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Fine properties of geodesics and geodesic A-convexity for the
Hellinger—Kantorovich distance
Matthias Liero, Alexander Mielke, Giuseppe Savaré

Abstract

We study the fine regularity properties of optimal potentials for the dual formulation of the Hellinger—
Kantorovich problem (HK), providing sufficient conditions for the solvability of the primal Monge formulation.
We also establish new regularity properties for the solution of the Hamilton—Jacobi equation arising in the
dual dynamic formulation of HK, which are sufficiently strong to construct a characteristic transport-dilation
flow driving the geodesic interpolation between two arbitrary positive measures.

These results are applied to study relevant geometric properties of HK geodesics and to derive the
convex behaviour of their Lebesgue density along the transport flow.

Finally, exact conditions for functionals defined on the space of measures are derived that guarantee the
geodesic A-convexity with respect to the Hellinger—Kantorovich distance. Examples of geodesically convex
functionals are provided.
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1 Introduction

In [LMS16, LMS18] the Hellinger—Kantorovich distance (in [KMV16, ICP*15, ICP*18, |GaM17] it is
also called Wasserstein—Fisher—Rao distance or Kantorovich—Fisher-Rao distance in [GaM17]) was
introduced to describe the interaction between optimal transport and optimal creation and destruction
of mass in a convex domain of R%. Here we further investigate the structure of (minimal) geodesics,
and we fully analyze the question of geodesic A-convexity of integral functionals with respect to this
distance.

The Hellinger—Kantorovich distance can be considered as a combination, more precisely the inf-
convolution, of the Hellinger—-Kakutani distance on the set of all measures (cf. e.g. [Sch97]) and the L2
Kantorovich—Wasserstein distance, which is well-known from the theory of optimal transport, see e.g.
[AGS08, [Vil09]. Throughout this text, we denote by M(Rd) all nonnegative and finite Borel measures
endowed with the weak topology induced by the canonical duality with the continuous functions
Co(IR?) decaying at infinity. While the 1.2 Kantorovich-Wasserstein distance W (1, 111) of measures
o, 1 € M(R?) requires 1o and p; to have the same mass to be finite, the Hellinger—Kakutani
distance, which is defined via

du.;
H(po, p11)* = /d (\/9 — \/0_1)2d(uo+u1), where 0; = d#
R

(totpa)’
has the upper bound H( g, 111) < o(R?) + 1 (R?), with equality if 119 and j1; are mutually singular.

As a generalization of the dynamical formulation of the Kantorovich—Wasserstein distance (see [BeB00]),
the Hellinger—Kantorovich distance HK, s can be defined in a dynamic way via

1
Ha(j10, 11)? = inf{ / / (| T(t, 2) [P +BE(t 2)%) dpag () dt (1.1)
t=0 J R4
' p € C([0,1]; M(RY)), o = po, pu=1 = p11, (9CE) holds},

where T : (0,1) x R — R%and ¢ : (0,1) x R? — R are Borel maps characterizing the generalized
continuity equation

(9CE) %u + o div (uY) = Bép,
formulated in a distributional sense. The parameters o > 0 and 3 > 0 allow us to control the relative
strength of the Kantorovich—Wasserstein part and the Hellinger-Kakutani part, i.e. HK, 3 is the inf-con-
volution of Koo = =W and Ko s = —=H, see [LMS18, Rem.8.19]. Subsequently, we will restrict
to the standard case o« = 1 and 5 = 4, since the general case can easily be obtained by scaling the
underlying space IR¢. We will shortly write HK instead of H; 4.

It is a remarkable fact, deeply investigated in [LMS18], that the HK distance has many interesting
equivalent characterizations, which highlight its geometric and variational character. A first one arises
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Fine properties of geodesics and geodesic A-convexity for the Hellinger—Kantorovich distance 3

from the dual dynamic counterpart of (1.1) in terms of subsolutions of a suitable Hamilton—Jacobi
equation:

1

W 1) = sup{ elr ) — [ €0 )am € € Cx(0.1] xR,
Re 5 Rdl (1.2)

§5+§|V5|2+252§0 in [0, 1] de}.

By expressing solutions of (1.2) in terms of a new formula of Hopf-Lax type, one can write a static
duality representation

HC® (110, p11) = sup { /

Rd

(1-e)du - [

d(ezw0 — 1)dpo ‘
R

20,01 € CoRY), g1 (w1)=po(w0) < Lalwr—z0)} (13

associated to the convex cost function Ly (z) := £ log(1 + tan?(|z|)) which forces |z| < /2. The

subdifferential ;
DL, (z) = 9Ly (2) = tan(z) := tan (|2|) B

z

and its inverse w +— arctan(w) will play an important role. We continue to use bold function names

for vector-valued functions constructed from real-valued ones as follows:

x
x|

A third crucial formula, which we will extensively study in the present paper, is related to the primal
Monge formulation of Optimal Transport, and clarifies the two main components of HK arising from
transport and dilation effects. Its main ingredient is the notion of dilation-transport pair (T', q) : R¢ —
R? x [0, 00) acting on measures 11 € M(R?) as

foramap f : R — Rwith f(0) = Owe set f : R? = R%via f(z) := f(|z|) (1.4)

(T,q)st :=Ty(q* - 1), (T,q)eu(A) := / ¢*dp forevery Borel set A C RY. (1.5)
T-1(4)

The Monge formulation of HK then looks for the optimal pair (1", ¢) among the ones transforming /1o
into 111 by (T, q)«pt0 = f41 which minimizes the conical cost

C(T, q; o) = /

R4

(1 + ¢*(z) — 2q(x) cosy /2 (]T(a:‘)—x\)) dpg(x), (1.6)

where cos; /(1) := cos (min{r, 7r/2}). As for the usual Monge formulation of optimal transport,
the existence of an optimal dilation-transport pair (1", ¢) minimizing requires more restrictive
properties on L, 1 Which we will carefully study. It is worth noticing that the integrand in has a
relevant geometric interpretation as the distance dy on the cone space € over R? (cf. (2.5)) between
the points [z, 1] and [T'(z), ¢(x)] and suggests that HK induces a distance in M(R?) which plays
a similar role than the L2 Kantorovich-Rubinstein-Wasserstein distance in P,(IR?). The dynamic
formulation (1.1), moreover, suggests that its minimizers (Mt)te[o,u should provide minimal geodesics
in (M(R?), KK) which behave like dilation-displacement interpolations between 11y and /.

Inspired by the celebrated paper [McC97|, we want to study the structure of such minimizers and to
characterize integral functionals which are convex along such kind of interpolations.
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1.1 Improved regularity of potentials and geodesics

In the first part of the paper we will exploit the equivalent formulations of HK in order to obtain new
information on the regularity and on the fine structure of the solutions to (1.3), (1.2), and (1.6).

More precisely, we will initially prove in Section (3| that the optimal HK potential  is locally semi-
convex outside a closed (d—1)-rectifiable set, so that when jy < £¢ and y; is concentrated in a
neighborhood of supp( o) of radius /2 the Monge formulation (1-6) has a unique solution.

After the transformation &, := %(e‘f’o — 1) (which linearizes the second integrand in the duality formula
(1-3)), we also obtain a family of maps, for ¢ € [0, 1],

Tyoifa) = o+ aretan (5] () o= (L26(@) + VEEE. (1)

with the following properties:

1 (Tv-1, Go—s1) is the unique solution of (T.6) and provides the beautiful formula

H (10, 1) =/

R

(488 + Iveol?) dn (1.9

showing that the (closure of the) space of Ci(Rd) functions with respect to the Hilbertian norm

2 _ 2 2
60y = [, (462 +1V€R) dn (19

provides the natural notion of tangent space TanuM(Rd) and a nonsmooth Riemannian formal-
ismin (M(R?), HK) as for the Otto calculus in (Py(RY), W5).

2 The curve i = (Tot, ot )« Lo iS an explicit characterization of the geodesic interpolation
solving (T-7). A crucial fact is that for jg-a.e. = the curve [T, (), go—¢ ()] is a geodesic in
the cone space € interpolating the points [z, 1] and [Ty_,1 (), go—1(x)].

It is then natural to investigate if the potential £, can be used to build an optimal solution &; of (1.2),
which should at least formally solve the Hamilton-Jacobi equation

1
0,&, + §]V5t\2 +2¢2 =0 on the support of sz in (0,1) x R (1.10)

This problem will be investigated in Section |4}, by a detailed analysis of the regularity of the forward
solutions to ((1.2) provided by the generalized Hopf-Lax formula (see (4.2))

(1.11)

() = £(t,2) = (26) (1) = - A (16()) () = inf (1~ % )

yeRrd 2t
It is well known that one cannot expect smoothness of such a solution; however, the particular structure
of transport duality suggests that the final value &; given by (1.77) corresponds to the optimal potential
1 of the dual formulation (1.3) via the transformation §; = %(1 — e~2#1), so that the initial and final
optimal potentials £, and &; are simultaneously linked by the forward-backward relation

& = P&, &o=%1(&) where Zy(n) := — P (—n) is the backward flow. (1.12)

DOI 10.20347/WIAS.PREPRINT.2956 Berlin 2022



Fine properties of geodesics and geodesic A-convexity for the Hellinger—Kantorovich distance 5

Following the approach of [Vil09, Cha. 7] (see also [LMS18| Sec. 8]) and using the reversibility in time
of geodesics, we can add to the family of forward potentials &; given by ({.17) the crucial information
provided by the backward solutions &; starting from &;:

Et = ﬁl—tgl = _yl—t(_gl) fort € [0, 1] (113)
In general, & and &, do not coincide for ¢ € (0, 1) but still satisfy
ft(x) > gt(x) in (Oa 1) X Rd? 50 = gOa 51 = gl' (1.14)

The crucial fact arising from the optimality condition (1.12), and the geometric property of the geodesic
(14t)iepo,1) is that for every ¢ € [0, 1]

the support of 4, is contained in the contactset =, := {z € R | &(z) = &(x) }.

On the contact set (Et)te[o,u, we can combine the (delicate) first- and second-order super-differentiabili-
ty properties of &; arising from the inf-convolution structure of (1.11) with the corresponding sub-
differentiability properties exhibited by &;.

Using tools from nonsmooth analysis, we are then able to give a rigorous meaning to the characteristic
flow associated to (1.70), i.e. to the maps t — T'(¢, ) = Ts_(:), t — q(t,-) = gs—(+) solving (we
omit to write the explicit dependence on x when not needed)

T(t) = V&(T (1)),
q(t) = 26(T())q(t),

Moreover, we will prove that T’_,; is a family of bi-Lipschitz maps on the contact sets obeying a natural
concatenation property. As can be expected, the maps T_.;, gs_,; provide a precise representation of
the geodesics via 11 = (Ts_yt, Gs—t )« fts for all s, ¢ € (0, 1). In particular (Ts_¢, ¢s—¢) is an optimal
dilation-transport pair between (s and f; minimizing the cost of (1.6).

in(0,1), T(s,x) ==, q(s,x) = 1. (1.15)

Using this valuable information, in Section [5 we obtain various relevant structural properties of geode-
sics in (M(R?), HK) such as non-branching, localization, and regularization effects. In particular,
independently of the regularity of o and j1, we will show that for s € (0, 1) the Monge problem
between p; and pg or between s and p; always admit a unique solution, a property which is well
known in the Kantorovich—-Wasserstein framework.

Surprisingly enough, despite the lack of global regularity, we will also establish precise formulae for
the first and second derivative of the differential of T’;_,; (and thus the second order differential of &;)
along the flow, which coincides with the equations that one obtains by formally differentiation using the
joint information of the Hamilton—Jacobi equation (1.10) and assuming sulfficient regularity. For
instance, differentiating in time the first equation of and differentiating in space one finds

T(t) = O,VE&(T (1) + DGVE(T(E), 9,VE = —D?GVE + 46 Ve,
which yield

T(t) = 4&(T (1)) VE(T'(1)). (1.16a)

For q(t), B(t) := DTs_,, and its determinant 6(¢) := det B(t) similar, just more involved, calculations
yield the crucial second order equations

G(t) = [V&(T () Pq(t), (1.16b)
B(t) = —4(% @ VE + ftD2§t> o T(t) - B(t), (1.160)
o(t) = ((Aft)Q — [D%¢[” — 4|VE&|* - 4ftA§t> oT'(t) - 4(t). (1.16d)

DOI 10.20347/WIAS.PREPRINT.2956 Berlin 2022
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In our case, even though we do not have enough regularity to justify the above formal computations, we
can still derive them rigorously by a deeper analysis using the variational properties of the contact set.
Even if our discussion is restricted to the Hellinger—Kantorovich case and uses the particular form of
the Hopf—Lax semigroup and its characteristics (1.7), we think that our argument applies to more
general cases and may provide new interesting estimates also in the typical balanced case of Optimal
Transport.

Such regularity and the related second order estimates are sufficient to express the Lebesgue density
¢, of the measures ; and thus to obtain crucial information on its behavior along the flow. In particular,
Corollary 5.5 shows that c(t, -) is given by

c(t )], g ) = (5, )?:éf;) with (1.17a)
as(t, ) = (142(t—5)&(2))* + (t—8)?|VE(2)|? = qosi() (1.17b)
ds(t, x) == det(DTs_(x)), (1.17c¢)

and the time-dependent dilation-transport mapping T_.;, ¢s_.; are given in terms of £ via and
the analog of ({.7). In particular, we will show that if 11, < £¢ for some s € (0, 1) then u; < L9
for every t € (0, 1) and combining (1-16b), (1.16¢), and (1.77a) we will also prove that ¢; is a convex
function along the flow maps T%_,;.

1.2 Geodesic \-convexity of functionals

The second part of the paper is devoted to establish necessary and sufficient conditions for geodesic
A-convexity of energy functionals & defined for a closed and convex domain €2 C R? with non-empty
interior in the form

/E Ndx + E_pu(Q) for p = cL%pt with - L L9, (1.18)

where E/_ :=lim. ,,, E(c)/c € RU {400} is the recession constant and E(0) = 0 holds.

In [LMS186), Prop. 19] it was shown that the total-mass functional .7 : u — p(R?) has the surprising
property that it is geodesically 2-convex and —.7 is geodesically (—2)-convex, i.e. it is exactly
quadratic along KK geodesics 7 : [0, 1] — M(IR?), namely

M (y(1)) = (1=t). A (4(0)) + t.4 (7(1)) — t(1=t)HK(7(0),y(1))* for t € [0,1].  (1.19)

Thus, as a first observation we see that a density function E generates a geodesically A-convex
functional & if and only if £y : ¢ — FE(c) — Ac generates a geodesically convex functional (i.e.
geodesically 0-convex). Hence, subsequently we can restrict to A = 0.

To explain the necessary and sufficient conditions on E for & to be geodesically convex, we first look
at the differentiable case, and we define the shorthand notation

eo(c) = E(c), ei(c) =cE'(c), ex(c) =c*E"(c).

For the Kantorovich—Wasserstein distance W the necessary and sufficient conditions are the so-called
McCann conditions [McC97]:

ea(c) > ——(g1(c) —eo(c)) > Oforallc >0

(1.20)

r +— r4E(r~%) is lower semi-continuous and convex and
— (d—1)r?E(r=%) is non-increasing on |0, oo|,
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see also [AGS08, Prop. 9.3.9]. For the Hellinger—Kakutani distance we simply need the condition
2e5(c) +e1(c) >0 «— (r — E(r?)is convex). (1.21)

In the case of differentiable £/, our main result yields the following necessary and sufficient conditions
for geodesic convexity of & on (M(R?), HK), see Proposition

(d—1)(e1(c) —eo(c)) >0 and B(c) >0 forallc> 0, (1.22)

where the matrix B(c) € R2%? is given by

sym

B(c) = ( e2(c) — L (e1(0)—e0(c)  eale) — L (er()—eo(e)) ) |

ea(c) — 3 (e1(c)—eo(c)) ea(c) + e1(c)

We immediately see that the non-negativity of the diagonal element B1;(c) gives the first McCann
condition in (T-20), and Bs2(c) > 0 gives (T-27). However, the condition B(c) > 0 is strictly stronger,
since e.g. it implies that the additional condition (d+2)e1(c) — 2g0(¢) > 0 holds, see (6.2). This
condition means that ¢ — ¢~2/(472) () has to be non-decreasing, which will be an important building
block for the main geodesic convexity result.

Indeed, our main result in Theorem [/.2}is formulated for general lower semi-continuous and convex
functions £ : [0, oo[ — R U {oo} without differentiability assumptions. The conditions on E can be
formulated most conveniently in terms of the auxiliary function N : 0, co[* — R U {oc} defined via

2+d
Pyd (7Y
Np(p,y) = () E(—d ) (1.23a)
v p
Then, & defined in is geodesically convex if and only if N satisfies
Ng :]0,00[> = R U {oo} is convex, and (1.23b)
p — (d—1)Ng(p,y) is non-increasing. (1.23c)

The McCann conditions (1.20) are obtained by looking at Ng(+,~y) for fixed -y, while the Hellinger—
Kakutani condition (T-27) follows by looking at s — Ng(sp, s7y) for fixed (p, 7).

The proof of the sufficiency and necessity of condition (1.23) for geodesic convexity of & is based on
the explicit representation (1.17) of the geodesic curves giving

8(u(t)) = / E(c(t.y))dy /

Q

a(t, ) )

e(t,z)dx where e(t, z) := d5(t, x) E<Cs($) 3y(t, )

By definition, we have a,(t,z) > 0, and Corollary |5.5 guarantees (¢, z) > 0. Hence, we can
introduce the two functions

Y(t,2) = (ca(@)as(t,2)) " and  p(t,2) = (cs(@)as(t 2)) 0,1, 2)7,

which connect the densities e(t, z) with the function Ny defined in (1.23d) in the form

) = Ne(p,).

«
C —

e:(FE( 5

For smooth E we have smooth Nz and may show convexity of ¢ — e(t, x) via

opett.) =& = (02l (1) (7)) + (Dt (£)) 20

DOI 10.20347/WIAS.PREPRINT.2956 Berlin 2022
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By convexity of N, the term involving D2 N is non-negative, so it remains to show

pNE(p, V)P + 0, Ne(p,7)5 = 0. (1.24)

To establish this, we use first that the scaling property Nz(s'7%2p, s7) = s2Ng(p, ) forall s > 0
(which follows from the definition of N via E) and the convexity of Ny imply

(1-4/d*) p9,Ng(p,~) +~,Ne(p,7) > 0, (1.25)
see Proposition Second, we rely on a nontrivial curvature estimate for (p, ), namely

(4 504 4 5t

7(71-)20 and :0(7x)§(1__>7(7x>

2t 7) p(t, ) ()

d
Estimates (1.26) are provided in Proposition[5.7]and strongly rely on the explicit representation and the
regularity properties of the geodesics developed in Sections [4|and

Combining with 9,Ng(p, ) < 0, the desired relation easily follows, see Section[7} Finally,
a simple integration over R? provides the convexity of ¢ — & (ju(t)). Note that we have indeed the
bigger factor (1—4/d?) in while the curvature estimate in has the smaller and hence
“petter” factor (1—4/d).

(1.26)

As a consequence, we find that the power functionals &, with E,,,(c) = ¢™ with m > 1 are all
geodesically convex, see Corollary [7.3] This result was already exploited in [DiC20, Thm.2.14]. We

can study the discontinuous “Hele-Shaw case” F(c) = —\c for ¢ € [0,1] and E(c) = oo for
¢ > 1. Moreover, in dimensions d = 1 or 2 the densities E,(c) = —c? with ¢ € [7%5, 3] also lead to

geodesically convex functionals &7, see again Corollary[7.3]

1.3 Applications and outlook

In [Ele21] and [LaM22], the JKO scheme (also called minimizing movement scheme) for a gradient
system (M(2), K, g, &) is considered, i.e., for 7 > 0 we iteratively define

. 1
pie € Arg Min{ -HC (s 1ye, ) + E () | 1 € (@) } (1.27)

and consider the limit 7 | 0 (along subsequences) to obtain generalized minimizing movements
(GMM) (cf. [AGS05]). Under suitable conditions, including the assumption & (1) = [, (E(c) + cV) dx
with 1 = c¢£L? and E superlinear, it is shown in [Fle21, Thm.3.4] that all GMM 1 have the form
u(t) = c(t)L4, and the density c is a weak solution of the reaction-diffusion equation

Oe = adiv (cV(E'(¢)+V)) — Bu (E'(c)+V) inQ, c¢V(E'(c)+V)-n =0 on .

In [Li06], the equation u; = 0 = Au + aulog u + bu is studied, whose solutions are steady states
for HK gradient flows for &' (u) = f]Rd ulogu dz. We also refer to [PQV14, [DiC20], where equation
(T-27) was studied for E(c) = =¢™ — Acand V' = 0. The linear functional ®(x) = [,V (z)dp
for a given potential V' € CO(Rd) can easily be added, as its geodesic \-convexity is characterized
in [LMS16), Prop. 20]. Note that the existence result in [DiC20] is based on our main convexity result,

proved here for the first time.

