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Fine properties of geodesics and geodesic A-convexity for the
Hellinger—Kantorovich distance

Matthias Liero, Alexander Mielke, Giuseppe Savaré

Abstract

We study the fine regularity properties of optimal potentials for the dual formulation of the Hellinger—
Kantorovich problem (HK), providing sufficient conditions for the solvability of the primal Monge formulation.
We also establish new regularity properties for the solution of the Hamilton—Jacobi equation arising in the
dual dynamic formulation of HK, which are sufficiently strong to construct a characteristic transport-growth
flow driving the geodesic interpolation between two arbitrary positive measures.

These results are applied to study relevant geometric properties of HK geodesics and to derive the
convex behaviour of their Lebesgue density along the transport flow.

Finally, exact conditions for functionals defined on the space of measures are derived that guarantee the
geodesic A-convexity with respect to the Hellinger—Kantorovich distance. Examples of geodesically convex
functionals are provided.
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1 Introduction

In [LMS16, [LMS18] the Hellinger—Kantorovich distance (in CP*15,|CP*18] it is also called

Wasserstein—Fisher—Rao distance or Kantorovich—-Fisher—Rao distance in [GaM17])) was introduced

to
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describe the interaction between optimal transport and optimal creation and destruction of mass in a
convex domain of R%. Here we further investigate the structure of (minimal) geodesics, and we fully
analyze the question of geodesic A-convexity of integral functionals with respect to this distance.

The Hellinger—Kantorovich distance can be considered as a combination, more precisely the inf-
convolution, of the Hellinger—Kakutani distance on the set of all measures (cf. e.g. [Sch97]) and the L2
Kantorovich—-Wasserstein distance, which is well-known from the theory of optimal transport, see e.g.
[AGS08, [Vil09]. Throughout this text, we denote by M(Rd) all nonnegative and finite Borel measures
endowed with the weak topology induced by the canonical duality with the continuous functions
Co(IR?) decaying at infinity. While the 1.2 Kantorovich-Wasserstein distance W (1, 111) of measures
Uo, 1 € M(]Rd) requires po and pq to have the same mass to be finite, the Hellinger—Kakutani
distance, which is defined via

dp;
H (1o, 2:/ V00 — /01) d(po+p11), where 0; = ——9
(ILLO /le> R ( 1) (/JJO /Jll) J d(ﬂo+ﬂ1)
has the upper bound H (110, 111) < pio(RY) + p1 (RY), with equality if 119 and p1; are mutually singular.

As a generalization of the dynamical formulation of the Kantorovich—Wasserstein distance (see [BeB0Q]),
the Hellinger—Kantorovich distance HK, g can be defined in a dynamic way via

1
H o 5(pt0, 1) = inf { /to /R (a0t 2)PBE( ©)%) dpu () dt (1.1)

' JIBS C([Oa 1]7 M<Rd>)7 Hi=0 = Ho, Ht=1 = M1, (gCE) h0|d3}7

where Y : (0,1) x R* — R%and £ : (0,1) x RY — IR are Borel maps characterizing the generalized
continuity equation

0 )
©@CE) o+ a div () = Béu,

formulated in a distributional sense. The parameters o > 0 and 3 > 0 allow us to control the relative
strength of the Kantorovich-Wasserstein part and the Hellinger—Kakutani part, i.e. K, 3 is the inf-con-
volution of HK,,0 = —=W and H, s = =H, see [LMS18, Rem. 8.19]. Subsequently, we will restrict
to the standard case o = 1 and 3 = 4, since the general case can easily be obtained by scaling the
underlying space IR¢. We will shortly write HK instead of HK; 4.

It is a remarkable fact, deeply investigated in [LMS18], that the HK distance has many interesting
equivalent characterizations, which highlight its geometric and variational character. A first one arises
from the dual dynamic counterpart of (1.1) in terms of subsolutions of a suitable Hamilton—Jacobi
equation:

£ € C([0,1] x RY),

1
§H<2(uo,u1) = Sup{ §(r,-)dm —/ £(0,-)duo
Re Re (1.2)

%g + %\vgﬁ +26% <0 in[0,1] x Rd}.

By expressing solutions of (1.2) in terms of a new formula of Hopf—Lax type, one can write a static
duality representation

H (0, 1) = sup { /

Rd

(1= e = [ (@~ 1)do|
R

20,01 € CRY), p1(a1)—olwo) < Talwi—a0)} (19
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associated with the convex cost function Ly (z) := £ log(1 + tan®(|z|)) which forces |z| < /2.
Notice that it is possible to write (1.3) in a symmetric form with respect to g, ¢ just by changing the
sign of 7.

It is remarkable that (1.3) can be interpreted as the dual problem of the static Logarithmic Entropy
Transport (LET) variational formulation of HK. By introducing the logarithmic entropy density F' :
[0, 0o — [0, 0o via

F(s) :=slogs—s+1 fors>0 and F(0):=1, (1.4)

we get

I-K2(MO,M):min{/ F(ao)d,uo+/ F(al)dm+// 2L1(x0—:z:1)dn} (1.5)
R4 xRd

R4 R4

where the minimum is taken over all positive finite Borel measures 7 in R? x R? whose marginals
(m)ﬂn = o, 4; are absolutely continuous with respect to ;.

The subdifferential .
DL, (z) = dLi(2) = tan(z) := tan (|2|) B
z
and its inverse w — arctan(w) will play an important role. We continue to use bold function names
for vector-valued functions constructed from real-valued ones as follows:

x
x|

A fourth crucial formula, which we will extensively study in the present paper, is related to the primal
Monge formulation of Optimal Transport, and clarifies the two main components of HK arising from
transport and growth or decay effects. Its main ingredient is the notion of transport-growth pair (T, q) :
R? — R? x [0, 00) acting on measures 1 € M(R?) as

foramap f: R — Rwith f(0) = 0we set f : R? = R via f(z) := f(|z|) (1.6)

(T, q)ep :=Ty(¢* 1), ((T,q).p)(A) := / ¢*dp forevery Borel set A C RY. (1.7)
T-1(4)

The Monge formulation of HK then looks for the optimal pair (1", ¢) among the ones transforming /1o
into 111 by (T', q)4/to = p1 which minimizes the conical cost

e(T, ¢; jo) 1= / (1+ (@) — 20(e) coseps (IT(2)2]) ) dpo(), (1.8
R
where cos, () := cos (min{r, 7/2}). As for the usual Monge formulation of optimal transport,

the existence of an optimal transport-growth pair (7", ¢) minimizing requires more restrictive
properties on (i, (41 Which we will carefully study. It is worth noticing that the integrand in has a
relevant geometric interpretation as the square distance dfw, where d; ¢ is the distance on the cone
space € over R? (cf. (2.5)) between the points [z, 1] and [T'(x), ¢()] and suggests that K induces
a distance in M (R?) which plays a similar role than the L2 Kantorovich-Rubinstein-Wasserstein
distance in P, (R?). The dynamic formulation (T.1), moreover, suggests that its minimizers (14t teo,]
should provide minimal geodesics in (M (IR?), HC) which behave like transport-growth interpolations
between g and .

Inspired by the celebrated paper [McC97|, we want to study the structure of such minimizers and to
characterize integral functionals which are convex along such kind of interpolations.

DOI 10.20347/WIAS.PREPRINT.2956 Berlin, August 30, 2022/rev. September 29, 2023
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1.1 Improved regularity of potentials and geodesics

In the first part of the paper we will exploit the equivalent formulations of HK in order to obtain new
information on the regularity and on the fine structure of the solutions to (1.3), (1.2), and (1.8).

More precisely, we will initially prove in Section (3| that the optimal HK potential  is locally semi-
convex outside a closed (d—1)-rectifiable set, so that when jy < £¢ and y; is concentrated in a
neighborhood of supp( o) of radius /2 the Monge formulation (-8) has a unique solution.

After the transformation &, := %(e‘f’o — 1) (which linearizes the second integrand in the duality formula
(1-3)), we also obtain a family of maps, for ¢ € [0, 1],

Toi(z) =2+ arctan(%), G (7)== (142t&(2))? + 2| VE(2)]?, (1.9)

with the following properties:

1 (Tv-1, Go—s1) is the unique solution of (1-8) and provides the beautiful formula

H (10, 1) =/

R

(488 + Iveol?) dn (1.10)

showing that the (closure of the) space of Ci(]Rd) functions with respect to the Hilbertian norm

2 _ 2 2
60y = [, (462 +1V€R) dn (111

provides the natural notion of tangent space TanuM(Rd) and a nonsmooth Riemannian formal-
ismin (M(R?), HK) as for the Otto calculus in (Py(RY), W5).

2 The curve p; = (Tot, ot )« Mo is an explicit characterization of the geodesic interpolation
solving (T-7). A crucial fact is that for jg-a.e. = the curve [T, (), go—¢ ()] is a geodesic in
the cone space € interpolating the points [z, 1] and [Ty_,1 (), go—1(x)].

It is then natural to investigate if the potential £, can be used to build an optimal solution &; of (1.2),
which should at least formally solve the Hamilton-Jacobi equation

1
0,&, + §]V5t\2 +2¢2 =0 on the support of sz in (0,1) x R (1.12)

This problem will be investigated in Section |4}, by a detailed analysis of the regularity of the forward
solutions to ((1.2) provided by the generalized Hopf-Lax formula (see (4.2))

(1.13)

() = £(t,2) = (28) () = L A (1) (1) = inf (1~ %)

yeRrd 2t
It is well known that one cannot expect smoothness of such a solution; however, the particular structure
of transport duality suggests that the final value &; given by (1.13) corresponds to the optimal potential
1 of the dual formulation (1.3) via the transformation §; = %(1 — e~2#1), so that the initial and final
optimal potentials £, and &; are simultaneously linked by the forward-backward relation

& = P&, &= Z%1(&) where Z4(n) == —P(—n) is the backward flow. (1.14)

DOI 10.20347/WIAS.PREPRINT.2956 Berlin, August 30, 2022/rev. September 29, 2023
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Following the approach of [Vil09, Cha. 7] (see also [LMS18| Sec. 8]) and using the reversibility in time
of geodesics, we can add to the family of forward potentials &; given by ({.13) the crucial information
provided by the backward solutions &; starting from &;:

Et = ﬁl—tgl = _yl—t(_gl) fort € [0, 1] (115)
In general, & and &, do not coincide for ¢ € (0, 1) but still satisfy
5t<x) > gt(x) in (Oa 1) X Rd? 50 = gOa 51 = gl' (1.16)

The crucial fact arising from the optimality condition (1.14), and the geometric property of the geodesic
(14t)iepo,1) is that for every ¢ € [0, 1]

the support of 4, is contained in the contactset =, := {z € R | &(z) = &(x) }.

On the contact set (Et)te[071}, we can combine the (delicate) first- and second-order super-differen-
tiability properties of &; arising from the inf-convolution structure of (1.13) with the corresponding
sub-differentiability properties exhibited by &;.

Using tools from nonsmooth analysis, we are then able to give a rigorous meaning to the characteristic
flow associated with (T-12), i.e. to the maps ¢ — T'(t, ) = Ts_(:), t — q(t,-) = gs—(+) solving
(we omit to write the explicit dependence on x when not needed)

T(t) = V&(T (1)),
q(t) = 26(T())q(t),

Moreover, we will prove that T’_,; is a family of bi-Lipschitz maps on the contact sets obeying a natural
concatenation property. As can be expected, the maps T_.;, gs_,; provide a precise representation of
the geodesics via 11 = (Ts_yt, Gs—t )« fts for all s, ¢ € (0, 1). In particular (Ts_¢, ¢s—¢) is an optimal
transport-growth pair between (5 and i, minimizing the cost of (1.8).

in(0,1), T(s,x) ==, q(s,z) = 1. (1.17)

Using this valuable information, in Section[5)we obtain various relevant structural properties of geodesics
in (M(Rd), HK) such as non-branching, localization, and regularization effects. In particular, indepen-
dently of the regularity of 1o and jz1, we will show that for s € (0, 1) the Monge problem between i
and i or between p; and p; always admit a unique solution, a property which is well known in the
Kantorovich—-Wasserstein framework.

Surprisingly enough, despite the lack of global regularity, we will also establish precise formulae for
the first and second derivative of the differential of T’;_,; (and thus the second order differential of &;)
along the flow, which coincides with the equations that one obtains by formally differentiation using the
joint information of the Hamilton—Jacobi equation (1.12) and assuming sulfficient regularity. For
instance, differentiating in time the first equation of and differentiating in space one finds

T(t) = O,VE&(T (1) + DGVE(T(E), 9,VE = —D?GVE + 46 Ve,
which yield

T(t) = 4&(T (1) V&(T (1)) (1.18a)
For q(t), B(t) := DTs_,, and its determinant 6(¢) := det B(t) similar, just more involved, calculations
yield the crucial second order equations

G(t) = [V&(T () Pq(t), (1.18b)
B(t) = —4(% @ VE + ftD2§t> o T(t) - B(t), (1.180)
o(t) = ((Aft)Q — [D%[” — 4|VE&|* - 4ftA§t> oT'(t) - 4(t). (1.18d)

DOI 10.20347/WIAS.PREPRINT.2956 Berlin, August 30, 2022/rev. September 29, 2023
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In our case, even though we do not have enough regularity to justify the above formal computations, we
can still derive them rigorously by a deeper analysis using the variational properties of the contact set.
Even if our discussion is restricted to the Hellinger—Kantorovich case and uses the particular form of
the Hopf—Lax semigroup and its characteristics (1.9), we think that our argument applies to more
general cases and may provide new interesting estimates also in the typical balanced case of Optimal
Transport.

Such regularity and the related second order estimates are sufficient to express the Lebesgue density
¢, of the measures ; and thus to obtain crucial information on its behavior along the flow. In particular,
Corollary 5.5 shows that c(t, -) is given by

(b)) g, @ = (s >f§(<ff)) with (1.192)
a(t, ) = (142(t=5)&(2))” + (t—5)*|VE&(@)]* = goi() (1.19b)
ds(t, z) := det(DTs_y(x)), (1.19¢)

and the time-dependent transport-growth mapping 7’_,;, ¢s_,; are given in terms of £ via and
the analog of (1.9). In particular, we will show that if 11, < £ for some s € (0,1) then p; < L£¢
for every t € (0, 1) and combining (7-18b), (1.18c), and (T-19a) we will also prove that ¢, is a convex
function along the flow maps T5_,;.

1.2 Geodesic \-convexity of functionals

The second part of the paper is devoted to establish necessary and sufficient conditions for geodesic
A-convexity of energy functionals & defined for a closed and convex domain €2 C R? with non-empty
interior in the form

/E Ndz + B!yt (Q) for p = L p® with p L L9, (1.20)

where £/ :=lim._,., E(c)/c € RU {400} is the recession constant and £(0) = 0 holds.

In [LMS186), Prop. 19] it was shown that the total-mass functional . : u +— 1(R) has the surprising
property that it is exactly quadratic along HK geodesics v : [0, 1] — M(R?), namely

M (1)) = (1=t).4 (4(0)) + t.4 (7(1)) — t(1-t)HK(7(0),7(1))* fort € [0,1].  (1.21)

Thus, as a first observation we see that a density function E generates a geodesically A-convex
functional & if and only if Ey : ¢ — FE(c) — Ac generates a geodesically convex functional (i.e.
geodesically 0-convex). Hence, subsequently we can restrict to A = 0.

To explain the necessary and sufficient conditions on £ for & to be geodesically convex, we first look
at the differentiable case, and we define the shorthand notation

eo(c) = E(c), ei(c) =cE'(c), es(c) = *E"(c).

For the Kantorovich—Wasserstein distance W the necessary and sufficient conditions are the so-called
McCann conditions [McC97]:

ea(c) > ——(g1(c) —eo(c)) > Oforallc >0

(1.22)

r +— r4E(r~%) is lower semi-continuous and convex and
— (d—1)r?E(r=%) is non-increasing on |0, oo|,

DOI 10.20347/WIAS.PREPRINT.2956 Berlin, August 30, 2022/rev. September 29, 2023
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see also [AGS08, Prop. 9.3.9]. For the Hellinger—Kakutani distance we simply need the condition
2e5(c) +e1(c) >0 — (r — E(r?)is convex). (1.23)

In the case of differentiable £/, our main result yields the following necessary and sufficient conditions
for geodesic convexity of & on (M(R?), HK), see Proposition

(d—1)(e1(c) —eo(c)) >0 and B(c) >0 forallc> 0, (1.24)

where the matrix B(c) € R2%? is given by

sym

B(c) = ( e2(c) — L (e1(0)—e0(c)  eale) — L (er()—eo(e)) ) |

ea(c) — 3 (e1(c)—eo(c)) ea(c) + e1(c)

We immediately see that the non-negativity of the diagonal element B1;(c) gives the first McCann
condition in (1-22), and Bsy(c) > 0 gives (T-23). However, the condition B(c) > 0 is strictly stronger,
since e.g. it implies that the additional condition (d+2)e1(c) — 2g0(¢) > 0 holds, see (6.2). This
condition means that ¢ — ¢~2/(472) () has to be non-decreasing, which will be an important building
block for the main geodesic convexity result.

Indeed, our main result in Theorem [/.2}is formulated for general lower semi-continuous and convex
functions £ : [0, oo[ — R U {oo} without differentiability assumptions. The conditions on E can be
formulated most conveniently in terms of the auxiliary function N : 0, co[*> — R U {oo} defined via

2+d
Pyd (7Y
Np(p,y) = () E(—d ) (1.25a)
v p
Then, & defined in is geodesically convex if and only if N satisfies
Ng :]0,00[> = R U {oo} is convex, and (1.25b)
p — (d—1)Ng(p,y) is non-increasing. (1.25¢)

The McCann conditions (1.22) are obtained by looking at Ng(+,~y) for fixed -y, while the Hellinger—
Kakutani condition (T-23) follows by looking at s — Ng(sp, s7y) for fixed (p, 7).

The proof of the sufficiency and necessity of condition (1.25) for geodesic convexity of & is based on
the explicit representation (1.19) of the geodesic curves giving

8(u(t)) = / E(c(t.y))dy /

Q

a(t, ) )

e(t,z)dx where e(t, z) := d5(t, x) E<Cs($) 3y(t, )

By definition, we have a,(t,z) > 0, and Corollary |5.5 guarantees (¢, z) > 0. Hence, we can
introduce the two functions

Y(t,2) = (ca(@)as(t,2)) " and  p(t,2) = (cs(@)as(t 2)) 0,1, 2)7,

which connect the densities e(t, ) with the function Ny defined in (1.25d) in the form

) = Ne(p,).

«
C —

e:(FE( 5

For smooth E we have smooth Nz and may show convexity of ¢ — e(t, x) via

opett.) =& = (02l (1) (7)) + (Dt (£)) 20

DOI 10.20347/WIAS.PREPRINT.2956 Berlin, August 30, 2022/rev. September 29, 2023
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By convexity of N, the term involving D2 N is non-negative, so it remains to show

9 NEe(p,7)p + 0y Ne(p,7)7 = 0. (1.26)

To establish this, we use first that the scaling property Nz (s't%2p, s7) = s2Ng(p, ) forall s > 0
(which follows from the definition of Ny via £) and the convexity of Ng imply

(1-4/d*) pd,Ng(p,7) +~0,Ne(p,7) = 0, (1.27)
see Proposition Second, we rely on a nontrivial curvature estimate for (p, y), namely

A(t, x) p(t, ) 4 5(t )
’Y(t,I) Z 0 and p(t,x) S (1 d> ’Y(t,l’). (1.28)

Estimates (1.28) are provided in Proposition[5.7]and strongly rely on the explicit representation and the
regularity properties of the geodesics developed in Sections [4and 5

Combining with 9, Ng(p, ) < 0, the desired relation easily follows, see Section|7] Finally,
a simple integration over R? provides the convexity of ¢ — & (4(t)). Note that we have indeed the
larger factor (1—4/d?) in while the curvature estimate in has the smaller and hence
“better” factor (1—4/d).

As a consequence, we find that the power functionals &, with E,,(c) = ¢™ with m > 1 are all
geodesically convex, see Corollary[7.3] This result was already exploited in [DiC20, Thm.2.14]. We
can study the discontinuous “Hele—Shaw case” F(c) = —\c for ¢ € [0,1] and E(c) = oo for
¢ > 1. Moreover, in dimensions d = 1 or 2 the densities £,(c) = —c? with g € [m7 1] also lead to
geodesically convex functionals &, see again CoroIIary

Two important differences with the balanced Kantorovich—Wasserstein case are worth noting: First, the
Boltzmann logarithmic entropy functional corresponding to £(c) = clog c is not geodesically \-convex
for any value of \, see Example Second, if the space dimension d is larger than or equal to 3, then
there are no geodesically convex power functionals of the form F(x) = —c™ with exponent m < 1,
see Example Some of these statements follow easily by observing that p; = t2u1 is the unique
geodesic connecting po = 0 and 1.

1.3 Applications and outlook

The JKO scheme (minimizing movement scheme) for a gradient system (M(£2), KK, 3, &) is consid-
ered in [Fle21], [LaM22], i.e., for 7 > 0 we iteratively define

. 1
pie € ArgMin{ 5-H (s 1ye, ) + E ) | 1€ M) } (1.29)

and consider the limit 7 | 0 (along subsequences) to obtain generalized minimizing movements
(GMM) (cf. [AGS035]). Under suitable conditions, including the assumption & (14 fQ ( +cV) dz
with 1 = c£L? and E superlinear, it is shown in [Fle21, Thm.3.4] that aII GMM 4 have the form
u(t) = c(t)L4, and the density c is a weak solution of the reaction-diffusion equation

Oe = adiv (cV(E'(¢)+V)) — Bu (E'(c)+V) inQ, c¢V(E'(c)+V)-n =0 on .

