .Z.q has a duality structure (£, R;) in the sense of Definition [2.13} i.e.
it has the form

Zed(Ua E) = ZH(U, E) — :H(U7 —DE(U)), i.e. ﬂed = ‘XE,Reﬂ»‘ (37)
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for a suitable effective dissipation potential Rg.

If this is the case, we can insert this into (3.6) and reverse the Legendre transform to obtain the
energy-dissipation inequality

EU(T)) + /T(Reff(U; U) + Rig(U; —DE(U))) dt < E(U(0)). (3.8)

Applying the energy-dissipation principle once again, we see that U is a solution of the gradient-flow
equation .

U = DR (U, ~DE(U))
for the reduced gradient system (Xgow, F, Ref)- Clearly, this equation must equal (3.4), but now we
have a much cleaner structure.

To achieve this goal it remains to establish the duality structure (3.7). The following result is the ana-
logue of Theorem|[2.15

Theorem 3.1 (%, has duality structure) For a GS (Xgow X Xtast, €, R) with € = E®e define
Lrod : Xeowx X5 . — Rasin@5). IfforallU € X, we have that

slow

Za(U.~DE(U)) = sup inf Zs7(U,w;~DE(U).()

’LUGXfaSt fast

is a null-saddle (i.e. Leq (U ,—DEU )) = 0), then Zeq has the duality structure (E, Rq) where
Reg is given via Rz (U, Z) = Lrea(U, Z) — Z1ea (U, 0).

Proof. The result follows directly from Theorem if we use the port mappings

P(U,w) =U € Xqou and P°(Z,() =Z € X:

slow *

Note that £ = E®e satisfies DE(U, w) = (DE(U), De(w)), hence, E : Xgo — R is a compati-
ble energy in the sense of (2.15). ]

3.2 Case 2: factored product space X = (Xp.qt X Xglow) /ker]p

In some cases it is not easy to decompose the state space X into a product Xow X Xtast, but it is
possible to decompose the state with some overlay or joint traces on an interface, namely

X = {'LL = (Ua ’U}) S XSIOWXXfast ‘ P(U,U)) = PslowU - Pfastw = O}

where FPiow @ Xoow — Y, Prast + Xpast — Y, Pgow @ Xiow — Y and Py @ Xp — Y™ are
suitable port mappings. Below we will show that the chosen ansatz applies diffusion problems, where
Pyow and P are used to define traces from two different sides of an interface, see (5.3) in Section

The precise assumptions are the following:

E(U,w) = EU) + ee(w) additive split of energy, (3.9a)
RAU, w; E,€) = R*(U, w; Z, %f) fast relaxation of w, (3.9b)
fé’*(U7 w; E’ g) = ;OW(U; E) + ,R’Fast(w; C)

+ 640y (PostC—Piow=) interaction through Y'*. (3.9c)
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In principle, we could allow the more general case R, (U, w; () in place of R, (w; (), but refrain
from doing so, because the restricted version better highlights the fact that the U and w can only
interact through the ports via Y.

Here 050y : Y — [0, oo] is the convex function with &1y (0) = 0 and oo otherwise. This function im-
plements the constraint P ( = P; = giving the interaction condition P De(w) = P4 DE(U).
The subdifferential of 10y at 7 = 0 is given by 0d;03(0) = Y/, i.e. the hard constraint can transmit
the fluxes (— P35k v, Potv) for arbitrary v € Y.

slowV

We first observe that the gradient-flow equation takes a simple form, because the appearance of € is
chosen in a particular way.

<U) € OR" (U, w; =DE(U), ~De(w)) <=

EW

<U) (D =R0w (U, —DE(U))) N (P;;;W > with { PyowU = Prgw

Ew D¢Rj (w, —De(w)) Prv andv €Y.
Thus, on the formal level, we can drop the term cw, because w relaxes into a NESS on the time
scale € which is much faster than the evolution of U which happens on time scales of order 1. The
microscopic variable w moves along the family of NESS w = w(U, v) generated by the flux v € YV’

from
0= DCR?ast (U’ w; _De(w)) + Pastv

As in the previous subsection, we can now involve the energy-dissipation principle to show EDP-
—% ~ —_— .
convergence, where now R is replaced by /R* containing the constraint Py .= = Py (. We again

arrive at the reduced energy inequality (3.6), where now Ziow takes a special form because of the
additive splitting of R* in (3.9¢):
Ze(U,E) = sup lnf fg R(U w;E, () = $E7R510W(U7 E) + Zea(U, E)
WE Xfast eX, fast
with Lea(U,Z) :==  sup inf  Zg.. (0 (3.10)

¥
wWEXfast CeXfa»st

Prastw=Fglow U Ptastci slowH

Thus, we see that .%,.q is exactly obtained as in Section Hence, we know that .%,.q has a duality
structure if for all ) € Y CSSP (2.9) for .Z. %,,., with constraint P°De(w) = 7 has a null-saddle. In
that case we have the duality structure (Ey-, Ry ) such that

Zi(U,E) = Lory (U, E) with Reg(U, Z) = R} (PaowU, PyowE).

