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On the Stokes-type resolvent problem associated with
time-periodic flow around a rotating obstacle

Thomas Eiter

Abstract

Consider the resolvent problem associated with the linearized viscous flow around a rotating
body. Within a setting of classical Sobolev spaces, this problem is not well posed on the whole
imaginary axis. Therefore, a framework of homogeneous Sobolev spaces is introduced where
existence of a unique solution can be guaranteed for every purely imaginary resolvent parameter.
For this purpose, the problem is reduced to an auxiliary problem, which is studied by means of
Fourier analytic tools in a group setting. In the end, uniform resolvent estimates can be derived,
which lead to the existence of solutions to the associated time-periodic linear problem.

1 Introduction

The present article is mainly concerned with the study of the problem

isv+w(er \v—eg Ax-Vov) —Av+Vp=g inQ,
divo=0 inQ, (1.1)
v=0 onof)

in a three-dimensional exterior domain 2 C R?. Here s € R and w > 0 are given parameters,
g: 0 — R?is a given vector field, and v: 2 — R3 and p: Q2 — R are the unknown functions. Then
(1.7) can be regarded as a resolvent problem with a purely imaginary resolvent parameter is, s € R.
Problem naturally arises when studying the associated time-periodic problem

Ou+w(eyAu—e; Az -Vu) —Au+Vp=f inT x Q,
divu=0 inT x €, (1.2)
u=0 onT x 0f.

System (1.2) may be regarded as the linearization of the nonlinear problem

Ou+w(eg Au—egAx-Vu)+u-Vu=f+Au—Vp inT x Q,

divu =0 inT x €,
u=we; N\x on T x 0f), (1.3)
lim w(t,z) =0 fort € T,

|z|—o00

which describes the time-periodic flow of a viscous incompressible fluid around a rotating rigid body
B :=R3 \ € in the three-dimensional space. More precisely, here we assume that the fluid adheres
to the boundary of 3 and is at rest at infinity, and that the body rotates about the x-axis with (scalar)
rotational velocity w > 0. Then the motion of the fluid flow, described in a frame attached to the body,
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T. Eiter 2

is governed by (1.3). The functions u: T x Q — R3and p: T x 2 — R are velocity and pressure
fields, and f: T x Q — R3 is an external body force. In and we choose T := R /TZ for
T > 0 as the time axis, so that all occurring functions are intrinsically time periodic. Observe that in
the formulation of and we omitted the condition (1.3), at infinity, which is later incorporated
in the definition of the function spaces in a generalized sense.

Concerning the analysis of the nonlinear time-periodic problem (1.3), the first result was given by Galdi
and Silvestre [17], who showed the existence of weak solution in the more general configuration where
the rigid body performs a time-periodic motion. However, in their functional framework the spatial
asymptotic properties of the flow were not captured. This problem was recently solved by Galdi [13],
who showed existence of regular solutions satisfying certain pointwise decay estimates. A different
approach to characterize the spatial behavior of solutions is inspired by the fundamental work of
Yamazaki [28], who showed existence of time-periodic solutions to in the case w = 0 in a
framework of L3> spaces, also known as weak-L? spaces. His analysis was based on well-known
LP-L.? estimates for the Stokes semigroup. For w > 0 analogous L”-L1.¢ estimates for the semigroup
associated with the initial-value problem corresponding to were shown by Hishida and Shibata
[25], so that Yamazaki’'s method also leads to solutions to in the L>> framework. Later, Geissert,
Hieber and Nguyen [19] developed a semigroup-based approach in a general framework, where this
analysis was carried out as a special case that lead to existence of mild time-periodic solutions to

(1.3).

