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ABSTRACT. We prove, for subshifts of finite type, conformal repellers, and two-
dimensional horseshoes, that the set of points where both the pointwise dimen-
sion, local entropy, Lyapunov exponents, and Birkhoff averages do not exist carries
full topological entropy and full Hausdorff dimension. This follows from a much
stronger statement formulated for a class of symbolic dynamical systems which in-
cludes subshifts with the specification property. Our proofs strongly rely on the
multifractal analysis of dynamical systems and constitute the first mathematical
application of this theory.

1. INTRODUCTION

1.1. Typical points and non-typical points. In the numerical study of dynamical
systems we are naturally interested in the asymptotic behavior of typical points, with
respect to some invariant measure. This study gives important information about the
observable properties of a dynamical system, from the point of view of that measure.
Moreover, typical points with respect to different measures (for example, measure of
maximal entropy and measure of maximal dimension) give complementary informa-
tion. We believe that this information can be put together in order to reconstruct
the dynamical system (see [4, 5]). However, we may need a huge number of typical
points, each corresponding to a different measure, to effect this reconstruction.

In this paper, we show that surprisingly all the information about the dynamical
system is hidden in the set of non-typical points. In particular, this set carries full
topological entropy and full Hausdorff dimension. Since the non-typical points belong
to zero measure sets with respect to every invariant measure, the random choice of
points privileges those which are typical. Thus, our result would be of little interest
in applications without an algorithm to find non-typical points. We provide such an
algorithm; namely, choosing two typical points with respect to two different ergodic
invariant measures, we combine their symbolic representations to produce a non-
typical point.

1.2. Multifractal analysis of dynamical systems. The existence of different er-
godic invariant measures strongly relies on the multifractal analysis of dynamical
systems. Its main constituent component — dimension spectra — capture infor-
mation about various dimensions associated with the dynamics. Among them are
Hausdorff dimension, correlation dimension, and information dimension of invariant
measures. The typical orbit distribution observed by a computer is non-uniform, and
~ clearly depicts hots and cold spots where the density of points of the orbit is higher
or lower, respectively, than the average. Those spectra are new powerful tools which
give a mathematical description of this phenomenon.

Dimension spectra are examples of more general multifractal spectra introduced by
Pesin and the authors in [4] (see also [5]). They provide information on the distribu-
tion of pointwise dimensions, local entropies, Lyapunov exponents, etc. Namely, we
consider the level sets of functions other then the pointwise dimension (for example,
the local entropy or the Lyapunov exponents) — called multifractal decompositions,
and then compute the Hausdorff dimension, topological entropy, etc, of each level sets
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— obtained the so-called multifractal spectra. This gives rise to dimension spectra
and entropy spectra, respectively, of pointwise dimensions, local entropies, Lyapunov
exponents, etc. ’

Furthermore, we can construct families of ergodic invariant measures, one for each
level set, of full Hausdorff dimension, full topological entropy, etc. These full measures
contain all the information about the multifractal spectra and their use seems to be
the most effective way of studying multifractal decompositions. Our proofs strongly
rely on the existence of full measures and to the best of our knowledge constitute the
first mathematical application of the multifractal analysis of dynamical systems.

1.3. Sets of irregular points. We now illustrate the type of results obtained in
this paper (see Sections 4, 5, and 6 for definitions and more details). We say that a
set Z C X has full Hausdorff dimension if dimy Z = dimg X.

Theorem 1.1. For a subshift of finite type o, the set of points z for which the limit

n—oo N

lim 1 i g(o*z) (1)

does not ezist for some continuous function g, has full Hausdorff dimension.

Theorem 1.2. For a repeller of a conformal C'*¢ ezpanding map f, if the measure
of mazimal entropy and the measure of mazimal dimension are distinct, then the set
of points = for which the limit

1 ' .
Jim — log||d, /" @
does not exist, has full Hausdorff dimension.

Theorem 1.3. For a locally mazimal hyperbolic set A of a C1*¢ surface diffeomor-
phism, if p is an equilibrium measure other than the measure of mazimal dimension,
then the set of points x for which the limit

i (08 H(Blz, 1)) (3)
r—0 logr

does not exist, has full Hausdorff dimension.

These are special cases of our results. Notice that the limits in (1), (2), and (3)
(when they exist), define the Birkhoff average of g, the (upper) Lyapunov exponent
of f, and the pointwise dimension of u, respectively. The three theorems above indi-
cate that even though the “negligible” sets of zero measure composed of the points
where the Birkhoff Ergodic Theorem, Oseledets Multiplicative Ergodic Theorem (or
simply Kingman Sub-Additive Ergodic Theorem in this case), and the affirmative so-
lution of the Eckmann-Ruelle conjecture (see [3]), respectively, does not hold, in fact
carries full Hausdorff dimension. Similar statements can be proved for the Shannon—
McMillan-Breiman Theorem.
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We emphasize that the above results are only special cases of much stronger results.
In particular, these results extend (with natural non-avoidable exceptions) to inter-
section of sets where both Birkhoff averages, Lyapunov exponents, local entropies,
pointwise dimension, etc, do not exist. Moreover, besides the Hausdorff dimension
we consider the topological entropy and prove that all those sets have also full topo-
logical entropy. We refer to the sections below for a precise formulation of the results.

An important element of unification in our approach is the use of Carathéodory
dimension characteristics. These were introduced by Pesin (see [11] for a comprehen-
sive description). We introduce a new Carathéodory dimension characteristic, the
so-called u-dimension for each positive Holder continuous function u (see Section 2.2
below). This allows us to treat simultaneously all the results mentioned above for
each class of maps. Moreover, we provide a new description of Bowen’s pressure
formula based on the notion of u-dimension. We believe that our results and tech-
niques are well adapted to obtain obtain proof that sets of irregular points are full
with respect to other natural quantities such as the topological pressure of a fixed
potential.

Acknowledgement. It is a great pleasure to thank Professor Yakov Pesin for many
helpful conversations and for many suggestions which substantially improved our pa-
per. We also would like to thank for the hospitality of the Department of Mathematics
of The Pennsylvania State University where this paper was written.

2. SETS OF IRREGULAR POINTS

2.1. Definitions. Let S be a finite set, and o: SN — SN the shift map given by
o(iyig-++) = (igi3--+). We fix a number 8 > 1 and define a metric on SN by

(G REE JJdzee) = Bk — del. (4)
k=1 !

We consider a subshift £ C SV, ie., a closed o-invariant subset of SN (i.e., oX =13),
and assume that | is topologically transitive. Let Zs be the family of cylinder sets

C={(f1jz--") €+ (Jr---Jk) = (i~ ix)}
for 4y, ..., iz € S. We call the integer k the length of C and denote it by |C|.
We denote by CC’ the cylinder set corresponding to the juxtaposition of the tuples
specifying the cylinder sets C and C’, in this order. Let Cp(z) € Zz denote the
cylinder set of length n which contains the point z € . ,
Given sequences of functions F* = {fi: & — Rt}pen for i =1, ..., m, we define
the set

F(F,... , F™) = {:v eX: lim fHz) < EIE ) fork=1, ..., m},
n~+00 n—oo
and call it a set of irregular points. Clearly, for every 1 < k < m,
F(F,... F™ =F(F,... , F;nF(FH, L F™).
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We use the hat in F and in any other set to indicate that they are subsets of X.