In [LaM22] it is shown that the GMM for the gradient system (M(€2), HKK,, 3, &) are EVI, solutions in
the sense of [MuS20]. Again the main ingredient is the geodesic A-convexity of & in the form (1.18)
contained in our main Theorem
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Main notation

M(X), Ma(X) finite positive Borel measures on X (with finite quadratic moment)
P(X), Pa(X) Borel probability measures on X (with finite quadratic moment)
Ty push forward of 4 € M(X)byamap T : X — Y:
p=cLd 4 pt Lebesgue decomposition of a measure uM(R?)

Cp(X) continuous and bounded real functions on X

cosq (1) truncated function cos (min{a, r}) a > 0 (typically a = 7/2)
W (g1, p12) Kantorovich—Wasserstein distance in P2 (X)

sin, tan, arctan, - - - vector-valued version of the usual scalar functions, see

HK (a1, p2) Hellinger—Kantorovich distance in M (X): Section

(€, dge), 0 metric cone on R? and its vertex, see Subsection m

W e L?-Kantorovich-Wasserstein distance on P»(€) induced by dg¢
X, r coordinate maps on &, see Subsection[2.1.2

79, 7l coordinate maps on a Cartesian product Xo x X1, 7(zg, 21) = x;
b homogeneous projection from Mz (&) to M(R?), see

Si, Sl 81, ST%, i, il see @12)-@13)

(T, q) action of a dilation-transport map, Def.

ACP([0,1]; X) space of curves x : [0, 1] — X with p-integrable metric speed
o5, Tk forward and backward IL-transform for cost function L, see
D., D! domains of V; and D?¢;, see Theorem

Es = PE & = RE  for- and backward solution of Hamilton—Jacobi equation, (@.2),
= contact set of forward and backward solutions &, Es, see (4.39)
(Ts—>t, qs_>t) dilation-transport map induced by for- and backward solutions, Theorem

2 The Hellinger—Kantorovich distance

In this section, we recall a few properties and equivalent characterizations of the Hellinger—Kantorovich
distance from [LMS16, ILMS18], that will turn out to be crucial in the following.

First, we fix some notation that we will extensively use: Let (X, dx ) be a complete and separable
metric space. In the present paper X will typically be R¢ with the Euclidean distance, a closed convex
subset thereof, the cone space € on R? (see Subsection , product spaces of the latter two, etc.
We will denote by M(X') the space of all non-negative and finite Borel measures on X endowed with
the weak topology induced by the duality with the continuous and bounded functions of Cy,(X). The
subset of measures with finite quadratic moment will be denoted by M. (X'). The spaces P(X) and
P2(X) are the corresponding subsets of probability measures.

If p € M(X)and T : X — Y is a Borel map with values in another metric space Y, then T}
denotes the push-forward measure on M(Y"), defined by

Ty(B) :== (T~ (B)) for every Borel set B C Y. (2.1)
We will often denote elements of X x X by (¢, z1) and the canonical projections by 7 : (g, z1) —

x;, 1 = 0, 1. A coupling on X is a measure v € M(X x X) with marginals ~; := wéﬁy.
Given measures [ig, (11 € Mz (X) with equal mass 1o(X ) = u1(X), their (quadratic) Kantorovich—
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Wasserstein distance W x is defined by

Wi (pto, 11)? := min { //dx(»’UOaxl)Qd”/(xoafCl) ’

2.2)
v € M(XxX), Wé"}’ =y, 1 =0, 1}.

We refer to [AGS08] for a survey on the Kantorovich—Wasserstein distance and related topics.

2.1 Equivalent formulations of the Hellinger—-Kantorovich distance

The Hellinger—Kantorovich distance was introduced in [LMS18, LMS16] and independently in [KMV16]
and [CP*18,ICP*15]. It is a generalization of the Kantorovich—Wasserstein distance to arbitrary non-
negative and finite measures by taking creation and annihilation of mass into account. Indeed, the
latter can be associated with a different notion of distance, namely the Hellinger—Kakutani distance,
see [Hel09] and [Sch97]. In this sense, the Hellinger—Kantorovich distance should be viewed as an
infimal convolution of the Kantorovich—Wasserstein and the Hellinger—Kakutani distance, cf. [LMS18,
Rem. 8.19].

In [LMS18], five different equivalent formulations of the Hellinger—Kantorovich distance are given: (i)
the dynamical formulation, (ii) the cone space formulation, (iii) the optimal entropy-transport problem,
(iv) the dual formulation in terms of Hellinger—Kantorovich potentials, and (v) the formulation using
Hamilton—Jacobi equations. We will present and briefly discuss each of them below, as all are useful for
our analysis of geodesic convexity.

In the following, we consider the Hellinger—Kantorovich distance for measures on the domain R<.
However, it is easy to see that all arguments also work in the case of a closed and convex domain
Q2 C R% In particular, the latter is a complete, geodesic space.

2.1.1 Dynamic approach
A first approach to the Hellinger—Kantorovich distance is related to the dynamic formulation, which

naturally depends on two positive parameters «, 5 > 0: they control the relative strength of the
Kantorovich—Wasserstein part and of the Hellinger-Kakutani part (see [LMS18, Section 8.5]).

Definition 2.1 (The dynamic formulation) For every 11y, j1; € M(R?) we set

1
Kaolpn, o = min{ [ (@[Tt 456(0,00) )|
(2.3)

€ C([0, 1; M(R?)), pe—i = pi, (9CE) holdS},

where the generalized continuity equation for the Borel vector and scalar fields T : (0,1) x R¢ — R¢
and¢ : (0,1) x R? — R reads

(9CE) %;H— adiv(uY) = B&u inD'((0,1)xRY).
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Fine properties of geodesics and geodesic A-convexity for the Hellinger—Kantorovich distance 11

Notice that (2.3) yields in particular that 4+ = and & are (vector and scalar) measures with finite total
mass, so that the canonical formulation of (9CE) in D’((0, 1) xIR?) makes sense. For optimal solutions
one has Y (¢,z) = V&(t, ) and the dual potential solves the generalized Hamilton—Jacobi equation

B

o+ 5IVEP +5€2 =0 (2.9)

in a suitable sense [LMS18, Theorem 8.20].

A simple rescaling technique shows that it is sufficient to restrict ourselves to a specific choice of the
parameters « and [3. In fact, it is easy to see that for every # > 0 we have

Ha.5 (10, 1) = 0HKga 05 (110, 111)°.

Moreover, if A > 0 and the map H : R? — RY satisfies |H (xg)—H (z1)| = \zo—;1] for all
zo, x1 € R? we find
a5 (o, 11)* = Moz 5(Hypto, Hypn ).

Choosing A := +/4a/3, 0 = 4/, and setting KK := KK, 4 we get

4 4
"Ka,ﬁ(Mo,Ml)Q = E"K4a/6,4(uo,/i1)2 = E"K(Hﬁ/ma HuM1)2-

Therefore, in order to keep simpler notation, in the remaining paper we will mainly consider the case
a=1land g = 4.

2.1.2 Cone space formulation

There is a second characterization that connects HK with the classic Kantorovich—-Wasserstein distance
on the extended cone € := (R? x [0, oo[)/ ~, where ~ is the equivalence relation which identifies
all the points (z, 0) with the vertex o of €. More precisely, we write (g, 7¢) ~ (x1,71) if and only if
To = x1 and g = ry or rg = r; = 0 and introduce the notation [a:, r] to denote the equivalence class
associated with (z,7) € R? x [0, 0o|. The cone € is a complete metric space endowed with the cone
distances

da,¢(50a51)2 = 7“3 + 7“% - 27’07“1 COSz(’fﬁl—ﬂﬂoDy di = [in, ri]? ac (Oa 71—]7 (2-5)

see e.g. [BBIOT] Sect. 3.6.2], where we use the abbreviation cos,(r") := cos (min{a, r}). Notice that
the projection map (z,r) — [z, ] is bijective from R? x (0, 00) to €, := € \ {o}; we will denote by
(x, r) its inverse, which we extend to o by setting x(0) = 0, r(0) = 0.

The most natural choice of the parameter a in 2.5) is a := 7: in this case the cone (€, d,¢) is a
geodesic space, i.e., given 3; = [z;,7;], i = 0, 1, there exists a curve 3; = [z, 7] = geo, (30,31),
t € [0, 1], connecting 3 to 31 and satisfying

VO<s,t<1: dre(3s,3) = |t—5|dre(30,51)- (2.6)

If one of the two points coincides with o, e.g. for 3o = o, it is immediate to check that 3, = [x1, try]. If
ro,71 > 0 and |z1—x¢| < 7/2 then the unique geodesic curve reads (recall the convention in (1-4))

T R tv
Ty = ro((1+tu) + t%|v| ) , @ =0 + arctan( >,
1 . '
where u = — cos(|x1—z¢|) — 1 and v := — sin(z1—xy).
To To
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For example, if we operate the same construction starting from the one-dimensional set Q2 = [0, L] C R
with 0 < L < 7 we can isometrically identify the cone space over {2 with the two-dimensional sector
Yo ={y=(rcosz, rsinz) € R*|r >0, 2 € [0, L] } endowed with the Euclidean distance.
For L € |, 2| the identification with the sector still holds, but the sector ¥, is no more convex and for
xg, 1 € Q with |[zg—x1| > 7 the cone distance corresponds to the geodesic distance on the sector
Yq, i.e.the length of the shortest path in > connecting two points.

On the one hand, we can define a homogeneous projection b : M (€) — M(R?), via

o

bA == x;(rP)\) = / 2 \(-,dr), (2.8)

r=0

i.e. for every A € My(€) and ¢ € Cy(R?) we have
Cla)d(on) = [ ¢(o)dAGe.r).
R ¢

On the other hand, measures in M(R?) can be “lifted” to measures in M, (€), e.g. by considering the
measure 1 ® 0 for u € M(RY). More generally, for every Borel map  : R — |0, oo[ and constant
mg > 0, the measure A = myd, + 4 ® ﬁér(.) gives hA = p.

Now, the cone space formulation of the Hellinger—Kantorovich distance between two measures pi,
p1 € M(RY) is given as follows, see [LMS16, Sec. 3.

Theorem 2.2 (Optimal transport formulation on the cone) For g, 1 € M(Rd) we have

H (10, p11)? = min {Wn,c()\o, Ar)? ‘ Ai € Po(€), hA; = ,Ui} (2.9a)

= min { // dm@(ZO, 21)2d>\(2’0, Zl) ‘ []ZA = [Li}, (2.9b)
¢x¢

where by is defined in and h; X := h(miA) for A € My(€xE) andi = 0, 1.

The cone space formulation is reminiscent of classical optimal transport problems. Here, however, the
marginals \; of the transport plan A € M(€ x €) are not fixed, and it is part of the problem to find
an optimal pair of measures \; satisfying the constraints h\; = 1; and having minimal Wasserstein
distance on the cone space.

Remark 2.3 (Hellinger—Kantorovich space as cone) /n [LaM19], it is shown that the metric space
(M(R?); K) can be understood as a cone space over the geodesic space (P(R?), 3K) where the
spherical Hellinger—Kantorovich distance in P(R?) reads HK (v, 1) := arccos (1 — 1H (v, 11)?).
It would be interesting to analyze geodesic convexity properties of functionals & as in on this
space; see [LaM22] for a first result.

The cone space formulation in (2.9) reveals many interesting geometric properties of the Hellinger—
Kantorovich distance, e.g. Hellinger—Kantorovich geodesics are directly connected to geodesic curves
in the cone space &, see below. Moreover, it can be deduced that a sharp threshold exists, which
distinguishes between transport of mass and pure dilation (i.e. creation or destruction) of mass.
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Remark 2.4 The link between the dynamical formulation in (2.3) and the cone-space formulation in

(2.9) of the Hellinger—Kantorovich distance can be best seen from a Lagrangian point of view. Let
2

Lag, 3(X,mV,0) = Z|V]* + %QQ denote the rescaled Lagrangian in the definition of the dynamical

functional (2.3) corresponding to a curve of the form p, = r2(t)(5 x(t) and consider for fixed o, r1 > 0
and zo, v1 € R? the minimization problem

1
Maﬂ(an To; L1, 7‘1) '= min {/ Laga,ﬁ (X(8)7 T(S); X(S)7 T(S)) ds )
0
(X,7) € CH([0, 1; R'XRy ), X (i) = @, (i) =73, |-
It is not hard to check [LMS16, Sec. 3.1] that we obtain for (cv, 5) = (1,4) the explicit formula

|'K(,u0> ,U1)2 = M1,4(9607 To, 151,7’1) = dw,@([meO]a [$17T1])27

which is the Hellinger—Kantorovich distance of the two Dirac measures jiy = r20,, and ji; = 120, in
the case that |xo—x1| < 7/2.

When |zo—x1| > /2, one can always connect ji to j11 by the curve pi; := ((1—t)ro) 25900 + 12126,
(whose support is no longer concentrated on a single point) obtaining

l-K(,LL07 M1)2 =2= dw/2,¢([$0, 7“0], [$1, 7”1])27

and showing the role of the threshold 7 /2 instead of T in the computation of K.

The explicit computation of the previous remark is in fact a particular case of a general result [LMS18,
Lem.7.9+7.19].

Theorem 2.5 (Effective 7/2-threshold in the cone distance) Let 1, 111 € M(R?), if the measure
A € My(€x€) is an optimal plan for the cone-space formulation 2.9) then AL(E€XE) \ {(0,0)} is
still optimal and

)‘<{([$077‘o]7 [x1,71]) € ExE

T
rory > 0 and |xg—xq| > 5}) =0, (2.10)
so that

HK (p0, p11)* = min {Wn/m()\o, A1)? ‘ i € Po(C€), bA; = ,ui} (2.11a)

= min { // dﬂ—/27¢(207 Zl)Qd)\(zo, 21)
xe

Moreover, setting fori = 0, 1

S; = supp(p), SI7% = {z e R?|dist(z, S;) < 7/2},

(2

Sl=9,nST72  andS!:=S;\ S, @12
(see Figure[2.1)) with the related decomposition
po= gl = LS = L ST, and il = LS (2.13)
then we have that
HK (110, 11)* = HK (p1gy, 117)* + HK (ug, 1172, (2.14a)
HK (g, 17)” = g (RY) + p{ (RY) = po(R\ Sp) + pua (R \ ). (2.14b)
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/2

/2 Csuppyy | suppysy
S

Sr/2

Figure 2.1: The decomposition of the closed supports S; = supp ; of the measures u; = 1 +
as given in (2.73) with cut-off at /2. The open sets Sg/Q and Sf/z denote the 7/2-neighborhoods
of the supports S; and So, respectively, and 4} = 11;L(ST/2 N S,), 1 = p;L(S; \ S™/%) are the
corresponding restrictions of the measures ;.

Note that shows that the decomposition in (2.13)) is extremal with respect to the subadditivity
property in Lemma 7.8 of [LMS18], and shows that the computation of HK? between () and
1 is trivial, so that no information is lost if one restricts the evaluation of HK? to i, = LS} and
i} = py LS. Motivated by the above properties, we introduce the following definition of reduced pairs,
which will play a crucial role in our analysis of geodesic curves.

Definition 2.6 (Reduced pairs) A pair (110, j11) € M(R?)? is called reduced (resp. strongly reduced)

if11;(S) =0, i.e.p; = il fori = 0 and 1 (resp. if S; C Sfﬁ).

By definition the sets .S; = supp(u;) are closed and Sf/2 are open, such that S/ = 5, \ Sff is
closed as well, but S} = S; N Sff may be neither closed nor open. In the strongly reduced case
the condition S; C Sff means that, at least locally, the closed set S; has a positive distance to the
boundary of the open set Sff

Notice that for every (19, 11) € M(IR?)? the corresponding pair (1(,, 1} ) defined according to (2.12)—

(2-13) is reduced by construction. In fact, if = € .S, then there exists y € supp(p) with |z—y| < 7/2:
clearly y € S} so that dist(x, supp(u})) < dist(z, S]) < 7/2.

2.1.3 Dilation-transport maps

It is useful to express (2.11b) in an equivalent way, which extends the notion of transport maps to the
unbalanced case. It relies on special families of plans in A € M,(€?) with h; A = p; generated by
dilation-transport systems.

Definition 2.7 (Dilation-transport maps) Letv € M(Y'), where Y is some Polish space. A dilation-
transport map is a v-measurable map (T',q) : Y — X x [0,00) withq € L*(Y,v). It acts on v
according to this rule:

(T, q)wv == Ti(q’v) = H((T, q)wv), (2.15)

where the last identity involves the obvious generalization of the definition (2.8) of homogeneous
projection by from Ms(X % [0, 00)) to M(X).
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We notice that dilation-transport maps obey the composition rule
(T3, q2) (11, q1)v = (T, q)xv where T :=Ty0T1, q:= (2o T1)q. (2.16)

Dilation-transport maps provide useful upper bounds for the HK metric, playing a similar role of transport
maps for the Kantorovich—Wasserstein distance. In fact, for every choice of dilation-transport maps
(T;,q;) : Y — R? x [0,00),i = 0, 1, associated with the measure v € M(Y'), we have

HK? (1o, 1) < / (qé + ¢ — 2q0¢1 COSW/QQTO—TJ)) dv p; = (T;, q;) v (2.17)
%

In order to show (2.17) it is sufficient to check that the measure A € M,(€?) defined by
A= (T, qo; T, q1)sv, satisfies b = p;
so that (2.17) follows from (2.11b) and the identity

/ dr/2,¢(20, 21)2 d\ = / <q(2) + qf — 2¢oq1 cosﬂ/2(|T0—T1|)> dv. (2.18)
2 Y

On the other hand, choosing Y = €x € and an optimal plan v = A € My(€x ) for (2.11b)

and setting T; ([, 7o), [z1,71]) := 2; and ¢;([zo, 7o), [1,71]) = 7i, we immediately find

H (110, p11) =/

X<
and therefore equality holds in (2.17).

(qS + ¢ — 2q0¢ COSW/Q(‘TO_TID) dX,  wi = (T, qi)<\, (2.19)

Corollary 2.8 (FK via dilation-transport maps) For every jig, 11 € M(R?) we have

n—

(qg + q% — 2q01 Cosﬁ/2(|T0—T1|)> d)\) AeM(Y),
Cx¢

(2.20)
Y Polish, (T}, q;) : Y — Rx[0, +00), p; := (T;,ql-)*)\};

moreover, it is not restrictive to choose Y = €x € in (2.20).

Inspired by the so-called Monge formulation of Optimal Transport, it is natural to look for similar
improvement of (2.20), when Y = R%, v = pug, To(z0) = o is the identity map, and q(xq) = 1.

Problem 2.9 (Monge formulation of H problem) Given yg, 11, € M(R?) such that piy, = iy, i =
0 (recall @12) and ([2.13)), find an optimal dilation-transport pair (T',q) : R? — R% x [0, c0)
minimizing the cost

C(T, q; o) = /

g (1 + ¢*(z) — 2q(x) cosﬂ/z(\T(a:)—:U])) dpg(x) (2.21)

among all the dilation-transport maps satisfying (T, q)«jt0o = 41
By we have the bound
(s, 11)* < inf { (T 4; 10) (T @)atto =y }. (2.22)

When pg < L% and the support of ji; is contained in the closed neighborhood of radius 7/2 of
the support of 1, the results of the next section (cf. Corollary [3.5), which are a consequence of the
optimality conditions in Theorem [2.14] show that the minimum of Problem[2.9]is attained and realizes

the equality in (2.22).
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2.1.4 Entropy-transport problem

A third point of view, typical of optimal transport problems, characterizes the Hellinger—Kantorovich
distance via the static Logarithmic Entropy Transport (LET) variational formulation.

We define the logarithmic entropy density F' : [0, oo[ — [0, 00| via
F(s):=slogs—s+1 fors>0 and F(0):=1,
and the cost function L; : R — [0, oo] via

— log(cos®(r)) = log (14 tan*(r)) forr < 7/2,

. (2.23)
“+00 otherwise.

Li(x) = %€(|x|), lr) = {

For given 1, i1, € M(IR?) the entropy-transport functional &T( - ; 10, i11) : M(RIXR?) — [0, o0]
reads

ET(7; 1hos 1) ;:/

R4

F(oo)dug +/

F(oy)du + // 2L (xo—x1)dn (2.24)
Rd Rd x R4

with (7;)ym = oy < p;. As usual, we set ET(); o, p11) := +oc if one of the marginals (7;)yn of
7 is not absolutely continuous with respect to ;. With this definition, the equivalent formulation of the
Hellinger—Kantorovich distance as entropy-transport problem reads as follows.

Theorem 2.10 (LET formulation) For every jig, i1y € M(R?) we have
HK (120, 11)* = min {@“T(n; pos i) | 1 € M(R? x Rd)}. (2.25)
Moreover, recalling the decomposition (2.12)—(2.13),

(1) the pairs (110, p11) and (ug, ity) share the same optimal plans 1
Ho, H Hos H1

(2) if we set go(z0) := ([z0,1],0) and g1 (1) := (o, [z1,1]), every optimal plan ) € M(R4xR?)
for the entropy-transport formulation in induces optimal plans 3 (resp. 3') in M(&€x €) for
the pair (pio, 11) (resp. the reduced pair (i, 11})) via

B = (x0,00 % 01,00 m, B =B+ (g0)s s + (g1)s 41l (2.26)

An optimal transport plan 77, which always exists, gives the effective transport of mass. Note, in particular,
that the finiteness of T only requires (7;);m = 1; < j; (which is considerably weaker than the usual
transport constraint (m),m = ;) and the cost of a deviation of n; from p; is given by the entropy
functionals associated with F'. Moreover, the cost function £ is finite in the case |xo—z1| < /2, which
highlights the sharp threshold between transport and pure creation/destruction. Notice that we could
equivalently use the truncated function cos? ,(r) = cos*(min{r, 7/2}) instead of cos*(r) in (2:23).
As we have already seen, the function r — cosfr/Q(r) plays an important role in many formulae.

