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Abstract

We establish that a non-Gaussian nonparametric regression model is asymptotically
equivalent to a regression model with Gaussian noise. The approximation is in the sense
of Le Cam’s deficiency distance A; the models are then asymptotically equivalent for
all purposes of statistical decision with bounded loss. Our result concerns a sequence
of independent but not identically distributed observations with each distribution in the
same real-indexed exponential family. The canonical parameter is a value f(¢;) of a
regression function f at a grid point ¢; (nonparametric GLM). When f is in a Holder
ball with exponent 8 > %, we establish global asymptotic equivalence to observations
of a signal I'(f(t)) in Gaussian white noise, where I' is related to a variance stabilizing
transformation in the exponential family. The result is a regression analog of the recently
established Gaussian approximation for the i. i. d. model. The proof is based on a
functional version of the Hungarian construction for the partial sum process.

1 Introduction

The remarkable success of the Le Cam’s asymptotic theory is mostly due to the power of
the concept of weak convergence of statistical experiments, which can be established via
LAN conditions. Weak convergence takes place for experiments localized at the normalizer
rate for the underlying central limit theorem, i. e. the usual n=!/2. However this is useless if
estimators have a slower rate of convergence, i. e. when the problem becomes ”ill posed” as in
many nonparametric estimation problems. It is therefore natural to abandon the localization
concept in this case and to replace limits of experiments by approximations in the sense
of Le Cam’s deficiency pseudodistance A. The A-distance can be accessed via coupling of
likelihood processes and new results on strong approximation for sums of random variables.
We refer to Koltchinskii [22] for a result on the empirical processes in the i. i. d. case.
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The global A-distance for nonparametric Gaussian experiments was first studied by Brown
and Low [5], who showed that a normal nonparametric regression is asymptotically equivalent
to its continuous version - the signal recovery problem in Gaussian white noise. Then in
Nussbaum [31] it was established that density estimation from i. i. d. data on an interval is
asymptotically equivalent to the signal recovery problem, where the signal is the root density.
The two sequences of experiments are then accompanying in the sense that their deficiency
pseudodistance A tends to zero. This can be regarded as the natural generalization of the
classical local asymptotic normality theory to ”ill posed” problems. The implication for
decision theory is ”automatic” transfer of risk bounds from one sequence to another.

The purpose of the present paper is to accomplish a logical next step in these develop-
ments, i. e. to treat the case of non-Gaussian nonparametric regression. Our model is such
that at points ¢; =i/n, i = 1,...,n we observe independent r. v.’s X; which follow a distribu-
tion from an exponential family P with parameters 6; = f(¢;) € ©, where f : [0,1] — © is an
"unknown” function to be estimated. The function f is assumed to belong to the smoothness
class Y. The main result of the paper is asymptotic equivalence of this model to a Gaussian
experiment of the homoscedastic form

L
Jn

with f € X, where the one-to-one transformation I'(f) : ® — R is entirely determined by
the local exponential family P (see Section 3.3 for a precise formula for I"). Here W is the
standard Wiener process, and f runs a set of functions in a Holder ball with exponent 8 > %

Note that our function f is tied to the canonical parametrization of the exponential family,
while the "natural” parameter (the intensity for the Poisson case etc.) is generally different.
But there is a smooth parameter transformation A = b(f) (defined in Section 2.2 below)
which permits to formulate global results of the type (1.1) in ”natural” regression models.
Some examples are:

dY;" =T (f(1)dt + —=dW,, te€[0,1], (1.1)

[1] Poisson case: X; is Poisson(g(¢;)), where g is a function on [0,1] in a Hélder ball
with exponent 3 > %, with values in [¢,e 1] for some ¢ > 0. The Poisson intensity
is A = b(0), where b is a strictly increasing smooth function. Defining the function
F(X) = T(b"1())), we obtain (see Section 4 below) F(A) = 2v/A. The accompanying
Gaussian experiment is

dY)* = 2+/g(t) dt + %th, t € [0,1]. (1.2)

[2] Bernoulli case: X, is Binomial(l,g(¢;)), g as above but with values in [¢,1 — €] for
some € > 0. The natural parameter is A = b(0) for some function b with properties as
above. We have F()\) = 2arcsin(v/A), and the accompanying Gaussian experiment is

1
dY" = 2arcsin/g(t) dt + Tth, t €10,1].
n

[3] Gaussian variance case: X; is N(0,9(¢)), g as in example 1. We have F()\) =
2-1/2Jog A, and
1

V2

1
—dw,, telo,1]. (1.3)
n

dy; NG

log g(t) dt +



For more details see Section 4. We chose to give here the continuous versions of the
accompanying experiments, but the discrete versions are also available.
The motivation for this paper can be concisely expressed in three points.

[A] The first example essentially recovers the result of [31] on i. i. d. data with density f on
the unit interval, since the proof in [31] used a Poisson approximation. In the second
example, F(\) = 2arcsin(v/)) is the well known variance stabilizing transformation
for the binomial distribution. For scale parameters like the Gaussian variance, the
logarithm is also known to be a stabilizing transformation, and the same applies to
2A1/2 in the Poisson case. Thus, in the evolving theory of asymptotic equivalence
of experiments, we have achieved a better understanding of where global closed form
approximations like (1.1) arise from. The formal connection to differential geometric
theory in statistics seems very interesting and remains to be explored (cp. Cencov [8],
Amari et al. [1]).

[B] The case where the function f is in a linear parametric class {f(z) = Bz, 8 € R} is
known as a generalized linear model (GLM). The inverse of the transformation b(6)
would then be the canonical link function. Accordingly, our model is of the type
nonparametric GLM, cp. Green and Silverman [19], sec. 5.1.2. Models like these, which
offer tremendous flexibility, have received much attention in the recent literature, see
also Fan and Gijbels [14]. It would be beyond the scope of this paper to treat the many
(semiparametric) variants and extensions; we refer to [19] and [14]. In particular we
do not discuss logit and probit analysis in our context (cp. example 3, p. 92 in [19]).
Empirical process theory has also been applied by Mammen and van de Geer [28] in
our model (in a more general variant), for constructing estimators.

[C] There are implications for time series models. Example 3 leads on to the white noise
equivalence for the spectral density model for a Gaussian stationary sequence; cf. Gol-
ubev and Nussbaum [17]. Furthermore, Example 3 is related to discrete observations
of a diffusion process:

Ay = g\ 2(Y, t)dWy, Y = yo, t € [0, 1].

Suppose observations in points t; = i/n,i = 1,...,n, where g is unknown. Nonparamet-
ric estimation of g has recently been considered by Genon-Catalot, Laredo and Picard
[16], Florens-Zmirou [15]. Example 3 might be seen as a possible pilot result for those
models, where the distributions of processes on [0, 1] are mutually orthogonal and the
asymptotics is given by grid refinement.

The standard method of proof is to establish first a local version of (1.1) and then to
globalize it by means of a preliminary estimator. We obtain our initial local approximation
in the heteroscedastic form

Ay = f(t)dt + %I(fo(t))—l/2 AW, teo,1], (1.4)

where f is in a shrinking neighborhood of a function fy and I(#) is the Fisher information in
the local exponential family P (given in its canonical form). To obtain a global asymptotic
equivalence, the function fy which was technically assumed "known” has to be replaced by
a preliminary estimator. However, the homoscedastic form (1.1) can be obtained only if the



function fy does not show up explicitly in the local approximation. The problem arises to
find a transformation I'(6) on the parameter space of the local exponential family P such that
an asymptotically equivalent form of (1.4) would be (1.1), with f in a neighborhood of fy.
It is known that such a transformation exists for any exponential family PP. The problem is
related to that of a variance-stabilizing transformation. Indeed, for the Poisson observations
of example [1], one can prove easily that an accompanying local experiment, besides (1.4), is
also given by

dY;" = g(t) dt + %\/go(t)th, teo,1], (1.5)

with g in a neighborhood of gy (for an analogy with the i. i. d. model see also Nussbaum
[31]). The observations in (1.5) have roughly a Poisson character - the expectation is g(t) and
the variance is approximately also g(¢) (since g is in a neighborhood of gg). For the Poisson
distribution, the square root is a variance stabilizing transformation, which agrees with (1.2).

For the proof of the local heteroscedastic approximation (1.4) we establish a functional
Hungarian construction for the partial sums of independent but nonidentically distributed
random variables. The result is similar to that of Koltchinskii [22] for the empirical process,
but the assumption of non-identity and non-smoothness of distributions of the summands
substantially complicate the problem. This is treated separately in [18] based on methods
developed in Sakhanenko [35]. Due to the particularly simple structure of our nonparametric
exponential model, we can straightforwardly apply our strong approximation result to couple
the likelihood process with that of an appropriately chosen Gaussian experiment. Again
coupling of likelihood processes is the key idea for proving asymptotic equivalence, as in [31].
However we would like to mention that our KMT result is useful in more general situations
also.

An essential step in proving a local approximation result like (1.4) is to study the local ex-
periments generated by the fragments of observations X; over shrinking time intervals. These
experiments we call doubly local. With an appropriate choice of the length of the shrinking
interval and after rescaling it to the unit interval, a doubly local experiment can be viewed
as local experiment on the interval [0, 1] of the usual type, but now with a neighborhood of
the ”almost root-n” size (n/logn) /2. A similar renormalization technique is known to be
effective for pointwise estimation in nonparametrics, cf. Donoho and Liu [10] and Low [27].
We also refer to Millar [30] for n~1/2 -shrinking neighborhoods in the context of nonparamet-
ric estimation. Were it not for the log-factor in (n/logn)~'/2, these rescaled experiments on
the interval [0, 1] would converge to a Gaussian limit in the sense of A. The motivation for
applying the Hungarian construction at this stage is, roughly speaking, to obtain a good rate
for this convergence, i. e. n~2 up to some logarithmic factor. We thus implicitly address
a question of Le Cam on rates for convergence of experiments (cp. the remark on p. 509
of [25]). The use of the Hungarian construction for this purpose is in line with its original
motivation, i. e. optimal rates in the functional central limit theorem for the partial sum
process.

Our results are formulated in terms of A-distance approximations; we do not exhibit the
recipes (Markov kernels) which transfer a decision function in one experiment to the other.
The problem of constructive equivalence is an important issue and some promising research
in this direction is going on (Brown and Low [6]). Markov kernels in the present case can
be extracted from the Hungarian construction, but this is beyond of the scope of the present
paper.

