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Variational approach to fluid-structure interaction via GENERIC
Dirk Peschka, Andrea Zafferi, Luca Heltai, Marita Thomas

Abstract

We present a framework to systematically derive variational formulations for fluid-structure
interaction problems based on thermodynamical driving functionals and geometric structures in
different coordinate systems by suitable transformations within this formulation. Our approach
provides a promising basis to construct structure-preserving discretization strategies.

1 Introduction

Fluid structure interaction (FSI) problems are solved with a large variety of methods, and offer
countless possibilities to devise a zoo of discretization strategies, both in space and in time, allowing
one to pick from any combination of finite volumes, finite elements, finite differences, and staggered,
segregated, or monolithic approaches. The strong formulation of FSI problems is well understood,
and results in a fully coupled nonlinear problem, where generally nonlinear equations of motion are
formulated on time dependent domains, whose geometrical configuration depends on the solution
itself. Such intricate structure makes the practical numerical implementation of FSI problems the
subject of countless attempts to improve one aspect or the other of the numerical methods. The aim
of this contribution is to shed some light on the GENERIC (General Equation for Non-Equilibrium
Reversible-Irreversible Coupling) structure of FSI problems in variational formulation. The GENERIC
framework 0;q(t) = J(q)D& (q) + K(g)D.#(q) with total energy & and entropy .& has been used in
the strong formulation in various applications for thermodynamically closed systems [7, 9, [16, [18] 19].
Here we systematically derive variational formulations of FSI problems in different coordinate systems,
which could be used to construct structure-preserving discretization strategies.

In this work we consider the evolution of states g : [0, T] — Q in a subset Q of a Banach space, Q
representing a manifold. Its damped Hamiltonian evolution is driven by the free energy functional
F : Q — R. The evolution equation is generated by a linear, skew-symmetric Poisson operator
J(q) : V* =V for reversible dynamics (J(q) = —J(q)*) and by a positively semi-definite, symmetric
Onsager operator K(q) : V* — V for dissipative dynamics (K(gq) = K(g)* > 0). Here, V is assumed
to be a Banach space with dual V*, and dual pairing (-,-)y. For fixed g the space V = T,Q can
be seen as the (linear) tangent space of Q at q. With these ingredients, the damped Hamiltonian
evolution then reads

orq(t) = [J(q) — K(q)| DF (q) (1)

for iq(t) € V and D.#(q) € V*. In [10] it is demonstrated for models describing fracture processes in
dissipative solids that the GENERIC framework for systems bulk-interface interaction naturally leads
to a weak formulation that encodes the bulk equations and the coupling conditions along the interface.
While GENERIC is a 2-generator formalism where the operators J and K satisfy degeneracy conditions,
here we outline the general approach of transforming weak formulations between coordinate frames
for the 1-generator damped-Hamiltonian system, but this strategy also applies to GENERIC.

In this work we consider FSI problems for compressible fluids and solids. In particular, we are interested
in deriving a weak formulation of that is convenient for numerics and that maintains the damped
Hamiltonian structure under changes of variables or coordinates. In an abstract setting, this can be done
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D. Peschka, A. Zafferi, L. Heltai, M. Thomas 2

by introducing an auxiliary space W (space of generalized forces) and a corresponding transformation
operator M* : W — V*| at this point assumed to be invertible. Then, with M*n = D.%(q) and its
adjoint operator M : V — W*, we can rewrite (|I]) into the saddle-point structure

M[J(q) - K(q)]M* —M _( O ek
(o @ 1) (1) (0 ) e

This provides a weak formulation of ([I)), where we seek 7 € W and ;g € V. With the operators from
, we can introduce also suitable g-dependent bilinear formsa: W x W — Rand b: V x W —
R, where a(w,n) := j(w,n) — k(w,n) is the difference of a skew-symmetric part j(w,n) =
(M*w, J(g)M*n)y and a positive semi-definite, symmetric part k(w,n) = (M*w, K(q)M*n)y, and
with the bilinear form b given by b(v,n) = (M*n, v)y. Accordingly, the weak formulation can be
equivalently reformulated as: For ¢ € [0, T] fixed, find § € W and 9;q € V, such that for all w € W
and v € V there holds

a(w,n) —b(dig,w) =0, (3a)
b(v,n) = (DF(q),v)v. (3b)

The weak formulations (2)) and ([3) are both saddle-point structures and formally equivalent to (T]).
In the GENERIC setting, the conservation of total energy is related to the skew symmetry of j and
the production of entropy is related to k being symmetric, positive semidefinite. While its geometrical
origin is not always emphasized, the benefits of skew symmetric or symmetric operators in the
discretization of turbulent flows are well-studied, e.g. cf. [23]. Similar structure-preserving approaches
based on variational principles are beneficial also for FSI, e.g. for the construction of time-discrete
schemes by minimizing movements [3] or to preserve energy conservation and entropy production for
GENERIC thermoviscoelasticity [4].