In general, optimal entropy-transport plans ) € M(Rded) are not unique. However, due to the strict
convexity of £, their marginals 7); are unique so that the non-uniqueness of the plan 7 is solely a
property of the optimal transport problem associated with the cost function (xq, z1) — 2L, (z1—2¢) =

((|z1—ol).
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Remark 2.11 Besides (2.26), the connection between the cone-space formation and the logarithmic
entropy-transport problem is given by the homogeneous marginal perspective function, namely

dﬂ-/gg([l‘o,’l“o], [1‘1, 7“1])2 = inf {T(Q)F(%) + T%F(%) + 29L1(l‘0—l’1) ‘ 9 > O},

where r? plays the role of the reverse densities 1 /o; and 0 is a scaling parameter, see [LMS18, Sec. 5].

We highlight that the logarithmic entropy-transport formulation (2.25) can be easily generalized by
considering convex and lower semi-continuous functions Iy and F'; and cost functions ¢, see [LMS18,
Part 1].

Applying the previous Theorem [2.10| we can refine formula (2.18) by providing an optimal pair of
dilation-transport maps solving (2.20) in the restricted set Y = Sy x S; C R¢xR?. Indeed, we can
choose arbitrary points z; € S; and

vi=1+ Mé)/@(sﬂh + 657()@//1/’
Ti(zo,21) := x5, qi(wo,11) = o7 2 () it (w0, 71) € xS, (2.27)
R0 = - i, ) 1 if (20, 21) € (SoxS1)\ (8,xS))

which satisfies

(T, @i)w = i, HC (10, p11) = / (q§ + ¢ — 2q0 COSw/2(|T0—T1|)> dv. (2.28)

Y

2.1.5 Dual formulation with Hellinger-Kantorovich potentials

In analogy to the Kantorovich—Wasserstein distance, we can give a dual formulation in terms of
Hellinger—Kantorovich potentials. We slightly modify the notation of [LMS18], in order to be more
consistent with the approach by the Hamilton—Jacobi equations (and the related Hopf—Lax solutions) of
Section [4|and to deal with rescaled distances. As we will study segments of constant-speed geodesics
t — pyoflength 7 =t—sfor0 < s <t < 1, it will be convenient to introduce a scaling parameter
7 > 0 that in certain parts will be replaced by 1, namely if we consider a whole geodesic. With this
parameter, we set

1 1 1
Fr(s) = 5-F(s), Le(w) = - lJzl),  T(m: po, ) = 56T (15 o, 1) (2.29)
and the corresponding
1 .
ZFKQ(uo,m) = min {é‘iTT(n; 1o, 1) |1 € M(Rded)}. (2.30)

It is clear that minimizers 7) of (2.30) are independent of the coefficient % in front of KK and coincides
with solutions to (2.25) if i1, = 1. The role of 7 just affects the rescaling of the potentials o and & we
will introduce below.

We also introduce the Legendre transform of F.

5 eQTtp -1 1 — 6727%,0

GT(SO) = F:(QO) = Sup s — FT(S) = 2—7 GT(SO) = = _GT(_SO)7 (231)
s>0 T
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extended to [—o0, +-00] by

G, (+00) = —G,(—00) = % G,(—00) = =G, (+00) = +00, (2.32)
and their inverses
: 1 1 y
G (€)= 5-log(1427€),  G(¢) = —5-log(1-27¢) = =G} (=9), (2.33)

defined for £ € [—%, +oo] and § € [—oo, %] respectively, with the obvious convention induced by
(2.32). With Theorem 6.3 in [LMS18] (see also Section 4 therein), we have the equivalent characteriza-
tion of HK via the dual formulation

1 .
2—|'K(uo,u1)2 = Sup {/ Gr<801>dul - / GT(SOO)dMo
T Rd Rd

@0, 01 € Co(RY), 1(21)~po(w0) < Lelm1—0) } (2342)
1 . 1
s { [ &= [ G| € CRY, swpes < oo infeo >
R4 Rd R4 27 Rd 2T

(1-27& (21)) (1427&(20)) > cosfr/2(|x0—x1|)}. (2.34b)

Note that the formulations in (2.34a) and (2.34b) are connected by the transformation & = G, (1),

& = G, (o) and the last condition in is equivalent to
G;l(fl(ml))—é;l(fo(l’o)) < L, (z1—x0). (2.35)

It is not difficult to check that one can also consider Borel functions in (2.34a) and (2.34b), e.g. for all
Borel functions ¢; : R — [—o00, +00] with

/ e 2™ dpu; < oo, >0 d iy < o0,
R R

(2.36)
©1(21) < L(21—20) + @o(x0) forall zg, 2, € R with |zo—z1| < 7/2,
we have 1
o K (no, ) > / G, (1) dpuy — / G, (o) dpto. (2.37)
T Rd Rd

If we allow extended valued Borel functions, the supremum in (2.34a) and (2.34b) are attained.

Theorem 2.12 (Existence of optimal dual pairs) For all jig, 11 € M(R?) and 7 > 0 there exists
an optimal pair of Borel potentials g, p1 : R¢ — [—00, +00] which is admissible according to (2.36)
and realizes equality in (2.37), namely

i"K(Mmﬂl)Q = /

2T R

Gl dp - / 6. (i20) dpt. 2.38)

Rd

The transformations & = G.(¢o) : R? — [=1/(27),+00], and & := G.(¢1) : R —
[—00,1/(27)], give an optimal pair for (dropping &; € Cy(R?)) satisfying

Rd
(1=27& (1)) (142780 (20)) > cos? jp(|wo—21]) if&o(w0) < 00, &i(21) > —00,  (2.40)
1
2_|'K(/l0,/11)2 = / §idur — [ &o dpo. (2.41)
T Rd Rd
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Remark 2.13 Denoting by S; := supp(u;) the support of y; for i = 0 and 1, we remark that it is
always sufficient to find Borel potentials ¢; : S; — [—o0, +00] satisfying on Sy xSy instead of
RIxR?, By setting ¢; := —ooin R?\ S} and @y := 400 in R\ S we obtain a pair still satisfying
and (2.38). This freedom will be useful in Theorem [2.14] below.

Moreover, notice that (2.34b) can be rewritten as

1

1
2T|-K(U07,U1)2 = sup{ P &odun — Sodpo ‘ & € Cy(RY), & > ——},
R4 R4

2T

where . ¢ is defined in (1.71). In particular, the operator &2, is directly connected to the dynamical
formulation in (2.3), and we will thoroughly study its properties in Section

2.2 First order optimality for KK

From the above discussion, we have already seen that there is never any transport over distances
larger than 7 /2. This transport bound will also be seen in the following optimality conditions for the
marginal densities o; defined in (2.24).

Theorem 2.14 (Optimality conditions [LMS18, Thm. 6.3]) Let 1o, 11 € M(R?) andlet S;, Si, SV, il
be defined as in (2.12)—(2.13). The following holds:

(1) Aplanm € M(R? x R?) is optimal for the logarithmic entropy-transport problem in (2.30) if and
only if
- [[ldn < o0

- its marginals 1); are absolutely continuous with respect to 1, (equivalently, n; are absolutely
continuous with respect to ji; and n;(S;') = 0),

- there exist Borel densities o; : RY — [0, 0o] such thatn; = o and

o,=0 onS!, (2.42a)

0<o;, <00 onS (2.42b)

o; = +oo onR*\ S;, (2.42¢)

oo(xg)or(z1) > COS§/2(|JZ0—:E1|) on Sy x S, (2.42d)
oo(zo)or(xy) = cosfr/g(\:co—xll) n-a.e.on Sy x Si. (2.42¢)

In particular, the marginals n); are unique and the densities o; are unique Ji,-a.e.

(2) Ifn is optimal and S;, S!, S!' and o; are defined as above, the pairs of potentials defined by
1 7

( —% log oy in SY, ( %log oo in Sy,
Y1 1= +oo  inSY, Yo 1= —oo in S, (2.43)
p d . i d .
| —oo  inRY\ Sy [ oo inR*\ Sp;
( 1;’1 in S, ( "02;1 in S,
& = 5 inSY, §o: = —5 inSY, (2.44)
—o0 inR4\ S; +o00 in R4\ Sp;
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are optimal in the respective dual relaxed characterizations of Theorem|[2.13 and satisfy m-a.e. in
R? x R?

vi(zi) € R, ¢1(71) = @o(ro) = Lr(21—20), (2.45a)

—&o(20), &1 (21) € (%,oo), (1427& () (1—27&1 (1)) = cosi/Q(\xo—:ch. (2.45b)

(3) Conversely, ifn) is optimal and (o, 1) (resp. (&0, &1)) is an optimal pair according to Theorem[2.12,
then (2.453) (resp. (2.45b)) holds n-a.e. and

1
o1 = e—2‘F<P1 = 1—2’7'51 Hi-a.e. in Si, Y1 = + 00, 51 = 2— Hi-a.e. in S{,,

T (2.46)
og = ¥ = 1427&  po-a.e.inS), pg= — o0, & = —5- Hoae. inSg.

3 Regularity of static KK potentials o) and ¢

In this section, we will carefully study the regularity of a pair (¢, ¢1) of optimal HK potentials arising
in of Theorem We will improve the previous approximate differentiability result of [LMS18,
Thm. 6.6(iii)] (see also [AGS08, Thm. 6.2.7]) by adapting the argument of [FiG11] and extending the
classical result of [GaM96] to the HK setting. In fact, this section is largely independent of the specific
HK setting but relies purely on the theory of [L-transforms. As we are interested in the special case of
L=L,= %Ll which attains the value +oo outside a ball, we cannot rely on existing results and have
to provide a careful analysis of this case (but see also [GaOQ7, McPQ9, BeP13] for different situations
of costs taking the value +00).

We will use the notion of locally semi-concave and semi-convex functions; recall that a function
¢ : U — R defined in some open set U of R%is locally semi-concave if for every point € U there
exists p > 0 and a constant C' > 0 with

C
x— p(x) — §|x|2 is concave in B,(Z). (3.1)

A function ¢ is locally semi-convex if —¢ is locally semi-concave. Let us recall that locally semi-concave
functions are locally Lipschitz and thus differentiable almost everywhere. We will denote by dom (V)
the domain of their differential. By Alexandrov’s Theorem (see [AGS08, Thm. 5.5.4]), there exists for
almost every x € dom(V¢) a symmetric matrix A =: D?p(z) such that

o(y) — p(x) — (Vo(z), y—z) — 2(A(y—2), y—x)

lim =0, (3.2a)
y—e |y—x|?
_ — Aly—
and  lim  YPW) Vel —Al-r) (3.20)
y—s ly—|
yEdom (V)

We will denote by dom(D?¢) the subset of density points in dom(V ) where (3.2a) and (3.2b) hold.
¥

As the optimality of potential pairs (g, ¢1) is closely related to the theory of L-transforms, we give the
basic definitions first and then derive the associated regularity properties under additional smoothness
assumptions.

For simplicity, we restrict the analysis of the remaining text to continuous functions L : R? — [0, o<
satisfying dom(L) = {z € R? | L(z) € R} = Bg(0) for some R > 0, i.e. L(z) < oo for
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|z| < RandL(z) = +o0 for |z|] > R. By continuity of L this behavior implies L(z;) — o0 if
liminfy ., |2x] > R.

We define the forward IL-transform go%—> of a l.s.c. function (y and the backward LL-transform cpr of
an u.s.c. function ¢, via

@o " (w1) == inf po(wg) + L(z1—x) and
zoE€BRr(z1) 3.3)
7 (x0) == sup  p1(x1) — L(z1—20), '
z1€BRr(z0)

where the restriction of the infimum and supremum in (3.3) to the balls Bg(x;), corresponding to the
shifted proper domain of I, is important to avoid the expression “co — oo”. It will turn out that gpﬂ(ﬁ is
u.s.c. and ;" is I.s.c. Of course, these transformations are related by

o~ (2) = —(—po) (2), (3.4)
and for arbitrary functions 1); : R¢ — [—00, +00] we have the general relations
L L— - AL <L
L _ (( L) ) and ¥l = (( L *) , (3.5)

see [Vil09, Ch. 5]. For later usage, we consider the following elementary example.

Example 3.1 (Forward and backward [L-transform) We consider the potentials

ago fOf.’L‘O = Yo, aq fOI’.ﬁEl =Y,
po(To) = . and  ¢1(z1) = .
400 otherwise, —00 otherwise,

where —oo < ag < +00, —o00 < a1 < +00 and Yy, Y1 € R? are fixed. For ag, a1 € R we find the
transforms

Lo, JaotL(z1—yo) forzy € Br(yo),
wo (v1) = .
+00 otherwise,

L ) ai—LL(y1—x0) for xg € Br(y1),
¥1 (1’0) = ,
—00 otherwise.

Foray = —o0 and a; = 400, we obtain the transforms

and o7~ (z) =

400 otherwise,

—o0 forxy € Br(yo),
o (1) = { .
—00 otherwise,

{—i—oo for xo € Br(y1),

As Br(y;) is open, we see that go](l)ﬁ is u.s.c. and p" is I.s.c. Moreover, observe that (@%H)HL = o
and (SOTL)L_) = (1, such that is true for vy € {goo, @fl} and; € {(pl, go%*}, respectively.
For R > 0 and sets S C R¢, we introduce the notation
SR = {2 eR?|dist(z,S) <R},
extr(S):= | J  Brlx), bdiyg(S) = 85N (extr(S)). (3-6)

z: dist(z,9)>R
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Figure 3.1: Visualization of bdryg(S) (thick)
S ) as subset of the boundary 0S5 of the set .S

(light red).

In particular, extgr(S) is the open subset of R? \ S obtained by taking the union of all the open
balls of radius R that do not intersect .S. If S is closed and satisfies an exterior sphere condition of
radius R at every point of its boundary (e.g. if S is convex) then extg(.S) coincides with R¢ \ .S and

bdryg(S) = 0S.

In general, bdryg(.S) is a subset of the boundary of .S, precisely made by all points of 0.5 satisfying
an exterior sphere condition of radius R with respect to S

z € bdryg(S) <= ze€dSand3IyeR?: |z—y| =R, Br(y) NS =0. (3.7)

In fact, if € bdryg(S) then there exist sequences x,,, y,, such that =,, — z, |z,—y,| < R and
Br(y,) NS = (). Possibly extracting a subsequence, we can assume that i, — y, Br(y) NS = 0,
and |z—y| < R. Since = € 05, itis not possible that |t —y| < R, so that the left-to-right implication of
holds. On the other hand, if © € 95, |[t—y| = R, and Br(y) NS = (), it is immediate to check
that = € 9(extr(S)), see also Figure[3]

In Theorem (3.3|(2) we will use that for arbitrary sets .S the boundary part bdryg(.S) is countably
(d—1)-rectifiable, see [Vil09, Th. 10.48(ii)], and hence has £ measure 0.

The following result shows how the properties of IL. provide regularity of the backward transform gp“L.
Of course, an analogous statement holds for the forward transform using (3.4). The important fact is
that the upper bounds on the second derivatives of IL. generate semi-convexity of ¢ (i.e. lower bounds
on D%yy), see Assertions and @ As D?IL(z) blows up at the boundary of Bg(0), it is essential to
use the fact that L(z),) — o0 for |z;| T R.

Theorem 3.2 (Regularity of the L-transform) LetIL : R? — [0, +o0] satisfy

L : R? — [0, +00] is continuous and IL(0) = 0, (3.8a)
L|BR(O) € C*(Br(0)) andL(z) = +o0 if|2| > R, (3.8b)
L is uniformly convex, i.e. 3\, > 0V z € Br(0) : D*L(2) > \. 1. (3.8¢)

For an u.s.c. function ; : R? — [—00, +0c], we consider the backward LL-transform ¢y = 7" and

set
Op = {po > —00}, Qo= {po < +0o0},

, (3.9)
O1 = {p1 < +oo}, Q1= {p1 > —oc}, and Q5= Oy Nint(Qy).
Then, the following assertions hold:
(1) The function yy is I.s.c. and satisfies
inf g > inf o1 and sup @y < sup vy, (3.10)

(QF € Oy and (o) = —00 > Br(wo) C extr(Qu) € {1 = —00}).  @.11)

The sets Oy, O4, and ) are open.
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(2) The set (), satisfies an external sphere condition of radius R, namely
R\ cl(Qo) = extr(Qy) and 0Qy = bdryg(Qo), (3.12)
so that the topological boundary of Q) is countably (d—1)-rectifiable.
(3) The “contact set” M := M_., U M, .. U Mg, C R? x R? defined via
Msn = { (z0,21) | i) € R, p1(w1) = L(zo—21) + ¢o(o) },
M_ = { (20, 1) ‘ wo(xg) = —00, |T1—20| > R }, (3.13)
Moo = { (wg, 21) ‘ ¢1(z1) = +o0, |z1—20| > R},
is closed.

(4) For every Ty € g, the section My_,1[To] := {xl ‘ (Zo, 1) € Mﬁn} of Mg, is nonempty,
compact, and included in Q1. Moreover, for every compact K C ) there exists § € (0,R) and
a’,a” € R such that

|z1—Zo| < O anda’ < p1(x1) < a” wheneverty € K and z1 € My_,1[To)]. (3.14)

(5) The restriction of @ to the open set €} is locally semi-convex, and in particular locally Lipschitz
and thus continuous.

6) If D}y := dom(Vg) C Qq, Dy = dom(D?*py) C D}, then D{j has full Lebesgue measure in
Qq. Forevery x € Dy, the set M_,1[x] contains a unique pointy = Ty_,1(x). The induced map
Ty : D) — R? is differentiable according to (3.20) in D{ and satisfies the following properties:

(@) |z—Ty1(z)| < Rand Vo (z) = (VL) (z—Ty-1(2)) forallz € Dy, (3.15)
(b) D*po(z) > —D’L (z—Ty(x)) forallz € Dy, (3.16)
(c) DT, . (z) is diagonalizable with nonnegative eigenvalues on D, (3.17)

Proof. We divide the proof in various steps, corresponding to each assertion.

Assertion (). To check that ¢y is |.s.c. we assume @y(xg) > a for some a € [—00, +00), then
there exists y € Br(xg) such that ¢1(y) — L(y—x¢) > a. As LL is continuous, we can find €
(0,R — |y—xo|) such that p;(y) — L(y—x) > a for every x € Bs(x). By definition of ¢ this
estimate implies po(x) > a on Bs(xg), and lower semi-continuity is shown.

The estimates in are elementary following from L(0) = 0 and L(z) > 0, respectively. The
relation in follows from the fact that o (z9) = —oo implies ¢;(y) = —oo in Br(zg). The
openness of Oy and O follows because (¢ is |.s.c. and ; is u.s.c. This property in turn implies that
Qo = Op N'int(Qy) is open.

Assertion (2). Recalling Qo = {po < +00} itis sufficient to notice that
ZeRN\ Qo & ¢o(T) =400 = I : |Z—j| < Rand ¢ (§) = +00, (3.18a)

where we used I > 0 and the upper semicontinuity of ¢. However, using dom(L) = Bg(0) we
obtain

01(y) = +o0 = @o(x) = +ooforallz € Br(y). (3.18b)
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This implication means that if 7 € R? \ Qg then Z € cl(extr(Qy)), so that 0Qy = I(R? \ Qo) =
0 cl(extr(Qo)) = 0 extr(Qo)-

Assertion (3). The closedness of M, follows easily by the semi-continuities of ¢,. For My, we
consider a sequence (Ton, T1,) € May to (zo, z1). If |[xg—z1| < 7/2, then we have ¢;(z1) >
L(z1—x0) + @o(zo) by the semi-continuities. As the opposite inequality is always satisfied, we
obtain the equality. We can also exclude that ¢ (z¢) = ¢1(1) = 400 (resp. —o0), since otherwise
wo(x) = +o0in Br(x1) by which contains a neighborhood of z (resp. 1 (z) = —oo in
Br(z0) by (8:11), which contains a neighborhood of 1), so that (zg, 1) € Mgy. If |21—20| > 7/2
and (o, z1) does not belong to M_ ., then we have lim inf,, . po(zon) > wo(xo) > —o0 so that
p1(z1) = limsup 1 (21,,) = limsup L(21,, — 7o) + 01(T0,n) = +00

n—oo n—oo

and (zg, 1) € M. Hence, M = Mz, U M, o, U M_ is closed.