We will show that, under general natural assumptions, that any set of irregular
points carries full topological entropy. -

We now describe several natural examples of such sets. Let C(X) be the space of
continuous functions on ¥. For each function g € C(X), set

@(g) =7 ({lSng} ) = {a: €¥: lim l,S'ng(:v) does not exist} .
neN

n n—oo 1

where S,g(z) = S.7—: g(o*z) and, for each probability’measure p on X, and each
continuous function u: ¥ — R,

H(pu)=F ({ Ju }nEN) = {:c €X: lim _log p(Cn(2)) does nét exist} ?‘ (5)

S n—o0 Sn'u,(x)
where fp(z) = — log u(Cr(z)) for each n. We write
j‘\C(/,L) = 5‘\(:(/,6, 1) and j\{(,u,l, <oy Hmy U’) = n j'\c(/.ti; u)
’ ' =1 ‘

The sets B(g) and H(u; u) are o-invariant but may not be compact.
We also define the set

B= {zv €x: li_)m % »g(z) does not exist for some g € C’(E)} . (6)
Note that
B= |J B().
geC(®)

For each measure u on ¥, we define the set of typical points for u by
S(u) = {:z: ¥ nlglgo;ll— wg(z) = /Egdu for every g € C(ZJ)} .
Clearly, B ¢ Z\ U, 5(x). If z € £\ B, then the map
o Jim a0l

defines a o-invariant bounded linear functional on C(X), and, by the Riesz Represen-

tation Theorem, z € §(u) for some invariant measure x. Hence, B = £\ |J M §(u),
where M is the set of o-invariant Borel probability measures on X. It is not hard to
see that if Mergoaic C M is the subset of ergodic measures, then

B=x\ |J S
#EMergodic

Remarks.
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1. If p is o-invariant, then u( ) = 0 (by the Birkhoff Ergodic Theorem and the
separability of C(X)), and u(ﬂ{(/.b)) = 0 (by the Shannon-McMillan-Breiman
Theorem).

2. If g; and go are cohomologous, i.e., g; — ¢ Yoo 7+ ¢, where 1 is some
continuous function and ¢ some constant, then B(g1) = B(g2).

3. If p is a Gibbs meisure then there is a cohomology class of functions in C(X)
such that F{(u) = B(g) if and only if g belongs to this cohomology class.

4. If o|X is uniquely ergodic, then the set B is empty.

Let u be a o-invariant measure of maximal entropy; if u is a Gibbs measure (in

particular, when o|¥ is a topologically mixing subshift, this holds for subshifts

of finite type, sofic subshifts; i.e., factors of subshifts of finite type, and, more
generally, subshifts with the spec1ﬁcat10n property), then H(u) is empty.

o

2.2. The notion of u-dimension. Let u: ¥ — R™ be a Holder continuous function.
For every set Z C X, we define

my(Z,a) = 11m mfz sup exp(—Sm,u(z)a),
i a:EC'mz

where the infimum is taken over all finite or countable covers U of Z by cylinder sets
Cm, such that |Cp,| = m; > n for each i. Since u is Holder continuous, there is a
constant L > 0 such that |Spu(z) — Snu(y)| < L whenever y € Cp(z).

By the general theory of Carathéodory dimension characteristics (see [11]), there
is a unique critical value a = dim, Z at which m,(Z,-) jumps from +oco to 0. We
call dim, Z the u-dimension of Z. For every probability measure u on Z, we define

dim, p = inf{dim, Z : u(Z) = 1}

and call dim,, u the u-dimension of p.
We formulate here some preliminary results.

Proposition 2.1. If y; and ps are probability measures on %, and u: X — RV is
Hélder continuous, then, for every é >0,

e _LoEm(Cala) _ |
1 ({m : n'l'l—%o S.u(z) > dim, pu; — 0 p | > 0. (7)
Proof. If (7) does not hold, then the set v
F;z{xEE:nl_i_%o~b—g%%@§dimuul—5} (8)

has full p,l—mea.sure For each = € Ty, let {nk(a:)}keN be an increasing sequence of
positive integers such that

_ log p2(Cry () (7))
Snk(z) u(x)

for each k. Observe that two cylinder sets are either disjoint, or one is contained in
the other. Hence, for each L > 0 there is a finite or countable cover {Cp,(z;) : 7 € N}

S dlmu M1 — 0
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of I's formed by disjoint cylinders sets, for some points z; € I's and integers m; €
{ni(z;) : k € N} such that m; > L for each i € N. We obtain

p2(Ls) = Z p2(Cm; (:))

=1

> Z exp[—(dirﬁu p1 = 6)Sm,u(z:)]

> c(0) Z sup exp[—(dim, 1 — §)Sm,u(z)],
; =7 ©€Cm, (:)

where ¢(0) is a constant depending only on the Holder exponent of u. Hence,

dim, p3 — 8 > dim,, I's > dim,, y;, because p;(I's) = 1. This contradiction implies the

desired result. ‘ d

Corollary 2.2. Let uy and us be two probability measures on X, and u: ¥ — Rt is
Hélder continuous. If py is an ergodic o-invariant measure, then

H1 ({x €¥: lim —M > dimuyl}) =1

n—00 Snu(z)

Proof. For each § > 0, the set I'; defined by (8) is o-invariant. By Proposition 2.1,
p1(X\T's) =1 for every € > 0, and hence, the set

N(E\Ts) = {x €% lim —8#2(Gn(@) o dimuul}

6>0 n—00 Snu(z)
has also full p;-measure. ' O

The following is an immediate consequence of Birkhoff Ergodic Theorem Shannon—
McMillan-Breiman Theorem, and Theorem 4.1 in [11].

Proposition 2.3. If p is an ergodic o-invariant probability measure on X, “and the
function u: ¥ — RT is Holder continuous, then, for u-almost every z € %,

i — 108 A(Cn(2)) _ hu(o)
nooo  S,u(z) Jsudp

We define the lower and upper u-pointwise dimensions of u at the point z by -

log u(On(a:)) » - ——— log /‘L(On(x))
d = lim ——————*~ d d = lim ——————=,
-—I‘,u(m) n—i—};o Snu(a:) an l-‘m(x) nggo Snu(a:)
- If these two numbers coincide, i.e., if the limit in (9) exists, we call the common value
the u-pointwise dimension of p at the point z, and denote it by d,,(z).
Let g be a continuous function, and Z € ¥ a not necessarily compact or invariant

set. For each real number 3, we set

pe(Z, ) = hm 1nfz sup exp(—m;B + Sm,.9(z)),

- .’l}ECm

= dim,, p. (9)
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where the infimum is taken over all finite or countable covers U of Z by cylinder sets
Crm; such that m; > n for each i. The pressure of g on the set Z (see [11]) is the
unique critical value 8 = Pz(g) at which p,(Z, 8) jumps from +o0 to 0.

Proposition 2.4 (Bowen’s pressure formula). We have dim, Z =, where o is the
unique root of the equation Pz(—au) = 0.

