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On the Oseen-type resolvent problem associated with
time-periodic flow past a rotating body

Thomas Eiter

Abstract

Consider the time-periodic flow of an incompressible viscous fluid past a body performing a
rigid motion with non-zero translational and rotational velocity. We introduce a framework of ho-
mogeneous Sobolev spaces that renders the resolvent problem of the associated linear problem
well posed on the whole imaginary axis. In contrast to the cases without translation or rotation, the
resolvent estimates are merely uniform under additional restrictions, and the existence of time-
periodic solutions depends on the ratio of the rotational velocity of the body motion to the angular
velocity associated with the time period. Provided that this ratio is a rational number, time-periodic
solutions to both the linear and, under suitable smallness conditions, the nonlinear problem can
be established. If this ratio is irrational, a counterexample shows that in a special case there is no
uniform resolvent estimate and solutions to the time-periodic linear problem do not exist.

1 Introduction

Consider the system

isv+w(ey Av—e; Ax - Vu) — Av— Ao w+ Vp=g in{),
dive=0 inQ, (1.1)
v=20 onod,

where Q0 C R? is a three-dimensional exterior domain, and A\, w > 0 and s € R are given parame-
ters. The function g: 2 — R is a given vector field, and the unknown solution (v, p) consists of the
vector field v: 2 — R3 and the scalar field p: € — R. Problem can be regarded as a resolvent
problem with a purely imaginary resolvent parameter is, s € R. In this article we provide function
classes where the existence of a unique solution to can be established. We further investigate
the availability of uniform resolvent estimates, which allow to establish solutions to the associated
time-periodic linear problem

Ou+w(eg Au—ey Az -Vu) —Au—Noju+Vp=f inT x Q,
divu=0 inT x €, (1.2)
u=0 onT x 99.

This linear theory can then be applied to show existence of solutions to the nonlinear problem

Ou+w(eg Au—ey Az -Vu) —Aowu+u-Vu=f+Au—Vp inT xQ,

divu =0 inT x €,
u=MAei+wei Axz onT x 0f, (1.3)
lim wu(t,z) =0 fort € R,

|z|—00
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T. Eiter 2

which describes the time-periodic flow of an incompressible viscous fluid past a rigid body that moves
with (non-vanishing, time-independent) translational and rotational velocities A e; and w e for A, w >
0. Here Q0 C IR? is the exterior domain surrounding the rigid body, and to indicate that all occurring
functions are time periodic, the time axis is given by the torus group T = R/TZ for a prescribed
time period 7 > 0. The functions u: T x 2 — R3>and p: T x 2 — R denote velocity and pressure
fields of the fluid, expressed in a frame attached to the body, and f: T x  — R? is an external
body force. Here, viscosity and density constants are set equal to 1, and the fluid is assumed to be
attached to the boundary of the body. Moreover, (1.3), indicates that the flow is at rest at infinity. Since
this condition will later be included in the definition of the function spaces in a generalized sense, we
omitted the corresponding equation in and (1.2). Our analysis of the time-periodic problems will
be based on the study of the resolvent problem (1.). Note that if u is a T -periodic solution to (1.2),
then the Fourier coefficient of order k € Z satisfies with s = 2?”/4 This also explains why we
only consider purely imaginary resolvent parameters is, s € R, in this article.

The analysis of solutions to the nonlinear time-periodic problem was initiated by Galdi and Sil-
vestre [15], who derived the existence of weak solutions when the body performs a general time-
periodic rigid motion. However, the established L? framework was not appropriate to capture the spa-
tial asymptotic properties of the flow. This issue was addressed in a recent article by Galdi [11], who
showed the existence of regular solutions subject to pointwise decay estimates. An alternative ap-
proach that reflects the asymptotic behavior away from the body is based on the fundamental work
by Yamazaki [21], who considered the time-periodic flow around a body at rest, that is, system
for A = w = 0. He established solutions in L3°°(£2), also known as weak-L3({2), by exploiting
well-known LP-L4 smoothing estimates for the Stokes semigroup. Similar estimates were derived by
Shibata [20] for the semigroup in the case A, w > 0. Using these estimates, Yamazaki's method leads
to time-periodic solutions to in L3’°°(Q), as was later shown by Geissert, Hieber and Nguyen [16],
who developed a general approach to time-periodic problems based on semigroup theory. Recently,
Eiter and Kyed [7] used a different method based on a direct analysis of the linear problem with-
out relying on the associated semigroup, and existence of solutions to was shown such that the
velocity field belongs to L(€2), ¢ € (2, 00), under the assumption that the rotational velocity w and
the time period 7 are related by w = 2% This severe restriction already appears in the existence
theory for the linear problem derived in [7]. In contrast, in the cases without translation (A = 0)
or without rotation (w = 0), existence of time-periodic solutions to can be shown without further
restrictions on the time-period 7T'; see [} [14]. A leading question of this article is whether the condition
w = 2?” is necessary for the existence of time-periodic solutions to and if A\, w > 0, andin
how far it can be weakened.

Since the additional term w(e; Au—e; Az - Vu) forw > 0 may be regarded as a differential operator
with unbounded coefficient, the linear problem cannot be treated as a lower-order perturbation
of the case w = 0. Instead, we shall handle this term by a method recently developed by Galdi and
Kyed [12, [13] to investigate steady-state solutions to (1.2), that is, solutions to for s = 0. This
method was successfully applied to the time-periodic problem for A = 0in[5] and for A > 0 in
[7]. As mentioned above, while the linear theory in [5] holds for all 7, w > 0, in [7] the assumption
2?“ = w was imposed. This restriction makes it possible to absorb the term w(e; Au—e; Ax-Vu) into
the time derivative J,u by a suitable transformation when €2 = R3, and to reduce the problem to the
case w = 0. Note that if w # 2?“ then the associated transformation is not an isomorphism between

T -periodic functions. To circumvent this problem, we proceed as in [5], and adapt this method to first
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The Oseen resolvent problem for flow past a rotating obstacle 3

derive well-posedness of the resolvent problem (1.1) by a reduction to the auxiliary problem

{isu—i—@tu—Au—)\@lu—l—Vp:f inT x R, (1.4)

divu=0 inT x R3.

This system may be regarded as the mixture of the classical Oseen resolvent problem and the time-
periodic Oseen problem. Since the relevant differential operator in has constant coefficients, a
solution formula can directly be deduced in terms of a Fourier multiplier in the group setting T x R3,
and we can derive associated a priori estimates by L.¢ multiplier theorems, which lead to resolvent
estimates for that are uniform for all s € R satisfying dist(s,wZ \ {s}) > ¢ for some fixed
0 > 0. This result differs from the case A = 0, where uniform resolvent estimates for all s € R are
available (see [5]). This observation parallels the known results for the non-rotating case w = 0, that
is, for the resolvent problem

isv — Av —Xov+Vp=g inQ,
dive =0 in€, (1.5)
v=0 onofd

In the Stokes case (A = 0), there exists a constant C' > 0 such that for all s € R\ {0} and
g € L1(Q)3, ¢ € (1, 00), the velocity field v of the (unique) solution (v, p) to (T.5) satisfies

[s[l[vllg < Cllglly- (1.6)

In contrast, in the Oseen case (A > 0), an analogous statement can only be shown with a uniform
constant C' as long as |s| > ¢ for some § > (. Moreover, one cannot expect the validity of a
uniform estimate as s — 0, as was pointed out by Deuring and Varnhorn [3], who constructed a
counterexample in the special case ¢ = 2 and €2 = R®. Our results below show that in the rotating
case w > ( the situation becomes even more involved, and we cannot derive a uniform estimate if s
approaches wZ. Similarly to [3], we further construct a counterexample showing that uniform resolvent
estimates cannot exist in the case ¢ = 2 and ) = R3.

The described phenomenon is in accordance with the following observation: For w > 0 we can
understand as the resolvent problem (is — A, )v = ¢ of a closed operator A,,: D(A,) —
LZ(Q) with domain D(A,,) C LZ(2), where L(Q) is the class of all solenoidal functions in 1.7(£2)3.
Then the (essential) spectra of A, and A are related by

Uess(Aw) = Uess(A0> + in;

see [8]. Therefore, one would expect that the singular behavior of problem at s = 0 can be
observed in a similar fashion for solutions to (1.1) at any s € wZ. Indeed, this is what our findings
indicate. Moreover, since 0 € 0ess(Ap), problem is ill-posed for all s € wZ in this functional
framework of closed operators. Therefore, we introduce a different framework and show that can
be rendered well-posed within homogeneous Sobolev spaces. In particular, we shall not derive an
estimate of the form (1.6), which would contradict iwZ C aeSS(Aw), but the non-standard resolvent
estimate

lisv +w(er Av —e1 Az - V)|, < Cllgll, (1.7)

Clearly, in the case w = 0, estimate (1.7) reduces to (1.6).