The method of the proof is similar to that in Nussbaum [31]. We utilize the natural



independence structure of our regression model for decomposing it into fragments on the
appropriate shrinking intervals (or equivalently into doubly local experiments). We then
apply the functional version of the KMT construction for establishing a Gaussian local ap-
proximation for the fragments. It is important is to have this approximation with a rate
of convergence which is enough to ”"beat” the number of shrinking intervals into which the
whole interval [0, 1] has been split. Having obtained the above rate, we still have to ensure the
global approximation on [0, 1]. This we achieve by passing from the Le Cam pseudo-distance
between statistical experiments to the Hellinger distance between the corresponding proba-
bility measures. The passage is made possible by a construction of the likelihood processes
of the local experiments on the same probability space with a Gaussian likelihood process.
The reason to work with the Hellinger distance rather than with total variation distance
is the convenient behavior of the former under multiplication of probability measures (see
(2.13)). This allows to patch together the doubly local experiments for obtaining the Gaus-
sian approximation (1.4) valid globally on the interval of observations [0, 1], but still around
a specified regression function fj.

After that, we choose the variance-stable version of the Gaussian local approximation
as a starting point for globalization over the parameter space Y. The result is the global
approximation (1.1). We trace the rates of convergence throughout, so that the rate of the
deficiency distance approximation can be made explicit.

2 Background

2.1 Exponential families of distributions

We will consider a one-dimensional linearly indexed exponential family (see Brown [4] or Le
Cam [25], p. 144), which is described by means of the following objects:

e A measurable space (X, B(X), u) equipped with the positive measure p(dz), where X
is a Borel measurable subset in the real line R and B(X) is the Borel o-field on X;

e a measurable map U(z) : X — R;

e an open (possibly infinite) interval © in R where the Laplace transformation

1(0) = [ exp{6U(a)}u(do)
is finite.

Put V(0) = log L(#). Denote by P = {Py : 6 € ©} the set of probability measures Py on
the space (X, B(X), 1) of the form

Py(dz) = exp{0U(z) — V(0)}u(dz). (2.1)

We call P an ezponential family on the space (X, B(X), u) with parameter set ©. The family
of measures P defines the exponential experiment £ = (X, B(X),P), which will be the back-
ground object for constructing our nonparametric model. In the case when the measures Py
are defined by (2.1) we also say that the exponential family P (or the exponential experiment
£) is given in its canonical form.



It follows from the definition of an exponential family that the function V'(0) is analytical
on O. Also note that, for a fixed § € O, the function V(0 + t) — V() coincides with the
cumulant generating function

Go(t) = log | exp{tU(@)}Fo(da)

of the r. v. Y(0) = U(X(0)), where the r. v. X(0) has the distribution in the exponential
family P with parameter 6. This implies that jg—mmV(O) is the cumulant of order m of the r. v.
Y (0). In particular

V'(0) = E,Y(0), (2.2)
V'(0) = EeY(0)’ — (EeY (9))?,
V"(@) = EzY () —3EsY (0))2EeY(0)) + 2(EgY (6))3.

For this reason we will call the function V(@) the cumulant generating function associated
with the exponential family P or with the exponential experiment &.

Consider an exponential experiment £. The minimal sufficient statistic in this experiment
is the function U(z), z € X. It is easy to see that the corresponding Fisher information 1(0)

18 / CC 2
10)=v'©) = | %u(dw), (2.5)

where pg(z) = Py(dz)/u(dz) = exp{OU(z) — V(0)}. For any 6y € © and ¢y > 0 denote
B(Oo,sg) = {9 €06: |9 — 00| < 50}-
Throughout the paper we assume that the following conditions hold true.

e The Fisher information is positive on ©, i. e.

I1(0) >0, 0€O. (2.6)

e There exists a (possibly infinite) interval ©( in the parameter set © such that

Imin < inf I(0), sup sup I(0) < Iyax, (2.7)
6€60 00€Oo 063(90,50)

where Iax, Imin and gg are positive constants depending only on the family P.

We will see that condition (2.7) can easily be checked for all examples in Section 4.
Let us denote by Y () the sufficient statistic Y (6) = U(X(0)) centered under the measure

Py:Y(0) =Y(0) — EgY (0). The following assertions are almost trivial.
Proposition 2.1 Assume that condition (2.7) holds true. Then for any |t| < g

sup Egexp{tY (0)} < eXP{t2ImaX/2}-
€0



Proof. For the proof it is enough to remark that for || < g
Epexp{tY ()} = exp{V(0+1t)—V(0)—tV'(0)}
1
= exp{§t21(0 + At)}

IN

1
exp{_t2Imax}7

2
where 0 <A <1. &
Proposition 2.2 Assume that condition (2.7) holds true. Then

sup sup V"(0) <e,
80€00 € B(8,20/2)

where ¢ is a constant depending only on Iy.x and .

Proof. This assertion is an easy consequence of Proposition 2.1 and (2.2), (2.3), (2.4). H

2.2 Variance stabilizing transformation

Let X;,7 =1,...,n be a sequence of i. i. d. r. v.’s each with distribution in the exponential fam-
ily P for the same parameter 8 € ©. Let V(6) be the cumulant generating function associated
with the exponential family P. Put for brevity S, = 1 3" | X; and b(0) = V'(0) = EyXq,
I(0) = V"(0) = VargX;. According to the central limit theorem the sequence /n (S, — b(6))
converges weakly under the measure Py to the normal r. v. with zero mean and variance I(6).
We are interested in finding a function F' : R — R, the variance-stabilizing transformation,
such that under the same measure Py

Vi (F (S,) - F (b(6))) % N(0,1), (2.8)

for all # € ©. Such a transformation exists and is given by the equation

1
1(0)

F' (b(6)) = (2.9)

The straightforward arguments are similar to those in Barndorff-Nielsen and Cox [3] (p.
37) or in Andersen et al. [2] (p. 109). Indeed, it is easy to see by standard reasoning that
two sequences of r. v.’s v/n (F (S,,) — F (b(#))) and /nF'(b(0)) (S, — b(#)) are asymptotically
equivalent in the sense that under the probability Py

VL (F (8n) — F(b(60))) — VnE'(6(6)) (Sn — b(8)) % 0, (2.10)
as n — oo. By the central limit theorem, under the measure P
VaF (b(0)) (Sn — b(6)) 5 N(0,1), (2.11)

as n — oo, if the function F' is chosen such that (2.9) holds true. From (2.10) and (2.11) we
immediately infer the claim (2.8).

Our proof of the variance-stable form of the asymptotically equivalent Gaussian experi-
ments follows a similar pattern, see Section 5.5.



2.3 Basic facts on statistical equivalence

Let P and @ be two probability measures on the measurable space (€2, F). The Hellinger
distance between the probability measures P and @ is defined as

1 (P,Q) = 1B, ((dP/du)"? — (4Q/dw)"?)", (2.12)

where P and @) are absolutely continuous w.r.t. the probability measure pu.
Let Pi,..., P, and Q1, ..., @Qn, be probability measures on (Q,F). Put P* = P; X ... X P,
and Q" = @1 X ... X Q. Then (see Strasser [36])

n
H? (P, Q") <Y H?(P;, Q). (2.13)
i=1
Let £ = (Ql,}"l, {Py:0¢€ 9}) and G = (Qz,]-"?, {Qp:0¢€ 9}) be two statistical exper-
iments with the same parameter set ©. Assume that (Q!,F!) and (02, F2) are complete
separable (Polish) metric spaces. The deficiency of the experiment £ with respect to the
experiment G is defined as

6(€,G) = infsup || K Py — Qo ,
9co

where the sup is taken over the set M(Q!, F2) of all Markov kernels K from (9!, F1) to
(22, F2). Le Cam’s A- distance between the experiments £ and G is defined by

A(€,G) =max{6(&£,G),6(G,E)}.

Let £™ and G™, n = 1,2, ... be two sequences of statistical experiments. We say that £" and
G™ are asymptotically equivalent if

A(E™",G") =0, n— 0.

We will need a relation between Le Cam and Hellinger distances. Let & = (Q, F!, {Pp :
6 € ©}) and G = (22, F2%,{Qp : 0 € ©}) be two experiments with the same parameter set
©. Assume that there is some point 6y € © such that Py < P, and Qy < Qg,. Suppose
that there are versions of the likelihood ratios A'(0) = Py/dP,, and A%(0) = dQy/dQy,
(as processes indexed by 6) on a common probability space (2, F,P). Then the A-distance
satisfies the inequality
A?(€,G) <sup H? (A'(0),A%(9)), (2.14)
0cO
where the Hellinger distance between likelihood ratios A'(6) and A?(6) is defined in analogy
to the case of probability measures:

H? (A1(0), A%(0)) = %E (VAT@) - VA2(0)) . (2.15)

In particular it follows that for two experiments we construct likelihood ratios on a common
probability space which coincide as random variables, then these experiments are equivalent.
For more details we refer to Nussbaum [31], Proposition 2.2.

Denote by (C[O’H,B(C[O,l])) the measurable space of all continuous functions on the
unit interval [0,1] endowed with the uniform metric and by Qu the Wiener measure on

(Cro,13: B(Cpo,1y)) -




Let P(®) § = 1,2 be the Gaussian shift measures on (C[U’”,B(C[U’”), QW) induced by the
following observations

ax{ = §Ot)at + %th, 0<t<1,

where o > 0 and W is a Wiener process on (C[o,l], B(Cro,1), Qw) . Then the Hellinger dis-

tance between the measures P(1) and P(?) satisfies the inequality (see for instance Jacod and
Shiryaev [21])

12 (P, P®) < L / 1 (1) - 1) at. (2.16)
0

2.4 A Komlés-Major-Tusnady approximation for independent r. v.’s

Suppose that on the probability space (€2, F, P) we are given a sequence of independent r. v.’s
X1,..., X, such that for any i =1, ...,n

EX; =0
and
C(rnin S EXE S Omax
for some constants 0 < Cpin < Chax < 00. Assume also that the following Cramér condition
EEXP{CO|Xi|} S Cl

holds for ¢ = 1, ...,n with some constants Cp > 0 and 1 < C; < oo. Along with this consider
that on another probability space (2, F, P) we are given a sequence of independent normal
r. v.’s Ny, ..., N, with

EN; =0, EN?=EX?,

fori=1,...,n. Let 7—[(%, L) be the Holder ball with exponent %, i. e. the set of all real valued
functions f defined on the unit interval [0, 1] and satisfying the following conditions

|f(=) = f(y)| < Llx —y|'/,
where L > 0 and
1 flloo < L/2.
Let t; = %, i =1,...,n be a uniform grid on the interval [0, 1].
The following theorem is crucial for our results. The proof can be found in the paper by
Grama and Nussbaum [18].