We see that Z.q depends on (U, =) only through the port values (PsloWU P10W~) € YxY™*.
Returning to Zog = Lu R, + ZLred WE Obtain

slow
%ﬂ“ = gE,Reg with RZH(Ua E) = RS]OW<U7 E) + RY (pslowU slow )

Moreover, we see that (Xgow, F, Ref) is the EDP limit of (X, €., R.) and the effective gradient-flow
equation reads

U =D=Ris (U, ~DE(U)) = DR}y (U, ~DE(U)) + P53, DRy (PaowU, PiowE),

slow

which clearly shows that the non-equilibrium flux is given by

Pirwv withv = D, Ry (PSlOWU PS?OW”) ey.

slow
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4 EDP-convergence for two ODE examples

We first treat the linear case as given in (2.3) and with a suitable scaling in € > 0. Secondly, we
consider a nonlinear reaction systems with four species and two binary reactions A + B = D and
A+ D = (C and show that the limiting system gives the single ternary reaction 2A + B = C.

4.1 Simple quadratic energy and dissipation

On the Hilbert space X = Xjow X Xfast With u = (U, w) we consider the family (X, £., R.) of GSs
given by E.(U,w) = E(U) + ee(w) with

1 1
E(U) = §<A5U — HUs, U>X and e(w) = §<Afw — M, w>Xfast

slow

_ 1 = K Kgt = — 1
r=0=5((1) (e ) () -7 E20

Hence, we have the situation treated in Section

and

The linear gradient-flow equations and their limit for e — 0 take the form

Us o Kss st ASUE — s and U _ Kss st ASU — Ms

EWe B Ke Keg Arw, — 0) Ki Kg Arw — pug '
With the port mappings P(U,w) = U € Y := Xgow and P°(Z,() — = € X5 We obtain the
determining equation for the NESS

0 K. Ky\ (DE(U) 1% _
= — DFE = —= Xs oW Xs ow -
(0) = (i 1e0) (D) # (o) PEOI == Vs

As Z is given, and the upper equation is always true for a suitable 1/, we find the NESS
Apw—p; = De(w) = Kg'KgZ.

The resulting port mapping 3 : X = — Xgow; = — V takes the explicit form

slow
V = mE = KQHE with Keﬁ‘ = KSS - KSfo_fles.

In particular, B3 is independent of the energy &, as predicted by Proposition|2.9

We also want to show that 8 = DR}; can be obtained by the saddle-point reduction of the La-
grangian

*

"zﬂi,ﬁ<U7 w; Ea C) = ﬁ (Ev C) - ﬁ* (/’LS_ASU7 /Lf—AfU)) .
Assuming that K > 0 and A > 0, a simple calculation gives

o%ed(Uv E) = sup lnf gfﬁ(UﬂU; g, C) = inf ﬁ*(57 C) — Sup ﬁ* (,US_AsUa luf_Afw>

WE Xpasy CE‘Xfast CeXftxst WE Xfast
1, _ 1 -
= §<:'a Keff:'> - §<us_AsUa Keff(,us_AsU)) = O%E,RQH(U’ ‘:‘)

with ReH(E) = %(E, Keﬁ‘E>.
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4.2 Two binary reaction generate one ternary reaction

We consider four chemical species A, B, (', and D with associated concentrations a,b,c,d €
[0, 0o[. The undergo the two binary reversible reaction pairs A + B = D and A+ D = C ac-
cording to the mass action law. We assume that species D is very unstable and either react fast with
an A to create C' or decay fast into A and B. In particular, the equilibrium concentrations for D will
be d. := w,, while the equilibrium densities a,, b., ¢, are positive and independent of <.

The associated reaction rate equation is the ODE system

a 1 1
2 - Kl(d% - aC*LZ*) (1) + ke <c_c* - aiili) —01 ’ (4.1)
d —1 1

where 1 and ko are positive reaction coefficients that may depend on a, b, ¢, d, but make them
constant for simplicity.

As above one may replace d by sw and such that the right-hand side becomes independent of <.
Dropping the term €w on the left-hand side leads to the algebraic-differential system

a 1 1
b w ab 1 c aw 0

= k| — — —— 4.2
¢ m<w* a*b*> 0 + @(c* a*w*> -1’ (42)
0 -1 1

Solving the last equation for w and inserting the result into the first three equations leads to the
reduced ODE

a 2

! c a“b K1Ko0y

b = Ke (— — ) 1 ith Ke = 4.3
=@ () [ L) o = S s

which is the reaction-rate equation for the ternary reaction 24 + B = C with an effective reaction
coefficient keg(a) € |0, ko,

The original system has the entropic cosh-gradient structure as derived in [MP*17] and further studied
in [MiS20, IMPS21]. In our specific case, the reaction-rate equation (4.1) is the gradient-flow equation
for the GS (R*, &., R..) given by (where u = (a, b, ¢, d))

E-(u) = Ag(a/a)a, + Ag(b/b.)b. + Ag(c/ci)ex + As(d/d:)d. and

bd
R(wsé) = () " 6re8) +m( ) O la-6ré).

acd

Ay Cady

where \g(2) = zlog z — z + 1 is the Boltzmann function and C*(¢) = 4 cosh({/2) — 4.