In [Li06], the equation u; = 0 = Au + aulogu + bu is studied, whose solutions are steady states
for HK gradient flows for & (u fRd ulogu dz. We also refer to [PQV14, [DiC20], where equation
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was studied for E(c) = L¢™ — Acand V = 0. The linear functional ® (1) =[5, V' (2)dp for
a given potential V' € CO(Rd) can easily be added, as its geodesic A-convexity is characterized in
[LMS16, Prop. 20]. Note that our main convexity result, proved here for the first time, plays an important
role in the existence and uniqueness results of [DiC20], cf. Thm.2.14 there.

In [LaM22] it is shown that the GMM for the gradient system (M(€2), KK, 5, &) are EVI, solutions in
the sense of [MuS20]. Again the main ingredient is the geodesic A-convexity of & in the form (1.20)
contained in our main Theorem

Main notation

M(X), Ma(X) finite positive Borel measures on X (with finite quadratic moment)
P(X), Pa(X) Borel probability measures on X (with finite quadratic moment)
Ty push forward of 4 € M(X)byamap T : X — Y:
p=cLé 4 pt Lebesgue decomposition of a measure uM(R?)

Cp(X) continuous and bounded real functions on X

cosq(r) truncated function cos (min{a, r}) a > 0 (typically a = 7 /2)
W (g1, p12) Kantorovich-Wasserstein distance in P2 (X)

sin, tan, arctan, - - - vector-valued version of the usual scalar functions, see

HK (21, p2) Hellinger—Kantorovich distance in M (X): Section

(€, dge), 0 metric cone on R? and its vertex, see Subsection

W e L?-Kantorovich-Wasserstein distance on Po(€) induced by dg¢
X, r coordinate maps on &, see Subsection[2.1.2

70, 7wl coordinate maps on a Cartesian product Xo x X1, 7 (g, 21) = x;
b homogeneous projection from Mz (&) to M(R?), see

Sir 81, Y, ST, il il see @T2)-@TI)

(T, q)x action of a transport-growth map, Def.

ACP([0,1]; X) space of curves x : [0, 1] — X with p-integrable metric speed
o5, Tk forward and backward IL-transform for cost function L, see
D., D! domains of V; and D?¢;, see Theorem

Es = PE & = RE  for- and backward solution of Hamilton—Jacobi equation, (4.2),
s contact set of forward and backward solutions &5, &, see
(Ts—t, qs—t) transport-growth map induced by for/backward solutions, Theorem 4.3

2 The Hellinger—Kantorovich distance

In this section, we recall a few properties and equivalent characterizations of the Hellinger—Kantorovich
distance from [LMS16, [LMS18], that will turn out to be crucial in the following.

First, we fix some notation that we will extensively use: Let (X, dx) be a complete and separable
metric space. In the present paper X will typically be R¢ with the Euclidean distance, a closed convex
subset thereof, the cone space € on R? (see Subsection , product spaces of the latter two, etc.
We will denote by M(X') the space of all non-negative and finite Borel measures on X endowed with
the weak topology induced by the duality with the continuous and bounded functions of Cy,(X). The
subset of measures with finite quadratic moment will be denoted by M (X). The spaces P(X) and
P4 (X)) are the corresponding subsets of probability measures.

If p € M(X)and T : X — Y is a Borel map with values in another metric space Y, then T}
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denotes the push-forward measure on M(Y"), defined by
Tyu(B) := u(T~1(B)) forevery Borel set B C Y. (2.1)

We will often denote elements of X x X by (¢, z1) and the canonical projections by 7 : (g, z1) —
x;, 1 = 0, 1. A coupling on X is a measure v € M(X x X) with marginals 7, := wéﬁy.

Given two measures i, (11 € Ma(X) with equal mass 1o(X ) = 1 (X), their (quadratic) Kantorovich—
Wasserstein distance W y is defined by

Wi (j10, )” := min { J[axta w2 arten )|
v € M(XxX), Wé’y = p;, 1 =0, 1}.

We refer to [AGS08] for a survey on the Kantorovich—Wasserstein distance and related topics.

2.1 Equivalent formulations of the Hellinger-Kantorovich distance

The Hellinger—Kantorovich distance was introduced in [LMS18, [LMS16] and independently in [KMV16]
and [CP*18,|CP*15]. It is a generalization of the Kantorovich—Wasserstein distance to arbitrary non-
negative and finite measures by taking creation and annihilation of mass into account. Indeed, the
latter can be associated with a different notion of distance, namely the Hellinger—Kakutani distance,
see [Hel09] and [Sch97]. In this sense, the Hellinger—Kantorovich distance should be viewed as an
infimal convolution of the Kantorovich—Wasserstein and the Hellinger—Kakutani distance, cf. [LMS18|
Rem.8.19].

In [LMS18], five different equivalent formulations of the Hellinger—Kantorovich distance are given: (i)
the dynamical formulation, (ii) the cone space formulation, (iii) the optimal entropy-transport problem,
(iv) the dual formulation in terms of Hellinger—Kantorovich potentials, and (v) the formulation using
Hamilton—Jacobi equations. We will present and briefly discuss each of them below, as all are useful for
our analysis of geodesic convexity.

In the following, we consider the Hellinger—Kantorovich distance for measures on the domain R¢.
However, it is easy to see that all arguments also work in the case of a closed and convex domain
Q) C RY. In particular, the latter is a complete, geodesic space.

2.1.1 Dynamic approach
A first approach to the Hellinger—Kantorovich distance is related to the dynamic formulation, which

naturally depends on two positive parameters «, 5 > 0: they control the relative strength of the
Kantorovich—Wasserstein part and of the Hellinger-Kakutani part (see [LMS18, Section 8.5]).

Definition 2.1 (The dynamic formulation) For every i, 11 € M(]Rd) we set

1
M, (10, 2)? = min { [ v opse o) au
(2.3)

€ C([0,1]; M(R?)), pe—; = pi, (9CE) holdS},
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Fine properties of geodesics and geodesic A-convexity for the Hellinger—Kantorovich distance 11

where the generalized continuity equation for the Borel vector and scalar fields T : (0,1) x R¢ — R¢
and¢ : (0,1) x R? — R reads

(9CE) %,u +adiv(uY) = Béu inD'((0,1)xRY).

Notice that (2.3) yields in particular that 1z and & are (vector and scalar) measures with finite total
mass, so that the canonical formulation of (gCE) in D’((0, 1) xR%) makes sense. For optimal solutions
one has Y (¢, z) = V&(t, ) and the dual potential solves the generalized Hamilton—Jacobi equation

B

o+ 5IVEP +5€2 =0 (2.9)

in a suitable sense [LMS18, Theorem 8.20].
A simple rescaling technique shows that it is sufficient to restrict ourselves to a specific choice of the

parameters v and 3. In fact, it is easy to see that for every 6 > 0 we have

I'Ka,,é’(MO, M1)2 = emea,eﬂ(ﬂm #1)2-

Moreover, if A > 0 and we consider the spatial dilation H : x — Az in R%, we find
Ha, 5 (10, 111)? = Hayne (Hypao, Hypin ).

Choosing A := +/4a/3, 0 = 4/, and setting KK := HK; 4 we get

4 4
"Ka,ﬁ(#o,ﬂl)Q = B"K4a/6,4(uo,ul)2 = B"K(Hﬁ/ﬁo, Hﬁul)z-

Therefore, in order to keep simpler notation, in the remaining paper we will mainly consider the case
a=1land g = 4.

2.1.2 Cone space formulation

There is a second characterization that connects HK with the classic Kantorovich-Wasserstein distance
on the extended cone € := (R? x [0, 0o[)/ ~, where ~ is the equivalence relation which identifies
all the points (z, 0) with the vertex o of €. More precisely, we write (2o, 7¢) ~ (x1,71) if and only if
To = x1 and g = ry or ro = r; = 0 and introduce the notation [x, r] to denote the equivalence class
associated with (z,7) € R? x [0, 0o|. The cone € is a complete metric space endowed with the cone
distances

da7¢(50,51)2 = rg + 72 — 2rgry cosq(|z1—20|), 35 = |75, 73], a € (0,7), (2.5)

see e.g. [BBIOT, Sect. 3.6.2], where we use the abbreviation cos,(r) := cos (min{a, }). Notice that
the projection map (z,7) — [z, 7] is bijective from R? x (0, c0) to €, := € \ {o0}; we will denote by
(x, r) its inverse, which we extend to o by setting x(0) = 0, r(0) = 0.

The most natural choice of the parameter a in is a := 7 in this case the cone (€,d,¢) is a
geodesic space, i.e., given 3; = [z;,7], i = 0,1, there exists a curve 3, = [z4,7¢] = geo,(30,31),
t € [0, 1], connecting 3 to 3; and satisfying

VO<s,t<1: dre(3s 3e)=It—5|dre(30,31)- (2.6)
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If one of the two points coincides with o, e.g. for 3o = o, it is immediate to check that 3; = [x1, try]. If
ro,71 > 0 and |z1—zo| < 7/2 then the unique geodesic curve reads (recall the convention in (1.6))

Ty i=T ((H—t )2+t2|v|2>1/2 = +arctan( ! )
: u Ty =T
t 0 S 0 1tu)’

where u = - cos(|x1—xg|) —land v := n sin(x;—x).
To To

(2.7)

For example, if we operate the same construction starting from the one-dimensional set Q2 = [0, L] C R
with 0 < L < 7 we can isometrically identify the cone space over €2 with the two-dimensional sector
Yo ={y=(rcosz, rsing) € R*|r >0, z € [0, L] } endowed with the Euclidean distance.
For L € |, 2| the identification with the sector still holds, but the sector ¥, is no more convex and for
xg, 1 € Q with |zg—x1| > 7 the cone distance corresponds to the geodesic distance on the sector
Xq, i.e.the length of the shortest path in > connecting two points.
On the one hand, we can define a homogeneous projection b : My(€) — M(R?), via
oo
hA == x;(r’)\) = / r2 \(-,dr), (2.8)

r=0

i.e. for every A\ € My(€) and ¢ € Cy(R?) we have
Cla)don) = [ ¢(o)dGe.r).
Rd ¢

On the other hand, measures in M (R¢) can be “lifted” to measures in My (&), e.g. by considering the
measure 1 ® d; for 1 € M(R?). More generally, for every Borel map r : R? — 0, oo[ and constant
mg > 0, the measure A = mgd, + 4 @ ﬁér(.) gives hA = .

Now, the cone space formulation of the Hellinger—Kantorovich distance between two measures pi,
w1 € M(R?) is given as follows, see [LMS16), Sec. 3].

Theorem 2.2 (Optimal transport formulation on the cone) For g, 11 € J\/[(]Rd) we have
K (s, 11)* = min { Ware(Nos Aa)? | As € Po(€), A = i | 292)

= min { // dm@(ZO, 21)2dA(Z()7 Zl) ‘ []ZA = [Lz}, (29b)
¢xe
where by is defined in and h; X := h(miA) for A € My(€xE) andi =0, 1.

The cone space formulation is reminiscent of classical optimal transport problems. Here, however, the
marginals \; of the transport plan A € M(€ x €) are not fixed, and it is part of the problem to find
an optimal pair of measures \; satisfying the constraints h\; = p; and having minimal Kantorovich—
Wasserstein distance on the cone space.

Remark 2.3 (Hellinger—Kantorovich space as cone) /n[LaM19] itis shown that the space (M (R?); HK)
can be understood as a cone space over the geodesic space (P(R?), 3K) where the spherical
Hellinger—Kantorovich distance in P(R?) reads H (v, 1) := arccos (1 — SH (v, 11)?). It would
be interesting to analyze geodesic convexity properties of functionals & as in on this space; see
[LaM22] for a first result.
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The cone space formulation in reveals many interesting geometric properties of the Hellinger—
Kantorovich distance, e.g. Hellinger—Kantorovich geodesics are directly connected to geodesic curves
in the cone space €, see below. Moreover, it can be deduced that a sharp threshold exists, which
distinguishes between transport of mass and pure growth (i.e. creation or destruction) of mass.

Remark 2.4 The link between the dynamical formulation in (2.3) and the cone-space formulation in

(2.9) of the Hellinger—Kantorovich distance can be best seen from a Lagrangian point of view. Let
2

Lag, 5(X, 7V, 0) = =|V|* + %QQ denote the rescaled Lagrangian in the definition of the dynamical

functional (2.3) corresponding to a curve of the form pi; 1= r2(t)5 x(t) and consider for fixed o, r1 > 0
and zo, v1 € R? the minimization problem

1
M, s(zo,70; %1,71) := min {/ Lag, s (X(s),r(s); X(s),i’(s)) ds )
0
(X,r) € Cl([(), 1];]Rd><R+),X(i) =x;, r(i) =1, }
It is not hard to check [LMS16, Sec. 3.1] that we obtain for (cv, B) = (1, 4) the explicit formula

HK (1o, p11)? = My a(0, 705 21, 71) = dre([w0, 70], [21,71])%,

which is the Hellinger—Kantorovich distance of the two Dirac measures [1g = 7“859@0 and py = T%ém in
the case that |xg—x1| < /2.

When |zo—x1| > 7 /2, one can always connect 11q to i1 by the curve p; := ((1—t)ro) 26950 + 12120,
(whose support is no longer concentrated on a single point) obtaining
|'K(M0, M1)2 =2= dw/m([%, 7”0], [$1, 7’1])27

and showing the role of the threshold /2 instead of T in the computation of K.

The explicit computation of the previous remark is in fact a particular case of a general result [LMS18,
Lem.7.9+7.19].

Theorem 2.5 (Effective 7/2-threshold in the cone distance) Let i, 11; € M(R?), ifA € My(€x€)
is an optimal plan for the cone-space formulation (2.9) then AL(E€x ) \ {(o, 0)} is still optimal and

A({([azo,ro], l21,71]) € ExE ] ror > 0 and |zo—a1| > g}) —0, (2.10)

so that

H(10, 111)* = min {Ww/m(/\o, Ar)? ‘ Ai € Po(€), bA; = Mz‘} (2.11a)

= min { // dr/2.¢(20, 21)2dA (20, 21)
Ex¢

Moreover, setting fori = 0, 1

S; == supp(p;), S77% = {z e R?|dist(z, S;) < 7/2},
Sli=8,NS72  andS!:=S;\ S

1—2»

(2.12)
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/2

/2 Csuppyy | suppysy
S

Sr/2

Figure 2.1: The decomposition of the closed supports S; = supp ; of the measures u; = 1 +
as given in (2.73) with cut-off at /2. The open sets Sg/Q and Sf/z denote the 7/2-neighborhoods
of the supports S; and So, respectively, and 4} = 11;L(ST/2 N S,), 1 = p;L(S; \ S™/%) are the
corresponding restrictions of the measures ;.

(see Figure[2.1)) with the related decomposition
pi= g, =l S = L ST, and = LS, (2.13)
then we have that

HK (120, p11)? = HK (g, 5)% + HK (g, 17)?, (2.14a)
HC(u, 17)? = g (RY) + pf (RT) = o (RN Sg) + pua (R S7). (2.14b)

Note that shows that the decomposition in (2.13)) is extremal with respect to the subadditivity
property in Lemma 7.8 of [LMS18], and shows that the computation of HK? between 1) and
(] is trivial, so that no information is lost if one restricts the evaluation of HK? to u, = polL_ .S} and
() = py LS. Motivated by the above properties, we introduce the following definition of reduced pairs,
which will play a crucial role in our analysis of geodesic curves.

Definition 2.6 (Reduced pairs) A pair (1, 111) € M(R?)? is called reduced (resp. strongly reduced)

if 11;(S!’) =0, i.e.u; = p, fori = 0 and 1 (resp. if S; C Sff).

By definition the sets .S; = supp(;) are closed and SZT/2 are open, so that S/ = S; \ Sff is closed
as well, but S; = S; N Sff may be neither closed nor open. In the strongly reduced case the condition
S; C Sff means that, at least locally, the closed set .S; has a positive distance to the boundary of the
open set 57/2.

Notice that for every (1o, 11) € M(IR?)? the corresponding pair (1(,, ¢} ) defined according to (2.12)—

(2-13) is reduced by construction. In fact, if = € .S, then there exists y € supp(p) with |z—y| < 7/2:
clearly y € S} so that dist(z, supp(u))) < dist(z, S}) < 7/2.

2.1.3 Transport-growth maps
It is useful to express (2.11b) in an equivalent way, which extends the notion of transport maps to the

unbalanced case. It relies on special families of plans in A € M, (€?) with h; A = p; generated by
transport-growth systems.
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Definition 2.7 (Transport-growth maps) Letv € M(Y'), where Y is some Polish space. A transport-
growth map is a v-measurable map (T',q) : Y — X x [0,00) with q € L*(Y,v). It acts on v
according to this rule:

(T, q)v = Ty(¢*v) = H((T, 9)sv), (2.15)
where the last identity involves the obvious generalization of the definition (2.8) of homogeneous

projection by from Ms(X x [0, 00)) to M(X).
We notice that transport-growth maps obey the composition rule
(T3, 2)«(Th, 1) = (T, q)sv where T :=TyoTy, q:=(geoTi)q.  (2.16)

Transport-growth maps provide useful upper bounds for the HK metric, playing a similar role of transport
maps for the Kantorovich—-Wasserstein distance. In fact, for every choice of maps (T}, ¢;) : Y —
R? x [0,00), i = 0, 1, associated with the measure v € M(Y’), we have

HC (0, 1) < /

(qS + ¢ — 2q0¢1 COSW/2(\T0—T1|)> dv  p; = (Ti, qi) v (2.17)
%

In order to show (2.17) it is sufficient to check that the measure A € M, (€?) defined by
A= (To, qo; T, q1)sv, satisfies b = p;
so that (2.17) follows from (2.11b) and the identity

/ dr/2.¢(20, 21)2dA = / (qg + 4t — 2q0q Cosﬁ/z(\To—Tll)) dv. (2.18)
2 Y

On the other hand, choosing Y = €x € and an optimal plan v = A € My(€x &) for (2.11b)

and setting T; ([0, 0], [z1,71]) := 2; and ¢;([zo, 7o), [x1,71]) = 7i, we immediately find

H (110, 1) =/

(qS + ¢ — 2q0¢1 COSW/2(|T0—T1|)) dA, i = (T, qi)x A\, (2.19)
Cx¢

and therefore equality holds in (2.17).

Corollary 2.8 (HK via transport-growth maps) For every g, j11 € M(Rd) we have

HK2 (110, p11) = min { / (qg +qi — 2q0q COSW/2<‘T0—T1|)> d)\‘ AeM(Y),
ex¢ (2.20)

Y Polish, (T, ;) : Y — R [0, +00), 1 := (T, qi)*A};
moreover, it is not restrictive to choose Y = €x € in (2.20).

Inspired by the so-called Monge formulation of Optimal Transport, it is natural to look for similar
improvement of 2.20), when Y = R%, v = p, T(g) = o is the identity map, and ¢(z¢) = 1.

Problem 2.9 (Monge formulation of HK problem) Given yg, 11, € M(R?) such that pi, = i, i =
0 (recall 2.12) and ([2.13)), find an optimal transport-growth pair (T',q) : R? — R? x [0, c0)
minimizing the cost

C(T, q; po) = /

5 (1 + ¢ (2) - 2¢(2) Cosﬂ/2(|T(m)—x|)> dpo(z) (2.21)

among all the transport-growth maps satisfying (T', q)«jto = fi1
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By we have the bound
HK (1o, p11)? < inf {@(T, a; Mo)’(T; q)<hto = m}- (2.22)

When pg < L7 and the support of {1 is contained in the closed neighborhood of radius 7/2 of
the support of 1, the results of the next section (cf. Corollary [3.5), which are a consequence of the
optimality conditions in Theorem [2.14], show that the minimum of Problem[2.9]is attained and realizes

the equality in (2.22).

2.1.4 Entropy-transport problem

A third point of view, typical of optimal transport problems, characterizes the Hellinger—Kantorovich
distance via the static Logarithmic Entropy Transport (LET) variational formulation.

We define the logarithmic entropy density F' : [0, oo[ — [0, 00| via
F(s) :=slogs—s+1 fors>0 and F(0):=1,
and the cost function L; : R? — [0, oo] via

—log(cos®(r)) = log (14 tan*(r)) forr < 7/2,

. (2.23)
“+00 otherwise.

Lia) = gllla)), () = {

For given jig, ity € M(IRY) the entropy-transport functional &T( - ; 1o, it1) : M(RIxR?) — [0, o0]
reads

ET(N; 1o, 1) iz/

R4

F(oo)duo +/

R

F(oy)du + // 2L (xg—m1)dn (2.24)
a R xR

with (7;)ym = oy < pu;. As usual, we set ET(); o, p11) := +oc if one of the marginals (7;)yn of
7 is not absolutely continuous with respect to w;. With this definition, the equivalent formulation of the
Hellinger—Kantorovich distance as entropy-transport problem reads as follows.

