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ABSTRACT. This paper is devoted to the analytical investigation of some non-
linear reaction—diffusion system modelling the transport of dopants in semicon-
ductors. Estimates by the energy functional and L™-estimates obtained by a
modified De Giorgi method imply global existence and uniqueness as well as
results concerning the asymptotic behaviour.
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1. TRANSPORT OF DOPANTS IN SEMICONDUCTORS

Modelling the transport of dopant impurities in semiconducting materials is of great
interest, both for scientific and technological reasons. It may be rather surprising
that given the significance of that phenomenon there exists neither a generally
accepted physical model nor a comprehensive mathematical analysis of the various
model equations. There have been developed different models from a chemical
kinetics viewpoint (see e.g. [5, 14, 15, 17]). More or less simplified models have been
used for engineering analysis and computer aided simulation (see e.g. [9, 11, 12, 16]).

This paper is devoted to the mathematical analysis of a relatively simple model
which demonstrates typical difficulties arising in attacking such problems. Our
aim is to show that the corresponding model equations are well posed from the
thermodynamic and the mathematical point of view.

First, we shall shortly explain the physical model which we are going to consider.
Let ) be the domain occupied by the semiconductor. We introduce the following
species:

Xo — substitutional dopant atoms on lattice sites,
X; — dopant atoms on interstices,
X, —  self-interstitial host atoms,
X3 — vacancies in the host lattice,
Xy —  electrons,
X5 — holes,
and denote by g;, u;, (;, and j;,2 = 0,...,5, their electric charge, concentration,

electrochemical potential and flux, respectively. We assume that

Ct' = ln}i:' + q,'¢, ji = —DiuivCiy 1= 07 s )57
Uy (1.1)

@o=-1,q0=¢=q¢g3=0,q9=-1,¢=+1

where D;, u} and ¢ denote the diffusivities, the (constant) concentrations of a suit-
ably chosen reference state and the electrostatic potential of the inner electric field.
During the diffusion process the host atoms as well as the dopant atoms interchange
between substitutional and interstitial sites. This may be understood as a result
of chemical reactions of mass action type. We shall take into account the following
reactions:

X1+ X3 = Xo+ Xs (Frank-Turnbull mechanism),
Xo+X3=0 (defect generation and recombination),

Xs+Xs=0 (electron—hole generation and recombination).

The corresponding reaction rates are given by

o

1= l:?1(u1u3 — ky Uous),
Ry = ka(uqus — k), (1.2)
R3 = ;}3(1‘&4?.1,5 — k3)

t

with some constants &;, ki, ¢ = 1,2,3. Using the local mass conservation law for



each species we get the following reaction-diffusion system:

66? =—div i +r, 1=0,...,5,

T = (Rl, —'Rl, —Rz, ‘—Rl - Rz, —Rg, —R3 + Rl)

(1.3)

Next, we have to prescribe some boundary conditions. We assume that one part
of the boundary is masked so that there all fluxes vanish. The remaining part I’
shall be in contact with a gas phase containing uncharged dopant atoms X with
concentrations u on I' and & = const far away from I'. On high process temperatures
one may assume the transport in the gas phase to be so fast such that approximately
u = . The processes on I' will be interpreted as chemical reactions, too. Let us
regard the following ones:
Xo+ X5 = X3 (infiltration of dopants to substitutional sités),
X1 =0 (infiltration of dopants to interstitial sites),
. X, =0  (surface recombination of self-interstitials),

X;3=0 (surface recombination of vacancies).
The reaction rates are given by
Ry = ;54('“0“'5 —ky us),
Rs = ks(uy — ks),
R = ke(uy — ke),
Ry = kq(us — kr)

(1.4)

with some constants k;, k;, 2 = 4,...,7. Then, the boundary conditions read as

follows:
=40 °n BQ\F, i=0,...,5
by onT (1.5)
b - (R4, R5, RG, -—'R4 -|- R7, 0, R4)

If there exists a simultaneous equilibrium of all volume and surface reactions then
necessarily k; kqy = ks, ke k7 = ks.

Next, let us introduce the charge density p and the current den51ty 7. According
to our assumptions on the charge states we have

0= —uo—Uus+us, ] = —Jo— Ja+Js.
By (1.3), (1.5) the continuity equation

% = — div j, julen =0

follows, and we get

podz =0 (1.6)
J

for all the time if in the initial state this condition is fulfilled. Then, the semicon-
ductor structure as a whole will be electrically neutral but there exists an inner
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electric field the potential of which has to be determined in a selfconsistent way by
means of the Poisson equation:

— div(eVé)=p, Vo v|sng =0 (1.7)
where € denotes the dielectric permittivity. 7

Finally, we have to impose initial conditions which are compatible with (1.6): A

ui(0,2) = Uy(z), € Q, i =0,...,5, /n(—U0 — U+ Us)de =0. (L.8)

Corresponding to the chosen physical model we have found the initial boundary
value problem (1.3), (1.5), (1.7), (1.8) which should be used for further mathemat-
ical analysis. Let us mention that the equations for the dopants and defects and
those for the electrons and holes are coupled. With respect to applications in the
field of numerical simulation it seems to be useful to remove this coupling in some

approximation. This may be done under additional assumptions which are satisfied
- on sufficiently high process temperatures.

i) Let D4, D5 — oo. If we want the fluxes js, 75 to remain bounded we have
to require that (4, (s = const.
- ii) Let k3 — oo. If the reaction rate R3 remains bounded then in the limit the
relation

UqUs = k3 (19)

is fulfilled. Suppose that uj ui = ks, too. Because of (1.1) we get {4+ (s = 0,
and without any loss of generality we may assume that (4 = (s = 0. Once
more by (1.1) we find

Us
= —In—. 1.1
¢ In u (1.10)

iii) After scaling the Poisson equation (1.7) one gets

—A¢ = %(—uo — ug + us)
where ) denotes the Debye length. Let A — 0. If the scaled charge density
remains bounded then in the limit
—up —ug +us = 0. | (1.11)
Suppose —ug§ — uj + ug = 0, too.