Assertion (4). Let us first show that g is locally bounded from above in the interior of (), i.e. the
open set Qy \ 0Q. In fact, if a sequence x,, is converging to T € Qg \ 0Qo with ¢o(x,,) T +00,
by arguing as before and using ¢o(7) = SUP,epy () 1Y) — L(y—2,), we find j € Br(Z) with
©1(y) = +00. Now gives @o(z) = +oc for all z € Br(y), which contradicts the fact that
@o(x) < 400 in a neighborhood of Z, because of |[Z—y| < R.

We fix now a compact subset K of the open set £, a point = € K, and consider the section My_,1 ]
of the contact set Mg,. Let n > 0 be sufficiently small so that /X, := {x € RY ‘ dist(z, K) <
] } C Qpandleta := SUpPg, Yo where a < +00 by the previous claim. By I.s.c. of ¢, we also have
a = infg, pg > —o0.

By the definition of oy = 1", for every € € (0, 1] the sets

ME(2) = { y € Ba(@) | ¢1(y) > Liy—1) + polae |, 8.19)

are non-empty. We choose y € M'(Z) and set xy := 9T + (1—9)y with ¥ = 1 — n/R, which
implies |zy—Z| < 7, and hence zy € K,. Moreover, we have |zy—y| < R — 7. Therefore, for
y € M'(z) C Br(z) we find

~

p1(y) < L(y—xp) + @o(z9) < a" :==a+L(R—n) < oo, (3.20)
p1(y) = po(z) + Lly—2) =1 2d :=a> —oo,
where () := SUD,ep, (o) L(2). Combining the last two estimates we additionally find
L(y—7) < ¢1(y) — o(T) < a” —a =:((0) with 0 € (O,R). (3.21)

Hence, all elements y € M'(Z) satisfies |[T—y| < 6 and (3.20).

We now consider a sequence . € M*(z) C M'(Z), then a standard compactness argument and
the upper semi-continuity of o; show that any limit point 7 is an element of My _,1[Z], which is therefore
not empty. The compactness of M_,;[z] and (3:14) again follow by (3:27)

Assertion (). Let us now fix Tg € 29 and &6 > 0 such that K := Bjs(Zy) C ). The previous
assertion yields that # < R and a’,a” € R such that |2'—x| < f and a’ < p;(2") < a” whenever
xr € K and 2’ € My_,1[z]. By possibly reducing d, we can also assume that 30 + 6 < R. For every
x € K, we now have by construction

po(r) = max  ¢i(2) — L(z'—x) (3.22)

z'€Bsyo (.’Z’Q)
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which is bounded and semi-convex in /K because it is a supremum over a family of uniformly semi-
convex functions, where we use |2’ —z| < |2'—Zo| + |Zo—2z| < 2646 and that —LL is semi-convex

on Bas14(Zo) by (3.80).

Assertion (6). This assertion follows in the standard way by using the extremality conditions in the

contact set, see e.g.[AGS08, Thm.6.2.4 and 6.2.7]. We give the main argument to show how the

assumption in enter. By Alexandrov’s theorem and Assertion the set D) has full Lebesgue

measure. To obtain the optimality conditions, we fix zo € Qo N Dj and know from that

there exists Z; such that ¢o(zo) = ¢1(Z1) — L(Z1—x0). However, for all z € Bs(zg) we have

wo(x) + L(Z1—x) > ¢1(Z;) with equality for x = z. Thus, we obtain the optimality conditions
Vo (o) — VL(Z1—2¢) = 0inR? and D%pg(zo) + D?L(Z;—20) > 0in RZ*<,

sym

This result gives the conditions (a) to (c), if we observe that T is unique. But this property follows from
the first optimality condition by using (3.8c) which allows us to write

Ty = Toi (o) := w0 + (VL)_l(VQDO(xo))7

i.e. Z1 is uniquely determined by (. Moreover, the differential D75 () exists and satisfies the
identity D%pg (7o) = (D2L)(Ty—1(xo)—20) (DTo—1(z0)—1), which implies the diagonalization
result. |

The previous result can now be applied to the solution of the LET problem in Theorem using
. = Ljy; thus in this case R = 7/2. Using the notations for supp(i;) = S; = S + S/ and
p; = i, + 1 from Theorem[2.5|we can compare these to the sets O;, Q;, D}, and D/ defined for an
optimal pair (o, ¢1) as in Theorem So far we constructed optimal pairs (g, ¢1) satisfying

po > @ion R, i > pronRY o =i perae, @t > g1 meae. (3.29)
However, following [Vil09, Ch. 5], we will show that it is possible to restrict to “tight optimal pairs”
satisfying g = <pTL1 and ¢ = go%l_ﬂ which implies that ¢ is I.s.c. and ¢y is u.s.c. This possibility
leads to the following refinement of the results in [LMS18, Thm. 6.6(iii)].

Theorem 3.3 (Regularity of optimal HK potentials) Let (i, ;11 be nontrivial measures in M(Rd)

with decompositions given by (2.12)—(2.13).

(1) There exists an optimal pair of potentials @y, p1 : RY — [—o00, +00] with @ being I.s.c. and ©1
u.s.c., solving the dual problem of Theorem|[2.12 and

wo=@i™ and @, =g onRY (3.24)
S;iCQi, S,cSI*c0, S cSi?co, (3.25)
wo=—oconSy, and ¢ =00 onSy, (3.26)

where the sets O; and (); are as in (3.9).

(2) Ifn is an optimal solution of the LET problem (2.25), the functions o := e*#° and oy := e~ %!
provide lower semi-continuous representatives of the densities of the marginals 1n; = ﬂén with
respect to j1;, i.e., m; = o;1u;, and 1) is concentrated on the contact set My, so thatsupp(n) C M
(see Theorem . The marginals 7); are concentrated on the open sets O;.

Conversely, if ) satisfies supp(n) C M and1; = o;u;, then 1) is an optimal solution of the LET
problem (2.25).
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(3) If o (resp. py) does not charge (d—1)-rectifiable sets, e.g. in the case that jip < L or if
po(bdry. 5(So)) = 0 (resp. pg(bdry, 2(So)) = 0), then for every optimal pair (o, 1) with
wo = @™ and ¢, u.s.c., the measure Jiy is concentrated on the open set int(Q) (resp. j} is
concentrated on the open set §)).

(4) If uufy is concentrated on D}y = dom(Vy) (in particular if j1f, < £?) then the optimal transport
plan 1} solving the LET formulation is unique, it is concentrated on D} x S / ? and it is induced by
the graph of Ty, i.e. = (Id, Ty, )40 with Ty, from Theorem|3.3(6).

(5) If uy, 1ty < L% then w) is concentrated on D} N Tyt (DY), where D!! = dom(D?yp;), and
T-,1 is p-essentially injective with det DTo; > 0 pp-a.e.in D).

Proof. Assertion (). Let (¢, ¢1) be an optimal Borel pair according to Theorem 2.14(2), see (2.43),
satisfying
¢ € R pirae.in S, ¢g = —00 pg-a.e.in Sy, ¢y = +0o p-a.e.in Sy. (3.27)

With this pair, we set ¢y 1= ¢le, and recalling (3.3) we easily obtain

o < ¢o INRY ¢1(21) < Li(wi—20) + po(wo) if mg, 21 € RY, |w1—m0| < /2. (3.28)

Looking at the dual problem (2.34a) with the more general admissible set of Borel pairs as described in
(2:36), we see that (vo, ¢1) is still optimal.

Repeating the argument we can set ¢, = goIOJﬁ we find a new optimal pair satisfying 1 > .

However, exploiting (3.5) we see that the tightness relation (3.24) holds for the optimal pair (¢, ©1)-
This fact implies that ¢q is I.s.c. and ¢, is u.s.c.

By the construction of ¢; in Theorem [2.14)2) we have
{¢z S R} = Sz/7 {¢0 = —OO} = Sg, and {¢1 = +OO} = Sil
Together with ¢g > g and ¢ < ¢ we find

Sy = {po = —00} C {po = —o0} and Sy = {py < +o0} C {po < +00} = Qo,

Si’ = {le = ‘I‘OO} C {(,01 = +OO} and Sl = {¢1 > —OO} C {Q01 > —OO} = Ql-
Clearly, Sj = Sy N Sf/2 C ST/Q. Moreover, for z, € ST/Q we find y; € S) with |y, —zo| < /2,
i.e. Ly(y1—x0) < co. With this we have oo (o) = ¢ (x0) > @1(y1) — Ly (y1—20) > —o0 and

conclude 2 € Oy. Thus, S, C S7/? C Oy is shown and S| C Si/* C O, follows similarly. Hence,
(3.25) and (3.26) are established.

Assertion (2). The claim follows immediately from Theorem 2.14]

Assertion (3). We just consider the case of 1, since the argument for 1, is completely analogous and
eventually uses the fact that Qg = Oy N int(Q)y) and 1, is also concentrated on O by (3.25).

By Theorem|[3.2] (cf. (312)) we know that 9Qg = bdry, »(Qo). Since dQy is (d—1)-rectifiable and
{to does not charge (d—1)-rectifiable sets, we conclude 11o(0Q) = 0.

If 1io(bdry, 5(So)) = 0, we also obtain 119(9Qg) = 0 via the following arguments: By we
have Sy C Qo, which implies that a point z € 9Sy N bdry, ,(Qo) also lies bdry, /,(.S). Using
Qo = bdry, 5(Qo) we obtain 9Sy N IQy C bdry, ,(Sp) and find

10(0Q0) £ 110(9Q0 N So) £ 116(9Q0 N 3So) < o (bdry, 5(So)) = 0,
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where we used Sy = sppt(uo) in 0 and Sy C Qg in @. Thus, we have shown that p is concentrated

on int(Qo).

Assertion [@). If uf, < £ then y, is concentrated on 2 by Claimand wo(20\ D) =0 by.
By the previous claim [2, we know that the first marginal 1 of 7 is given by ey = e*?op] =
eZ?0 it 1 D} (in particular 7o (R? \ Dj) = 0) so that 77 is concentrated on Mg, N (D} x R?) which is
the graph of the map T} _,; given by Theorem [3.2/(6).

Assertion (). Let us first recall that for ¢ = 0,1 the marginal 7; of i and the measure p are
mutually absolutely continuous. Since y; < £¢ we know by Theorem [3.2(6) and the third claim that
pi(RN\DY) = 1i(Q\ DY) = 0, sothatn;(R\ D) = 0andno(Ty; (R\ DY) = m(R\ DY) =
0; we deduce that 79 and i}, are concentrated on D{j N Ty, 1, (DY).

We can apply Theorem , inverting the order of the pair (g, ¢1) and obtaining that for every
x1 € D) there is a unique element o € R? in the section M, _,(x1), i.e. such that (zg, z1) € Mgy.
This result precisely shows that the restriction of Tp_,; to Dy N Ty L, (D)) D DI NTy 1, (DY) is
injective. Since (Tp—1)sm0 = m < £%, we can eventually apply [AGS08, Lemma 5.5.3] which shows
that det DTo,1 > 0 pp-a.e. in Df. N

It is important to realize that the tightness condition (3.24) is strictly stronger than the optimality
conditions (3.23). However, even for tight optimal pairs there is some freedom outside the supports of
the measures (o and 11, as is seen in the following simple case.

Example 3.4 (Tight optimal pairs for two Diracs) This example lies in-between Examples|[3.1| and
For two points zy, z1 € R with ¢ = |z1—z| = 7/3, such that cos, 2(0) = 1/2. We consider
two measures j1; = 0,,. With s; = S. = {z;} we easily find the two optimal potential (¢, ¢1)

according to Theorem[2.14, see (2.43):

log 2

—182 for gy = f =
0 — <0 orry = z21
¢o(z0) = : o and di(w1) =4 °? o
+00 otherwise, —00 otherwise,

In particular, we have ¢1(z1) — ¢o(z0) = log2 = Li(z1—20) = 3{(0).

Proceeding as in Step 1 of the above proof with oy = ‘le and taking into account the calculations of
Example[3.1] we obtain a first tight optimal pair

(1 1) (1)

i 1
(po 1)) with g (z0) = (1 _

and o1 = ..

10%2 — Ll(zl—xo) forxy € Bw/?(’zl)a
—00 otherwise,

Interchanging the roles of ¢y and ¢, we arrive at a second tight optimal pair

log 2
(067, 0”) withipg” = ¢o and @i (1) = { —75 +La(@1—2) forzy € Brya(2),

o0 otherwise.

A third case is obtained by choosing =z # z1 and considering an optimal pair (¢y, 51) with ¢q from

above and
log 2
~ 2 log 2
¢1(x1) =< ay forxy =27, wherea; < —% + Li(2]—20).

forz, = 21,

—00 otherwise.
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We obtain go(()?’) D T — max{ log2 _ Li(z1—x0), a1 — Li(2{—x0)} and the tight optimal pair

2
3 3
(9 (26 )17).
With the notation of Theorem we have O(()B) = {(p(()g) > —00} = Brja(21) U Brja(2f) = ~71r/2,

since Q1 = {¢, > —oo} = {z, 2}, i.e. @T7) holds. Because of Q) = {¢\¥ < +oo} = R2,
also (3.12) is true.

The following corollary shows that in the case of an absolutely continuous reduced pair (1o, (41) the
density of 111 can be written in terms of the optimal pair (0g, 01), the transport map 7', and the density
of o, and vice versa.

Corollary 3.5 (Monge solutions) Let 1, i1y € M(RY)? with ! = 0, and let (©q, p1) be a tight
optimal pair of potentials according to Theorem|(3.3. If ) is concentrated on Dfy = dom(Vy) (in
particular if jif, < L), then there exists a “unique” (up to o-negligible sets) optimal dilation-fransport
pair (T, q) attaining the minimum for the Monge Prob/em namely

(T, q)spo =1 and  C(q, T po) = HC (1o, p1a). (3.29)

Ifoi, i, Db, DY\ m, Tys1, Ty are given as in Theorem(3.4 and|[3.3, the pair (T', q) can be obtained
in the following way:

(1) The restriction of T' to D}, coincides with the map Ty_,1 (and the plan n) as in Theorem
whereas T () := x forevery x € R\ D} (in particular in S})).

) q(x) =0 forx € R\ D) (in particular in S}) and

T 1 ,
i (x) = % =oo(z) + Z\Vao(x)IQ forz € Dy. (3.30)
Moreover, T' satisfies
|T(x)—x| < 7/2 and oo(x)oy(T(x)) = cos(|la—T(x)|)* inDj. (3.31)

If 1 < L%, then py < L% if and only if det DT'(x) > 0 for pg-a.e.x € D}. In this case, setting
wi = c; L4 < L4 we have

2

(coger
%det DT

c = ) oT™' L%aeinT(Dy) C Q. (3.32)

To obtain the second identity in (3.30) we exploit the first-order optimality (3:75) and oy = e2#° giving
+-Voy = Vyo(z) = tan(z—T(z)) by B15). Thus, using the optimality condition (3:37) (coming

200

from (2.42€)) we find

2

2 == 0-()(1') _0'2.1’ an2 xr— xZ 20'2 i 1 ool 2
7(0) = oy = @ (e T @) = o) + Vo). 639

We can also rephrase the above results in terms of the optimal Kantorovich potential &y in (2.34b). This
potential, which satisfies the relations &, = 3(09—1) = Gy (o) = 3(e**°—1), will be the best choice
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for characterizing the densities of the Hellinger—Kantorovich geodesic curves. Indeed, the transport
map 1" on D{ takes the form
V() 2 2 2
T(x :w—|—arctan<—>, x) = (14+2&(2))” + |V&(z)|~. 3.34

() Tt ) €0 = (267 +Va@P. @39
If 110, pt1 have full support Sy = S; = R?, then Theoremimmediately yields ; = O; Nint(Q;) =
R¢, so that o and 1 take values in R, are locally Lipschitz, and locally semi-convex and semi-concave,
respectively. Another important case where the properties of g, 1 can be considerably refined is
when pg, (11 are strongly reduced (cf. Definition and have compact support.

Theorem 3.6 (Improved regularity in case of strongly reduced pairs) Let us assume that the sup-
ports Sy, S1 of g, i1 are compact and satisfy S; C Sy / f so that j1g, (11 is a strongly reduced pair (cf.
Definition[2.6). Then it is possible to find a pair of optimal potentials ¢y, 1 as in Theorem|[3.3 satisfying
the additional properties:

(1) ; are uniformly bounded (in particular §2; = R and M = Mej,): there exist constants Omin <
Omax € R such that
¢min S 901 S gbmax in Rd- (335)

(2) If0 € [0, 7/2[ satisfies cos?(#) = e*(¢min=¢max) then for every xy, v, € R?

(Ig,xl) eM = |I1—ZL‘0| <4. (3.36)
(3) ; are Lipschitz, pq is semi-convex, 1 is semi-concave.

Proof. Assertion (1). Let ¢, | be an optimal pair as in Theorem Since ¢ is u.s.cand ¢} < 400
on SS/Q, we have ¢p.x 1= maxg, @) < +00. We can then define (; := min{ ), ¢max } Observing
that ¢; < Pmax in R? and (), ¢;) is still optimal since (; = ¢, on S;.

Arguing as in the proof of Theorem we define (o := (¢1) ™, observing that (s < ¢pax as well. On
the other hand, (j is I.s.c.and {, > —oo on Sf/g D Sy, S0 that Py 1= ming, ¢ > —oo. Setting

¢4 = max{(o, Gmin} We obtain a new optimal pair ({(, (1) With dmin < (o < Pmax. Hence, with
¢} = ()" we get the desired optimal pair (¢}, ¢]) satisfying ¢min < ¢/ < Pmax as well.

Assertion (2). This assertion is now an easy consequence of the definition of contact set (3.13) and the
fact that ©1 (xl) - 900(-1'0) S ¢max - ¢min-
Assertion (3). The last assertion follows as Theorem 3.2(5). n

4 Dynamic duality and regularity properties of
the Hamilton—Jacobi equation

In the previous section, the regularity properties of the optimal HK pairs (g, 1) were studied, which
can be understood via the static formulations of HK as only the measures 1y and 11 are involved. Now,
we consider the dual potentials & (x) = (¢, ) along geodesics (i ):c[0,1]- At this stage, the present
Section |4]is completely independent of the previous Section (3l Only in the upcoming Section (5, we will
combine the two results to derive the finer regularity properties of the geodesics pi;.
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In [LMS18, Sect. 8.4], it is shown that the optimal dual potentials £ in the dynamic formulation in (2.3)
(but now for « = 1 and 8 = 4) are subsolutions to a suitable Hamilton—Jacobi equation, namely

3ot =sup{ [ et~ [ 0. 9am ¢ € (0.7 <) B

%& + %|V§|2 +262<0 in[0,7] x Rd}.

Theorem 8.11 in [LMS18] shows that the maximal subsolutions of the generalized Hamilton—Jacobi
equation (2.4) for t € (0, T) are given by the following generalized Hopf-Lax formula

G(z) =&t x) = (A&) () = %% (t&(-)) (x) = inf 1(1 —

COSi/z(|x—y|)>
y€ERd 2t ’

1+ 2t&o(y)

where & € C*(R?) is fixed and such that infga §(+) > —3=, compare with (T-17).

(4.2)

In the spirit of the previous section, it is possible to derive some semi-concavity properties of &; from
this formula. However, these are not enough as we need more precise second order differentiability. To
obtain the latter, we use the fact that a geodesic curves is not oriented, meaning that ¢ — p;_, is still a
geodesic, or in other words that ¢ — &;_; has to also solve a Hamilton—Jacobi equation. Thus, our
strategy will be the following: For an optimal pair (&, £1) in (2.34b), we construct a forward solution &
starting from &, and backward solutions starting from 51 via

& =P fort € (0,1] and & = ZE =P (=&)fort €[0,1). (4.3)

In Section 5} optimality will be used to guarantee that & and g‘t are essentially the same such that
semi-concavity of & and semi-convexity of &; provide the desired smoothness.

4.1 Exploiting the generalized Hopf-Lax formula for regularity

In this section, we study in detail the regularity properties of the function &, arising in (4.2). Assuming
that inf,cpa {o(x) > —% we see that ¢, is well-defined for t € (0, 7) and can be equivalently
characterized by

2
cosy 5 (lz—yl)
/2—> (4.4)

_ 1
(#&)(x) = inf o (1 1+ 2t(y)

yeBTr/Z(x)

where the infimum in (#-4) is restricted to points y with |y — x| < 7/2. We can extend (@.4) att = 7 if
we define the quotients a/0 := +00, a/(+00) := 0 for every a > 0. Moreover, since t — % &y(x)
is decreasing, we easily get

&(2) = (P&)(x) = 11%1 (Z,&)(x) foreveryz € RY, t € (0,7] (4.5)

so that many properties concerning the limiting case ¢ = 7 can be easily derived by continuity as ¢ 1 7.

If & is Ls.c.and (Z&) (x) < 55, the infimum in (4.4) it attained at a compact set denoted by

o1
M&o(x) := argmin,, 5 (1 -

cosy 5 (lz—yl)

T+ 2180(y) ) C Brja(x). (4.6)
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Notice that (Z &) (z) = 5 only if & is identically +0c in By 2(x) and in this case any element of
By /2(x) is a minimizer. For later usage we also define Mo{(z) = {x}.