In this work, we apply this abstract framework to generate a weak formulation in saddle-point form
for FSI problems. We demonstrate that changes of variables and coordinates can be incorporated in a
particularly natural way by sufficiently smooth transformations

T:90—Q, q=T(q), (4)

between state spaces that preserve the variational damped Hamiltonian structure of the problem
in each step on the way: Consider two damped Hamiltonian systems with evolution laws 9,q(t) =
(J(g) — K(q))D.Z(q) and d:q(t) = (J(q) — K(q))D-Z(q). Assume that both systems admit a weak
formulation ([3) and that their solutions g(¢) and g(t) satisfy the transformation relation g(t) = T(q(t)).
We study the relation between the corresponding weak formulations . The linearization of T(q),
i.e., its (Fréchet-) derivative I.(g) := DgT(q) : V — V, v = L(q)® for all ¥ € V, then can be used to
carry out the transformation in the weak formulation (2)). More precisely, if .7 (g) = .#(g) and given
the validity of the chain rule (D.Z(q),L(g)v)y = (D.Z(q), v)y for all © € V, the use of the map M
from implies that the following transformation relation between the test functions w € W and
w € W from holds true

L*(@M'w = M*w, ie, (M‘w,L(q)v)y = (M*w,v)y forallveV. (5)

By this transformation relation, the bilinear forms a : WxW —Randb:V x W — R transform
into corresponding bilinear forms a : W x W — R and b : V x W — R accordingly. It is the aim
of this work to demonstrate the versatility of the above described transformation framework and
the weak formulation in terms of a saddle point problem for FSI problems. As indicated in Fig. [1]
for the formulation of this coupled problem it will be important to switch with the aid of suitable
transformations between the Lagrangian and the Eulerian frame of coordinates. We introduce the
general notation as well as the weak formulation of the FSI problem as a saddle point problem in
Lagrangian and Eulerian coordinates in Sec. [2 In particular, in Sec.[2.2] the above described change
of coordinates is performed from the Lagrangian to the Eulerian frame under preservation of the
saddle point structure. We present some conclusions and perspectives in Section 3
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2 Variational formulations in different coordinate systems

Lagrangian and Eulerian domains. Let Q C R? be an open domain with sufficiently smooth
boundary 9, representing the configuration of the fluid and solid domains at time ¢t = 0. Let ¢l be
the closure of Q, and T C Q a closed, sufficiently smooth (d — 1)-dimensional subset, dividing Q into
its solid and fluid domains. We call Q the Lagrangian or reference domain and the points & € cl1Q
the Lagrangian coordinates or material coordinates, and we indicate with V the gradient w.r.t. . Let
X : [0, T] x @ — R? be a continuously differentiable map with continuously differentiable inverse and
with the property that x(0,z) = & for all & € Q, describing the trajectory of each material point Z
at time t in the observer frame of reference. We call x a motion — resp. — a flow map, and we denote
by F := V¥ its Jacobian, by V := det(F) the determinant of its Jacobian, and by « its inverse map
at time t, i.e. the map for which a(t, x(¢,&)) := & for all (t,z) € [0, T] x Q.

Lagrangian coordinates € Eulerian coordinates Q
N 3
x = x(t%)
i x -
Qf o0 Qy(t) T(¢) (79}
Q, Q,(t)
A A

Figure 1: Sketch of typical FSI problem with Lagrangian and Eulerian coordinates.

We indicate with @& the Eulerian coordinates, i.e., the coordinates in the observer frame of reference,
and with V the gradient w.r.t. . The current or Eulerian domain is then given by Q = Q(¢) =
X(t, Q) := {x(t,z), & € Q}, and it represents the current geometrical configuration of the domain
in the observer frame of reference. Its boundary 9Q = x(t, Q) and the Eulerian interface I = (¢, T)
are defined accordingly. We point out that the current domain and its boundary parts may be
time-dependent subsets of R?.