Theorem 2.1 If the probability space (Q .7: P) is rich enough (cf. [18]) a sequence of

independent r. v.’s Xl, X can be constructed on (Q f P) such that X X,, 1=1,.
and such that for S,(f) deﬁned by

= > ()X — Ny)
=1
we have

sup §(|Sn(f)| > :Ulog2 n) < ¢y exp{—cez}, x>0,
feH(5,L)

where and ¢y, co are constants depending only on Cupin, Cmax, Co, C1, L



Remark 2.1 It should be pointed out that in the above theorem the r. v.’s X;, i = 1,...,n are
not supposed to be identically distributed nor to have smooth distributions.

Note that under these circumstances the construction of the r. v.’s )?i, i =1,...,n in
Theorem 2.1 appears extremely difficult. That is why our construction of the asymptoti-
cally equivalent Gaussian experiments can be viewed as an existence theorem rather than
a prescription for transforming the initial sample into ”asymptotically equivalent Gaussian
data”. This is the price to pay for the fairly general setting of the model as well as for the
optimal result. One can expect that a simpler construction can be performed in case of a
stronger smoothness assumption on the parameter f(t) € ¥ and/or on the distributions of
the observed data, i. e. restricting somewhat the class of functions ¥ and/or the class of
allowed distributions. This is the path taken in Brown and Low [6]. The gain is that one
can plug in the ”asymptotically equivalent Gaussian data” into an optimal estimator in the
accompanying Gaussian model and use it as an estimator for f(¢) in the initial model.

A related approach is to use the Hungarian construction for constructive purposes via
closeness of sample paths of the processes, along with some ”continuity” properties of es-
timators. As examples for the case of kernel density estimators we mention Rio [34] or
Einmahl and Mason [13]. The precise relation to asymptotic equivalence theory remains to
be investigated.

For more details on related subjects as well as for various versions of KMT results we
refer the reader to the papers of Komlds et al. [23], [24], Csorgd and Révész [9], Sakhanenko
[35], Einmahl [12], Massart [29], Rio [32], [33], [34], Koltchinskii [22], Einmahl and Mason
[13], Grama and Nussbaum [18] and to the references therein.

3 Main results

3.1 Notations and formulation of the problem

Let (X,B(X),u) a measurable space equipped with the o-finite measure p(dz), where X is
a subset of the real line R and B(X) is the Borel o-field on X. Let © be an open (possibly
infinite) interval in R and P = {Fy: 0 € ©} be an exponential family of distributions on
(X, B(X), 1) with parameter set ©. The corresponding exponential experiment we denote by
E=(X,B(X),{Ps:0 € ©}). Assume that condition (2.7) holds true. Let us introduce some
further notations.

Let J(©p) be the set of all functions f, defined on the unit interval [0, 1] with values in
the parameter set ©g

J(©o) = {f : [0,1] = ©0}.

Let H(B,L) be a Holder ball, i. e. the set of functions f : [0,1] — R which satisfy the
conditions

f@) <L, |f"™(2) - f"™ ()| < Llz - y|*,

for z,y € [0, 1], where 8 = m + a, 0 < a < 1. Later we shall require 8 > % Consider also the
following set of functions:

¥ =3%(6,L) = J(0) NH(B, L);

this will be the basic parameter set in our model.

10



Let X () stand for a r. v. whose distribution is in the exponential family P, with param-
eter 6 € ©. On the unit interval [0, 1] consider the time points ¢; = -, i = 1,...,n. Assume
that we observe the sequence of r. v.’s

Xi = X(O,), 1= 1, .y N, (31)

with 6; = f(t;), where the ”unknown” function f is in the set ¥. We shall prove that the
statistical experiment generated by these observations is asymptotically equivalent to an
experiment of observing the function f in white noise.

Let us give another formal definition of the statistical experiments related to the observed
data X;, ¢ =1,...,n. To each time {; we associate an exponential experiment &, indexed by
functions f € ¥ as follows:

&, = (X,B(X),{Psuy: f€X}).

Define £™ to be the product experiment £" = &, ® ... ® &;,. In other words the experiment
corresponding to the sequence of observations X;, i = 1,...,n defined by (3.1) is

E" = E(X") = (X", B(X"),{Ff : f € X}}), (3.2)
where Py is the product measure
P}l = Pf(tl) ®..Q Pf(tn); fex. (3.3)

The experiment defined by (3.2) (or equivalently by (3.1)) will be also called global to distin-
guish it from the local experiment to be introduced now.
For any fixed function fy in the parameter set 3 define a neighborhood by

S(m) ={f € B (I = folloo <}

where v, — 0 as n — o0. In accordance with rate of convergence results in nonparar{letric
statistics, the shrinking rate <, of the neighborhood X (v,) should be slower than n"2. We
will study the case where
__B
Y = Ko(n/logn) 21, (3.4)

where (3 is the exponent in the Holder ball H (8, L) and k¢ = k() is some constant depending
on (3. This choice can be explained in the following way. The neighborhood Xy, (v,) with
shrinking rate -, given by (3.4), is such that in the experiment £™ there exists a preliminary
estimator fAn satisfying

sup Pfo(ﬁl €Xs(m) =1, n—oo. (3.5)
fOEH(/BvL)

This property will be of use later when we globalize our local results.
The local experiment, which we will denote by 5?0 is defined as

Ep = (X", B(X"),{P}: f €Zs(m)}) . (3.6)

Let us remark that generally speaking for the sequence of nonparametric global experiments
E™ there is no Gaussian limit experiment in the usual weak sense, since the corresponding

11



likelihood ratios are asymptotically degenerate. Instead it is appropriate to consider a se-
quence of accompanying Gaussian experiments G™, which is asymptotically equivalent to the
initial sequence £ :

A(E™,G™") =0, n— oo.

The same applies to the local experiments 5}’0.

The corresponding accompanying Gaussian experiments will be introduced in subsequent
sections as the results are formulated. We now describe the likelihood ratios for the experi-
ments £" and €% . Note that since the measure Fy is absolutely continuous w.r.t. the measure

p(dz),
Py(dz)

p(dz)

— exp{6U(z) - V(9)},

thus for any f € X
dP? n
dui = Hexp{f(ti)U(Xi) —V(f(t:)}
=1

From this we derive that for any f, fo € X the likelihood ratio of measures P and Pf
corresponding to the experiment £" = £(X™) has the form

dPn n n
dp}’; — exp{ 3 [ (ts) — Folt)IU(X:) — SV (£ (1)) - V(Solta))]}- (3.7)
0 =0

1=0

For the local experiment £ the likelihood ratio has the same form (3.7) but with f € Xz, (vn).

3.2 Local experiments: nonparametric neighborhoods

We start with the local framework since our global results are essentially based upon the
results for local experiments. For this let fy € ¥ be fixed. The corresponding local Gaussian
experiment Q?O is generated by the following Gaussian observations in continuous time

dYt"=f(t)dt+%I(fo(t»—”?dwt, te 0,1, €Sy (m), (3.8)

where W is the standard Wiener process on the probability space (C[O,l],B(C[O,l}),QW)-
Denote by Q%  the Gaussian shift measure on (C[U’”, B(C[O’l])) induced by the observations
(Y{")o<t<1 determined by (3.8). Then G} can be defined as

G% = (Croap B(Cro1), {@F,; : F € Zpo(m)}) - (3.9)

Theorem 3.1 Assume that B%. Then the experiments 5]’}0 and Q?O are asymptotically equiv-
alent uniformly over fy in X

sup A(Ex,G%) — 0, n— oo.
fo€X

Moreover
28—1 148+5

sup AQ(S?O, G%) < cin 28+ (logn) 2541,
fo€X

where c1 is a constant depending only on Iwin, Imax, €0, L, B.
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The limit % for the smoothness index (3 is exact in view of an example by Brown and
Zhang [7] showing that the above asymptotic equivalence fails when 8 < % even for the case
of Gaussian observations. We can also refer the reader to the arguments in Efromovich and
Samarov [11].

We will now present a discrete version of the asymptotically equivalent Gaussian experi-
ment. The corresponding local experiment g}: is generated by the Gaussian observations in
discrete time )

Yi= f(t) 4 L(fo(t) P ei, i=1,0m, [ € Sp(mm), (3.10)

where ¢; are standard normal r. v.’s. If we denote by Qy,«,)s) the Gaussian measure
corresponding to one observation Y; of the form (3.10), i. e. the Gaussian measure on real
line with mean f(¢;) and variance I (fo(t;))™", then Q}’: can be defined as

g = (BB, { @ £ € Sn(m)}),

where
Q5 ;= Qo). f(t1) ® -+ © Qe f(ta)y [ € o (Vn)- (3.11)

Theorem 3.2 Assume that B > % Then the erperiments 5?0 and Q}’: are asymptotically

equivalent uniformly over fo in X. Moreover

o [ on Atm _28-1 14845
;u;;A (Efo’ gs ) < cin” 2+ (logn) 2P+T
0€

where c1 is a constant depending only on Iwin, Imax, €0, L, B.

It is easy to see that Theorem 3.1 is a consequence of Theorem 3.2 in view of results of
Brown and Low [5]. Although the rate argument is not developed there, it can easily be
made explicit.

3.3 Variance-stable form of the local approximation

Generally speaking there are no reasons to assume that the center of the neighborhood X ¢, (v»)
is known to a statistician doing nonparametric inference. That is why sometimes we would
prefer to have another form of the asymptotically equivalent Gaussian experiment Q?O, in
which the expression I(fy(t)) does not appear. It turns out that such a form of the Gaussian
accompanying experiment does exist. We will call it variance-stable form, since it involves
the variance-stabilizing transformation pertaining to the exponential family. To introduce it
we need some notations.

Let as before V(0) be the cumulant generating function associated with the exponential
experiment & = (X, B(X),{Py : 6 € ©}). Put for brevity b(0) = V'(6), 0 € ©. It follows from
the assumption (2.6) that b(@) is an increasing differentiable function on the open interval
©. Denote by A the range of b(6), i. e. A ={b(0):0 € ©}. It is clear that A is also an open
interval in R. Let a(\), A € A be the inverse of b(0), § € O, i. e.

a(A) =inf{0 € ©:b(0) > A}, Ae€A,

which obviously is an increasing differentiable function on A.

13



Another equivalent way to define a(\) would be to put a(A) = T'()\), where T'()) is the
Legendre transformation (or the rate function) of the function V' (0) :

T(A) =inf{A\0—V(0): A€ A}.
It is also easy to see that a(\) satisfies the equation

d(A) =1I(a(N)7!, XeA. (3.12)

F'(0) = a'(\), AeA. (3.13)

The relations (3.12) and (3.13) show that F'(A), A € A coincides with the variance-stabilizing
transformation defined in Section 2.2. The functions b(f) : ® — A and F(\) : A — R define
a transformation of © into the real line as follows

T(0) = F(b(9)) : © — R. (3.14)

Let C;?O be the Gaussian experiment generated by observations

d}/’\'t" =T (f(t))dt + Lnth, te0,1], f € Xg(m), (3.15)

vn

G, = (Cloan BCua), { @} : £ € () })

where @? is the Gaussian shift measure on (0[0,1];3(0[0,1})) induced by the observations

(}A/t”)ogtgl determined by (3.15). Let G} be the Gaussian experiment defined in (3.8) and
(3.9).