Based on the analysis of the resolvent problem (1.1), we then investigate the time-periodic linear prob-
lem (1.2). Provided that we have a uniform resolvent estimate for the relevant resolvent parameters,
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T. Eiter 4

that is, that dist(s,wZ \ {s}) > d for all s € 2X7Z, we then show existence of solutions to in
a framework of absolutely convergent Fourier series. We see below that this assumption is satisfied if
and only if 2?’T/cu is a rational number. Under this condition and suitable smallness assumptions on the
data f, A and w, we further establish existence of a solution to the nonlinear problem (1.3). Moreover,
the aforementioned counterexample for the resolvent problem enables us to derive a result on
the non-existence of a time-periodic solution to the linear problem in L2(R?) if 2% /w & Q. This
suggests that the restriction to the case 2?”/cu € Q may also be necessary for existence in the general
setting LI(€2).

We first introduce the basic notation in Section [2] which allows us to formulate the main results of
this article in Section [3| In Section [4] we prepare some preliminary results. Section [5 and Section
@focus on the well-posedness of the resolvent problem in the whole space {2 = R? and in an
exterior domain 2 C R?, respectively. In Section we prove the existence results for the time-periodic
problems and (1.3). Finally, in Section [8/we construct the counterexample to the uniformity of the
resolvent estimate and conclude the non-existence result for the linear time-periodic problem

{2

2 Notation

For a fixed period 7 > 0, the symbol T := R /7 Z denotes the associated torus group. Occasionally,
we identify elements of T with their unique representatives in [0, 7). Points (¢, 7) € T x R3, consist
of a time variable ¢ € T and a space variable = = (1, ¥9, 23) € R3. We write || for the Euclidean
norm of , and x - y, © A y and = ® y denote the scalar, vector and tensor products of 2,y € R?, We
further use the notation z Ay - z == (z A y) - z for z,y, 2 € R3.

For derivatives in time and space we write J; and 0; == d,,, j = 1, 2, 3, respectively, and V, div and
A denote (spatial) gradient, divergence and Laplace operator. By V?u we denote the collection of all
second-order spatial derivatives of a function w.

We use the symbol C' to denote a generic positive constant that may change from line to line. When

we want to emphasize that C' depends on a specific set of quantities {a, b, ...}, we write C' =
C(a,b,...).

Unless stated otherwise, ) C R? always denotes a three-dimensional exterior domain, that is, €2 is a
domain that is the complement of a compact nonempty set. We let Bz C R? denote the ball of radius
R > 0 centered at 0, and we set 2 := ) N Bi.

Classical Lebesgue and Sobolev spaces are denoted by LI(£2) and W*4(Q) for ¢ € [1, 0] and
k € N, and we write ||-||,.o and |[|-||x 4. for the associated norms. If the underlying domain is clear
from the context, we simply write ||-||, and ||-||x.,- The same convention is used for the norm ||-||, T«
of the Lebesgue space L¢(T x Q) in space and time. We further define W;(Q2) as the closure of
Cs°(92) in WHe(Q), where C3°(2) is the set of all smooth functions with compact support in €2, and
W-19(Q) is the dual space of W;(2), where 1/¢ + 1/¢' = 1. We denote the norm of W14 ()
by ||-|| 1.4~ The classes L’ (€2) and W/2%(Q) consist of all functions that locally belong to L¢(Q2)
and W*4((2), respectively.

When clear from the context, we often do not distinguish between a space X and its n-fold Cartesian
product X™, n € N. Moreover, ||-||x denotes the norm of a normed vector space X. The symbol
L9(T; X) denotes the Bochner—Lebesgue space for ¢ € [1, 00|, and we define WH4(T; X) =
{u € LYT; X) : Ou € LYT; X)} Here the torus group T is always equipped with the normalized
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The Oseen resolvent problem for flow past a rotating obstacle 5

Haar measure such that

.
Vf € C(T) : /Tf(t) dt ::%/O £ dE,

where C(T) denotes the class of continuous functions on T.

In the case 2 = R3, the space-time domain is given by the locally compact abelian group G =
T x R®. The dual group of G can be identified with G := Z x R?. By . () we denote the associated
Schwartz—Bruhat space, and .&’(() is its dual space, the space of tempered distributions. Both were
first introduced by Bruhat [1], see also [6] for more details. We define the Fourier transform .% on GG
by

Fo: S (G) = S(G), Fal(k,€) = /T/R3 u(t, r) e TR dgdt,

Fot 5”(@) — (@G, F5'wl(t,r) = Z /RS w(k, &) TR q¢

kEZ

Then % is an isomorphism with inverse ﬁgl provided that the Lebesgue measure d¢ is suitably
normalized. By duality, the Fourier transform also becomes an isomorphism between the correspond-
ing spaces of tempered distributions. By analogy, we define the Fourier transform on the groups T and
R3 as

Fn: S(T) = S (Z), Fnlul(k) = / u(t) et dt,
Frt A (L) — S(T), T wl(t) =Y w(k)e™,
keZ
Fps: (R — Z(R?), Frau](§) = /R3 u(z) e ¢ da,
T+ SR = SR, Fplwl(z) = /R w(g) e de.

For the investigation of the time-periodic problem (1.2), we also work within the space of absolutely
convergent X -valued Fourier series given by

A<T7X) = {f T—X: f(t) = kaeikt7 fk € Xa Zka’HX < OO}?
keZ keZ (21)

I Fllaxy = Y Il fellx

kEZ

for a normed space X. When X is a Banach space, then A(T; X) coincides with the Banach space
T [01(Z; X)], whence A(T; X) — C(T; X). Since useful inequalities can directly be transferred
from spaces X to the corresponding spaces A(T; X) (see [7} Prop. 3.1 and 3.2] for example), these
spaces also provide a useful framework for the treatment of nonlinear time-periodic problems. For
simplicity, we also write u € A(T; W4(Q)) it u € A(T; W*4(K)) for all compact sets K C Q.

loc

Next we formulate the function spaces for solutions to the time-periodic problems (1.2) and (1.3). For
fixed 7, A\, w > 0 and g € (1, 2), we define the space for the time-periodic velocity field by

1, (T x Q) = {u €A(T; W2(Q)°) -

V2u, Oyu + w(ey Au — e; Az - Vu), dyu € A(T; L)),
u € A(T; L27C9(Q)), Vu € A(T; L*/9())}.

DOI 10.20347/WIAS.PREPRINT.2888 Berlin 2021



T. Eiter 6

The function class for the pressure is independent of A\, w > 0 and given by
YT x Q) == {p € A(T; W,2()) : Vp € A(T; L)), p € A(T; L*/C-9(Q)) }.

For the analysis of the resolvent problem (1.1), the function class for the velocity fields additionally
depends on s € R and is defined by

Xq

AW, 8

(Q) = {v e W(Q)* : V?v,isv + w(ei Av — e Az - Vv), div € LU(Q),
vE L2q/(2—q)(Q)’ Vo € L4Q/(4—Q)(Q)}’

and the corresponding pressure is characterized by

YQ) = {p e Wpi(Q) : Vp € LUQ), p e LGB ()},

loc

These spaces are constructed in such a way that if a 7 -time-periodic function u belongs to X/{"’w(’ﬂ‘ X
(2), then its k-th Fourier coefficient uy = Fr[u(k), k € Z, belongs to X5 , () for s = 2Lk,
Similarly, Fourier coefficients of elements p € V(T x 2) belong to Y(£2).

3 Main Results

Here we collect our main results on the well-posedness of the resolvent problem (1.1) and the time-
periodic problems (1.2) and (T.3). For the whole section, let Q2 = R? or Q C R3 be an exterior domain
with C3-boundary. At first, we address the resolvent problem (T.1).

Theorem 3.1. Let A > 0,5 € Rand0 < w < wy, and letq € (1,2) and g € L9(2)3. Then there
exists a unique solution (v, p) € X4 () x Y4(Q) to (1), which obeys the estimate

A,w,s
|dist(s, wZ) v, + ||isv + w(e; Av — ey Az - Vo) ||, + [[V20]l4 + M|Oro|l,

(3.1)
+1Vpllg + XV llagsa—g) + A2 0ll2g/—0) + 1Pll30/6-0) < Cllgllg

for a constant C' = C(Q, q, \,w, s) > 0. If0 > 0 such that
AN < Omin{|s — wk| : k € Z, s # wk}, (3.2)

then C' = C(Q,q, \,wo,0) > 0, that is, C' is independent of s and w. If additionally ¢ € (1,3/2),
then C' can be chosen uniformly in s, w and A, that is, such that C' = C'(2, ¢, wp, 0) > 0.