Doing our standard scaling for the slow and fast variables gives
u=(Uew), U= (a,b,c)€ Xgow, E:(u)=E(U)+ ce(w) with e(w) = A\g(w/w,)w,.
Moreover, with = = ({1, &2, &3) € X, we have ﬁs(U, EW; E, ) = ﬁ(U, w; =, %u) with

acw

)2C (E1+6—C) + Ra(———) P CH (G- E5+C),

a*b*w* A4 Ci Wi
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Thus, we can apply the theory of Section [3.1and define %4 as in (3.5), namely

Zea(U, Z) = sup inf L7 (U, w; Z, ().

w>0 CER

The sup-inf can be calculated explicitly as is explained in [LM* 17, Sec. 3.3.2]. Indeed using the formula

inf (9C*(Q)+hC*(p—C)) = 4W (g, h, p) —4(g+h) with W (g, h, p) = ((g+h)2+%c*(p))l/2,

)1/2, and h = Hg(ﬂ)l/Q, a lengthy calculation yields

Qo Cx W

where p = 26, +&—E3, g = Ky (S22

axbswy

b ) T2

Zrea(U, E) 1= sup <4W(g, h, p) — 26 (

w>0

ab w c aw )>

Noting that g and & are proportional to v/w, we see that also W (g, h, p) is exactly proportional to
\/w. Hence, the maximum with respect to w can be determined and another lengthy calculation gives
the explicit expression

2
)1/2 C*(2§1+§2—53) — ral(a) 2 <(52bb)1/2 B (5)1/2)2

Cx

a’be

a2byc,

wg/ﬂred(Ua E) = 'Lieff(a) (

with Keg(a) from [@-3). Now, it can easily be checked that we have the duality structure Zeq(U, Z) =
(U, 2) = R (U, =DE(U)).

It seems that the above theory can be generalized to an arbitrary number of species with a density
vector ¢ = (cy,...,¢;,) € R™ and an arbitrary number r, of reactions following the mass-action
law, as long as we have the detailed-balance condition, i.e. there exists a positive steady state ¢ =
(¢, s ¢, EWS gy ey 5w;**). If this is so, then the interesting question is how the reaction coefficients
of the limiting system depend on the reaction coefficients of the original system. Note that even in our
simple case, we can start with constant coefficients x1 and ko but then find neg(a) which depends on
the state.

In particular, we want to highlight that the effective system has again the expected entropic cosh-
gradient structure for the ternary reaction 2A + B = (. We emphasize that this is not automatic,
because in [MPS21, Sec. 4.3] an example of a reaction-rate equation is studied where the EDP-limit
of the entropy cosh-gradient structure leads to an effective GS (R?, E, R) where E is no longer a
Boltzmann entropy and the reaction does no longer follow the mass-action law.

5 Linear diffusion through a membrane

The example in this section is well studied from the context of PDEs and singular limits. We are
looking at a diffusion system of i, mass densities p = (p1, ..., p;, ) that diffuse along an interval on
the real line, where in the small interval | —¢, [ representing a membrane the mobility is also of order
€, whereas it is of order 1 outside the membrane.
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5.1 The PDE model and its limiting equation

We consider the intervals ().

= |—1—¢,14¢[ and define the piecewise affine maps . and ¢.
between (2. and 2 := Q) = |—2,2[:

r+e—1 forx > 1, y—e+1 fory > ¢,
Ve(z) = ex forlz| <1, and ¢.(y) = yle  for|y| <e, (5.1)
r—e+1 fory < —1; y+e—1 fory < —e.

The original diffusion problem is defined on {2, and we assume that the mobility is given in the form
1
OL(y)

which means that K is piecewise continuous and has continuous extensions on the three closed
intervals [—2, —1], [—1, 1], and [1, 2], such that the one-sided limits

K.(y) = K(¢:(y)) with K € PC([-2, —1]U[-1,1JU[1, 2; RL ™),  (5.2)

sym

Ky = K(=£(140)) = 515&?( + (140)) and ki == K (£ (1-0)) = lim K (= (1-4))

6—0t

but may be different. Moreover, we assume that Kis positive definite, i.e. there exists x > 0 such that
a-K(x)a > kl|a|?forallz € [—2,2] and a € R'*. Hence, y — K. (y) is discontinuous at y = e,
because it jumps by a factor of €.

We define a second positive definite function A € PC([-2, —1]U[—1, 1]U[1, 2]; R% X+ ) which
determines the energy functional

E(p) = / %p(y) - A(é-(y))p(y)dy onthe space X. = L2(Q.; R™).

Moreover, we define the dual dissipation potential R via
/ S0um(y) - Ke(y)Oyp(y) dy.

The gradient-flow equation for the GS (X, gg, 755) is the linear parabolic system

p =0, (Ka(y) 0,(A(w)plt.y))) tort >0, y € s Dy (AW)SL V)], 1y = 0.

Note that M (t fQ (t,y)dy is independent of ¢ because of the divergence form and the no-flux
boundary condltlons

To study the limit ¢ — 0 it is advantageous to transform the PDE to the fixed interval €2 via ¢ (€2.) =
Q. For x € Q) we set

u(t, ) =

ot (z)) and E.(u) = g(¢,uo¢€)—/%u-zu¢; dz.

Q

1
Ve ()

The transformed dissipation potential takes the form

R.(€) = /Q %am(ve) Koy (Le) da,

(oA

where we used the scaling ¢/ (y) K. (y) = K (z) to cancel the powers of 1",
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The transformed linear diffusion equation reads

vty alt o) = 0.(K@) 2. (Awpult,0)) ). ou(Awpult, )], = 0.