Theorem 2.10 (LET formulation) For every (g, (11 € M(Rd) we have
HK (110, 411)? = min {@“’I(n; fio, 1) | m € M(R? x Rd)}. (2.25)
Moreover, recalling the decomposition (2.12)—(2.13),

(1) the pairs (1, i11) and (pg, 1ty) share the same optimal plans 1
0s H1

(2) if we set go(x0) := ([x0,1],0) and g1 (1) := (o, [y, 1]), every optimal plan 1) € M(R4xR?)
for the entropy-transport formulation in induces optimal plans (3 (resp. 3') in M(&€x &) for
the pair (1o, 111) (resp. the reduced pair (11, (1)) via

—1/2 —1/2
B = (z0,00 21,00 )m, 8= B+ (g90)s 1l + (90 18- (2.26)
An optimal transport plan 7, which always exists, gives the effective transport of mass. Note, in particular,

that the finiteness of T only requires (m;);m = 1; < j; (which is considerably weaker than the usual
transport constraint (;);1 = j;) and the cost of a deviation of 7; from 1; is given by the entropy
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functionals associated with F'. Moreover, the cost function £ is finite in the case |xo—x1| < /2, which
highlights the sharp threshold between transport and pure creation/destruction. Notice that we could
equivalently use the truncated function cos? ,(r) = cos?(min{r, 7/2}) instead of cos*(r) in 2:23).
As we have already seen, the function r — cosfr/z(r) plays an important role in many formulae.

In general, optimal entropy-transport plans 7 € M(Rded) are not unique. However, due to the strict
convexity of F', their marginals 7; are unique so that the non-uniqueness of the plan 7 is solely a
property of the optimal transport problem associated with the cost function (g, z1) — 2L (z1—2¢) =

€<|x1—x0|).

Remark 2.11 Besides (2.26), the connection between the cone-space formation and the logarithmic
entropy-transport problem is given by the homogeneous marginal perspective function, namely

dﬂ—/zg([l’o,?”o], [Il, 7"1])2 = 1nf {TSF(%) + T’%F(%) + 29L1(I‘0—I1> ‘ 6 > 0},

where rf plays the role of the reverse densities 1 /o; and 0 is a scaling parameter, see [LMS18, Sec. 5].

We highlight that the logarithmic entropy-transport formulation (2.25) can be easily generalized by
considering convex and lower semi-continuous functions Fy and F'; and cost functions ¢, see [LMS18,
Part I].

Applying the previous Theorem [2.10] we can refine formula (2.18) by providing an optimal pair of
transport-growth maps solving (2.20) in the restricted set Y = Sy x S; C RYxR?. Indeed, we can
choose arbitrary points z; € .S; and

vVi=mn + :ug@ail + 6560®:u/1/7

T; (2o, 1) (g, 1) o (@) i (w0, 21) € SpxS], (2.:27)
\Xo, T =X, 7 3 =
01 dilto. 1 if (20, 21) € (SoxSy)\ (S,%S))

which satisfies

(Ein)*V = [, I-K2(M07M1> :/

(CJ3 + ¢} — 2q0q COSw/2(|T0—T1|)> dv. (2.28)
Y

2.1.5 Dual formulation with Hellinger—Kantorovich potentials

In analogy to the Kantorovich—Wasserstein distance, we can give a dual formulation in terms of
Hellinger—Kantorovich potentials. We slightly modify the notation of [LMS18], in order to be more
consistent with the approach by the Hamilton—Jacobi equations (and the related Hopf—Lax solutions) of
Section [4|and to deal with rescaled distances. As we will study segments of constant-speed geodesics
t — pgoflength 7 =t—sfor0 < s <t < 1, it will be convenient to introduce a scaling parameter
7 > 0 that in certain parts will be replaced by 1, namely if we consider a whole geodesic. With this
parameter, we set

1 1 1
Fi(s) = ZF(S>’ L.(z) = Zg(m), ET (M o, p1) = Zé”f(n;uo,m) (2.29)
and the corresponding
1 .
o HC (1o, 1) = min {é"L(n; po, 1) | m € M(Rded>}- (2.30)
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It is clear that minimizers 7) of (2.30) are independent of the coefficient % in front of KK and coincide
with solutions to (2.25) if i1, = 1. The role of T just affects the rescaling of the potentials o and & we
will introduce below.

We also introduce the Legendre transform of F.

5 eQTga -1 1 — efZTgo .
GT(()O) = F:(SO) = Sup ¥s — FT(S) = 2—7 GT(()O) = = _GT(_QO)v (2.31)
$>0 T 2T
extended to [—o00, +00] by
G (+00) = =G, (—00) = 377 G (—o0) = —G,(400) = +00, (2.32)

and their inverses
1 1 .
G (€)= 5o log(1427), GH(¢) == —5-log(1-27¢) = =G M (=€), (239)

defined for £ € [—%, +oo] and £ € [—oo, %] respectively, with the obvious convention induced by
(2.32). With Theorem 6.3 in [LMS18] (see also Section 4 therein), we have the equivalent characteriza-
tion of HKK via the dual formulation

1 .
2—H<(uo,u1)2 = Sup{ G (1) dpy — / G- (o) dpo ‘
T R4 R4
©o. 1 € Co(RY), p1(z1)—po(z0) < LT(SU1—56’0)} (2.34a)
1 . 1
= sup {/ Siduw —/ Sodpo | & € Cb(Rd)a supé; < —, inf§ > ——
R4 R4 Rd 2’7' R4 27'

(1—-27& (21)) (14270 (o)) > cosi/2(|x0—x1|)}. (2.34b)

Note that the formulations in (2.342) and (2.34b) are connected by the transformation £, = G, (1), & =

G- (¢0) and the last condition in (2.34D) is equivalent to

G, (&1(21)) =G, (€o(0)) < Ly (w1—20). (2.35)

It is not difficult to check that one can also consider Borel functions in (2.34a) and (2.34Db), e.g. for all
Borel functions ¢; : R? — [—00, +00] with

/ e 2™ dpuy < o0, >0 d iy < o0,
R R

(2.36)
©1(21) < L(21—20) + @o(x0) forall zg, 2, € R with |zg—z1| < 7/2,
we have 1
oo = [ Golende — [ Golan)da 27
T Rd Rd

If we allow extended valued Borel functions, the supremum in (2.34a) and (2.34b) are attained.

Theorem 2.12 (Existence of optimal dual pairs) For all jig, p11 € M(Rd) and T > ( there exists an
optimal pair of Borel potentials g, 1 : R — [—00, +00] which is admissible according to (2.36)
and realizes equality in (2.37), namely

1

2—|'K(M07M1)2 = G, (¢1)d —/ G, (100) dpto. (2.38)
T Rd Rd
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The transformations & = G.(po) : R — [=1/(271),+o0], and & = G.(¢1) : R? —
[—o0, 1/(27)], give an optimal pair for (dropping &; € Cy(R?)) satistying

(1—2751(x1))(1+2750(xo>> > cos? y(lwo—a1]) if&(xo) < 00, &i(w1) > —00,  (2.40)
2—|'K 10, 1) / §idu — / &o dpto- (2.41)
—

Remark 2.13 Denoting by S; := supp(u;) the support of p; for i = 0 and 1, we remark that it is
always sufficient to find Borel potentials ¢; : S; — [—o0, +00] satisfying on Sy x S instead of
RIxR?. By setting ¢; := —ooin R?\ S} and @y := 400 in R\ S we obtain a pair still satisfying
and (2.38). This freedom will be useful in Theorem [2.14] below.

Moreover, notice that (2.34b) can be rewritten as

1 1
S B T B P G e
2T Rd Rd 27

where . ¢ is defined in (1.73). In particular, the operator &2, is directly connected to the dynamical
formulation in (2.3), and we will thoroughly study its properties in Section

2.2 First order optimality for KK

From the above discussion, we have already seen that there is never any transport over distances
larger than /2. This transport bound will also be seen in the following optimality conditions for the
marginal densities o; defined in (2.24).

Theorem 2.14 (Optimality conditions [LMS18, Thm. 6.3]) Let 1o, i1 € M(RY) andlet S;, S!, SY', i
be defined as in (2.12)—2.13). The following holds:

(1) Aplanm € M(R? x R?) is optimal for the logarithmic entropy-transport problem in (2.30) if and
only if

- [fedn < oo
- its marginals n; are absolutely continuous with respect to 1, (equivalently, n; are absolutely
continuous with respect to 1; and n;(S!") = 0),

- there exist Borel densities o; : RY — [0, o0 such that n; = o1 and

o;=0 onS/, (2.42a)

0<o; <00 onS, (2.42b)

= +oo onR%\ S, (2.42c)

oo(xo)or(x1) > cosi/Q(\xo—:ch on Sy X Sy, (2.42d)
oo(zo)o1(x1) = cosi/2(|x0—x1|) n-a.e.on Sy x S. (2.42¢)

In particular, the marginals n); are unique and the densities o; are unique [i,-a.e.
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(2) Ifm is optimal and S;, S, S! and o; are defined as above, the pairs of potentials defined by
Ir’ K2 (]

(— 3 logoyin S, ( Llog oy in S,
Q1= +o0  inSY, P = —oo in Sy, (2.43)
| —oo  inRY\ Sy | 4oo  inRY\ Sp;
((1—0y : ( o0—1 -
2Tl in Si, %T in S[’)7
§ii=4q o inSY, o= —5 inSY, (2.44)
| —oo inR*\ Sy; +00 inR%\ Sp;

are optimal in the respective dual relaxed characterizations of Theorem|[2.13 and satisfy n-a.e. in
R? x R?

vi(z:;) € R, e1(z1) = @o(wo) = L (w1 —10), (2.45a)

—&o(20),&1(2) € (%,oo), (1427&0(x0)) (1—27& (1)) = cosi/2(|x0—x1|). (2.45b)

(3) Conversely, ifn) is optimal and (g, 1) (resp. (o, &1)) is an optimal pair according to Theorem
then (2.453) (resp. (2.45b)) holds n-a.e. and

1
o1 =e TP = 1-27€ py-aeinS), o = +o00, & = 5. tae in ST,
T (2.46)

o9 =¥ = 1427&  pp-a.e.inS), gy = — o0, & = —5. Hoae. inSy.
T

3 Regularity of static KK potentials ¢, and ¢

In this section, we will carefully study the regularity of a pair (g, ¢1) of optimal HK potentials arising
in of Theorem We will improve the previous approximate differentiability result of [LMS18|
Thm. 6.6(iii)] (see also [AGS08, Thm.6.2.7]) by adapting the argument of [FiG11] and extending the
classical result of [GaM96] to the HK setting. In fact, this section is largely independent of the specific
HK setting but relies purely on the theory of [L-transforms. As we are interested in the special case of
continuous, extended values cost functions L. = L, = %Ll : RY — [0, +oc] which attain the value
400 outside a ball, we cannot rely on existing results and have to provide a careful analysis of this case
(but see also [GaOQ7, McP09, JiS12, BeP13, [BPP18] for different situations of discontinuous costs
taking the value +00).

We will use the notion of locally semi-concave and semi-convex functions; recall that a function
¢ : U — R defined in some open set U of R¢ is locally semi-concave if for every point z € U there
exists p > 0 and a constant C' > 0 with

C
= p(x) — §|x|2 is concave in B, (7). (3.1)

A function ¢ is locally semi-convex if —¢ is locally semi-concave. Let us recall that locally semi-concave
functions are locally Lipschitz and thus differentiable almost everywhere. We will denote by dom (V)
the domain of their differential. By Alexandrov’s Theorem (see [AGS08, Thm. 5.5.4]), there exists for
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almost every x € dom(V¢) a symmetric matrix A =: D?p(z) such that

o(y) — p(z) — (Vo(z),y—z) — $(Aly—2z),y—1)

lim —0, (3.2a)
v ly—xf?
_ — Aly—
and  lim  PW V@) — A=) (3.2b)
yoe ly—]
yedom (V)

We will denote by dom (D?¢) the subset of density points in dom (V) where and hold.

As the optimality of potential pairs (g, 1) is closely related to the theory of L-transforms, we give the
basic definitions first and then derive the associated regularity properties under additional smoothness
assumptions.

For simplicity, we restrict the analysis of the remaining text to continuous functions IL : R? — [0, <]
satisfying dom(L) = {z € R? | L(z) € R} = Bg(0) for some R > 0, i.e. L(z) < oo for
|z| < Rand L(z) = 400 for |z| > R. By continuity of L this behavior implies L(z;) — +oc if
liminf, ., |2x] > R.

We define the forward LL-transform go%ﬁ of a I.s.c. function o, and the backward LL-transform " of
an u.s.c. function ¢, via

@ (x1) = inf po(xo) + L(z1—10) and
zoE€BRr(z1) (3.3)
SOTL(%) = sup @i(z1) — L(z—20), '
z1€BRr(z0)

where the restriction of the infimum and supremum in (3-3) to the balls Br(z;), corresponding to the
shifted proper domain of I, is important to avoid the expression “co — oo”. It will turn out that go%—> is
u.s.c. and gofl is I.s.c. Of course, these transformations are related by

o (2) = —(=po) (), (3.4)
and for arbitrary functions v; : R¢ — [—00, +00] we have the general relations

= () ™) T ana wt = (09)7) 5)

see [Vil09, Ch. 5]. For later usage, we consider the following elementary example.

Example 3.1 (Forward and backward [L-transform) We consider the potentials

ag forxy = yo, ay, forxi =1y,
po(To) = . and p1(z1) = .
400 otherwise, —00 otherwise,

where —o0 < ag < +00, —00 < a; < +00 and Yy, Y1 € R? are fixed. Forag, a; € R we find the
transforms
Lo ao+L(x1—yo) for 1 € Br(yo),
%o (z1) = .
+o00 otherwise,

L al—L(yl—xO) forxgy € BR(yl)a
@y (z0) = )
—00 otherwise.
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Figure 3.1: Visualization of bdryg(S) (thick)
S ) as subset of the boundary 0S5 of the set .S
(light red).
Foray = —oo and a; = 400, we obtain the transforms

—oo forzy; € Br(yo), - 400 forxg € Br(y1),
P (1) = € BR0): ag it (g = 0 € Brlt)
+-00 otherwise, —00 otherwise,

As Br(y;) is open, we see that gp%—) is u.s.c. and gofL is I.s.c. Moreover, observe that (gp%_}) Tt ©o
and (cpl“”d)ﬂ“_) = 1, so that [85) is true for g € {0, 7"} and 1 € {1, o5}, respectively.

For R > 0 and sets S C R¢, we introduce the notation
SR = {2 eR?|dist(z,S) <R},
extg(S):= | J  Brlz), bdiyg(S) = 85N (extr(S)). (3-6)

z: dist(z,9)>R

In particular, extgr(S) is the open subset of R? \ S obtained by taking the union of all the open
balls of radius R that do not intersect S. If S is closed and satisfies an exterior sphere condition of

radius R at every point of its boundary (e.g.if S is convex) then extgr(.S) coincides with R4 \ Sand
bdryg(S) = 0S.

In general, bdryg(S) is a subset of the boundary of .S, precisely made by all points of 0.5 satisfying
an exterior sphere condition of radius R with respect to .S:

z € bdryg(S) <= z€dSandIycR’: |z—y| =R, Br(y)NS=0. (3.7

In fact, if € bdryg(S) then there exist sequences x,,, y,, such that =,, — =z, |z,—y,| < R and
Br(y,) NS = (). Possibly extracting a subsequence, we can assume that i, — y, Br(y) NS = 0,
and |z—y| < R. Since x € 05, itis not possible that |xt—y| < R, so that the left-to-right implication of
holds. On the other hand, if z € 95, |[t—y| = R, and Br(y) N S = 0, it is immediate to check
that = € 9(extr(S)), see also Figure[3]

In Theorem (3.3|(2) we will use that for arbitrary sets .S the boundary part bdryg(.S) is countably
(d—1)-rectifiable, see [Vil09, Th. 10.48(ii)], and hence has £ measure 0.

The following result shows how the properties of I provide regularity of the backward transform gp“L.
Of course, an analogous statement holds for the forward transform using (3.4). The important fact is
that the upper bounds on the second derivatives of IL. generate semi-convexity of ¢ (i.e. lower bounds
on D%py), see Assertions[5|and[6] As D2LL(z) blows up at the boundary of Bg(0), it is essential to
use the fact that (25 ) — +o0 for |z;| T R.

Theorem 3.2 (Regularity of the L-transform) LetL : R? — [0, +o0] satisfy

L : R? — [0, +o0] is continuous and IL(0) = 0, (3.8a)
L|BR(0) € C*(Br(0)) andL(z) = +o0 if|z| > R, (3.80)
L is uniformly convex, i.e. A\, > 0V z € Br(0) : D*L(2) > A,I. (3.8c)
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For an u.s.c. function p; : R? — [—00, +00], we consider the backward IL-transform ¢y = 7" and

set
Oy = {po > —0}, Qo= {po < +0o0},

) (3.9)
O1={p1 <+oo}, Q1 ={p1>—oc}, and Qo= OpNint(Qo).
Then, the following assertions hold:
(1) The function yy is I.s.c. and satisfies
inf g > inf p; and sup gy < sup ¢y, (3.10)

(QFC Oy and (olwo) = —00 ¢ Bro) C extr(Q) € {1 = —00}).  @.11)

The sets Oy, O+, and €, are open.

(2) The set () satisfies an external sphere condition of radius R, namely

R\ cl(Qo) = extr(Qo) and 9Qo = bdryg(Qo), (3.12)

so that the topological boundary of () is countably (d—1)-rectifiable.

(3) The “contact set” M = M_., U M., U Mg, C R? x R? defined via

Mg, = { (w0, 1) ‘ vi(x;) €R, ¢1(x1) = L(xg—2x1) + po(xo) },
M_o = { (z0,21) | po(0) = —00, |z1—20| > R}, (3.13)
Moo := { (20, 21) | p1(21) = +o0, [21—20| > R},
is closed.

(4) For every Ty € Qy, the section My_,1[Zo] := { ‘ (Zo,x1) € Mgy } of Mg, is nonempty,
compact, and included in Q1. Moreover, for every compact K C € there exists 0 € (0,R) and
a',a” € R such that

|r1—To| < @ anda’ < ¢i(xy) < a” wheneverzy € K andx1 € My _.1[To). (3.14)

(5) The restriction of @ to the open set () is locally semi-convex, and in particular locally Lipschitz
and thus continuous.

6) If D}y := dom(Vg) C Qo, Dj = dom(D?py) C D}, then D{j has full Lebesgue measure in
Qo. Forevery x € DJ, the set My_,,|x| contains a unique pointy = Ty_,1(x). The induced map
Ty, : D}, — RY is differentiable according to in D{j and satisfies the following properties:

(@) |[t—Ty—1(z)| < R and Vo(z) = (VL) (z—Ty1(z)) forall z € Dy, (3.15)
(b) D*po(z) > —D’L (z—Ty(x)) forallz € Dy, (3.16)
(c) DT, . (z) is diagonalizable with nonnegative eigenvalues on D,. (3.17)

Proof. We divide the proof in various steps, corresponding to each assertion.

Assertion (). To check that ¢y is l.s.c. we assume p(z9) > a for some a € [—o0, +00), then
there exists y € Br(xg) such that ¢1(y) — L(y—x¢) > a. As L is continuous, we can find § €

DOI 10.20347/WIAS.PREPRINT.2956 Berlin, August 30, 2022/rev. September 29, 2023



M. Liero, A. Mielke, G. Savaré 24

(0,R — Jy—=o|) such that ¢;(y) — L(y—x) > a for every x € Bs(x). By definition of ¢ this
estimate implies g (z) > a on Bs(xg), and lower semi-continuity is shown.

The estimates in are elementary following from L(0) = 0 and L.(z) > 0, respectively. The
relation in follows from the fact that o (z9) = —oo implies ¢1(y) = —oo in Br(z). The
openness of Oy and O, follows because ¢ is |.s.c. and ; is u.s.c. This property in turn implies that
Qo = Op N'int(Qyo) is open.

Assertion (2). Recalling Qo = {po < +00} itis sufficient to notice that
TeRN\ Qo & ¢o(T) =400 = 37 |7—g| < Rand ¢ (§) = +o0, (3.18a)

where we used I > 0 and the upper semicontinuity of ¢. However, using dom(L) = Bg(0) we
obtain

01(g) = 4+00 = po(r) = +ooforallz € Br(y). (3.18b)

This implication means that if 7 € R? \ Qg then Z € cl(extr(Qy)), so that Qs = I(R? \ Qo) =
Ocl(extr(Qo)) = 0extr(Qo).

Assertion (3). The closedness of M, follows easily by the semi-continuities of ;. For My, we
consider a sequence (Zg, Z1,) € Man to (zo,21). If [xg—21| < R, then we have ¢;(z;) >
L(z1—x0) + wo(zo) by the semi-continuities. As the opposite inequality is always satisfied, we
obtain the equality. We can also exclude that v (o) = ¢1(1) = +00 (resp. —o0), since otherwise
@o(x) = 400 in Br(xy) by which contains a neighborhood of z (resp. ¢1(x) = —o0 in
Br(xg) by (8:17), which contains a neighborhood of x1), so that (zg, 1) € Mgy If |z1—20| > R
and (o, z1) does not belong to M_ ., then we have lim inf,,_, - (o) > @o(xo) > —00 so that

©1(z1) > limsup ¢1(x1,) = limsup L(z1,, — Ton) + ¢1(T0,0) = +00

n—o0 n—oo

and (xg, 1) € M. Hence, M = Mg, U M, U M_ is closed.