We also observe that if £(z) = a is constant then &, & is constant in z, namely

with Py (t) := l (4.7)

Fbo(x) = Pa(x) = Pu(t) : 2t

B a
"1+ 2at’
A crucial property of (4.2) is the link with the classical Hopf—Lax formula on the cone € for a function

¢ : € — Rsatisfying (([x,7]) > —5-r. Fort € (0, 7) the Hopf—-Lax formula on € reads

2G(for) = nf O + i (fe o], o). 49

For & satisfying § > —5- and t € (0,7) we set (([z,7]) = &(z)r? and find (cf. [(MST8,
Thm.8.11])
&= P& = o)t = 2(([x,r]) forallz € RY, (4.9)

Moreover, if &y is lower semi-continuous the infimum in (4.8) is attained and we have

' € My&o(z) and

(1421 (") = (=2t @)

) = G ) g (7], ) = {

(where [2/, 7] = oif v’ = 0, corresponding to the case 1—2t&;(z) = 0). From (4-8) and (#.9) we also
deduce the estimate

(1=2t&(z))r* + (142t&(2)) (') = 2rr” cosp o (|lz—2|) (4.11)
for every =, 2’ € R% and r, 7’ > 0. Optimizing with respect to , 7’ we find
(1=2t&(x)) (142t& (2')) > cos? jp(|z—2'[) for every z, 2’ € R (4.12)
and arrive at the following characterization: For all z € R? with 1—2¢£;(z) > 0 we have
e M&(z) = (1-2t&(x)) (142t& (")) = cos? jo(|z—2']). (4.13)

To treat the factor of r and " in (@.77) efficiently, we define the function

1—2tu

Z(u =
(' u) 1-+2tu

for 14+2tu’, 1—2tu > 0 and Z;(+o00,u) = 0. (4.14)
Using (@.73), the optimal 7’ in (4.70) can now be equivalently characterized by

()2 = Zy(6o(a), &y(a)) = L 2E@)”

— (1— 2 2 A
_W_u 2t€,(2))*(1 + tan®(|lz—a'])).  (4.15)

The following result collects the properties of & that will be needed in the sequel.

Proposition 4.1 (Properties of the generalized Hopf-Lax operator %) Let&, : R? — [a, b] with
—1/2 < a < b < 400 be lower semi-continuous and set &, := A&, fort € [0, 1].
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(1) Lower/upper bounds. The functions &, are well defined and satisfy (cf. (4.7) for P,)

L Py <a<P@)<

f t 1 R 4.1
T < oreveryt € (0,1), x € (4.16)

S

Moreover, it holds that

1
2(1—t)"

folr)=—-1/2 & &z)=— (4.17)

(2) Semi-concavity. Setting A, (t) := the functions &; are A, (t)-Lipschitz and A, (t)

1 1
t(1+2at) < t(1—t)
, , Aalt ,

semi-concave, i.e. x — &(x) — %MZ is concave.

(3) Semigroup property. Forevery 0 < s <t < 1 we have

ét = f%*sfs (4.18)

(4) Concatenation of optimal points. For s, t with) < s < t < 1 and x € R? we define the set-valued
function M;_, viaM,_¢(x) := M,_,&,(x). Forall0 < ty < t; < ty < 1l and allzg, z1, 15 € R?
we have:

Ifx, € Mt2—>t1 ((L’Q) andzxg € Mt1—>t0 (ZL’1>, then xy € Mt2—>to (ZEQ) and

(4.19)
Zt2—t0 (fto (m0)7 &2 (xQ)) = Zt1—t0 <§to (ZL‘O), §t1 (xl)) Zt2—t1 (§t1 (1’1), §t2 (xQ))
(5) Geodesics on €. If0 < tg < t; <ty < 1,25 € Myyyiy(22), 70 = Ziy—t, (&t (T0), &ty ()72,

and [x1,11] = geog ([0, 70], [22, 72]) for = B=10 then ) € My, sy, (22).

(6) Characterization of optimality. Forall z,y € R? and0 < s < t < 1 withT := t—s we have

(1-2r6(@)(142r&,(9)) > cos? (2], (4.20)
Y EMi(e), &(x) < o & (1-2r& () (14276,()) = cos? ooy, (421

Proof. Assertion (). The first assertion follows by the monotonicity property of &7, and (4.7). Note that
(4.17) is a simple consequence of the property

1o daleahy
2t 1+2t(y) /= 20—t
with equality if and only if = y and £(y) = —1/2.
Assertion (2). It is sufficient to observe that for every y € R?
T cosi/2(|:1:—y|) is 2-Lipschitz, = +— cosi/Q(\:c—y\) — |z|? is concave, (4.22)
so that > )
1 cosy n(|z—y
T —( — —) is A, ()-Lipschitz 4.23
2 1+ 2t6(y) (t)-Lip (4.23)
and

2
1 coss 5 (|T—y Ay (t
R ( _ 2l D) _ A )|x\2 is concave. (4.24)

Qt 1 + 2t€0<y) 2
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Assertion (3). If ¢ < 1 the semigroup property for &2, can be derived by the link with the Hopf-Lax
semigroup in € given by (@.9) and the fact that (€, d ¢) is a geodesic space. The case ¢ = 1 follows
by approximation and (4.5).

Assertion (). We set 7 :=t1 — tg, 71 :==ta —t1, 7 > 0,

r =2 (€t1 (:131),&2 (:E))T, o = ZT()(gtO (xo)vftl (‘Tl))rl

and use and (4.18):
£t2 (x)TQ = gtlr% + Z_ﬁdfrﬁ([xlv 7"1], [Ia T])
1
= gtorg + 2_7_0d3r,€([‘r07 TO]? [1’1, Tl]) + 2_7_1d3r,¢([x17 Tl]? [I, T])
On the other hand 1
&, (2)r? < &rd + Zdiﬁ([zo, rol, [z, 7]) (4.25)
so that we obtain
L o L o L
2_7_0d7r,€([x07 T0]7 ["L‘h Tl]) + 2_7_1d7r,€([x17 T1]7 [:L‘, T]) < Zdwﬁ([x()? T0]7 [ZL‘, T]); (4.26)

since T = 7y + 71 the opposite inequality always hold in (4.26), and we deduce the equality, which
implies that the equality holds in (4.25) as well, showing (4.19) thanks to (4.10).

Assertion (5). We can argue as in the previous assertion, starting from the characterization of z, ry

1
—dfm([mo, 7o), [z, 7]) (4.27)

&ts (x)rg = &07% T 27

and using the identity along the geodesic in € connecting [z, o] to [z, 7], namely

1 1 1
Q_mdgr,c([xOv TU]’ [xlv Tl]) + Q_ﬁdi,e([ﬁa Tl]’ [ZL’, T’]) = Zdi,c([%a rO]? [JZ, T]) (4.28)
Assertion (6). The final assertion follows from and (4.13). ]

4.2 Backward generalized Hopf-Lax flow and contact sets

Let us now consider the backward version of the generalized Hopf—Lax semigroup. By the simple
structure of the generalized Hamilton—Jacobi equation (2.4), we immediately see that time reversal
leads to the same effect as the sign reversal £ ~~ —&. Hence, the backward semigroup % is defined
for £ with £ < 1/(27) via

HE = — P (=€) fort € (0,7]. (4.29)

The corresponding properties of % follow easily from Proposition but observe that we use
& = 94 & to go backward in time.

Corollary 4.2 (Properties of %) Let¢; : RY — [—b, —a] with —oo < —b < —a < 1/2 be upper
semi-continuous and set - ~
& =9 & fort €10,1]. (4.30)
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(1) Lower/upper bounds. The functions ft are well-defined and satisfy

1 - 1
—— < P;(1-t) < (1—t) < forallt € (0,1), x € R% 4.31
Moreover, we have the equivalence
_ _ 1

(2) Semi-convexity. The functions &, are Az(1—t)- Lipschitz and Az (1—t) semi-convex, i.e. ©

&(x) + A—|x|2 is convex (cf. Proposmon 2) for A,).

(8) Time-reversed semigroup property. Forevery) < s <t < 1 we have
& = H—s&- (4.33)

(4) Concatenation of optimal points. Setting M,_;(z) := M,_,(—&)(z) forevery0 < s <t < 1
and z € R?, the set-valued function Msﬁt satisfies the concatenation property for0 < to < t; <
to <1landzxg,x1,x0 € R¢:

/fl’l € mt()(_tl (ZE()) and To € mh(_tz (I1>, then To € th_m (I()) and

Zay 10 Ean(50), 6 (22)) = Zuy10(E (500, & (1))« Zay i (B (1), By (2)). )

(5) Characterization of optimality. Forallz,y € R® and0 < s <t < 1 withT :=t — s
(1-27,(2)) (14+27E,(y)) > cost 5 jr—y]), (4.35)
e May). &) > —5- & (1-27&(2) (L42rE(y)) = cos?p(z—y)). (430

2T

Proof. We just observe that the second statement in (4.34) follows by the corresponding statement in
(4.19) which now reads as

ZtQ*tO(_th ($2)7 _gto (33'0)) = Ztl*to(_gtl (.%'1), _gto(x(])) ’ ZtQ*tl(_th (‘1'2)’ _gz‘& (1’1)), (4.37)

and the property Z.(—u', —u) = Z_.(u',u) = Z " (u,u’). Equations (4.35) and (4.36) follow by
and changing €, (i) with &, () and & () with —&, ().

We are now in the position to compare the forward solution &; and the backward solution ét. The main
philosophy is that in general we only have % &, < & (cf. (4.38) below), but equality holds i;-a.e. if
(&0, A &) is an optimal pair. In the following result, we still stay in the general case comparing arbitrary
forward solutions &, = Z &, and backward solutions &, = Z,_,&; only assuming &; > &;. Along the
contact set =; where &; and Et coincide, we can then derive differentiability and optimality properties of

& and gt-

Theorem 4.3 (Contact set =) Let &, : R — [a,+00] be Ls.c. witha > —1/2 and &, : R? —
[—o0, —a| us.c. witha < 1/2. Assume P&y > & and set

&= P& and & = F_,& fort € [0,1]. (4.38)

Then, the following assertions hold:
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(1) Foreveryt € [0, 1] we have §; > ft and the contact set

E = {z e RV &(t) = &(x)} s closed. (4.39)

(2) Foreveryt € (0,1) andz € =, there exists a unique p = g,(x) satisfying

1

&(y) — &lx) — 51\@(1—15)\3?—34\2 < (p,y—x) <&(y) — &) + 1/\OL(75)!$—3/!2 (4.40)

2

so that in particular £; and &; are differentiable at x with gradient g;(x) (cf. Proposition(4.1{(2) for
A).

(3) The map x — g,(x) is bounded and C'(t)-Lipschitz with C'(t) < 2(A,(t) + Az(1—1)) < t(l‘i 5
on Z;. Moreover, the sets

1 —1
=i :{xeRd‘&):_é}:{xE“t =30 }
(4.41)
=+ :{xGRd‘&:—}:{xEE f_:l}
’ Y
are independent of t, are contained in =, for every t € [0, 1], and we have
gi(r)=0 forx e =, U] (4.42)

(4) Lets € (0,1),t € [0,1], and T :=t — s # 0. Then, for every xs € =, with 14+27&,(xs) > 0
the set M,_,, () consists of a unique element x; =: T _,;(x) satisfying

Ty € Zpand x, € My(z),

Tgs(x) >
14+27&,(x)/’
(1-27& (T (x))) (1427&(2)) = cosi/2(|x—TSHt(:c)]).

ry =Ty y(x) =2+ arctan( (4.43)

(5) Foreveryx € = we have T, _,;(x) = x (and thus we set T;_.;(z) := x also fort = 0 ort = 1).
Lets € (0,1) and define Ts_,s(x) = x, then for all x € =, the mappings t — Ty _,,(x) are
analytic in [0, 1].

Fors,t € (0,1) the mappings T,_,; : =, — R® are Lipschitz. Ift = 0 (resp.t = 1) then T\,_,; is
locally Lipschitz in =5 \ =F (resp.in =, \ = ).

(6) Setting

2 (2) = 1+ 27&(x)

5 1-27&(T, ()
for every x € =, the mapt — qs—(x) is analytic in [0, 1], g;—,s is bounded and Lipschitz with
respect to x, and qs_,(x) > 0 fort € (0,1) ort = 0andx & =F (resp.t = 1 andx & =;).
Moreover, qs_,(z) = 1 + 2(t—s)&s(x) forx € EE.

= (1427&(x))* + 7°(gs ()] (4.44)

(7) Forallty,t; € (0,1),ty € [0, 1], the maps T;,_,, are Lipschitz on =y, fori € {0, 1}, and we
have

Cl-;flﬁtz o Eoﬁtl = fl—;fo*ﬂba qtl*)tg (I}Q%tl (:U)) : qtoﬁtl (x) = qt()*)tg (:U) (445)
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Proof. Assertion (1). The inequality

&> A (%,s£s> =% & for0<s<t<l1 (4.46)

can be derived by the link with the Hopf-Lax semigroup in € given by [LMS18, Theorem 8.11] and
arguing as in [Vil09, Thm. 7.36]. We prove it by a direct computation as follows: Set 7 = t—s, observe
that inf &2 &, = inf& < 5 < o=, and use & = Z &, to obtain

P E NN RN C)

1-27&(y)  #€Bnp2(w) cos? y(ly—2|) ~ cos? y(|ly—zl)

if [e—y| < /2. (4.47)

With this estimate, we find

def 1 COSi/2(|x—y|)
% &(x) = sup _(TT&(Q)_l)

YEB, o(x) 2T
&) 1 gcos? y(|z—yl)
D Ly Ll

cos? y(lz—yl)

(1+27€,(z)) — 1) — ().

YEB, o(x) 2T
Using & > & > & we thus get (4.46). Passing to the limit as ¢ 1 1 in (#.46), we arrive at &, >
%—sgl = gs-

The closedness of =; follows from the semi-continuities of &; and Et and the estimate & > ét. Indeed,
assume Y, — y with iy, € =, then we have y € =; because of

l.s.c.

&(y) < liminf & (ye) = lim inf & (ye) < lim sup & (y) < Ey) <&y).

k—o0

Assertion [2). Let us fix v € Z;, A := A4(t) and A := Az(1—t), and let p (resp. p’) be an element
of the superdifferential of 2 — & () — 2 A|xz|? (resp. of the subdifferential of = — & (z) + 2A|x|?).
The superdifferential (subdifferential) is not empty, since the function is concave (convex) and finite
everywhere. For every x,y € R? with = € =, we have

(b y=2) 2 &(y) — () — SAle—y? and (0, y—2) < &(y) — &(x) + SRla—y?
which implies &, (z) = &(x) due to &(y) < &(y). Moreover, subtracting the inequalities yields
' —py—1x)< %(/H—A)\y—gc\2 for every y € R,
so that p = p' is uniquely determined and holds.

Assertion (3). The fact that Ef are independent of ¢ and contained in =; follows from (4.17) and (4.32).
Moreover, (4.42) follows easily since &, takes its minimum at =, and its maximum at ="

Let us now fix t € (0,1), zo,21 € Zp, p; = gi(w;) + Az, and set () := &(x) + FA|z[%,
((z) := &(x) + 3A|z|* Notice that ((x) is convex and ((z) is C' = A + A semi-concave with

((x) < ((x). We get
C(z0) < ¢(x) — (po, ® — x0) < () — (po, T — p)
< (1) + (pr,x — 21) — (po, ® — wo) + %Iff—l’ﬂQ

_ C
= ((z1) + (p1 — po, x — x1) — (po, v1 — X0) + 5’33—1’1’2-
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Minimizing with respect to 2 we find ((zo) < ((21) — (po, 21—20) — 75|P1—Po|*. Inverting the role
of 2¢ and 1 and summing up gives %|p1 —pol? < {p1—po, T1—x0) and therefore

[p1—po| < 2C |z1—20|. (4.48)
The boundedness of g; on =; follows by the fact that &, is Lipschitz.

Assertion (@). Let us first consider the case s > t with 7 := s—t andlety € M,_y;(z). f {(z) > —5-

then y satisfies the identity (-21). Since & (1) < & (). and &,(7) = &,(z) yields & (y) = &(y)

so thaty € Z; as well with z € M. (y) since &(y) > —ﬁ > —.

Since the function =’ — (1427&(2")) (1-27&(y)) — cosfr/2(|:v’—y|) has a global minimizer at z,
we arrive at the Euler—Lagrange equations

27(1-27&(y)) gs(x) + 2 cosq /o (|z—y|) sin(x—y) = 0

Since we can assume |z—y| < 7/2 we obtain

T—Y = —arctan< (4.49)

7gs(7) )
1427&(x) /)’

which characterizes y uniquely and establishes (4.43).
The case t > s follows by the same arguments.
Assertion (5). This assertion is an immediate consequence of (4.43) and (4.42).

Assertion (6). The claims are simple consequences of the identity (4.15) and the definition of g;_,; of
(4.44).

Assertion (7). The final assertion follows by (4.19) (and the corresponding (4.34)). [

Remark 4.4 (Strongly reduced pairs) It is worth noticing that if inf & > —1 andsup & < 1, then
the sets Eti in (4.41) are empty and many properties of &, T,_.; and qs_,;, become considerably
simpler. This situation is, e.g., the case of the solution induced by a strongly reduced pair with compact

support, see Theorem[3.6,

We close this subsection by giving a small example for & and 5} and their contact set =; derived from
an optimal pair (&, &) for the transport between two Dirac measures.

Example 4.5 (The contact set for two Dirac measures) For points zy, z1 € R? and 1,71 > 0 we
consider the Dirac measures |1; = rjzézj. We have

HC (ko p1) = 13 4 15 — 2rgr1 cosp (o) with 0 = |21—2,

and all geodesic curves are known, see [LMS16, Sec. 5.2]. For o < /2 we have a unique geodesic
e = 7(t)*0.) defined by transport, and for o > /2 the unique geodesic ji, = (1—t)*r§d., +
tzrfézl consists of dilation (annihilation and decay) only. For o = /2 there is an infinite-dimensional
convex set of geodesics, and we will see that this property is also reflected by a bigger contact set.

Using the simple one-point supports of ji; it is simple to calculate the optimal potentials and the
transport plan 1 in Theorem|2.74(ii). We obtain
T To

0 := 00(20) = — c0sz/2(0), 1 :=01(21) = — c08z2(0), N = 1071 COSx/2(0) z0,21)-
To (]
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Thus, we will distinguish the case cos. 2(0) > 0 and cos./2(0) = 0.

Case o < 7/2: By (2.44) the optimal pair (&, &,) reads

sl forg = 2, L8 forg = 2,
&(x) = { 2 and & (z) = 2

+o0 forx # zo; —oo forx # 2.
From these identities, we obtain the forward and backward solutions & = &y and ft = %,tf 1:

L—t+tsg — cos? y(|r—20]) B cos? p(|r—z1]) — t=(1-t)s

&i(e) = 21 (1—i+s0) and &) = —— T (b)) (4.50)
The following optimality conditions can be checked by direct computation:
(@) & > & and& > & onR?
(b) & =& po-ae and & =& p-ae.
As &o(x) = 400 forx # 29 and & (x) = —oo for v # 2z, statement (a) follows from (b). For (b)
observe
&(z0) = COSQQil— 51 _ COSZQ(T;/(?:O)/Z;S) éc)osg _ %(:—(l) cos o — 1) _ 502—1 — o(20).
Similarly, §1(21) = & (z1) follows, which provides a first result on the contact sets Z; = {z €

R?| &(x) = &(x) }, namely Zg = {20} and =y = {21}

The general theory in Theorem (i) guarantees &; > Et. A lengthy computation shows that =; is a
singleton also fort € (0,1), i.e. Z; = {a(t)} from py = r(t)*d.() and == = (). We refer to Figure
where x — (&(x), &(t)) is plotted.

Case o > m/2: Now we have sy = s; = 0 and &, and g} simplify accordingly:

1 —t—cos?,,(|Jz—z|) _ cos? ,(|lz—z|) —t
_ m/2 . /2
&lz) = 2t (1—t) and Li{w) = 2t (1—t)

(4.51)

The contact sets are easily found depending on ¢ = /2 or o > /2, namely

0>7/2: E,=2"UZ withE = {2} and = = {2},
0=7/2: Zy= 20,21 and=" = {2} and =" = {2},

where [, z1] denotes the segment { (1—6)zo+6z | 6 € [0,1] }, see Figure

The interesting fact that for o = |z1—zy| = /2 the contact set =, is constant and consists of a full
segment reflects the observation in [LMS16, Sec. 5.2] that 1y and (11 can be connected by geodesics
satistying sppt (1) = |20, 21] forallt € [0, 1].

4.3 Geodesic flow and characteristics

Finally, we study the differentiability of g, = V&, and T} _., on =. Let us denote by =; the subset of
density points of the contact set =;, which is closed by (4.39):

~ L4E, N B,(z))
= li e
e T T LB, )

— 1. (4.52)
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t=0.15

&

t=0.35

<0 Z‘l \

t=0.55

20, 1 \

|z1—20| = 7/2

t=0.35

‘21—20’ =25
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Figure 4.1: For the case p =
|z1—20| = 0.9 < 7/2 the func-
tions & () (red) and &,(z) (blue) from
are displayed for the different
times ¢ = 0.15, 0.35, and 0.55 (with
parameter r1 /1o = 2). We always
have &(z) > &(z) with equality
at the one-point contact set =; =
{z(t)}, where z(t) = To_(20)
moves continuously from z; to z;.