Observe that we may reformulate (3.2) as

Ow if s € WZ,

N < 0dist(s,wZ\ {s}) = {Gdist(s wZ) ifs & W

One readily sees that there is no # > 0 such that this condition is satisfied for all s € R at the same
time. Therefore, Theorem [3.1] does not allow to choose the same constant C for all s € R. As ex-
plained in the introduction, this lack of a uniform constant is not surprising since the same phenomenon
occurs for (1.5), the Oseen resolvent problem without rotation, as s — 0.

To obtain a T -periodic solution to in terms of a Fourier series, a uniform constant for all s € 227,
is necessary. As follows from Propositionbelow, condition can only be satisfied for all s € %

if the quotient 2?’T/w is a rational number. This observation leads to the following existence result for
the time-periodic problem (1.2).
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The Oseen resolvent problem for flow past a rotating obstacle 7

Theorem 3.2. Let T, A > 0and0 < w < wy, and letq € (1,2) and f € A(T;LI(Q)3). If
2 Jw € Q, then there exists a unique T -periodic solution (u,p) € X} (T x Q) x Y4(T x Q) to
(1-2), which obeys the estimate

10su + wler Au — er Az - V) || acrrag)) + V20l acrra) + Al dvul|acmpaw))
+ Vol acsLa) + )‘1/4||vu||A(T;L4‘I/(4*‘1)(Q)) + )‘1/2||u||A(’JT;L2‘1/(2*q)(Q)) (3.3)
+ [Pl acrrsee-o @) < Cllfllamia)
for a constant C' = C(Q, g, \,w, T) > 0. If@ > 0 such that
27
-

then C' = C'(2, q, \,wp,0) > 0, that is, C' is independent of T and w. If additionally q € (1,3/2),
then C' can be chosen independently of w, T and A, that is, such that C = C(€2, q,wy, 0) > 0.

A< Qmin{a >0:a€ =Z+ wZ}, (3.4)

Observe that, due to the linear structure of Q%Z + wZ, the condition (3.4) can be reformulated as

2
A <fmin{|a —b|:a,b e %Z—I-WZ, a#b}

or
2
A? < fmin{|s —wk|: s € %Z, k€Z,s+#wk}.

This shows that is directly obtained from by taking the minimum over all s € 2%2. As follows
from Proposition below, existence and positivity of this minimum are ensured by the restriction to
2%/w € Q. As explained above, this restriction is due to the lack of a uniform estimate for the resolvent
problem as s approaches wZ.

Remark 3.3. In contrast to the other terms on the left-hand side of (3-1), the term ||dist(s, wZ) v||,
does not directly correspond to any of the terms in (3-3). However, if we let A; .= {k € Z : 2?“/’{: €
wZ} and Ay == {k € Z : %k ¢ wZ} and decompose the velocity field u as

27 27
u=u +u?, uV = E uy et u? = E wg €7 R
keAq keAs

then our proof below also yields the estimate
n{a>0:0€ 22 +uz}[u?], < S|
min+ a . a T w u g = q
As mentioned above, the existence and positivity of the minimum is due to 2?’r/w € Q.

For the treatment of the nonlinear problem (1.3), first observe that A and w appear as data on the
right-hand side of (1.3)5. Therefore, to obtain a solution to for “small” data, it is important that the
constant C' in the a priori estimate can be controlled as A\, w — 0. By Theorem this is the
case if holds and ¢ < 3/2. Under these conditions and suitable smallness assumptions, we can
derive existence of solutions to the nonlinear problem (1.3).

Theorem 3.4. Letq € [,2],p € (%, 1] and T, 0, k > 0. Then there exists \g > 0 such that for

all \,w > 0 with 2 /w € Q and
2
A< N, W< KN, )\2§9min{a>0:a6%Z—|—wZ}, (3.5)
there exists ¢ > 0 such that for all f € A(T;L4(Q2)?) with || f||a(r,La)3) < € there is a solution

(u,p) € XY (T x Q) x YT x Q) to (I-3).
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T. Eiter 8

For the proof we will proceed as in [7], where the case w = 2% was treated, and combine the lin-
ear theory from Theorem with a fixed-point argument. Note that by following [7], one could also
allow for a time-dependent translational velocity, where \ in is replaced with a time-periodic
function ao: T — IR that satisfies suitable smallness conditions and has a non-zero mean value
A= fT adt > 0.

As explained above, (3.5) cannot be satisfied for A > 0 if 2%/w ¢ Q, since this implies that inf{a >
0:a€ 2Z+wZ} = 0. Incontrast, if 2 /w € Q, one can find suitable parameters X, w to satisfy
(8:5). Indeed, if 2% /w = ¢/d with ¢, d € N coprime, then

w 2w
d Tc
To satisfy (3.5) for given 7 > 0, one can thus fix d € N and decide w by choosing a number ¢ € N

coprime to d and so large that A\?/0 < 2t /c = w/d < kM?/d, which is possible if A\ > 0 is
sufficiently small.

min{a>0:a€2%Z+wZ}zgmin{a>0:a€cZ+dZ}:

Now a natural question is what happens for 27’T/w ¢ (Q and whether the exclusion of this case in
Theorem[3.2land Theorem|[3.4]is only a remnant of our proof or a necessary condition for the existence
of a T -time-periodic solution. The conjecture that it might be necessary is supported by the following
result. It shows the existence of a right-hand side f such that a time-periodic solution to the linear
problem satisfying an estimate of the form cannot exist in the case ¢ = 2 and Q = R?.
Actually, we show two non-existence results, one in the setting of absolutely convergent Fourier series
of the previous theorems, and one in the more general setting of L?(T x R?) functions.

Theorem 3.5. LetQ) = R? ¢ =2 and \,w,T > 0 such that % jw & Q.

i. Thereis f € A(T;L?(R?)%) such that there exists no time-periodic solution (u, p) € Li, (T x
R3)3*1 to with Oyu + w(e; Au — ey Ax - Vu), VZu, d1u € A(T; L2(R?)3).

ii. Thereis f € L*(T x R?)3 such that there exists no time-periodic solution (u,p) € L{. (T x
R?)**+ to (T:2) with Oyu + w(ey Au — ey Az - Vu), V2u, dyu € LA(T x R3)%.

In order to prove these non-existence results, we construct a counterexample that shows that there is
no uniform resolvent estimate if A > 0, ¢ = 2 and £ = R3. More precisely, we construct a sequence
of resolvent parameters, right-hand sides and corresponding solutions to the resolvent problem (1.1)
that violates the existence of a uniform constant in estimate with ¢ = 2.

Theorem 3.6. Let ) = R3 ¢ = 2 and \,w > 0. Then there exist sequences (s,) C R and
(gn) C L2(R®)® and a sequence of solutions (v,,p,) C Wi2(R?)3 x W22(R?) to (TA) (with

loc loc

s = s, and g = g,,) such that V*v,,, isv, + w(e; Av, — e Az - Vu,), dyv, € L2(T x R?) and
lisnvn + w(er Av, —er Az - Vu,)||l2 > C’nl/QHgan (3.6)

for a constant C' independent of n. Moreover, for any o« > 0 such that a/w ¢ Q, we can choose
(sn) C aZ with dist(s,,wZ) — 0 asn — .