Proof. Set g = —aw. Then py(Z,0) = m,(Z, a) and we obtain the desired result. [J

Bowen’s pressure formula was introduced by Bowen in [8] in the context of quasi-
circles. In [15], Ruelle considered the same equation in the context of real analytic
maps.

We are now able to prove the next proposition.

Proposition 2.5. The following property holds:
dim,, Ug(u) = sup{dimy 4 : 1t € Mergodic }- (10)

I

We note that the union in (10) is in general not countable; otherwise, Proposi-
- tion 2.5 would follow immediately from the general theory of Charathéodory dimen-
sion characteristics (see [11]).

Proof. By the variational principle for the topological pressure [12],

B s, (—au)= sup (h U—a/udu>.
U, 8wy (o) e wo)—a |
By Proposition 2.4, if ¢ = dim, |, §(u) then sup e, .. (hu(o) — Jsudp) =0.
Moreover, by Proposition 2.3, for any ergodic measure y, hu(o) — v fzud,u, < 0 for
all v > dim,, p. This shows that a < sup,cy dimy,, p.

ergodic
On the other hand, we can prove that dim,, §(u) > dim, u for every ergodic measure
u. This completes the proof. - ' ' O

Examples. We will consider mainly two expressions for the function u.

1. u =1 then the u-dimension of a set Z € ¥ is simply the topologlcal entropy of

this set.

2. u = loga where a is defined as the lift to ¥ of the norm of the derivative of
an expanding conformal map. Then the u-dimension of a hfted set equals the
Hausdorff dimension of this set (see Section 5).

3. MaiN REesuLt

Consider a non-decreasing sequence ¥ = {1, }nen of positive numbers such that
¥n/n — 0 as n — oco. Define the subset ¥y C ¥ of points z € ¥ such that for each
n € Nand C C Zs with |C| < 1, satisfying CCy,(z) € Zx, given C € Zs there exists
C € Zs such that

CCn(z)CC € Zs and |C| < |CCw(2)] + Yicca ()]



8 LUIS BARREIRA AND JORG SCHMELING

We note that Yy C 0Zy, but presumably ¢ need not be o-invariant in general.
For each measure u on the subshift ¥ we consider the following property:

There exists a sequence ¥ such that u(Xg) > 0. (11)

This holds, for example, for o-invariant measures on subshifts of finite type, sofic
subshifts, and, more generally, subshifts with the specification property; in each of
these cases Y ¢ = X for some constant sequence V.

Definition 3.1. A system of measures y, ..., yy is called distinguishing for F, ...,
Fm™ if for every 1 < i < m, there exist distinct integers ji1 = 71(1), j2 = 52(¢) € [1, k]
and numbers a}, # aj, such that :

lim fi(z) = aj, for pj,-almost all z,

n—o0
n11_)1'1cr>1O fa(z) = aj, for pj,-almost all z.

We can always assume that & < 2m in the definition. For example, let y; and p5 be
two distinct ergodic o-invariant probability measures on ¥. Then, there is a function
g € C(X) such that fz gduy # fz gduo, and, by the Birkhoff Ergodic Theorem, the
measures py, po are distinguishing for {2S,g}nen.

The following is our main result. It gives lower bounds for the u-dimension of sets
of irregular points.

Theorem 3.2. Let yy, ..., px be a distinguishing system of ergodic measures for
F ..., F™ such that the condition (11) holds for each measure p; with respect to
some sequence V. Then, for any Hélder continuous function u: ¥ — Rt we have

dim, ?(Fl, oo, F™) > min{dim, p1, . . . ,dim, pg}-

Proof. For the sake of clarity we first present the proof in the case m = 1. The
general case is discussed at the end.

When m = 1, we write f, = f} for each n € N and, without loss of generality, we
may assume that py, ys is a distinguishing system of measures for F' = {f, }nen (see
Definition 3.1); we write a} = g; for j = 1, 2. We may also assume that a; # 0 for
j =1, 2. Otherwise we can consider the sequence of functions F' + a = {f, + a}nen,
where a is a non-zero constant, since 9-'(F +a) = (F) Without loss of generality
we assume that dim, gy > dim, us. Choose a posmve number § such that

|a1 — a2| > 44. (12)

We consider the sequence ¥ = {max{w , U2} }nen, where Uf = {¢)i } ey fori =1, 2.
For each integer k > 1, we set

_J1 ifkisodd
Pe= 2 ifkiseven
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For each integer £ > 1, let I“ C Xy be the set of pomts T € E\I, such that for all
m>£fandi=1, 2, Wehave

log pi(Crm(z)) _ . |
\fm(:z:) — G/]_l <¢ and — W > dlmu H1 — 0. (13)
For each £ > 1, let fé C Yg be the set of points z € ¥¢ such that for all m 2 Z, |
_log p2(Crm(z))

|fm(z) —a2| <6 and > dim,, pg — 4. (14)

Smu(z)

Clearly T#*' DT foreach £> 1, and i =1, 2.
Let g and vy be the normahzed measures obtained from the restrictions of y; and
e to the set Xg. Fix € € (0,1), and for each integer k > 1 set

%, = min ({e eN: upk(rf )>1- 8/2’°+1} U {ek_l}) | (15)

where £, = co. We note that ¢ > Ek 1. By Corollary 2.2 and Proposition 2.3, we
have £, < oo for every k > 1.
For j =1, 2, since p; is invariant, the set of points £ € ¥ such that

| e, fola) = i folo70)
for every m € N has full p;-measure. For these points we can define the number

Dunte) = s {| =8 [ SaL L

vaeo=s || fm(z) || farm(2)
and by Lusin’s Theorem, for each j =1, 2, and § > 0 there is an integer r;(n,6) > n
such that Dpm(z) < 1+ for all m > r;(n,d) and all z outside a set ¥*(e) of
pi-measure at least 1 — 6.
For each k£ > 1, we define inductively the increasing sequences of positive integers
{ni }ren and {ms}ren by m1 = ny = 43, and, for every k > 2, by

mg = Tp, (nk_l + L¢nk_1J,€/2k+1) -+ £k+1! and ng = Ng_1 + l_’l,[)nk__l_l +my + 1.

(16)

We set 4 v
Ty =T0 N Y52 (e/2).
Then v, (T%) > 1 —¢/2*. For each k > 1, we define a family of cylinder sets by
¢ = {Cmy(z) :z €T}
moreover, we set 501 = ¢, and
D ={CCC € Zs : C € Dy, Ced andC e Zz is minimal}.

