WeierstraB-Institut
fir Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 2198-5855

Stochastic homogenization on perforated domains lll — General
estimates for stationary ergodic random connected Lipschitz
domains

Martin Heidal

submitted: April 26, 2022

WeierstraB3-Institut

Mohrenstr. 39

10117 Berlin

Germany

E-Mail: martin.heida@wias-berlin.de

No. 2932
Berlin 2022

U\

2020 Mathematics Subject Classification. 80M40, 60D05.
Key words and phrases. Stochastic homogenization, stochastic geometry, extension operators.

The work was financed by DFG through the SPP2256 "Variational Methods for Predicting Complex Phenomena in Engi-
neering Structures and Materials", project HE 8716/1-1, project ID:441154659.



Edited by
WeierstraB3-Institut fiir Angewandte Analysis und Stochastik (WIAS)
Leibniz-Institut im Forschungsverbund Berlin e. V.

MohrenstraBBe 39

10117 Berlin

Germany

Fax: +493020372-303

E-Mail: preprint@wias—berlin.de

World Wide Web: http://www.wias-berlin.de/


preprint@wias-berlin.de
http://www.wias-berlin.de/

Stochastic homogenization on perforated domains Ill — General
estimates for stationary ergodic random connected Lipschitz
domains
Martin Heida

Abstract

This is Part Ill of a series on the existence of uniformly bounded extension operators on ran-
domly perforated domains in the context of homogenization theory. Recalling that randomly per-
forated domains are typically not John and hence extension is possible only from WP o Whr,
r < p, we will show that the existence of such extension operators can be guarantied if the
weighted expectations of four geometric characterizing parameters are bounded: The local Lips-
chitz constant M, the local Lipschitz radius &, the mesoscopic Voronoi diameter ® and the local
connectivity radius Z.

1 Introduction

Let p(w) c R? be a stationary ergodic connected random open set with random variable w and let
€ > 0 be the smallness parameter. The concept of stationary ergodic random open sets was introduced
in detail in Part | [5], and we will give a simplified version below, which focuses on the properties used
in the present Part Ill.

For a bounded open domain Q, we then consider p*(w) = ep(w), Q,(w) = Q np*(w) and
I'*(w) := Q n Op(w) with outer normal vpe(,,). In order to simplify notation, we keep in mind that p
and Q; are random variables and drop the explicit writing of w.

Denoting Wolv’gQ(Q;) = {u e WiP(Q) : ulaq = 0} one would classically be interested in a family
of extension operators U : Wol’gQ(Qf,) — W1P(Q) such that for some C' independent from ¢ it

holds
[VUheu] gy < C VUl oqzy » WUeul o) < Clulliqs) - (1.1)

However, estimates of the form (1.1) are known to exist only for (global) John domains but from Part |
we know that even random Lipschitz domains are mostly not (globally) John.

On the other hand Part | [5] gives rise to the hope that we can find 1 < 7 < p and a family of extension
operators U, : Wol’gQ(Q;) - Wr(Q) for scalar valued functions resp. U : Wé’gQ(Q;) -
W (R?) for vector valued functions such that

1 / . 1 , 1 . 1 ,
— [ |[VU.ul SC(—/ |Vu|p) : —/ Ul SC’(—/ |u|p) . (1.2
Ql Jre Q[ Jarep Q[ Jre Q| Janep

where the full support of U.u lies within B_s(Q) for £ small enough and some fixed 5 € (0,1)
depending on p.
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M. Heida 2

In Part | we have established a general abstract framework for the derivation of uniform bounds on
extension operators and except for two special examples, the results in Part | are rather vague, missing
a general theory to deal with the connectivity of the domain. The connectivity for general geometries
will be the main topic of the present work. We note at this point that connectivity is also the major
issue for other former works to restrict to inclusions of an absolutely bounded diameter [3} [10]. Our
method of proof, based on Part |, is different from other proofs in the literature, particularly the literature
for periodic [7] or John [8, [2] domains, even though some patterns recur such as the construction of
suitable paths along overlapping sets of an open covering. For a further overview over the history and
the literature, the reader is referred to Parts | and Il [6].

Let us finally note that replacing (1.1) by (1.2) also affects the analysis in the homogenization process
and we refer to Part Il [6] where this has been discussed.

1.1 The setting

Throughout this work, we use (e;),_; , for the Euclidean basis of R<. Given a metric space (M, d)
we denote B,.(z) the open ball around z: € M with radius » > 0. The surface of the unit ball in R? is
S4-1. Furthermore, we denote

VAcRY: B,.(A):= B, ().

zeA

A sequence of points will be labeled by x := (;);.y-

In what follows, we will assume that p = p(w) is also a random connected domain, that is Lipschitz for
almost every realization. We formally introduce the concepts of stationarity and ergodicity of stochastic
processes in Section If no confusion occurs, we drop (w) in the notation wherever possible in
order to improve readability.

According to Part | Chapter 3 for every stationary ergodic random open set p the following can be
established.

Lemma 1.1. Let p be a stationary ergodic random open set. Then there exists vt > 0 and a positive,
monotonically decreasing functions fp with fp(R) — 0 as R — oo and a random point process
X, = (%4) 4 JOINtly stationary with p such that

m B:(x)cp,

m foralla,beN,a+b,itholds |x, — xp| > 2¢,

m P(Br(0) nx, =) < fp(R).
Jointly stationary in the sense of Part | means that either both the joint distributions of x, and p are
invariant over all shifts = € R or over all shifts = € 2¢tZ?. Constructing from x, = () . @ Voronoi

tessellation of cells (G,) .y With diameter 9, = 0(x,) = Sup,, ., [ — yl, then according to Part |
for some constant C' > 1

P(0(z,) > D) < fo(D) :=Cfp(C™D). (1.3)

Furthermore, for any x € x, and y € p let

T(z,y)={y:[0,1] = p|veC([0,1];p), v(0) =2, (1) = y}
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Stochastic homogenization on perforated domains IlI 3

denote the set of all continuous paths from x to y inside p. Given x € x, we further denote
X (x)=t+inf {R >t Yy eBsypy(2)Iy e Y(a,y) : v([0,1]) c ]B%R(x)} : (1.4)

Connectedness ensures Z () < oo for every z € x,. Denoting . (x) := % (z)/0(x) we consider
monotonically decreasing functions f, f : [0, 00) — R given through

fa(R) =P(#%(z,) > R), f#(S) =P(L(x,) > S). (1.5)
We call #Z the connectivity radius and . the stretch factor.
Definition 1.2 (Local (4, M )-Regularity). The domain p c R¢ is called (8, M )-regular in py € Op
if there exists an open set U c R?1 and a Lipschitz continuous function ¢ : U — R with Lipschitz

constant greater or equal to M such that Op N Bs(py) is subset of the graph of the function p : U —
R4, &~ (Z,6(Z)) in some suitable coordinate system.