By (1.9), (1.10), (1.11) the variables u4, us, ¢ can be expressed in terms of ug. It
holds

g9(uo)

g9(ug)

uous = g(uo), (o =1In
where

9(y) == %y (y +Vyr+ 4k3) : (1.12)

Taking into account only the corresponding components of the equations (1.3),
(1.5), (1.7), (1.8) we get an initial boundary value problem for the variables uo, u4,
Uz, uz. Now the field induced convective part in the flux jo is transformed to a
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" pure diffusion term which contains a diffusivity depending on the concentration uy.
Further nonlinearities the growth of which is of at most second order occur in the
volume as well as in the surface reactions.

Here we shall not write down all equations in their final form. After changing
the notation in a suitable way this will be done in the following section. There
we also summarize all our assumptions with respect to the data. Because of the
second order terms in the boundary conditions we have to restrict ourselves to
two—-dimensional domains. It is worth noting that we do not use the concrete form
of the function g (see (1.12)), only some properties of this function are important.
Furthermore, in Section 2 the weak formulation of the reaction—diffusion system is
given globally’ with respect to time (see problem (P)). Finally, some basic results
concerned with imbedding as well as interpolation theorems are listed.

With the exception of the last theorem in Section 8 we impose conditions such that
in the reaction—diffusion system under consideration there exits a unique thermody-
namic equilibrium state. In Section 3 we introduce the free energy of the system. It
will be shown that the free energy represents a Lyapunov function. More precisely,
along any solution to (P) the free energy decays monotonously and exponentially
to its equilibrium value as time tends to infinity (cf. [6], too). Thus, our problem
is well posed from the point of view of thermodynamic principles. Moreover, based
on estimates of the free energy first global a—priori estimates for solutions to (P)
are obtained. ‘

Section 4 is devoted to further upper a-priori estimates for solutions u to (P).
By the fact that terms of second order occur in the boundary conditions we had
to develop a special technique: As test functions we use simultaneously different
powers of the components of u. Thus we obtain global L*-estimates. '

In Section 5, the existence of solutions to (P) is proved by means of the Schauder
Fixed Point Theorem. Using results of [7], in Section 6 we derive further regularity
properties of solutions to (P) which enable us to prove uniqueness in Section 7.

Section 8 contains some additional results. First, it is shown that any solution to
(P) approaches its equilibrium value exponentially in each LP-norm, p € [1, ), as
time tends to infinity. Next, global lower bounds for solutions to (P) are obtained.
At last we consider the more general situation where a thermodynamic equilibrium
does not exist. By a slightly modified technique we obtain existence as well as
uniqueness results on finite time intervals.



2. THE REACTION-DIFFUSION SYSTEM

Let © C R?be a bounded Lipschitz domain and u = (ug, u1,usz, u3): Ry xQ — R?

+

the vector of concentrations. We consider the system of differential equations

%“tﬁ = —div jo + Ri(u),
% = — div ji — Ri(w),
%’? — _ div j, — Ra(u),
%“73 = — div j3 — Ry(u) — Ra(u),

Jo = —DouoVIng(uo), ji = —D;u;Vinu;, 1 =1,2,3,
Ri(u) = ky(urus — k1 g(uo)), Ra(u) = ka(usus — k»)
in R4 x §2, the boundary conditions

Jow = ho(g(uo) — ua),
Jip = hi(us — 4;), 1=1,2,
I3 = ha(us — U3) — ho(g(uo) — ua)

on Ry x 0N as well as the initial condition
u(0,-)=U

on f2.

(2.1)

(2.2)

(2.3)

Let us put together the assumptions concerning the data in the equations formu-

lated above, which will be used during the following sections.
Assumptions:

Dj =const >0, 7=0,...,3,

h; € LT(09), 7 =0,1,2,3,

k1, ks = const > 0,

ky by € L2(Q),

i; € LY(0Q), 1 =1,2,3,

U e LT (Q,RY;

I'c o, mesT >0,
h; =0o0n OQ\T, h; >const >0on T, j=0,1,2,3,

Uy = ky, Ug,Us = const, Uy Uz = ky;

6
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g€ CI(R+)>
9y bly) = 9(y)

=22 y > 0, are such that

Y(y) > 1, [9(y1) = ¥(y2)| < 2lyr — v2l, ¥,91,92 >0,
T3 < @(y) <74, y >0; 7, =const >0, i=1,...,4;

e(y) ==

U; e W(Q), 7=0,...,3, for some p > 2,
(2.7)

c,b locally Lipschitz continuous;
U; > const >0, 7 =0,...,3. (2.8)

Throughout this paper we assume the conditions (2.4), (2.5) and (2.8)
to be satisfied.

Remark 2.1.

i) (2.6) implies that ¢, 1 € C([0,+00)) and the inequalities in (2.6) are satis-
fied for y = 0, too. We have g(0) =0, %(0) = ¢'(0) > 0, ¢(0) = 1.

ii) There exists a positive constant 7o with ¢(y) < 7o(1 +y) for y € Ry.

iii) There exists a constant 75 > 0 such that

9(v1) — 9(y2) > 15(y1 — ¥2), ¥1 = y2 > 0.

iv) There exists g~*: [0, +00) — [0, +00).

v) With some constant 76 > 0 we have

(Volur) — Vo)) 2 76 (Vi = V), 12 2 32 2 0.

vi) There are constants 17, 7s > 0 for which g1(y) := g(y)y~ "7 is monotonous-
ly increasing on (0, +00), g2(y) := g(y)y "8 is monotonously decreasing on

(0, +00).

vii) (2.6) is satisfied for the function g given in (1.12).
We introduce the constant |

a := min ('r3 Do, Dy, Dy, D3, 72 Do, miin essrjnf hi,Ts essFinf h0>

characterizing the speed of those kinetic processes (diffusion and surface reactions)
which are important for the estimates in the following sections. We use the notation
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X = H'(Q,RY, Y := L*(Q,RY), Z := L*(T,R*). Additionally let
Vi={u € LRy, X): u € LY, (Ry, L4, RY)
W= {u € leoc(R-HX): v € leoc(R-l-)X‘)} :
We define A, R: X — X* for u,v € X by

(A(u),v) := ./n {Do (uo)VugVug + 23: D,~Vu,-V'ui} dz

1=1

ot /F {ho(g(UO) — ug)(vo — va) + ghi(ui - a,-)v,.} dr,

(R(u),v) := — /n {Ru(u)(vy + v3 — v0) + Ra(u)(vs + v3)} dao

where (-,-) denotes the dual pairing of X and X*. We shall be concerned with
finding a solution to

Problem (P):
| u'(t) + A(u(t)) = R(u(t)) forae.te€Ry, uw(0)=U,ueWnV, u>0.