4 Preliminaries

Before we start with the proofs of the main theorems, we collect some auxiliary results in this section.
We begin with the following estimates, which may be regarded as anisotropic versions of Sobolev’s
inequality. For the sake of generality, we consider the n-dimensional case.
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The Oseen resolvent problem for flow past a rotating obstacle 9

Lemma 4.1. Letn € N, n > 2 and g € (1,00). Then there exists a constant C' = C(n,q) > 0
such that for all A > 0 and allv € W4(R™) with Vv, d1v € LI(R"™) and v € L7 (R") for some
r € [1,00) it holds

AV/EFD |7y, < Cl|Av + Aoyvl|, ifq € (1,n+1), (4.1)
1
XDy < ClAv + Adyll, g e (1" ) @2)
where
(n+1)q (n+1)q
51 = ———, Sg = ————,
n+1l—gq n+1—2q
Proof. At first, assume that v € .’(R™). Then we can express v and d;v, j = 1,...,n, by means

of the Fourier transform such that
A9 = Fg! [m1 e [Av + X010]], A2y = ] (Mo Frn [Av + AO]]

with 1/(n+1) 2/(n+1)
AATHES A“n

() =5 m) =
i — [€] iA§ — €]

As in the proof of [10, Lemma VI11.4.2], one readily deduces from Lizorkin’s multiplier theorem that m,

and me are Fourier multipliers such that

Vge SR : || Fpt i Fraldl] ||
Vge SR : || Fpt [me Fraldl]||

<Clglly fg<n+1,
<Cllglly g < (n+1)/2

S1
52

where (' is independent of \. Together with the above representation formulas, this property directly
implies (#.1) and @.2) for v € . (R™). For general v € L"(R") with V?v, djv € LI(R"™), the
inequalities now follow from an approximation by functions from . (R"™). O

The following elementary result will explain how the restriction 2?’r/w € Q comes into play in the
existence result of Theorem

Proposition 4.2. Let ov,w > 0 and define M := {ko + lw : k,{ € Z}. Then M is discrete in R if
and only if /w € Q, and M is dense in R if and only if /w & Q. In particular,

min{a>0:a€M}>0 ifa/w e Q,

0 ifa/w & Q. 9

inf{a>0:a€M}:{

Proof. Itis well known that N := {kﬂ +/0: k€ Z} C Ris discrete if 5 € QQ, and N is dense if
S ¢ Q. Choosing 3 = a/w, we have M = wN, and the whole statement follows directly. O

For the construction of the sequence of resolvent parameters in Theorem [3.6, we use that we still
obtain a dense set after restricting to odd multiples of w if «/w & Q.

Corollary 4.3. Letov,w > 0 witha/w & Q. Then aZ + w(2Z + 1) is dense in R.

Proof. Let a € R. Since (2a)/(4w) € R\ Q, Proposition shows existence of sequences
(bn), (cn) C 2aZ + 4wZ such that b, — a and ¢, — a — 2w as n — oo. We define a,, =

(by + ¢ + 2w). Then (a,) C 0Z + 2wZ + w = oZ + w(2Z + 1) and a,, — a as n — oc. This
completes the proof. O
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5 The resolvent problem in the whole space

We begin to study the resolvent problem (T.7) in the case (2 = R3, where it reduces to

5.1
divo =0 inR3. S

{z’sw +wler Av—e Az - Vo) —Av—Xov+Vp=g inR?
This investigation prepares the analysis of the exterior-domain problem (1.1) in the subsequent sec-
tion. Moreover, it allows us to establish solutions to the associated time-periodic problem (1.2) for
Q) = R3. For this purpose, it is important to keep track of the constants in the resolvent estimates for
(5.1). The main result of this section reads as follows.

Theorem 5.1. Letq € (1,00), and let A > 0, w > 0 and s € R. Foreach g € LY(R3)? there exists
a solution (v, p) € W4 (R3)? x WY(R?) to (B.1) that satisfies

ocC O

||dist(s, wZ) v||, + ||isv + w(er Av —e; Az - V)|,

(5.2)
+ V20l + Al0wlly + [ Vpllg < Cllgll,
as well as
)‘1/4||VU||4C1/(4—Q) < OHqu ifqg <4, (5.3)
IVOll3q/3-q) + IPllsg/3-0) < Cliglly g <3, (5.4)
A2 [0llag/2-q) < Cliglly — ifg <2, (5.5)
[v]l3g/(3-29) < Cliglly g <3/2 (5.6)
for a constant C' = C'(q, \,w, s) > 0 given by
CoP(N? if 7z
o )Co ( /w? e Cwa, (5.7)
CoP (N?/ dist(s,wZ)) ifs ¢ wZ,

where Cy = Cy(q) > 0 is a constant only depending on q, and P(0) = (1 + 0)3. Moreover, if
(w, q) € LL _(R®)3*! is another distributional solution to (5.1), then the following holds:

loc
i IFV?*w, isw + w(e; Aw — ey Az - Vw), dyw € LI(R3), then

isw 4+ w(e; Aw — ey Az - Vw) = isv + w(e; Av — ey Az - Vo),
Viw =V, 0w =0v, Vq= Vp.

ii. Ifq<2ors ¢ wZ,andifw € L"(R3)3 for somer € [1,00), thenw = v andq = p + c for
some constant ¢ € R.

For the analysis of (5.1) we first study the auxiliary problem

(5.8)

isu+ Ou— Au—MNu+Vp=f inT x R3,
divu=0 inT x R

As before, the torus group T := R/7TZ indicates time periodicity of all functions with a given period
T > 0. Problem (5.8) has the advantage that, in contrast to the original time-periodic problem (1.2),
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The Oseen resolvent problem for flow past a rotating obstacle 11

the associated differential operator has constant coefficients. Therefore, one can readily derive a rep-
resentation formula for its solution in terms of Fourier multipliers. Since problem is formulated in
the locally compact abelian group G := T x R3, we also use multiplier expressions in GG. One tool
to derive ¢ multiplier estimates in this framework is the so-called transference principle, which goes
back to de Leuuw [2] and, in a generalized form, to Edwards and Gaudry [4, Theorem B.2.1]. For an
introduction how to employ this theory in the context of the Navier—Stokes equations, we refer to [6].
Here we use the following version of the transference principle.

Theorem 5.2. LetG := T x R? and H := R x R>. Foreach q € (1,00) there exists a constant
C, > 0 with the following property: If a continuous function M : H — C is an LY(H ) multiplier, that
is,

Vhe S(H): ||F;'[M Fulh)

”Lq(H) < C'MHhHLQ(H)

for some Cy; > 0, then the restriction m = M }ZXRS is an LY(G) multiplier such that

Vg€ L (G): || [m Felol] || ue < CaCrllglliae).

With this theorem one can reduce Fourier multipliers in the group G = T x R? to Fourier multipli-
ers in the Euclidean setting H = R x R3, where tools like the multiplier theorems by Mikhlin and
Marcinkiewicz are available. We use this method to derive L? estimates of solutions to in the
context of the following existence theorem.

Theorem 5.3. Letq € (1,00), let A, T > 0 ands € R, and setw := 2X. Foreach f € L(TxR?)?
there exists a solution (u, p) with

u € WH(T; LY (R*)?) N LUT; Wid(R%)?),  p € LYT; W 2(R?))

to (5.8) that satisfies

Idist(s, wZ) ully + llisu + Opully + [VZullg + Mdrully + I Vells < Cllfll, — (59)

as well as
NNVl parpava-o@sy < Clfllg — ifg <4, (5.10)
IVullyarsa -0 @y + IPlLamisse-orsy < Cllfllq  ifg <3, (5.11)
>‘1/2HUHL‘Z(T;LQ‘I/@*‘Z)(RQ*)) <Clflly ifg<2, (5.12)
||u||LQ(T;L3q/<3—2q)(R3)) < OHJCHq ifqg < 3/27 (5.13)

for the constant C' > 0 from (5.7). Moreover, if (w,q) € LL (T x R3)3*! is another distributional
solution to (5.8), then the following holds:

i IFV2w, isw + dyw, dyw € LY(T x R3), then

isw + dyw = isu + Oyu, Viw = VZu, ow = O1u Vq=Vp.

i. Ifq < 2ors ¢ wZ, and ifw € LY(T;L"(R3)3) for some r € [1,00), then u = w and
p = q + d for a (space-independent) functiond: T — R.
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Proof. We mainly follow the proof of [5, Theorem 4.1], where a similar existence result was shown for
(5.8) in the Stokes case A = (. However, the derivation of the estimates (5.9)—(5.13) is more involved
in the present case A > 0.

At first, let s € R and consider ¢ € Z such that |s — w/| < w/2. Wesets = s —wl and f(t,z) =
f(t, z)e“", and assume that (1, p) is a solution to satisfying (5.9)—(5-13) with s and f replaced
with 5 and f, respectively. Then (u, p) with u(t, z) = u(t, z) e " and p(t,z) == p(t,z) e
satisfies the original problem and the corresponding estimates (5.9)—(5.13). This shows that it
suffices to only consider s € R with |s| < w/2.