Assertion (4). Let us first show that g is locally bounded from above in the interior of (), i.e. the
open set )y \ 0Q)y. In fact, if a sequence x,, is converging to T € (g \ 0Qo with po(x,) T +00,
by arguing as before and using ¢o(7) = SUP,e e () P1(y) — L(y—2,), we find j € Br(Z) with
©1(y) = +00. Now gives po(x) = +oo for all x € Bgr(y), which contradicts the fact that

@o(x) < 400 in a neighborhood of Z, because of |[Z—y| < R.

We fix now a compact subset K of the open set €2, a point € K, and consider the section M_,1 [i:]
of the contact set Mg,. Let n > 0 be sufficiently small so that K, := {x € R4 ‘ dist(z, K) <
n } C Qpandleta := SUPg,, $0, where a < +00 by the previous claim. By I.s.c. of ¢, we also have
a = infg, pg > —o0.

By the definition of oy = 7", for every € € (0, 1] the sets
M(@) i= { y € Bal(@) | p1(y) 2 Lly=2) + 20(2) — < |, 8.19)

are non-empty. We choose y € M*'(Z) and set xy := 9% + (1—9)y with ¥ = 1 — n/R, which
implies |zy—Z| < 7, and hence zy € K,. Moreover, we have |[zy—y| < R — 7. Therefore, for
y € M'(z) C Bgr(z) we find

~

=a+{(R—n) < oo,

< _ <ad: -
e1(y) < L(y—2v) + @o(zs) < a ¢ (3.20)
1>d :=a>—o0,

e1(y) = ¢o(Z) + L(y—2) —
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where Z(g) 1= SUD,ep, (o) L(2). Combining the last two estimates we additionally find

~

L(y—1) < ¢1(y) — ¢o(T) < a” —a =:£(0) with 0 € (0,R). (3:21)

Hence, all elements y € M (Z) satisfies |Z—y| < 6 and (3.20).

We now consider a sequence . € M¢(Z) C M'(z), then a standard compactness argument and
the upper semi-continuity of 1 show that any limit pomt y is an element of M_,1[Z], which is therefore
not empty. The compactness of My_,1[z] and (3.74) again follow by (3-27)

Assertion (). Let us now fix Tg € 29 and 6 > 0 such that K := Bjs(Zo) C ). The previous
assertion yields # < Rand o’,a” € R such that |2'—z| < 6 and a’ < ¢1(2') < a” whenever
xr € K and 2’ € My_,1[z]. By possibly reducing J, we can also assume that 30 + 6 < R. For every
x € K, we now have by construction

po(r) = max ¢i(z') — L(z'—x) (3:22)
m/GB(;Jrg(:io)

which is bounded and semi-convex in K because it is a supremum over a family of uniformly semi-
convex functions, where we use |2’/ —x| < |2'—Zo| 4+ |Zo—2z| < 2646 and that —LL is semi-convex

on Bss1.9(7o) by (3:80).

Assertion (6). This assertion follows in the standard way by using the extremality conditions in the
contact set, see e.g.[AGS08, Thm.6.2.4 and 6.2.7]. We give the main argument to show how the
assumptions in (3:8) enter. By Alexandrov’s theorem and Assertion (5) the set D{ has full Lebesgue
measure. To obtain the optimality conditions, we fix zo € Qo N D and know from (3.22) that
there exists Z; such that vo(zo) = ¢1(Z1) — L(Z1—x0). However, for all z € Bs(zg) we have
wo(x) + L(Z1—x) > ¢1(Z1) with equality for x = x¢. Thus, we obtain the optimality conditions
Vo(zo) — VL(Z1—x9) = 0inR? and D?pg(x0) + D’L(Z1—z) > 0in R

This result gives the conditions (a) to (c), if we observe that T is unique. But this property follows from
the first optimality condition by using (3.8c) which allows us to write

1
1 = Ty (mg) := o + (VL) (Vo(zo)),
i.e. T is uniquely determined by xy. Moreover, DT}, () exists and satisfies

D2900($0) = (DQL)(TO—A(%)—%)(DT0—>1($0)—])a
which implies the diagonalization result. ]

The previous result can now be applied to the solution of the LET problem in Theorem [2.10| using
L. = Ljy; thus in this case R = 7/2. Using the notations for supp(i;) = S; = S! + S/ and
pi = i, + 1 from Theorem[2.5|we can compare these to the sets O;, Q;, D}, and D/ defined for an
optimal pair (o, ¢1) as in Theorem So far we constructed optimal pairs (¢o, 1) satisfying

Li—

@o > i onRY, o' > pronRY gy =i ppae., @t = ¢ m-ae. (3.23)

However, following [ViI09 Ch.5], we will show that it is possible to restrict to “tight optimal pairs”
satisfying o = 901 Yand ¢ = 300 ~, which implies that (g is |.s.c. and ¢, is u.s.c. This possibility
leads to the following refinement of the results in [LMS18, Thm. 6.6(iii)].
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Theorem 3.3 (Regularity of optimal HK potentials) Let (i, ;11 be nontrivial measures in M(Rd)

with decompositions given by (2.12)—(2.13).

(1) There exists an optimal pair of potentials pq, Y1 : R4 — [—00, +00] with g being I.s.c. and p;
u.s.c., solving the dual problem of Theorem|2.13 and

po=@7" and @ =g onRY (3.24)
S C Qi S,CSTPc0, S csy?co, (3.25)
wo=—ooonS,, and p; =-+o0onsSy, (3.26)

where the sets O, and (); are as in (3.9).

(2) Ifn is an optimal solution of the LET problem (2.25), the functions o := €*?° and oy := e~ 2%
provide lower semi-continuous representatives of the densities of the marginals 1n; = ﬂén with
respect to ju;, i.e., ; = o;4;, and 1) is concentrated on the contact set My, so that supp(n) cM
(see Theorem|3.2). The marginals 1); are concentrated on the open sets O;.

Conversely, if 1) satisfies supp(n) C M and1; = o;1;, then 1 is an optimal solution of the LET
problem (2.25).

(3) If o (resp. py) does not charge (d—1)-rectifiable sets, e.g. in the case that jip < L% or if
po(bdry . 5(S0)) = 0 (resp. pg(bdry, »(So)) = 0), then for every optimal pair (¢, 1) with
Yo = gp‘le and 1 u.s.c., the measure [y is concentrated on the open setint((Q)y) (resp. ju is
concentrated on the open set €)).

(4) If g, is concentrated on D}y = dom(V py) (in particular if 11y, < £?) then the optimal transport
plan ) solving the LET formulation is unique, it is concentrated on D{; x Sg / 2, and it is induced by
the graph of Ty_,1, i.e.n = (Id, Ty_1 )10 with Ty_,1 from Theorem|3.2(6).

(5) If iy, ity < L% then pify is concentrated on D} N Ty L, (DY), where D! = dom(D?yp;), and
To-,1 is p-essentially injective with det DT 1 > 0 po-a.e.in Dy .
Proof. Assertion (). Let (¢, ¢1) be an optimal Borel pair according to Theorem[2.14(2), see (2.43),
satisfying
i € R prae.in S, ¢g = —00 pg-a.e.in Sy, ¢ = +0o pi-a.e.in Sy. (3.27)
With this pair, we set g 1= gzﬁle, and recalling (3.3) we easily obtain
po <o IR’ di(x1) < Ly(z1—x0) + po(x0) if 20,21 € R, |m1—x0| < 7/2.  (3.28)

Looking at the dual problem (2.34a) with the more general admissible set of Borel pairs as described in
(2:36), we see that (g, ¢1) is still optimal.
L1~>

Repeating the argument, we can set ¢; = ;" to find a new optimal pair satisfying 1 > ¢;.
However, exploiting (3.5) we see that the tightness relation (3.24) holds for the optimal pair (gpo, gpl).
This fact implies that ¢q is I.s.c. and ¢y is u.s.c.

By the construction of ¢; in Theorem [2.14{(2) we have

{p; e R} =85!, {¢pop=—00}=S5), and {¢; = +o0}=5].
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Together with ¢g > g and ¢ < ;1 we find

Sy = {po = —00} C {po = —o0} and Sy = {py < +o0} C {po < +00} = Qy,
SY = {p1 = +oo} C {1 = +o0} and 51 = {¢1 > —o0} C {¢1 > —o0} = Q1.

Clearly, S}, = Sy N ST/> ¢ 572 Moreover, for o € ST/* we find y, € Sy with |y1—o| < 7/2,
i.e. Ly (y1—x0) < oo. With this we have @g(z0) = o7 (20) > ¢1(y1) — Li(y1—20) > —oc and
conclude zy € Oyg. Thus, S|, C Sf/Q C Oy is shown and S| C Sg/Q C O, follows similarly. Hence,

(3.25) and (3.26) are established.

Assertion (2). The claim follows immediately from Theorem

Assertion (3). We just consider the case of 1, since the argument for 1, is completely analogous and
eventually uses the fact that 2o = Op N int(Qy) and uj is also concentrated on O by (3:25).

By Theorem(cf. (3:12)) we know that dQy = bdry, »(Qo). Since IQy is (d—1)-rectifiable and
fo does not charge (d—1)-rectifiable sets, we conclude 119(0Qg) = 0.

If 110(bdry, 5(S0)) = 0, we also obtain 11o(0Qy) = 0 via the following arguments: By we
have Sy C (o, which implies that a point z € 95y N bdry, »(Qo) also lies bdry, 5(Sh). Using
Qo = bdry, 5(Qo) we obtain 95y N IQy C bdry, ,(So) and find

10(0Q0) £ 110(0Q0 N So) £ 110(0Qo N DSy) < 1o (bdry, 5(So)) =0,

where we used Sy = sppt(,uo) in 0 and Sy C Qqin @. Thus, we have shown that i is concentrated

on int(Qo).

Assertion (@). If 11y, < £ then yu is concentrated on 2 by Clalmland wo(20\ D) =0 by.
By the previous cIa|m I we know that the first marginal 7y of 1) is given by ewouo = e “OO,uO =

e*?0 it L D} (in particular 7o (R? \ D) = 0) so that 77 is concentrated on Mg, N (D} x R?) which is
the graph of the map Tp_,; given by Theorem [3.2(6).

Assertion (). Let us first recall that for ¢ = 0,1 the marginal 7; of i and the measure ) are
mutually absolutely continuous. Since p; < L we know by Theorem and the third claim that
(RN DY) = 11i(Q:\ DY) = 0, sothatn;(R*\ D) = 0andno(Ty; (R\ DY) = m(R\ DY) =
0; we deduce that 79 and 1, are concentrated on D{ N T, L, (D).

We can apply Theorem , inverting the order of the pair (g, ¢1) and obtaining that for every
w1 € D/ there is a unique element 2y € RY in the section M, _,o(1), i.e. such that (zg, 71) € Magy.
This result precisely shows that the restriction of Ty, to Dy N Ty 1, (D)) D Dy NTy 1, (DY) is

injective. Since (Tp—1)sm0 = m < L9, we can eventually apply [AGS08, Lemma 5.5.3] which shows
that det DT, > 0 po-a.e. in Dy. n

It is important to realize that the tightness condition (3.24) is strictly stronger than the optimality

conditions (3.23). However, even for tight optimal pairs there is some freedom outside the supports of
the measures (o and 11, as is seen in the following simple case.

Example 3.4 (Tight optimal pairs for two Diracs) This example lies in-between Examples|[3.1| and
For two points zy, z1 € R with ¢ = |21—z| = 7/3, such that cos, 2(0) = 1/2. We consider
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two measures j1; = 0,,. With s; = S! = {z;} we easily find the two optimal potential (¢, ¢1)
according to Theorem|2.14, see (2.43):

log2 _
gbo(,jyo) _ { fOI’l’O 20, and ¢1 (1‘1) _ {

10g2 fOI‘Il = Z1,

400 otherwise, —00 otherwise,

In particular, we have ¢;(z1) — ¢o(z0) = log2 = Li(z1—20) = 3{(0).

Proceeding as in Step 1 of the above proof with g = qbl and taking into account the calculations of
Example (3.1, we obtain a first tight optimal pair

log 2

(5", oMY with o (z >—{ 2

— Ll(Zl—ZE()) fOfZL’() c Bﬂ/2<21),

. and ¢ = ¢1.
—00 otherwise,

Interchanging the roles of ¢y and ¢, we arrive at a second tight optimal pair

_10%2 + Li(x1—20) for x1 € Brja(20),

2 2 2
(@, o) with o) = ¢ and ¢ (1) = .
o0 otherwise.

A third case is obtained by choosing =z # z1 and considering an optimal pair (¢y, 51) with ¢q from

above and
log 2

forz, = z1, log 2

51(961) = ay forxy =z}, wherea; < — + Ly (2f—2).

—00 otherwise.

We obtain cpég) t xo = max{%2 — L;(21—w), a1 — L1(2{—x0)} and the tight optimal pair

3 3
(96, (26”)7).
(3) (3) % ~T/2
With the notation of Theoremﬂ we have O {gpo > —o0} = BW/Q( z1) U 7r/2<21> 1

since Q1 = {d1 > —o0} = {z, 2}, i.e. @11) holds. Because of QY = {o) < 400} = R?,
also (3.12) is true.

The following corollary shows that in the case of an absolutely continuous reduced pair (1, (1) the
density of 111 can be written in terms of the optimal pair (¢, 01 ), the transport map 7', and the density
of o, and vice versa.

Corollary 3.5 (Monge solutions) Let 1o, i1 € M(R?)? with i/ = 0, and let (g, 1) be a tight
optimal pair of potentials according to Theorem If ug, is concentrated on D{) = dom(Vy) (in
particular if j1, < L£%), then there exists a “unique” (up to Lo-negligible sets) optimal transport-growth
pair (T, q) attaining the minimum for the Monge Problem namely

(T, q)spto =1 and  €(q,T; o) = HC (o, 11). (3.29)

Ifoi, i, Db, DY\ m, Tys1, Ty are given as in Theorem(3.4 and[3.3, the pair (T', q) can be obtained
in the following way:

(1) The restriction of T to D}, coincides with the map T,_,; (and the plan 1) as in Theorem
whereas T'(x) := x for every x € RY\ D), (in particular in S})).
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) q(z) =0 forx € R\ D} (in particular in S}|) and

1 /
¢ (z) = % =o(x) + Z‘VUO(SL‘)F forz € Dy. (3.30)
Moreover, T' satisfies
|T(z)—z| < 7/2 and oo(x)o (T (x)) = cos(|x—T(z)|)* inDy. (3.31)

If 1y < L4, then py < L% if and only if det DT (x) > 0 for yy-a.e.x € Djj. In this case, setting
wi = ;L4 < L4 we have

2

B q
@ = <CO det DT

> oT™' L%aeinT(Dy) C . (3.32)

To obtain the second identity in (3.30), we exploit the first-order optimality (3.15) and o, = ¢*#° giving
~Vos = Vyo(z) = tan(z—T(z)) by 815). Thus, using the optimality condition (3:37) (coming

200

from (2.42¢)) we find
2 = 0'8(33) = 0'2 i an2 T— T = 0’2 T 1 Oo\T 2
q (iL‘) - COSQQLC—T(LC)D - 0( )(1+t (’ T( )’)) 0( )+ 4‘V 0( )’ : (3-33)

We can also rephrase the above results in terms of the optimal Kantorovich potential &y in (2.34b). This
potential, which satisfies the relations & = 3(09—1) = Gy (o) = 3(e**°—1), will be the best choice
for characterizing the densities of the Hellinger—Kantorovich geodesic curves. Indeed, the transport
map T on D takes the form

VSO ([L’)

T(x)=x+ arCtan<1+2—§0(x)> = r + arctan (Vgoo(x)>,

¢*(x) = (1426(2))* + V& (@)

(3.34)

If 110, 111 have full support Sy = S; = RY, then Theoremimmediately yields €2; = O; Nint(Q;) =
R4, so that o and 1 take values in R, are locally Lipschitz, and locally semi-convex and semi-concave,
respectively. Another important case where the properties of g, 1 can be considerably refined is
when pg, 11 are strongly reduced (cf. Definition and have compact support.

Theorem 3.6 (Improved regularity in case of strongly reduced pairs) Let us assume that the sup-
ports Sy, S1 of g, i1 are compact and satisfy S; C Sy / f so that j1g, (11 is a strongly reduced pair (cf.
Definition[2.6). Then it is possible to find a pair of optimal potentials ¢y, 1 as in Theorem|[3.3 satisfying
the additional properties:

(1) ; are uniformly bounded (in particular Q; = R% and M = Mg, ): there exist constants ¢in <
Omax € R such that
¢min S 901 S ¢max in Rd- (335)
(2) If0 € [0, 7/2[ satisfies cos?(#) = e*¢min=¢max) then for every xy, v, € R?

(.770,%1) eM = |.771—l'0’ < 6. (3.36)

(3) ; are Lipschitz, g is semi-convex, 1 is semi-concave.
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Proof. Assertion (1). Let ), ) be an optimal pair as in Theorem|(3.3| Since ¢ is u.s.c and ¢, < 400
Yo, P1 ¥1 ¥1

on 55/2, we have ¢p,.x 1= maxg, ¢} < +00. We can then define (; := min{y}, Gmax } Observing
that ¢; < Pmax in R? and (), ¢1) is still optimal since (; = ¢} on 9.

Arguing as in the proof of Theorem we define (p := (Cl)eLl, observing that (p < @pax as well. On
the other hand, (y is I.s.c.and (;, > —oo on Sf/2 D S0, S0 that Py 1= ming, ¢ > —oo. Setting
¢ = max{(o, Gmin } We obtain a new optimal pair (¢}, (1) With dmin < (o < Pmax. Hence, with
¢l := (¢))™~ we get the desired optimal pair (¢}, ¢]) satisfying ¢min < ¢! < Pmayx as well.

Assertion (2). This assertion is now an easy consequence of the definition of contact set (3.13) and the
fact that ©1 (171) — SO()(«TO) < Cbmax - ¢min-
Assertion (3). The last assertion follows as Theorem H [ ]

4 Dynamic duality and regularity properties of
the Hamilton—Jacobi equation

In the previous section, the regularity properties of the optimal HK pairs (g, 1) were studied, which
can be understood via the static formulations of HK as only the measures 14y and 11 are involved. Now,
we consider the dual potentials & (x) = £(t, x) along geodesics (i ):c[o,1]- At this stage, the present
Section [4]is completely independent of the previous Section[3] Only in the upcoming Section [5, we will
combine the two results to derive the finer regularity properties of the geodesics ;.

In [LMS18, Sect. 8.4], it is shown that the optimal dual potentials £ in the dynamic formulation in (2.3)
(but now for « = 1 and 5 = 4) are subsolutions to a suitable Hamilton—Jacobi equation, namely

1
-y, )7 = s { [ eran = [ 0. du ¢ e (o, x ),
g R R (4.1)
%H %|V§|2 +262<0 inf0,7] x Rd}.

Theorem 8.11 in [LMS18] shows that the maximal subsolutions of the generalized Hamilton—Jacobi
equation (24) for t € (0, 7) are given by the following generalized Hopf-Lax formula

&) =&t @) = (Ak) () = %% (t&())(z) = inf 1(1 ~

cos? ,(|lz—
yeRd 2t

1+ 2t&o(y)

where & € C*(R?) is fixed and such that infga §(+) > —3=, compare with (T-13).

In the spirit of the previous section, it is possible to derive some semi-concavity properties of &; from
this formula. However, these are not enough as we need more precise second order differentiability. To
obtain the latter, we use the fact that a geodesic curve is not oriented, meaning that ¢ — 1, is still a
geodesic, or in other words that ¢ — &;_; has to also solve a Hamilton—Jacobi equation. Thus, our
strategy will be the following: For an optimal pair (&, £1) in (2.34b), we construct a forward solution &,
starting from &, and backward solutions starting from 51 via

&= Pfort € (0,1] and & = ZE = —F (=& ) fort €[0,1). (4.3)

In Section [5, optimality will be used to guarantee that & and ft are essentially the same so that
semi-concavity of &; and semi-convexity of &; provide the desired smoothness.
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4.1 Exploiting the generalized Hopf-Lax formula for regularity

In this section, we study in detail the regularity properties of the function &, arising in (4.2). Assuming
that inf,cga §o(2) > —5- we see that P& is well-defined for ¢ € (0, 7) and can be equivalently
characterized by

_ 1 COSZ/2(|I_ZJ|)
(Z&)(@) = yel%‘?/i(x) 2t <1 14 2t&(y) ) (4.4)

We can extend (4.4) at t = 7 if we define the quotients a/0 := 400, a/(+00) := 0 for every a > 0.
Moreover, since t — % &q(x) is decreasing, we easily get

&(x) = (%50)(30) = ligl (%50) (z) foreveryxz € R t e (0,7] (4.5)

so that many properties concerning the limiting case ¢ = 7 can be easily derived by continuity as ¢ 1 7.

If & is l.s.c.and (F&) (z) < o, the infimum in @4) it attained at a compact set denoted by

1 ( cos? (|2 —yl)

Mtgo(l') = argminy 2_t 1— 1—|—2—t§0(y)

) C By pa(2). (4.6)

Notice that (&) (z) = 5 only if & is identically +0c in B 2(x) and in this case any element of

B 2(x) is a minimizer. For later usage we also define Mo{(z) = {x}.