Here u' denotes the derivative of u with respect to time in the sense of X*-valued
distributions and u > 0 means that all components u; > 0. For any T € R, we
denote by S the finite time interval [0,7'] and define

Vs :={u e L*(8,X): ue L= (S, L4(Q,RY)},
Ws := {u € LS, X): v' € L*(S, X*)}.

In the canonical way we extend the definition of the operators A, R to time functions
from Vs. For any finite time interval S the reaction-diffusion system leads to

Problem (Pg):
uw' + A(u) = R(u), w(0)=U, ue WsNVs, u>0.

Now we introduce several symbols and collect some basic results which we shall use
in our considerations. Let beu € R* § € R. By u+6, /u, v?, p € R, Inwy, |u|, ut
and u~ we denote the vector whose i-th component is u; + 8, /ui, uf, Inu;, |u,
sup(u;,0) and sup(—u;,0), respectively. If there is no danger of misunderstanding
we shall write shortly L? instead of LP(Q,R¥), k € N, and H! instead of H'(Q).
We exploit the Sobolev imbedding theorems as well as the following form of the
Gagliardo-Nirenberg inequality (cf. [8]):

Let Q C R? u € H'(Q), then

- q
lullze < co llulze llullin” s where g <, 6=~ (2.9)
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Additionally, for estimates of traces we use the inequality:
Let @ C R? u € HY(Q), then
[ullEaoay < llullfae-s lull g, where p > 2. (2.10)

A direct consequence of the Gagliardo-Nirenberg inequality is the following inter-
polation result:

Let Q CR? u € L°° (R4, LI())NL? (Ry, HY(R)), ¢ > 1, thenu € LP (R4, L’(Q))
Wlthp—T' 2, 8€(0,1) and

) . 8 2
”u”II,,P(]R.,.,L"(n)) < b llullzee(ry,naqay 14l 22y, o)) - (2.11)

In the sections concerning the upper and lower bounds of solutions to (P) we take
advantage from the following lemma (cf. [10]):

Lemma 2.1. Let k> 0, p > 1. Furthermore, let ¢: [l~c,-|—oo) — Ry be a nonin-
creasing function such that, for h > k > k:

(h —k)¢(h) < c1 (k)"
Then ¢(k) =0 if
k> k2?1 ¢(L)p—1'

3. ESTIMATES BY THE ENERGY FUNCTIONAL

It is easy to check that (2.5) implies the existence of exactly one solution u* to the
stationary problem corresponding to (P). This solution represents the thermody-
namic equilibrium and it is given by

up=g7Nds), U =1, 1=1,2,3. (3.1)
Let

y A y ,
e(y,y*) := /y‘ In%dn, eo(y,y*) := /y‘ In gg((;'))dn, y>0, y*>0.

Easily one obtains the estimates

Tre(y,y") < eg(y,y") < e e(y,y"),
(Vi =) < ey <2 (Vi - Vi) + 5
e(y,y") < -3;1:(3/ -y
We define the density of the free energy f: R* — [0, +o0],
Flu) = {eg(uo,uS) FELie(uyu])  Hu20,

400 otherwise,

\/_

as well as the free energy F(u): Y — [0, +o0],

F(u):= Af(u(a:))dm ) (3.3)

Since the function f has the properties of a positive and convex normal integrand
the functional F' will be proper, convex and lower semicontinuous (cf. [2]). It holds

9



domF = {u € Y:u > 0}. f u € domF then F(u+6) —» F(u) for 6 | 0. If
u €Y, u>6>0 then F is subdifferentiable and we have

OF(u)(z) = Vf(u(z)) for a.e. z € Q.
Moreover, for u € Wi, ¢,, u = 6§ > 0, the following differential formula
12} ,
F(u(ta)) = F(u(t)) = [ (u/(s), Vf (u(s)) ds (3.4

is valid (cf. [1., 3]). Additionally, if u is a solution to (P) then equation (3.4) can
be transformed to

ta
F(u(ta)) = F(u(t)) = — [ D(u(s))ds
where D denotes the dissipation rate:

D := Daig + Dreac: {u € X:u>0)} — [0, 400],

Dasa(u) =4 [ {Do o(u0)? |7/l + 2 D; [V }dm,

Dreac(u) = /r; {7“1(“1 uz — k1 g(uo))In el R ka(ug uz — k) In t2ls }dm

kl g(UO) k2
_ g(uo) | ~, E}
+ ./r‘ {ho (9(uo) — u3)In ” + ghz (ui —uf)In u dr.

Theorem 3.1. If u is a solution to (P) then
1) F(u(te)) S Fu(ty)) for t224 20,
u)  sup F(u(t)) < F(U),
teR 4

wi)  we L (Ry, L' (Q,RY),
w)  D(u) € L'(Ry),
v) Ve L*(R, L’ (Q,R%),i=0,...,3
Proof. In the following and later ¢ denotes (possibly different) positive constants

the values of which are not important. Let u be a solution to (P), assume that
0 <ty < tg, § < 1. We use the test function

vs := Vf(u+6) e L*([0,t), X).
By (2.6) and Remark 2.1 we get

9(y +6) —g(y) <cé(1+y),
c+Iné<Ilngly+8) <lnmo+In(y+6)+In(y+1+6) <c(l+y).