Figure 4.2: For o = |z1—z| >
7/2 the contact set Z; for the func-
tions & (z) (red) and & (z) (blue) from
(4.51) is no longer a singleton. For
0o = m/2 (upper figure) we obtain
E: = [20,21]). For o > m/2 (lower
figure), we have =, = =;" U=~ with
Et_ = {ZO} and Ej = {Zl}
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It is well known that £4(=; \ ét) = 0. By [Buc92, Thm. 1], the family of sets (ét)te(o,l) is invariant
with respect to the action of the bi-Lipschitz maps T4, i.e., Ts_,,(=;) = =, for every s,t € (0, 1).

Given a locally Lipschitz function F' : =, — R?and x € Et, we say that F' is differentiable at x if there
exists a matrix A = DF(x) € R¥? such that

[E(y) = F(z) = Aly —z)| = olly —2[) asy ==z, ycZ (4.53)

Since x is a density point of =;, the matrix A is unique and every (locally) Lipschitz extension of
I is differentiable at x with the same differential A (e.g. one can argue as in the proof of [AFP0Q,
Thm. 2.14)).

We call dom,;(DF') the set of differentiability points = € =, of F. If Fis locally Lipschitz in =,
considering an arbitrary Lipschitz extension of ' and applying Rademacher’s theorem, we know that
L=, \ domy(DF)) = 0. We will use the simple chain-rule property that if y = ['(x) is a density
point of F(Z;) and H : F(Z;) — R¥ is differentiable at y, then

D(H o F)(x) =DH(F(x)) - DF (z). (4.54)

In the proof of the following lemma we will denote by J¢, the Fréchet subdifferential of £,, which
coincides with V&, whenever &, is differentiable, in particular in x € =,.

Lemma 4.6 Lets € (0,1) and let x be a density point of =5 where g, = V& is differentiable in the
sense of (@53) withp = g,(x) and A = DV s(x). Then

A = DV&(z) is symmetric, (4.55a)
sup |z —p—A(y—x)| =o(ly—z|) asy — =z, (4.55b)
Zeags(y)
1
&) = &(2) = (py=2) = S(Aly=2),y—2) = o(jy—2]") asy ==, (4.55¢)

Analogous results hold for &,. We will denote DV &, by D?€,.

Notice that the points ¥ in the limits in (4.55b) and (4.55c) are not restricted to =,.

Proof. We adapt some ideas of [BCP96, IAIA99] to our setting, and we consider the case of fs (to deal
with semi-convex function, instead of semi-concave). We will assume x = 0 and will shortly write f and
= for f_s and = omitting the explicit dependence on the parameter s. For h > 0 we define the blowup
set 2" := h™!'Z. Up to an addition of a quadratic term, it is also not restrictive to assume that 5 is
CONvex.

For h > 0 we setwy(y) := 75 (£(hy) — &(z) — h(p, y)) such that wy, is a convex and nonnegative
function. By (4.40) there exists a positive constant C' such that

0 < wi(y) < Cly|* foreveryy € =" (4.56)

Since = = 0 is a density point of =, £L4(B,.(0) \ =) — 0 as h | 0 so that every point of z € B,.(0)
is a limit of a sequence in z;, € =" N B,.(0). Therefore, for h sufficiently small we can find points
Yni € =" N Byg(0), i = 1,--- ,2d, such that Bo(0) C conv({yn;|i = 1,---,2d}). For this
it is sufficient to approximate the (rescaled) elements of the canonical basis +e;, 2 = 1,--- ,d. If
y € B5(0) we then find coefficients a;,; > 0, > . o ; = 1 such that

wn(y) <Y aniwn(yn) < C Y anglynl* < 2dC
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so that wy, is uniformly bounded in By (0) and therefore is also uniformly Lipschitz in B1(0). Every
infinitesimal sequence h,, | 0 has a subsequence m hn(m) such that Whyy (om) is uniformly convergent

to a nonnegative, convex Lipschitz function w : B;(0) — R. We want to show that any limit point w
coincides with the quadratic function induced by the differential A, namely w(y) = wa(y) = 3 (Ay, )

Let w be the uniform limit of wy, along a subsequence h,, | 0. If y,, € =hn By (0) is converging to
y € B1(0) we know that any limit point of p, = Vwy, (y,) belongs to dw(y). On the other hand,
Pn = %(Vf{hnyn) —p) = Ay, +o(1) thanks to the differentiability assumption, so that Ay € dw(y).
Since we can approximate every point of B;(0) we conclude that Ay € dw(y) for every y € B1(0).
On the other hand, w is Lipschitz, so that it is differentiable a.e.in B;(0) with Vw(y) = Ay and
therefore the distributional differential of Vw coincides with A. We conclude that A is symmetric and

w(y) = %(Ay, y). The fact that wy, uniformly converges to w eventually yields (4.55b) and (4.55c). =

We now use the second-order differentiability of &, to derive differentiability of T_,; by using the formula
(@43) with gs(z) = V&(x). For s € (0, 1) we define

D, = dom,(DVE,)) N Z, = dom,(D%,) N Z,. (4.57)

As we already observed, since g, is Lipschitz on =, L4(=, \ D,) = 0 for every s € (0, 1).
Fort € (0,1) and 7 = t—s we also have 14+27&; > (1—t)/(1—s) > 0 such that

2T

T e (o)

V&, (z) = Vo (x) with ¢4 (z) = log (1+27E,(z)).

is again Lipschitz on Z,. Thus, Lemma [4.6]can be applied and ¢, is differentiable in the sense of
(4.53) on B . Finally, we exploit the explicit representation of T’_,; via (4.43), namely for all z € =, we

have
TVEs ()

14278 ()
Now the chain rule (4.54) guarantees the differentiability of T’;_,; on the set 3,:

T, (x) =2+ arctan( ) =z+ arctan(%ngs,t(x)). (4.58)

Lemma 4.7 (Differentiability of T') For all s,t € (0, 1) the mapping Ty_,, is differentiable on D,
and we have

DT, (z) = T(t—s,&(x), VE(2), D*¢ ()  with

_ A 272 gRg (4.59a)
T A) =1+ (DLy(2))] . ( "o )
(76,9 8) =Tt (D) | _ppesani 2\ Th2re ~ (172002
Ts—>t(©s) = @t and DE_)S<T3_>t(.I'))DTs_>t<.I) =1 forx € @s. (459b)
For every to,t1 € (0,1), t2 € [0, 1] we also have
Dfljtl*)w (Eoi)tl (x))D,-T'to%tl (I‘) = DEOHQ (1:) forx € ®t0' (4590)
Proof. Recall that 7 = t—s, then the explicit formula follows from differentiating, namely
VL (z—Ts () = —1537e. Vs Since T, !, = T,_,, there exists a constant L such that
L Yo—a| < |Tosi(v) — Toyy(2')| < Llx—2'| forevery x, 2’ € Z,. (4.60)

If x € ©5and A = DT,_,;(x), choosing £ > 0 we can find ¢ > 0 such that

T (2) — Tosy(x) — A(2'—2)| < e|a’—x| forevery ' € 5, N B,(z), (4.61)
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so that choosing € < i and ' = x + v we get
1
|Av| > |Tsyi(x+v) — Tsy(x)]| — elv| > ﬁ|v| for every v € B,(0) N (Z; — x)

Using the fact that 0 is a density point of Z; — x we conclude that A is invertible with | A~!| < 2. For
every y' € =, with Ly’ —y| < pand 2’ = T} _4(y/), we get |2'—x| < p and (@.67) yields

|Tt—>s(y/) —Tis(y) — A—l(y,_y)’ = |A_1 (A(x/—x) - Ts—>t(x/) + Ts—>t<x>)‘
< 2Lela’—x| < 2L%c|y' —y|

showing that y € ©; and A~! = DT} _,,(y). Hence, (#59b) is established.
Equation (4.59¢) then follows by the concatenation property (4.45). [

The explicit formula shows that DT _.; is the product of the positive matrix D?L; (z) ! and a
symmetric matrix, hence it is always real diagonalizable. The following result shows that the determinant
and hence all eigenvalues stay positive for s, ¢ € (0, 1). In fact, we now derive differential equations
with respect to ¢ € (0, 1) for the dilation-transport couples (T (), gs—s:(x)) € R?x (0, +00) as
well as for DT, _;(z) € R%*? and det DT_,;(z). Recall that t — (T,_,+(), gs—(z)) is analytic for

t € (0,1) by Theorem[4.3((5) and (6).

The following relations will be crucial to derive the curvature estimate needed for our main result on
geodesic HK-convexity.

Theorem 4.8 (The characteristic system on the contact set =;) We fix s € (0,1), x € =, and
y € D4 (cf. (4.57)) and define the maps

T(t) :=Tse(x), q(t) :=qssi(x), B(t) := DT (y), and 6(t) := det B(t).

Then, we have the initial conditions T'(s) = z, q(s) = 1,B(s) =1, and §(s) = 1, and fort € (0, 1)
the following differential equations are satisfied:

T(t) =V&(T(t)) and T(t) = —4&(T () VE(T (1)), (4.62a)
q(t) = 26(T'(t)) q(t) and G(t) = [V&(T(t)” q(t), (4.62b)
B(t) = D%,(T(t))B(t) and B(t) = —4 (V&@V& - &D%’t) oT'(t)-B(t),  (4.620)
0(t) = A&(T(1)) 6(t), % = ((Aft)2_|D2§t|2_4|v§t|2_4§tA§t> oT'(t),  (4.62d)

where A&,(2) = tr(D%,(2)) and |D*6,(2)2 = 3, , (92,0,6(2))”.

Proof. We use (4.45) and the Taylor expansion

) = hg — 2h*¢g + O(h*) ash — 0.

arctan( hg
14+2h&

Setting y = T'(t) = Ts_+(x) and using the fact that y € =, (4.58) yields

Tiiin(y) =y + hVE&(Y) — 2h%6(y)VE(y) + O(|h[°) as h — 0.
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With the composition rule (4.45) we have T,y (x) = Ti—11(y) and compute

T yiin(z) — T () ~ lim Tien(y) —

T(t) = lim Y = VE(y).

h—0 h h—0 h

This identity yields the first equation in (4.62a)). For the second relation in (4.62a) we use

- TsHtJrh(x) - 2Ts%t(x) + Ts%t7h<x)

T(t) = fim 2
- -2 T .
= lim Tivsesn(y) y+Tivin(y) = —4&(y)V&(y).
h—0 h2

The relations (#.62b) for ¢(t) = g follow similarly, using the scalar product rule for ¢,_,; in (4.45)
and by taking the square root of (4.44), namely

h2
Grsern(y) = 1+ 2h&(y) + EIV&(y)I2 +o(h*) ash — 0.

To show that B(t) satisfies (4.62¢), we exploit the matrix product rule (#.59¢) and expand DT} ;14 (y)
in (4.59a) to obtain

DT, ein(y) = I + hD%, — 212 (vg@vgt + ftDZ@) +o(h?) ash — 0. (4.63)

For this note that y — T}, (y) = O(|h]) such that D*L; (y—Ti—e41(y)) =L+ O(|h|?) as Ly is
even. Thus, follows as in the previous two cases.

For the determinant §(t) we again have a scalar product rule, and it suffices to expand det(DT; ;. ()
at h = 0. For this we can use the classical expansion det(I+hA) = 1+ htr A + $h*((tr A)* —
tr(A?)) + O(h®), and obtain

1
det DTioiin = 1+ hAg + 512 ((Agt)Q _D2%|? — 4 VE|? — 4§A§t) +o(h?).  (464)
As before this shows (4.62d), and the theorem is proved. n

In this section, we have studied the forward solutions ¢ — &, for t € (0, 1) and its contact sets =;
with a corresponding backward solution ét. We obtained differentiability properties in these sets or
in the slightly smaller sets [D; and derived transport relations for important quantities such as q_,;
and d5(t) = det DT_,;(z). In the following section, we still have to show that the contact sets =; are
sufficiently big, if we define & = Z & and &, = Z%,_, &, for an optimal pair (&0, &1)- This will be done
in Theorem

5 Geodesic curves

In this section, we improve the characterization of Hellinger—Kantorovich geodesic curves as discussed
already in [LMS18, Sec.8.6]. More precisely, we consider constant-speed geodesics 4 : [0, 1] —
M(RR?) that satisfy

Vst €[0,1]: HK(u(s), p(t)) = |s—t| K (po, ).
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We first show the optimality of potentials &; and Et obtained from the forward or backward Hamilton—
Jacobi equation in Theorem With this, we are able to show in Theorem [5.2] that for subparts
(s,t) C [0, 1] with 7 = t—s < 1 the corresponding LET problem has a unique solution in Monge form,
which implies that (M (R?), HK) has the strong non-branching property. Finally, in Theoremand
Corollary [5.5|we provide restrictions and splittings of geodesic curves needed for the main theorem in
Section

5.1 Geodesics and Hamilton—Jacobi equation

The next result clarifies the connection with the forward and backward Hopf-Lax flows &; and ft studied
in Theorem [4.3and the importance of the contact set =; defined in (4.39) (see also [LMS18, Thm. 8.20]
and [Vil09, Chap. 7] for a similar result in the framework of Optlmal Transport and displacement
interpolation). We emphasize that despite the non-uniqueness of the geodesics (,ut)te[o,u (see [LMS186!
Sec. 5.2)) in the following result &; and &; only depend on i and j; and the optimal potentials ¢, and

©1-

The following result brings together the results of Sections [3] and [4] by starting with an optimal pair
(o, 1) from Sectlon I and considering the correspondlng solutions &; and ft of the forward and
backward Hamilton—Jacobi equation starting with &, = G1 (o) and &, = G (1), respectively. First,
we observe that “intermediate” pairs (&, &;) or (és, &) are optimal for connecting the intermediate
points 15 and p; on an arbitrary geodesic connecting 1o and pq. Second, we observe that certain
results obtained in Section[d]for s, ¢ € (0, 1) also hold in the limit points s, ¢ € {0, 1}. Finally, we show
that the contact set =; is big enough in the sense that it contains the supp( ;) (see Example for
some instructive case with o = 7/2).

Theorem 5.1 For iy, 11 € M(R?) consider a tight ooptimal pair (o, 1) of (lower,upper) semi-

continuous potentials as in Theoremn With & = G, (goo) = 1(e* — 1) and & = G, (¢1) =
;(1 —e %) we define &, = A&y and &, = X&) as in (@30) and the contact sets =, = {&, = &}
as in (4.39). Finally, consider an arbitrary geodesic (Mt)te[o,l} connecting Lo to pi1. Then, the following
holds:

(1) Foralls,t € [0,1] with s < t both pairs (£, &) and (€, &) are optimal for (2.40) and (2.41) for
connecting [is tO [, Viz.

2(t1—s) H? (pts, p12) = /&dut —/ﬁsdus = /&dut— /Esdus (5.1)

(2) S; = supp(us) C =y foreveryt € [0, 1].

Proof. Assertion (1). It is sufficient to consider the forward flow . Fixing

€ (0, 1) we have

1
—tl'KQ(/ioa/it) > /ftdﬂt—/foduo and

5 HC (e, 1) > /&dul —/ftdut- (5.2)

1
2(1-1)

On the other hand, the geodesic property and the optimality of (&g, &) yield

1 1
/f1d,u1 — /ﬁodﬂo = §I-K2(/~L0a/~L1) = §|'K2(M07Mt) +
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showing that the inequalities in (5.2) are in fact equalities, in particular (5.1) with s = 0. For s > 0 we
still get (5.7) since ﬁl—ﬂ(ps,ut) = 5 HC (o, ) — 5 HC (o, 1) 0 < s <t < 1.

Assertion (2). Equation (5) for s = 0 yields [ (& — &) dp, = Oforallt € (0, 1), sothat & < & and
the continuity of &, & yield & = & on S; = supp . The cases t = 0 and 1 follow by the relations
between &; and ; and the fact that oy = @le, 1 = gong. [

Note that the inclusion S; = supp(u;) C = is in general a strict inclusion. This can be seen for the
case |z1—zg| = 7/2 in Example where Z; = [z, z1], however, there exists a pure Hellinger
geodesic with supp(u;) = {20, 21} fort € (0, 1).

We can now exploit all the regularity features of the maps T_,; and ¢,_,; on the contact set =; (cf.
Theorem . A first important consequence is that, given an HK geodesic (f4¢)¢cjo,1 and s € (0, 1),
the HK problem between 1, and yi; for any ¢ € [0, 1] has only one solution, which can be expressed in
Monge form (see [AGS08, Lem. 7.2.1] for the corresponding properties for the L.2-Wasserstein distance
in R%).

Theorem 5.2 (Regularizing effect along geodesics) Under the assumptions of Theorem[5.1], if s €
(0,1) andt € [0, 1], then the dilation-transport pair (Ts—+, qs—t) of Theoremis the unique solution
of the Monge formulation of the Entropy-Transport problem between (s and (i;. In particular, the
optimal Entropy-Transport problem between (s and [y or between (15 and (1 has a unique solution in
Monge form.

Proof. Let us considerthecase 0 < s <t < 1,7 =1t — s <t.By Theorem the pair (fs, ft) is
optimal for (s, 11¢) and supp(s) C =. Using the transformations

1 _ 1 _
= —log(14+27&) and ¢, ;= —— log(1—-27¢&;), 5.3
o 1= - log(1+27¢,) @ 5 10g(1-27&,) (5.3)
we see that (g, ¢, ) is a pair of potentials satisfying the assumptions of Theorem 2). Since
1—27& > 1— 7/t > 0 we deduce that ¢, is bounded from above, so that ;' = 0 thanks to (3:26)
(where the measures 1, and p are defined as in (2.13)).

Moreover, we know that z, is concentrated on {¢y > —oo}; since it is also concentrated on =, we
deduce that 4, is concentrated on Dj, = dom(Vy), so that we can apply Corollary [3.5] recalling the

expression of T', q given by (3.34). [

The above theorem allows us to deduce the fact that (M (IR?), HK) has a strong non-branching property.
It is shown in [LMS16| Sec. 5.2] the set of geodesics connecting two Dirac measures d,, and d,, is
very big if |y1 —yo| = 7/2: it is convex but does not lie in a finite-dimensional space. The following
result shows that all these geodesics are mutually disjoint except for the two endpoints o and ;.

Corollary 5.3 (Strong non-branching) /f for some s € (0,1) we have HK(p, 1ts) = sHK(po, 1)
and KK (s, 1) = (1—s)HK (o, 111), then there exists a unique geodesic curve t — p(t) such that

1(0) = o, p(s) = s, and p(1) = ps.

The next result shows that from a given geodesic we may construct new geodesics by multiplying the
measures L, by a suitably transported function. This will be useful in the proof of the main Theorem
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Theorem 5.4 (Restriction of geodesics) Let (Mt)te[o,l] be an KK geodesic. For a given s € (0,1)
let v, € M(R?) with supp(vs) C supp(is). Then the curve [0,1] > t > vy = (T, Gsst) Vs iS
also an KK geodesic. If in addition v = 0,15 for some Borel function o5 : supp(us) — [0, 4+00], then
v{ = otfur with 01(y) = 0s(Tis(y)) for every t € (0, 1).

Proof. We keep the same notation of Theorem.1 let 0 < t; < s <ty < 1,and set 1y := s — ty,
To :=ty — s, and 7 = 171 +72. We clearly have

%l‘KQ(VtZ,th) > /&2 duy, —/&1 duy,
— </§t2d1/t2 —/§sdus> + </§sdl/s—/§t1d’/t1>

The conclusion then follows, if we show [ &, duy, — [ & dv, > 2—l2|-K2(ut2, vs) and [ & dv, —
[ &, dvy, > il—KQ(VS, vy, ). We check the first inequality, the second follows similarly.

Define q2 := s, and 15 := T_,4,. Using the fact that (i) vy, = (T3, ¢2).Vs and (ii) identity (4.44)
we obtain

/(1—2Tgft2)dyt2 0 / (1 2725,52( HtQ(x)))qgﬁb(x)dus(x) o /(1+272§s)dy5.
Combining and (4.44), we arrive at
/ (1—27&,)dy, = / (1+2m¢&) dy, = /q2 cos(|x—Ty(x)|) dvs. (5.4)
With this we find

HK2 (1, vs) < / (qg +1—2¢ Cos(|x—T2(x)|) dv,

va(RY) + 1y (RY) / (1-2r€,) sy — / (14276,) v,

- 27(/@2(1%2 - /fsdys>.

Hence, we have shown 5-HK2(14,,14,) = [ &, du, — [ & ds, which implies that (14)¢e(o,1) is @
geodesic as well.

We can then pass to the limits ¢; | 0 and £, 1 1 as follows. Notice that the curve t — 14, t € (0,1), is
converging in (M(R?), HK) to a limit vy and v, for ¢ | 0 and ¢ 1 1, since () is a geodesic. Moreover,
for every ¢ € Cy(R?) we can pass to the limit ¢ 1 1 in

/ Cdv, = / C(Tase(2)) g2 () i (), 55)

since limy Tsyi(x) = Ts1(x) and limyyy gse(x) = ¢s—1(x) and g is uniformly bounded. A
similar argument holds for the case t | 0.