We also observe that if {y(z) = a is constant then & & is constant in =, namely

1

P&o(r) = Pa(zr) = P,(t) : =5

. a
14 2at’

with P (t) : (4.7)

A crucial property of (4.2) is the link with the classical Hopf—Lax formula on the cone € for a function
¢ : € — Rsatisfying (([z,r]) > —%73. For ¢t € (0, 7) the Hopf-Lax formula on € reads

2,(z,7]) = inf g([x’,rq)+%dg([x,r],[x/,w]). 4.8)

[z, r']eC

For & satisfying § > —5- and t € (0,7) we set (([z,7]) := &(z)r? and find (cf. [MST8,
Thm.8.11])
&= = &)= 2(([x,r]) forallz € R (4.9)

Moreover, if &y is lower semi-continuous the infimum in (4.8) is attained and we have

1

2td§:([x,r], [, r']) <= {

' € Mi&o(z) and

(o)™ = (([2',r'])+ (142t () (")? = (1=2t&(x))r?

(4.10)

(where [2/, 7] = oif ' = 0, corresponding to the case 1—2t&;(z) = 0). From (4-8) and (#.9) we also
deduce the estimate

(1=2t&(x))r* + (142t&(2)) (') = 2rr” cospa(lz—2|) (4.11)
for every z, 7’ € R% and r, 7’ > 0. Optimizing with respect to , 7’ we find

(1=2t&(x)) (142t€o (2)) > cos?jy(lz—a']) for every z, 2’ € R? (4.12)
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and arrive at the following characterization: For all x € R? with 1—2t£;(z) > 0 we have
e M&(z) = (1-2t&(x)) (1+2t&(a")) = cos? jp(|z—2']). (4.13)
To treat the factor of r and ' in (@.77) efficiently, we define the function

1—2tu
Z.(u =
hu) = s

for 14-2tu’, 1—2tu > 0 and Z;(4o00,u) = 0. (4.14)

Using (4.13), the optimal 7’ in (4.10) can now be equivalently characterized by
(1-2t&(x))?

cosl (o) = (1-2t&(2))*(1 + tan*(jz—2'])).  (4.15)

(") = Zu(&(@'), &(x)) =

The following result collects the properties of & that will be needed in the sequel.

Proposition 4.1 (Properties of the generalized Hopf-Lax operator %) Let&, : R? — [a, b] with
—1/2 < a < b < 400 be lower semi-continuous and set&; == &, fort € [0, 1].

(1) Lower/upper bounds. The functions &; are well defined and satisfy (cf. @.7) for P,)

L pwm<a<pm<

20-n S foreveryt € (0,1), z € RY. (4.16)

S

Moreover, it holds that

folr)=-1/2 & &)=

L (4.17)

(2) Semi-concavity. Setting Ay(t) = ; ( the functions &; are \,(t)-Lipschitz and A, (t)

1 1

T 2a) = T1-0)
. ) Ag(t )

semi-concave, i.e. x — &(x) — ¥|x|2 is concave.

(3) Semigroup property. Forevery 0 < s <t < 1 we have

gt = %—sgs (4.18)

(4) Concatenation of optimal points. For s, t with() < s < t < 1 and x € R? we define the set-valued
function M;_, s viaM;_,,(z) := My_.& (). Forall0 <ty < t; <ty < 1 andallzy, x1, 1o € R?
we have:

If[L'l € Mtz%tl (1’2) anda:o S Mt1~>t0<x1)a then o € MtQ%to (.1'2) and

(4.19)
ZtQ*tO (fto (%0), 5752 (x2>> = Ztl*to (fto (xo)v ftl (1’1)) ZtQ*tl (&1 (x1)7 5752 (xQ))

(5) Geodesics on €. If0 < tg < t; <ty < 1,29 € Myyy1(22), 70 = Zty—ty &ty (T0), &y (X)),

and [z1,71] = geoy ([zo, 7o), [x2,72]) ford = g:ig then 11 € My, (7).

(6) Characterization of optimality. Forall z,y € R? and0 < s < t < 1 withT := t—s we have

(1-27&(2)) (1427&(y)) > cosy (|2 —y]), (4.20)
y € M), &(x) < % & (1-27&(2))(14+27&(y)) = cosfr/Q(|x—yD. (4.21)
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Proof. Assertion (). The first assertion follows by the monotonicity property of &; and (4.7). Note that
(4.17) is a simple consequence of the property

i( - COSi/2(|$—y|)) o1
2t 1+2t¢(y) / = 2(1—1)
with equality if and only if x = y and {(y) = —1/2.
Assertion (). It is sufficient to observe that for every y € R?
x cosi/2(|x—y|) is 2-Lipschitz, z +— cosi/Q(\x—yD — |x|*is concave, (4.22)
so that > )
1 cos? o (|lz—y
- —( - /2—> is A4 (t)-Lipschitz (4.23)
2t 1+ 2t&(y)
e )
1 cos? o(lz—y A, (t
T — —(1 - L > _ A )|x\2 is concave. (4.24)
2t 1 ‘I— 2t§0<y) 2

Assertion (). If t < 1 the semigroup property for &7, can be derived by the link with the Hopf-Lax
semigroup in € given by (4.9) and the fact that (€, dm@) is a geodesic space. The case t = 1 follows

by approximation and (4.5).
Assertion (). We set 7 :=t; — tg, 71 :=1o — 11,7 > 0,

™ = Zn (ftl (xl)vgtz (%))T, To = ZTo(gto (zo)agh (1’1))7’1
and use and (4.18):

gtz (Q3>T2 = étlr% + di,@([xlv 7“1], [I, 7”])

27

= 6urt + 5 ello 1ol o1, m]) + 5 el 7 )
On the other hand
()1 < 6t + -l 7ol [, 7] (4.25)
so that we obtain
1 2 1 2 1 2
Q—Todm([xoﬂ“o}, [z1,m1]) + Q—Tldw,e([xhrﬂa [z,7]) < Zdﬂ,ﬁquro]? [, 7]); (4.26)

since 7 = 7y + 71 the opposite inequality always hold in (4.26), and we deduce the equality, which
implies that the equality holds in (4.25) as well, showing (4.19) thanks to (4.10).

Assertion (5). We can argue as in the previous assertion, starting from the characterization of z, 1o

1
—dfw([xo, rol, [z,7]) (4.27)

St (95)7"2 = &07”(2) T 2T

and using the identity along the geodesic in € connecting [z, o] to [z, 7], namely

1 1 1
2—7_0(213“@([1’0, TO]’ [xla 7"1]) + Q_ﬁdgr,c([xla 7”1], [ZL’, r]) = Zdiﬁ([xm 7"0], [(E, T]) (4.28)
Assertion (6). The final assertion follows from and (4.13). ]
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4.2 Backward generalized Hopf-Lax flow and contact sets

Let us now consider the backward version of the generalized Hopf-Lax semigroup. By the simple
structure of the generalized Hamilton—Jacobi equation (2.4), we immediately see that time reversal
leads to the same effect as the sign reversal £ ~~ —&. Hence, the backward semigroup &% is defined
for £ with € < 1/(27) via

HE =P (=€) fort € (0,7]. (4.29)

The corresponding properties of % follow easily from Proposition but observe that we use
& = 94 & to go backward in time.

Corollary 4.2 (Properties of ) Let¢; : RY — [—b, —a] with —oo < —b < —a < 1/2 be upper
semi-continuous and set
& =9 & fort €]0,1]. (4.30)

(1) Lower/upper bounds. The functions ft are well-defined and satisfy

1 - 1
—— < P;(1-1) <& < Py(1-1) < forallt € (0,1), = € R 4.31
3 S P=0 26 < P(l-) < 5 ralte (0.1, @ (4.31)
Moreover, we have the equivalence
- — 1
L) =1/2 & &(x)= % (4.32)

(2) Semi-convexity. The functions &, are A;(1—t)-Lipschitz and A;(1—t) semi-convex, i.e. x
&(x) + #]mP is convex (cf. Proposition H for A,).

(3) Time-reversed semigroup property. Forevery 0 < s <t < 1 we have
& =R s&. (4.33)

(4) Concatenation of optimal points. Setting My(x) := My_s(=&)(z) forevery 0 < s < ¢t < 1
and z € RY, the set-valued function M,._, satisfies the concatenation property for) < t, < t; <
to < 1andzxzy,x,20 € R¢:

/fl’l € mto(_tl (.To) and To € Mtﬂ—tz (Il), then To € Mt(](_t2 (l’o) and

~ — - _ _ 4.34
th*to (gto (.1'0), €t2 (xZ)) = Ztl*to (gto (~T0), £t1 (1’1)) ' ZtQ*tl (5?51 (xl)a ftz (332)) ( )

(5) Characterization of optimality. For all z,y € Réand0) < s<t<lwitht:=t—s
(1-27& () (14+27€(y)) > cosi s(|z—y]), (4.35)

7 € Mas(y), &s(y) > —% & (1-27&(x)) (14276,(y)) = cosypp(lz—yl).  (4.36)

Proof. We just observe that the second statement in (4.34) follows by the corresponding statement in
(4.79) which now reads as

th*to(_gtz (xQ)v _’gto (ilj'o)) = Ztl*t()(_’fh (xl)v _fto ((EO)) ’ th*tl(_gtz (33'2), _Eh (561)), (4.37)
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and the property Z.(—u/, —u) = Z_,(u',u) = Z;"(u,u’). Equations (4.35) and (#.36) follow by
and @21) changing &, () with —& () and & () with —&,(y).

We are now in the position to compare the forward solution &; and the backward solution Et- The main
philosophy is that in general we only have % &y < & (cf. below), but equality holds 1:;-a.e. if
(&0, A &) is an optimal pair. In the following result, we still stay in the general case comparing arbitrary
forward solutions &, = Z £, and backward solutions &, = Z,_, &, only assuming &; > &. Along the
contact set =, where &, and &, coincide, we can then derive differentiability and optimality properties of

& and Et-

Theorem 4.3 (Contact set =;) Let &y : R — [a, 00| be Ls.c. witha > —1/2 and & R4 —
[—o0, —a] u.s.c. witha < 1/2. Assume H &y > & and set

&= P& and & = F_,& fort € [0,1]. (4.38)
Then, the following assertions hold:

(1) Foreveryt € [0,1] we have & > &, and the contact set

Ei={z eR": &(t) = &(x)} s closed. (4.39)
(2) Foreveryt € (0,1) andz € Z, there exists a unique p = g,() satisfying

- - 1
&i(y) — &) — —A a(1=t)[z—y|* < (p,y — 2) < &(y) — &(2) + §f\a(t)|ﬂf—y|2 (4.40)
so that in particular & and ft are differentiable at x with gradient g,(x) (cf. Proposition H for
Ag).

(8) The map x — g,(x) is bounded and C (t)-Lipschitz with C'(t) < 2(A,(t) + Aa(1-t)) < ; 14
on =;. Moreover, the sets

1
E;:{$€Rd‘§0:—§}:{$ezt

- 1
Ef::{xGRd‘§1:§}={$€Et

-1
(-l
2(1—t)
- 1
f=5 )
are independent of t, are contained in =, for every t € [0, 1], and the critical set =) := {x € =, :
g.(z) = 0} of g, contains =i :

(4.41)

=)D E; UES foreveryt € (0,1). (4.42)

(4) Lets € (0,1),t € [0,1], and T :=t — s # 0. Then, for every xs € =, with 14+27&,(xs) > 0
the set M,_,,(x5) consists of a unique element x; =: Ts_,;(x) satisfying

Ty € Et and Ts € mtes(l't),

(4.43)

7gs() >
1+27&(x) /)’
(1-27& (T (x))) (1427&(2)) :cosfr/2(|x—TS_>t(x)]).

vy =T y(x) =a+ arctan(

DOI 10.20347/WIAS.PREPRINT.2956 Berlin, August 30, 2022/rev. September 29, 2023



M. Liero, A. Mielke, G. Savaré 36

(5) Foreveryx € 2 D EF we have T, ,;(x) = x (and thus we set T, _.;(x) := x also fort = 0 or
t =1). Lets € (0,1) and define Ts_,s(x) = x, then for all x € =4 the mappingst — Ts_,;(z)
are analytic in [0, 1].

Fors,t € (0,1) the mappings T,_,; : =5 — R? are Lipschitz. Ift = 0 (resp.t = 1) thenT,_,; is
locally Lipschitz in =5 \ =1 (resp.in =, \ 7).

(6) Setting
o) im 2Tl
st ' 1—2T€t(Ts_>t(fL'))

for every x© € =, the map t — q,_(x) is analytic in [0, 1], g, is bounded and Lipschitz with

respect to x, and qs_,;(x) > 0 fort € (0,1) ort = 0andx ¢ =F (resp.t = 1 andx & =;).
Moreover, qs_+(x) = 1 + 2(t—s)&,(z) forz € =L

= (1427&(2))* + 7°|gs ()] (4.44)

(7) Forallty,t; € (0,1),ty € [0,1], the maps Ty, are Lipschitz on =, fori € {0,1}, and we
have

jjtlﬁtQ o Ijto%tl = Eo%tQ? qtl*)tg (1—‘;‘,0%1‘4 (ZC)) : qt()*)tl (x) = qt()*)tg (:C) (445)

Proof. Assertion (). The inequality

§s > Fh—s (%_s§s> =R & for0<s<t<l (4.46)

can be derived by the link with the Hopf-Lax semigroup in € given by [LMS18], Theorem 8.11] and
arguing as in [Vil09, Thm. 7.36]. We prove it by a direct computation as follows: Set 7 = t—s, observe
that inf & &, = inf& < 5. < o=, and use & = Z &, to obtain

1 1+ 27& 1+ 27&, ,
— = inf —; 78s(2) < 1_ 78s() if |z—y| < /2. (4.47)
1-27&(y)  2€Brp2) cos} y(ly—2]) ~ cos? (ly—z)

With this estimate, we find

%rft(@d:ef sup  ——

yeB, p(x) 27 N 1 —27&(y)

iy 1 (COSi/z(\x—yl)

< sup —|—F5—F——<
YEB, a(x) 2T \cOs? o (|2 —y])

(1+27€,(z)) — 1) — &,(2).

Using & > & > &, we thus get (@.46). Passing to the limit as ¢ 1 1 in (.46), we arrive at &, >
%—561 = Ss-

The closedness of =; follows from the semi-continuities of & and Et and the estimate & > ét. Indeed,
assume y, — y with i, € =, then we have y € =; because of

l.s.c.

&(y) < liminf & (ye) = lim inf &yr) < limsup&(y) < &(y) < &(y).

k—oo

Assertion [@). Let us fix 2 € Z;, A := A,(t) and A := Az(1—t), and let p (resp.p') be an element
of the superdifferential of = — & () — A|z|* (resp. of the subdifferential of @ — &(x) + $A|z[?).
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The superdifferential (subdifferential) is not empty, since the function is concave (convex) and finite
everywhere. For every x,y € R? with z € =, we have

1 _ _ 1-
(py—2) = &(y) — &) — SAlz—y[* and (¢, y—2) < &(y) — &lw) + SAlz—y[
Subtracting the two inequalities and using &,(z) = & (x) and &(y) < &(y) yields

(A+A)|y—z|* forevery y € R%,

N —

_ 1 _
(' =py = 2) <&y) = &) + SAFN)ly—af <
so that p = p' is uniquely determined and (4.40) holds.

Assertion (3). The fact that Eti are independent of ¢ and contained in =; follows from (4.17) and (4.32).
Moreover, (4.42) follows easily since &; takes its minimum at =, and its maximum at =,

Let us now fix t € (0,1), wo, x1 € Ep, p; = ge(;) + Az, and set ((z) = &(x) + SA|z],

((z) := &(x) + 3A|z|*. Notice that ((x) is convex and ((x) is C' = A + A semi-concave with

((x) < ¢(x). We get

(o)

IN

((z) — {po, x — o) < C(x) — (po, T — o)

T
¢ 2
< C(fﬁ) + <p1,33 - 5171> - <P0,33’ - 350> + 5|$—371’

= C
C(x1) + (p1 — o, — x1) — (Po, T1 — o) + §|$—9€1|2-

Minimizing with respect to x we find ¢ (o) < ((z1) — (po, 21—20) — 75 |P1—Po|?. Inverting the role
of ¢ and &1 and summing up gives %|p1—p0|2 < (p1—po, ¥1—x0) and therefore

[p1—po| < 2C |z1—20|. (4.48)

The boundedness of g; on =, follows by the fact that &, is Lipschitz.

_1

Assertion (@). Let us first consider the case s > t with 7 := s—t andlety € My, (z). If §s(7) > —5-
then y satisfies the identity (#.21). Since &;(y) < &:(y), (4:35) and &(x) = &s() yields & (y) = &:(y)
so that y € =, as well with 7 € M,_,(y) since & (y) > —ﬁ > —5.

Since the function =’ — (1427&(2")) (1-27&(y)) — Cosfr/Q(\:c’—yD has a global minimizer at z,
we arrive at the Euler—Lagrange equations

27(1-27&(y)) gs(x) + 2 cosy /o (|z—y|) sin(z—y) = 0
Since we can assume |z—y| < 7/2 we obtain

7gs() ) ’

2t (2) (4.49)

T—1yY= —arctan<

which characterizes y uniquely and establishes (4.43).
The case t > s follows by the same arguments.
Assertion (5). This assertion is an immediate consequence of (4.43) and (4.42).

Assertion (6). The claims are simple consequences of the identity (4.15) and the definition of g;_; of
(4.44).

Assertion (7). The final assertion follows by (4.19) (and the corresponding (4.34)). [
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Remark 4.4 (Strongly reduced pairs) /It is worth noticing that if inf £, > —% and sup 51 < % then
the sets Eti in (4.41) are empty and many properties of &;, T, _,; and qs_,; become considerably
simpler. This situation is, e.g., the case of the solution induced by a strongly reduced pair with compact
support, see Theorem[3.6,

We close this subsection by giving a small example for &; and ft and their contact set =; derived from
an optimal pair (£, &1) for the transport between two Dirac measures.

Example 4.5 (The contact set for two Dirac measures) For points zy, z; € R? and 1y, > 0 we
consider the Dirac measures [1; = r?ézj. We have

HC? (110, 1) = 75 + 1} — 2rry cosgya(0)  with 0 = 21—z,

and all geodesic curves are known, see [LMS16, Sec. 5.2]. For o < /2 we have a unique geodesic
e = 7(t)*0,) defined by transport, and for o > /2 the unique geodesic ji; = (1—t)*r§d., +
t2r1d,, consists of growth (annihilation and decay) only. For o = /2 there is an infinite-dimensional
convex set of geodesics, and we will see that this property is also reflected by a larger contact set.

Using the simple one-point supports of 11; it is easy to calculate the optimal potentials and the transport
plan 1) in Theorem|[2.14(ii). We obtain

r T
So := 0¢(20) = r_[l) cosq/2(0), S1:=01(21) = r_? cosz/2(0), M = 1or1€087/2(0) I(z,21)-

Thus, we will distinguish the case cos.2(0) > 0 and cos./2(0) = 0.

Case o < 7/2: By (2.44) the optimal pair (&, £, ) reads

so=l forg = 2 Losiforp = 2
50(17) — { 2 05 and él(x) _ 2 1,

+o0 forx # zo; —oo forx # 2.

From these identities, we obtain the forward and backward solutions &, = &, and ft =B E 1:

(2) = 1—t+tsg — cos? y(|7—20]) and E(z) = cos? p(|r—21]) — t—(1-t)s 450
! 2t (1—t+tsp) ! 2 (1—t) (t+(1—t)sy) '
The following optimality conditions can be checked by direct computation:
(@) & > & and& > & onR?
b) & =& po-ae. and & =& pn-ae
As &o(x) = 400 forx # 29 and & (x) = —oo for x # 2z, statement (a) follows from (b). For (b)
observe
_ cos’0—s;  cos?o— (ro/ry)coso 1,ry so—1
c0) = = =—(—cosp—1) = = &o(20)-
o(z0) 251 2(ro/r1) cos o 2 (ro ¢ ) 2 olz0)
Similarly, £1(z1) = fl(zl) follows, which provides a first result on the contact sets =; := { T €

R? | &(x) = &(x) }, namely 2o = {2} and Z1 = {z1}.

The general theory in Theorem (i) guarantees &, > &,. A lengthy computation shows that =, is a
singleton also fort € (0,1), i.e. 2, = {a(t)} from p, = r(t)*d.(;) and =* = 0. We refer to Figure

where x — (§(z), f_t(t)) is plotted.
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&

t=0.15

& tions & () (red) and &, (z) (blue) from
are displayed for the different
times ¢ = 0.15, 0.35, and 0.55 (with

¢, parameter 71 /1o = 2). We always
have & (z) > &(z) with equality

T at the one-point contact set =; =

& {z(t)}, where z(t) = Ty_(20)

moves continuously from z; to z;.

t =0.55

&
° t=0.35 x Figure 4.1: For the case ¢ =
20 21 N\ |z1—20] = 0.9 < 7/2 the func-
20; <1 \

Case 9 > 7/2: Now we have sy = s; = 0 and & and ét simplify accordingly:

1 —t—cos? ,(|z—z0)) _ cos? ,(lz—z]) — ¢
/ /

&l) = 2t (1-1) and &(r) = =5y

(4.51)

The contact sets are easily found depending on o = /2 or ¢ > /2, namely

=2 UZS withE = {2} and = = {1},

0= 7T/2 . Et = [20,21] and=" = {Zo} andE+ = {Zl},

where [z, z1] denotes the segment { (1—6)zo+62 | 6 € [0,1] }, see Figure

The interesting fact that for o = |z1—zy| = /2 the contact set =, is constant and consists of a full
segment reflects the observation in [LMS16, Sec. 5.2] that iy and (11 can be connected by geodesics
satistying sppt (1) = (20, 21] forallt € [0, 1].