Definition 1.3. For a stationary random Lipschitz domain p c R¢ with t from Lemmaand for every
pedpandn e Nu{0}

AW
A(p) =sup{IM >0: pis (6, M)-regularinp} , da.(p):= 2(p) , (1.6)
6<2t
Mg(p) = inlginf {M : pis (n, M)-regularin p} 1.7)
>
pu(p) = sup r(4Mg(p)*+2) * (1.8)
R<4(p)

For every p € Op it holds that
Ry > Ry implies Mpg,(p) > Mg, (p).
Since no confusion occurs, we write 6 = da, for simplicity.

Definition 1.4 (Extension order). The geometry is of extension order n € Nu{0} if there exists C' > 0
such that for almost every p € Op there exists a local extension operator

Un: W (Bis, (p) np) > WH (B, ) (P)),

gPn

HVUnU”LP(B%M(p)(p)) <C (1 + M) (p)) HVUHLP(IB%(S@)(;;)) : (1.9)

Part | shows that every locally Lipschitz geometry is of extension order n = 1, though better values
(i.e. n=0) for n are possible for some geometries.

Definition 1.5 (Inner microscopic regularity). Given n € N and p := 27°p,,, the inner microscopic
regularity v € [0, 1] is

«:=inf {d >0: VpedpIyep: By s, m) (Y) Bﬁ(p)/B(p)} -

As demonstrated in Part |, the values of a and n as well as the distribution of M and p,, are crucial
for the validity of (1.2) for a given pair (7, p).
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M. Heida 4

1.2 Main Result: Uniform extension estimates for stationary ergodic random
sets p(w)

We find the following main result.

Theorem 1.6. Let Q c R? be a bounded Lipschitz domain. Let p(w) be a stationary ergodic random
connected open set in R? of extension order n and with inner microscopic regularity cv. Furthermore
let x, be a jointly stationary point process satisfying Assumption[1.1] Given constants 1 <r < s <p
andq,q € [1,00) with > + % + 7= = 1 and writing

Ppr:=P(forzex,: 0(z) e[k, k+1), Z(x)e[R,R+1))
let the following hold:

el s(r+1)-r 1) T
(]{7 " 1)d(q+1)+3drq+r(q 1) (R " 1)d(q+1)+ q+r(g-1) Pk’R <o, (1 10)
k,R=1
- [(n+a)(d-1)+r]+d-2
E(6(1+M35)” )<oo, (1.11)
4
~(1-d)(rg- d 2 rad+d—
Bl 0T 2 < oo, (1.12)
Alternatively letd and . be independent and writing
Py :=P(forz e x.: 0(z) € [k, k+1))
Py s:=P(forzex,: S (x)e[S,S+1))
replace condition with
0 s(r+1)-r s(r+l)-r
Z (k’ " 1)d(q+1)+d(3r+7)q+r(q71) (S " 1)d(q+1)+d7q+r(q71) <00, (1.13)

k,S=1

Then there exists 3y € (0, 1) not depending on w such that for almost every w there exists an exten-
sion operator U,, : W,"?(p(w)) - W,-"(R?) and a constant C,, and Ny, > 1 such that for every
N > Ny it holds

1 ;

1
[Vul’| (1.14)

INQ| NQ

1 1
— U ul" < lul’ | . (1.15)
INQ| /nq “\INQ| p(w)NB, 5, (NQ)

VU u|" < (

INQ| Jp)yrs, 6 (NQ)

B3

1.3 Discussion
We may apply a rescaling N = ™! for some ¢ > 0. Writing
x
U] (2) = (=) (£

inequality (1.14) reads

Ul < ( / |w|p) |
IQI/ 1Ql J[ep()1nB_1 s, (@)

The important insight is that xp 1-5,(Q) > XQ in LP(IR?) for any 1 < p < oo and hence in the limit
UEu is determined mostly by the values of u(x) for x € Q. Moreover it was shown in Part | that
u|(epynaq = 0 implies that the support of L5u will ultimately reduce to Q in the limit,
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Stochastic homogenization on perforated domains IlI 5

1.4 Structure of the article

In Section [2] we collect some results from Part | and modify the Voronoi integration lemma from there
including a new and shortened proof. In Section [3| we prove Theorem based on one of the main
results from Part I. An outline of the proof is provided at the beginning of Section

2 Preliminaries from Part |

The constant C' on the right hand side of depends on averaged weights of d, M, ?,, -, and
R, related to (1.10)—(1.13). In order to judge whether these averages are bounded as n — oo, we
will rely on the integration theory that is recalled below. In particular, this theory is connected to the
ergodic theorems and the Palm measure. We start by briefly explaining how the following results will
be applied later on.

In Section [2.1| we recall n-regularity introduced in Part I. This concept allows us to cover any closed
sets by a suitable family of open balls such that the covering is locally finite and uniformly bounded by
a constant. While in Part | this was used to cover only the boundary of p in terms of p,,, we will later
in Section (3.3|use this result to extend the covering to the interior full domain.