Additionally, we use
Vu;V(lnu;) = 4|V /4%, VueV(Ing(ue)) > 473V /tol|?

10 -



~and (3.4). Therefore we have from (P)

+ [ {a ] [oetun) o+ )
+fjp,-
<[ {c5(1+|1n5|+2(||u,+1um+||u,+1||L2(F))>}d

1=0

</ 5 ( 1+|1n6|+2||u,+1||H1)

1=0

2
UO+5

u;+5

2
]dm + Dreac(u + 5)}ds

< t2c8(1+ |10 81)+ 683" s + 1 Eaqosmyany-

1=0

Since v € L2 (R*, X), the norms on the right hand side are finite. Letting § | 0
we get by Fatou’s Lemma

F(u(t) + || Dlu(s))ds < F(ut),

This proves 1). By setting ¢; = 0, t, = t for ¢ € R} we get ii) and iv). By the
definition of D(u) and (2.6), v) follows. The inequality

' ”u”Ll(n) < F(u)+ec
yields assertion iii). [

Lemma 3.1. For every R > 0 there ezists a cg > 0 such that

Flu) <CR{2||wmle

1=0

+/ [ g(uo)—us)ln ( +Z(u,—u)ln—~} dI‘}

forue Mg :={ue X: \/EGX, F(u)SR}.
Proof. Let be u € Mg, w := Vu — vu*. From (3.2) we conclude that

cllwlly < F(u) < e (Jwlly + lwlismas) (3.5)
The Gagliardo-Nirenberg inequality (2.9) yields

3 2 2
[wlizsa,me < <o llwllx wlly < co flwllx llwlly

such that
Fw) < e (1+yFW) Il < ol

Because of the well known estimate

. 3
lwl < (Z IVl + uwnz) (3:6)

1=0
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we get

Flu)<ec (Z (Vi + ol ) (37)

1=0

On the other hand, we have

A [(g(uo) — us)In g(;") + Z(u, —u})ln —} dr

e [l\/;@ Jua | ]dI‘
>c /F [ \/g(uc‘,) x }dr

2
2 ¢ [lwllz-

Together with (3.7) the assertion follows. [

As a consequence of Lemma 3.1 we get
CR
F(u) < ZD(U) VYu e Mg, R>0.

Inequalities of this type have been proved in [6] for a large class of reaction-diffusion
equations. These results could be used to verify the assertion of Lemma 3.1, too.
Here we were able to give a short proof in a more direct way. The assertion of
Lemma 3.1 will be the essential tool to show that the free energy F'(u(t)) of a
solution to (P) decays exponentially as time tends to infinity without using global
bounds for this solution. Later such global bounds will be obtained starting frorn
energetic estimates derived here.

Theorem 3.2. If u is a solution to (P) then
i) F(u(t)) <e™F({U) VYt>0, for some A > 0,
) llu(?) — u*“Ll(ﬂ,]P) <ce™? Vi,

W) uw-—u' €L (Ry, L' (QRY).

Proof. i) Let A := 2 with cg from Lemma 3.1, where R = F(U). We use the test

function e*ws, where vs is defined in the proof of Theorem 3.1, and a differential

formula similar to (3.4) for w € Wjgy, w > 6§ > 0,

M F(w(t)) — F(w(0)) / [N F(w) + &¥(w'(s), V f(w(s))) } ds.
Using the estimates for the reaction and boundary terms given in Theorem 3.1 we

12



obtain
eMF(u(t) + 6) — F(U +6)

S/ote'\’l/\F(u-{-tS)—a(:Zo
+/F{ > (e +6—u)n

2

Viyu; + 6

L2

u,+5

. l

+(g(uo +6) —uz—6)In -g-%a—o_%‘@}df)

3
5L g1 3 (st L+ s+ U)o
1=0
By Lemma 3.1 it follows
eMF(u(t)+ 6) — F(U + 6)

</ eNes 1+|1n5|+2||u,+1||H1)

=0

< e"‘g&[t(l +|In6]) + Z i + 1||22([o,t1»H1)} '

1=0
Like in the proof of Theorem 3.1, ||u + 1||L2([0,t],X) is finite for every ¢t € R,. Letting
-6 ] 0 we get

eMF(u(t)) < F(U) VteR,.
ii) By the inequality

2
v —v'I<|vy -V
and by i) we obtain |
2
lu(t) = v | pamy < Vo = v, +c|va - Ve,
<c (F(U)e"\t + F(U)e"wz)

S c e—kt/2'

From this assertions ii) and iii) follow. [

4. FURTHER A-PRIORI ESTIMATES

To prove further a-priori estimates for solutions to (P) we pass over to the variable
w := u — u*. Only in this variable one can hope to get L*(Ry, L?)- estlmates for
powers of thlS variable.

Theorem 4.1. If u is a solution to (P) then
VneN: |wl € I (Ry,Y) N L? (Ry, X).

For the proof of the theorem we use the following lemma:

13



Lemma 4.1. Let m > 4, r := 2. If u is a solution to (P) and
lw/® e L® (R, Y)N L2 (R,,Y), m>1>4,1€N,
then the solution u to (P) has the regularity property

|w,~|%ﬂ, lws| ™5 € L (R, L3(Q)) N L? (R4, HY(Q)), i=10,1,2.