4.3 Geodesic flow and characteristics

Finally, we study the differentiability of g, = V&, and T} ., on =. Let us denote by =; the subset of
density points of the contact set =;, which is closed by (4.39):

~ L4E, N B,(z))
= li e
e T T LB, )

— 1. (4.52)

DOI 10.20347/WIAS.PREPRINT.2956 Berlin, August 30, 2022/rev. September 29, 2023



M. Liero, A. Mielke, G. Savaré 40

‘21—20’ = 7T/2

&t
t=0.35 .
20 <1 \

&
Figure 4.2: For o = |z1—2| >
|21—20] = 2.5 /2 the contact set =; for the func-
& tions & () (red) and &;(z) (blue) from
(4.51) is no longer a singleton. For
t=035 o = m/2 (upper figure) we obtain

20 Z1 \ =¢ = [20,21]. For o > m/2 (lower

z figure), we have =, = Z U 2~ with
¢ Z ={z}and = = {z}.

Notice that Et is just the set of Lebesgue points of the characteristic functions of =, so that [AFPO0]
L4Z, \ Z;) = 0. By [Buc92, Thm. 1], the family of sets (=;);c(0,1) is invariant with respect to the
action of the bi-Lipschitz maps T_,;, i.e., Ts+(=5) = =, forevery s,t € (0,1).

Given a locally Lipschitz function F' : =, — R?and x € Et, we say that F' is differentiable at x if there
exists a matrix A = DF(z) € R%*? such that

|F(y) — F(z) —Aly —x)| =o(ly —z|) asy —x, y € Z,. (4.53)

Since x belongs to the set ét of density points of =;, the matrix A is unique and every (locally) Lipschitz
extension of F'is differentiable at x with the same differential A (e.g. one can argue as in the proof of
[AEPQO, Thm. 2.14]).

We call dom,(DF) the set of differentiability points = € =, of F. If F'is locally Lipschitz in =,
considering an arbitrary Lipschitz extension of ' and applying Rademacher’s theorem, we know that
L=, \ domy(DF)) = 0. We will use the simple chain-rule property that if y = F'(z) is a density
point of F'(Z;) and H : F(Z;) — R¥ is differentiable at y, then

D(H o F)(z) = DH(F(x)) - DF(z). (4.54)

In the proof of the following lemma we will denote by 0, the Fréchet subdifferential of £, which
coincides with V&, whenever &; is differentiable, in particular in z € =,.

Lemma 4.6 Lets € (0,1) andletx € =, be a density point of =, where g, = V&, is differentiable
in the sense of [@53) withp = gs(x) and A = DV ,(z). Then

A =DV¢&(z) is symmetric, (4.55a)
sup |z —p—A(y—x)| =o(ly—z|) asy— =z, (4.55b)
Zeags(y)
1
&) = &(2) = (py=2) = S(Aly=2),y—2) = o(jy—2]*) asy ==, (4.55¢)

Analogous results hold for &,. We will denote DV &, by D2€,.
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Notice that the points ¥ in the limits in (4.55b) and (4.55c) are not restricted to =,.

Proof. We adapt some ideas of [BCP96, |AIA99] to our setting, and we consider the case of és (to deal
with a semi-convex function, instead of semi-concave). We will assume = = 0 and will shortly write
f_’and = for fs and =, omitting the explicit dependence on the parameter s. For h > 0 we define the
blowup set =" := h~!'=. Up to an addition of a quadratic term, it is also not restrictive to assume that
£ is convex.

For h > 0 we set wy(y) = 75 (£(hy) — &(x) — h{p,y)) so that wj, is a convex and nonnegative
function. By (4.40) there exists a positive constant C' such that

0 < wil(y) < Cly|* foreveryy € =" (4.56)

Since = = 0 is a density point of =, £L4(B,.(0) \ =) — 0 as h | 0 so that every point of z € B,.(0)
is a limit of a sequence in 2, € =" N B,.(0). Therefore, for h sufficiently small we can find points
Yni € =" N Byg(0), i = 1,--- ,2d, such that By(0) C conv({yn;|i = 1,---,2d}). For this
it is sufficient to approximate the (rescaled) elements of the canonical basis +e;, 2 = 1,--- ,d. If
y € B5(0) we then find coefficients a;,; > 0, > . o ; = 1 such that

wn(y) <Y aniwn(yn) < C Y anglynl* < 2dC

so that wy, is uniformly bounded in Bs(0) and therefore is also uniformly Lipschitz in B1(0). Every
infinitesimal sequence h,, | 0 has a subsequence m > hn(m) such that Whyy(om) is uniformly convergent

to a nonnegative, convex Lipschitz function w : B;(0) — R. We want to show that any limit point w
coincides with the quadratic function induced by the differential A, namely w(y) = wa(y) = 3 (Ay, y)

Let w be the uniform limit of wy, along a subsequence h,, | 0. If y,, € =he 0 Bl(()) is converging to
y € B1(0) we know that any limit point of p, = Vwy, (y,) belongs to dw(y). On the other hand,
Do = %(Vf{hnyn) —p) = Ay, +o(1) thanks to the differentiability assumption, so that Ay € dw(y).
Since we can approximate every point of B;(0) we conclude that Ay € dw(y) for every y € B;(0).
On the other hand, w is Lipschitz, so that it is differentiable a.e.in B;(0) with Vw(y) = Ay and
therefore the distributional differential of Vw coincides with A. We conclude that A is symmetric and

w(y) = %(Ay, y). The fact that wy, uniformly converges to w eventually yields (4.55b) and (4.55c). =

We now use the second-order differentiability of &, to derive differentiability of T_,; by using the formula
(@43) with gs(z) = VE&(z). For s € (0, 1) we define

D, = dom,(DVE,)) N 2, = dom,(D?¢,) N E,. (4.57)

As we already observed, since g, is Lipschitz on =, L4(Z, \ D,) = 0 forevery s € (0, 1).
Fort € (0,1) and 7 = t—s we also have 14+27&, > (1—t)/(1—s) > 0 so that

T

v 14+27&(x)

V() = Ve o(2) With b o() — %log (14276, (x)).

is again Lipschitz on =;. Thus, Lemma[4.6| can be applied and ¢, is differentiable in the sense of
(4.53) on ® . Finally, we exploit the explicit representation of T_,; via (4.43), namely for all x € =, we

have
TVEs(x)

14+27&,(7)
Now the chain rule (4.54) guarantees the differentiability of T’_,; on the set D:

T y(z) =2+ arctan( ) =+ arctan(V¢57t(m)). (4.58)
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Lemma 4.7 (Differentiability of T') For all s,t € (0, 1) the mapping Ts_,, is differentiable on D,
and we have

DT, (z) = T(t—s,&(x), VE (), D¢ () with

A 272 gRg (4.59a)
T(r,€,g,A) := 1+ (DL ( )
(1,6,9,A) ( 1(2 ))‘Z arctan(1+27_£ 1—1—275 (1427€)?
Ts—)t(gs) = @t and DE_hg(Ts_)t(x))DTs_)t(x) =1lforx € @s. (459b)
For every ty, t1 € (0,1), to € [0, 1] we also have
Dfljtl_>t2 (Eo—)h (z))DE()—)h (I) = DEU—MQ (37) forx € @to. (4590)

Proof Recall 7 = t—s, then the explicit formula (4.59a)) follows from differentiating V1 (x—TS_,t(as)) =

1+27§ —TV¢,. Since T, 1, = T,_,, there exists a constant L such that

L o—a| < |Tosi(v) — Toyy(2')| < Llx—2'| forevery x, 2’ € Z,. (4.60)
If x € ©5and A = DT,_,;(x), choosing £ > 0 we can find ¢ > 0 such that
T (2") — Tssi(x) — A(2'—2)| < ela’—x| forevery 2’ € Z;, N B,(x), (4.61)

so that choosing € < 5 and ' = x + v we get
1 —
|Av| > |Tsi(x+v) — Tsi(x)| — elv| > ﬁ]v\ for every v € B,(0) N (Z; — x)

Using the fact that 0 is a density point of Z; — = we conclude that A is invertible with | A~!| < 2L. For
every y € =, with L|y'—y| < pand 2’ = T} _(v'), we get |2'—z| < ¢ and (#.67) yields

|T;t—>s(y,) - Ijt—m(y) - A_l(y/_y)| = |A_1 (A($,_x) - Tset(xl) + Ts—)t(iﬁ))‘
< 2Le|lr’'—x| < 2L% |y —v|

showing that y € ©; and A~! = DT, _,,(y). Hence, (#.59b) is established.
Equation (4.59c) then follows by the concatenation property (4.45). [

The explicit formula shows that DT, _; is the product of the positive matrix D?L;(z) ! and a
symmetric matrix, hence it is always real diagonalizable. The following result shows that the determinant
and hence all eigenvalues stay positive for s,t € (0, 1). In fact, we now derive differential equations
with respect to ¢ € (0, 1) for the transport-growth pairs (T (), gs+(x)) € R¥x (0, +00) as well
as for DT, _,;(z) € R%4 and det DT,_,;(x). Recall that t — (Ts_+(x), qs—s:(x)) is analytic for

t € (0,1) by Theorem[4.3((5) and (6).

The following relations will be crucial to derive the curvature estimate needed for our main result on
geodesic HK-convexity.

Theorem 4.8 (The characteristic system on the contact set =) We fix s € (0,1), x € =, and
y € D4 (cf. (4.57)) and define the maps

T(t) :=Tsi(x), q(t):=qs—i(x), B(t) :=DTs 1 (y), and o(t) := det B(t).
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Then, we have the initial conditions T'(s) = z, q(s) = 1,B(s) =1, and §(s) = 1, and fort € (0, 1)
the following differential equations are satisfied:

T(t) = V&(T(1)) and T(t) = —4&(T(t)) V(T (1)), (4.62a)
q(t) = 26(T(t)) a(t) and {(t) = [V&(T(1) (t), (4.62b)
B(t) = D%¢(T(t))B(t)  and B(t) = —4 (Vgt@)vfgt + &D%t) oT(t)-B(t),  (4.62c)
§(t) = A&(T(1) 6(t), % - ((Aft)2—|D2£t]2—4|V§t|2—4£tA§t) oT'(t),  (4.62d)

where A&,(2) = tr(D%,(2)) and |D*6,(2)2 = 3, , (90,0s,61(2))”.

Proof. We use (4.45) and the Taylor expansion

arctan( ) = hg — 2h%*¢g + O(h*) ash — 0.

142h¢
Setting y = T'(t) = T,_;(x) and using the fact that y € =, yields

Tisein(y) = y + hVE(y) — 2h°6(y) VE(y) + O([h]*) as h — 0.
With the composition rule we have T, ;. (z) = T 1(y) and compute

. Y Ts_>t+h<x) — T5_>t($) IR E—)t-ﬁ-h(y) -y _
T = i h T Ve

This identity yields the first equation in (4.62a). For the second relation in (4.62a) we use
TsﬁtJrh(x) - 2Ts~>t<x) + Ts%t7h<x>

T() = lim 72
_ im Toein(y) — 2y + Tisen(y) 46 (y)Va(y).
h—0 h?

The relations (4.62b) for q(t) = ¢, follow similarly, using the scalar product rule for gs_,; in (4.45)
and by taking the square root of (4.44), namely

h2
Goien(y) = 1+ 2h&(y) + EIV&(y)]Q +o(h*) ash — 0.

To show that B(t) satisfies (4.62¢), we exploit the matrix product rule (#.59¢) and expand DT} ;14 (y)
in (4.592a) to obtain

DT, (y) = I+ hD?¢, — 2h* <V§t®v& + §tD2§t> +o(h*) ash — 0. (4.63)

For this note that y — Tj11,(y) = O(|h]) so that D2Ly (y—T—s4n(y)) = I+ O(|h|?) as Ly is
even. Thus, follows as in the previous two cases.

For the determinant §(¢) we again have a scalar product rule, and it suffices to expand det(DT; ;. ()
at h = 0. For this we can use the classical expansion det(I+hA) = 1+ htr A + 1h?((tr A)? —
tr(A?)) + O(h®), and obtain

1
det DT, = 1+ hAG + 512 ((Aft)Q — D%, — 4 Ve — 4§A§t) o(R?).  (4.64)
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As before this shows (4.62d), and the theorem is proved. ]

In this section, we have studied the forward solutions ¢t — &, for ¢ € (0, 1) and its contact sets =;
with a corresponding backward solution &;. We obtained differentiability properties in these sets or
in the slightly smaller sets D; and derived transport relations for important quantities such as q,_,;
and 65(t) = det DT_,+(x). In the following section, we still have to show that the contact sets =, are
sufficiently big, if we define &, = A&y and &, = Z%,_. &, for an optimal pair (&0, &1). This will be done
in Theorem

5 Geodesic curves

In this section, we improve the characterization of Hellinger—Kantorovich geodesic curves as discussed
already in [LMS18, Sec.8.6]. More precisely, we consider constant-speed geodesics 4 : [0, 1] —
M(RR?) that satisfy

Vs, te[0,1]: HK(u(s), p(t) = |s—t| K (po, ).

We first show the optimality of potentials &; and g‘t obtained from the forward or backward Hamilton—
Jacobi equation in Theorem With this, we are able to show in Theorem that for subparts
(s,t) C [0, 1] with 7 = t—s < 1 the corresponding LET problem has a unique solution in Monge form,
which implies that (M (R?), HK) has the strong non-branching property. Finally, in Theoremand
Corollary [5.5|we provide restrictions and splittings of geodesic curves needed for the main theorem in
Section

5.1 Geodesics and Hamilton—Jacobi equation

The next result clarifies the connection with the forward and backward Hopf-Lax flows &; and ft studied
in Theorem and the importance of the contact set =; defined in (4.39) (see also [LMS18], Thm. 8.20]
and [Vil09, Chap.7] for a similar result in the framework of Optimal Transport and displacement
interpolation). We emphasize that despite the non-uniqueness of the geodesics (,ut)te[m} (see [LMS16,
Sec.5.2)) in the following result, & and &; only depend on 11 and j; and the optimal potentials ¢y and

©1-

The result brings together the results of Sectlons I and I by starting with an optimal pair (g, 1)
from Section Iand considering the correspondlng solutions é} and é} of the forward and backward
Hamilton—Jacobi equation starting with &, = G; (o) and & = Gy (1), respectively. First, we observe
that “intermediate” pairs (&, &;) or (55, &) are optimal for connecting the intermediate points s and
L4 ON an arbitrary geodesic connecting 1o and ;. Second, we observe that certain results obtained in
Section 4] for s, t € (0,1) also hold in the limit points s, ¢ € {0, 1}. Finally, we show that the contact
set =; is large enough in the sense that it contains supp(y;) (see Example for some instructive
case with p = 7/2).

Theorem 5.1 For iy, 11 € M(R?) consider a tight ooptimal pair (¢0, 1) of (lower,upper) semi-
continuous potentials as in Theorem L With & = G, ((,00) = 2(e*? — 1) and §1 = Gl(c,ol) =
%(1 —e2%1) we define &, = A&y and &, = % _ &, as in (:30) and the contact sets =, = {&, = &}
as in (&.39). Finally, consider an arbitrary geodesic ( ,ut)te[o,u connecting Lo to p11. Then, the following
holds:
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(1) Foralls,t € [0,1] with s < t both pairs (£, &) and (€, &;) are optimal for (2.40) and (2.41) for
connecting is to [, Viz.

Q(tl_s)l'K2(Ms,Mt) _/ftdut—/fsdus = /gtdﬂt—/ﬁsdus (5.1)

(2) S; = supp(us) C =y foreveryt € [0, 1].

Proof. Assertion (1). It is sufficient to consider the forward flow & . Fixing

t € (0,1) we have

1
§|'K2(uo7ut) > /ﬁtdut —/&)duo and

1
2(1—1) I-KQ(,ut,,Lh) > /§1du1 _/ftd,ut- (5.2)

On the other hand, the geodesic property and the optimality of (&g, &1) yield

1 1
/51 dpr — /ﬁodﬂo = §I-K2(/~L0a/~L1) = —H (1o, pue) + HK® (1t 1)

2t 2(1—t)

showing that the inequalities in (5.2) are in fact equalities, in particular (5.1) with s = 0. For s > 0 we
still get (5.7) since Q(t—l_S)I-KQ(us,ut) = 5 HC (o, ) — 55 HC (o, 1) 0 < s <t < 1.

Assertion (2). Equation for s = Oyields [(& —&)du, = Oforallt € (0,1), sothat & < & and
the continuity of &, ft yield & = ét on S; = supp u;. The cases t = 0 and 1 follow by the relations
between &; and ¢; and the fact that (o) = @le, 1 = goa’Ll. [
Note that the inclusion .S; = Supp(ut) C Z is in general a strict inclusion. This can be seen for the
case |z1—zg| = 7/2 in Example where Z; = [z, z1], however, there exists a pure Hellinger
geodesic with supp(u;) = {20, 21} fort € (0, 1).

We can now exploit all the regularity features of the maps T_,; and ¢,_,; on the contact set =; (cf.
Theorem . A first important consequence is that, given an HK geodesic (f4¢):cjo,1 and s € (0, 1),
the HK problem between 15 and y; for any ¢ € [0, 1] has only one solution, which can be expressed in
Monge form (see [AGS08, Lem. 7.2.1] for the corresponding properties for the L2-Wasserstein distance
in RY).

Theorem 5.2 (Regularizing effect along geodesics) Under the assumptions of Theorem|5.1|, if s €
(0,1) andt € [0, 1], then the transport-growth pair (Ts_, qs—) of Theoremis the unique solution
of the Monge formulation of the Entropy-Transport problem between (s and ;. In particular, the
optimal Entropy-Transport problem between (s and (g or between (s and (11 has a unique solution,
and this solution is in Monge form.

Proof. Let us consider the case 0 < s < ¢ < 1,7 =t — s < t. By Theorem 5.1} the pair (&,, ;) is
optimal for (s, 11¢) and supp(s) C =. Using the transformations

1 _ 1 _
o = — log(14+27&) and ¢, = ——log(1—27&), (5.3)
2T 27
we see that (g, ¢,) is a pair of potentials satisfying the assumptions of Theorem 2). Since

1—27& > 1— 7/t > 0 we deduce that ¢, is bounded from above, so that ;' = 0 thanks to (3:26)
(where the measures 1i; and pi; are defined as in (2.13)).
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Moreover, we know that y, is concentrated on {¢y > —o0}; since it is also concentrated on =; we
deduce that 1, is concentrated on D{, = dom(Vy), so that we can apply CoroIIary recalling the

expression of T', q given by (3.34). =

The above theorem allows us to deduce the fact that (M(IR?), HK) has a strong non-branching property.
It is shown in [LMS16| Sec. 5.2] that the set of geodesics connecting two Dirac measures d,, and 9, is
very large if |y; —yo| = 7/2: it is convex but does not lie in a finite-dimensional space. The following
result shows that all these geodesics are mutually disjoint except for the two endpoints pg and ;.

Corollary 5.3 (Strong non-branching) If for some s € (0,1) we have HK (o, pts) = sHK(po, 1)
and KK (s, 1) = (1—s)HK (o, 111), then there exists a unique geodesic curve t — p(t) such that

1(0) = po, pu(s) = ps, and p(1) = pir.

The next result shows that from a given geodesic we may construct new geodesics by multiplying the
measures L by a suitably transported function. This will be useful in the proof of the main Theorem

Theorem 5.4 (Restriction of geodesics) Let (1;)¢c(o,1) be an HK geodesic. For a given s € (0, 1)
let v, € M(R?) with supp(vs) C supp(jss). Then the curve [0,1] > t — vy i= (T s, Gsst) Vs iS
also an KK geodesic. If in addition v, = o415 for some Borel function oy : supp(us) — [0, +oo], then
v, = o with 04(y) = 0s(Ti—s(y)) foreveryt € (0,1).

Proof. We keep the same notation of Theorem[.1 let0 < t; < s <ty < 1,and set 1y := s — 1,
Ty =19 — 5, and 7 = T1+7o. We clearly have

1
Zl-K2<Vt27Vt1) Z/ththQ_\/gtlthl

— (/thdz/t2 —/fsdys> + </§sdl/s—/€t1d’/t1>

The conclusion then follows, if we show f§t2 dvy, — ffs dv, > iI-KQ(l/tQ, vs) and ffs dv, —
[ &, dvy, > il—KQ(VS, v, ). We check the first inequality, the second follows similarly.

Define q3 := s, and 15 := T_,4,. Using the fact that (i) vy, = (1%, ¢2).Vs and (ii) identity (4.44)
we obtain

/ (1-276,, ) du, 2 / (1—272&2 (Tﬁtz(x)))qg% () dv,(z) & / (1+27€,) du,.
Combining and (4.44), we arrive at
/ (1—27&,)dn, = / (14 2n&) dy, = /q2 cos(|x—Ty(x)|) dvs. (5.4)
With this we find

HK2 (1, vs) < / (qg +1—2¢ cos(|:17—T2(m)|) dv,

(5.4)

I

Vi, (R?) + 1v4(R) — /(1—275t2)d1/t2 — /(1+27255)dys

- 27(/@2(1% _ /gsdys>.
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Hence, we have shown 5-HK?(1,,14,) = [ &, du, — [ & dv,, which implies that (14)¢e(0,1) is @
geodesic as well.