In Section we construct from (J, M) (notably only defined on dp) various integrable functions on
R¢ which are denoted e.g. P[...],RD> 5[._.]7Rd, M[._.LRd. However, we emphasize at this point that the

distribution of p,,(z), 6(z) or M (x) are w.r.t. the condition that = € dp(w). Hence, it is necessary to
control integrals over the functions p_ | rad, 5[“.]’Rd, M[ .],rd by integrals over the functions pn(),

() or M (x), which leads to Lemmal|2.6|

Section[2.3|provides a frequently used Poincaré inequality and in Section 2.4 we introduce the ergodic
theorems on p and dp which will ensure that all the above mentioned averaging integrals converge to
their expectation as the support grows infinitely large.

Finally in Section [2.5 we study functions
b(y) = ) X @) (@)0(2)"Z(2)*,

zreXy

and provide an estimate on the expectation of b, ¢ € [1, 00). This will help us to control integrals that
enter the constant C' from the mesoscopic geometric properties.

2.1 Local n-Regularity

We summarize the concept of 7)-regularity and its consequences from Part |. Note that Lemma (2.2 was
proved in Part | only for I = Op. However, the only property of Jp used for the proof is its closedness.

Definition 2.1 (1)- regularity). Let I" be a closed set. For a function 77 : I' — (0, ] we call I" n-regular
if

1y . _
vpel. e (0.3) 5eBap(®) aT: (i) > (1- (). 1)

Lemma 2.2. LetI" be a locally n-regular set forn : T' — (0,t). Thenn : p — R is locally Lipschitz
continuous with Lipschitz constant 1 and for every ¢ € (0, %) andp € B.,(p) nT it holds

11——_21’7(1?) >n(p) >n®) ~Ip-pl > (1-e)np), (2.2)
|p _]5| < €max {77(]?)’77(25)} = |p—]5| < 1%8 min {n(p)’n(ﬁ)} ) (2.3)
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Theorem 2.3. Let ' c R? be a closed set and let n(-) € C(T") be bounded and satisfy for every
e€(0,1) and for|p - p| < en(p)

1-¢ - -

T 1®) > 1(p) > n(p) = lp -5l > (1 - ) n(p). (2.4)
and define 1(p) = 2-Kn(p), K > 2. Then for every C € (0, 1) there exists a locally finite covering of
I" with balls By, ) (pi) for a countable number of points (py,) .y © I' such that for every i # k with

]Bf](pi)(pi) N Bﬁ(pk)(pk) * & it holds

2](—1_1~ ~ K-1 ~
WU(M) <7(pr) < mﬁ(pi) 25)
2K -1 5 _ _ '
and oR-T _q i {1(pi)s 1(px) } 2 Ipi — pil > C max {7(p;), 71(px) }

In Part | the last lead immediately to the following corollary.

Corollary 2.4. Lett > 0 and let p ¢ R? be a locally (0, M )-regular open set, where we restrict &
by § (-) < ;. Givenn € N there exists a countable number of points (py,) ..y C OP such that Op is
completely covered by balls B;,,,\(pr) where p(p) := py, () = 275 py, (p). Writing

Pr = P = Pn(Dr), Ok :=0(pk),
for two such balls with B;, (px) N B, (p;) # @ it holds

15 <5 < 16 _
AP S PES TP
16 15 (2.6)

31 . 1 R
and 15 un {pis Pr} > pi = pi| > §maX{pi,pk} :

Furthermore, depending on the inner microscopic regularity o € [0, 1] there exists Yn,ak @Nd Ty o g 2

32(1+M;’1fk)(pk)a) such that B, ., (Yn.ak) € Bsys(pr) NP andBoe, ,  (yi) N B, , , (y;) = @ for

k+j.

Remark 2.5. Given the covering from Corollary[2.4] Lemma 4.4 and Remark 4.5 from Part | imply

#{j rxeB;, (pj)} <C(1+ M[3575]7Rd(x))n(d71) .

2.2 Integration of ) and M

Givence (0,1] letn(p) = cd(p) orn(p) = cpn(p), n € Nandr e C%!(9p) and define the functions
Nir e () = inf {77(:%) : xedpstae Br(i)(a?)} , (2.7)
My () = sup { My (7) = T Opst ze By (@)}, (2.8)

where inf @ = sup @ := 0 for notational convenience. We also write M, ga(z) = M, ;1 ra() and
Nra () = 1y re (). The relations between 7, M : Ip — R and 1y, ga, M, ;) ra : R? - R as well
as integrability and measurability are discussed in Part I. Furthermore, we define

Pprre =P 0 U B (z)() -

redp
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Stochastic homogenization on perforated domains IlI 7

Lemma 2.6. Lett > 0, let P c R? be a Lipschitz domain and letn,r : 0P — R be continuous such
thatn < v and P is n- and r-regular. For ¢ € (0,1] letn(p) = €d(p) orn(p) = epn(p), n € N. For
7 = 2R there exists a constant C' > 0 only depending on the dimension d such that for every
bounded open domain Q and k € [0,4) it holds

/ Xia-01 “ < C nl_aM[dﬂ_iRd ; (2.9)
ApenQ B (Q)noP 4
~— T < 1-« r d-2 ) )
/An,mQ ! M[kg,g],ued <¢ /IB;(Q)map 7 M[k%’g]’RdM[g]’Rd (210
Finally, it holds
N 3
veBr,,y () = nlp)>n(z)> 1) (2.11)

2.3 A fundamental Poincaré inequality

We define for a € R% and ¢ > 0 the operator

My, = ][ u. (2.12)
Bs(a)

The following two estimates are special cases of results already proved in Part I.

Lemma 2.7. There exists C' > 0 depending only on the dimension d such that for a,b € R with
0 < 0, < 0y and for eitheri € {a,b}

5 1-d
Moy — Myru| < C((Sb(—“) + 0774 / IV . (2.13)
) By, (b)uconv(Bs, ({a.b}))
Proof. Inequality (2.13) follows from Part | Lemma 2.10 and Corollary 2.11. O

2.4 Ergodic theorem and Palm measure

In order to make clear what we mean by a random stationary ergodic Lipschitz domain we briefly
introduce the technical details which will be used for the averaging property given by the ergodic
theorem [9, [11] below.