Here, minimality refers to the order < in Zs defined by: if C, C' € Zy, are distinct,
we write C < C' if |C| < |C'], or if |C] = |C’| but C is smaller than C’ in the
lexicographical order. ;
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We now prove that for each CCC € D, with C € Dy, and C € €, we have
|C| < ng—1 and |C| < 9p,_, for each k& > 2. For k = 2 this i is clear because n; = m;.
Using (16) and induction on & > 2, we obtain

|CCC| < gy + Yy, + M < Mg

and hence, |C'| < 1y, for each C'C'C' € D4, with C’ € D, and C' € €41, because
¥ is non-decreasing.
Set

A= U e
k>1Cedy
We define a measure p on A by u(C) =141(C) if C € D4, and by
| #(CCT) = u(C)1, (C)

if CCC € Dy for some k > 1. We extend p to & by u(A) = pu(ANA) for each
measurable set A C X. For each k£ > 1 and every C € Dj_y, it follows from (15) that

. ( U gna) > ue) (1- =),

Ceny
and hence,

u(A)zﬁ(l—;—k)m

for all sufficiently small €.
Observe that my < |C| < ny for each ¥ > 1. Let now ¢ € C € . Then
olCl=mez € T%. By (13) and (14), we obtain

fic(z)

Fo (ol mig) | frms (1°7™2) — a |
fic|(z)
Frn (01O2)

< Dicj-my,ms (@) X | fm, (Ulcl_mkw) — ap|
‘ + (Dlol—mk,mk (:U) - 1)X|apk|'
Hence, for all sufficiently large £ and every z € C € Dy, we have
lfie|(z) —ap,| <26. (17)
It follows from (12) and (17) that

Iflcl(m) — ap,| <

+1|1-— Xlapkl :

F(F) D A. (18)
Lemma 3.3. Ifz € A, then

> dim,, uo — 26.
n—+co S,,u(ar:) - Ha



ANY SET OF IRREGULAR POINTS HAS FULL DIMENSION AND ENTROPY 11

Proof of the lemma. Let £ € A. We prove that for all sufficiently large integer g,
there exists &' = §'(q) € (4, 26) such that

_log u(Cy(2))

> di - ¢
S.u @) = dim, pg — &'.

First, observe that by (13) there exists an integer gy = go(z) < m; such that for each
integer g € [go, m1], we have u(Cy(z)) = 11(Cy(z)) < p1(C,(z)), and

_logu(Cy(2))  _ logp(Cy())

> di —_
Sul) = Sulm) = 4mek—0

We now proceed by induction on g > gqy. For each ¢ € N, choose an integer kq such
that |C*a| < g < |C**1|, where

Di,+1 D CHH C Cyz) C Ch € Dy,

Assume that

|C*| < g < |C*| + Yicka) T g1 (19)
We have
Squ(z) 5 IC"q|+1/)‘qu,+lkq+1u(m) o Yok e | maxges u(z)
Sicraju(z) ~ S\okau(2) |C*a] - Mingey u(z)’

and the last fraction approaches zero as ¢ — oc.
Using induction and the positivity of u, we obtain

_logu(Cyfs)) o _logm(C)

Squ(‘”) - Squ(“’)
o _logpu(Ch)  Sigrau(z) (20)
> — X
‘ S]C’“ﬂu(m) Squ(z)
2> dlmu Mo — 5,: :

for all ¢ > qi, some integer gi > qo, and some &' = 4§'(g) € (4,26). Hence, when
(19) holds, the desired result follows from (20).
" Assume now that (19) does not hold. In this case, we have

W(Co(@)) = (C*)upe, (B) < B(C* gy, (E),

where Cy(z) = C* CC and the cylinder set C contains an element of €4, +1; Mmoreover,
|C| < ¥iore) and [C| > Lk 41 Thus
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Therefore, by induction, the definition of I',?};, and the positivity of u,

log p(Cy(z)) 1 kg C
~ Su(z) = Squ(z) <- log u(C )—logﬂ”’“q“(c))

S!qulu(.’l:) + Slglu(m)

- - S,u(z)
> dlmu L2 — 62’

(dlmu H2 — 61)

for all ¢ > go, some integer g; > ¢1, and some §; = 81(q), d2 = 62(q) € (6,25). This
completes the proof of the lemma. ‘ : O

By Theorem 3.1 in [11], and Lemma 3.3, we obtain
| dim, A > dim, (p|A) > dim,, ps — 26.
Since ¢ is arbitrary,
dim, A > dim,, ps.

Thus, by (18), dim, F(F) > dim, pe. Since dim, g; > dim, y», this completes the
proof of the theorem in the case m = 1.

We now briefly discuss how to deal with the case m > 1. We consider the sequence
U = {max{®.,...,¥*} nen, where ¥¢ = {¢)i }pen for i =1, ..., k. For each integer
s> 1, weset p, = s (mod k) + 1.

Without loss of generality, we may assume that dim, pj ) < dimy, pj,(;) for all
1<t < m, and dim, p; > dim, pg for all 1 < j < k. For each integer £ > 1, let
fﬁl(i) C Yg be the set of points z € Xg such that for all m > £ and ¢ = 1, j5(%), we
have

iy log u:(Crm(2)) _ .. _
|fm(z) —a1] <6 and Snulz) > dim,, y; — 0.

For each £ > 1, let f§2(i) C Xg be the set of points z € X¢ such that for all m > ¢,

R lo i (3 Om T .
fale) -l <5 and |-2EAAE :f(z) @) _ it | < 5.
Clearly T4' > T foreach £> 1, and i =1, 2. O

The following result is a simple application of Theorem 3.2, illustrating the power
of this theorem. ‘

Corollary 3.4. Let uy, ..., e be ergodic measures such that the condition (11) holds
for each measure p; with respect to some sequence W*. If not all the numbers dim,, y;,
..., dimy pe are equal, then, for any Hélder continuous function u: ¥ — Rt we have

dimu'iﬁ(ul, oeo st w) > min{dim, p, . .. ,dim, e}
Proof. O

In fact, one can proof the following apparently stronger statement.



ANY SET OF IRREGULAR POINTS HAS FULL DIMENSION AND ENTROPY 13

Corollary 3.5. Under the assumption of Theorem 3.2 and Corollary 3.4, we have
dim,, (?C(ul ce s B ) N §‘"(F1, . ,Fm))z min{dim, p1, ... ,dim, u}.
Proof. ' a

We now obtain entropy lower bounds for the sets of irregular points B and ff(,u,)
Since these sets may not be compact we need the notion of topological entropy for
non-compact sets introduced independently by Bowen in [6], and by Pesin and Pitskel’
in [12].

Corollary 3.6. Let py and po be two distinct ergodic o-invariant probability mea-
sures on' X for which (11) holds for some sequences U' and U2, respectively. Then:

L h(o[B) > min{hy,(0), hu(0));
2. if by (0) > hua(0), then h(oF(a) N B) > (o).

Proof. Since py and pq are distinct, there is a continuous function g on ¥ such that

/gdul#/gdué-
b b3 :

By Birkhoff Ergodic Theorem, the measures i, s compose a distinguishing system
for —{Sn g}nen- Hence, setting u = 1, Theorem 3.2 implies the first inequality.

If in addition, Ay, (o) > hy, (o) then by Proposition 2.1, the same system py, uo
is also distinguishing for 2{S,g}nen, { ff}neN, where f2 = —2 log u3(Cn(z)) for each
n € N. Theorem 3.2 implies the second statement of the corollary O

By the statement 1 in Corollary 3.6, we have

h(o|B) > sup{h,(f) : hu(f) # h(o), u is ergodic, and (11) holds}
= sup{hy(f) : hu(f) # h(0) and (11) holds},

with the convention that h(c|@) = sup @ = 0.