We can then pass to the limits ¢; | 0 and ¢, 1 1 as follows. Notice that the curve t — v, ¢t € (0,1), is
converging in (M(R?), HK) to a limit vy and v, for ¢ | 0 and ¢ 1 1, since (1) is a geodesic. Moreover,
for every ¢ € Cy(R?) we can pass to the limit ¢ 1 1 in

/ Cdvs = / C(Tase(2)) g2 () (), (55)

since limy Ts¢(z) = Tyq(x) and limy ¢se(x) = gs—1(x) and ¢ is uniformly bounded. A
similar argument holds for the case t | 0.

In order to check the identity concerning the density o} of v, we use (5.5) and find

[etn= [N @ = [T e @,
— [T e T o) = [ C)ents) daty)

The case t € [0, s| is analogous. n

The next result provides the fundamental formula for the representation of densities along geodesics.
Generalizing the celebrated formulas for the Kantorovich—Wasserstein geodesics, the densities are
again obtained by transport along geodesics, but now with non-constant speed and an additional
growth factor a4(t, z) = ¢2_,,(z) to account for the annihilation and creation of mass. Recall that
D, = dom(D?¢,) C =, has full Lebesgue measure in =, i.e. L4(=, \ D) = 0.

Corollary 5.5 (Representation of densities along geodesics) For pg, 11 € M(]Rd) consider a
geodesic ( ,Ut)te[o,l} connecting [ to (1. Assume that at least one of the following properties holds:

(a) there exists s € (0, 1) such that ji; = ¢, L4 < L4;
() po = coL? < L% and pf| < L.

Then, we have
(1) pu < L foreveryt € (0,1), viz. ju; = c(t,-) L%

(2) Foreverys € (0,1) the density c(t, -) can be expressed via the formula

g (tv l’)
et )],y = D5

foreveryxz € ©,, t € (0,1), (5.6a)

with ®, = dom,(DVE,)) = dom,(D?E,) (cf. (457)) and
ay(t,x) = (14 2(t—s)& (@) + (t—5)2|VE(2) 2, 8,(t,2) := det DT, (x). (5.6b)
Moreover, we have D2¢,(x) = 0 and 0,(t, z) = 1 for L%-a.e.x € Z° D =*; in particular

t? 1—t)?
c(t,z) = ?c(s,x) forx € =% and c(t,z) = (1-t)

c(s,x) forx € =". (5.7)
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(3) If py < L4 (resp. 1, < L£%) and holduptot =0 (resp.uptot = 1).

(4) If | = 0 the representations in (5.6) also hold for s = 0 by restricting x in D} = dom(D?¢py),
and we have the formula

DTO%t('r) = T(tu £0<5L’), V£0($)7 D2£0<$>) for everyxr € D[/J/7 (5.8)

where T is defined in (4.594).

Proof. Assertion (1). In the case (a) holds for s € (0, 1), there exists a bi-Lipschitz map T ; : =5 — =
and bounded growth factors gs ; : =5 — [a,b] with 0 < a < b < oo such that f1; = (Ts—st, Gs—st )« ls-
In particular, for every Borel set A we have

pa(A) < V(T2 (A)) = b ps(Tiss (A). (5.9)
If L4(A) = 0 then £L4(T;_,s(A)) = 0 because T}_,, is Lipschitz. Hence, using 1, < £¢ we find
ps(Ti—s(A) = 0, such that gives 11;(A) = 0. With this we conclude p, < £4.

In the case of assumption (b), we argue as before but with 1y = coL? for s = 0. Using the fact that
G0 is locally bounded from below and that T}_, is locally Lipschitz on A; := =, \ =", we deduce
that ;L A; < L£¢. On the other hand we have ] < £¢ and the restriction of T} ,; to = coincides
with the identity and g;_; is bounded from below thanks to (4.44). Thus, we obtain 1, < L4,

Assertion (2). The representation (5.6a) follows by Theorem and Corollary

Relation (5.7) can be deduced directly by Theorem In order to prove that D2¢, = 0 p,-a.e.in =% it
is sufficient to consider density points of =, since ps K L%, and to compute the differential of Vs on
=%, where it is constant.

Assertions (3) and (4). Both assertions follow from Corollary [

As a last application, we will also discuss the propagation of the singular part with respect to £¢, which
will be needed in the proof of the main result in Theorem

Corollary 5.6 (Propagation of the singular part) Let jio, 11 € M(R?) and let (14¢)teo,1] be a geode-
sic connecting [ to (i and let j1s = 12 + uj be the decomposition of 115 with respect to the Lebesgue
measure L% at some point s € (0,1). Foreveryt € [0, 1] we set

ﬁt = (Ts—>t7 qg—>t)*,ug and //It = (T5—>t7 qs%t)*ﬂsl' (510)

Then, the curves (fit)c(0,1y and (1it)tc(0,1) are HK geodesics, we have fi; L L fort € [0,1] and

s = fiz + Jiy provides the Lebesgue decomposition fort € (0, 1), viz. u® = fi; and u;- = iy.

Proof. Let us decompose = in the disjoint union of two Borel sets A, B such that 2 = p;L A and
pi+ = psL B with £4(B) = 0. By Theorem [5.4we clearly have y; = fi; + fi;. On the one hand,
fiy < L% by Corollary [5.5/for all t € (0,1). On the other hand, for all t € [0, 1] the measure /i;
is concentrated on the set T_,;(B) which is L%-negligible, since T,_,; is Lipschitz. If follows that
f; L L% sothat iy = p? and iy = pi forallt € (0,1).

The fact that (12¢) and (i) are geodesics follows by Theorem 5.4 as well. "
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5.2 Convexity of the Lebesgue density along HK-geodesics

In this subsection, we consider geodesics (Mt)te[o,u such that ps < L4 for some, and thus for all,
s € (0,1). We fix s and introduce the functions a, 05 as in (5.6b) and the functions

78(157 ZL‘) = O‘;/Q(t»z) = QS—%(:U%

1/d forx € D,. (5.11)
ps(t,z) == oz;/Q(t, I)(S;/d(t, x) = qs—t() (det DTS_>t<$))

We now exploit the explicit differential relations for v4(t, ) = ¢s—:() and d5(t, x) = det DT ()
provided in Theorem and derive lower estimates for 7y and ps. It remains unclear whether the
given choice for v, and p; is the only possible, however it turns out that for these variables the
following curvature estimates are relatively simple and hence the final convexity calculus goes through.
For comparison, we mention that in the Kantorovich—-Wasserstein case we have yxw(t) = 1 and
pKW(t) = (5Kw(t))1/d with (SKV\/(t) = det((l—t)]I—FtDTKw(l’)), such that pKw(t) < 0 since
DTxw(z) is diagonalizable with nonnegative real eigenvalues, see [AGS08, Eqn. (9.3.12)].

Proposition 5.7 (Curvature estimates for (p,~)) Let (ps,7s) : (0,1) x D, — [0, 00[* be defined
as above along a geodesic. Then, we have for allt € (0, 1) the relations

Ps(t) < <1_§> W) —
>0 ang { Pl 7s(t) (5.12)
Pl (*) ford = 1.

;7./5 (ta Zlf)
Vs(t, )

Proof. As s € (0,1) and = € D are fixed, we will simply write p() instead of ps(¢, ) and similarly
for the other variables. Using the specific definition of p we obtain
oA 2 5 1,1 b\ o
-—=—+ -+=(=-1)(%) -
p v d 0 d (d )(5)

We can now use the formulas provided in (4.62a)—(4.62d) giving 7 = 2§,y and § = |V_§t\2v, where &;
and its deri\(_atives are evaluated at y = Ts_ng(x). Inserting this and (4.62d) for 6 and ¢ into the above
relation for /0 we observe significant cancellations and obtain

QU

56
75+

. s 4

1 IV&[? and £ —5 ((A&)?=dID*¢ ) + (1 — ) IVE&[. (5.13)
gl p d d

For d = 1 we have D% = AE, while for d > 2 all matrices A € R¥? satisfy d|A]*? =

Ay AL > (trA)? = (3] Ay)’. Thus, the curvature estimates follow. o

The above curvature estimates will be crucial in Section [7] for deriving our main result on geodesic
convexity. We remark that for d > 2 they are even slightly better that the “sufficient curvature estimates”
given in (7.3) because of 1 — 4/d < 1 — 4/d? (with equality only for d = 1).

We finally derive a useful result concerning the convexity of the density ¢ +— ¢(t, =) along geodesics.
This provides a direct proof of the fact, which was used in [DiC20] that the L.°°-norm along geodesics
is bounded by the L°°-norm of the two endpoints. Indeed, we show more, namely that the function
t — c(t, T(x)) is either trivially constant or it is strictly convex.
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Theorem 5.8 (Convexity of densities along geodesics)

(1) Under the assumption of Corollary [5.5, for every s € (0,1) and x € D, U Z* the function
cs(t) = c(t, Ts—i(x)) given by (6.6a) or (5.7), respectively, is convex and positive in (0, 1); moreover,
with a possible £®-negligible exception, it is either constant or strictly convex.

(2) If moreover 11y << L% (resp. i, < L£%) then for u,-a.e.x their limitast | 0 (resp.ast 1 1)
coincides with co o T_,o (resp.c1 0 Ty_1).

Proof. Assertion (1). Since z € R% and s € (0, 1) play no role, we drop them for notational simplicity.
We simply calculate the second derivative of the function t +— c(t) = v(t)*2c,/p(t)%. If ¢y =
c(s,z) = 0then c(t, Ts_,+(z)) = 0 and the result is obviously true. Hence, we may assume ¢, > 0
and obtain after an explicit calculation

. v p VN2 VP P2

i=c <(d+2)— —d=+ (d+1)(d+2)(=)" — 2d(d+2)= = + d(d+1)(= ) (5.14)
v P (7) TP (P)

The quadratic form involving the first derivatives is positive definite, and for the terms involving the

second derivatives we can use the curvature estimates in to obtain

. ol 4.5 A
ch( (d+2)— —d(1— = —+O> =6c—.
( g 0=3) g g
Notice that ¢ — () is the square root of the non-negative (and strictly positive in (0, 1)) quadratic
polynomial «(-, ) given by (5.6b), so that v > 0 and we conclude that ¢(¢) > 0 as well due to
c(t) > 0.

Moreover, if v € 22 then |VE(z)] > 0, have ¥(¢) > 0, and we deduce that ¢(¢) > 0 obtaining the
strict convexity of c.

If x € =% where V&, (z) = 0, we can use the representation (5.7) for c up to a £%-negligible set.

Assertion (2). If jg = L% < L, then 6,(0,z) > 0 for pz-a.a. & € D, thanks to the last statement
of Corollary [3.5] (which is a direct consequence of Theorem[3.3[{)) and both d,(0, z) and (0, x)
coincides with their limit as ¢ | 0. A further application of Corollary 3) yields the result. The case
t = 1 is completely analogous. [ ]

The above result easily provides the following statement on convexity of L°° norms along HK-geodesics.
This generalizes to a corresponding result for the Kantorovich—Wasserstein geodesics (which might
have been known, but the authors were not able to identify a reference, see the Remark below).

Corollary 5.9 (Convexity of the > norm along geodesics) Let jig, 11y € M(R?) be absolutely
continuous with respect to L4 with densities c; € LOO(]Rd) and let (Mt)te[o,l] be a KK geodesic
connecting jig to ji1. Then ji; = ;L% and ||c¢|| L < (1—t)]|co||pe + t]|ct || poo-

Proof. The result for (M(IR?), HK) follows directly from Theorem|5.8 =

Remark 5.10 Let (u}’v)te[o,l] be the Kantorovich—Wasserstein geodesic connection between two
probability measures g, (11 € Po(RY) with p; = ¢;£% and ¢y, c; € L>°(R?). Similar to the previous
result, ;¥ = ¢}V L4 is absolutely continuous w.rt. £ and ||}V || 1o < (1—#)||cy ||z + ||}V 2o -

In fact, for (P2(R?), Wy) we replace (5.6) by the simpler formula for the Kantorovich—-Wasserstein
transport

cw(t, T () = =° with §s(z) = det Tsvlt(x)v
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see [AGS05, Prop.9.3.9]. Using jiy = coL? we can choose s = 0 and have T,",,(r) = x +
t(Vp(xz)—x) for a convex Kantorovich potential. Since for every symmetric positive semidefinite
matrix D the function t — 1/ det ((1—t)I 4 tD) is convex, the desired result follows with the same
arguments as for Theorem[5.8

6 Preliminary discussion of the convexity conditions

In this section, we discuss the equivalence of two formulations of the convexity conditions and give a
few examples. The proof of sufficiency and necessity of these conditions is then given in the following
Section

For most parts of this section, we assume that F : [0, 00] — R U {oc} is lower semi-continuous
and convex, satisfies £(0) = 0, and is twice continuously differentiable on the interior of its domain
D(E) :={c>0]| E(c) < 0o }. The following result gives a characterization of the conditions
on Ni : (p,7) = (p/7) E (%2 /p?) in terms of the derivatives of £, namely €;(c) = ¢/ EW(c) for
7 =0, 1, and 2, which appear in

o) e ea(c) — EE(e1(c)—eo(c)) e2(c) — 3(e1(c)—eo(c))
20= (L anat) @i )

This characterization will then be used to derive a nontrivial monotonicity result in Proposition [6.2]
which is a crucial building block of the main geodesic convexity result.

(6.1)

Note that the variables p and ~y are related to the variable c via ¢ = coy*™2/p?.

Proposition 6.1 (Equivalent conditions on £) Let Ng and B be defined in terms of E' as in (1.25a)
and (6.1), respectively. Then the following conditions are equivalent:

(A) N satisfies (1.25);
(B) in the interior of the domain D(E) we have B(c) > 0 and (d—1)(e1(c)—&o(c)) > 0.

Proof. We first observe that the desired monotonicity of p — Ng(p,~y) for d > 2 is indeed equivalent
to the condition £1(c) > £o(c). This follows easily from the relation

d+2 pd , d+2
)+WE<

dpd—l
7d

d+2 dpd—l

) (—d i) = T (oe) —21(0).

r‘)/

6%JVE(p77):: pd

B(

It remains to establish the equivalence between the convexity of Ng and the positive semi-definiteness
of B. For this we note that N is given as a linear function of F, hence the Hessian D2 Ny will be a
given as a linear combination of £/, £/, and E”. Indeed, an explicit calculation yields

D2Ny(p ) = 2o ( dlp —dfy )TB(W) ( dlp —dfy ) |

v\ 0 =2/ P! 0 =2/y
With this, we see that D? N is positive semidefinite if and only if B is. Hence, the assertion is proved. m

From the semi-definiteness of the matrix B(c), we obtain as necessary conditions the non-negativity of
the two diagonal elements which provide the McCann condition B1; = &5 — d%dl(el — 50) > 0 and the
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convexity conditions with respect to the Hellinger—Kakutani distance Boy = 9 + %51 > 0. Moreover,
testing B with (1, —1) " reveals the additional condition

( 11) 'IB%(c>( 1 > >0 = (d+2)ei(c) — 2e0(c) > 0. 6.2)

Proposition 6.2 (New necessary monotonicity) Let ' be such that the conditions in Proposition|6. 1
hold and let N be defined via (1.25a). Then, the following three equivalent conditions hold:

(A) The function |0, 00| 3 ¢ + ¢~2/(4%2) E)(c) is non-decreasing.
(B) Forall p,~ > 0 we have the inequality (1 — %) pd,Ng(p,~) + 70y Ng(p,~) > 0.
(C) Forall p,~y > 0 the mapping |0, 00| 3 s — Np(s'"/% p, s7) is non-decreasing.

Proof. Expressing d,Ng and 0, N via £y and £, and using d = (p/)? we obtain

pO,Ng(p,v) = —dd(e1—e0) and ~0,Ng(p,7) = 6((d+2)e; — dey).

Thus, we conclude (1—25)pd,Ng(p, ) +79,Ne(p,7) = 2 ((d+2)e1 — 220), which is positive
because of (6.2). Thus, (B) is established and the monotonicity of s — N (s'~4/%*p, s7)in (C) follows
simply by differentiation.

Statement (A) follows by applying (C) for p = v = 1 and choosing s = ¢*(¢+2)/4, o
The crucial monotonicity stated at the end of the above proposition means
c
0<e<e = Ela) < ()" E(e). (6.3)

Co

It implies that if £ attains a negative value it cannot be differentiable at ¢ = 0: If E(c;) < 0 then
E(c) < (¢/c))* 42 E(c;) < 0, which leads to E'(c) N\, —oo for ¢ \ 0.

In the following examples we investigate which functions F satisfy the above conditions. The following
two results will be used in Corollary to obtain geodesic convexity for functionals of the form
E(c) = fQ ac” dz. The third example shows that in case of the Boltzmann entropy with E(¢) = clogc
the conditions do not hold and hence geodesic convexity fails.

Example 6.3 (Density function F(c) = ¢™) We have eo(c) = ¢™, e1(c) = mc™, and e5(c) =
m(m—1)c™, which gives the matrix

B —en (05 (bln D)),

(m=1)(m—3)  m(m—3)

The Hellinger condition By (c) > 0 holds for m & 10, 1|, while the McCann condition B1(c) > 0
holds form & }d%dl, 1[. Moreover, for d > 2 the monotonicity condition €1 > & implies m > 1.

Thus, the remaining cases are either m > 1 ord = 1 and m < 0, and it remains to check
det B(c) > 0. An explicit calculation gives

det B(c) = (m—1)(m — %) “”2#.

Clearly, form > 1 we have det B(c) > 0 for all space dimensions d € N. Moreover, det B(c) < 0
form < 0.

In summary, we obtain geodesic convexity if and only if m > 1.
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Example 6.4 (Density function F(c) = —c9%) As in the previous example we have
_ (0l =7) (-a)(a - 3)
B(c) =c¢ ¢ . :
I=a)(a—3) az-9)

The Hellinger condition Bas(c) > 0 holds for g € [0, 3], while the McCann condition By (c) > 0 holds
for g € [+, 1], which also implies the monotonicity £, > €o. With

1 (d+2)g—d ,
det B(c) = (1—¢q) (= — q) ————— ¢*.
(©) = (1) (5 —q) =2
we obtain the additional condition ¢ > d/(d+2) and summarize that E(c) = —c? leads to a
geodesically convex functional if and only if ¢ € [ max{%5, 795}, 1], which has solutions only for

d=1landd = 2.

Example 6.5 (Boltzmann entropy) As a negative example where the geodesic convexity fails, we
consider the Boltzmann function E(c) = clog c. We compute Bas(c) = es(c) + 3e1(c) = 3¢+
%c log ¢, which shows that the necessary Hellinger condition fails. Moreover, considering the measures
o = 0 and j1; = cL? for a non-negative density c € LI(Q) we find that along the geodesic curve,
given by (s) = s*u,, we have

E(u(s)) = /QE(S2C) dz = s> (1) + 25° log(s) / cdr,

Q

which is clearly not convex if [, cdx = 11 (£2) > 0.

Finally, we discuss a few examples where the density function £’ is not smooth. Note that the con-
ditions in (1.25) form a closed cone. Moreover, as for convex functions, the supremum E : ¢
sup{ E4(c) | o« € A} satisfies (1.25) if all £, do so.

Example 6.6 (Nonsmooth F) In applications one is also interested in cases where E' is nonsmooth.
For example the case E,;(c) = kc forc € [0, ¢*| and E(c) = oo for ¢ > ¢, is considered in [DiC20].
Clearly, E, satisfies our assumptions since N only takes the values 0 and co and the value
0 is taken on the convex set y4T2 < ¢*p?. Thus, E,. generates a functional &, = & + k.4 that is
geodesically 2k -convex.

A second example is given by E(c) = max{0,c* — c}. We first observe that El(c) = c and
Ey(c) = ¢ satisty (T.25). Hence, ¢ — max{FE:(c), Es(c)} = E(c) + c satisfies as well.
Thus, we know that E generates a functional & that is at least geodesically (—2)-convex. However, we
may inspect the function ¢ — ¢* — c in the region ¢ > 1 directly and find that E itself satisfies (1.25).

In practical applications, in particular for evolutionary variational inequalities as treated in [LaM22], it
is desirable to find the optimal A\ for the geodesic A-convexity. So far, we have treated the case of
geodesic 0-convexity and now return to the general case, which leads to the conditions

M@Z(g Q%) and  (d—1)(e1(c) — eo(c)) > 0.

The monotonicity condition is clearly independent of A. The first equation still relies on the neces-
sary McCann condition By;(¢) > 0. If this holds with strict inequality we see that the optimal X is
characterized by

2det B(c)

Aopt = inf { By (0)

c>o}. (6.4)
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Example 6.7 (d = 1 and E(c) = ¢ — ¢*/°) From the previous examples, we know that ?(c) = c?

and E%/°(c) = —c?/® are both geodesically 0-convex, and we want to show that the sum is geodesically
A-convex for A > 0. As B is linear in E we have B(c) = c*B® + c*/°B?/%) with constant matrices
B® anaB2/5) that are both strictly positive definite. Thus,

~ 2detB(c)

lic) = >0 forallc > 0.
( ) CBH(C)

Moreover, we find ((c) ~ 2¢=3/% det B/ /B forc &~ 0 and £(c) ~ 2cdet B® /B forc > 1.
Thus, by compactness A\opy = inf { l(c) { c>0 } is strictly positive.

Numerically, we find \opy = 0.638 which is attained at ¢, ~ 0.0319.

Remark 6.8 (Geodesic convexity via the Otto calculus) Following the key ideas in [OtW05,|DaS08]
a formal calculus for reaction-diffusion systems was developed in [LiM13]. It uses the dynamical
formulation in Subsection(2.1.1 and the associated Onsager operator K(c)é = —a div(eVE) + Be
to characterize the geodesic \-convexity of the functional & by calculating the quadratic form M (c, -)
(contravariant Hessian of &):

M(c,§) = (£, DV (c)K(c)¢) — %D(Kf, K(e)§)[V(e)] withV (c) = K(c)D&(c).