In order to check the identity concerning the density o} of 14, we use and find
[ctn = [T @ dn = [ (T @otdn,
/C s—t ))qsﬁt( )Qt(Ts%t( d,us /C Qt th( )
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The case ¢ € [0, s is analogous. "

The next result provides the fundamental formula for the representation of densities along geodesics.
Generalizing the celebrated formulas for the Kantorovich—Wasserstein geodesics, the densities are
again obtained by transport along geodesics, but now with non-constant speed and an additional
dilation factor as(t,z) = ¢_,,(x) to account for the annihilation and creation of mass. Recall that
D, = dom(D?E,) C Z, has full Lebesgue measure in =, i.e. L4(Z, \ D,) = 0.

Corollary 5.5 (Representation of densities along geodesics) For measures (i, (11 € J\/[(]Rd) con-
sider a geodesic ( ,Ut)te[o,l] connecting i to . Assume that at least one of the following properties
holds:

(a) there exists s € (0, 1) such that ji; = ¢, L4 < L¢;
(0) o = coL? < L% and pf] < L2

Then, we have
(1) puy < L foreveryt € (0,1), viz. py = c(t, )L

(2) Foreverys € (0,1) the density c(t, -) can be expressed via the formula

a(t, x)

e(t,9)], gy = (5, 7) 5o(t, )

foreveryx € ©,, t € (0,1), (5.6a)

with ®, = dom,(DVE,)) = dom,(D?,) (cf. ¢57)) and
ay(t,x) = (14 2(t—s)&,(2))* + (t—5)2|VE(2) 2, 6,(t,2) := det DT, (x). (5.6b)
Moreover, we have D*&,(x) = 0 and 6,(t, x) = 1 for us-a.e.x € =%, so that

t? 1—t)?
c(t,x) = ?c(s,:p) forx € =% and c(t,x) = ((1—5))2

c(s,x) forx € =7. (5.7)

(3) If py < L (resp. j1, < L£%) and holduptot =0 (resp.uptot = 1).

(4) If 1l = 0 the representations in (5.6) hold also when s = 0 by restricting = in D{j = dom(D?¢p),
and we have the formula

DTy (z) = T(t,&(2), V& (2), D¢ ()  foreveryx € Dy, (5.8)

where T is defined in (4.594l).

Proof. Assertion (1). In the case (a) holds for s € (0, 1), there exists a bi-Lipschitzmap T}, : =, — =,
and bounded dilations ¢ : 25 — [a,b] with 0 < a < b < oo such that jiy = (Ts—t, Gs—st)xfts- IN
particular, for every Borel set A we have

pe(A) < 0 s(Ti23,(A)) = U as(Tis o (A)). (5.9)

If L4(A) = 0 then LI(T}_,s(A)) = 0 because T}, is Lipschitz. Hence, using 11, < £¢ we find
ps(Ti—s(A) = 0, such that gives p:(A) = 0. With this we conclude 11, < L.
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In the case of assumption (b), we argue as before but with 1y = coL for s = 0. Using the fact that
qi—o is locally bounded from below and that T} . is locally Lipschitz on A; := =, \ =", we deduce
that ;L Ay < L%, On the other hand we have ,u’l’ < L% and the restriction of T, ., to =T coincides
with the identity and ¢;_,; is bounded from below thanks to (4.44). Thus, we obtain p; < L4,

Assertion (2). The representation (5.6a) follows by Theorem[6.2|and Corollary

Relation (5.7) can be deduced directly by Theorem In order to prove that D2&, = 0 p,-a.e.in =F it
is sufficient to consider density points of =%, since Us K L% and to compute the differential of V&, on
=*, where it is constant.

Assertions (3) and (4). Both assertions follow from Corollary m

As a last application, we will also discuss the propagation of the singular part with respect to £ which
will be needed in the proof of the main result in Theorem

Corollary 5.6 (Propagation of the singular part) Let 119, 11 € M(R?) let (11¢)te(0.1] be a geodesic
connecting (1o to (11 and let g = pé + [Lé‘ be the decomposition of pis with respect to the Lebesgue
measure L% at some point s € (0,1). Foreveryt € [0, 1] we set

ljt = (Tsﬁta Qsﬁt)*,ug and ﬁt = (Ts%ta ant>*/ﬁj- (5.10)

Then, the curves ([it)ie(0,1) @and ([it)ie(0,1) are KK geodesics, we have i, L. L% fort € [0,1] and
s = fiz + 1iy provides the Lebesgue decomposition fort € (0, 1), viz. u2 = fi; and p;- = Jiy.

Proof. Let us decompose = in the disjoint union of two Borel sets A, B such that % = p,L. A and
(i = psL B with £4(B) = 0. By Theorem [5.4| we clearly have ji; = fi; + fi;. On the one hand,
fir < L% by Corollary [5.5/for all t € (0,1). On the other hand, for all t € [0, 1] the measure /i;
is concentrated on the set T_,;(B) which is L%negligible, since Ts_,; is Lipschitz. If follows that
f; L L4 sothatfi; = pu® and fiy = i forallt € (0,1).

The fact that (11¢) and (i) are geodesics follows by Theorem|[5.4]as well. =

5.2 Convexity of the Lebesgue density along HK-geodesics

In this subsection, we consider geodesics (Mt)te[o,l] such that ps < £ for some, and thus for all,
s € (0, 1). We fix s and introduce the functions «, d, as in and the functions

Ys(t,x) = a2 (t,x) = go(),

l/d} forx € Dy. (5.11)
ps(t, ) = all?(t, 2)6Y 4t z) = st (z) (det DT ()

We now exploit the explicit differential relations for vs(t, ) = gs—:(x) and d5(t, ) = det DT_,;(x)
provided in Theorem and derive lower estimates for s and ps. It remains unclear whether the
given choice for s and p; is the only possible, however it turns out that for these variables the
following curvature estimates are relatively simple and hence the final convexity calculus goes through.
For comparison, we mention that in the Kantorovich—-Wasserstein case we have ykw(t) = 1 and
prw(t) = (5Kw(t))1/  with Skw(t) = det((1—t)I+tDTkw(z)), such that jxw(t) < 0 since
DTxw(z) is diagonalizable with nonnegative real eigenvalues, see [AGS08, Eqn. (9.3.12)].
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Proposition 5.7 (Curvature estimates for (p,~)) Let (ps,7s) : (0,1) x D, — [0, 0o[* be defined
as above along a geodesic. Then, we have for allt € (0, 1) the relations

fs(t) 4\ ¥s(t)
) ) (-3 iz
>0 an 0 Y (5.12)
Vs(t, x) ps(t) — ( —%> ¥ (1) ford = 1.
ps(t) d/ 7s(t)

Proof. As s € (0,1) and z € D are fixed, we will simply write p(t) instead of p;(¢, x) and similarly
for the other variables. Using the specific definition of p we obtain
poA 2446 16 1,1 2
=4 ls a5t VE)"
p v d~vé do d¥d )
We can now use the formulas provided in (4.62a)—(4.62d) giving ¥ = 2&;y and v = |V_§t|2v, where &;
and its deri\(_atives are evaluated at y = Ts_ng(x). Inserting this and (4.62d) for 6 and ¢ into the above
relation for /0 we observe significant cancellations and obtain

. s q 4
T_|vgl and 2= —((Ag)2=dD%)?) + (1 - =) V& (5.13)
Y p d d

For d = 1 we have D*¢ = A(, while for d > 2 all matrices A € R satisfy d|A|]> =

d Z;‘i,j=1 AZ > (trA)? = (3] AM-)Q. Thus, the curvature estimates follow. n

The above curvature estimates will be crucial in Section [7] for deriving our main result on geodesic
convexity. We remark that for d > 2 they are even slightly better that the “sufficient curvature estimates”
given in (7.3) because of 1 — 4/d < 1 — 4/d?* (with equality only for d = 1).

We finally derive a useful result concerning the convexity of the density ¢ — ¢(¢, x) along geodesics.
This provides a direct proof of the fact, which was used in [DiC20] that the L.°°-norm along geodesics
is bounded by the L°°-norm of the two endpoints. Indeed, we show more, namely that the function
t — c(t, Ti(z)) is either trivially constant or it is strictly convex.

Theorem 5.8 (Convexity of densities along geodesics)

(1) Under the assumption of Corollary [5.9, for every = € D, or v € E=* the function c4(t) =
c(t, Ts_,(x)) given by (5.6a) or (5.7), respectively, is either constant or strictly convex and positive in

(0,1).
(2) If moreover 11y << L% (resp. i, < L£%) then for u,-a.e.x their limitast | 0 (resp.ast 1 1)
coincides with cy o T_,q (resp. ci o Ts_,1).

Proof. Assertion (1). Since z € R% and s € (0, 1) play no role, we drop them for notational simplicity.
We simply calculate the second derivative of the function t +— c(t) = v(t)*2c,/p(t)%. If ¢, =
c(s, ) = 0then c(t, Ts_,;(z)) = 0 and the result is obviously true. Hence, we may assume ¢, > 0
and obtain after an explicit calculation

C=rc JT_ B Ty 1e Py
¢ = ((d+2)7 dp + (d+1)(d+2)(7) 2d(d+2)7 p + d(d+1)(p) ) (5.14)

The quadratic form involving the first derivatives is positive definite, and for the terms involving the
second derivatives we can use the curvature estimates in (5.12) to obtain

éZc(((d+2)%—d(1—%)%+O) :6%.
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Because ¢ — (t) is the square root of a non-negative quadratic polynomial, it is either constant or
strictly convex. In the latter case we have §(t) > 0, and we conclude that é(¢) > 0 as well due to
c(t) > 0.

If ¥ =4 = 0, then yields & (T'(
B(t) = 0, so that by VT,(z) =B
eigenvalues of D?&,(z) by p; < 1,5 = 1,.

t)) = 0and V§,(T(t)) =
(t)—]I+(t s)B(): +
,...,d, we have

0. This gives T'(t) = x and
(t—s)D?¢,(x). Denoting the

2 2

1 oo d _ s
log p(t) :log7+fz;10g(l_tpj) giving — (log p(t)) = _Zzg 1— tpj

With this, we reconsider (5.14) for constant v and obtain

2

i P ) d 2 (Py2 P;
E:—d;+(d+d)(p) = —d gz (log (1)) + &*(7) ZZWZO

j=1
We see that c is strictly conve, if one of the p; is different from 0. Otherwise, we have D?{,(z) = 0
and conclude that ¢ — p(t) is constant as well. Thus, ¢ = v42¢, /p? is also constant.

Assertion (2). If 1g = coL? < L, then 6,(0,z) > 0 for ps-a.a. & € D, thanks to the last statement
of Corollary [3.5] (which is a direct consequence of Theorem[3.3[)) and both d,(0, z) and (0, z)
coincides with their limit as ¢ | 0. A further application of Corollary 3) yields the result. The case
t = 1is completely analogous. ]

The above result easily provides the following statement on L.>° norms.

Corollary 5.9 (Convexity of the > norm along geodesics) Let jig, 11y € M(R?) be absolutely
continuous with respect to £ with densities c¢; € L*>°(R?) and let (#4)eepo,1) be a KK geodesic
connecting jig to ji1. Then pi; = ;L% and ||c¢|| L < (1—t)]|co||pe + t]|ct || poo-

6 Discussion of the convexity conditions

In this section, we assume that ' : [0,00[ — R U {oo} is lower semi-continuous and convex,
satisfies £(0) = 0, and is twice continuously differentiable on the interior of its domain D(E) :=
{c¢ > 0] E(c) < oo0}. The following result gives a characterization of the conditions on
Ng : (p,7) = (p/7)?E(y*2/p?) in terms of the derivatives of E, namely €;(c) = ¢/ EY)(c) for
7 =0, 1, and 2, which appear in

B0 ( 2O OO S0 -Haoao) )y

ea(c) — 1(e1(0) —e0le)) £a(0) + 1e1(0)

This characterization will then be used to derive a nontrivial monotonicity result in Proposition
which is a crucial building block of the main geodesic convexity result.

Note that the variables p and ~y are related to the variable c via ¢ = coy¢*2/p?.

Proposition 6.1 (Equivalent conditions on £) Let N and B be defined in terms of E/ as in (1.23al)
and (6.1), respectively. Then the following conditions are equivalent:
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(A) N satisfies (1.23);
(B) in the interior of the domain D(F) we have B(c) > 0 and (d—1) (gl(c)—eo(c)) > 0.

Proof. We first observe that the desired monotonicity of p — Ng(p, ) for d > 2 is indeed equivalent
to the condition £1(c) > €q(c). This follows easily from the relation

d—1 d+2 d d+2 d+2 dpd—l

Y P i _ ) — e1(c)).
pd)—f_,)ﬁE(pd )( dpd+1) ~d (50() 5())

d
apNE(pvly) = i/d E(

It remains to establish the equivalence between the convexity of N and the positive semi-definiteness
of B. For this we note that N is given as a linear function of F, hence the Hessian D2 Ny will be a
given as a linear combination of £/, E’, and E”. Indeed, an explicit calculation yields

oo =25 (0 T4 ) s (4 )

With this, we see that D? N is positive semidefinite if and only if B is. Hence, the assertion is proved. m

From the semi-definiteness of the matrix B(c), we obtain as necessary conditions the non-negativity of
the two diagonal elements which provide the McCann condition By, = €9 — d%dl(el — 50) > (0 and the
convexity conditions with respect to the Hellinger—Kakutani distance Boy, = €9 + %51 > 0. Moreover,
testing B with (1, —1) T reveals the additional condition

( 11) 'B(c>( 1 ) >0 <= (d+2)a(c) — 2e0(c) 2 0. ©2)

Proposition 6.2 (New necessary monotonicity) Let IV be such that the conditions in Proposition|6.1
hold and let N be defined via (1.23a). Then, the following three equivalent conditions hold:

(A) The function |0, 00| 3 ¢ — ¢~2/(*2) E(c) is non-decreasing.
(B) Forall p,~v > 0 we have the inequality (1 — C%)p@pNE(p, v) + Y0, Ng(p,v) > 0.

1—4/d?

(C) Forall p,~y > 0 the mapping |0, 00[ 3 s — Ng(s p, s7y) is non-decreasing.

Proof. Expressing 9, N and 9, N via &g and 1 and using 6 = (p/~)% we obtain
p0,Ng(p,7) = —dd(e1—g9) and 70, Ng(p,v) = 0((d+2)er — deo).

Thus, we conclude (1—)p9,Ng(p, ) + 70, Ne(p,v) = 275 ((d+2)e1 — 2e), which is positive
because of (6.2). Thus, (B) is established and the monotonicity of s — Np (5149 p, s7) in (C) follows
simply by differentiation.

2(d+2)/d

Statement (A) follows by applying (C) for p = v = 1 and choosing s = ¢ ]
The crucial monotonicity stated at the end of the above proposition means
&
0<ci <y = E(Cl) < (—1)2/(d+2)E(CQ). (6.3)
Ca

It implies that if F attains a negative value it cannot be differentiable at ¢ = 0: If E(c;) < 0 then
E(c) < (¢/c1)? T2 E(c;) < 0, which leads to £/ (c) N\, —oo for ¢ \, 0.

In the following examples we investigate which functions E satisfy the above conditions. The following
two results will be used in Corollary to obtain geodesic convexity for functionals of the form
E(c) = [, ac” dz. The third example shows that in case of the Boltzmann entropy with £(c) = clog ¢
the conditions do not hold and hence geodesic convexity fails.
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Example 6.3 (Density function E(c) = ¢™) We have ey(c) = ¢
m(m—1)c™, which gives the matrix

The Hellinger condition By (c) > 0 holds form & 10, 1|, while the McCann condition B1(c) > 0
holds form & }d%dl, 1[. Moreover, for d > 2 the monotonicity condition €1 > & impliesm > 1.

Thus, the remaining cases are either m > 1 ord = 1 and m < 0, and it remains to check
det B(c) > 0. An explicit calculation gives

det B(c) = (m—1)(m — %) “”2#[.

Clearly, form > 1 we have det B(c) > 0 for all space dimensions d € N. Moreover, det B(c) < 0
form < 0.

In summary, we obtain geodesic convexity if and only if m > 1.

Example 6.4 (Density function F (c) = —c?%) As in the previous example we have
_ o =0(e—95) (1-a)(¢—3)
B(c) =c¢ ¢ . :
1-a)(a—3)  a(z—q)

The Hellinger condition Bay(c) > 0 holds for q € [0, %] while the McCann condition B11(c) > 0 holds
forq € [%, 1], which also implies the monotonicity €1 > £q. With

1 (d+2)q —d
detB(c) = (1—¢q)(z —q) ——————.
(© = (1-q)(§ —q) 2
we obtain the additional condition ¢ > d/(d+2) and summarize that E(c) = —c? leads to a
geodesically convex functional if and only if ¢ € [ max{%=*, 795}, 1], which has solutions only for

d=1andd = 2.

Example 6.5 (Boltzmann entropy) As a negative example where the geodesic convexity fails, we
consider the Boltzmann function E(c) = clog c. We compute Bas(c) = es(c) + 3e1(c) = 3¢+
%c log ¢, which shows that the necessary Hellinger condition fails. Moreover, considering the measures
to = 0 and p1; = cL¢ for a non-negative density c € 1.1 () we find that along the geodesic curve,
given by u(s) = s*u1, we have

E(p(s)) = /QE(S2C) dr = s*& (1) + 25* log(s)/gcdx,

which is clearly not convex if [, cdz = 11(2) > 0.

Finally, we discuss a few examples where the density function £ is not smooth. Note that the con-
ditions in (1.23) form a closed cone. Moreover, as for convex functions, the supremum £ : ¢ —
sup{ E,(c) | o« € A} satisfies (1.23) if all £, do so.
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Example 6.6 (Nonsmooth F) In applications one is also interested in cases where E' is nonsmooth.
For example the case E,;(c) = kc forc € [0, ¢*| and E(c) = oo for ¢ > ¢, is considered in [DiC20].
Clearly, L satisfies our assumptions since N only takes the values 0 and co and the value
0 is taken on the convex set v+2 < p?. Thus, E,, generates a functional &, = & + k.4 thatis
geodesically 2k -convex.

A second example is given by E(c) = max{0,c? — c}. We first observe that E\(c) = ¢ and
Es(c) = ¢ satisty (T.23). Hence, ¢ — max{FE:(c), Es(c)} = E(c) + c satisfies as well.
Thus, we know that E/ generates a functional & that is at least geodesically (—2)-convex. However, we
may inspect the function ¢ — ¢* — c in the region ¢ > 1 directly and find that E itself satisfies (1.23).

In practical applications, in particular for evolutionary variational inequalities as treated in [LaM22], it
is desirable to find the optimal \ for the geodesic A-convexity. So far, we have treated the case of
geodesic 0-convexity and now return to the general case, which leads to the conditions

B@ﬁz(g A32> and  (d—1)(e1(c) — £0(c)) >0

The monotonicity condition is clearly independent of \. The first equation still relies on the neces-
sary McCann condition By;(c¢) > 0. If this holds with strict inequality we see that the optimal A is
characterized by

2det B(c)

Aopt = inf { —CBH(C)

c>o}. (6.4)

Example 6.7 (d = 1 and E(c) = ¢ — ¢*/°) From the previous examples, we know that F?(c) = c?

and E%/°(c) = —c?/® are both geodesically 0-convex, and we want to show that the sum is geodesically
A-convex for A > 0. As B is linear in E we have B(c) = c¢*B® + c*/°B?/%) with constant matrices
B® and B*/%) that are both strictly positive definite. Thus,

_ 2detB(c)

lic) = >0 forallc> 0.
( ) CBH(C)

Moreover, we find (c) ~ 2¢=3/5 det B/ /BY/® forc ~ 0 and £(c) ~ 2cdet B® /B forc > 1.
Thus, by compactness Aopy = inf { l(c) | c>0 } is strictly positive.

Numerically, we find Aopy = 0.638 which is attained at ¢, ~ 0.0319.

Remark 6.8 (Geodesic convexity via the Otto calculus) Following the key ideas in [OtW05, DaS08]
a formal calculus for reaction-diffusion systems was developed in [LiM13]. It uses the dynamical
formulation in Subsection(2.1.1 and the associated Onsager operator K(c)é = —a div(eVE) + Be€
to characterize the geodesic \-convexity of the functional & by calculating the quadratic form M (c, -)
(contravariant Hessian of &):

M(c,§) = (€, DV (c)K(c)§) — %Dc<€7 K[V (e)] withV (c) = K(c)D&(c).

Then, one needs to show the estimate M (c, &) > A&, K(c)E).
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Following the methods in [LiM13, Sect. 4], for c € C2(€)) and smooth & we obtain
Me§) = [ |o2((a0-0) 292 + o[
Q
+af (Bl(c)|V§|2 + B2(c)§Ag) + 52Bg(c)§2] dz,

where A(c) = e5(c), H(u) =¢e1(c) —eo(c), Bi(c) = gal(c) —eo(c),

By(c) = —2e5(c) + e1(c) —eo(c), Bs(c) = ea(c) + %51(0).