We use the bar notation - to indicate fields defined on Q, say a(t, ). Fields without bars indicate
an Eulerian field, or the representation of a Lagrangian field according to a(t,z) := a(t, x (¢, x)).
We notice that the chain rule applies, and allows one to express the gradient of a Lagrangian vector
field Va in terms of the gradient of Eulerian fields and F, i.e., Va(t, z) = Val(t, x(t, z))F(t, ), and
vice-versa, i.e., Va(t,z) = (Va)(t,x ' (t,z))F(t, ).

Lagrangian and Eulerian states. Based on the flow map Y, the Lagrangian velocity is defined by
the map u(t, z) = 9;x(t, &), which is the time derivative of y for all (t,2) € [0, T] x Q, while we
denote by 9o : © — R the mass density of a material point in Lagrangian coordinates at time ¢t = 0,
and with o(t, ) = po(Z)/V (t, ) the mass density expressed in Lagrangian coordinates. Similarly, we
indicate with p,(t, ) = go(Z)u(t, ) for all (¢, ) € [0, T] x Q the momentum density w.r.t. the initial
configuration, and with p(t,&) = o(t, z)u(t,z) for all (t,z) € [0, T] x Q the current momentum
density, expressed in Lagrangian coordinates. The corresponding Eulerian fields u, F', g9, 0, py, and
p are all obtained by composition with a(t,2). We note that the Eulerian counterpart of F' can
equivalently be expressed as F' = (Va)~!. In accordance with our choice later on for the fluid-
structure interaction problem we here introduce the Lagrangian state vector g and the Eulerian state
vector q to be given by the following variables

q:=(x,py) and q:=(qs,qs), where q; := (o, pg) for fluid and g, := (o, p,) for solid, (6)

and we refer to Sections and for more details about this choice. In particular, @ also indicates
the transformation T mentioned in and used for the Lagrangian-Eulerian change of coordinates
subsequently in Sec. [2.2] Function spaces defined with respect to the Lagrangian coordinate frame
are denoted by Q, V, W and their Eulerian counterparts by Q,V, W, respectively.
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Functionals and geometric structures in Lagrangian and Eulerian coordinates. In the La-
grangian frame we consider integral functionals & : V — R with densities G : (Q\I') x R% x RY x R¥*4
which are functions of the state vector ¢ € R% x R¢ from (b)) and of the deformation gradient F. With
respect to Eulerian coordinates the functional is denoted by @ : V — R and G : (Q\I') x R? x R x R¥x4
its density, which depends on the Eulerian state vector g from @ and on the Eulerian deformation
gradient F'. Due to the independence of the quantity with respect to the choice of the coordinate
frame there holds

9(q) =9(q), and hence 9(q) = | _G(z,q,F)dz = G(z,q,F)dz =9(q),
O\ O\
Note that these functionals explicitly exclude integration over the interface T, resp. I, Similarly,

geometric structures in the Lagrangian and Eulerian frame are denoted by J,K(q) : V* — V and
J,K(q) : V* = V.

Derivatives of functionals in the Lagrangian frame. The first variation of & with respect to
v = (vy,vp) € V is defined by

(D¥(q), v)p = lim — (Sg(q +ev) - 9(q)) = /Q\f ‘9@(%17’) o4 2 gLF) Vo dz.

e—0 €

We assume that all quantities involved are sufficiently smooth, that vy satisfies homogeneous boundary
conditions along the outer boundary 92, and that it is continuous across I'. Integration by parts gives

(DY (q), 1_})9—/Q\F (%—?.g—g) UX+Bp vpda:+/ Vs —g) yf(—g))u ¥s(vg) ds

with G = G(q, F), with 5 and 7 trace operators from the subdomains €, Q onto the interface T,
with v the outer unit normal vector of )5 along I', and § representing a suitable surface measure.