For 0 < |s| < w/2, we first consider f € .7 (G)3, where G := T x R3. To derive a representation
formula for p, we compute the divergence of (5.8),, which leads to Ap = div f and, by means of the
Fourier transform %, the identity —|£|>.Z¢[p] = i€ - F¢[f]. This yields

ﬁ%m], Vp = 75 {%%m]. (5,14

In particular, p is well defined as a distribution in ./(G) in this way, and the continuity of the Riesz
transforms L4(R?) — L(R?) implies

pzﬁél[

IVelly < Cliflly: (5.15)

Next we apply the Fourier transform to (5.8); and conclude

u=7; [mﬂ’g[f — Vp]] = 7! {m([ — £|§)2§>35G[f]] (5.16)

with
1

m:ZxR* =R, mk§) = —— , .
is +iwk — A& + €]

Since 0 < |s| < w/2, the denominator of m has no zeros (k,£) € Z x R? and is bounded, so that
u is a well-defined distribution in .#’(G). Moreover, we derive the formulas

isu= 75" :mo <I - %)9@“@ ) mo(k, €) = is + iwk —iiAél + 1€
o= 75" m <l - ﬂif)%m} o k)= e i_wggl + e
o= 53t (1= ) $etn]- - matt) = e
= 75 {1 - ggf)‘%[f [ i = e G

For the L? estimates, we now employ the transference principle from Theorem We focus on mg
in the following, the other multipliers can be treated in a similar fashion. We introduce x € C>(R)
with 0 < x < 1 and such that x(x) = 0 for |z| < 1/2 and x(x) = 1 for || > 1, and we define
My: R x R® — C by

iNG x(1+22)
N(n,§)

M,(n,€) = N(1,€) = is + iwn — iAE + [€]%.
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The Oseen resolvent problem for flow past a rotating obstacle 13

The numerator vanishes in a neighborhood of the only zero (1,£) = (—s/w, 0) of the denominator
N. Hence M, is a well-defined continuous function with M5 = my. Moreover, M, vanishes for
|s +wn| < |s|/2, and for |s + wn| > |s|/2 we have

‘ZXRS

1
s +wn| > 2M&] = [N(m,&)| = |s +wn — A&| > 5ls +wnl,

s +wn| <2M&] = [N, )| > [¢* > W!Sﬂml > 8A2|‘9+°‘”7|
so that | | \2
S+ wn
<C(1+
INamer = U
Using this estimate, for |s + wn| > |s|/2 we further obtain
E jwn] A& N
+ + <C(l1+—).
N0 81 NG T e = U )

With these estimates at hand, one shows that

(0% (6% )\2 ’
sup{ |n gﬁananQ(n,gﬂ a€{0,1}, 3 €{0,1}°, (n,§) e Rx R*} < 0(1 - M)
By the Marcinkiewicz multiplier theorem (see [17), Corollary 5.2.5] for example) we thus conclude that
My is an LI(R x R?) multiplier, and the transference principle (Theorem implies that m is an
L%(G) multiplier with

15 maeldl]ll, < 0(1 3 |) Il

forall g € .7(G), where C' = C(q). In the same way, we show that 1, m; and m, are multipliers
with associated norms bounded by C'(1 + A?/|s|)3. By combining these estimates with the continuity
of the Riesz transforms, the above representation formulas yield

A2
lisully + 1 Orullg + [IV2ullg + Allorully < Co| 1+ 7 IIqu
Js|

with a constant Cy = Cy(q). Since 0 < |s| < w/2, the combination of this estimate with yields
(5.9). Finally, and follow from Sobolev’s inequality, and and are implied by
Lemmal[4.1] In summary, for f € .%(G) we have now constructed a solution to with the desired
properties. A classical approximation argument based on the estimates (5.9)—(5.13) finally yields the
existence of a solution for any f € L(G).

Inthe case s = 0, problem (5.8) reduces to the classical time-periodic Oseen system Solutions (u, p)
to this problem were establlshed in [19], and the validity of the a priori estimate (5.9) with a constant
C = CyP(\?/w) was derived in the proof of [7, Theorem 5.1], where P is a polynomial. Arguing as
above, one can show that P’ can be chosen in the claimed form.

For the uniqueness assertion, we let (7, p) == (u—w, p—q) € LL _(G)>™!, which is a solution to
with f = 0. Computing the divergence of both sides of (5.8),, we conclude Ap = 0 and, in particular,
supp .Zg[p] C Zx{0}. An application of Z¢ to (5.8); thus leads to (is+iwk+|&|> =i ). Falu] =
—i€Z¢[p], and we deduce

supp [(is + iwk + £? — iNg) Falu]] C Z x {0}
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Since is + iwk + |£]> — iA&; can only vanish for € = 0, we conclude supp Z¢[u] C Z x {0},
so that supp Fgs|[u](t,-) C {0} fora.a. t € T duetou € L, (G). Hence, u(t, -) is a polynomial
for a.a. t € T. In the same way we show that p(¢,-) is a polynomial for a.a. ¢t € T. In case E] we
additionally have V2, 011, Vp € L4(G), which is only possible if V2% = 0 and 012 = Vp = 0. In
virtue of (5.8),, this also implies ist+ 9, = 0. This shows the statement in case|i]In case i]we have
that @ is a polynomial with u € L!(T; L™ (R3)? + L"(R®)3) where ro = 2¢/(2 — q) if ¢ < 2, and
ro = qif s € wZ. This is only possible if 7 = 0, and returning to (5.8),, we also conclude Vp = 0.
In total, this completes the proof. O

Next we introduce the rotation term and study the problem

{isu+ Ou+w(e; Au—ep Az -Vu) — Au—Aou+Vp=f inT x R3, 5.17)

diveu=0 inT xR?
in the case that w = 2?“ By means of a suitable coordinate transform, we derive well-posedness of
(5.17) by a reduction to problem (5.8).

Theorem 5.4. Letq € (1,00) and A\, T > 0, and letw = 2X. For each f € L(T x R?)? there
exists a solution (u, p) with

u € WH(T; L (R*)?) NLAT; Wil (R°)*),  p € LU(T; Wd(R?))

loc loc loc

to (5.17) that satisfies

||dist(s, wZ) ul|q + [Jisu + Jpu + w(er Au — ey Az - Vu)l,

(5.18)
+ IV2ully + Mowully + Ve, < Cll £l

as well as (5.10)—(5.13) for the constant C' > 0 from (5.7). Moreover, if (w, q) € L (T x R3)3! js
another distributional solution to (5.17)), then the following holds:

i IFV?w, isw + daw + w(e; Aw — e; Az - Vw), dyw € LI(T x R?), then

isw + dw + w(ey Aw — ey Ax - Vw) = isu + Ou + w(e; Au — ey Az - V),
Viw = V?u, oyw = O1u Vq = Vp.

i. Ifq < 2ors ¢ wZ, and ifw € LY(T;L"(R?)3) for some r € [1,00), then u = w and
p = q + d for a (space-independent) functiond: T — R.

Proof. The proof is based on the idea to absorb the rotational term w(el Au — e Ax - Vu) into the
time derivative by the coordinate transform arising from the rotation matrix

1 0 0
Qu(t) =0 cos(wt) —sin(wt) | . (5.19)
0 sin(wt) cos(wt)

Let f € LT x R3)? and define the vector field fby

F(t.x) = Qut) f(t, Qu(t) ).
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The Oseen resolvent problem for flow past a rotating obstacle 15

Then f € L4(T x R3)3 since T = R/TZ with T = 21 By Theorem there exists a solution
(w, ﬁ) to (5.8) (with f replaced by f), which satisfies the estimates (5.9)—(5.73). We now define the

T -time-periodic functions

ult, ) = Qut) ult, Qu(t)r),  p(t,x) = p(t,Qu(t)z).
Since 4[Q,,(t)z] = wei A[Qu(t)z] = Qu(t)[w ey Az] for any 2 € R, a direct computation shows
that (u, p) is a solution to and obeys the estimates (5.78) and (5.10)—(5.13).

For uniqueness, we use the above transformation to obtain solutions (, 5) and (w, ) to (5.8) with
the same right-hand side f. The statement is then a consequence of follows from Theorem O

Observe that, by simply considering s = 0 in (5.17), we would obtain the original time-periodic problem
(1.2), and Theorem yields existence of a unique solution. However, in Theorem [5.4| we required
w = 2% and the presented proof does not allow to choose w and 7 independently. To make this
possible, we first consider time-independent solutions to (5.17), which are solutions to the resolvent
problem (5.1). In this way, we conclude the proof of Theorem 5.1

Proof of TheoremB 1l Set T := R/TZ with T = 2Z, let g € LY(R?)? and define (¢, z) == g(x).
Then f € LI(T x R?)3, and there exists a solution (u, p) to (5.17) by Theorem Computing the
time means

v(x) = /u(t, x)dt, p(z) = /p(t, x)dt,
T T
we obtain a solution (v, p) to (5.1), and estimates (5.2)—(5.6) follow directly from (5.18), (5.10)—(5.13).

Since every solution to (5.1) is a (time-independent) solution to (5.17), the uniqueness statement
follows directly from Theorem 5.4 O

6 The resolvent problem in an exterior domain

After having established well-posedness of the resolvent problem (5.1) in R3, we next consider the
corresponding problem in an exterior domain 2 C R3, that is, the resolvent problem (T1) with a
purely imaginary resolvent parameter is, s € R. We first address the question of uniqueness of
solutions.