Proof of Theorem 4.1. We use the notation of Lemma 4.1. By Theorem 3.1 and 3.2
the assumptions of Lemma 4.1 for 7 = 1 are satisfied. We explain that the applica-
tion of Lemma 4.1 for r reproduces the corresponding assumptions for r + . For the
component |ws| there is nothing to show. From |w;| € L (]R.,. L'+1(Q)) we have
lw;| € L* (R+ L+ (Q)) easily one obtains from |w;|%, |w;|™% € L? (R4, L3(Q))

that |w;|™" € L? (R4, L3()), ¢ = 0,1,2. The repeated application of this lemma
gives the regularity stated in Theorem 4.1. O

Proof of Lemma 4.1. Let v := |w|. We use formally the test function

sgn(wg))

(8 sgn(wo), o} sgn(ws), o] sga(us), v

As mentioned in Section 1 these different powers of the components of w in the test
function are necessary to handle the second order reaction terms on the boundary.
More precisely the following estimates are obtained by test functions of this kind
where v; are replaced by vX := min{v;, K}, +=0,1,2,3, K > 0. It is possible to
get estimates which are 1ndependent of K. Lettlng K —> oo we shall obtain the
inequalities derived now.

ks 29
2

V'Ui

2 t
Z [$ Joi(8)|| i + a/ {(7:_’—‘1?

1=0
mil t _
bl +a [ {

t
SC/O {/ﬂ{[vlv3+v1+va]v3+[’v3+vo+v§]vi+v3v§ (4.1)

2 r+1
o+ o ey Yo

m+1
Vg ?

2 _‘fi }d
+ S
I e

m=3
+ ['vo-{-vg—i-vl-l-vz]vs‘ }d:z:

+ /P {'Us vy + ['Ug + Uo] 'U:T_a}dr}ds + (7).

| Vi) 2, + ”“i”iz(r) is a norm equivalent to the usual H'-norm. The several bound-
ary and volume integrals are treated with (2.10), the Gagliardo-Nirenberg in-
equality (2.9) and Young’s inequality in a suitable way. Additionally the assumed
L= (R, L?)-regularity of lower powers of v is used. Here we demonstrate the
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method by one of the b‘oundary terms:

2(m—
[ : s gt i =t |
4
vovugt dl' < HvOH m1 V3 y = g v
r° L7 (D) LRI (r) L1 (1) L2(T)
4(f—1 2(m—3
—_— C 'Uo (Y . v :
L2(e-1) H! L2(T)
1 v (1+(B-1)(1-6)) mt1 ot mil e
< cfvo U3 U3
H! L2 H!
T
where (3 := ,TT"'ll, g := m Because the exponent of the H'-norm of vy? 1is
. . . . 1 1
smaller than two, we obtain from the Young inequality with p’ ;= (Zti(r+1)
? q p 4r2—r-1
! /
, m=3 w412 myy | 2 me | B
/'vov3“ dI' < ellvy? +c|vgt vy ®
r H! L2 HL
112 1 m P L !m+2!!m—3!pl
< ¢ v% +c vgg— (m41)? v% (m1)?
- ° M s M P
’
L2 (m=3)rp (mt2)(m—3)p’
< ¢ vo%_ +c||U3|| A ‘ "

The exponent of the H'-norm of v;*®
" inequality again. With ¢’ :
and the inequality (m

2

m—3
4
Up V3

J

m:tl

—3)(m+1)"1p' ¢’ > 2 we conclude

is smaller than two, too. We use Young’s

=(m+1)4r* —r—1)(8r* —6r? +2)!

yv3 € L= (Ry, L7)

m-—3 rpl !

r41 (2 m+1 ||2 e
m
d].-‘ S € 'UO2 + 'U3s +C“'U3”Lr
H! H!
ri1 |2 m41 |12 .
< el v’ + |vs® + c|va||z-
H1 H!
it |2 mi1 |2 |2
< el |v? + |lvg ® + c||vi
H! H!

Lz'

Similar to this estimate the other terms can be treated. This leads to

2

2

2 T Tl mtl t|| mi1
>[Iz ds] + los() s + (1) [ fos™ | s
1=0 H! L% 0 H!
<. [T ], 237 =207 1 ‘s[5 4

T 1 / T ]
__g/o [Z(:) v H1+ vy Hl] s-l—c('r)[ + 0; vill ds

where the last term with some f(v3) € L*(R) only occurs if 7 <

%. Thus we can

apply Gronwall’s Lemma. Because of v; € L"(Ry, L™(Q)) we get

r+1
Lr+1

>[Il

1=0

2

m4l
N ds] + os()]
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Thus v; 7, va® € L% (Ry, L3(Q)) N L? (Ry, HY(Q)), i = 0,1,2. [

Theorem 4.2. If u is a solution to (P) then u € L™ (R4, L*= (2, R*)).

Proof. i) Let u be a solution to (P), w := u—wu*. Because of Theorem 4.1, imbedding
and trace theorems and (2.11) it is easy to check that there exists an element

be L* (R+, (W1’5/4(Q))*) such that

3

Y [/ﬂ(wf. + w;)vdz + /P(wf. +w;)v dI‘] = (bv) Vve L¥? (R, WH4(Q)).
7=0

ii) Let k& > max{l, |U|| (g ey} We use the test function v := (u — u* — k)* and

denote by m;y the Lebesgue measure of the set {z € Q : u; — u} > k}. Then

3

t
>[Iz + 26 [l ds
1=0

¢ 3

< o [ X lbllgwnny-
=0

t 3
3/10
< o [ 3 [bllgraarey il mif s
1=0
3

¢ A 3/5
< [ (Elloilizn + clblmnsrey. miL%) d.
=0

Thus we obtain the inequality

'Uinwx,s/s ds

3

t
> [l +¢ [ ol ds|
1=0
< eS| A
Se | ”L*(R+,(W"‘/‘)‘) lm"k L2(R4)
1=0

(4.2)

3
3/5
< X0 (10130 (m wrernye) ImilZarnga,y
1=0

3 .
< C; ”mik”z{sis(m” .
Since £ > 1 and
fus—ug] € L (R, Z2(R))NZ? (Ry, BY(Q)) € L (Ry, Z3(Q))NL? (Ry, HY(D))

we have from (2.11)

oo 6/5 0 18/5
[l < [ [ s = utPdaods = s — il Sge, oy <

iii) Let us define
o 3 5/22
#(k) = (/0 Zm?,{sds) .
1=0
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Then we obtain for h > k by the Gagliardo- Nlrenberg mequahty (2. 9) and (4.2)

the following estimate:

5/22

([ [ 0oma] ")
/OOZ] 2/5 d 5/22
0 & |'U1”L11/3 S
5/22
( [ 3 I el ds)

1=0

(h — E)$(h)

IN

IN

, 5/22
12 5 2
< (2 ol 2255 uwnLZ(M,HIQ

5 (5/22)-11/5)
S c (z ||mzk|IL6/5(m+))

1=0
= (Z / mf,{sds

By Lemma 2.1 we conclude that there is a k such that ¢(k) = 0 for all k > k.
Therefore by the definition of ¢ it follows u — u* € L™ (R4, L*(Q,R*)), thus
ue L= (R,, L=(2,RE). O

(5/22)-(11/10)
) < C¢(k)11/10‘

Remark 4.1. Theorem 4.2 implies that u|r € L (R4, L= (T, R*)).