2.1 Lagrangian fluid-structure interaction problem

In the Lagrangian setup of Fig. I left) the Lagrangian domain Q=0,UQUlis given by the disjoint
union of the Lagrangian solid and fIU|d domains, Qs and Q, and their joint interface I'. For simplicity,
we define here the unit normal vector ¥ along T to be i := g = —i; given by the outer unit
normal along of Q along T'. With i € {s,f}, for any function @ : Q — R™, m € {1,d}, we denote
by a; = (i|Qi its restriction to the subdomain €; and ~;(a) denotes the trace of a; : Q; — R™ on T.
For sufficiently smooth functions @ we have for & € T that ;(a)(Z) = a;(x) and if misinterpretation
is excluded we also write a; for the trace of @; on I'. Above notation is applied in particular to
the Lagrangian states ¢ = (X, Dy), the deformation gradient F', and the Lagrangian mass density
00. We point out that gy :  — R is a piecewise constant function in Lagrangian coordinates, i.e.,
00; = const. on each of the subdomains ;. Moreover, y : Q — R% has to satisfy boundary condition
along the outer boundary 9. In this work we consider no-slip conditions y(z) = & for all & € 99,
which implies u(t, ) = 0 for all & € 9 for the Eulerian velocity. For the joint interface to be mapped
to a joint interface, it is required that the images of " under y; coincide, i.e., I' = xs(T") = x¢(I).
This property holds true if the Eulerian velocities satisfy (us(t,®) — ug(t,x)) -v =0 for any « € T.
This condition is also called impermeability and is valid for moving interfaces I'(¢) in the absence
of mass transfer from the solid to the fluid phase. Alternatively, the joint interface can be mapped
appropriately by directly requiring a no-slip condition xs(Z) = x¢(x) for all E T, which implies

us(t, x) = ug(t, ) for all € T'(t) for the Eulerian velocities. The free energy .# : @ — R of the
fluid-structure interaction system
F@= [ F@ds= [ hipf*+ W@y F)ds (8)
o\ O\l
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Variational approach to fluid-structure interaction via GENERIC 5

consists of the kinetic energy and the internal energy with density W, here mainly accounting for
mechanical effects. In particular, the main difference of W for the fluid and solid phase can be encoded
in space-dependent coefficients of W:Q x R4 x RIxd _y R, which make sure that ViWs := V_V|§2
only depends on F; through its Jacobi determinant, whereas the stored elastic energy density of the
solid Wy := W\Q may depend on all minors of F, see Examplelbelow Hence, we set

W (z, X, ) Vfo(X gf/Vf) forz € Q¢ and W(:E,)Z,F) = WS(FS) for & € Q. (9)

Example 1. Gravity and compressibility of the fluid is taken into account by setting ViWt (X, of) =
X -gor + §(or = geq)Q. Moreover, stored elastic energy densities in finite strain elasticity depend on
the minors of Fg, hence nonlinearly on Fg, e.g.,

M N . B
Wi(Fy) =Y aitr(F, F)"? + 3" Bitr(Cof (F, Fy))(F, F)/? + r(detFy),
2 =

for an Ogden material or W(F) = a|F|*> + B|Cof Fs|? + k(detF) for Mooney-Rivlin materials for
d = 3, where k(detFs) — 0o as detFs — 0, see [6, p. 155]. Hence, the bilinear form alg_ is rather
defined on W* x W, with the component Wy, = HLWMZ_( ) being a product of suitable LP-spaces
providing coercivity for the minors M;(F) and W* its dual. For p = 2 for all minors we indeed
have W = Wx, and hence the mapping property stated in the introduction. The abovementioned
no-slip cond/t/on along 0Q and the interfacial coupling conditions can be incorporated by the choice
of the state space Q. Additional jump conditions for X _across ' can be incorporated by specific
interfacial energy and dissipation terms. Incompressibility V; = det F; =1 of the fluid or solid phase is
incorporated by a further restriction of Q and typically leads to a problem formulation with Lagrange
multipliers, which we do not discuss here. *

Qualitative characterization of the ingredients to ( . The auxiliary space W and the operator
M* : W — V* are introduced in (3) to give a suitable representation of elements D.Z (q) € V*. As
discussed in Ex. [1| the space W is given as the product of suitable L”(Q) -spaces, while the state
space Q and the velocity space V are (subsets of ) suitable Sobolev spaces. In this representation in
particular the coupling conditions for the states and the stresses of the fluid-structure interaction
along T should be captured. To this aim we define the operator M* : YW — V* and the bilinear form
b:V xW — Rin (3b) by

ol

(v,w) = (M*w, )y, ::/_ (wy - vy + wp - Vp) doz+/_fazf-@5<d.§ (10)
Q\T r

for any v = (v5,vp) € V and w = (wg, wp, wr) € W, where wp, = wp_ = wp on I'. Based on
this, in (BB)), the representation 7 € W of D.%(g) € V* for .7 from (8) is introduced as

b(v,7) := (M*n,v)p = (DF(q), )y = /\ (po vp + OxW - vy + OpW : V’UX> dz.
O\l
Assuming sufficient regularity of all quantities involved, an integration by parts, as in , identifies
ow - oW Do