Of course, in the above development we have anticipated the scalings in such a way that in the
last equation € only occurs once, namely in the prefactor ¢, namely ¢).(x) = ¢ for |z| < 1 and
YPl(x) = 1for1 < |z| < 2. Thus, we are exactly in the situation of a slow-fast gradient system as
studied in Section 3l

We make the splitting and the corresponding port mappings explicit. We are in “Case 2” where the
product space X = Xgow X Xast NEeds a factorization along the boundary of the membrane, now
placed at t = +1. We set

Qfast = [_17 1]7 Qslow = ]_27 _1] U [17 2[7 Xfast = L2(Qfast; Ri*)7 Xslow = L2(Qs10w; Rl*)

We introduce the variable U = ulq, . € Xgow and w = ulq,,, € Xfast. With this we find the
transformed energy

E.(U,w)=EU)+ce(w) with E(U) = / 1U-Zde and e(w) = / 1uwad:c.
Q Qfait

slow

€ X}

slow

If we similarly write £ = (£, {) with = = &|q and ( = 1&lq,.., € X[, we obtain

slow

ﬁ*(57 C) = >sklow (X) + R%kast(C) + 5{0}( slow Pfastc)
1 — —
where R (2) = / 58755 - K0, =dz and R, (¢) = / %&UC - K0,(dx.

Qslow Qfast

(5.3)

Here the compatibility condition Py = P¢_.C are crucial. We define Y = R xR™ and the port

slow
mappings
Paow : Xaow = Y;U — (U(=17),U(17)) and Pragt : Xpust — Y w = (w(—=17),w(17)),

and similarly P35, : X35, — Y™ and Pg,. Here f(x) and f(x~) denote the limit from the right

and from the left, respectively.

The limiting equation for ¢ = 0 takes the form

U = 0,(K 9.(AU)) forz €]1,2], Oy (AU)| g,
=0, (K 0;(Aw)) forz € |=1,1[,  UQ") =w(17), 0.(AU)|s=1+ = 0u(Aw)|p=1-
U=0,(K0,(AU)) forz €]-2,—1[, U(=17) = w(=17), 0,(AU)|,=—2,
0z (AU) |p=—1- = 0o (Aw) =1+

The static equation on s = [—1, 1] can be solved explicitly and we obtain the corresponding
transmission conditions

Ko,(AU)|

ro = Hic(AU(1) = A(-1)U(-1), where Hi = ( / j(x)—ldx)?
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5.2 Lagrangian EDP-convergence for the quadratic case

To understand the origin of the transmission conditions, we want to use our Lagrangian EDP-convergence
as described in Section Thus, we want to construct

Zred(U,E) = supinf Lz 7 (U, w; E, () = Zr Ry, (U, E) + ZLrea(U, E)
We are in the case where R is independent of the state, such that R ¢q has the form

red(Z) = Ry (P°E) with Ry (n) := _ inf R ().

=: P°=E=n

These relations are not the port relations 3 : Y* — Y, as these relations must be independent of
the energy £ = F ® e, which is given in terms of A. A direct calculation shows that 3 is given in
terms of

ved(Z) = Ry (P°E)  with Ry (n(—1),n(1)) = = (n(1)—n(=1)) - Hg (n(1)—n(-1))

N[ —

which shows B(n(1),n(—1)) = (Hg(n(1)—n(-1)), Hg(n(=1)—n(1))). Indeed, R,eq can
easily be obtained by minimizing R ({) over the constraints Pg  ( = P°=.

5.3 EDP-convergence in the Otto gradient structure

We reconsider the above linear equation, but now we strict to the one-dimensional case ¢, = 1, viz.
u(t,x) € [0,00[ € R The linear equation can then be interpreted as a Fokker-Planck equation.
Our aim is now to redo the EDP-limit ¢ — 0 as in the previous subsection, but now for the so-called
Otto gradient structure, also called gradient-flow in the Wasserstein space. The the gradient system is
the triple (Prob(€2.), EB, ROU°), where the function space is

Prob(2 —{uGL 5)|u20,/udy:1},
Qe

the energy is Boltzmann’s relative entropy

d
) = [ w(Aluln) s
and the dual dissipation functional reads
1
RO (w,&) = [ FAD)ge0) Puty) dy = LKW ),

Qe

which is quadratic in £ and dependent on the state u € Prob(€2.). Here K" (u) can be understood
as the self-adjoint nonnegative differential operator

KO () £ = —9, (Kguﬁyf) with K5u8y§|y:i(1+6) = 0.

The associated gradient-flow equation is the Fokker-Planck equation

i = 0, (K.udy(Au)) = 0, (K:(9yu + uVy)),
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if we define the driving potential V. by V.(y) = log A.(y). We refer to [Ott96, JKO97, [O1t98, JKO98,
Ott01] for the first work treating the Fokker-Planck equation as an gradient-flow equation with respect
to this gradient structure.

We now want to do the EDP-limit in this gradient structure, where the new feature is the dependence
on the state in R:. As a result the limit gradient structure will be quite different. First it will depend in

properties of A which shows that R, cannot be calculated from R alone. Secondly, we will see
that Rls = R, + Rieq Will no longer be quadratic in £, namely R, which is obtained from the

NESS problem of the rescaled membrane, will have a cosh-type behavior given through C*.