Definition 2.8. Throughout this work, ({2, .%,P) is a probability space with a dynamical system on
€, i.e. a family (7),.re Of measurable bijective mappings 7, : €2 — € satisfying (i)-(iii):

(i) Ty © Ty = Tusy , To = id (Group property)
(iy P(7_.B) =P(B) VzeR? Be.Z (Measure preserving)

(i) A: RIxQ—->Q  (z,w)+ T,w is measurable (Measurability of evaluation)

We further assume that (7, ),.a is ergodic, i.e. a P-measurable function satisfies f(7,-) = f(-) if
and only if f is constant.
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Definition 2.9 (Stationary). Let X be a measurable space and let [ : 2 x R? - X . Then f is called
(weakly) stationary if f(w,z) = f(7,w,0) for (almost) every x.

Although the original definition is different, it is sufficient for this work (see [4] Section 2) to say that
a random Lipschitz domain p(w) is stationary if xp(.,)(2) is stationary and there exists P c €2 such
that

Xp(w) (ZL’) = XP(T$W) :

A random measure is @ measurable mapping
po: Q=>MRY),  we py

which is equivalent to either one of the following two conditions

1 For every bounded Borel set A c R? the map w ~ p,,(A) is measurable

2 Forevery f € C.(R%) the map w ~ [ fdp,, is measurable.

A random measure is stationary if the distribution of y,,(A) is invariant under translations of A that is
i (A) and 1, (A + x) share the same distribution. The Palm measure is defined as

()= [ /[ XA ) AP

on the measurable space 2 and in case y,, = £ we find up = IP. By a deep theorem due to Mecke
(see [9, [1]) every B(R%) x B(£2)-measurable non negative or zip x L- integrable functions f satisfies
the Campbell formula

/Q/Rdf(x,nw)duw(x)d?(w) :Ad[)f(w’w)dup(w)dx-

We denote by
E,..(f):= / fdup the expectation of f w.r.t. pp . (2.14)
Q

For random measures we find the following.

Theorem 2.10 (Ergodic Theorem [1] 12.2.VIIl). Let(£2,.%,P) be a probability space, Q be a bounded
open domain with Lipschitz boundary and let f : {2 - R be measurable with fQ |fldup < oo. Then
for P-almost all w € 2

1

m /nQ f(raw) dpe(z) > Eupn (f) - (2.15)

In our setting, the above implies in total for any differentiable function f : R3 — R that almost surely

gl_g}o f(p757M):EMP(f(p767M)) (2-16)
op(w)NnQ
lim F0,%2,7) =E(f(0.%,.7)) P(P). (2.17)

7% Jp(w)nnQ

Since the essential property of f in (2.15) is its stationarity, we infer that (2.17) also holds for “non-
local” functions such as b in (2.18) in the following Lemma|2.11

DOI 10.20347/WIAS.PREPRINT.2932 Berlin 2022



Stochastic homogenization on perforated domains IlI 9

2.5 A Voronoi-integration lemma

We state and proof a variant of a Voronoi integration lemma that was proved in Section 4 of Part I.

Lemma 2.11. Let X, be a stationary and ergodic random point process with minimal mutual distance
2¢ fort > 0. Given fixed constants n, & > 0 let

b(y) =), xBl%(ﬁ)(x)(m)D(x)"%(:p)f, (2.18)

reXy

and write P, p == P(d(x) € [k, k+1), Z(x) € [R,R+1)). Then there exists C' > 0 depending only
on d andt such that for any r > 1 it holds

(o] 2 o0
E(bp) <C (Z k—r) ( Z (k n 1)d(p+1)+17p+7“(p—1) (R+ 1)d(p+1)+4p+r(p—1)Pk7R) . (2.19)

k=1 k,R=1

Proof. In what follows C' is a varying constant depending only on d and t. W.l.o.g let t = 1. We write
D,‘ = O(x,), Rz = %(l’z), IB%Z = ERz(xz) Let

Xkﬂ(w) = {:Bz € Xt : Dz € [k,]{?-f- ].), Rz € [R,R+ 1)} ) Ak’,R = U Bz

Z‘iEXkﬂR
We observe that the mutual minimal distance of points in x, implies
VeeRY: #{x;eXpp:zeB}<C(R+1)" (k+1)", (2.20)

which follows from the uniform boundedness of the B, for x; € X} r and the minimal distance of
|z; — xj| > 2¢. Then for every y € R4, M > 0 it holds by stationarity and the ergodic theorem for every
y € R4

BN(O)ﬂ U Bz

zi€ Xk R

P(y € Ay.r) = A B (0) [Arr 0 By (0)] = A By ()] (2.21)

<C lim |IEBN(0)|71 Z (R+1)d(k+1)d
N—oo zi€Xy rNBN(0)
o # e XennBy(0))

(R+1)" (k+1)" > CPrr(R+1)" (k+1)".

In the last inequality we made use of the fact that every ball IB%Ri(xi), T; € Xk,N, has volume smaller
than C' (R+ 1) (k+ 1) and # {z; e x. n By (0)} < C [By(0)|. We note that for % + % =1

/(ZXBZD?%Z&) S/(ii( Z XIBZ(k'f'l)n(R-f-l)é))
Q\uz o \itd #2\ 0%

@[ o P
S/ Y olg Yool Y xm (k+1D)"(R+1)] .
Q \kRr=1 kR=1  \zieXpr

Due to we find
s <X (R 1) (h+1)"[s

IEX]CYR
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r
and obtain for ¢ = 55 and C := (Xrge1af z)? 1S4 due to (2.21):

1 (= mp(m)ﬂ%(z)é)p

1 <
< Cq Z ak,pRXAk,R (R + 1)dp+Cp (k + 1)dp+np
BN (0)] Jx0) \kF1

-, ( > o P(Akr) (R+ 1P (| + 1)dp+”p)
k,R=1

< Cq ( Z O‘l;,pR (k i 1)d(P+1)+77p (R n 1)d(1?+1)+€p Pk,R)
k,R=1

For the sum Y7z, aj , to converge, it is sufficient that of, , = (k+ 1) (R+1)™" for some r > 1.
Hence, for such 7 it holds ay, z = (k +1)"/* (R +1) """ and thus 4} O

3 Proof of Theorem 1.6

In this section, we will prove Theorem The proof consists of 5 sections: In Section [3.1] we quote
one of the main results from Part |. This is a an estimate of the extended gradient field by the orig-
inal gradient field and the difference of local averages. This makes it clear that one has to estimate
differences of local averages by the gradient field “connecting” the two averaging regions. Since the
geometry p is connected, we identify in Section a constant 5 € (0,1) such that for M € N large
enough the set Q,, := M Q is connected through paths inside B ;5 (Q,,). In Sectionwe extend
the covering Corollaryof Op to a full covering of p using also the seeds x,.. This covering will pro-
vide a basis to suitably integrate the gradient along paths connecting the averaging regions. In Section
[3.5)we will finally prove the main theorem.