M=o~ Vom and 5, =20 in QAT and ir = (

8‘/T/vs . 8(‘7fo)
OF, OF;

)-wonl. (11)

Geometric structures and bilinear forms: Next, we characterize the Poisson and Onsager operators
J and K as well as the corresponding bilinear forms j and k. Thus, in what follows, we shall consider
functionals 4,7 : Q — R suff|C|entIy smooth and the representatlons 'wG wf € W of their
functional derivatives by (10)), i.e., M*w% = D¥(g) and M*w* = DJ#(g) in V*.
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Reversible contribution by J, resp. j in & : ~ The Poisson operator J and the corresponding
bilinear form j are related by (D¥,JD#)y, = (M*w®, IM*w!);;, = j(w®, w'), where

e, - H

7 IDP) < — W) (0 Ia) (Wy) 44 ol — @l ol ds

(DY ,IDA )y = /Q\f (wff) <_Hd 0 '[vg dz + [ {wp Wi — wg wr} ds, (12)
which is adopted from [14] using the identity matrix [ € R¥*4  Additionally we write JT(ﬁ)é, '[UH)
jt(wf wf) + js(ws, w) 4 jr(w, wH), where j; with i € {s,f} is the restriction of the first term
of to the subdomain ©; and ji stands for the interface term. We point out that the coupling
between the two phases is established by joint variables in jz or by continuity conditions in the state

space.

Viscous dissipation generated by K, resp. k: For simplicity we use the standard Newtonian
viscosity

E(@G,@E):/_

o\r

i(x) sym (Vﬁ)g) :sym (V{UH) Vdz =

N Vavr T
» Vwy:MVw, dz, (13)

Jo\r

with sym(A) = (A + AT)/2 and the viscosity [upiecewise constant on the subdomains Q;, ie.,

fi = filo, = pi > 0 for i € {s,f}. The tensor M = M (&, F') depends on F' since the Eulerian
o = =1

gradient is Vu; = Vu; F .

Weak formulation (3): With the bilinear form a(w, n) = j(w, ) — k(w,n), the Lagrangian weak

formulation of the damped Hamiltonian system for fluid-structure interaction in terms of reads

a(w,7) = b0, @) = alw, 1) — [ (wy- 0%+ w5 0py) o + [ wp - O ds =0, (14a)
b(o,7) :é(ﬁx-@erﬁ,-,-f:p) dsﬁ+/fﬁf~@>zd§: (DZ(q), )y, (14b)

with = (g, Np, NIr) € W identified in (11). Then, for sufficiently smooth quantities, an integration
by parts in reveals the strong formulation (I)) and the following coupling conditions along T

OiX = Np = Po/ 00 in Q\T, (15a)
o= -1y +V-(MVi,) =V % in Q\T, (15b)

0 =np + MV, - 0s+ MV, - v = (s — ) - U onT, (15¢)
dX =np = % onT, (15d)

with E\Qi = 3, the total stress given by the sum of elastic and viscous stresses &; = 8131_17[/1-—1—]\2&@77@.
Note that is obtained by a test with wy, by testing with wj in Q\T, by a test with
wp, and by wy on T'. Finally, we mention that Betsch and Schiebl [4] use 093G and 0zG to
represent derivatives and the operators J, K to formulate GENERIC for open systems, while Marsden
et al. [14] used Dirac measures and defined (D.%, v) = %—g -vdz. In [20] extensions for boundary
dissipation and inclusion of interfacial energies are discussed in the context of moving contact lines.