With regard to the linearized time-periodic problem (1.2), observe that for w = 0, it reduces to the
well-known Stokes problem. In this case the unique existence of time-periodic solutions, which satisfy
suitable a priori estimates, was successfully derived in [16]. The aim of the present article is to estab-
lish a similar result in the case w > (. Observe that the additional rotation term w(e; Au—e; Az-Vu)
for w > 0 cannot be treated as a lower-order perturbation of the Laplace operator because the term
e; Az - V is a differential operator with unbounded coefficient. Therefore, for the derivation of a priori
estimates, this term has to be handled in a different way. One suitable method was recently developed
in [14,[15] and is roughly described as follows: The rotation term w(e; Au — e; Az - Vu) in and
stems from the change of coordinates from an inertial frame to a rotating frame. Undoing this
transformation, one can simply absorb this term again. However, in general this leads to a problem on
a time-dependent spatial domain. Therefore, the idea is to first employ this procedure in the setting of
the whole space ) = R3, where the domain is invariant, and to use cut-off techniques to return to
the case of an exterior domain afterwards. While in [14] [15] steady motions were investigated, in the
recent article [7] the described method was successfully applied to the time-periodic problem

Ou+w(eg Au—e Az -Vu) + Adu—Au+Vp=f inT x Q,
divu=0 inT x Q, (1.4)
u=0 onT x 00

for A = (. System differs from by the term A0, u, which arises when the body I3 performs,
besides a rotation, an additional translation with velocity A e;. However, in [7] well-posedness of
with A = 0 was merely shown under the restriction that the time period 7 and the angular velocity
w are related by 2% = w. The results in the forthcoming paper [4] show that this restriction is not
necessary but can be weakened and replaced with 2% /w € Q. One main observation of this article
is that in the present situation, that is, in the case A = 0, where reduces to (1.2), such an
assumption is not necessary at all, and we provide a framework of well-posedness for any w,7 > 0
without further restrictions.

To this end, the major part of the subsequent analysis is focused on the resolvent problem (1.1).
Observe that if (u, ) is a T -periodic solution to (1.2), then the Fourier coefficient of order k is a
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The Stokes resolvent problem for flow around a rotating obstacle 3

solution to (1.1) with s = Q%kz This explains why we restrict our analysis to purely imaginary resolvent
parameters is, s € R. Moreover, since we want to choose arbitrary time periods 7 > 0, we need
well-posedness of the resolvent problem (1.7) for all s € R.

At first glance, it may seem reasonable to analyze (1.1) as the resolvent problem isv + A,v = g of
the closed operator A,,: D(A,) C LL(2) — LZ(Q) given by

D(A,) = {v e LL(Q) N Wy I(Q)> N W2(Q)* : e Az - Vo € LI(Q)%}, (1.5)
A,v = Pq [w(el Av — e Az - Vo) — AU], (1.6)

where L(), ¢ € (1, 00) is the space of all solenoidal functions in L4(£2)?, and P, is the associated
Helmholtz projection. Farwig, NeCasova and Neustupa [9] could show that the essential spectrum of
A, is given by

O'SSS(AW) = {a +iwl <0, (e Z}. (1.7)

In particular, we see that is, s € IR, does not belong to the resolvent set of A, in general, and
this setting does not provide a framework for well-posedness of if s € wZ. Since, as explained
above, we need such a framework in order to solve the time-periodic problem (1.2), we introduce a
different functional setting instead, namely a setting of homogeneous Sobolev spaces that renders
(1.1) well posed for arbitrary s € R. One peculiarity of the derived a priori estimate is that instead of
the classical form

slllvllg + 14wy < Cllglly, (1.8)

we deduce the non-classical resolvent estimate
|isv + w(er Av —e; Az - V)|, + [|Av]l, < Cllglle,

see below. In particular, we do not obtain separate estimates of the terms isv and w(e; Av —
e1 A\x- Vv) or even of isv, w e; Av and w e; Ax- Vo. This is not a surprise since a separate estimate
of 2sv would lead to for all s € R, which would contradict (1.7). Moreover, it is well known that
separate estimates of we; Av and we; Az - Vv are not even feasible for the steady-state problem,
that is, for (1.1) with s = 0; see [12, Theorem VIII.7.2] for example.

The analysis of the resolvent problem for an exterior domain 2 C R3 goes back to Hishida
[23], who derived suitable resolvent estimates in an L? framework that showed that the operator A,
generates a contractive C%-semigroup if ¢ = 2. For general ¢ € (1,00) a similar statement in
the LY setting was later proved by Geissert, Heck and Hieber [18]. However, since the resolvent
estimate is invalid on for all is with s € wZ, the operator A,, does not generate an analytic
semigroup. Nevertheless, one can derive additional smoothing properties of the semigroup that allow
to establish solutions to the nonlinear initial-value problem [22, 18] and to carry out a stability analysis
of steady-state solutions, as was done by Hishida and Shibata [24] 25]. Moreover, the investigation of
the spectrum of the operator A,, was further deepened by Farwig, Ne¢asova and Neustupa [8, 9} [10].