Theorem 3.3 Let 8 > % Then the experiments g;}o and QA?O are asymptotically equivalent

uniformly in fo € 3. Moreover the Le Cam distance between g% and QA?O satisfies
9 ~ _28-1 48

sup A (g?O,g}lO) < cin” 25+1 (logn)26+t |

fo€X

where c1 is a constant depending only on Iy.x and &g.
As an immediate consequence of Theorems 3.1 and 3.3 we get the following result.

Theorem 3.4 Let 8 > % Then the experiments 8}10 and é\?o are asymptotically equivalent

uniformly in fo € ¥ and the Le Cam distance between 5}’0 and Q\?O satisfies
~ _28-1 14845

sup A? (E?O,Q?O) < cin 26+ (logn) 26+1 |

fo€X

where ¢y is a constant depending only on Inax, Imin, €0, L, B.
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We turn to the discrete version of the asymptotically equivalent Gaussian experiment.
The local experiment Q}’O" is generated by the Gaussian observations in discrete time

Yi=D(f(t) +eir £ ES()y i=1,enm, (3.16)

where ¢; are standard normal r. v.’s. If we denote by @f(ti) the Gaussian measure corre-
sponding to one observation Y; of the form (3.16), i. e. the Gaussian measure on the real line
with mean T" (f(¢;)) and variance 1, then g}: can be defined as

G = (R B(R™),{ Q)" f e 2 (m)}),
where R R ~
Q" = Q1) ® - ® Qf(ra)s [ € Zpo(m)-

Theorem 3.5 Assume that 3 > % Then the experiments 5}’0 and C//\}’: are asymptotically

equivalent uniformly over fo in Y. Moreover

_28-1 14845
sup A2 (5}’0, C//\}’:) < cin” 2+ (logn) 2P+T
fo€X

where ¢y is a constant depending only on Inin, Imax, €0, L, B.

In the above theorems the initial exponential experiment £ which generates 5}’0, is assumed
to be in its canonical form. The variance-stable Gaussian approximation appears in an
equivalent but a little more pleasant form (as we will see in Section 4) if the experiment &
is naturally parametrized, i. e. if £ given in its canonical form by (2.1) is reparametrized by
means of the one-to-one map A = b(0) : ©g — Ay. Introduce the set of functions

Y={g=bof:fex}

and for any gy € ¥ the neighborhoods

Soo(m) = {9 € : ]lg— golloe <M},

with some constant ¢y depending I,.x, €9 Let EZO be the corresponding nonparametric prod-
uct experiment, defined analogously to (3.6) and (3.3):

E.ZO = (Xn’B(Xn)’ {FZ ‘g € Ego(')’n)}) )

with FZ = Py, where P7, with f = ao g is the product measure defined by (3.3). The

accompanying Gaussian experiment EZO is defined by the observations

dYy = F(g(t)) + %Wt, te[0,1], g€ X4(m)

Theorem 3.6 Let 3 > % Then the experiments EZO and EZO are asymptotically equivalent

uniformly in go € X and the Le Cam distance between EZO and EZO satisfies

L 281 14845
2 (BN n -
sup A (Ego,ggo) < cin” 25F1 (logn) 28+T |
go€EX

where ¢y is a constant depending only on Inayx, Imin, €0, L, B, Co-

The discrete version of this theorem is straightforward.
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3.4 Local experiments: almost n~"/“- neighborhoods

It turns out that the key point in the study of asymptotic equivalence of local experiments
is the behavior of its fragments over shrinking time intervals of length

on Uﬁ_h: (n/logn)” 1,

After a rescaling we arrive at local experiments parametrized by functions f of the form
f = fo+ kg, where g € 3 and

vi = ry(n/logn) 2, (3.17)
with some kj > 0. We will present the corresponding results since they are of independent
interest. Before stating these results we introduce the necessary notations.

Let fp € X. For any g € ¥ put
n _ n
Pfo,g - Pfo+7;g
and consider the local experiment

8*,’”

fo = (X" BX"), {Pf,:9 €X}). (3.18)

In the same way we introduce the accompanying sequence of Gaussian experiments:

Gi" = (Gl BC ) { @y r9 €3}).
where

Qg = Qo fotriar
with Q% , from (3.9).

Theorem 3.7 Assume that 8 > % Then the erperiments 5;0" and Q;On are asymptotically
equivalent uniformly over fo in X. Moreover

sup A2( 0 ,g ) < ein~tlogn)T,
fo€X

where c1 is a constant depending only on Iwin, Imax, €0, L, B.

Let g}’;’” be the corresponding local experiment generated by the Gaussian observations
in discrete time Y;, i = 1,...,n defined by (3.10) with f = fo+ g, g € X. More precisely, let

I,%,m I,n
Qfo,y - Qfo,fo-i-’ﬁiy
with Q7" ; from (3.11) and set
Ix,mn Ix,n
gy = (R” B(R™), {Qfog : 2}) . (3.19)

Theorem 3.8 Assume that 8 > % Then the experiments 5;{;” and Q}’O*’n are asymptotically
equivalent uniformly over fo in Y. Moreover

sup A%(&}
fo€X

G < e (log )T,

where c1 is a constant depending only on Iwin, Imax, €0, L, B.
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3.5 Global experiments

The variance-stable form of the accompanying local Gaussian experiments allows to construct
an accompanying global Gaussian experiment. The main idea is to substitute a preliminary
estimator satisfying (3.5) for the unknown function f; around which the local experiment is
built. Such an estimator is provided by Lemma 6.1 (see Section 6.1). In the variance-stable
form of the local experiment given by (3.15) (or (3.16) in the discrete case) the unknown
function fy does not show up in the distributions themselves, but appears only as a center of
the parametric neighborhood. This will imply in the sequel that the globalized experiment
does not depend on the specific preliminary estimator used; thus a convenient closed form
global approximation for the original regression experiment £” can be obtained.

Let I'(#) : ®9y — R be the transformation given by (3.14). Let the global Gaussian
experiment G" be defined as

g" = (", B(R",{Q}: e 2}),
where @:} is the Gaussian shift measure induced by the observations
1
Vn

Theorem 3.9 Let 3 > % Then the global experiments E™ and G" are asymptotically equiv-
alent: A(E",G") — 0 as n — o0o. Moreover for 3 € (3,1)

dY =T (f(t))dt + —dW;, f€X, teo,1].

9 _28-1 14545
A2(E",G™) < en” 251 (log n) 241

where ¢ is a constant depending only on Inmax, Imin, Ko, L, B

As a particular case this theorem gives us the main result in Brown and Low [5]. We will
discuss the case of normal observations and other examples of interest in the next section.

We present also a discrete version of the asymptotically equivalent global Gaussian exper-
iment in its variance-stable form. The Gaussian experiment G"" is generated by the Gaussian
observations in discrete time

Yi=T(f(t;))+e, f€X i=1,.,n (3.20)

where g; are standard normal r.v’s. If we denote by @ #(t;) the Gaussian measure corresponding
to one observation Y; of the form (3.20), i = 1,...,n, then G"™ can be defined as

Ghn = (R”,B(R”), {@’];” fe z}) , (3.21)

where R R R
Q,]Zn =Qft) ® - ®Qyrn), [EX. (3.22)

Theorem 3.10 Let 3 > % Then the global experiments E™ and G"™ are asymptotically equiv-
alent: A(E™,G"™) — 0 as n — oco. Moreover for 3 € (%, 1)

9 _28-1 14845
AX(E™,G™) < en” 971 (log n) 41

where ¢ is a constant depending only on Inax, Imin, Ko, L, 5.

The case when £ is naturally parametrized is similar to Theorem 3.6.
The proofs for the passage from local to global are in Section 6.
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4 Examples and applications

The most striking form for the asymptotically equivalent Gaussian approximation in the
following examples will be obtained if the initial exponential experiment £ is taken under
its natural parametrization. By a natural parametrization we mean the following. Let P =
{Py : 0 € ©} be an exponential family on (X,B(X),x) in the canonical form, i. e. whose
Radon-Nikodym derivatives dPy/du are defined by (2.1). Let V' (0) be its cumulant generating
function. It is clear (see also Section 3.3) that b(6) = V'(#) is a one-to-one map from Og to
Ag. If we reparametrize the family P by means of the map b(#), we will call the family P
naturally parametrized. Indeed the parameter A = b(@) is the "natural” parameter in many
specific families: mean or variance for normal distributions, intensity for exponential, gamma,
or Poisson distributions, probability of success for Bernoully and binomial distributions etc. .

4.1 Gaussian observations: unknown mean

Let P = {Py : 0 € ©} be the family of normal distributions on the real line X = R with mean
0 € ©® = R and variance 1. The normal distribution Py(dz) can be written

Py(dz) = "~V ) p(da),

p(dz) being the standard normal distribution
1
V2T

and U(z) = x, V() = 6?/2. Then the corresponding Fisher information 1(§) = V"(9) = 1,
so the condition (2.7) holds true with ©g = R, I;yax = Imin = 1, €9 > 0. Hence the parameter
set ¥ coincides with the Holder ball H(3, L).

Assume that our observations X; = X(6;), i = 1,...,n are normal with mean 0; = f(¢;),
ti = i/n and variance 1, where the function f is in the Holder ball ¥ = H(3, L). Let us
remark that these observations correspond to the regression model

Xz:f(tz)+5u 1=1,...,n,

2
_z_
e z2dz

p(dz) =

with standard normal r. v.’s g;, 1 = 1, ..., n.

Let 5;}0 be the local experiment generated by the sequence of observations X;, i =1,...,n,
with f € ¥4, (), for some fy € X. According to Theorem 3.1 for any 8 > % the experiment
5;}0 is asymptotically equivalent to the local experiment g;:o generated by the observations

dYP = f(t)dt + %th, teo,1], (4.1)

where f € X, (7n)-
The global form of the asymptotically equivalent Gaussian experiment is given also by
(4.1) but with f € 3. Thus we recover the main result of Brown and Low [5].