Analyzing the condition M (c,&) > M, K(c¢)§) we find the conditions

A Alc) — =2H(c)  L1By(c)

Ye>0: (d=1)H(c) >0, Bi(c) > =, d 2 >0, (6.5

200 (@=0HE 20 B0 = 50 (M0 ) )20 e

which for A = 0 give the same conditions as B(c) > 0, see Proposition Note that the middle
estimate in (6.5) follows from the first and the third estimates because of

Bl(C) = %81 — &y = dle(ﬁl—go) + i((d—f—Q)&g—Q&g).

7 Geodesic convexity of &

In this section, we finally prove the necessity and sufficiency of the conditions for geodesic convexity of
functionals & on M (2) in (1.23), where we now allow for a general closed and convex domain 2 C R%.
In order to keep the arguments clear, we first restrict ourselves to absolutely continuous measures (i
and ;. Thus, by Corollary [5.5|the connecting geodesic curves are also absolutely continuous, and we
can rewrite & along the latter in the form

E(uy) = /QE(c(t,y))dy = /Qe(t,:r) dz, wheree(t,z) = 5(t,x)E(c*(x) 5

The general case will then be treated by using an approximation argument.

Under the assumption that ' is twice differentiable in the interior of its domain, we show that for 1iy-a.a.
x € Q) the function t — e(t, x) is convex. Since a(-, x) and 4(+) are analytic functions on [0, 1], we

can show convexity in this case by establishing é(¢, ) > 0. For this, we can fix z € (), drop the
dependence on x for notational convenience, and set

D) = Nu(pt), 1) with p = (c,)/26Y, 5 1= (c,a)2, (7.1)

and N from (1.23a). Now, the classical chain rule implies the relation

€= < (5) ,D*Ng(p,7) (5) > + 0,Ne(p, )P + Oy NE(p, 7)7- (7.2)

The aim is to show é(t) > 0 for all t € [0, 1]. By the convexity of Np; it suffices to treat the last two
terms.

For this we exploit the curvature estimates (5.12) on v and p as well as the monotonicities in (1.23c)
and Proposition[6.2]
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7.1 Usage of the curvature estimates

We first show that it is sufficient to use the curvature estimates

. 4k
. P < (1_@) X ford > 2,
z20 and Z A z (7.3)
i P—(-2)L ford=1.

L)

In particular, the equality condition for d = 1 is different from the inequality conditions for d > 2. This
will be used to compensate for the missing monotonicity of Ng in (1.23c) in the case d = 1.

Below we will see that the curvature estimates (7.3) are necessary to complete our proof. Note that
they are implied by the curvature estimates derived in Proposition In fact, both coincide for d = 1,
while for d > 2 the former are strictly weaker as the latter because of 1 — 4/d < 1 — 4/d>.

Proposition 7.1 (¢ > 0 via curvature estimates) Assume that N satisfies (1.23) and thatt +—>
(p(t),~(t)) satisties (73), then € > 0 in (7.2).

Proof. As the first term (involving D? N ) on the right-hand side of (7.2) is non-negative, we only have
to show that the last two terms have a non-negative sum. For this we rearrange terms as follows:

4

) ) 5 p 4 5
8, Ne(p,7)p+0,Ne(p, )5 = (~pd,Ng) ((1—?; — ;) + (’Va'yNE‘i‘(l—ﬁ)papNE);-

The right-hand side is the sum of two products, both of which are non-negative. Indeed, the first product
equals 0 in the case d = 1 independently of the sign of GpNE, because the second factor is 0. In the
case d > 2 both factors are non-negative (using 9, Ny < 0 and the second curvature estimate in
(7.3)), so the first product is non-negative again.

In the second product both terms are non-negative by Proposition[6.2(B) and the first curvature estimate

in (7.3). Thus, € > 0in (7.2) is proved. [

7.2 The main results on geodesic \-convexity

We are now ready to establish our main result on the geodesic convexity of functionals & given in terms
of a density £. We now make our general assumptions of £ precise.

E :[0,00] = R U {oo} is lower semi-continuous, convex,

. (7.4)
E(0) = 0, and there exists ¢, > 0 such that E(c,) < oo.

We also want to include the case that £ is not necessarily superlinear, so we introduce the recession
constant

1
E! = lim —E(c) € RU {oo}.

c—0o0 C

The case £/ = oo is the superlinear case where the functional & (1) is always +oo, if i has a
singular part, i.e. ut # 0 in the decomposition j1 = c£? + pt with ut 1 L4,

We introduce a closed (convex) domain €2 C R¢, and we consider the set of measures L with support

contained in 2, which we identify with M (2). In the case that the right derivative E, := hfél —FE(c) of
clo ¢
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E at 0 is not finite, we further have to impose that €2 has finite Lebesgue measure. Therefore, we will

assume that
() is a closed convex set with nonempty interior and

d ) (7.4b)
(2is also bounded, i.e. £L(2) < oo, if By = —o0.
Thus, the functionals & are defined as follows
E(n) = / E(c(z))dz + El_p=(Q) for p= cL%p® with pt L L7, (7.5)
0

It is well known that guarantees that & is a weakly lower semi-continuous functional on M(£2). In
particular, condition is necessary to guarantee that the negative part x — min{F(c(z)),0}
is integrable, because for ¢ € L'(€2) the functions x — —+/c(x) may not lie in L' (Q). We refer to
Example[7.4]for a case where can be avoided by using a confining potential.

We are now in the position to formulate our main result on the geodesic A-convexity of integral
functionals & on the Hellinger—Kantorovich space (M(£2), HK). The proof consists of three steps.
First, we assume that E' is twice continuously differentiable in its domain. Restricting to geodesic
curves connecting absolutely continuous measures, we can use the above differentiable theory giving
¢ > 0. In Step 2, we generalize to possibly non-differentiable density functions £, but keep absolutely
continuous measures. For smoothing a given £/, we use that whenever £’ solves the conditions
and then ¢ — E(rc) does so for each r € [0, 1]. With a multiplicative convolution we construct a
smooth E’5 to which Step 1 applies. Finally, Step 3 handles the case where ,ué or ,uf are non-zero by
a standard approximation argument of general measures using absolutely continuous measures.

Theorem 7.2 (Geodesic convexity of &) Assume that E : [0, 00 — RU{oo} and Q C R satisfy
(7.44) and (7.4b), respectively. If for a A, € R the function

d+2
Pyd (7 As o
Ny 5(p,~) = (2 E(—)—— . forp,y >0,
2 (P ) (7) i 5 P,
satisfies the conditions (1.23b) and (1.23c), then the functional & defined in (7.5) is geodesically
A«-convex on (M(Q2), HK).

Proof. Without loss of generality, we set A, = 0 throughout the proof and shortly write N = N, g.

Step 1: The smooth and absolutely-continuous case. We first assume that F is twice continuously
differentiable in the interior |0, cg| of its domain and that the measures 1y and p; are absolutely
continuous with respect to £, i.e. ji; = ¢;£% for ¢; € L}(Q2).

We fix s € (0, 1) adopting the notation of Corollary Then, the geodesic curve t — ji; = c(t, -) L
satisfies

@("(Mt):/QE(c(t,y))dyz/E(cs(x)as(t’x))és(t,x)dx:/e(t,x)dx

Q ds(t, x) Q

with e(t,2) = Ng(p(t,x),v(t,x)) as above. We want to show that for a.a. x € 2 the function
t — e(t, z) is convex.

3(t,z)
constant or strictly convex. If the function ¢(-, x) is constant then either c¢o(z) = 0 or (p(-, x), (-, x))
is constant. In both cases, e(-, ) is constant as well, and hence convex.

As shown in Theorem the functions ¢ — ¢(t, z) = co(x) 2L = (¢, 2)2/p(t, 2)¢ are either
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In the strictly convex case, the values of ¢(t, z) for ¢ € |0, 1] lie in the interior of the domain of F,
where L' is twice differentiable. Hence, combining Propositions andshows that t — e(t, ) is
convex for a.a. x € €. Since integration over {) maintains convexity we conclude that ¢t — & (y;) is
convex, too.

Step 2: The nonsmooth but absolutely-continuous case. We still assume 11; = ¢;£%, but now consider
an I that is not necessarily twice differentiable, but still satisfies (7.4). We choose a function x €
C(R) satisfying x(r) > 0, f_;l X(r)dr =1,and x(r) = Oforr & [—2, —1].Nowfor§ € ]0,1/2|
we define the smoothings

Es(c) = /0 Xs(r)E(re)dr, where xs5(r) = %X(%(T—l)).

Hence, xs has support in [1—24d, 1—4]. If the closure of the domain of E is [0, cg], then Ej is well-
defined and C* on |0, c¢g/(1—0)[. Moreover, for all ¢ € [0, cg| we have Es(c) — E(c) for 6 \, 0.
We easily check, that Es still satisfies the assumption and (7-4). Moreover, Es(c) can be
estimated by F(c) via

dK >0Y6€]0,1/4[Vec>0: |Es(c)] < K(c+|E(c)]). (7.6)

To see this, we first consider the largest interval [0, ¢;[ on which E is non-increasing. Then 0 =
E(0) > Es(c) > E(c) which implies with K’ = 1. If ¢; = oo then we are done. If ¢; < oo, then
F starts to increase and there exists ¢ € [¢1, oo[ with E(c) > 0 for ¢ > ¢5. Using the construction
of E'5, we obtain for all ¢ > 2¢y > ¢5/(1—24) the lower bound E5(c) > 0. Using we easily get
Es(c) < E(c).

It remains to cover the case ¢ € [¢1, 3¢3]. If ¢; = 0then E(c) > 0 for all ¢, which means ¢, = 0 as
well, then (7.6) follows immediately from the above arguments. If ¢c; > 0, a uniform continuity argument
gives the estimate | Es(c) — E(c)| < M for ¢ € [¢1, 3¢3]. Then, choosing K = M /¢, provides (7.6).

With this preparation, Lebesgue’s dominated convergence theorem implies

p=cLlwithc e L'(Q)and &(u) < o0 =— / Es(c(z))dz — &(u)asd | 0.
Q

Taking any constant-speed geodesic [0, 1] 3 ¢ — u; = c(t,-)£?, we know by Step 1 that the curves

es:t— /SzEg(c(t,x))d:r

are convex. As €5(t) — & (1) we conclude that ¢ — &'(11;) is convex on [0, 1].

Step 3: Pure growth. The curve t — t2u1 is the unique geodesic connecting 1o = 0 and p1. Using the
Lebesgue decomposition yi; = ¢; L% 4 p we see that

tes &) = (e LY +2E_u*,

is convex on [0,1] by Step 2 for the first term and by £/ > 0. The nonnegativity of £/ =
lim. . E(c)/c follows from (7.42) and Proposition 6.2(A), namely for ¢ > ¢, we have

1 1, 01
- . —2/(d+2)
E(c) c E(c) > )

— d/(d+2) 052/(d+2)E(co) — 0 forc — oo.
C C
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Step 4: The general case allowing for singular measures. Singular measures can only occur for £ with
sublinear growth. Hence, we assume E’_ € R from now on. In particular & is finite everywhere, and
using E(c) < E!_cwe have &(u) < EL_ ().

Asin Corollary we consider an arbitrary geodesic (/Lf)te[o,l] connecting (o and ;. For a fixed
s € (0, 1), we decompose 115 as u® + ,uj Then, u; = fi; + 11y splits into two geodesics with disjoint
supports and fi; = 42 and Ji; = i, see Corollary 5.6] Moreover, we have 7i; 1 £¢and fi; < £¢
forall ¢ € (0, 1). This implies the relation

& () = (i) + & (i) = & (fu) + EL ().

Since (Ji¢)+c[0,1] is @ geodesic and the total mass functional .# (1) = 11(€2) is convex (see (1-19))
and £/ > 0, the last term t — E’_71,(€2) is convex. Hence, it is sufficient to check the convexity of
t— & ().

Since j1; < L forallt € (0, 1), the function ¢ — & (Ji;) is convex in the open interval (0, 1) by Step
2. Hence, to show convexity on [0, 1] it is sufficient to check that

limsup &(7i) < E(fio)  and  limsup &(7ir) < E(f),
t}0 11

because HK convergence implies weak convergence and & is weakly I.s.c.

Let us focus on the limit ¢ | 0 as the limit ¢ 1 1 is completely analogous. The problem is that 11, < £¢
fort € (0, 1) only, but /2o may have a singular part. Hence, we forget the decomposition 1, = fi; + fi
and use a different one. Before that, we restrict to the case 1o(=") = 0 because on = we have pure
growth and this case is covered by Step 3.

Now, we exploit the Lebesgue decomposition of pig = g + ,ué at ¢ = 0 and consider two disjoint
Borel sets A, B C 2\ =" such that 3 = oL A and pg = j1oL B. We define the corresponding
disjoints sets A, := T, ' (A) and B, := T;_},(B) as well as the measures v;* := p,L_ A, and
uf‘ := p; L By. By Theorem we obtain two geodesics v/}, VtB concentrated on disjoint sets giving
&(ue) = EW)+EWP). Since vt < L forevery t € [0, 1) we deduce that ¢ — & (v{1) is convex
up to 0 by Step 2. Concerning & (v7), we use & () < E/_u() and find

limsup & (vP) < B/ limsup P (Q) = E_vZ(Q) = &),
40 t0

where we exploited v/f’ L £% in the last identity.

This finishes the proof of the main theorem ]

The following result is a direct consequence of the main result by using the results of Examples|[6.3]and
respectively. In particular, this establishes the result announced in [DiC20, Thm. 2.14].

Corollary 7.3 (Power-law functionals) Assume that) C R and E : [0, 00[ — R satisfy (7.4) and
let & be defined via (7.5).

(1) If E(c) = ¢™ withm > 1, then & is geodesically convex on (M(£2), HK).

(2) IFLYQ) < o0o,d € {1,2}, and E(c) = —c? withd/(d+2) < q < 1/2, then & is geodesically
convex on (M(Q), K).
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Example 7.4 We have seen above that the density E'(c) = —+/¢ produces a geodesically convex
functional in dimensions d = 1 and 2, if L(Q2) < oo. The restriction of finite volume for ) can be
dropped by using a confining potential V' as follows: Let

v (1) = / (—\/c(x)) dx —|—/ Vdp forp=cL+ pt,
R4 Rd

where V € C(R?) satisfies form > d and A € R the lower bound V' (z) > ag|z|™ — A on R
Then it is easy to see that & /2,v s well-defined and weakly lower semi-continuous.

Moreover, in [LMS186, Prop. 20] it was shown for a continuous V' : R — R withinf V' > —oo that the
linear mapping 1 — [g. V dju is geodesically Ay -convex on (M(2), HK) if and only if the mapping
V : [z, 7] — 12V (x) is geodesically \y -convex on the metric cone space (€, d¢). For smooth V, this
amounts to the estimate

( V3V (z)+ 2V (x)l; VV(x)

YV (2)" 2V () > = Avli.

Thus, for V' satisfying both of the above assumptions, the functional &1 /2,v s geodesically Ay -convex
on (M(R?),HK) ford € {1,2}. Ford = 1 we may choose V (z) = a+ 3|z|* with 3 > 0 and obtain
)\V = 2a.

7.3 Necessity of the conditions on £

Theorem [7.2] states that the conditions and on the density £ : [0,00) — (—o00, +00] are
sufficient for the geodesic convexity of the integral functional &’. We finally show that the conditions are
also sufficient. To simplify the analysis we restrict ourselves to the smooth case where £ : dom(F) —
R lies in C2. Thus, we can obtain conditions by differentiation along suitably chosen geodesic curves.
For this, the characteristic equations derived in Theorem 4.8 will be the main tool.

Theorem 7.5 (Necessity of conditions on £) Consider a closed, convex domain €} C R¢ with
nonempty interior and a density function E : [0,00) — (—o00,+00| such that holds and
that E is C* on the interior of its domain. If the induced functional & : M(€)) — (—o0, +00] defined
in is geodesically convex on (M(£2), HKK), then E satisfies the conditions (T-23).

Proof. We first observe that it is sufficient to show that for (p., 7.) with ¢, = 727/ p? € int(dom(FE))
we have the inequalities

D’Ng(p.,7.) >0 and (d—1)0,Ng(ps,v+) < 0. (7.7)

By the scaling properties of Ng(p,y) = (p/v)¢E(v*"4/p?) it is sufficient to look at the case

(P*a 7*) = (Ci/z, Ci/2)-

The main idea is to construct suitable geodesic curves /i, such that the convexity of ¢ — & (p;) gives
the desired inequality. For this we choose a point z, € int(2) and r, > 0 such that Bs,, (z,) C €.
Without loss of generality we assume z,. = 0 and write B, in place of B,.(x.) for r € (0, 3r.].

We further choose an s € (0, 1) and a smooth function £ € C3(Bs,, ). Then, there exists an ¢ > 0
such that there is a unique smooth solution £ : (s—¢&, s+€)x By, — R of the Hamilton—Jacobi
equation (2.4). With this & = £(¢, ) and r € (0, r,) we can construct a geodesic curve

s5—e,5+€) 2t — u(r) with u(r) = ¢, L% B, and sppt u(r) C Bs,,
t s t

DOI 10.20347/WIAS.PREPRINT.2956 Berlin 2022



M. Liero, A. Mielke, G. Savaré 60

of absolutely continuous measures p; = c(r)( )Ld see (5.6a) in Corollary 5| If necessary € needs
to be reduced to avoid mass flowing outside B,.,. For this geodesic we have

&) —/QE(C(”(t,y))dyz/’e(tx)dx with e(t, ) = Ng(p(t, x), 7(t, x)),

where y(t, z) = ci/zqs_ﬁ(x) and p(t,z) = ci/Qqs_,t(x) (55_>t(x))1/d with ¢ and ¢ from (4.62). Note
that ¢, 9, and e do not depend on r, cf. Theorem

By the smoothne(s)s of &, and hence of p and vy, we may pass to the limit | 0 in the convex functions
t— w5 )g’(utr) Ld(B)fB e(t, z) dx. Thus, the limit

t—e(t,0) = Ng(p(t,0),7(t,0)) isconvexon (s—e, s+¢).

In particular, the second derivative is non-negative which means

0 < &(s,0) = D*Np(cl/?,c ”2>[<§)7(§>}+6pNE<ci/2 )+ 0,Np(e)? cl/*),

where now p = 0;p(s,0), %, p, and 7 are given by (4.62) and (5.13) in terms of £ only:

p gl po_(ALP—dDGP
1/2 = 2£S+A§27 m = 2£S7 1/2 = 2 ’v£8’2 |V£S|2

1/2

where & and its derivatives are evaluated at = x, = 0.

To obtain the convexity of Np we can now choose the functions &, such that p = 4 = 0, which is
the case for &;(x) = 2, which implies V&,(0) = 0, A& (0) = 2df, and |D?¢,|? = dB°.
Moreover, p and  can be chosen arbitrarily by adjusting «v, 3 € R. Thus, D?N > 0 is established.

To prove the second estimate in (7.7) we may assume d > 2, as there is nothing to show for d = 1.

Choosing the function &, = a(z? — #2) we obtain ) = 4 = 5 = O and j = —8c'*a?/d. This

implies 8,,NE < 0 and the theorem is established. ]

7.4 A more direct sufficiency proof for2 < d < 4

The above proof of Theorem [7.2]strongly relies on differentiating e(t, z) = Ng(p(t, ), (¢, z)) with
respect to t. In the case 2 < d < 4, this can be avoided since we have the curvature estimates

(@)t — v(t,x)isconvex and (b)t— p(t,z)is concave, (7.8)
where we used d < 4 in for (b). With (a) and (b), we can further exploit
(i) the convexity of Ng,
(i) the monotonicity of p — Ng(p,~y) (non-increasing, cf. for d > 2), and
(iii) the monotonicity of s — NE(51_4/d2p, 57) (non-decreasing, cf. Proposition .
Choosing to, t1,0 € [0, 1] with ¢y < t1, we set ty := (1—0)t, + 0, and have to show

Ne(p(te),v(te)) < (1=0)Ne(p(to),(to)) + ONE(p(t1),v(t1)). (7.9)
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We start with the right-hand side and use convexity (i) first:

(1=0)Nr(p(to),v(to)) + ONE(p(t1),v(t1)) > N ((1=0)p(to)+0p(t1), (1=0)7(t0)+07(t1)).

With the convexity (a) of 7 we have s := (t)/[(1—60)7(to)+6~(t1)] € [0, 1] and continue

N ((1-60)p(to)+0p(t1), (1—60)y(to)+67(t1))
(Ig Ng(s" Y [(1-0)p(to) +0p(t1)] . s[(1—0) (to)+07(11)])

= Nu(s" ™ [(1=0)plto)+0p(11)] 7 (t0)).

Using the monotonicity (i) (for d > 2) we can increase the first argument using g4/ < 1 (because
of s € [0, 1] and d < 4) and then exploit the concavity in (b) of p (i.e. p(tg) > (1—0)p(to)+0p(t1))
giving

(ii), (a+b)

Ng (s [(1=0)p(to)+0p(t1)], ¥(ts)) = Ni(p(te), ¥(ts))-

Thus, we have proved the desired convexity (7.9) for the case d € {2, 3,4}.
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