Lemma 6.1. Let) C R? be an exterior domain of class C1'1. Let A > 0,w > 0, s € R, and let (v, p)
be a distributional solution to (T.1) with g = 0 and V?v, 0yv, Vp € L4(Q) for some q € (1, 0) and
v e L"(Q2) forsomer € (1,00). Thenv = 0 and p is constant.

Proof. For A = 0, the statement was shown in [5, Lemma 5.1]. For A > 0 one can follow the proof of
[7, Lemma 5.6], which treats the case s € wZ. Therefore, we only sketch the main arguments here.
One first employs a cut-off argument that leads to a Stokes problem in a bounded domain and to the
resolvent problem in the whole space, both with error terms on the right-hand side. Using elliptic
regularity of the Stokes problem and regularity properties for established in Theorem one
can show that

Vr e (1,2):  isv4e Av—e Az - Vo, V3, Vp € L7(Q),
3

Vr € (5,6) . Ve e L' (Q),

Vr € (3,00): veL(Q).
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These regularities allow us to multiply (1.1); the complex conjugate of v, to integrate the resulting
identity over {2z, and to pass to the limit R — oc. This leads to

O:is/|v|2d$—l—/|Vv|2d$,
Q 0

so that Vv = 0, which implies v = 0 in view of (1.1)5. From (1.1); we finally conclude Vp =0. O

Suitable a priori estimates for solutions to (1.1) can be derived by a similar cut-off procedure, which
first leads to the following intermediate result. For simplicity, we only consider the case ¢ < 2, where
estimates of v and Vv are available.

Lemma 6.2. LetQ) C R be an exterior domain of class C'!, and \,w > 0 and s € R. Letq € (1,2)
and g € L1(Q)3. Consider a solution (v, p) to (T1) that satisfies

isv +w(e; Av — ey Az - V), V2, d1v, Vp € LY(Q)?

andv € L"(Q)3, p € L"(Q) forsome r,7 € (1,00). Fix R > 0 such that 92 C Bg. Then (v, p)
satisfies the estimate
|dist(s, wZ) vl|, + ||isv + w(e; Av — ey Az - V)|, + V0]l + Mol + IVDll,
+ ANV lag/a—g) + A 0ll2g/2-0) + IPll30/3-0) (6.1)
< C(llgllg + 1+ A+ w)llvlliges + [Plges + Islv]-140.)

for a constant C' > 0 given by with Cy = Cy(q,Q, R) > 0 and P() == (1 + 6)3.

Proof. The estimate can be shown by a classical cut-off procedure. We skip the details here and refer
to [7, Lemma 5.7], where the special case s € wZ was considered. In the present situation one may
proceed in the very same way by invoking estimates (5.2), and as well as the uniqueness
result from Lemmal6.11 O

Next we show how to omit the error terms on the right-hand side of by means of a compactness
argument in order to derive estimate (3.1). Again we want to keep track of the constant in this a priori
estimate and its dependence on the various parameters. Observe that the dependence on A can only
be avoided if ¢ < 3/2.

Lemma 6.3. In the situation of Lemma the solution (v, p) satisfies the estimate (3.7) for a constant
C=C(q,Qw,s,A\) >0.Ifw € (0,wy] for some wy > 0, and if

AN < Omin{|s — wk| : k € Z, s # wk},

for some 0 > 0, then we can choose C' such that C' = C(q,$,wp,0,\) > 0. If additionally
q € (1,3/2), then C can be chosen such that C = C(q,$,wy,0) > 0. In particular, then C' is
independent of w, \ and s.

Proof. We perform a contradiction argument. Consider the case ¢ € (1, 3/2) at first, and assume
that there is no constant C' with the claimed properties. Then there exist sequences (s;) C R,
(wj) C (0,wo), (Aj) C (0, 00) with

A < Omin{|s; —wk| : k € Z, s; # w;k} (6.2)
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and sequences (v;) C Wi2(Q)3, (p;) € WEI(Q), (g;) € LI(Q)? such that

loc loc
iSjUj + wj(el /\’Uj —e1 A\x - ij) — Al}j - /\j@lvj + Vp] =gj in Q,
dive; =0 inQ, (6.3)
v; =0 ond
as well as
||dist (s}, w;Z) vjllq + [Jisjvj+w;i(er Av; —eq Az - V)|l + ||V2Uj||q + Ajllovvsl4
+ 1Vp;llg + A IV llag/a—g) + A2 (105 ll20/2-0) + 195 ll30/3-) = 1
and
Jim g5l = 0.

Moreover, there are sequences (1), (7;) C (1,00) such that v; € L' (Q)?, p; € L7 (2). Here we
used that the left-hand side of (6.4) is finite due to Lemmal6.2} so that it can be normalized to 1. Note
that (6.2) implies A3 < fw? < 6w forall j € N. Upon the choice of a subsequence, we thus conclude

the convergence of the sequences w; — w € [0,wp], A; = A € [0,VOw], s; = s € [—00, 0]
and dist(s;,w;Z) — 0 € [~w/2,w/2] as j — oo. For the moment, fix R > 0 with 92 C Bg. In
virtue of (6.4) and the estimate

|‘i3jUqu;ﬂR
< lisjv; + wjler Avj — er Az - Vuy)|lgap, + [wi(er Avy —er Az - Vo), (65)
< lisjv; + wj(er Avy — ex Az - Vuy)llg + wo (|0l gs0r + BRIV lgs0r),

the sequences (isvj‘QR), (Uj|QR) and (pj‘QR) are bounded in L(Qz), W>4(Qz) and Wh4(Qp),
respectively. Upon selecting suitable subsequences, we thus infer the existence of w & LfOC(Q)?’,
v € WI(Q)? and p € W%(Q) such that

loc
isjvy =~ w inLYQg), v;—v inW>(Qg), p;—p in W (Qg).

By a Cantor diagonalization argument one can find the limit functions w, v, p that are independent of
the radius R > 0. Moreover, due to the uniform bounds in (6.4), we can assume weak convergence
in the norms on the left-hand side of (6.4), which yields
16vlly + llw + wler Av = ex Az Vo)l + [[V20lly + MlOrolly + [Vl
+ AV lagag) + AVl 20/-0) + [Pll30/3-0) < 1,

and Sobolev’s inequality yields v € LSQ/(?’_Q‘J)(Q) since ¢ < 3/2. Moreover, we can pass to the limit
Jj —o0in and conclude
w+wler Av—e; Az - Vo) — Av—Xov+Vp=0 inQ,
divo =0 in{, (6.6)
v=0 indfd.

We now distinguish the following cases:

i. If |s| < coandw = 0, then w = isv and A = 0 and simplifies to the classical Stokes
resolvent problem with resolvent parameter is. If s # 0, this yields isv = Av — Vp € L({2),
so thatv € W4((). Uniqueness in this functional framework is well known, so thatv = Vp =
0; see [9] for example. If s = 0, then coincides with the steady-state Stokes problem, and
v € L39/320(Q)) implies v = Vp = 0; see [10, Theorem V.4.6] for example.
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ii. If|s|] < ooandw > 0, then w = isv and coincides with (1.1) with g = O and A > 0.
From Lemmalp.1]and v € L3%/(3=29)(Q2) we now conclude v = Vp = 0.

iii. If |s| = oo, we note that estimates and imply ||v;llgo, < C/|s;| for some R-
dependent constant C'. Passing to the limit j — oo and employing that R was arbitrary, we
deduce v = 0 and reduces to w + Vp = 0, which, in particular, yields w € L7((2).
Since we also have divw = 0 and w}aﬂ = 0, this equality corresponds to the Helmholtz
decomposition in L4(€2) of the zero function, which is unique, so that w = Vp = 0.

Allthree cases leadto w = v = Vp = 0,and p € L3%/(3~9(Q) further implies p = 0. By Lemmal6.2]
we further have with v, p, g replaced with v;, p;, g; and the constant C' given by C' = Cy(1+4-6)>.
In particular, C' is uniformin j € N. Employing and passing to the limit j — oo in this inequality,
we thus deduce

1< C((l + A+ W)HUHLq;QR + ||p||q;QR + ||w||—1,q;QR) =0,

which is a contradiction. This finishes the proof for ¢ € (1,3/2).

In the case ¢ € (1,2), where the constant C' may depend on ), the proof follows nearly the same
lines, but we consider a fixed value A > 0 instead of a sequence (\;). Therefore, the case A = 0
cannot occur in the limit system and we have v € L29/(2=9(Q), which is sufficient to deduce
w = v = Vp = 0 as before and to conclude the contradiction argument. O

We next show the existence of a solution to the resolvent problem (1.1) for a smooth right-hand side
g.