5. EXISTENCE

Our aim is to show that there is a solution to (P). By the following reason it is
sufficient to prove that (Pg) is solvable for all T' € Ry. Let ug, be a solution to
(Pp,15)), then ug, € L™ ([0, To], L= (2, R*)). Thus there exists a 6; < Ty, 6; near
to Tp such that ug(6;) € L (Q,R*). Because the problem is autonomous we now
can solve (P[ghgTo]) with initial value ug,(6:) by uar,. For

(1) = ur,(t) if t € [0, 6]
AT Y ugpy () ift € [0y, 2T

it is easy to check that a7, E Wio,21,) N Vjo,21)- Continuing this procedure we
construct a solution to (P) by

’U,(t) = ukTo(t) ifte [9k_1,9k], 0o = 0.

Thus it remains to show that for every T € R, there is a solution to (Ps). Let
T € R, be arbitrarily fixed, M > 1 and

p(u) = (mw{l,i IUilz/Mz} );1-

1=0
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We denote by {{,+)) the dual pairing of L?(S,X) and L?(S, X*). We define the
regularized operators Ay, Buy, Ry L(S,X) — L%*(S,X*) by

((Apr(u),v)) = LTA {Do o(ud )\VuoVug + éD;VU;Vv;} dz dt,
W) o= [ o00) {hlo(u) o0 o5) + 3 A~ )} ara

(Rae(u),)) 2=~ [ ’ | 20 {Ba(u* o + 5 — o) + Rl (o +3)} et

and consider the corresponding

Problem (Py):
u' + Ap(u) + Bu(u) = Ryr(u), w(0) =U, u € Ws.
Lemma 5.1. If u is a solution to (Py) then u > 0 and

““”Lm(s,Lm(n,M))a |IuIFHL°°(S,L°°(1",]R4)) Sc

where ¢ is independent of M.

Proof. 1) Since —u~ € L*(S, X) it follows from (Pys) that
3 1 _ 9 t _
; (5 lui (t) . + a/o ”Vu‘-

Henceu; =0,2=0,1,2,3.
i) Applying the procedure of the proof of Theorem 3.1 to (Par) we get

2 ds) <0.
L2

l|u”L°°(S,L1(Q,R4)) < c, ”v\/u_'.”Lz(S,LZ(Q,]R?)) <cg, 1= 0,... ,3,

independently of M. Therefore, because S is a finite time interval,
u—u* € L' (5,0 (Q,RY)) n L= (8, L' (,RY)), vu — Vur € L’ (S, X).

Theorem 4.1 is true also for the solutions to (Ppr). A result corresponding to that
of Lemma 4.1 is obtained by a similar proof. Instead of using estimate (4.1) we
have to conclude now in the following way: The factor in front of the L™+*(I")- and
L™ (T')-norms on the left-hand side now is not bounded from below. Therefore
we omit these terms (they are positive), and the L?(Q)-parts of the H'-norms of
powers of |u — u*| on the right-hand side are treated by Gronwall’s Lemma. The
gradient terms are again compensated by those on the left-hand side. With the
notation of Lemma 4.1 we get

mt1

8
Vv,

. _ < <c
H 3”['00 (S,L_f—l(n)) > 6 L2(S,L2(Q,R2)) )

independently of M. Thus, because S is a finite intervall,

m+1
V3 * < ¢,

L2(S,HY(Q))
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independently of M. Analogously we obtain the corresponding estimates for v;,
1 = 0,1,2. Similar changes have to take place in the proof of Theorem 4.2, which
yields the asserted L* (S, L*°)-estimate, independently of M. O

To prove the existence of a solution to (Pp) we use a fixed point principle. Let
w € Ws be arbitrarily fixed. We define the operator A4,: L?(S, X) — L*(S, X*)
by

({Aw(u),v)) := fOT /n {Do (p(wg')VuOVvo—}-g;D;Vu,-Vv;} dz dt.

Then A, is a monotone, radially continuous operator, A,, + Al is coercive. Because
of Ry(w) — By(w) € L*(S,X*) it follows from standard results on evolution
equations (see e.g. [4]) that there is exactly one solution to

Problem (Py,):

v + Ay(u) = Ry(w) — Bu(w), w(0) =U, u € Ws.

By @: Ws — Ws we denote the mapping assigning to w the solution u to (Py),
u = Q(w). ,

Lemma 5.2. The mapping Q: Ws — Wg is completely continuous.