3.1 The Main Result from Part |

Based on the notation from Section|[1.1|we use the Voronoi tessellation (G.,) . With seeds (24 ) oy =
X, and a partition of unity (®,) . With support B (G.)- The gradient of @, is locally bounded by the
number of sets B« (G,) interacting. Since the number of cells GG, interacting with B, (G,,) is bounded

by (Part I, Lemma 2.19) (40(z,)v"')" we obtain
Vo eB:(Go): VP, ()| <2 (40(%)t‘1)d , (3.1)

Furthermore, there exists by Corollary (cited from Part 1) a complete covering of Jp by balls
Ai=B; ,m)(]), (P}) ;e © OP, where pr,(p) = 27y, (p) and where 1; holds for any two points
pi, pr With A; N A, # @. Finally there exists a partition of unity (¢i)ieN\{0} with support of ¢; in A;
and ¢ with support in R¥\Op such that 3, ¢; = 1.

Givenn € {0, 1} and «v € [0, 1] we chose

tn,a,i = ﬁn72/32(]‘ + Mﬁn,i (pn,z)a) (32)
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Stochastic homogenization on perforated domains IlI 11

and some ¥, ; such that

Brai =B, . (Ynai) cPOBis (Pni) - (3.3)

and for every p; € Op and x, € X., we define

Tn.oill ::][ u, Mu ::][ u,
Bn,a,i B%(za)

local averages close to Jp and in z,. We finally have to recall from Lemma 4.4 of Part | that
# {5 v eBs(p) } < C(1+ Myas 5 ()" @D (3.4)

Theorem 3.1. Let p c RY be a stationary ergodic Lipschitz domain of extension order n witht > 0
from Lemmal1.1\and inner regularity « € [0, 1]. Then for every 1 < r < p there exists a linear extension
operator

Wl,p (p) Wl T (Rd)

loc loc

and C' > 0 such that with

n(d-1) T a(d-1) e
Fam(M) ::((1+J\/[[38 syw) (14 Magga) (14 My, pz0) )

for every bounded Lipschitz domain Q the operator U, , satisfies

1 A z
Z/{na > T~ a,n M T~ b
ARGl (IQI PR )) (IQI Et@)mp'w')

=yl Z o, Zpﬁlﬁbi (T{;aiu - MZU) (3.5)
Q| Q\p a  iz0 o
0, P, |0,Py| '
——— (Miu - Mju)
|Q| / l 1a: alcpa>0b alzq;bm qui ’
1 | ,
Z/{ al] s IraYl fa TL( )) (_ |u|l’) : (3.6)
|Q|/ | | (|Q| B:(Q) |Q| B.(Q)np
where
DE= > 9P, . (3.7)

a+0:9;P,<0

3.2 The support lemma

Definition 3.2. Given a domain Q c R? and a stationary random domain p with the jointly stationary
point process x, we define the sets

Xt(Q) = {xa € Xy Ba(xa)(xa) N Q # Q} )

C(Q,Xt) = U B%(ma)(xa) . (3.8)
Ta X (Q)

Remark 3.3. Since B.(z,) c G, the last definition implies =, € x.(Q) for every z, € x, with
XQXE(Ga) F 0-
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Lemma 3.4. Recalling and (1.5) assume that

1 either there exist C' > 0 and (,, 5% > d + 1 such that for every D > ¢, r > 1 it holds f,(D) <
CD~ and f(r) < Cr=P=

2 or0 and . are independent and there exist C' > 0 and 3, > d + 2, 5. > 1 such that for every
D >v, S>1itholds f,(D) < CD 5 and f(S) < CSB~.

Then there exists B € (0, 1) such that the following holds: For every bounded open set Q with 0 € Q
there almost surely exists a constant Ny > 0 such that for every N > N,

C(NQ,x:) c Byay (NQ) .

Remark 3.5. The scaling N50of the radius of B 5, (N Q) implies that the mass of C(NQ, x,) " NQ
becomes asymptotically negligible.

Proof. We consider two balls B,.(0) ¢ Q c Bg(0) with » > 0. We write Q, := NQ and IB%’]“\’,%O =

Byso.(Q) and Sk’Q = IB%’]“V’%O\]B%’C LQ for 3y € (0,1). Our aim is to show that for the events

(C(Q x.) ¢ B”S Qv ) it holds P(By) — 1 as N — oo, provided 3y is chosen properly. For
260 N,Bo

this we use

P(—'BN) < P(AN A —|BN) + IP)(—'AN)

where Ay = (QNCB(J)\}%I)V)’ QN = U Bow (@)
Zaex:(NQ)

Step 1: It holds x,(NQ) c Q, and we find

Mg

P(-Ay) <

P31, € (BYEO\BLEY ) nx, s By, (24) N Qy # 0)

k

Il
o

M

IP’(EIxa € (S?;&QN) NX,: 0, > N+ k;)

Eo
Il

0

We use the very rough estimate k” QN) nx, < (NR+ N +k+1)to find

IN

P(=Ay) < S (RN + N + |+ 1)" fo(N% + &)
k
S (RN + N# + f+1)" (N50+k:)_ﬁa
k

< (J/ (2RN + N% + )" (N9 + 2)™ da
1

< C(Nd+1—ﬂg + Nﬁo(d+1—ﬂa)) 7

where in the last inequality we used (d — 1)-times integration by parts and C' depends on d, 3, and
R.
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Stochastic homogenization on perforated domains IlI 13