Lemma 6.4. Let() C R? be an exterior domain of class C3. Let \, w > 0, s € R and g € C()3.
Then there exists a solution (v, p) to (T.1) with

Vg e (1,2): (v,p) € X%, () x Y(Q).

Aw,s

Proof. In the case s € wZ, existence was shown in [7, Lemma 5.11] in full detail based on energy
estimates and an “invading domains” technique as well as the .7 estimates (3.7), which we established
in Lemma6.3] The proof for general s € R follows along the same lines, and we only give a rough
sketch here.

First of all, we choose R > 0 such that 9€) C Bg. Form € Nwith m > R we consider the resolvent
problem (1.7) in the bounded domain €2,, = 2 N B,,,, which is given by

18Uy + w(eg Avy, — e1 AZ - Vug,) — Avy, — X010 + Vpm = g in Qp,
dive, =0 inQ,,,
Uy =0 on 08,,.

By formally testing with the complex conjugates of v,,, and Pq,  Av,,, where Pq, is the Helmholtz
projection in L%(€2,,,), one can then derive the a priori estimates

[vmll6:2 + VUM l2:0,, < Cllglless,
1Pq,, Avmllzi0, < C(llglless + llgll2).

where the constant C' > 0 is independent of m. In order to derive a uniform estimate on the full
second-order norm, we employ the inequality

Vw2, < C([Pa, Awlze, +IVw]2a,,)
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for all w € Wy?(Q,,)? N W22(Q,,,)? with divw = 0. Since we assumed 9 € C?, the constant
C can be chosen independently of m; see [18, Lemma 1]. Using these formal a priori estimates, one
can then apply a Galerkin method, based on a basis of eigenfunctions of the Stokes operator on the
bounded domain 2,,, to conclude the existence of a solution (v,,, p), Which satisfies the a priori
estimate

lvmllosen + 1V0m 120, < Clllglless + lgll2),

where C' is independent of m. After multiplication with suitable cut-off functions, one can then pass
to the limit m — oo, which leads to a solution (v, p) to the original resolvent problem (T-1). Finally,
another cut-off argument that uses the uniqueness properties from Lemma [6.1|reveals that (v, p) €
X 0.s() x YI(Q) forall g € (1,2). O
Now we can combine the previous lemmas to conclude the proof Theorem[3.1]by a final approximation
argument.

Proof of Theorem[31l In the case 2 = IR3 the statement follows from Theorem|5.1labove. If Q C R3
is an exterior domain, the uniqueness statement is a consequence of Lemma|6.1] and estimate
was shown in Lemmal6.3} For existence, let g € L(£2)* and consider a sequence (g;) C C3°(2)*
converging to g in L(2). By Lemmathere exists a solution (vj,p;) € X{ . (Q) x YI(Q) to

A,w,s

(T3) with g = g; for each j € N. From Lemma [6.3| we infer that (v;, p;) is a Cauchy sequence in
X9 () x YI(Q). Since this is a Banach space, there exists a unique limit (v, p) € X% (Q) x

A\w,$ AW,

Y4(£2), which is a solution to (1-.7). This completes the proof. O

7 Existence of time-periodic solutions

Now we consider the linear and nonlinear time-periodic problems (1.2) and (1.3), and we prove the
existence results from Theorem[3.2]and Theorem 3.4] We begin with the well-posedness of the linear

problem (1.2).
Proof of Theorem[3.2 Let f € A(T;L%(Q2)?), and let f;, € LY(Q)3, k € Z, such that
flta) =" fila) e FH
keZ

By Theorem , for each k € Z there is a solution (uy, pi) € X Q) xYQ) to

¢m%§k<

z%’rkuk + w(e; Aug — e; Az - Vug) — Aug — Aoyug + Vpr = fir inQ,
divup, =0 in{, (7.1)
ur, =0 onof,
which satisfies
|12 kuy, + w(er Aug — €1 Az - V) ||g + | Vugllq + |V
+ [IVurllsq/s-q) + l[urllzq/3-20) + IPrllsg/3-0) < Cllficllg-
Since 2?’r/w eqQ, Propositionimplies that condition can always be satisfied for some 6 > 0.

Moreover, (3.4) implies (3.2) for all s € Q%Z, so that the constant C' can be chosen independently of
k € Z. Therefore, the series

ult,2) =Y up(2) TR, p(ta) =Y pilx) e T,

keZ keZ
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define a pair (u,p) € Af, (T x Q) x YI(T x Q), which satisfies estimate (3.3) with the same
constant C' and solves the time-periodic problem (1.2).

To show the uniqueness statement, consider a solution (u,p) € XY (T x Q) x V(T x Q) to (T-2)
with f = 0. Then the Fourier coefficients (ux, pr.), k € Z, are elements of X{ ,. (Q2) x Y(Q)
’ ?T

and satisfy (7.1) with fx = 0. From Theorem 3.1 we thus conclude (ug, p) = (0,0) for all k € Z,
so that (u, p) = (0, 0). This shows uniqueness of the solution and completes the proof. O

Next we provide the proof of Theorem|[3.4]on the existence of a solution to the nonlinear problem (1.3)
for “small” data, which is based on a fixed-point argument.

Proof of Theorem|3.4. The proof largely follows that of [7, Theorem 2.3], where existence of a solution
to (T-3) was shown for 2% = w, which is why we skip the details here.

Let R > O suchthat 92 C Bg,andletp € C(R?) suchthat p(z) = 1for |z| < R,and p(z) =0
for |z| > 2R. Define U(z) == s rot[(Ae; Az — wey |z|*)¢(x)]. Then (u, p) is a solution to if
and only if (w, q) == (u — U, p) is a solution to

dw 4+ w(ey Aw — ey Az - Vw) — Aoiw — Aw+Vq=f+N(w) inT x Q,

divw =0 inT x €,
w=0 on T x 011, (7.2)
lim w(t,z) =0 fort € R,

|z| =00
where
N(w) = —w(e; AU —e1 Az - VU) + AU + AU — (w+U) - V(w + U).

It now suffices to show existence of a solution (w, q) to (7-2).

On the space XY (T x ) we define the norm ||-{|;,» ., by
12llgpne = IV22llampa) + 10:2 +w(er Az — er Az - V2) | acrnac)) + MOr2[|acrrae))
+ A2 2 apiaare-o @) + AV 2] artara-o @)

As in [7, Proof of Theorem 2.3], one then derives the estimates

3q

IV(2)lamzow) < C(A+ @)X+ A+ w+ [2llgaw) + 277 [l21500),

_3¢-3
IV (21) = N (z2)llaasy < CA+w+ A7 (laallgaw + [122llaaw)) 121 = 2llgrw

forall 2, 21, 22 € XY (T x Q) and ¢ € [13, £], where C'is independent of A and w.

Since we assume 2;”/@) € Q, Theoremprovides the existence of a solution operator S: LI(T x
Q)* — &Y (TxQ) that maps aright-hand side f € L(Tx)* onto the velocity field u € XY (T x
Q) of a solution (u,p) to (T:2). We further introduce the set A5 := {z € XY (T x Q) : [Iz[lgr0 <
d}. Then (w), q) is a solution to if w is a fixed point of the mapping F: A5 — &Y (T x ),
2+ S(f+N(2)).Nowlet \g > 0and 0 < w < wp = kAj and assume that as well as
| fllacmLaca)) < € are satisfied. In virtue of the previous estimates and Theorem 3.2} we then obtain
a constant C, independent of A and w, such that

3q9q—3

[F(2)lgrw S Cle+ A+ EN) L+ X4+ EN +6) + A7 7 %),
IF(21) = F2)lgrw < CA+ KN + X775 6) |21 — 2ol g
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for C'independent of A and w and for all z, z1, 29 € As. From these estimates one readily derives that
F: As — Ajis a contractive self-mapping if we choose € = A2, § = M for some u € (%, p),
and 0 < A < )\ sufficiently small. The contraction mapping principle then yields the existence of a

unique fixed point w € As, which finally shows the existence of a solution (u, p) to ({-3). O

8 Construction of the counterexamples

In this section we shall prove Theorem [3.5]and Theorem We first address the latter and construct
an explicit counterexample, which is a modification of the sequence from the proof of [3, Theorem 3.1],
where the Oseen problem (1.5) was considered.

Proof of Theorem[3.8. Fix A > 0 and consider a sequence (7,,) C R with % <o, < % Since we
assume that o/w ¢ Q, Corollaryenables us to choose o,, = ak, + wl, for k,, ¢, € Z with ¢,
odd. Moreover, we have that s,, .= ak,, satisfies |sn\ > % for all n € N sufficiently large. Indeed, if
|sn| < £, then 0 < wl,, < 3, which is impossible for large n € N and ¢,, € Z.