2.2 Eulerian fluid-structure interaction problem

We now carry out the transformation of the weak Lagrangian FSI problem to the Eulerian frame
by applying the abstract framework described in (4)—(6]) to the fluid and the solid component. This
procedure is well known and was first introduced by Arnold [I]. For this, we shall use the variables
introduced in ([6]) and the decomposition of bilinear forms by restriction of the domain of integration
and denoted by the indices f, s, and I" the fluid, solid, and interface terms. In particular, we have
a(w,n) = as(ws, ng) +as(we, n) +ar(w, n). This notation underlines that the coupling between solid

DOI 10.20347/WIAS.PREPRINT.2903 Berlin 2021



Variational approach to fluid-structure interaction via GENERIC 7

and fluid is communicated by the interface bilinear form ar. The auxiliary space W consists of elements
w = (W, Wr, Wq, Wp), While elements of the velocity space V are denoted by q = (¢, p;, o, D).
To apply ([@)—(6) we introduce the Eulerian state variables g € Q, the transformation T : Q — Q
and its Fréchet derivative L : Q — Q as follows

of 1 % — R =V (0:0f) é)

N pr S — Rd_ |-V W
Ta)=a=|,.0ur>aurcre| €2 HO=| _goyo, o> (0

Py 6~ RS -V-@p,o0) %

using that g = 0p/V and p = p,/V and L(q)v = (vg;, Vp,, Va, Vp,) . We refer to [25] for more details
on such transformations in the context of reactive fluid flows. Moreover, we define M* : W — V* as
follows

(M*w, v)y :/Q Wo Vg + Wp, - Vp dx —1—/9 Wq * Vo + Wp_ - Vp dx + /F'wp - vads =: b(v,w).
f s

From this, we compute the weak form of the transformation via (5)), i.e., (M*w,L(q)v)y =
<M*@,'{J>f} via

M0 L@}y = |~y V- (@0y) + wp, - (P~ V- (B @ 5y)) da

f

+ [ war ((Va)og) +wy, - (B~ V- (b0 5y) da

Qs
4 /F wr - (—(Va)sy) ds

:/, (éfvwgf‘f’(vaf)Tﬁf)vf Uy + Wp, Vi, dz
Qf ~~

Wxg Wy
+ | —((Va)Twa + (V’wps)—rps)vs Uy, +wp, vp dT
Qg ~—
1I’)Zs 11)135

+/_ |~ Va wrt ((wgor-+wp, r)|Cot F - | —wy, -By|Cof F - 5]} -7 -0y ds
r

wp

(17)

for any w = (wg,, Wp,, Wa, Wy ) € W, and v € V. We are now ready to compute the transformed
bilinear forms (12)) and ([L3)). Firstly, we focus on terms with w¢ = (w,,, wp,) and use je(we, ng) =

jf(@fv ﬁf) to get
Jitwr, ) :/Q (vaw@f T (vaf)Tpf> “Mp,— (vangf + (Vrlpf)Tpf) Wy, dx
f
= — /Q (vangf + (vnpf)—rpf) . ’l,Upf + wav . (gf’r’pf) + v . (pf X rr]pf) . wpf dm
f

+ /F {th'anpf + (wpf : pf) npf:| “Uf ds. (183)

Note that the bulk term of the fluid agrees with the bracket for ideal fluids in the work by Morrison
[17]. Analogously by setting js(ws, 1) = js(ws, M), one gets the reversible bilinear form for the solid
subdomain

jutwsm) = [ (=) wa+ (Tw,) p.) -1y, + ((Va) 10 = (V) ) - wy, de

= | (V&) "ng = (V) 'py) - wp, = (Va) "we -y, + V- (p, @1y, ) - wp, da
+ / (wp,_ - ps) My, - Vsds. (18b)
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D. Peschka, A. Zafferi, L. Heltai, M. Thomas 8

Finally, the skew-symmetric boundary bilinear form is

jir(w,m) = jp(w,n) = /F {—VaTwr + (w08 + Wp, - Pf — Wp_ - D) Vs:| n,,ds
- /r [—VozTnp + (ngf 0f + Np, * Pr — Np, -ps> us} wpds. (18c)

The transformation of the dissipative bilinear form k is straight-forward, since np = 1M, and thus

K(w.m) = k(@.m) = [ pl@)sym(Tn,) s sym(Vio,) da

Q\
= —/ V- [,ul- sym (Vnpi” cwp, dx +/ (,uSVn;S'wps — ,usn;f'wpf) - vgds.
ie{s,f} & r
(19)
The Eulerian free energy Fs+ F is
T _ ’pf‘Q T T ‘ps‘ 1
Fi(q) = + Wiz, o) dz,  F(q) = + Vo'W (Fy) da, (20)
Qr 20f Q. 20s

defining 05 = 00s/Vs and Vi = det Fg and Fs = (Va) ™. For the derivative of .7 we get

— oW el _ P _ D
ofr 89Wf 29? ’ Ir]pf — op? ,rlps — 05 ?