Step 2: We now we assume that Ay holds true. Since C(Qy, X) = Uy, ex.(8Q) B, (20) (%a) and
since X,(NQ) c Qx ¢ By ,0.q, it holds

P(Ay A=By) < 2, P(HI“ € (SJ_V]T;S’QN> N (Qn) : Ba(e,)(Ta) ¢ IB%Z’?N )
i1

%MMBO

—k+1, . 0,
< T F{300 ¢ (19 s By (e B2 )
k 270 Mv/BO

<y > P(Ro(x:, (9:):) > N + k)
k xaeS;\Ik;LQNnxr
sP0
NR+1
<C Y (NR-k+1)" fa(N% + k)
k=0

<CN? / fa(NP + x)dx < CN4-Pobatl,
0

If B >d+1and 5, >d+ 1it holds
(Nd+1—/50 + Nﬁo(dﬂ—b’a)) + N4PoBz+l ., 0 as N - oo

and the first statement of the lemma almost surely holds due to (3.9).

Step 3: Alternatively we can assume that d, and .S, are independent with R, < d,S,. Then

[e9)

P(R, > R) < /oo P(d, > D)/ P(S, >S)dSdD

v max{1,R/D}

SC/ D‘B°/ Sz dSdD
v max{1,R/D}

R ) ) 0o
<C ( / D5 / S dSdD + / D P / SP7 S dD)
t R/D R 1

R R\'-B~
sc(/ D‘5°(E) dD+Rl-5°)gCR1-Bv.

From here we conclude from the first part.

3.3 An extended covering lemma

Forx € p let
. . t .1
n(x) := min {dlst(x,f)p), 5} and 7= 1 (3.10)
Then we find the following:

Lemma 3.6. Let p be a connected open set which is locally (§, M )-regular and has inner regularity
a € [0,1]. Fort > 0 let x, = (), be a family of points with a mutual distance of at least 2t
satisfying dist(xx, Op) > 3t and letn € N and 9x := (py,),oy C O with corresponding (py.) .oy =

(P ) gery (Cnank)geny = (Crank) geny @9 Yo = (U geny = (Uniak) ey like in Corollary [2.4 Then
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M. Heida 14

there exists a family of points X = (ﬁj)jeN c p with X, C X such that with 7y, := 7j(pr.), By = B, (Pr)
and By, =B, (px) the family (By) .on Y (Bk)keN covers p and

L.
. oM S < 21
BinBi+o = . (3.11)
and 3min{7;, M} > |pi — Pr| > §max{ﬁi,f)k} :

Furthermore, By, N B’j + @ implies

I . R 4
Pr <105 < 3Pk 4njélpj—pklsgpk, (3.12)

>~ =

ie. B, (yr) N B, (p;) = @ and x € B; for some i implies

4
Vpedp: dist(z, 0p) > gﬁn(P) : (3.13)
Finally, there exists C' > 0 such that for every x € p

#{jeN: zeBy (p;)}+#{keN: zeB (pr)} <C. (3.14)

Proof of Lemmal3.6. We recall py, := p(pr) = 27°p(pr) and vy = 32(+k]\4k) and that holds.
Furthermore, B, (yx) c B, /s(px) N p and hence B, (yx) N B, (y;) = @ for k # j.

If we define ps := p\ U, Bx and observe that p is n-regular (for 7 defined in ). Then Lemma
and Theorem [2.3| yield a cover of pj by a locally finite family of balls By, = B;, (), where
(k) gen € P> and where holds. Looking into the proof of Theorem[2.3)we can assume w.l.0.g.
that (1) wy © (Dk) pey bY suitably bounding 7).

Furthermore, we find for B, n B’j + ¢ that on one hand
. . . N . 4
M+ Pk 2 |pj = pel 241 = 7 < Sprand [p; = pil < pn-

On the other hand p; ¢ By, by construction of (IE%Z) - Hence 7; > 17k - Finally, By, (yk)mB%ﬁj (p;) =

1€

@ follows from py, < 417; < [p; — pil.
If 2 € B; let p, € Op with |p, — x| = dist(x,dp) and chose some pj, with p, € By,. Then the above
implies
. . 3. 4.
[pe — 2] = dist(x,0p) > 37 > Pk > = pu(ps)

To see 1» let z € p and let p; such that 7); is maximal among all Bj with x € f?j. Let p; with
x € B;n B; and observe that both |p; — p;| and 7); are bounded from below and above by a multiple of

n;.1fx e B;nBynB;, |pi — Dx| is bounded from above and below by 7;, hence by 7);. This provides a
uniform bound on # {j eN: zeBy (ﬁj)}. The second part of 1} follows in an analogue way. [

DOI 10.20347/WIAS.PREPRINT.2932 Berlin 2022



Stochastic homogenization on perforated domains IlI 15

3.4 Set-paths

Lemma 3.7. There exists a constant C' > 0 such that the following holds:

Let p be a connected open set which is locally Lipschitz regular and has inner regularity o € [0, 1]
and extension order n € N u {0}. Fort > 0 let x, = (), be a family of points with a mutual
distance of at least 2t satisfying dist(zx, Op) > 3¢ and 0x = (i), C Op with corresponding

(ﬁk)keN = (ﬁn’k)keN’ (tn,a,k)keN = (tn,a,k)keN and Yox = (yk)keN = (yn,a,k)keN like in Coro//ary
5

Ifx € X, withb, := B« (x) and eithery € y 5 N Buo () () with b, = B%ﬁ(y)(y) ory € X NBuy(z) ()

with b, = B%ﬁ(y) then there exists an open set y(x,y) c (p N By, (x)) with b, ub, c v(z,y)
and such that for C' independent of u € L{ (p), z, y and p

][u—][uSC/ 3|Vl (3.15)
by by v(z,y)
where

3(6) = Xous () (P29 s (M 2y o MIT ) 1 (E) + X, () list(€, Op)*
(3.16)

Proof. We cover p by a set of balls given by Lemma|[3.6and write for simplicity p = p,,. Given x € x,
and y € yoy U Xe N Byy(r) () let then v : [0,1] — p N Bz () be a continuous path with
~v(0) =z and (1) = .