4.2 Gaussian observations: unknown variance

Let P = {Py : XA € A} be the family of normal distributions on the real line X = R with mean
0 and variance A € A = [0,00). The normal distribution Py(dz) has the form

72
Py (dz) = exp{—ﬁ}d:c. (4.2)

1
V2T
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After the reparametrization 8 = —1/A, 8 € © = (—00,0], we obtain the linearly indexed
exponential model

Py(dz) = exp{6U(z) — V (0)}u(da), (4.3)

where p(dz) is the Lebesgue measure on the real line and U(z) = 2?/2, V() = —1 log(— ).
The corresponding Fisher information is I(8) = V"(6) = $0~2, so condition (2.7) holds true
with ©9 = [Omin, Omax] for some constants —co < Opin < Omax < 0 and gy small enough.
Then the parameter set 3 contains all the functions f(t) from the Hélder ball H (3, L), which
satisfy Omin < f(t) < Omax-

Consider a sequence of normal observations

with ¢; = i/n, where the unknown function f is in the set . Let fo(¢) € ¥ and let £F be the
local experiment generated by the observations (4.4). Then by Theorem 3.1 the experiment
8?0 is asymptotically equivalent to the Gaussian experiment Q?O generated by the observations

avy — 1ot — L pwaws, teo,1),

\/_
for f € ¥4,(yn), W being the standard Wiener process.
For the variance-stable form we easily compute b(8) = V'(0) = —; and F(A) = 2-1/21og A.
Thus by Theorem 3.3 the variance-stable accompanying Gaussian experiment is given by

1 1 1
dy;r = \/ilog ( 27 )> dt — \/ﬁth’ t €10,1]. (4.5)
Note that in the above formula f(t) andfy(t) are less than €.y < 0.

A more compact form for the accompanying Gaussian experiments is obtained using the
natural parametrization. If we reparametrize the exponential family (4.3) by means of the
map b(0) = —4;, we recover its original form given by (4.2). Let ¥ = (3, L) be the set
of all functions g from the Holder ball H(S3, ), which satisfy Apin < g(t) < Amax, Where
0 < Amin < Amax < 0o. For any 1 function go € ¥ let Ego (7n) be its neighborhood of radius
Yn (see (3.4)) in . Denote by &, g the local experiment generated by the observations (4.4)

with f(t) = —1/g(t), g € X4 (7). This experiment can be regarded as generated by the

observations
X; = V g(ti)si; te [Oa 1];

with g € ¥, (), where ¢; are standard normal r. v.’s. Then for any 3 > % the experiment
£" is asymptotically equivalent to the local Gaussian experiment generated by observations

go
1 2
dY» = ———dt + V2 dW,, 0<t<1,

g(t) vngo(t)

with g € Xy, (vn), W being standard Wiener process on (Cro,1), B(Clo,17), Qw)-
The corresponding variance-stable form is determined by the equation (cf. Theorem 3.6)

1 1
dY* = —log g(t)dt + —dW,, te€[0,1]. 4.6
C =75 gg(t) Wi 0,1] (4.6)

Global variants of the accompanying Gaussian experiments are also given by (4.5) and (4.6),
with extended parameter space.
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4.3 Poisson observations

Let X = {0,1,...} and u(dz) be the o-finite measure on X assigning 1/z! to each point z € X.
Let us consider the case when P is the family of Poisson distributions Py(z), z € X with
intensity A € (0,00). After the reparametrization = log, 8 € ® = (—o0,00), we get the
canonical form

Py(dz) = & VO p(da),

with V' (0) = €. The corresponding Fisher information is 1() = €. It is clear that condition
(2.7) holds true with ¢ = [Omin, Omax], where —00 < Opin < Omax < 0o. Then the parameter
set 3 contains all the functions f from the Holder ball H(8, L), which satisfy Opin < f(t) <

omax-
Consider a sequence of Poisson observations

with ¢; = i/n, where the unknown function f is assumed to be in the set 3. Let fy(t) € X
and £ be the local experiment generated by the observations (4.7) with f € Xy (vn).
Then, according to theorem 3.1, the experiment 8?0 is asymptotically equivalent to the local
Gaussian experiment g?O generated by the observations

n 1 —
dy; :fumr+7ﬁeh®ﬂdwg telo,1], (4.8)
where f € X, (7n)-

A variance-stable form of the observations (4.8) can be obtained if we note that b(0) = e
and F()\) = 2v/A. In view of theorem 3.3 the experiment g%, is asymptotically equivalent to

0

the experiment C;?O given by observations

~ 1
n

where f € X, (7n)-

In terms of the original parameter A = e’ these results can be formulated as follows.
Let ¥ = X(8,L) be the set of all functions g from the Holder ball H(3, L), which satisfy
Amin < g(t) < Amax, where 0 < Apin < Amax < 00. For any function gy € ¥ let X, (v,) be its
neighborhood of radius 7, (see (3.4)) in . Denote by EZO the local experiment generated by
Poisson observations

X;=X(N), i=1,..,n,

with unknown intensities \; = g(¢;), where g € EZO (Yn)- Then for any 8 > % the exper-
iment EZO is asymptotically equivalent to the local Gaussian experiment generated by the
observations .
dY" =log g(t)dt + —=dW;, te€]0,1],
ngo(t)

where g € ¥, (n), W being the standard Wiener process on (Cro,1), B(Clo.17), Qw)-

The variance-stable result is furnished by theorem 3.6: an accompanying Gaussian exper-
iment (local or global) is also given by the equation

n 1
dY; = 2\/g(t)dt + %th, te [0, ].]
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4.4 Bernoulli observations

Let P be the family of Bernoulli distributions Py(z), z € X = {0,1} with P)‘(l) =
Py(0) =1 — X, X € (0,1). After the reparametrization § = log -2 =5 0 € 0 = (—o0 )
arrive at the following canonical form

Py(z) = VO zeX,

where V(0) = log(1 + €). The corresponding Fisher information is I(0) = e’/(1 + €)2. One
can easily check that the condition (2.7) holds true with Oy = [Omin, Omax), Where —oco <
Omin < Omax < 00. Then the parameter set ¥ contains all the functions f(¢) from the Holder
ball H (B, L), which satisfy Omin < f() < Omax-

Consider a sequence of Bernoulli observations

with ¢; = i/n, where the unknown function f is in the parameter set Y. Let fy(t) € X
and £¢ be the local experiment generated by the observations (4.10), with f € 3¢ (vn)-
Then, according to Theorem 3.1, the experiment 5}’0 is asymptotically equivalent to the local
Gaussian experiment G% generated by the observations

1 14 efo®

dY* = f(t)dt + Jn eh®2

dwy, te|0,1],
with f € X4, (vn)-

For the variance-stable form we compute b(8) = e’ /(1+¢?) and F()\) = 2arcsin v/A. Then
by Theorem 3.3 the variance-stable accompanying Gaussian experiment is associated with
the equation

. ) ef(t) 1
dY; = 2 arcsin m dt + %th, t e [0, 1]

In term of the original parameter A = e?/(1 + €’) this result can be formulated in the
following way. Let ¥ = X(8, L) be the set of all functions g from the Holder ball H(8, L),
which satisfy Amin < g(t) < Amax, Where 0 < Amin < Amax < 1. For any function gg € X let
340 (7n) be its neighborhood of radius v, (see (3.4)) in ¥. Denote by En the local experiment

generated by the observations (4.10) with f(t) = log ; (()) g€y ('yn) Then for any 3 > 3

. -n . . . .
the experiment £, is asymptotically equivalent to the local Gaussian experiment generated
by the observations

(t) 1
\/ ngo(t)(1 — go(t))
where g € ¥, (), W being the standard Wiener process on (Cro,11, B(Clo.11), Qw)-

The variance-stable form of the Gaussian accompanying experiment parametrized by g is
(according to Theorem 3.6)

ayy log dw, tel0,1],

1
dY;" = 2arcsin+/g(t) dt + —=dW:, t€]0,1].
vn
The global variants are straightforward.
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4.5 Exponential observations

Let X = (0,00) and u(dz) be the Lebesgue measure on X. Let P be the family of exponential
distributions Py(dz), on X with parameter § € © = (—o00,0)

Py(z) = " Ou(de),

where V(0) = log 0. The corresponding Fisher information is I(#) = 0 2, so condition (2.7)
holds true with Oy = [Omin, Omax| for some constants —0o0 < Opin < Omax < 0 and gy small
enough. Then the parameter set ¥ contains all the functions f(¢) from the Holder ball
‘H(B, L), which satisfy Opin < f(t) < Omax-

Consider a sequence of exponential observations

with ¢; = i/n, where unknown function f is in the set ¥. Let f; € ¥ and 5?0 be the local
experiment generated by the observations (4.11). Then, by Theorem 3.1, the experiment EF
is asymptotically equivalent to the local Gaussian experiment Q?O generated by observations

1
ayy* = f(t)dt + —=fo(t)dWy, te[0,1], f€Xs ()
vn
A variance-stable form for the global experiment can be also obtained. For this we remark
that b(6) = —6 and F'(A) = log A. Thus by Theorem 3.3 a variance-stable form (local or global)
is given by the equation

1
dY;" = log (—f () dt + —dW,, t € [0,1].
n

vn

4.6 Application to the density model

Assume that we observe a sequence of i. i. d. r. v.’s X;, i = 1,...,n, each with density f € X,
where the set X is as in the previous section. By a poissonization technique one can show
that this experiment is asymptotically equivalent to observing a sequence of Poisson r. v.’s
X;, ¢ = 1,...,n with intensities f(¢;), i = 1, ...,n respectively, where t; = %, i=1,...,n is the
uniform grid on the unit interval [0, 1]. We skip this technical step, since its proof is similar
to that given in Nussbaum [31], Section 4.

The conclusion we draw from this fact and from the example in Section 4.3 is that esti-
mating a density f(t) from i. i. d. data is asymptotically equivalent to estimating 2 times
the square root of f(¢) in white noise. Thus we recover the main result of [31].

5 Local approximation

5.1 Bounds for the Hellinger distance

Let fo € ¥ and let v, be the nonparametric shrinking rate defined by (3.4). Recall briefly
the setting from Section 3.1. Put ¢; = *, i = 1,...,n. Consider the local experiment

&, = (X" B(X"), {F} : [ € Sp(m)}) (5.1)
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generated by the discrete observations

X; = X(f(tz))a i1=1,..,n, f € z]fo('yn)a (5'2)

with distributions in the exponential family P. Its accompanying local Gaussian experiment

G = (Rn’B(Rn)’{Q'f:,f fe Zfo('Yn)}); (5.3)
is generated by the observations in discrete time

Y= f(t) +1(folt) 2ei, i=1,.m, fEXp(m) (5.4)

with standard normal r. v.’s g;.

Theorem 5.1 Assume that 8 > % For any fo € ¥ and any n = 1,2, ... experiments 5?0 and
g}’O” can be constructed on the measurable space (R"™, B(R™)) such that
_28-1 148+5
sup  H2(PP, Q) < en” 97 (logm) 41,
fEEfO (’7") ’

where ¢ is a constant depending only on Iyax, Imin, €0, L, B.