4. APPLICATIONS TO SUBSHIFTS OF FINITE TYPE

In this and the following sections we present several applications of Theorem 3.2.
Among others, we consider the sets of irregular points where the local entropy, the
pointwise dimension, and the Birkhoff average do not exist, both for subshifts of
finite type, for repellers of conformal expanding maps, and for horseshoes, and show
that these carries carry full topological entropy (with some natural exceptions). In
each case, we choose appropriate sequences of functions F"‘ and u, and a system
of distinguishing measures, and apply Theorem 3.2. The choice of the system of
measures is based on the theory multifractal analysis. To our best knowledge this
constitutes the first mathematical application of that theory.
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4.1. Multifractal analysis and sets of irregular points. We now present effect
a complete multifractal analysis for the u-dimension. For every real number « such
that K, = {z : d, .(z) = a} # @, we write

Du(a@) = dim, K

The function a — D,() is called the u-dimension spectrum for u-pointwise dimen-
sions (with respect to the measure u). Let ¢ be a continuous function on ¥. For
every real number g, we define the function

(pq = —Tu(Q)u’ + qe,

where the number T,(q) is chosen such that P(p,) = 0. We denote by v, and m,,
respectively, the equilibrium measures of ¢, and —dim, ¥ - u with respect to o.

The following is a complete multifractal analysis of the spectrum D, for subshifts
of finite type. It follows from a combination of the results in [13, 4, 16] for subshifts
of finite and repellers of conformal expanding maps (see Section 5 for the definition;
some care is necessary when we transfer results originally formulated for repellers to
results formulated in terms of the underlying symbolic dynamics).

Theorem 4.1. Leto: S — ¥ be a subshift of finite type, u and ¢ Hélder continuous
functions on X, such that u is positive and P(p) =0, and p the equilibrium measure
of ¢ with respect to o. Then, the following properties hold:

1. For p-almost every T € X, the u-pointwise dimension of u at = exists and

Jsedu
d,u(z) = & .
Hy ( ) fEUdﬂl B
2. The function q — T,(q) is real analytic on R, and satisfies T,(q) < 0 and
T"(q) > 0 for every ¢ € R. Moreover, T,(0) = dim, £ and T,,(1) = 0.
3. The domain of the function a — Dy(a) is a closed interval in [0,+0c0) and
coincides with the range of the function on,(q) = —T,(q). For every q € R, we

have
Du(au(q)) = Tu(q) + gou(g),
and ‘
_ fsedy,
Olu(Q) = Tz—m

4. If u # my, then Dy and T, are analytic strictly convezr functions, and hence,
(Du,T,) is a Legendre pair with respect to the variables a, g.
5. If p = m,, then D, is the delta function :

Dp(a) = dim, ¥ if o = dim, ¥
TP T 0 if @ # dim, 3

6. For every g € R, we have Ve(Ka ) =1 and
() = Tu(q) + g0 (q)
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for vg-almost all z € K,. Moreover, Dy(au(q)) = dim, v, for every q € R.

We call m, the measure of mazimal u-dimension, and v, the full measure for
the spectrum D, at the point ay(g). We note that when u = 1, the spectrum
Dy coincides with the entropy spectrum for local entropies introduced in [4], and
that when u = loga for some Holder continuous function a we recover the dimension
spectrum for pointwise dimensions on a repeller of a C*** conformal expanding map f
such that a(z) = ||d,f|| (expressed in terms of its underlying symbolic representation
by a subshift of finite type). See [4] for details.

Theorem 4.2. Let ¢y, ..., @n be Holder continuous potentials on X, g = 1 or
g =loga, and u = 1 or u = loga with p; not cohomologous to g fori =1, ..., n.
Then, for any € > 0 there is a dz'stinguishing system of measures py, ... ,lon for the
sequences of functions { }keN, .. { = ke such that

min{dimu L1y ,dlmu Horn} > dim, ¥ —&.

Proof. Without loss of generality we may assume that P(y;) =0; i =0,...,n. The
proof consists of three cases.

Case 1. g = u. Fix € > 0. Since no function ¢; is cohomologous to g = u their
corresponding equilibrium states v; = v,,, have a non-trivial spectrum with respect to
the function g. In the case of g = u = 1 this spectrum is the entropy spectrum of the
local entropies and in case of g = u = loga this spectrum is the dimension spectrum
of the pointwise dimension (see [4]). The non-triviality of these spectra implies that
for each 1 < i < n we can find two measures v} = v, and v} = v, for some ¢,
go > 1 such that

min{dim, v}, dim, v; } > dim, &

and it exist
S (T
lim Snpi(@) =al
n—oo S,g(z)
and a} # a2 We the set pgi1 = V and pg; = 1/ . This system is a distinguishing
one.
~ Case 2. w=1 and g = loga. This case is different from the previous one since we
do not have a sufficient description of the entropy spectrum of pointwise dimensions.
" But as in the above case it is enough to find for each ¢ two measures of different
Hausdorff dimension but large enough metric entropy. Let 7 and € be fixed, ug be
the measure of maximal entropy which is a Gibbs measure for a constant potential.
We consider a neighborhood of ¢ = —h(c|X) in the space Cy(X) of Holder contin-
uous functions on ¥ with Holder exponent 6. For each function ¢ € Cy(%) we define
its norm ||¢||e by

llelle = sup{le(z)| : € £} + inf{K : @ € Cox(2)},

for v-almost every z

where , ,
Cox(Z) = {p € C(T) : |o(z) — o(¥)| < Kd(z,y)°’ for every z, y € £}.
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The entropy of a Gibbs measure with potential ¥ with P(¢) = 0 is given by
(@) = 5PE)emr = [ Sy,

This implies the analytic dependence of the entropy on the potentials. Let us now
assume that we cannot find a potential close enough to a constant such that the
pointwise dimension of the corresponding Gibbs measure is different from that of the
measure of maximal entropy. This means that for all potentials 7 in a certain small
Cp(X)-neighborhood U of the constant potential —h(c|X) the equality

d - [yeidug [ pidug
dtP( T(t)loga + i+ tn)l= [xlogadpu, [slogadug

holds, where T, (¢) is chosen such that P(—T,(t) log a+;+tn) = 0. By the analitycity
of the pressure functional we have for all Gibbs states p on ¥

/go,-d,u:C’/logadu,.
Jo >

But this implies that ¢; ~ loga what contradicts the assumptions.  Hence in every
neighborhood, and in particular in a neighborhood small enough to have entropy
of all its Gibbs states larger than h(a]E) — ¢, of the potential —h(c|X) there is a
potential 1 such that ‘

Sn ]
lim 2P (=) _ a; for p,-almost every
n—00 ng(;z;) ’

and
i Sni(2) _
n=o Sng(z) |
We set po;—1 = pn and pg; = pg. By the above arguments this gives rise to a system
of distinguishing measures.
Case 8. g =1 and u = loga. The proof in this case is analog to the proof in case 2.
The only change is to consider the measure of maximal dimension pp which is the
Gibbs measure for — dimyeg o 2 loga instead of the measure of maximal entropy. O

a; #a; for pg-almost every z.