We will not give the analysis in detail, as the result is well-established see [LM*17, Sec. 4], [Frel19,
Sec. 4], [PeS22, [FrM21]. However, we will give the main formal steps to put the results into the per-
spective of Section

We first transform the problem as in Section with 1. and 1. from (5.1). With the notion from the
previous subsection we have £(U, w) = E(U) + e(w) with

— 1 — 1
EU:/ Mg (A(z)u(r)) =— dz and ew:/ Ap(A(r)w(x))=—— dx
( ) Qslow B( ( ) ( )) A(x) ( ) Qfast B( ( ) ( )) A(.CE)

and the rescaled dual dissipation potential R (U, w;Z,¢) = R (U,Z) + Ri(w, )+
5{0} (PsciowE_Pfcz;stC) with

. _ KY) . _ . K(Y

0.5 = [ @U@ s aa R = [ 0Pt 0

slow fast

The reduced dissipation potential /K ,«q is now obtained by the saddle-point reduction, namely

$E7Rred (U’ E) = sup o inf o _%,Rfast (w7 C)v
w: Pragtw=Fs1ow U ¢ PfaSECZPSIOW‘:

where %z, (W, () : Xpast X X, — R takes the explicit form (using De(w) = log(Aw))
B%:Rfast (U}, C) - RFast (U}, C) - 7z’?ast <w7 _De(w>)

1 1/— Fw — 2
:/1§<Kw‘axc|2_ (ﬁw)Q |8I(Aw)‘ )dx.

It is surprising that the sup-inf of £, %,._, under given boundary conditions can be evaluated explicitly,
see [LM*17, App.A] and also [PeS22, Sec.1.3]. Here we provide a new and much shorter way of
obtaining the desired result.

Theorem 5.1 (Membrane reduction) Let K, A € L>([—1,1]) be given and bounded from below
by a positive constant. Then

Tl wiC )= sup  inf Lp, (w,C)
w(l)=w, ¢(1)=C4
w(—1)=w_ C(=1)=¢_

has the explicit form

J(w_,wy; ¢, ) = Key/a_w_aiwy C (¢ —C) — Keg 2(y/arwy — \/a—w—)2 (5.4)

where Ko = ( / llz(x) /K (z) dx) " anday = A(+(1-0)).
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Proof. Clearly, .Z, z,,., is strictly concave-convex and thus has at most one saddle point which is also
the only critical point. Hence solving D.Z, ... = 0 gives the solution.

However, it is advantageous to do a transformation first. We set

w=uv/A, (=log(v/n?*), and Z(v,n)= Lo R (U/Z, log(v/nQ)).
An elementary calculation shows that Z has a much simpler form, namely
1
Z(v,m) = —2/ rn (2)/dx, where 7(x) = K(z)/A(x).
-1 n
It will be particularly useful, that Z is linear in v.

If (w., C.) is a critical point for .Z, %,. ., then the transformed point (v., C.) is a critical point for Z, and
vice versa. Moreover, the boundary values between the two pairs can be calculated easily. Hence, we
have to determine the critical points of Z and observe that

DUI(UW) = _% (277/)/'

As the prefactor 2/7 is irrelevant, we see that 7, is uniquely determined by its boundary values 7)_
and 7). In particular, we know that 7/, must be constant, namely

R(z)n,(z) = Keg(ny—n-) forallz € [—1,1].

Because of D, Z (v, n,) = 0, this is enough to evaluate Z (v, 1) explicitly by only knowing the bound-
ary values v_ and v, of v,:

1
= — (L) de = _ U _ U=
T(ts,ms) = 2/1 K1 (77) da:—QKeff(n+ 77_) < )

—=const.

Inserting the boundary conditions v+ = at+wy and 14 = (Aiwi)m e~$+/2 gives

Lo R Wiy ) = —2K ot <a+w+ — Ve wia_w_ (e(c+_§*)/2 + e(C*_C+)/2) + a_w_>,
which yields the desired formula (5.4). [

Using the port conditions Pr.siw = PaowU and Py ( = Py, =, the above result leads to the desired
duality structure

JU-,Us;E,Ey) = Rp(U-, Uy EEy) — R’?;(U*? U+;1og(A,U,),log(A+U+)),

where A, = A(£(1+0)).

In summary, we obtain the effective gradient system (Xjow, £, Reg) With

et (U B) = Riow (U, Z) + Keg/A_U(=1) A, U(1) C*(E(1)~E=(-1)).

We clearly see that the effective contribution of the membrane is of cosh-type, and in particular it
is not quadratic. Moreover, R, depends on A which is information that stems from &., which was
not present in R?. Of course, also the cosh-type function C* is inherited from &, namely from the
Boltzmann function Ag. Observe that ;1 = A () = log r has the inversion r = e*. Using this for the
forward and for the backward fluxes it is no longer surprising to obtain C*.
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5.4 Linear reaction-diffusion equation

Before going into the one-dimensional equation with membrane scaling, we note that the general struc-
ture of reaction-diffusion systems with detailed balance condition has the following gradient structure.
On X = L'(Q; R™*) we consider

S(C):H(c]c*):/ﬂ/\B(ci/cf)c;‘dx and
R = | (ZKCW& mzur )P0 (g ) ) da

i=1

where K; > 0 is the diffusion constants of species X;, while 1, > 0 is the reaction coefficient of
the rth reaction having stoichiometric vectors o, 3" € Ni. The associated gradient-flow equation
is the following system of 7, equations:

¢ = div (Ki(vq— i) - Z“( (2 (G ) (o - ).