As explained above, in our investigation of the resolvent problem (1.1) we follow a different approach
and investigate (1.1) in a different functional framework. Our analysis is based on the study of the
auxiliary problem

isu+Ou—Au+Vp=f divu=0 inT xR? (1.9)

which may be regarded as a mixture of the Stokes resolvent problem with the time-periodic Stokes
problem. In contrast to (1.1) and (1.2), we can directly derive a formula for the solution to (1.9) by
means of a Fourier multiplier on T x IR3. Using tools from harmonic analysis in this group setting,
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T. Eiter 4

we can further deduce suitable L¢ estimates. By means of the aforementioned transformation, we can
then introduce the rotational terms and relate the resolvent problem (1.2) to problem (1.9).

This article is structured as follows: After introducing some notation in Section 2, we state our main
results on the well-posedness of the resolvent problem and the time-periodic problem in
Section (3] In Section we study the resolvent problem in the case of the whole space {2 = R?,
which is based on the examination of the auxiliary time-periodic problem (1.9). In the subsequent
Section [5] these findings are transferred to the case of an exterior domain. Finally, in Section [6] we
show the existence of a unique solution to the time-periodic problem in a framework of functions
with absolutely convergent Fourier series.

2 Notation

In order to state and prove our main results, we first introduce the basic notation.

The symbols C' and C; with 7 € N always denote generic positive constants. We occasionally em-
phasize that C' depends on a specific set of quantities {a, b . .. } by writing C' = C(a, b, .. .).

When we fix a time period 7 > 0, the associated torus group is denoted by T := R /T Z. Then every
element of T can be identified with a unique representative in [0, 7), which we tacitly do from time to
time. Moreover, T is always equipped with the normalized Haar measure such that

-
Vfe C(T): /Tf(t) dt = %/0 f@hat',

where C(T) is the class of continuous functions on T. A point (¢, z) € T x R? is composed of a time
variable ¢ € T and a space variable © = (21, 9, x3) € R3. We denote the Euclidean norm of x by
|z|, and = - y, x A y and = ® y represent the scalar, vector and tensor products of x,y € R3. We
further use the shorthand z Ay - z == (z A y) - z forz, y, 2 € R3.

Time and spatial derivatives are denoted by J; and 0; = 8%., 7 = 1,2, 3, respectively, and the
symbols for (spatial) gradient, divergence and Laplace operator are V, div and A. The symbol V2«
denotes the collection of all second-order spatial derivatives of a sufficiently regular function w.

In the whole article we either have ) = R? or we let 2 C R? be an exterior domain, that is, 2 is a
domain and its complement is a compact nonempty set in R®. Moreover, By C R? denotes the ball
of radius R > 0 centered at 0, and 0 := 2 N Bp.

For classical Lebesgue and Sobolev spaces we write LY(£2) and W*4(2), where ¢ € [1, 0] and
k € N, and ||| and ||-||x.4:0 denote the associated norms. When the domain is clear from the
context, we simply write ||-||, and ||-||x,, instead. This convention is adapted for the norm ||-||, Txq of
the Lebesgue space LI(T x 2) in space and time. We further let C3°(€2) be the class of all smooth
functions with compact support in €2, and W ¢(€2) denotes its closure in W4(€). For the dual space
of W5(Q) we write W14 (Q2), where 1/q + 1/¢' = 1, which we equip with the norm ||-|| _1.4:q-
Moreover, L¢ () and W}24() denote the classes of all functions that locally belong to L(€2) and
Wk4(Q), respectively.