For the proof we make use of the following assertion, which is also of independent interest.
This theorem corresponds to the local experiments obtained by looking only at observations
from a shrinking time interval, which after a rescaling leads to neighborhoods of the ”almost
n~1/2” size. Let 4 be the shrinking rate defined by (3.17), with constant kg being arbitrary
positive. Consider the local experiment S*gn defined in Section 3.4 obtained by localizing;:
f = fo+ 7g and indexing by g € ¥ (cf. (3.18)). Consider also the discrete Gaussian

I,%,n

accompanying experiment G2 from Section 3.4, relation (3.19).

Theorem 5.2 Let 3 > % For any fo € % local experiments 5;(;" and g}’;"” can be constructed
on the same measurable space (R™,B(R™)) such that

sgg HQ(P;O’Z, lf’;:;) < enY(logn)T,
g

where ¢ is a constant depending only on Inax, Imin, €0, Kj, L.

Remark 5.1 Theorems 3.2 and 3.8 follow immediately from Theorems 5.1 and 5.2 respec-
tively, by (2.14).

The construction for Theorem 5.2 heavily relies upon the results on strong approximation
in Section 2.4 and is given in the next Section 5.2. The proof of Theorem 5.2 is presented in
Section 5.3.

Theorem 5.1 is a consequence of Theorem 5.2. Its proof is presented in Section 5.4.
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5.2 Construction of a local experiment

The construction on the same probability space of a Gaussian experiment and of an expo-
nential one is particularly simple in view of the convenient form of the likelihood ratio of the
latter (cf. (3.7)). This form allows to employ the strong approximation result of Section 2.4.
We proceed to describe formally this construction.

Let fo be a fixed function in the parameter set Y. Consider the local experiments 5;{;”

and Q " Recall that the shrinking rate v is defined by

i = Ki(n/logn) 7,

where & is arbitrary positive. Since fj is considered fixed, for the sake of brevity we will drop

the index fy from the notations for measures Pf - and Q" fo ;, so we will write 13" = P}“O .

and Qg = Q'];;’; The corresponding expectations are denoted by E, and EQ,, respectively.
!1

g
Given a function f = fo+7,.9, g € 3, we consider the likelihood ratio of the local experiment

£x", which according to (3.7) is

lezg: — exp {% Zg U(X;) — Z (V(f(t:)) — V(fo(ti)))} .
i=1 i=1

Denote by U(X;) the r. v. U(X;) centered under the measure P, i. e.
U(X;) = U(Xi) = V'(fo),
so that by (2.2) and (2.3) we have
Eﬁgﬁ(Xi) =0, Ep U( i)? = I(fo(t:)) = V"(fo(t:)).
The corresponding local Gaussian experiment g *™ has likelihood ratio

dQ”

I
i {%Zg )/ 2e; 5(7n)2;g(ti)21(f0(ti))}a (5.5)

with f = fo+v5,9, 9 € X. Put P = Q(’{ and consider the probability space (R", B(R"),P) on
which e;, i = 1,...,n is a sequence of i. i. d. standard normal r. v.’s. Put N; = I(f(t;))"/?e;.

Thus we are given a sequence of independent normal r. v.’s N;, ¢ = 1,...,n with zero means
and variances EN? = I(fy(t;)), for i = 1, ...,n. Because of condition (2.7) and Proposition 2.1
we can apply Theorem 2.1, according to which on this probability space there is a sequence

of independent r. v.’s 17, t = 1,...,n such that U< U(X;) for any i = 1,...,n and for any
function g € H(3,L)

P (|Sn(g)| > z(logn)?) < ciexp{—coz}, z >0, (5.6)
where
n ~
Sulg) = > g(t:) (Ti - N:) ,
i=1
and cj, ¢ are constants depending only on Iy, Imax, €0, L-
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Now we proceed to construct a version of the likelihood process for 5;0" on the probability
space (R™, B(R"),P). For this define the experiment F }‘On as follows:

Fp't = (R",B(R"),{Fy: g€X}),

where F' is the probability measure on the measurable space (R", B(R")) defined for any
g € ¥ by the equality f = fo + g

an n - n
d—If = exp {%’Z D 9T =Y (V(F(t:) = V(folt:) — Vég(ti)V'(fo(ti)))} (5.7)
i=1 i=1
where f = fo + ;9 ; then Fj =P.
Let us remark that since the sequences U;, i = 1,...,n and U(X;), i = 1,...,n have the
same joint distributions and the sufficient statistic in the experiment S;On is

> g(t)U(Xy),
=1

the experiments 8;{;” and .7-";(;" are equivalent. Therefore we will assume in the sequel that
U; = U(X;), for i = 1,...,n and 5;{;" = .7-";(;" In particular 15g” = Fj for any g € ¥ and
Pp=P=Qp.

-1/2_

5.3 Proof of local equivalence: almost n neighborhoods

In this section we present a proof of Theorem 5.2. First recall that according to the last remark
in the previous section we consider the experiment 5;(;" to be a version of the original one
constructed such that its likelihood process is on a common probability space (R", B(R"),P)
with the Gaussian likelihood process for g};‘” Recall also that the ”central” measures (i. e.
those with g = 0) in the local experiments S;On and g};" coincide with the measure P.

Let fo € ¥ and f = fo + 7.9, g € X. Note that the function g belongs also to the Holder
ball #(3, L) since 8 > 1. Then by taking z = 2 logn in (5.6) we arrive at

P(1Su(g)| > 2, (logn)?) < c1 exp{—cs logn}, (5.8)
C2

where c¢1, co are the same as in (5.6) and c3 is~a ”free” constant whose value will be chosen
later. Recall that according to our agreement U; = U(X;), ¢ = 1,...,n and therefore

What we have to prove is that the Hellinger distance between the measures P;’ and Q;’

satisfies o
H? (Pg", Qg) < esnYlogn)T, (5.9)
for some constant c4 depending only on Imax, Imin, €0, K5, L.
Well known properties of the Hellinger distance (see (2.12) and (2.15)) imply
2

(P, @5) = 5B (V) - N(9)F)
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where we denote for brevity

Put u, = Zy,(log n)3. Then obviously
H? (p;,QZ) < J1+ Jg,

where (1(A) being the indicator for event A)

Ro= gBe1(ISu(e) < ua) (M(9)F ~A2(0)?),
2= 3Bl (15.(0)] 2 wa) (N (9)F ~ 22(9)2) .

First we give an estimate for J;. Changing the probability measure we obtain

; Qr 1(|Sn(g)| < un) (Az(g)%Al(g)—% B 1)2‘

According to (5.7) and (5.5)

J1 =

A}(g) = exp {722 > aU(X) = 0 (V) - V(fo(ti»)} (5.10)
i=1 i=1
and .
A*(g) = exp {%Zg )N; — = vn) Zg(ti)zf(fo(ti))}-
=1
This gives )
T = exp {-5u(1) + Rios N},
where
B f) = 3AVU6) = V() = 2iale)V' (e
—%(v,’;)?g(ti)?v"(fo(ti)>}-

A three term Taylor expansion yields

(v2) Z|g P [V (7)

)

c:|»—n

|R(fo, f)| <

with f; = fo(ti)+vivig(ti), 0 < v; < 1. Since ||g||oo < L and ‘V"'(f )‘ < c5, with c5 depending

only on Ipayx, €0 (see Proposition 2.2), it is clear that
L3 3 _1 3
[B(fo, ) < gL ¢s(7n)"n < con ™2 (logn)?2,
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with cg depending on cs, L, & and for n large enough. This yields the following estimate:

B o= 1B, <u) (e { - bu() + RGN} 1)

er (|Sn(£)] + | R(fo, £)])°

2
< e (Z—in;(logn);—i—c(;n;(logn)g) ,

IN

with ¢y depending on ¢, c3, cg. Hence with some cg depending on ¢3, 3, cg, c7
Ji < ern Y(logn)T. (5.11)

Now we proceed to estimate Jo. The Holder inequality implies

1.1 1
Jo < 53 IE (5.12)
where by (5.8)
= P(|Sn(f)| = un) < c1 exp{—c3logn}, (5.13)
for n large enough, and
4
Ji=Ep (A(9)? +4%(9)7) . (5.14)

Note that the constant c3 in (5.13) is "free”. We will show that Jy is bounded from above by
32 exp{cg logn}, with some constant cg which we calculate below. Indeed from (5.14) we get

Ji <16 (Ep(A'(g))® + Ep(A®(9))?) - (5.15)

First we give a bound for Ep(Al(g))2. It follows from (5.10) that

EP(AI( )) Eexp{Q’YnZg _2R0(f0af)}7
where
Ro(fo, f) Z{V V(fo(t:)) = vna(t:)V'(fo(ti))} -
The estimate for the remainder Ry(fo, f) is straightforward by Taylor’s formula:
1 ., 1
|R0(f0; 5 7n Z |g ‘V ) §L Imax(FYn) n,

where f; = f(t;) + vivig(t;), 0 < v; < 1. Since U(X;), i = 1, ...,n are independent r. v.’s, by
using Proposition 2.1

Ep(A'(9))? = exp{—2Ro(fo,[) HEPeXp{27ng )U(Xi)}

=1

exp {2|R0(f0; f)|} H exp {2(7;)29(ti)21max}
=1

exp {3L21max('yfl)2n} < exp{cglogn},

IA

IA
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where cy depends on Iy, L, 5. The bound Ep(Al(g))? < exp{cylogn} can be proved
similarly. These bounds and (5.15) yield

Jy < 32exp {cglogn}. (5.16)

Using the bounds for J3 and Js given by (5.13) and (5.16) in (5.12) we obtain

1
Jo < 24/2c; exp {—5(63 —¢9) logn}

from which, taking cs = cg + 2, we get
Ja <2v/2¢1/n <2 2cln_1(log n)7. (5.17)

The desired inequality (5.9) follows from (5.11) and (5.17).