*

In the same spirit as in the previous section we study again a linear PDE, but now it has diffusion
and reaction with the background, i.e. A = (). Again we assume that the material parameters K for
diffusion and B, for reaction scale like ¢ in a the membrane region |—¢, €[. With Q. = |—1—¢, 1+¢],
the gradient system is given given via X = L!((,),

£.(u) = H(ul1/A,) = /Q AB<A€u>Aigdy and
Ro(w§) = [ (P + B C*(@)dy

Using ¢. : Q. — Q:=[—2,2] and ). = ¢ : Q — Q. from (5.7) we assume that A., B., and K.
are given in the form

Ay) = AWe(), Bely) = 6.0 Bou(w)), Kuly) = —

d=(y)

for given functions A, B, K € PC°([—2, —1]U[—1, 1]U[1, 2]). To make our theory work we assume
that A and K have a positive lower bound on 2, whereas for B it is sufficient to have B(x) > 0.

K(¢:(y)) (65

Transforming the system to the domain 2 as in the previous subsection, we obtain a slow-fast gradient
system (Xgiow X Xtast, €=, R<) given by
Xslow - Ll (Qslow)a Xfast - L1<Qfast)a Qslow[_Qa _1] [17 2]7 Qfast = [_1’ 1]a
d _
E(U,w) = E(u) +ce(w), E(U) = / As(AU) ZZE, e(w) = / /\B(Aw)j,
Q

slow
—x 1
RI(Uw;Z,&) =R (U,w;E, gf) with
ﬁ*((ﬁ w; E? C) = ﬁ:low(U ) + Rfast (w C) + 6{0}( slow Pfastg)

—x K —
R (U,E):/Q (SI2PU+BVIC()) dr, and

slow

Riwa(w.0) = | (Ki¢fu+BVac Q) s
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As in the previous subsection we obtain the effective gradient structure (Xgjow, £, Res) by solv-

ing the sup-inf problem for the Lagrangian Z% 5 in the form Rz = R, + Rieq With Riy =
R} (Paiow:, Py )» Where we obtain an explicit formula for Ry. To formulate the following result we
introduce the two auxiliary functions H,, H_ : [-1,1] — R via

K _,. B _

(j H,) = FHi in]—1,1[, Hy(+l)=1, Hy(F1)=0. (5.6)

Simple ODE arguments show H(z) € [0,1], H' () < 0,and H', (z) > Oforallz € [—1, 1].

Theorem 5.2 (Membrane with reaction and diffusion) For the fast gradient system ( Xsst, €, Riq;)
the reduced Lagrangian Z.q has the duality structure (e, R}.) with

Ry (w—, wy; ¢ () = Meff\/z(_l)w—z(l)w-i- C (G —¢) (5.7)

My A(=Dw C(C) + May/ AL)wy C(),

where Mz = K(1)| H.(1)| /A(1) = K(~1)H},(~1)/A(~1) and M. = [, B H./A" da.
In the case of constant coefficients we have

o cosh(20) and M B sinh(o)
B EE— + = - = —

A'/? o cosh(o)

Proof. As in Theorem we do a transformation to characterize the unique saddle point (w., ().
With w = v/ A and ¢ = log(Aw/n?), the Lagrangian .%, ..., gives

1

Z(v,n) == Lo R, (U/Z, log(v/n2)) :/

g UN _1_77
97 (=) + 28— (v—n)) dy, 58
_1( R (n) B ; (v n)) y (5.8)

where K = ?/Z and f = E/E/?. Here we used the specific interaction of C* and log = A,
namely C*(loga) = (ozl/4—of1/4)2. Of course, the construction is such that = 1 leads to
Z(v,1) =0.

The surprising and helpful fact is that Z is affine in v which allows us to evaluate .Z, &, (w., () =
Z (v, n.) at the unique critical point. In particular, we have

0 =D,Z(v,n) = %((EU’)' — 61 +3>,

such that the critical point (v,, 7,) satisfies the linear ODE —(%n’)’ + 31 = /3. Hence,

1

/ * —1- *
°§€€7Rfast (w*7 C*) = I(U*, 77*) = / <_2E77* (U_)/ + 2 TU(U*—M)> dy

1 e

e /_11 (2 (@ +51=n.)) + 250 —1) ) do

M+ UP
=0 =(®nl)’
— ./ U— — ./ Uy
n- N+

where R+ = R(£1), vx = v (£1), and ny = 0, (£1).
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Using the auxiliary functions H1 we have n, = 1+ (n_—1)H_+ (n,—1)H which gives 7}, (£1)
(n-—1)H' (£1) 4+ (ny—1)H'.(£1). Abbreviating b1 := ,/v1 and Ey := e%*/? and using . =
vre /2 = biE;I we obtain

L (10.,C.) = 2 HL (1) (by (Bt BT )82 1) = 25 (~1) (b_(B_+E~)—b* 1)
+2r_H\ (-1)(by EX'=1)(b_E_—1) — 2R H' (1)(b_E_'—1)(b4 B4 —1).
To simplify this expression, we use that the Wronski determinant K’ H_ — KH' H is constant

on [—1, 1], and we call this constant M.z > 0. Using the boundary conditions of H. we have
Meg = R_H' (=1) = =&, H' (1). Moreover, integrating the ODE (5.6} yields

1
+R H! (£1) = £R-H' (F1) +/ KHidr = Mg + M.