For simplicity, we denote the spatial Fourier transform of a function ¢ € L2(R?) by ¢ := .Fs[y]. By
Plancherel’s theorem, we can define a sequence (G,,) C L?(R?)3 by

Gule) =71, (9 552,

where £’ == (&, &3) and

L= (g7 5) X An,  Ap={& = (&,6) eR*: || < 1, & >0},

We have |A,| = 575 and |I,,| = =, which yields
I1Gallz = Gl = n°|La] = 3. (8.1)
Now set |

Z'O-TL + |§|2 - Z/\é-l

Since 0, # 0, this defines a sequence (V,,) C L?(IR?)? by Plancherel’s theorem. With a similar
argument, one shows V?V,, € L?(R?). Additionally, V,, satisfies

io, Vi, — AV, — AWV, =G,, divV,=0 inR?, (8.2)

where we used g@n(g) = 0. In particular, we also have 9, V,, € L?(R?), and V,, satisfies a classical
Oseen resolvent problem (with pressure P, = 0). As in our approach in Section [5, we now transform
this solution into a solution to the resolvent problem (5.1). To this end, we recall the rotation matrix ().,
from (5.19), and we let 7, = %’r and T = R/7,,Z denote the associated time period and torus group.
Set

Upn(t, z) =V, (x) ™t Fo(t, 1) = G, (x) ™,
un(t,2) = Qu(t) Un(t, Qu(t)z), falt,2) = Qu(t) Fu(t, Qu(t)x),
v () = /Tun(t,x) dt, gn(z) = /Tfn(t, x)dt.
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First of all, we have 0,U,, = w/(,,V,, = (s, — iak,)V,, so that iak,U,, + 0,U,, V?U,, 01U, €
L%(T x R?) and

iak,U, + 0,U, — AU, — \oyU, = F,, divU,=0 inT xR

Mimicking the calculations from the proof of Theorem [5.4, we can further deduce that we have
iakyu, + O, + w(ey Au, — 1 Az - Vuy,), VZu,, Oju, € L*(T x R?) and

iakny, + Optty, + w(ey Ay, — e AT - V) — Ay — MOy, = fr, divu, =0 inT x R

Computing the time means over T, we now deduce iak,v, + w(e; Av, — e; Az - V), V2,
v, € L*(R?) and

iak,v, +w(ey Av, — el Az - Vo) — Av, — Av, = gy, dive, =0 inR?.

Hence, (v, p) = (vy, 0) is a solution to the resolvent problem with g = g, and s = s, = ak, €
aZ, and it belongs to the asserted function class. It thus remains to show inequality (3.6). At first, let
us address the right-hand side. Using that .%#s is an isomorphism L?(R?) — L?(R3) and commutes
with the transformation induced by @, (t), we obtain

2
/T 17, (Q,(t)€) et dt| de.

gnll? = /]R3’/TQw(t)Tén(Qw(t)f) giwint dt‘Qdf =n’ /}R3

To first compute the integral over T, we fix £ € R? for the moment, let n = (&1, |€/|,0) and choose
¢ € [0, 7,) such that Q,,(¢)n = &. Employing the equivalence

we infer

/ 1, (Qu()E) et df = / 11, (Qult + @)n) 0 dt = ~tns / 17, (Qu(t)n) €4t
T T

T

2 n’ An

: 1 [,
— a—wlnp " — iwlnt
e e A)(fl)ﬂ[&%)ﬂf ) T/o et dt

=g D T 601D
Since ¢, is an odd number, we have €™» = —1 and conclude
2
J i@t al = 10 111 (€D 83
which leads to
9 n? , 1
lonll = =2 [ 1(x 1)@, 1 (€D 0 = 5o 84

Now let us turn to the left-hand side of (3.6). Arguing as above, we obtain

~ . 2
/T Qu(t) TV, (Qu(t)E) et dt| d¢.  (8.5)

|ick, v, + w(er Av, —e1 Az - V)5 = si/
R3
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Again, we focus on the integral over T at first. From the definition of 17n and the invariance properties
|Qu ()] = €] and Q,,(t) e; = ey, we deduce the identity

2 1 R ) 2
- / | QU G(Qu(t)E) At

A pis, + 1€ —irg

n3 iwly,
= |i8n N |€‘2 B z')\flf ’/’I[‘ ILM(QLU(”S) (§]

n3 1

T e yisn + e - z‘A&(Q Mok O ey 1D

/T Qu(t) TVu(Qu(1)E) 6t

where we invoked (8:3) for the last equality. For 51— < & < 5= and [¢'] < < we have s, — A&, >
E — A& > 0, and we can estimate

1 1 1
2, . o pp 2 1y (L \g)2 T 2 1\
||§| +’L(8n )\fl)’ <€1+n2) ( 61) 51_’_ +( 51)
1
>
el ( /2n42§il+2 4 1 )\51)27

where the relation a? + b* < (a + b)? < 2(a® 4 b*) fora, b € [0, c0) was employed in the last two
estimates. Returning to identity (8.5), we have thus shown

s2n3 [3n 1
liak,v, + w(er Av, — ey Az - V)3 > 2 / / d¢'d&,
7T2£% ﬁ ‘EIK% (—\/27:2511—1—2 i % _ )\51)2

sin [n 1
e - dg;.
s (PR )

n2

With the transformation £; = % we further obtain

S2n2 !
Jiakatn +fer A — e Az~ V)3 = 320

Aml? ;( \/7+1_ )
> 52n2/1 1 _d0— (
Mtz (%\/@H—e) >\7r£2 e m+1
S 32n2< n _2>
— A\l \/@

If we choose n € N large enough, that is, such thatn > 44/2 + % then

2 3

ﬂ/2+x4 2)\7T€2\/2+)\4

ik, v, + w(er Av, — e Az - Vo, )||3 > )\ g

With |s,,| > £ and (8-4), this yields

|ick, v, 4 w(er Av, — e1 Az - V)3 >

F“g"””
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which corresponds to with C' = (2 4 2\~4)71/4, O

To conclude Theorem we construct a suitable right-hand side f as a Fourier series defined by
means of the sequence (g,,), and we show that the corresponding solutions (v,,, p,,) cannot constitute
a Fourier series that is a solution to (1.2) with the desired properties.

Proof of Theorem[3.4. Let us focus on case H at first. Consider the sequences (s,) C ?Z and
(9n) C L2(R?)? from Theorem|[3.6/and the corresponding sequence of velocity fields (v,,). We may
assume that s,, # s,, if 1. # m and, by a renormalization, that ||g,||. = n~>/2. Then we can define
f € A(T; L*(R?)?) by

gn if 2%]{: = s, forsomen € N,
0 if 2Tk # s, foralln € N.

fltx) =Y felz)e7H,  fi= {

Now assume that there exists a solution (u, p) € LL (T x R?*)3*! to (1-2) such that O,u+w(e; Au—

e; Ax - Vu), V2u, dju € A(T; L2(R3)3). Let (ug, pi) = (Fr[u](k), Zr[p](k)), k € Z, be the
Fourier coefficients of (u,p). Then

2
z?ﬂkuk +w(ey Aug — ey Az - V) — Auy + Vg = fr, divug =0  inR?

and z%’rkuk + w(ey Aug — ey Az - Vug,), VZuy, O1uy, € L2(R?). The uniqueness statement from
Theoremnnow implies that z%’ruk + w(e; Auy — ey Az - Vug) = 0 if Q%k‘ =+ s, foralln € N, and

that

2
z?uk + w(e; Aug — eg Az - Vug) = 18,0, + w(e; Av, — ey Az - Vuy,)

if 2%k: = s, for some n € N. In virtue of inequality (3.6), we thus conclude

2 o
ZHi?ﬂkuk +wler Auy — e Az V)l = Y lisuvn + wler Avy — e1 Az - Vo) |2

kEZ n=1

>0 02| gals = oo

n=1

Hence, the left-hand side is not summable and d;u + w(e; Au — ey Az - Vu) & A(T; L*(R?)?),
which contradicts the assumption and completes the proof of|i]

For fi| we proceed in the same way but renormalize g,, such that ||g,||» = n~'. By Plancherel’s
theorem we then obtain f € L(T x R3)3 and

2 o
ZHi?ﬂkuk +wler Auy — e Az V)2 = Y lisuvn + wler Avy — e Az - Vo) |2

kEZ n=1

[eS)
>0y nlgal = oo
n=1

This shows dyu + w(e; Au — e; Az - Vu) € L*(T x R3)? and completes the proof. O
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