Step 1: We chose a finite sequence of points (YZ)Z as a discrete equivalent of v using the following
algorithm:

1 SetYy:=zandby:= Bin(x)(x) =B:(z),t=0.
2 Forie NuU{0}:1fy(t) € b; for every t > t; cancel loop. Otherwise define
tivii=sup{T > to: Ve (to,T): () €bi}

and chose € > 0 and

o either Y;;_'.l € Ox with bi+1 = Bﬁ(yiﬂ)(y“l)
e Or }/;'_'_1 € X with bi+1 = Bﬁ(yu-l) (}/;'_,_1)
such that it holds f}/(twl) € bi+1-

We have thus constructed a sequence of points (Yi)izowl with Yy = 2 and y € b;. Furthermore, it
holds b; N b;,1 + @ forevery i € {0,..., I —1} and v([0,1]) c U; b;.

Step 2: For two points Py, P € X with 7; := 77(p;) and By, (p2) nBg, (p1) # & and 1y > 12 we find due

to (3.11) that B, (p2) © B, (p1). Hence for the convex hull holds conv(IB%éﬁZ (p2) U B1j, (ﬁl)) c
B, (p1) and according to together with Lemma 2.7] we find

< Oyl / vl
Bﬁl (ﬁl)

1 1
MEZyu—-M2"u
D2 p1

We define 4 (p1,p2) = (P2, p1) := By, (P1)-
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Let p1, p2 € Xg, with p; := p(p;) and B, (p2) nB;, (p1) # @. We find for v; and y; given by Corollary
.4 wlog. B, (y2) c Bss (p1) and vy < vo. Furthermore, there exists a connected set 4 (y1, y2)
consisting of B, (y2) and of two cylinders inside p nBéé(pl)(pl) of radius t; and length smaller than

p(p1) (1+M)" (py) such that B, (y1) € A(y1,y2) and B, (y2) < A (41, y2). Together this implies
with Lemma2.7]

LM%U—AﬁﬁdsCM@fJRmﬁﬁd/) IVl

pnB%g(pl)(pl)

We define ¥ (p1, p2) = ¥(p2, 1) = PN Bisg,, ) (01)-

Let p1 € X, P2 € X With p1 := p(p1), 712 := 7(p2) and By, (P2) N B, (p1) # @. According to
we find B, (P2) € By, (p1) and from here we conclude similar to the previous case

lﬁ(ﬁ ) a(d-1 ~1—
M, 2 u-Mlu SC’M%(1 )(p1)pi d/ |Vul

pnﬁéé(m)(pl)

We define ¥(p1,p2) = ¥(P2,p1) :==p N Bgm)(f’l)-

Step 3: Let (Yi)zeo,...,l be the sequence of points constructed in Step 1 and we assume w.l.0.g that
every point appears only once in the sequence (otherwise the path may be shortened). Let 'y(x, y) =
UiZs 7(Y3, Yie1). Then 7([0,1]) c v(x,%) and by Step 2, the total bound on the number of local
overlaps of B, and estimate on the local bound on the number of overlapping By, (p;),

the condition (3.13), Remark [2.5 and the triangle inequality we find C' > 0 such that (3.15)—(3.16)
holds. O

3.5 Proof of Theorem[.6l

Proof. Throughout the proof, C' > 0 is a varying constant depending on s, 7, ¢, ¢, t, d, Q but not on p
or N.

Step 1: For simplicity of notation, set /N = 1 during Steps 1 and 2 but keep in mind that the constant C'
below does not depend on Q unless this is state explicitly. In view of Theorem|3.1]it remains to derive
estimates on the terms

T

1
I = — Z ¢, Z Pﬁ}z’ébz‘ (Trsz,a,iu - MZU) ) (3.17)
|Q| Q\p | a 10
1 o,®, |0, "
Iy = — / 3 % (MSu - Miu)| | (3.18)
|Q| Q la:0;®,>0 b: ;P <0 I+

in terms of C'(Q, p) (ﬁ fp(w)nC(Q&) |Vu|p)p.

Denoting ¢; = p,}; and ¢ = p;l[ﬁn] observe ¢; < ¢ and apply Lemmaand Jensens inequality:

1 T
L <— Z(I)azci¢i/ 3|1Vl
Q| Q\pl a i#0 ¥ (Za,yi)
1 r=L1 ~pr r T
s od [ R eu@) S el @@y () vl (0).
Q| Q\p ¥(@ayi) a i#0
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Stochastic homogenization on perforated domains IlI 17

We write B, = B(,,)(2.) and make use of ®,¢; |’y(ma,yi)|r_1 < P, |IB%a|r_1, Y(xq,y;) ¢ B,
and ;. ¢; < 1 tofind for s € (r, p) from Hoélder’s inequality

1 r— r ~p
L<c Y —( [ ot (y)dy)( / <1>ac)
2aex:(Q) ‘Q| Ba Q\p
1 dr
o 5 ([
(IQEEE%(Q)|(Q| ( IB%a
) (3.19)

1 (1 £ T
5 _(_d/ azsw)
zaexc(Q) |Q| [ Q\p

From Jensen’s inequality and the fact that [supp®,| < 0¢ and 3. ;" < 1 we find

2 L(i/ 0 ® c) <i/ & (3.20)
zoexn(@) [QI 0 Jaip ’ QI Jaxow

Next, we simplify the notation and write f(c f= ﬁ fC(Q x2) f. For g and ¢ with i + é + riq~ =1 it then
holds

B. " 5" (y) |Vul (y)dy)r)s

2
T

B 5" (y) [vul <y>dy)

1 T
> il
Taex:(Q) |Q‘ Ba
s(r+1)-r

1 S r
<C— WB. T (W) |Vul’ (y)dy:
|Q| 2aex:(Q) Y Ba

q % s r
s(r+1)-r -\ rd P
< O(][( Z XIBaDZ |Ba|r) ) (][ 2,rq) (][ |Vu|p) (3.21)
C \zoexe(Q) c ¢