5.4 Proof of local equivalence: nonparametric neighborhoods

We present here a proof for Theorem 5.1. Before the rigorous argument let us briefly ex-
pound the main idea. We start by splitting the original local experiment £¢ into m parts
which correspond to fractions of the observations over shrinking time intervals having length
of order 6, = %1/ A , where v,is the shrinking rate of the neighborhood X, (v5). One may
call the corresponding experiments doubly local. Denote by ny = O(nd,) the number of
observations (i. e. number of design points ¢;) in the k-th doubly local experiment. Af-
ter rescaling the latter can be viewed as an experiment on the whole interval [0,1] over a
shrinking neighborhood of size O(ny/ log nk)fé. By Theorem 5.2 we can ”approximate” this
experiment by a corresponding Gaussian one with a bound for the squared Hellinger distance
between corresponding measures of order O(n, '(logny)”). Further arguments are based on
the crucial inequality (2.13) which is applied to the original (parameter-local) experiment on
the unit interval [0, 1], construed as a product of the m local doubly local experiments on
the intervals of size d,,. Since the Gaussian experiment Q?O can be decomposed similarly, we
obtain a bound for the squared Hellinger distance between 5}’0 and g?O

O(mn; ' (logny)") = O(nd,*(log ny)") = o(1),

as n — oo, for 8 > %, which proves our theorem.
Now we turn to the argument in detail. Let § > % and fo € X. Assume that the shrinking
rate of the neighborhood X, (v») is given by

8
Yn = ko(n/logn) 28+1, (5.18)
with some constant ko depending on 8. Put m = [1/6,], where
. i 1/ __1
0n = ()8 =Ky'"(n/logn) 28+1, (5.19)

Consider a partition 2 of the unit interval [0, 1] into intervals Ay = (ag,bg], & = 1,...,m of
length 1/m. It is easy to see that for n large enough

1

1
— < < —. .2
2%, =" =5, (5.20)
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Put I, = {i : t; € Ax}. Denote by nj the cardinality of Iy, i. e. the number of design points
which fall into the interval Ay, £k = 1,...,m. It is clear that for n large enough

nd, < ng < 2nd,. (5.21)
We particularly point out that (5.18), (5.19), (5.20) and (5.21) imply
Y < v = k(e / logmy,) 72, (5.22)

for some constant kj depending on kg and §. Let ag(t) be the linear function which maps
the unit interval [0, 1] onto the interval [ag,bx], i. e. ax(t) = t/m + ag, t € [0,1]. For any
f €3 () and k = 1,...,m consider the function fj defined on the interval [0, 1] as follows

iy = Y= I) .
Tn

We will prove that f € ¥* = X(8, L*), with some L* depending on L and (. Indeed, since

f € Xs,(n), then || felloo < |If — folloo/7s < n/7; < 1. On the other hand since f, fo are

in the Holder ball H(8, L), the function ¢» = f — f is also in the Holder ball. Taking into

account (5.19), (5.20) and (5.22) we obtain for any z,y € [0, 1]

1P @) - 1P (y)|

m [ (ay(2)) — D (ar ()| /7

< m PIL|ay(z) — arn()*P /g
< 2P08L|z —y|P V)

= PyLlz—y/* P /oy

< 2Lje—yf P,

proving that fj is in the Hélder ball (3, L*) with L* = 2°L.

Let X®" = {X;, i € I} be the fragment of observations {X;, i = 1,...,n} (defined by
(5.2)) associated to the time interval Ay for some k € {1,...,m}. After a rescaling with the
linear function ag(t) these observations can be associated to design points tf = nLk, i1=1,...,ng
on the unit interval [0, 1]. Let P]?’k be the measure on (R™,B(R™)) induced by the set of
r. v.’s X™F and set P;“O’T; = P]’f’" for f = fo +7}g. For each k € {1,...,m} consider the local
experiment

k,n n n k,n *
ghin — (R ¢ B(R k),{PfO,g: geYS }) (5.24)

In the same way introduce the local Gaussian experiment
ghln — (R”k, B(R™), {Q’f’f;g” g€ 2}) , (5.25)

generated by the observation fragment Y*" = {Y;, i € I}, with Y; defined by (3.10). Here
Q'ﬁfg" is the Gaussian shift measure on (R™, B(R™)) induced by the observations Y™* under
f="Ffo+7g

According to Theorem 5.2 the experiments 5}“0" and g}f" can be constructed on the
measurable space (R™, B(R™)) such that

k,n k,n —
sup H* (PR, @) < e (logma)', (5.26)
g9
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with a constant ¢; depending on Imax, Imin, €0, K3, L. Now consider the subexperiments of
S?On and g}f" obtained by setting g = fi, f € X4,(n) in (5.24) and (5.25), where fj is
defined by (5.23). Reindex those subexperiments by f € Xy (v,) and call them 8}“0’”, g’;o’”
respectively. For the respective reindexed measures P}“ = P;“Or}k and Q'ff? = Q'ff;; we have
as a consequence of (5.26)

sup H? (P;c’n,@'f’f”?) < erng H(logny), (5.27)
fezfo (’Yn)

since fr € ¥X* for any f € X¢,(7n)-
Define the experiment E’}O as

n _ goln om,n
"= e e,

which obviously is (exactly) equivalent to £% defined by (5.1), (5.2). The corresponding local
Gaussian experiment G} defined by (5.3), (5.4) is (exactly) equivalent to the experiment

~ln Sm,n
G =0y @ 0 )
It remains only to note that P} = ~}’" ®...Q ~;n’" and Q']Z(?’f = ~’f;? ®...0 Q'fgnfn and thus,
according to (2.13),

m
2 n ~/n 2 ( pk,n ALk,n
m* (pQpy) < Yo H*(PPmQ5T)
i=1
< mn; ' (logng)’
< n 15 2%(logn)”
_26-1 14815
< cgn ¥ (log n) 2H,

where co is a constant depending on Iyyax, Imin, €0, 8, L. This completes the proof of Theorem
5.1.

5.5 Proof of variance-stable form

In this section we present a proof of Theorem 3.3.
As in Section 2.2, set b(t) = V'(0), 6 € ©y. Consider the following experiments: .’F}(;"
generated by observations

A" = (f() = fo(t)) dt + %f (fot)"1*dWs,  te0,1], (5.28)
where f € ¥¢,(vn), and .7-"?(;” generated by the observations
AP = (U 0) O o0 e+ T o)™ s, e (0,1), (529

where f € X4, (Vn)-
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Proposition 5.1 The ezperiments .7:}(;" and .7-';(;" are asymptotically equivalent. Moreover
A? (.7:}0",.7:?0") < cln_%(log n)%,
where c1 is a constant depending only on Inax, Imin and &g.
Proof. By Taylor expansion we have for any 6 € B(60y,e0/2) and 0 € O
b(6) — b(0) = (6 00)8'(00) + 50— 00)2¥' (),
where 6y = 0y + v(6 — 6y), 0 < v < 1. According to (2.5) and Proposition 2.2

v'(60) = V"(6o) = I1(60),

b”(§0)‘ ‘V"’(G )‘ < e, (5.30)

with ¢ depending only on In.x and eg. Hence, for any f € ¥ (v,) we obtain with some
v <1

b7 (£)) — bo(8)) = (£(8) = Fo®) B (fo(8)) + v 2.

Put for brevity

mi(t) = f(t) = fol?),
ma(t) = (b(f()) = b(fo(t)) I(fo(t)) "
Since I(0) > Iin, we have
ma(t) — ma(t)] < %3 21,

Let Q% "f and Q> "f be the measures induced by observations (5.28) and (5.29) respectively.
Then by formula (2.16) we get for any f € ¥y (Vn)

n

1
1 (QQ5y) < 5 [ ma( —mato)as

n
< 4 271-2

3_2’ync2lm1n =cin 2+

To complete the proof we refer to inequality (2.14). W
Introduce the following experiments: .’F?(;" generated by observations

281 _4p_
(logn)?3+1.

n _ 1
dY;>" = (b(£(£)) — b(fo(£))) T(fo(t))~*/2dt + %th, t€0,1], (5.31)
where f € ¥¢,(7), and .7-'}1[;” generated by observations

42" = (P () =T () de+ —=dWi, e [0,1) (5:32)

where f € X, (7n)-

Proposition 5.2 The ezperiments .7:?(;" and .7-'}1(;" are asymptotically equivalent. Moreover

_28-1 40
A2 (f-}ion,f-4 n) < ein” 2B (log n) 28+1

where c1 is a constant depending only on Iyax, Imin and &g.
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Proof. By Taylor expansion we have for any A\, \g € Ag = b(Og)
1 ~
F(A) = F(Xo) = (A= X0)F'(Xo) + 5(A— 20)2F"(Xo), (5.33)

where Xg = Ao + v(A — Ag), 0 < v < 1. Now it follows from (3.13) and (3.12) that

F'(Xo) = 1/v/I(a(Xo)), (5.34)

while, using (5.30), the second derivative of F'(A) can easily be seen to satisfy
‘F”(XO)‘ < e, (5.35)

where ¢y is a constant depending only on Inax, Imin, €0- Put for brevity go(t) = b(fo(t)) and
g(t) = b(f(¢)) for f € Xg,(vn)- It is easy to see that

|g(t) - gO(t)| < |f(t) - fO(t)| Iax < 'YnImax- (536)
Then by (5.33), (5.34), (5.35) and (5.36) we get

F(g(t)) — F(go(t)) = (9(t) — go(t)) I(fo(£))™"/* + vesy2,
with ¢3 = coI?

Sax and |y < 1.
Put for brevity

ma(t) = (9(t) — 9o(t) I(fo()) >,
ma(t) = F(g(t)) — F(go(t)).

Let Q?C(’)nf and Q;lt(’)nf be the measures induced by observations (5.31) and (5.32) respectively.

)

Then by formula (2.16) we get

1
2 (@ Qfry) = 1-ew {5 [ om0~ muo)*arf

n —28-1 _46
< gfyflcgzcln 26+1 (logn)2+1. W

Finally, Theorem 3.3 can be obtained easily from the above propositions if we note that
A(g?o,f}[;n) =0 and also A(]—'?(;",f?(;n) =0, A(]—'ﬁé",g}’o) =0, i. e. these experiments are
(exactly) equivalent by the remark following immediately after formula (2.15).

6 Global approximation

6.1 The preliminary estimator

The following lemma provides the preliminary estimator which is necessary for the globaliza-
tion procedure over the parameter set X.

Lemma 6.1 Let 8 € (%, 1). In the experiment E™ there is an estimator fn : X" = X taking
a finite number of values and such that

~ 1
Fomf|_ > em) <2z,

n

where c1 and cy are constants depending only on Iyax, Imin, Ko, L, B.

sup P} (‘
fex
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Proof. Let 7, be given by (3.4) and 6,, = ’yrll/ﬂ. Introduce the kernel K(u) as a bounded
function of finite support such that

0 < K(u) < kmax, K(u)=0, u¢(—7,71), ’ K(u)du =1, (6.1)

—T

where kpa.x and 7 are some absolute constants. We will assume also that K(u) satisfies a
Holder condition with exponent 3. Let

t

) , (6.2)

1 — t; —
Pn(t)—n—%;—’(( 5.

where t; =i/n, i = 1,...,n. It is easy to see that there are two constants pmin and pmax such
that for n large enough

0< Pmin < pn(t) < Pmax < 00, (63)

for any ¢ € [0, 1].
Consider the functions f € ¥ and g(t) = b(f(¢)), t € [0, 1], where b(0) = V'(9), 6 € O
(see Section 3.3). Define an estimator g of g as follows: for any ¢ € [0, 1] put

) = s ZK( LLS!