4.2. Sets of irregular points for local entropies and Birkhoff averages. We
start with a preliminary result

. Propos1t10n 4.3. If o|X is a topologically mza:zng subshift of ﬁmte type, then
B ={z € H(p) : p is a Gibbs measure}. (22)

Proof. Observe that .‘J-C(u) C B whenever y is a Gibbs measure (if 1 is a Gibbs
measure for the continuous potential ¢, one considers the function g = Pys(¢) — ¢

in (6)). Hence, if A C ¥ is the set defined by the right-hand side of (22), then AcB.
Let z € A. Then the limit
1
hm —Spp(z)

n—oo n
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exists for every Holder continuous function ¢ on X. For a given continuous function g
on ¥ let {¢m}men be a sequence of Hélder continuous functions on ¥ such that
SUPgex|9(z) — @m(z)| = 0 as m — oco. This implies that

— 1 .1
0 < lim —S,g(z) — lim —S,g(z)

. n—oo T n—ro00 ’I’L

< lim 1 nom(z) — lim Sn(,om(ac) - ZSup[g(a:) om(z)]

n—)oo n—oo T

= 2sup|g(z) — Pm(z)| =0
TEL

as m— 60, and hence, z € B. This implies that BC ﬁ, and hence, A="3. a

Theorem 4.4. Let o|X be a mizing subshift of finite type. If g1, ..., g are Holder
continuous functions on 3 non-cohomologous to 0, then

h(oB(g) N -+ N B(gw)) = h(o).

Proof. Choose 2k measures uj, pf for i =1, ..., k such that [j gidu! # [} g;du?
for each i. Their existence follows easily from the multifractal analysis of the en-
tropy spectrum for pointwise entropies, with respect to the Gibbs measures with

potentials gi, ..., gr (see Theorem 4.1). These measures are distinguishing for the
sequences {ZSng1}tnen, ---» {15ngk}nen, and the desired result follows from Theo-
rems 3.2 and 3.4. ‘ O

For a mixing subshift of finite type, it follows from Theorem 4.4 that

h(c|B) = k(o).

The following result shows that, in the case of subshifts of finite type, the set B as
well as the sets H(u) carry all the topological entropy.

Theorem 4.5. If UIZ is a subshift of finite type, then the following properties hold:
1. h(c|B) = h(0);
2. ifpisa AGz'bbs measure on ¥ which is not a measure of mazimal entropy, then
H(p) C B and h(o|H(u)) = h(o).

Proof. Both statements are trivial when h(o) = 0, and hence, we may assume that
h(c) > 0 without loss of generality. ,
Since ¥ is of finite type there are always two dlstmct Glbbs measures with entropy
arbitrary close to the topological entropy of ¥. Namely, by Theorems 4.4 and 5.4
in [4] (the entropy spectrum for local entropies is analytic and has a family of full
measures, and hence), for each € > 0 there exist Gibbs measures p; and py such that:

1. hyu(0) > hua(0) > (o) -
2. for pi-almost every z € X,

1 _
iz ——log u(Cu()) = hy, (0);
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3. for py-almost every z € X,

lim ——logM(C (z)) = hy, (o).

n—+o0

Moreover, we have that H(u) C B since By, (0) = limp o —LS,0(z) for p,-almost
every  for any Gibbs measure u, corresponding to a Holder continuous potential ¢
and Theorem 4.2 immediately implies the remainder of the statements. O

Statement 1 in Theorem 4.5 was first established by Pesin and Pitskel’ in [12] in the
special case of the Bernoulli shift on two symbols (their proof immediately generahzes
to any Bernoulli shift).

Remarks.

1. All the statements in the former section remain true when we substitute SN by
the two-sided space SZ.

2. It follows from the special type of metric introduced in (4) that for any subset
Z C %, we have h(o|Z) = dimg Z - log 8. Hence, by Theorem 4.5, for a subshift
of ﬁmte type o|%, and a Gibbs measure x4 on ¥ which is not the measure of
maximal entropy, we have

dimg H(p) = dimg X.

5. APPLICATIONS TO REPELLERS

Let f: M — M be a C* map of a smooth manifold, and J a compact subset of M.
We say that f is ezpanding and J is a repeller of f 1f

1. There are constants C > 0 and 8 > 1 such that ||d,f"V] > C,B”HVH for all

zeJ,Vel,M,andn > 1;

2. J= nnZO f~"V for some open neighborhood V of J.
One can easily show that fJ = J.

We recall that a finite cover {Ry, ..., Rp} of M by closed sets is called a Markov
partition of J (with respect to f) if: o

l.int R; = R; foreachi=1, ..., p

2. int R;Nint R; = @ if ¢ # j3;

3. each fR; is a union of sets R;. ’
It is well known that repellers admit Markov partitions of arbitrarily small diameter.

Let J be a repeller of an expanding map f, and {Ry, ..., R,} a Markov partition
of J. We define a p x p transfer matrix A = (a;;) by

L1 ERNTR # D (29)
“ 0 otherwise

setting Consider the associated one-sided subshift of finite type o|%X. For each w =
(ig2y--+) € I, the set

= {:L' € X : f*z € R, for every k > 0}
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consists of a single point in J. We obtain a coding map x: & — J for the repeller,
which is continuous, onto, and satisfies f o x = x o 0.

A smooth map f: M — M is called conformal if d, f is a multiple of an isometry at
every point z € M. Well-known examples of conformal expanding maps include one-
dimensional Markov maps and holomorphic maps. We write a(z) = ||d. || for each
z € M. The equilibrium measure mp of —dimg J-loga on J is called the measure of
mazimal dimension (for a conformal C'*¢ expanding map, it is the unique f-invariant
measure g such that dimg p = dlmH J). We denote by mg the measure of mazimal
entropy. R N ‘

Set B = x(B) and }C(u) = x(H(p)). We observe that

1
B= {x eJ: lim - »g(z) does not exist for some g € C’(J)}.
We also define the sets |
1 S
L= {a: eJ: nli_)rgo-ﬁlog]]dzf"ﬂ does not exist}

and, for each probability measure p on J,

®(u)={er:hmw

does not exist ¢ .
r—0 logr

By Kingman’s Subadditive Ergodic Theorem, we have (L) = 0 for any f-invariant
probability measure p on J. ‘

We now enumerate several sets of irregular points which carry full topological
entropy and full Hausdorff dimension. The proofs are based on Theorems 3.2 and 4.2.

Theorem 5.1. If J is a repeller of a conformal C**¢ ezpanding map f, for some
e > 0, then the following properties hold:
1. h(f|B) = h(f|J) and dimyg B = dimy J;
2. if mp # mg, then h(f|L N B) = h(f|J) and dimg(L N B) = dimy J; ‘
3. if p is an equilibrium measure on J and p # mp, then h(f|D(u)N ) h(F|J)
and dimg(D(p) N B) = dimy J; ‘
4. if u is an equilibrium measure on J and pu # mg, then h(f[?f(,u) N‘B) = h(f|J)
-~ and dimg(H(p) N B) = dimyg J;
5. if u is an equilibrium measure on J, u # mp, and u # mg, then h(f|‘D(,u)
H(u) N B) = h(f|J) and dlmH(‘D(u) N H(u) NB) =dimg J; '
6. if u is an equilibrium measure on J, and the three measures p, mp, and mg are
distinct, then h(f|D(p) NH(p)NL ﬂB) R(f|J) and dimg(D(p)NH(E)NLN
B) =dimg J.