-1

With this we arrive at

oo (100,C) = 2M (b (E_+E7—2) — (b_—1)?)
+2M, (by (B +ED'=2) — (b4 —1)?)
+ 2Mogr (byb_ (BL E- 4+ BT E_—2) — (by—b_)?).

Inserting Ex = e~*/2 and by = /0% = \/azwy yields £z, (s, () =

Lo (W, &) = M_(ya—w_ C(C_) — 2(y/a_w_—1)?)
+ My (Vaywy C(¢y) — 2(Varwy—1)°)
+ Mg (Vaswra_w_ C (¢ —C) — 2(Vagws —/a_w_)?)

=Ry (w_,wy; ¢, ¢) = Ry (wo, wyslog(a_w- ), log(atwy ),

which is the desired general formula (5.7).

The special formula for constant coefficients follows by setting 02 = Z1/2§/F and observing
Hy(z) = sinh(o + oz)/sinh(20). =

A Classical existence theory for saddle points

We recollect the basic result from saddle point theory as contained in [EKT74, Cha. VI] (La dualité par
les minimax).

We consider a Lagrangian functional £ : U xV — R = [—00, 00], where we now want to minimize
with respect to x € U and maximize with respect to y € V. This means that for applying the theory
below to the Lagrangians used above we have to set U = X, V = X*, and £(u, &) = —Z(u, ).
Now, a point (., y ) is called a saddle point of £ if

VeeU,yeV: Lx,y) < Lz, y.) < L(x,ys).

Thus, we minimize with respect to x € U, and we maximize with respect to .

The aim is to find a saddle point from general principles. For this one looks at sup, v, inf,cp £(x,y)
and inf ¢ SUPycy £(z,y). We obviously always have a one-sided estimate, and the major question
in constructing saddle points is when we have equality.
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Lemma A.1 (Simple facts on saddles points)

(@)  Slg:=sup inf £(z,y) < inf sup £(z,y) :=ISe (A1)
yev zeU zelU yeV
(b)  saddle point (x.,y.) exists =—> Slg = ISe. (A.2)

In the latter case, we have £(x., y.) = Slg = ISq.

Proof. To show (a), we start from £(z,y) < supy £(z,7). Taking the infimum over = we obtain
inf, £(x,y) < ISe. Now taking the supremum over ¥ in the left-hand side leads to the desired
estimate Sl < ISsg.

To show (b) simply note that the saddle-point property implies

inf ,Q(Z', y*) = 2(55*7 y*) = sup ,2(.1'*, y)
zeU yev

Thus, we find SIg > £(x., y.) > ISe. With (a) this implies the desired equality. n
The quantity ¢ = ISg — SIg > 0 is called the duality gap. The function £(z, y) = tanh(z—y) on

R xR shows that ¢ can be positive. Indeed, Sli.,n = —1 and IS;a,n = +1 such that diann = 2.

The opposite implication in is not valid. To see this consider U = V' = R and £(x,y) =
e — e~Y. Clearly, inf, £(z,y) = —e Y and hence, SI¢ = 0 and similarly IS¢ = 0. However, no
saddle-point exists. Even in cases where no saddle-point exists it is an interesting question under what
conditions the duality gap is 0, see e.g. [EKT74, Ch.Il, Prop. 2.3].

If two saddle points (x;,y;) with j = 1,2 exist, we have

L(z1,12) < L(x1,11) < L(72, 1) < L(22,y2) < L(21,Y2),

which means that all four points have the same value. If each £(-,y;) is convex and each £(z;, -)
concave, then we conclude £(x,y) = £(x1,y1) forallz = (1—s)x1 + sxeand y = (1—7)y1 + 77
with arbitrary 7, s € [0, 1].

A standard existence result for saddle points can be found in [EKT74) Ch. VI, Prop.2.1]. We provide a
variant that is adjusted to our purposes.

Proposition A.2 (Existence of saddle points) Consider reflexive Banach spaces U andV and as-
sume that the following conditions hold:

VyeV : zw— £(x,y) is convex and Isc, (A.3a)
VeeU: yw— —£L(x,y) isconvex and Isc, (A.3b)
Jyo € Vi L£(-,yo) is coercive, (A.3c)
dxg e U: —£(xo, ) is coercive. (A.3d)

Then, a saddle point (., y.) exists and

£(x.,y.) = minsup £(z,y) = inf £(z,y).
(@, Ys) i sup (,y) = max inf £(,y)

If moreover, in (A.3a) and (A.3b) we have strict convexity, then the saddle point is unique.

DOI 10.20347/WIAS.PREPRINT.2998 Berlin 2023



A. Mielke 30

Proof. Step 1: Saddle points on balls using strict convexity. We additionally impose that
VyeV: £(-,y):U — Ris strictly convex. (A.4)

For R > Ry := max{||zo|lu,||vo|lv} we consider the closed and convex balls Ur = {z €
U ||z|ly < R} and similarly V.