=1
where U(z) is the sufficient statistic in the exponential experiment £. The estimator g is
known as Nadaraya-Watson estimator. We will show that there are two constants c3 and c4
depending only on Iy, ©0, Ly B, Emax; Pmin, T such that

1
sup Pf ([lgn — 9ll oo > c37m) < ca—. (6.4)
fez n

First we note that by (6.2) for any ¢ € [0, 1]

B0 =00 = 5y 3 K (%5
EJn(

ti—t

) (a(t) - (0. (65)
where Jp,(t) = {i:t; € (t — T0n,t + 70p)} and #J,(t) < 27nd,. It is easy to see that since
f €%, we have for i € J,(t)

|g(ti) - g(t)| < ImaxL(zT‘Sn)ﬁ = (27')ﬁ1maxL’Yn- (6-6)
From (6.1), (6.5) and (6.6) we have

| Efgr — gl < ¢s7n, (6.7)

with some constant ¢ depending on Inax, L, B, kmax, Pmin, 7- 10 handle the difference
g — EY gy, we remark that

)~ B = s 3 (5 U, (6:)
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where U(X;) = U(X;) — E}U(X;) = U(X:) — g(;). Put for brevity Li(t) = K (t —t) Define

a piecewise constant approximation of L;(t) as follows: put L;(t) = Li(sy) for t € Ay, where
Ay =[0,81], Ax = (8k_1,8%), k = 2,...,n%, s = k/n%, k =0, ...,n%. Since the function K (u)
satisfies a Holder condition with exponent 3, there is a constant cg such that

‘ _<a <%>2ﬁ. (6.9)

g5 — Etanl| . < Q1+ Q2

Li—L;

Then (6.8) and (6.3) imply

where
& <~ sup |5 (L) - L) T(x),
107 Pmin te0,1] |54
1 s
Qs < sup L;(t)U(X;
2 nénpmln te[0,1] | ;=1 () ( )

Using (6.9) we get

Z U

’I’LpIIllIl i

Q1 < n2ﬁ+15

Put for brevity u, = cg (pminnm“&n'yn)_ logn. Then with a ”free” constant ¢y > 1

P (Q1 > crym) <e logn H E% exp {un ‘ﬁ(XZ)‘} )
i=1

Since u, < gg for n large enough, it is easy to see using Proposition 2.1 that

E} exp {un ‘U(X,)‘} < exp{uncs},
where cg is a constant depending only on I, €9. As nu, — 0 for n — oo, we have for
sufficiently large n

1
P (Q1 > eryn) < exp{—crlogn + cgnu,} < 2exp {—crlogn} < 25. (6.10)

To obtain a bound for Q» we remark that L;(t) is piecewise constant and Li(s;) = 0 if
i & Jn(sxk). With cg > 0 being a ”free” constant we obtain

n2

1 ~ _

Pf (Q2 > covn) < E P ——— E Li(sk)U(Xi)| > comn | - (6.11)
el N0 Pmin i€ Tn(5%)

Put for brevity v, = Li(8k) (Pminn0n7¥s) " log n. Then Chebyshev’s inequality and the inde-
pendence of the r. v.’s U(X;), i € I} imply

1 T 77 —cg logn n 77
Py P Z Li(sp)U(X;) > coyn | < e70108 H E% exp {v,U(X;)}. (6.12)
IR e 7 (sh) i€Jn(sk)
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Since v, < kmaxp;lilnng(%ﬂ)/ﬂ'yn < g (for n large enough), by Proposition 2.1 we obtain

T Imax
H E} exp {an(X,-)} < exp { 5 vi%-n&n} < exp{ciplogn}, (6.13)
iEJn(Sk)

for some constant c¢1y depending on Inax, ko, B, Kmax, Pmin, 7- Choosing cg to be c1g + 3 we
get from (6.12) and (6.13)

1 ~
P ——— Z Li(sk)U(X;) > covn | < exp{—3logn}. (6.14)

nénpmin icTn(sk)
In the same way we establish that

1 ~ _
P} | — > Li(se)U(Xs) < —coyn | < exp{—3logn}. (6.15)
T0nPmin
i€Jn(sk)

From (6.14), (6.15) and (6.11) we get
1
P} (Q2 > covn) < 2n? exp {—3logn} = 25. (6.16)

Now (6.10) and (6.16) give us

1
Py (Hgii — Eignll > cmn) <4, (6.17)

for an appropriate constant c;;. Finally (6.7) and (6.17) imply (6.4).
Generally speaking g is not bounded. But it is easy to define another estimator on its
basis which satisfies this requirement. For this it is enough to put

g, (t) = max {min {g;, (), Amax} » Amin} ,

where Amin and Apax are the ends of the interval Ag. The estimator g;* satisfies (6.4), since
for any f € ¥ we have Apin < g(t) = b(f(t)) < Amax Wwhich in turn implies

{llgn" = glloe > c3vn} = {llgn — 9lloo > €37} -

An estimator for f can be defined by putting f(¢t) = a(g.:*(¢)), where a(\) is the inverse
of the function b(f) (see also Section 3.3). Since the function a()) is Lipschitz, we obtain
from (3.12)

[fa(®) = FO] < T lgn™(8) — 9(2)]-

This implies that (6.4) is also satisfied with f and f replacing g} and g, but with other
constants (depending also on Ijin). Now we will define an estimator taking a finite number
of values in . Since the set ¥ is compact in the uniform metric (it is equicontinuous and
bounded, hence compact by the Arzela-Ascoli theorem), we can cover it by a finite number
of balls of radius 7, and with centers f; € 3, ¢ =1,..., M. The estimate ﬁl can be defined to
be the f; closest to the estimate f,. In case of nonuniqueness take the f; with lowest index.
The estimator constructed has the properties claimed. W

In particular, if we take £ to be the Gaussian shift experiment, then from Lemma 6.1 we
get the following.
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Lemma 6.2 Let 8 € (%, 1). In the experiment G"™ there is an estimator fn : X" — X taking
a finite number of values and such that

sup Pf (‘
fes

~ 1
fo ] > em) <er
where c1 and cy are constants depending only on Iyax, Imin, Ko, L, B.

6.2 Proof of global equivalence

In this section we prove Theorem 3.10.
Let £" and G’ be the experiments defined by (3.2), (3.3) and (3.21), (3.22). Let fy € 3.
Denote by J' and J” the sets of odd and even numbers, respectively, in J = {1,...,n}. Put

o H X(i): X/ — H X(i)7 R — H R;, S"= ﬁSia
=1

ieJ’ ieJ" ieJ”
where X;) = X, R, = R, S; = X if i is odd and S; = R if 7 is even, ¢ € J. Consider the
following product (local) experiments corresponding to observations at points ¢; with even

indexes 7 € J :
nn __ nmn __
" =@ Ennr 95" = Q) Grouo
ieJII l‘eJII

where
gfo,tz' = (XaB(X)a {Pf(tl) : f € z]fo('yn)}) )
Goti = (R,B(R), {@f(ti) :fe Ef0(7n)}) :

(cf. (3.20)-(3.21) for the definition of @f(ti))- Along with this introduce global experiments

e =&, Fr= é}"i”,
=1

ieJ’
where F;* = &, if i is odd and F* = Gy, if ¢ is even, ¢ € J and where

& = (X,B(X), {Pf(ti) :fe E}) )

G, = (R,B(R),{@f(ti):fezl}).

We will show that the global experiments £ and F™ are asymptotically equivalent. To-
ward this end we note that by Theorem 3.5 the experiments 8}'0’" and g}’(;” are asymptotically
equivalent uniformly in fy € 3. Theorem 3.5 in particular implies that the one-sided deficiency

) (5}'(;", g}’O”) satisfies for any fy € 2

_26-1 1445\ 1/2
o (5. 057) < 2 = (™35 logm) 47

where ¢; is a constant depending only on I, Imax, &0, L, 8. Let ||-]] denote the total

. . /.n nn :
variation norm for measures and let Pf’ , @ f be the product measures corresponding to

. nn nn .
the experiments £ o and G ot

Pi" =@ Pry, Q" = Q) Qriu- (6.18)

ieJ” ieJ”
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By lemma 9.2 in [31] for any fo € ¥ there is a Markov kernel K} : (X", B(R"")) — [0, 1]
such that

sup sup HK}LO -P}"n — Q';’n <en, (6.19)
fo€Z fES 4, (7n)

Let us establish that there is a Markov kernel M™ : (X™, B(S™)) — [0, 1] such that

supHM"-P]?—F]?H < o, (6.20)
fes

for some constant cy. First note that any vector z € X™ can be represented as (z'; ") where
z' and z” are the corresponding vectors in X" and X"". The same applies for s € S" :
s = (z';y"), where ' € X" and 3" € R"™. For any z = (2';2") € X™ and B € B(S™) set

M(w,B) = [ 1a (@) K (@),
RIsm n

where ﬁl(x’ ) is the preliminary estimator of lemma 6.1 in the experiment £"". It is easy to
see that

(M™-P}?)(B) = /X - XMM” ((z';2"), B) P{" (da") P;" (da')

= 15 ((;y")) (K%, - PP™) (dy")P;"(da’)  (6.21
/X,,/Rn 5 (( ))( Ful@) 7 )( )Py (da’)  (6.21)

and

F}(B) = /X . /R . 15 ((«';9")) QF" (dy")P;" (da'), (6.22)

where P}’n is the measure in the experiment £ defined by the analogy with P}"" in (6.18),
but with J’ replacing J”. By Lemma 6.1 there are two constants c3 and c4 depending only
on Inax, Imin, Ko, L, B such that

P"(A$) < can (6.23)

where Ay = {:c’ e x'n . ‘

Fula) — fH < cyyn} . Then (6.21) and (6.22) imply
|(M™ - P) (B) - F{(B)| < 2P;"(A})

—I—/ sup  sup HK?O . P}"" — Q'f""
A

P}’n(dx').
7 JOEX fEX s (1n)

Using (6.19) and (6.23) we obtain (6.20). This implies that the one-sided deficiency § (€™, F™)
is less that coe,. The bound for § (F™,E™) can be obtained in the same way, using Lemma 6.2.
This proves that the Le Cam distance between £™ and F™ is less that ceey,. In the same way
we can show that F™ and G" are asymptotically equivalent. As a result we obtain asymptotic
equivalence of the experiments £™ and G". As to the rate of convergence, it is straightforward
from the above inequality (6.20) and an analogous one for the pair F™ and G". Theorem 3.10
is proved.

Acknowledgement. The authors wish to thank Iain Johnstone and Enno Mammen for
pointing out important theoretical connections.
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