Proof. We proceed the proof in pointing out the appropriate sets (fZ,..., f7) of
functions, the function u and corresponding sets of distinguishing measure in order
to apply Theorem 3.2. Theorem 4.2 will help us to find these measures.

1. The first equality is contained in Theorem 4.5 by observing that the repeller J
is coded by X. The second is a corollary of the main Theorem 3.2 by setting u = loga
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and choosing two distinct measures with Hausdorff dimension arbitrary close to the
Hausdorff dimension of the repeller.

2. Choose for € > 0 two distinct Gibbs measures p, and p, from the entropy
(dimension spectrum) of the Lyapunov exponents having metric entropy (respectively,
Hausdorff dimension) not less than h(J) — e (respectively, dimy J — £). This can be
done since mp # mg. Then these measures are distinguishing for the set of functions
({28, log a}tnen, {Snf}nen) where f is some function with [ fdu, # [ f duy. Then
Theorem 3.2 concludes the proof with u = 1 (u = loga) and ¢ tending to zero.

3. Both equalities follow immediately from Theorems 3.2 and 4.2 by setting f} =

Sk _ _ . . . . .
S loga and u = 1 or u = loga, respectively, where ¢ is a potential with zero pressure

for p.

4. Both equalities follow immediately from Theorems 3.2 and 4.2 by setting f} =
%Skcp and u = 1 or u = loga, respectively, where ¢ is a potential with zero pressure
for u.

5. The proof is the same as for statements 3 and 4 by setting fi = +Skp, f7 =

S . . . .
Eff_o% and v = 1 or u = loga, respectively, where ¢ is a potential with zero pressure

for u.
6. The proof follows by setting fi = £Skp, 2 = %‘%ﬂ, ff=1Slogaandu=1
or u = loga. O

We emphasize that the sets of irregular points enumerated in Theorem 5.1 are
important but nevertheless only special cases of many examples that one can obtain
using Theorems 3.2 and 4.2.

6. APPLICATIONS TO HORSESHOES

Let f: M — M be a C* diffeomorphism of a smooth manifold M, and A C M a
compact locally maximal hyperbolic set for f. Then, there is a continuous splitting
of the tangent bundle TA\M = E*® E*, and constants C' > 0 and A € (0, 1) such that
for each z € A:

l.d:fE;=E}, and d;f Ef = E

2. |dzf™| < C’A”IIvH for all v € Ef and n > 0;

3. ||dzf™v|| £ CA™||v|| for all v € E¥ and n > 0.

For each point z € A there exist local stablef and unstable manifolds W*(z) and
WH(z), with T,W*(z) = E? and T,W"(z) = E*. Moreover, there exists § > 0 such
that for all z, y € A with p(z y) < 6, the set Ws(m) N W“(y) consists of a single
point, which we denote by [z, y], and the map

[';']: {(ny) EAXA: p(:v?y) < 6} = A
is continuous. For each z € M, we write
a*(z) = |df|E*(2)|| and a*(z) = ||df|E°(z)].

The functions a® and a* satisfy a*(z) > 1 and a°(z) < 1 for every z € A, and if f is
of class C'*¢, then they are Holder continuous.
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A non-empty closed set R C M is called a rectangle if diam R < §, R = int R, and
[z,y] € R whenever z, y € R. For each z € R, we write W*(z, R) = W*(z) N R and
W¥(z, R) = W*(z) N R. A finite cover {Ry,...,R,} of A by rectangles is called a
Markov partition of A (with respect to f) if:

1. R; ﬂRj C OR; ﬂaRj for any i # j;

2. for each z € int R; N f~!int R;, we have

fWu("B)RZ) 2 Wu(f$7 RJ) and ,st(SD, Rz) c Ws(fm7 R])

Locally maximal hyperbolic sets have Markov partitions of arbitrarily small diameter.

Let A be a compact locally maximal hyperbolic set for f, and {Ry, ..., R,} a
Markov partition of J. We define a p X p transfer matrix A = (a;;) by (23). Consider
the associated two-sided subshift of finite type o|Z. Foreachw = (---i_igi; ---) € %,
the set

x(w) = {z € X : f*z € Ry, for every k € Z}

consists of a single point in A. We obtain the coding map x: ¥ — A for the hyperbolic
set, which is continuous, onto, and satisfies f o x = x o 0. For each point w € ¥, and
each non-negative integers n, m, we define the cylinder set ‘

O;=C’:,‘(w)={("'j_1joj1;"')EZ:jk——-—ik fori=—m, ,’I’L}

When we pass from a one-sided to a two-sided shift (coding a hyperbolic set),
there is an asymmetry which apparently was never mentioned in the literature. Thsi
problem occurs only for non-compact or non-invariant subsets of ¥. Namely, with
the definition of topological entropy introduced in [6] and [12], h(0|Z) and h(c~}|X)
may not coincide; however if Z is compact and o-invariant, then h(c0|Z) = h(c71|T).
This asymmetry is due to the fact that h(c|Z) takes only into account the complexity
in the “future”. '

We introfude a new notion of topological entropy which takes into account the
“complexity” both in the “future” and in the “past”. For every set Z C X and real
number o, we set

m(Z,a) = n+%m;w i%fzi: exp(—(n; + m;)a),
where the infimum is taken over all finite or countable covers U of Z by cylinder sets
Cri such that m; > m and n; > n for each i. Then there is a unique critical value
a = h*(o|Z) at which m(Z,-) jumps from +oco to 0. It is easy to see that for every
" subset Z € %, we have

h*(o|Z) = min{h(c|Z), h(c™|2)},

the minimum of the contributions from the “future” and from the “past”, respectively.
Clearly, h*(c|Z) = h*(c7!|Z). We propose to call h*(c|Z) (instead of h(c|Z)) the
topological entropy of o on the set Z. See [11] for a similar discussions see also .

In order to obtain results for horseshoes similar to those for repellers in the previous
section, our strategy is to deal separately with the stable and unstable manifolds, and
deduce the corresponding statement using Theorem 5.1.
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The following result enumerates sets of irregular points which carry full topological
entropy and full Hausdorff dimension. Let Mp be the set of f-invariant measures p
such that dimg g = dimy A. Note that this set may be empty.

Theorem 6.1. Let f be a topologically mizing C'*¢ surface diﬁéomorphism for
some € > 0, and A a compact locally mazimal saddle-type hyperbolzc set of f. Then
the following properties hold:

1. h(f|B) = h(f|A) and dimg B = dimg A;

2. if mg & Mp, then h(f|L N B) = h(f|A) and dimg (L N B) = dimg A;

3. if p is an equilibrium measure on A and p & Mp, then h(f|D(n) NB) = A(f|A)
and dimg(D(p) N B) = dimg A; ,

4. if p is an equilibrium measure on A and p # mg, then h(f|H(p) NB) = h(f|A)
and dimg(H(p) N B) = dimg A;

5. if p is an equilibrium measure on A, p & Mp, and p # mg, then h(f|D(u) N
H(u) N B) = h(f|A) and dimg(D(p) N H(p) N B) = dimy A;

6. if u# mg is an equilibrium measure on A, and p, mg & Mp, then h(f|D(u) N
H(p)NLNB)=h(f|A) and dimg(D(p) N H(p) N LN B) = dimg A.