Proof. Let {w,} C Ws be bounded. Then, by standard compactness results (see
e.g. Lions [13,.Chap.1]) {w,} is precompact in L% (S,Y) and L*(S, Z), and without
any loss of generality we may assume that w, — w in L?(5,Y) and L% (S, Z). Let
Un = Q(wn), u = Q(w). By means of the test function u,, — u we obtain

S = )N + [ [ 1 Do o) Vano — () Vo] W (o — o)
2 n Y o Ja 0 n0 n0 0 0 n0
3 .
+ 3" D; |V (t — ws)|? }dmds
, =1
< /0 (Ras(wn) — Rag(w) — Bar(wn) + Bar(w), un — u)ds.
The functions x;: R* - R, I =1,...,4, defined by

k1(y) == p(y), k2(y) = p(y) 9(¥0), &a(y) := p(y)¥ir Ka(y) := p(¥) ¥ y;

are Lipschitz continuous. Because of

(o(wio) Vtno —p(w ) Vo) V(tuno — o)
= (o) |V (uno — o) + (p(w}lo) — ¢(w§)) VoV (ttno — o)

19



we arrive at

3 )OI + 3 19— )
S/O‘{/ Do |p(wio) — p(wd)| [Vto| [V (no — wo)|dz
+C(M)/ Z|wn1 wj| [uni — ui| dz

,J—O

/ Z |w"J le Ium u;l dI‘}ds

1,7=0
t 3
2
5c<M>||un-uu,-,z(s,X)[( L [ letwto) = etwd) |Vuo|2dmds>

+ [wn — wllpasyy + lwn — wllg2(s,2) ] .
From properties of superposition operators we conclude that
/ot/n l(p(w;';o) - c,o(w(’;)l2 |Vuo|*dzds — 0 for n — co.
Therefore we get u, — u in L? (5, X). Additionally we have

“U:z - U,HL2(S,X*)

= || Ras(wn) — Rar(w) — Bar(wn) + Br(w) — Au,(un) + Aw(w)ll2(s,x+)

< sup {C |_|U”L2(S;X) [Hun - u”m(s,x) + [Jwn — w“m(s,y) + [[wa — w“z,?(s,z)

H"HLz(s,X)SI
t \ :
+ + 2
+ (/; /ntﬂo(wno) — p(wg )l | Vol dmds) ]}

Thus, u, — u in Ws. By similar arguments the continuity of @ can be shown.
Therefore @ is completely continuous. [J

— 0 for n — oo.

Lemma 5.3. There ezists a fized point of Q.

Proof. Let u = Q(w). By means of the test function u we have by the Gaghardo-
Nirenberg inequality (2.9)

t 3
le@lf + 20 [ 3 (Vi3 ds
0 i=o
t 3 2 2
< oot [0 32 [l + Il ] + 1)

1=0

ot [/ {a S 1l + o) (3 Il +1) s

1=0 1=0

IN
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Gronwall’s Lemma implies
¢ 3
l(@lly +a [ 3 [Vuills ds < o(M,T) Vi€ S.
1=0

~ Consequently,
Nullpsxy < &M, T).

Additionally we have by the definition of Ry, Bas and Ap(u) and the boundedness
of uin L? (S, X)

““I”m(s,x*) < I|RM(w)”L2(S,X‘) + ”BM(w)”Lz(s,X~) + ”Aw(“)”LZ(S,X*) < EM,T).
Therefore @ maps Wy into the (bounded) ball
{u € Ws : Jully, < &M, T) + E(M,T)}.
Because of Lemma 5.2 the assertion follows from Schauder’s Fixed Point Theo-
rem. [

Lemma 5.4. The problem (Pur) ts solvable.

Proof. The assertion of Lemma 5.4 follows immediately by Lemma 5.3. O

Lemma 5.5. For each fized T < oo there eaists a solution to (Ps).

Proof. Let M be chosen greater than the L* (S, L (,R*))-bounds obtained in
Lemma 5.1. Then by means of Lemma 5.4 and Lemma 5.1 we get a solution u to
(Par) with u >0, ”u“Lm(S,Lw(n,m*)) < M, and consequently u € Vs. Therefore, u is
also a solution to problem (Ps) .

Because S was arbitary, we have proved

Theorem 5.1. There ezists a solution to (P).

6. ADDITIONAL REGULARITY PROPERTIES

In this section we use regularity results for parabolic equations with mixed bound-
ary conditions by Gréger, Rehberg (see [7]). An investigation of the proofs given in
[7] shows that these regularity results are applicable also in case of pure-Neumann
boundary conditions. Let S := [0,T] be any finite time interval. Supposing (2.7)
we transform problem (Pg) to one which can be handled by methods of [7]. Let u
be a solution of (Ps), % := u — U. Then we have %(0) = 0, @’ = u’. Let p be near
2, p > 2 and ¢ with

—

1 1
-+-<=. 6.1
o< (6.1)

L]

We consider the operators

R: I[*(S,X) x Wh'(Q,R*) — L2(S, X*), A: L*(S, X) — L*(S, X*)
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deﬁnéd by
—((R(,U),v)) := —((R(u),v))

T/ 3
+ {D cp(u )VU Vo + D,’VU,‘V'U,’} dz dt
/0 1 Do pluo) VUV ;
T { 3
+ ho(g(uo) — ua)(vo — v3) + Y hi(u; — ﬁ,’)vg} dI dt.
/0 /1" o(g(wo 3)(Vo — V3 ;
a T - 3
(A(@),v)) = / / {Do (i) Vao Vo + ZD,—V&;VW} de dt
0 0 i=1

where §(@o) := ¢(fo + Uo). Because of (Ps) 4 is a solution to
@'+ A(@) = R(w,U), a@(0)=0, @€ Ws. (6.2)

From the preceding a-priori estimates (see Theorem 4.2) and (2.6) and by (2.7) it
follows that

R(u,U) € L* (S, W™ (Q,R*)")

where 11_9 +1—Dl—, =1 and p, q satisfy (6.1). According to the regularity result of [7] we
get for the solution % to (6.2) and therefore for the solution u to (Ps)

Theorem 6.1. If we additionally assume (2.7), then there exists a po > 2 such
that for every q € [1,00) and every p € (2, po] solutions u to (Ps) have the regularity
property

- u€ LS, WH(Q,R%) n W (S, W (Q,R*)) .

7. UNIQUENESS

Theorem 7.1. Under the additional hypothesis (2.7) there ezists a unique solution
to problem (P).