— V;WVS) = (B )] v — (FTop (%) T ) v — FT2E,,

205
FT|p |2 |p |2 W, Fr
a—v< = > LS) S)'

® 204 202 V
Strong formulation. From ([18)—(20) we obtain the following strong formulation by testing with

(0sVe) + V- (For (

Wy, in Qf: Qg =—V - (anpf) , (22a)
wy, in Qp: Oypy = — [V-(py @1y, ) + 06V, + (V71,)p] + V- (16 Vmy,)

=— V:(pt @ ug) + Vo, (22b)
Wq in Qs Ga=— (Va)n, = —(Va)us, (22¢)
wp_in Qg Opy = — [V-(ps ® 771)5) - VaTna + Vn;sps} + V.(MsVnps)

=~ V:(ps ®us) + V-5, (22d)

wponl: 0 :Voc;rnp + (ngp 0t + npf-pf)l/f + Mp,PsVs
(Hssym(vnp ) fsym(vnpf)) Vs

=(os — o1) vs, (22e)
wronI': ga =— (Va)n, = —(Va)us, (22f)

where o = oV + ¢! and oy = o}
a.iVlSC

— 7l are the Cauchy stresses for solid and fluid. We denote
= wisym(Vny, ) with i € {s,f} the viscous stresses, m = 010, Wi — W the fluid pressure and
¢ = V10, WLF the elastic solid stress, where in order to obtain V - &' we used Piola’s identity
V- (VleT) = 0 and the fact that V,;IW = F;I%Fﬂ((?FW)leijm. Testing by w,, on I' produces
an equation that is always satisfied, in a similar way to the Lagrangian formulation when testing by
wy on I,
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3 Conclusions and outlook

In this paper we introduced a variational approach to FSI based on the framework of GENERIC
in the special case of an isothermal damped Hamiltonian system for compressible materials, which
naturally leads to a weak formulation of the coupled problem and allows it to transform between
different sets of coordinates. This approach is convenient to include additional interfacial processes
by suitably extending state space, driving functionals, and geometric structures. Perhaps one of the
most elegant formulations of FSI problems is the Arbitrary Lagrangian Eulerian (ALE) formulation,
dating back to the early seventies [I3], in which conservation equations are formulated in an arbitrary
frame of reference, typically chosen to be Lagrangian in the solid (i.e., identifying material particles),
and Arbitrary-Lagrangian Eulerian in the fluid, mapping the fluid equations (defined on a moving
domain) to a fixed reference (artificial) domain, not associated to material particles. Over the years,
ALE frameworks have become a standard, and are used in many current applications with FSI,
e.g., [2, 24] 26]. Related variational approaches to FSI are currently investigated using incremental
minimization schemes [3], and similar FSI problem for compressible fluids have been analysed recently
in [15) 22].

To fix the ideas, consider an invertible map A : [0,7] x Q — Q(¢), with Jacobian F' 4, and Jacobi
determinant ‘//,\4. Indicating with ~ fields in Q, we can apply the framework presented in to build
a GENERIC formulation of ALE FSI problems by choosing as state variable g := (;1,64,@4 =
51//1\4,1314 = 13‘//,\4) In the spirit of ALE FSI, setting A to be the identity we fall back to the Eulerian
state q, while setting A= X we recover g. The GENERIC framework guarantees a structure preserving
construction also in all intermediate choices, including the classical choice in ALE FSI, where A, = =¥
in the solid domain, and where A is a geometrically conforming extension operator of A in the
fluid domain (most commonly pseudo-elastic, harmonic, or bi-harmonic operators [21]). Alternative
formulations of FSI problems relying on non-matching techniques, like Immersed Finite Element
Methods (IFEM) [5, 8, 11| 12] can also be casted in this framework by choosing as state variables
a mixture of Lagrangian and Eulerian variables q := (s, p, 0), where the momentum and density
fields are treated in the Eulerian framework, and the solid displacement is kept in the Lagrangian
framework.
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