Then, one needs to show the estimate M (¢, &) > A&, K(c)E).
Following the methods in [LiM13, Sect. 4], for ¢ € C2(2) and smooth £ we obtain

M) = [ [o2((a0-r1) 297 + o 7eP)

Q
+ aB(BIVEP + Balcl6AE) + PBa(0) s
where A(c) = 25(c),  H(u) = e1(c) — co(c), Bi(c) = ;61(0) e
By(c) = —2e5(c) + e1(c) — eo(c), Bs(c) =ea(c) + %51(0).

Analyzing the condition M (c,&) > A&, K(c)&) we find the conditions

o A (Ale) = FHH(c)  3Ba(c)
Ve>0: (d—1)H(c) >0, By(c) > Bc, ( %B;éc) Ba(c) — %C) >0, (6.5)

which for A = 0 give the same conditions as B(c) > 0, see Proposition Note that the middle
estimate in (6.5) follows from the first and the third estimates because of

Bl(C) = %51 — &g — %(81—50) + %((d+2)€2—2€0)

7 Proof of geodesic convexity of &

In this section, we finally prove the necessity and sufficiency of the conditions for geodesic convexity of
functionals & on M (2) in (1.25), where we now allow for a general closed and convex domain 2 C R
In order to keep the arguments clear, we first restrict ourselves to absolutely continuous measures (i
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and /. Thus, by Corollary [5.5|the connecting geodesic curves are also absolutely continuous, and we
can rewrite & along the latter in the form

E () = /QE(c(t,y))dy = / e(t,x)dz, wheree(t,z) = 5(t,x)E(c*(x)

Q
The general case will then be treated by using an approximation argument.

Under the assumption that E is twice differentiable in the interior of its domain, we show that for 1iy-a.a.
x € () the function t — e(t, x) is convex. Since a(-, x) and d(+) are analytic functions on [0, 1], we

can show convexity in this case by establishing é(t,z) > 0. For this, we can fix € (), drop the
dependence on x for notational convenience, and set

e(t) = 5(t)E(c*%) = Ng(p(t),7(t)) with p := (c,)Y25Y4 ~ = (c,a)Y?,  (7.1)

and Ng from (1.25a). Now, the classical chain rule implies the relation

o= ((0)02nt02) (7)) + el )i + 0,V ) 72)

The aim is to show é(t) > 0 for all t € [0, 1]. By the convexity of N it suffices to treat the last two
terms.

For this we exploit the curvature estimates (5.12) on 7 and p as well as the monotonicities in (1.25c)
and Proposition[6.2]

7.1 Usage of the curvature estimates

We first show that it is sufficient to use the curvature estimates

4 s
P < <1_ﬁ)1 ford > 2,
J >0 and p A 7 (7.3)
v P_ (1——2)z ford = 1.
p d?’y

In particular, the equality condition for d = 1 is different from the inequality conditions for d > 2. This
will be used to compensate for the missing monotonicity of Ng in (1.25¢) in the case d = 1.

Below we will see that the curvature estimates (7.3) are necessary to complete our proof. Note that
they are implied by the curvature estimates derived in Proposition In fact, both coincide for d = 1,
while for d > 2 the former are strictly weaker as the latter because of 1 — 4/d < 1 — 4/d>.

Proposition 7.1 (¢ > 0 via curvature estimates) Assume that Ny satisfies (1.25) and thatt >
(p(t),~(t)) satisfies (7.3), then € > 0 in (7.2).

Proof. As the first term (involving D2 N ) on the right-hand side of (7.2) is non-negative, we only have
to show that the last two terms have a non-negative sum. For this we rearrange terms as follows:

4

8,Ne(p,7)p+0,Ng(p,7)5 = (~pd,NE) <( —@)% — g) + (Va'yNE‘i‘(l_@)papNE)%‘
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The right-hand side is the sum of two products, both of which are non-negative. Indeed, the first product
equals 0 in the case d = 1 independently of the sign of d, N, because the second factor is 0. In the
case d > 2 both factors are non-negative (using 9, Nz < 0 and the second curvature estimate in
(7.3)), so the first product is non-negative again.

In the second product both terms are non-negative by Proposition [6.2(B) and the first curvature estimate

in (7.3). Thus, € > 0in (7.2) is proved. [

7.2 The main results on geodesic \-convexity

We are now ready to establish our main result on the geodesic convexity of functionals & given in terms
of a density /. We now make our general assumptions of £ precise.

E : 0,00 = R U {oo} is lower semi-continuous, convex,

. (7.42)
E(0) = 0, and there exists ¢, > 0 such that E(c,) < oo.

We also want to include the case that £ is not necessarily superlinear, so we introduce the recession
constant .
E! = lim —E(c) € RU {oo}.
c—0o0 C
The case E/ = oo is the superlinear case where the functional & (1) is always +o0, if 1 has a
singular part, i.e. u* # 0 in the decomposition jo = c¢£% + pt with ut L L9,

We introduce a closed (convex) domain €2 C R?, and we consider the set of measures L with support

contained in 2, which we identify with M (2). In the case that the right derivative E, := lig)l —FE(c) of
cl0 ¢

E at 0 is not finite, we further have to impose that €2 has finite Lebesgue measure. Therefore, we will
assume that
() is a closed convex set with nonempty interior and

P , (7.4b)
(2is also bounded, i.e. £L(2) < oo, if By = —o0.
Thus, the functionals & are defined as follows
E(n) = / E(c(x))dz + El_p=(Q) for p= cL%p® with pt L L9, (7.5)
Q

It is well known that guarantees that & is a weakly lower semi-continuous functional on M(£2). In
particular, condition is necessary to guarantee that the negative part x — min{ F(c(z)),0}
is integrable, because for ¢ € L'() the functions = — —+/c(z) may not lie in L' (Q). We refer to
Example [7.4]for a case where can be avoided by using a confining potential.

We are now in the position to formulate our main result on the geodesic \-convexity of integral
functionals & on the Hellinger—Kantorovich space (M(€2), HK). The proof consists of three steps.
First, we assume that E is twice continuously differentiable in its domain. Restricting to geodesic
curves connecting absolutely continuous measures, we can use the above differentiable theory giving
€ > 0. In Step 2, we generalize to possibly non-differentiable density functions £/, but keep absolutely
continuous measures. For smoothing a given £/, we use that whenever L' solves the conditions
and then ¢ — E(rc) does so for each € [0, 1]. With a multiplicative convolution we construct a
smooth E’5 to which Step 1 applies. Finally, Step 3 handles the case where ué or uf are non-zero by
a standard approximation argument of general measures using absolutely continuous measures.
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Theorem 7.2 (Geodesic convexity of &) Assume that E : [0, 0o — RU{occ} and Q) C R? satisfy
(7.4a) and (7.4b), respectively. If for a A, € R the function

d+2

A
) - _727 forpafy > 07

Ni..e(p,7) = (B)dE(7 5

¥ p?

satisfies the conditions (1.25b) and (1.25c), then the functional & defined in is geodesically
A«-convex on (M(Q2), HK).

Proof. Without loss of generality, we set A, = 0 throughout the proof and shortly write N = N, g.

Step 1: The smooth and absolutely-continuous case. We first assume that £ is twice continuously
differentiable in the interior |0, cg| of its domain and that the measures 1y and j; are absolutely
continuous with respect to £%, i.e. u1; = ¢;£% for ¢; € L1(Q).

We fix s € (0, 1) adopting the notation of CoroIIary Then, the geodesic curve t — ji; = c(t, )L
satisfies

as(t, )
ds(t, )

with e(t,z) = Ng(p(t,z),~(t,x)) as above. We want to show that for a.a. € €2 the function
t — e(t, z) is convex.

é"(ut):/QE(c(t,y))dy:/ﬂE(cs(a:) )5S(t,x)dx:/e(t,x)dx

Q

As shown in Theorem the functions ¢ — ¢(t, ) = co(x) g‘((fz)) = 7(t,2)??2/p(t,z)? are either

constant or strictly convex. If the function ¢(-, x) is constant then either co(z) = 0 or (p(+, x), (-, z))
is constant. In both cases, e(+, =) is constant as well, and hence convex.

In the strictly convex case, the values of ¢(t, z) for t € |0, 1] lie in the interior of the domain of £,
where L' is twice differentiable. Hence, combining Propositionsand shows that t — e(t, z) is
convex for a.a. x € €. Since integration over {2 maintains convexity we conclude that ¢t — & (y;) is
convex, too.

Step 2: The nonsmooth but absolutely-continuous case. We still assume 1; = ¢;£%, but now consider
an E that is not necessarily twice differentiable, but still satisfies (7.4). We choose a function x €
C(R) satisfying x(r) > 0, f:; x(r)dr =1,and x(r) = 0forr ¢ [-2,—1]. Now for 6 € |0, 1/2]
we define the smoothings

Es(c) = /0 Xs(r)E(rc)dr, where xs(r) = éx(%(r—l)).

Hence, xs has support in [1—24d, 1—§]. If the closure of the domain of E is [0, cg], then Ej is well-
defined and C* on |0, c¢g/(1—0)[. Moreover, for all ¢ € [0, cg| we have Es(c) — E(c) for 6 \, 0.
We easily check, that Es still satisfies the assumption and (7-4). Moreover, Es(c) can be
estimated by E(c) via

3K >0V5€]0,1/4[Ve>0:  |Es(c)] < K(c+|E(0)]). (7.6)

To see this, we first consider the largest interval [0, ¢;][ on which E' is non-increasing. Then 0 =
E(0) > Es(c) > E(c) which implies with K = 1. If ¢; = oo then we are done. If ¢; < 00, then
F starts to increase and there exists ¢y € [c1, 00| with E(¢) > 0 for ¢ > ¢5. Using the construction
of Es, we obtain for all ¢ > 2¢y > ¢5/(1—24) the lower bound Es(c) > 0. Using we easily get
Es(c) < E(c).
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It remains to cover the case ¢ € [c1,3¢s]. If ¢; = 0then E(c) > 0 for all ¢, which means ¢, = 0 as
well, then (7.6) follows immediately from the above arguments. If ¢; > 0, a uniform continuity argument
gives the estimate | E5(c) — E(c)| < M for ¢ € [c1, 3¢a). Then, choosing K = M /¢, provides (7.6).

With this preparation, Lebesgue’s dominated convergence theorem implies

p=cLlwithc € L'(Q)and &(u) < 00 = / Es(c(z))de — &(u) as o | 0.
Q

Taking any constant-speed geodesic [0, 1] 3 ¢ — u; = c(t, -)£?, we know by Step 1 that the curves

es:t— /SzEg(c(t,x))d:r

are convex. As €5(t) — & (1) we conclude that t — & (f1;) is convex on [0, 1].
Step 3: Pure growth. The curve t —> t2u1 is the unique geodesic connecting 1o = 0 and y1. Using the
Lebesgue decomposition 1i; = ¢; L% + pi we see that

tes &) = &l LY +PE _pu*,

is convex on [0,1] by Step 2 for the first term and by E’ > 0. The nonnegativity of £/ =
lim._,o E(c)/c follows from (7.4a) and Proposition ), namely for ¢ > ¢, we have

1 1

EE(C) )

i) 1
;Y HDE(e,) — 0 for ¢ — oo.

C—2/(d+2)E(C) m N
C

Y

Step 4: The general case allowing for singular measures. Singular measures can only occur for £ with
sublinear growth. Hence, we assume E’_ € R from now on. In particular & is finite everywhere, and
using E(c) < E!_cwe have &(u) < EL_ ().

As in Corollary we consider an arbitrary geodesic (Mt)te[o,u connecting (o and ;. For a fixed
s € (0, 1), we decompose /15 as p2 + pt. Then, i, = fi; + fi; splits into two geodesics with disjoint
supports and fi; = 42 and fi; = u, see Corollary[5.6] Moreover, we have fi; 1 £% and fi; < £¢
forall ¢ € (0, 1). This implies the relation

& () = (i) + & (i) = & (fu) + EL ().

Since (fit)tc[o,1] is @ geodesic and the total mass functional .# (1) = 11(£2) is convex (see (1.27))
and E/_ > 0, the lastterm t — E’_J1,(2) is convex. Hence, it is sufficient to check the convexity of
t= & ().

Since fi; < L forall t € (0, 1), the function ¢ — & (i;) is convex in the open interval (0, 1) by Step
2. Hence, to show convexity on [0, 1] it is sufficient to check that

limsup &(iy) < &)  and  limsup & (1) < & (),
£40 11

because HK convergence implies weak convergence and & is weakly |.s.c.

Let us focus on the limit ¢ | 0 as the limit ¢ 1 1 is completely analogous. The problem is that 11, < £¢
fort € (0, 1) only, but 1o may have a singular part. Hence, we forget the decomposition 1, = iz + iy
and use a different one. Before that, we restrict to the case 1o(=") = 0 because on = we have pure
growth and this case is covered by Step 3.
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Now, we exploit the Lebesgue decomposition of g = puf + ué at t = 0 and consider two disjoint
Borel sets A, B C 2\ =* such that u3 = oL A and pg = juoL B. We define the corresponding
disjoints sets A, := T, ),(A) and B, := T,"),(B) as well as the measures v{* := p,L_ A, and
z/tB := L B;. By Theorem we obtain two geodesics v/, VtB concentrated on disjoint sets giving
E(uy) = EWP) +EWP). Since vt < L foreveryt € [0, 1) we deduce that t — & (1) is convex
up to 0 by Step 2. Concerning & (), we use & () < E’_u() and find
limsup &(vP) < E!_limsupr? (Q) = B/ v (Q) = £(P),
t10 t10

where we exploited v/’ L £% in the last identity.

This finishes the proof of the main theorem ]

The following result is a direct consequence of the main result by using the results of Examples [6.3]and
respectively. In particular, this establishes the result announced in [DiC20, Thm. 2.14].

Corollary 7.3 (Power-law functionals) Assume that ) C R? and E : [0, oo[ — R satisfy (7.4) and
let & be defined via (7.5).

(1) If E(c) = ¢™ withm > 1, then & is geodesically convex on (M(£2), HK).

(2) IFLYQ) < oo,d € {1,2}, and E(c) = —c? withd/(d+2) < q < 1/2, then & is geodesically
convex on (M(Q), HK).

Example 7.4 We have seen above that the density E(c) = —/c produces a geodesically convex
functional in dimensions d = 1 and 2, if L(2) < oo. The restriction of finite volume for ) can be
dropped by using a confining potential V' as follows: Let

&1 ya,v (1) :/ (—Vc()) dx—i—/ Vdp forp=cL+ put,
Rd Rd

where V € C(R?) satisfies form > d and A € R the lower bound V (x) > ag|z|™ — A on R%.
Then it is easy to see that & /2,v s well-defined and weakly lower semi-continuous.

Moreover, in [LMS186, Prop. 20] it was shown for a continuous V : R¢ — R withinf V > —oo that the
linear mapping 1 +— fRd V dy is geodesically Ay -convex on (M(S2), HKK) if and only if the mapping
V : [z, 7] — 12V (x) is geodesically \y -convex on the metric cone space (€, d¢ ). For smooth V, this
amounts to the estimate
V2V (z) + 2V (2)Iy; VV(x)
( VV(x)" 2V (x)
Thus, for V' satisfying both of the above assumptions, the functional &1 /2,v s geodesically Ay -convex
on (M(R?),HK) ford € {1,2}. Ford = 1 we may choose V (z) = a + |z|* with 3 > 0 and obtain
Av = 20

) > Avlagyr.

7.3 Necessity of the conditions on £

Theorem [7.2] states that the conditions and on the density ' : [0, 00) — (—00, +00] are
sufficient for the geodesic convexity of the integral functional &’. We finally show that the conditions are
also sufficient. To simplify the analysis we restrict ourselves to the smooth case where £ : dom(FE) —
R lies in C2. Thus, we can obtain conditions by differentiation along suitably chosen geodesic curves.
For this, the characteristic equations derived in Theorem 4.8 will be the main tool.
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Theorem 7.5 (Necessity of conditions on E) Consider a closed, convex domain €} C R? with
nonempty interior and a density function E : [0,00) — (—o0,+00| such that holds and
that E is C? on the interior of its domain. If the induced functional & : M(€)) — (—o0, +00] defined
in is geodesically convex on (M(2), HKK), then E satisfies the conditions (1.25).

Proof. We first observe that it is sufficient to show that for (p., v.) with ¢, = 727%/p? € int(dom(FE))
we have the inequalities

D?Ng(ps,v:) >0 and (d—1)9,Ng(p.,v«) < 0. (7.7)
By the scaling properties of Ng(p,y) = (p/v)4E(y*"4/p?) it is sufficient to look at the case
(P ) = (e, 617%).

The main idea is to construct suitable geodesic curves fi; such that the convexity of ¢ — & (p;) gives
the desired inequality. For this we choose a point z, € int(2) and r, > 0 such that Bs,, (z,) C €.
Without loss of generality we assume z,. = 0 and write B, in place of B,(x.) for r € (0, 3r.].

We further choose an s € (0, 1) and a smooth function &; € C3(Bgr*). Then, there exists ane > 0
such that there is a unique smooth solution £ : (s—¢&, s+€)x By, — R of the Hamilton—Jacobi
equation (2.4). With this & = £(¢,-) and r € (0, r,) we can construct a geodesic curve

(s—e,s+€) Dt 1 with p" = ¢, L B, and sppt(,uy)) C B,

of absolutely continuous measures p; = ¢\ (t, )L, see in CoroIIary. If necessary ¢ needs
to be reduced to avoid mass flowing outside Bs,.,. For this geode5|c we have

&) Z/QE(C(”(t,y))dyz/ e(t,z)dz with e(t, x) = Np(p(t, ©),7(, ),

where v(t, z) = c/*qy_(2) and p(t, z) = c/*qs () (65¢(2)) "/ with g and 0 from [@62). Note
that ¢, 9, and e do not depend on 7, cf. Theorem

By the smoothne(s)s of &, and hence of p and =, we may pass to the limit ~ | 0 in the convex functions
t— Ld(lBT)é"(utr )= Ld(B J5, e(t, x)dz. Thus, the limit

t—e(t,0) = Ng(p(t,0),7(t,0)) isconvexon (s—e, s+¢).

In particular, the second derivative is non-negative which means

0 < é(s,0) = wN(%Z”ﬂ@)@ﬂ+@me c/?)p+ 0, Ng(cl?, )5,

where now p = 0;p(s,0), ¥, p, and 7 are given by (4.62) and (5.13) in terms of £ only:

P (AL—dIDPEP
01/2 2

2+ AL, —L =2,

1/2
C*/

b
ol

!st!2 = V&%,

1/2

where & and its derivatives are evaluated at © = x,, = 0.

To obtain the convexity of Nz we can now choose the functions & such that p = 4 = 0, which is
the case for &,(z) = 2, which implies V&,(0) = 0, A& (0) = 2d3, and |D?E,|> = dS>.
Moreover, p and + can be chosen arbitrarily by adjusting o, 3 € R. Thus, D?N > 0 is established.

To prove the second estimate in (7.7) we may assume d > 2, as there is nothing to show for d = 1.
Choosing the function £, = a(2? — z2) we obtain p = ¥ =5 = O and p = —8ca 2/d. This

implies 8PNE < 0 and the theorem is established. ]
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7.4 A more direct sufficiency proof for2 < d < 4

The above proof of Theorem [7.2]strongly relies on differentiating e(¢, z) = Ng(p(t, ), (¢, z)) with
respect to t. In the case 2 < d < 4, this can be avoided since we have the curvature estimates

(@)t — (t,z)isconvex and (b)t > p(t,z) is concave, (7.8)

where we used d < 4 in (5.12) for (b). With (a) and (b), we can further exploit

(i) the convexity of N,
(i) the monotonicity of p — Ng(p,y) (non-increasing, cf. (T.25¢) for d > 2), and

(iii) the monotonicity of s — NE(51_4/d2,0, s7v) (non-decreasing, cf. Proposition .

Choosing tg, t1,6 € [0, 1] with ¢y < t1, we set ty := (1—0)ty + 0t; and have to show

Ni(p(te),(te)) < (1=0)Nu(p(to), v(to)) + ONE(p(t1),7(t1))- (7.9)

We start with the right-hand side and use convexity (i) first:
(i)

(1=0)Ng(p(to), ¥(to)) + ONp(p(t1), ¥(t1)) = Ne((1-0)p(to)+0p(t1), (1-0)7(to)+07(t1)).

With the convexity (a) of 7y we have s := (tg)/[(1—8)7(to)+6~(t1)] € [0,1] and continue

Ni((1=0)p(to)+0p(t1), (1-0)7(to)+07(t1))
2 N (s5Y [(1-0)p(to) +0p(t1)], s[(1-0)y(ta)+07(11)])

= Np (' [(1-0)p(to) +0p(t1)], 7(ts)).
Using the monotonicity (ii) (for d > 2) we can increase the first argument using gl—4/d? < 1 (because
of s € [0, 1] and d < 4) and then exploit the concavity in (b) of p (i.e. p(tg) > (1—0)p(to)+0p(t1))
giving

(i), (a+b)

N (s [(1=8)p(to) +6p(t)] () = Ni(plto),(t)).

Thus, we have proved the desired convexity (7-9) for the case d € {2, 3, 4}.
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