Proof. 1t sufficies to prove uniqueness on every finite time interval S. Let v and @

be solutions of (P) and @ := u — %. Then @ € L*(S, X) and
]- — 2 ‘t 3 —~ 2 — 112
3 O +a [ 3 (Il + 3 4
¢ ~ — ~ ~ —
< [ {(Rw) ~ R@),3) + [ Dole(u) = (o) | Vo] |Vt dz
+ [ ko (Ig(uo) — glio)l[al + |al|Gal) AT }ds Vi€ .

Because of the L*-estimates, local Lipschitz continuity of ¢ and the Lipschitz conti-
nuity of 1 we get by (3.6), the Hélder, Gagliardo-Nirenberg and Young inequalities
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for p, q given in Theorem 6.1

|
> la@l}

t 3
< [/{-elol + o3 (1l + Ials) + clole I Vialo [ Vol | s

1=0
i T 2, s 12 E o o3
.<_/0 =5 llallx +cllully + clltollg” Va0l o |2l 25 ¢ ds
t —112 : ~ |19 —112
<e [ {liall} +IVaoll, lal} }ds vies.
Theorem 6.1 implies that || V|| pas,Ley < ¢ thus Gronwall’s Lemma completes the

proof. 0O

8. ADDITIONAL REMARKS

Theorem 8.1. If u is a solution to (P) then

[u(®) = vl poa,rey < ce™™t Vt>0, wherep € [1,4+00), ¢, Ap > 0.

Proof. Let be p € [1,400). Since
u; € L% (R4, L12(Q)) N C (Ry, L¥(Q))

the function u; is a continuous mapping from R} into L®(Q) equipped with the
weak* topology and

l[ui(®) = uillpeo < llwi = % llpeomy o)) VEER4, e=0,...,3. (8.1)
By means of (8.1) and Theorem 3.2 we obtain |
() = ufliZe < llua(t) = wll oo llus = ui Eoa, 2=y
< ®e? VYieR,, 1=0,...,3. O
Theorem 8.2. Let (2.8) be satisfied. If u 1s a solution to (P) then
Inu € L (R4, L (2,RY)).

Proof. Because of Theorem 4.2 it remains to show that u is globally bounded from

below. It is sufficient to prove that for every finite time interval S the solution u is

bounded from below by a positive constant not depending on S. By (2.8) there is a
positive constant ¢y < 1 such that U; > ¢y, 2 =0,1,2,3. Let T € R, be arbitrarily

fixed, k := max{1l,—Ilnco}, k> k, § > 0. We introduce

M3k := Ies {a: € Q:lnus <V—k}.

We use the test function

(01 07 0> -

v

m), v = (1I-1(U3+5)+k>—.
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Thereby we take into account that
u€ L® (Ry, L2(Q,RY) , ulr € L= (R4, L2(T,R*))
and

—v

¢ ! v — 1 2
——/0 u3u3+6ds = 2v(t) , VusV (u3+6

Thus we obtain

1 ot
S Il@IE + & [ [l ds
/t{/(klul +l::2u2)vd:z:—|—/(h0 + h3)'UdF}dS
0 Q r
t
e [ Iollyasay ds

t
2
¢ [ ol mif? ds

< [ Il + d
_ o 2 v H! Cm3k S.

> v2,

JELZE
U

IN A

IN

Therefore we get

2 (e T
oz + [ ol ds < e [ maxd.
Letting § | 0 we obtain (cf. the definition of v)
2 ¢ _
L2 —{—/0 ”(lnu3+k) l

T
Sc/ mards Vite[0,T],
0 .

| (s + k)~ (2) L ds

(8.2)

independently of T'. For k > k we define ¢(k) by

$(k) = ( /0 i m3kds>1/4.

Taking advantage of (2.9) and (8.2) we obtain the following estimate:

(5= 01 = ([ b= ds)m

< </OT |(in s + k) 4L d3)1/4
<ec (/OT |(nus + k)|
<c (”(ln uz + k)—”im(s,zﬁ)

1/2
S [o (AT m3kds> =C3 (]5(’0)2
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(lnug + k)~ L2 ds>

2 1/4
L’(S,H‘))

2
H!

(11'1 us + k)_




The constant ¢z > 0 is independent on T'. By Lemma 2.1 we get

Therefore we obtain the estimate uz > e~*. Since kq is independent of T, e™* is a
global lower bound of u3. The same procedure can be used to get the lower bounds
of u; and wuy. The knowledge of the global lower bound for u3, which is also a lower
bound for uz on T', allows us to treat the equation for ug by the same technique. O

If one is interested in results concerning any finite time interval S, assumption (2.5)
is not necessary. By means of somewhat changed proofs the followmg results for
solutions to (Pg) are available.

Theorem 8.3. Let S be any bounded time interval and suppose that (2.4), (2.6),
(2.7) and (2.8) hold. Then there ezists ezactly one solution u to (Ps) and

[|In u”L°°(S,L°°(ﬂ,IR4)) <cs

‘where in general cs depends on the length of the time interval S.

Proof. Modifying the proof of Theorem 3.1 we now use (formally) the test function

(lng(uo) lnk In ,lnug)

Expressions coming from the time derivative terms are estimated by

1
ylny—By > Slyl-ec
In the boundary terms we exploit
(ui — 4;)1n i > —c1, 1 =1,2,3, ¢ = const.
c

We obtain
“ui“Lm(S,Ll) ) ”v \/7711”[12(5,1;2) S c, 1= 0, BN 3,

and thus, because S is finite, ||\/1_L||L2(S'X) < ¢(S). Now we apply the methods of the
proofs of Theorem 4.1 and Lemma 4.1 to u instead of |u—u*|. From the L* (S, L?)-
bound of powers of u; and the L?(S, L?)-bound of the gradient of powers of u;
we obtain the L?(S, H')-bound for this power of u;, depending on the length
of the time interval. Upper and lower bounds, regularity results corresponding
to Theorem 6.1, existence and uniqueness for the solution to (Pg) follow by the
same methods as those used before. In all the above estimates where we took
advantage of the boundary integrals now Gronwall’s Lemma helps to obtain the
desired estimates. O
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