9®q
Dy}
(40(z,)r1)* and since 1) holds we observe D < ¥, 0(z,)? ¢, (x). Hence by a similar cal-
culation to the estimate of I;

Now define ‘i)a,z = . Since the number of cells interacting with the support of ®, is limited by

r

O ~ ~
Iy <— Z@a,l ZD?;(I)IJJ/ 3|Vl
|Q| Q\p| a b Y(Ta,zp)
C’ r-1 % r r
<— [ do / dy 3. @a(2)0(2a)* Y [y (20, )™ Poa(2)3" (1) [Vl ()
QlJaw  Jrv@am) G b

We make use of ®, Py [y (x4, 2)|" < @u®s; [Bal”, ¥(x4, 73) € B, and ¥, By < 1 as well as the
definition of C(Q, x,) to find that

C r-1 _»p T
Ly< ), —(/ X502 B 57 (y) [Vl (y)dy)
Taexc(Q) |Q| C(Q,xx)

1 L) a
(g (Sworer))
(|Q| C(Q,x¢) \ za
) (@ L)
— i = |Vl (3.22)
(|Q| C(Q,x¢) |Q| C(Q,x¢)
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Step 2: We continue deriving an estimate on "4 in terms of (J, M).

@ Je@xn 3
We first observe that

ré ~ 1-d)r a(d-1)r n d-1)r
| siscf (P {5y (M 3345 555
C(Q,x:) P35/8NC(Q,%¢) ®

+C / (dist(f,(’?p)l_d)rq (3.23)
C(Q.x:)\p4

Since the first integral on the right hand side can be estimated using Lemma we focus on the
second integral. Because of Lemma|[2.2]it holds for the support

P, 2 mekJ]B%k, where B, —B;pn(pk)(pk)

for the family of points py. given by Corollary [2.4] resp. Lemma [3.6] Using that the covering with By, is
absolutely locally bounded it holds

[ ey, (©) (dist(€.0p) )" ag
C(Qxx) s

<C, (/ pra(i=d) Z/ (dist(ﬁ,@p)ld)rq) ,
C(Qxr) k Jpn(B.(pr)\Bx)

and using

~ T
/ (dist(¢, 8p)1—d)”1 < C/ F(1=d)rid-14,.
PN(B:(pr)\Bx) %ﬁn(pk)
Cyp

< q ( )(1 d)(rg-1)+1

< Cypn(pr) DTV pod () B (1)

<Cy P (pre) 7D ra-led pred )
pnBy

we find

[ ey, (€ (dist(€0p) )" dg
C(Q.xc) s

<Cy (/ ¢rd(i=d) 4 / ﬁqgl*fi)(rqfl)ﬂerMoid ) ) 3.24)
(C(Q,Xt) me(Q,Xr) ’[p"] [Pn,Pn]

Step 3: Let now NV > 1, i.e. replace Q by N Q in the above calculations. We observe from Lemma
for sufficiently large Ny and every N > N that

C(NQ,x.) cBys (NQ) c2NQ. (3.25)

Given Theorem 3.1} the definition of I; and I5; as well as (3.19)—(3.24) we find

1

1 P
— [VUu|" < Co (Crn + Con(Cop + C3.n)) [Vul”
INQ| /nq

INQ| P()NE gy (NQ)
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where the finite positive constants Cy, Cyo depend only on 7, s, p and ¢, § as well as d, v and Q but

not on N and where
P

1 p-T 1 %
C N = (— fa,n) ) C N = (— fmes) )
AING] v “AINQ] pravg

1 q
Cg}N = (— fmic)
|NQ| PN2NQ
with fo ., given by Theorem[3.1]and

q q
('r+1) T r—
fmes = ( Z XBaa | a| ) + ( Z XBaagrd ’Ba| 1) )

maEXr(Q) xa’Exl‘(Q)
~(1 d)(rg-1)+1+d v rad
fmlC T Pn] M[pnrﬁ’ﬂ] ’

It remains to show that C; , ¢ = 1,2,3, are bounded independently from /N. Due to the ergodic
theorem, this is guarantied if

lim CLN +Con+Csn =Efon +Efues + Efiic < 0. (3.26)
Step 4: Using Lemmaand Myss 81ga > My1g)pa > My, pe as well as Mss > Mss sy ga on op
we infer
p-r 1 L[(n+a)(d 1)+r]
c.r < — 1 +M@ s -
LN |NQ| BC(NQ)< [svs]Rd)
1 L [(n+a)(d-1)+r]+d-2
S —— Ol1+ M, 35 §1md -
INQ| J5,.(nQ)op ( R )
1 6(1 Y )pp[(n+a)(d 1)+r]+d-2
A a——— 36
INQ| Boc (NQ)NOp 4

Taking the limit N — oo and using the ergodic theorem in its form (2.16) we obtain the condition
)ppr[(n+a)(d—1)+r]+d—2)

4)00

hm C'IN <E(5(1 +M375
Similarly we can show that
: g ~(1-d)(rg-1)+2+d yrad+d-2
A Gy <B(h ).
Step 5: We observe from the lower bound on 0 and % that

q
~ (r+1) T
fmeséfi=C( > xB 0N B )

Taexe(Q)
Lemma[2.17] now shows that

lim Ciy<Ef <Ef

s(r+1)-r
T

< Z (k " 1)d(q+1)+3drq+7‘(q—1) (R + 1)d(q+1)+
k,R=1

q+r(g-1) Py .

Step 6: Steps 4 and 5 imply (3.26) and the theorem is thus proved in the first case. In the second case,
if . and 0 are independent, we can proceed in a similar way except that B, := By (20)0(xa) (z,) and
we use Part | Lemma 3.18 and thus

]Efﬁ Z (k_+1)d(q+1)+d(3r+
k,S=1

s(r+1)-r 1 d 1 ds(7'+1)—7" 1
——)q+r(q )(S+ 1) (g+1)+ ——q+7(q )Pa,kpy,s-
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