For all R we obtain a saddle point (zg,yr) as follows. For all y € Vj the direct method of the
calculus of variations provides a minimizer + = Zg(y) € Ug for £(-,y)|uy, i.e. L(Zr(y),y) =
min,ey, £(z,y) =: Ar(y). By the strict convexity in Zr(y) is uniquely determined.

We first observe that —A\p : Vp — R is convex and Isc, as it is the supremum of the convex and Isc
functions —£(z, -). Moreover, by the function — AR is bounded from below by the proper, Isc,
convex function —£(x, -). Hence, \g attains its maximum in a point y® € V.

Our aim is now to show that (Zr(y%), y%) is a saddle point of £ on Ugx V. For this we choose
arbitrary y € Vz and 6 € [0, 1] and set zy(y) := Tr((1—0)y"*+0y) and obtain

Ar(y™) = Ar((1-0)y"+0y) = £(w4(y), (1-0)y"+by)
—L(zo(y),) ovx
> (1=0)L(we,y") + 0L(w0(y),y) = (1-0)Ar(y") + 0L(z0(y), y).
In particular, for # € ]0, 1] and all y € Vi we conclude

Ar(y™) = £(Tr(y™)) > L(zo(y),y) forally € Vg (A.5)

Choosing # = 1/k for k € N, we obtain z;, := x1,x(y) € Vi and may select a weakly convergent
subsequence (not relabeled) with 2, — z%. We claim that 2% = Zx(y") and hence is independent
of 4. Indeed, for our fixed y € Vi and arbitrary * € Ugr we have

(A3a),Isc
g2l y®) < lilgninfﬂ(a:k,yR)
— 00
(A=3B),cvx ) 1 1
< limsup — (E(Ik, (1—%)?JR+%?J) - Eﬁ(xk,y))
k—o0 “k
def. AR, TR . kj . 1 R 1 1
< hi};iﬂp (Hﬁ(x, (1=9)y " +1y) — EM(Q))
Ar(y)<oco " (A3B),Isc .
: < limsupS(x,(l—%)yR—l—}Cy) < £x,y"),

k—o0

where we used (1—1)y" 41y — 3 in the last step. Since © € Up was arbitrary we obtain
Ar(y®) < L(2fy®) < mingey, £(7,y"%) = Ar(yf). Hence, U is a minimizer of £(-,y™)
and hence coincides with Z g (y**) because of the strict convexity (A-4).

Because of the uniqueness of the limit we conclude that for all y € Vi we have z4(y) — 2% =
Tr(y™) for 6 — 0T, Thus, taking the limit & — 07 in and exploiting the Isc from we
obtain

Vyec VeVzcUg: £ y) <Az = 2",y < £7,95).

This shows that (2%, y%) is a saddle point for £ restricted to Ug x V.

Step 2: Saddle points on balls without strict convexity. If we only have convexity we consider

L.(z,y) = L(z,y) +¢l|z]|* withe >0,
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where we can choose a strictly convex norm || - || on the reflexive space U. By Step 1 we obtain a
saddle point (2, yf) € Ur x V. Hence, we have

Vy € VaVa € Ur: L(aly)+elall® < Lol ylf) +ellal? < Lz, y) +e|lz]*. (A®)

We may choose a subsequence (not relabeled) with (zZ, ') — (% 7%) in U x V. Dropping the
middle term in (A.6) we can pass to the limit using the Isc in (A.3a) and (A.3b) and arrive at

Vyec VepVoecUg: £(@%9y) < Lz, 7).

Thus, (z,7) is indeed a saddle point for £ restricted to restricted to U x V.

Step 3: Unbounded case. We now consider the limit R — oo. Using the coercivities (A.3c) and (A.3d).
For R > R, the saddle points (z%t, ) from Step 2 satisfy

L(zr, yo) < L£(z", y") < L(zo,y"™). (A7)

Since £(+,yo) and —£(xo, -) are Isc and coercive (cf. (A-3c) and (A-3d)), they are bounded from
below:

AM>0VeeUVyeV: Lx,y)>-—M and £(zg,y) < M.
Combining this with (A.7), we have
VR>Ry: () £z y)>—M and (i) £(z0,y™) < M.

With we obtain |£(z%, y®)] < M. Using the coercivity and (i) we find ||y®|| < Cvy,
and similarly and (i) give ||z®|| < Cy. Thus, using the reflexivity of U and V' we find a
subsequence (2%, y%®) (not relabeled) such that

£<xR7yR) — >\*7 IR — T, in U, yR — YU« inV.

For arbitrary z € U we choose R > max{ Ry, ||z||} and obtain £(z,y") > £(z, y™). Taking the
limit R — oo (along the subsequence) and using the Isc of —£(x, -) we arrive at

£(z,y.) > limsup £(z,y™) > limsup £(2F, y) = \,,

R—o00 R—o00

where 2 € U was arbitrary. Similarly, we obtain £(z,,y) < \. which gives the desired saddle-point
property for (z.,y,) € UXV:

VeeU,yeV: ANz.,y) < A= AM2w, ) < L(x,y,).

Step 4: Uniqueness under strict convexity. This was shown already in Step 1.

This completes the proof of Proposition |A.2 ]
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