Proof. We present the proof of statement 3. The other statements of the above theo-
rem are similar with the obvious changes of the set of functions and the distinguishing
system of measures. The idea is to decompose the invariant hyperbolic set into local
stable and unstable manifolds. For this we use the following fact. For a given Gibbs
measure 4 on ¥ and any point £ € A we can define two conditional measures ug and
pe on the local stable and unstable manifold of z, respectively. There is a constant C
such that C~1u < ps o x™! x p¥ o x~! < Cp on the rectangle R(z) and the measure
pd (ps) is a Gibbs measure with some potential ¥ (¢3) on X. Since u # pp the con-
ditional measures u? and p cannot both be equivalent to the measures of maximal
" dimension on the unstable or stable manifold of z. Without loss of generality let us
assume that u; # uf .
Let D%(u) be the set of points in W*(z) such that the pomtvvlse dimension of p%

does not exist. This set is the image under x of the set of points y € ¥ for whose the
limit of ssﬁ,% does not exist.
If f is a Holder continuous functions on the two-sided subshift X, then there is

a function f' cohomologous to f and dependmg only on the “future coordinates

(see [7]):
fil. oo, m0,2,..0) = f(..., 2y, 20,2, .. )

if z; = «} for ¢ > 0. This allows us to identify f’ with a function on ¥ which has the
same irregular set B(f) on T} as well as B(f) on A as the function f itself. We set
BY = x(B). As in the proof of Theorem 5.1 we have

B (D) N BY) = K (FIA N W ()

o e~ Snpy l : ,
=h (? ({ Sp log a® }nEN, {nsnf}neN>)
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‘and ; , '
dimg (Dy(p) N By) = dimg (A N W¥(z))

= dimyegax F ({M— 1s.s |
. Snlogau nGN’ n n nen .

Now we consider the measure of maximal stable dimension u% on W*(z). We have
that pz-almost every y € W*(z) does not belong to D:(x) and B: (where D2 (u)
and B; are the corresponding sets defined for the restriction of f to W*(z) and the
measure 43.). Hence for y € W*(z) out of a set G, of full 3, . measure the sets
- Dy(u) N By are contained in D NB. Let us now consider the set Uyess, . Dy(k) N

B,. Then thls set has full stable and unstable dimension and hence the dlmensmn
assertion is proved. To show the assertion about the topological entropy we observe
that the set UyGG’E,z Dy (r) NBy — which is defined by means of Mg, instead of uy, ,

— has full topological entropy for f and f~* at the same time. Hence,
h(D N B) = min {h+(iD NB),h (DN B)}

> min { A7 DE(w) nBE), A (| :D"(u)nBU)
yeGE yeGS,
= h(A). |

This completes the proof of the theorem. O

Remark. The conclusions of Theorem 6.1 also hold for diffeomorphisms on mani-
folds of arbitrary dimension provided that df|E“(z) and df|E*(z) are multiples of
isometries for each z € A, i.e., when the dynamics in the stable and unstable mani-
folds is conformal.

In [3] (see also [2]), we proved that u(D(u)) = 0 for any hyperbolic measure p
invariant under a C**¢ diffeomorphism.

It was established by Shereshevsky in [17] that dlmH D(u) > 0, and D(u) D A for
a generic C? surface diffeomorphism possessing a locally max1ma1 hyperbolic set A,
and a generic Holder continuous potential, with respect to the C° topology, with
Gibbs measure p.

7. FURTHER APPLICATIONS

We have seen in the previous sections that sets of irregular points are quite “large”
in numerous situations. Namely, they have the same topological entropy and Haus-
dorff dimension as the set of all typical points. In the case of two-dimensional horse-
shoes this is even worse. It is well-known that “typical” two-dimensional horseshoes
(for maps out of an open dense set in the space of all horseshoe maps) do not have
an invariant measure of maximal dimension (see [10]). Moreover the dimension of
any invariant measure is uniformly bounded away from the Hausdorff dimension of
the horseshoe.
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For each measure v on a manifold M, let §(v) be the set of points z € M such that
lim, o0 %Sng(a:) = 1z 9 @v for every continuous function g on M. The following is a
simple consequence of the above discussion, and Proposition 2.5 and Theorem 6.1.

Theorem 7.1. For a generic C? surface diffeomorphism possessing a locally mazimal
hyperbolic set, and any Gibbs measure u # mg which is not a measure of mazimal
dimension, we have L ‘ ‘

dimg(D(p) N H(p) NLNB) > dimg U S(v).

Since a locally maximal hyperbolic set admits a coding by a subshift of finite type,
metric properties such as topological entropy are preserved under the coding map.
Together with Theorem 4.5, this immediately implies the following statement.,

Theorem 7.2. ‘If A is a locally mazimal hyperbolici set of a C* diffeomorphism f' of
a compact manifold, then the following properties hold:

L. h(f|B) = h(f);

2. if 1 s a Gibbs measure on A which is not a measure of mazimal entropy, then

H(u) C B and h(FI3(1)) = h().

We note that this result is also valid for Axiom ! homeomorphisms (see [1]).

In [9], Katok proved that for an ergodic hyperbolic measure v (i.e., an ergodic
measure with non-zero Lyapunov exponents), invariant under a C'*¢ diffeomorphism
f: M — M, given § > 0 there exists a closed f-invariant hyperbolic set I' C M
such that the restriction of f to I is topologically conjugate to a topological Markov
chain with topological entropy h(f|I') > h,(f) — 6. In other words, the entropy of
a hyperbolic measure can be approximated by the topological entropies of invariant
hyperbolic sets. Using this approximation result one can prove the following.

Theorem 7.3. If f is a C'*¢ surface diffeomorphism, for some € > 0, and the
Lyapunov ezponents are not constant everywhere, then

dimg (L N B) > supdimg i + sup dimg 4,
' n B
and
h(BN L) = h(f).

Let M be a d-dimensional Riemannian manifold. Then there are d matrix-cocycles
on the exterior forms of M whose determinants generate the Lyapunov exponents
on a set of total measure one [14]. Again one can approximate the set of typical
points of any hyperbolic measure together with its topological entropy by measures
on hyperbolic horseshoes. In this way we get a sequence of subshifts of finite type
coding those horseshoes approximating the sets of typical points. It is not hard to see
that the assumptions of Theorem 6.1 are fulfilled for all approximation steps when

none of the cocycles above are cohomologous to a constant one. In this situation we
say that the Lyapunov spectrum is not constant everywhere.
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Theorem 7.4. If f is a C** diffeomorphism, for some e > 0, of a compact manifold
with not everywhere constant Lyapunov spectrum, then

h(L n ':B) > sup{h,,(f) U E Mergodic}~
We emphasize that the results in Theorem 7.2 and 7.4 hold for manifolds of arbi-

trary (finite) dimension.
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