We usually do not distinguish between a space X and its vector-valued version X", n € N, when
the dimension is clear from the context. By ||-|| x we denote the norm of a general normed space X .
We write L4(T; X) for the corresponding Bochner—Lebesgue space when ¢ € [1, 00), and we define
Wha(T; X) == {u € LYT; X) : Qu € Lq(T;X)}.
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The Stokes resolvent problem for flow around a rotating obstacle 5

In our subsequent analysis, the configuration for 2 = R? plays an important role. In this case, the
space-time domain is given by G := T x R3, which is a locally compact abelian group with dual group
isomorphic to G := Z x IR3. As natural generalizations of the classes of Schwartz functions and
tempered distributions in the Euclidean setting, one can define the Schwartz—Bruhat space .7 (G)
and its dual space .¥’(GG) on GG, which were first introduced by BRUHAT [1], see also [6] for more
details and a precise definition of these spaces. In this framework, the Fourier transform .% and its
inverse .7, ', defined by

Fa: S (G) = LG, Fall(k,€) = /T/R3 u(t, r) e T dgdt,

Fqt y(é) — (@), F5'w(t,z) = Z /RB w(k, €) Tkt ¢,

keZ

are mutually inverse isomorphisms provided that the Lebesgue measure d§ is normalized in a suitable

~

way. By duality, the Fourier transform can be extended to an isomorphism .’(G) — ./(G). By
analogy, the Fourier transforms on the groups T and R? are given by

Fr: L (T) = A7), Frlu)(k) = /u(t) ekt dt,
Frt: S (L) — S (T), Fr Hw](t) = Zw(k)eikt,
Fps: L (R?) = Z(R?), Frau](§) = /R3 u(z)e ¢ du,

F3 SR 5 SRY,  Fu)(x) = /R (€ e de.

Our investigation of the time-periodic problem (1.2) will mainly be performed in a framework of spaces
of absolutely convergent Fourier series. For a normed space X, these are defined by

A(T; X) = {f: T—X: f(t)=Y fre™ fo € X, D [Ifllx < oo},

kEZ kEZ (21)

£y = Y Il fellx-

kEZ

If X is a Banach space, then A(T;X) coincides with the Banach space % ' [(*(Z; X)], and
A(T; X) — C(T; X). Observe that many inequalities in spaces X have natural extensions to the
corresponding spaces A(T; X), for example, Holder’s inequality or interpolation inequalities; see [7,
Prop. 3.1 and 3.2]. We also use the shorthand u € A(T; W;Y(Q2)) when u € A(T; W*4(K)) for
all compact sets i C ().

The existence of solutions to the time-periodic problem (1.2) will be established in the following func-
tional framework. We fix w > 0 and ¢ € (1,3/2). Then the space for the velocity field is given
by

XI(T x Q) = {u e A(T; Wil (0)?) : VZu, dyu + w(er Au— e Az - Vu) € A(T; LY(Q)),
u € A(T; L3/6G720(Q)), Vu € A(T; L3/G-9(Q))},

and the function class for the pressure term is given by

VIT x Q) = {p € A(T; W 2(Q)) : Vp € A(T;LI(Q)), p € A(T; L3/C-9(Q))}.

loc
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T. Eiter 6

Similarly, we introduce the following function classes for solutions to the resolvent problem (1.1). For
w>0,q¢€ (1,3/2) and s € R, we define the class of velocity fields by

X, (Q)={ve W29(Q)? - Vv, isv 4+ w(e; Av —e; Az - V) € LYQ),
vE L3q/(372q)<Q), \VIR= L3q/(3fq)(Q)}’

and the corresponding pressure belongs to

Y(Q) = {pe Wpi(Q) : Vp € LUQ), p e LB (Q)}.

loc

Observe that the function class XgS(Q) for the velocity field also depends on the resolvent parameter
s € R. Moreover, if u belongs to XY (T x €2), then its k-th Fourier coefficient uy = Fru](k)
belongs to X¢, (2) with s = 27 k.

3 Main Results

The main results of this article concern the question of well-posedness of the time-periodic linear
problem (1.2) and the associated resolvent problem (1.1). At first, we address the resolvent problem.

Theorem 3.1. Let Q) = R3 or QO C R3 be an exterior domain with C3-boundary. Let s € R and
0 <w < wyandletq € (1,3/2) and g € LI(2)3. Then there exists a unique solution (v, p) €
Xg, ,(2) x Y(Q) to (1) that obeys the estimates

|dist(s,wZ) v]|, + |lisv + w(es Av —e; Az - V)|l + |V, + VD,

(3.1)
+ [[Vllsg/3-q) + [[Vll30/3-20) + IPlI3¢/3-0) < Cll9llg

for a constant C' = C(£2, q,wy) > 0. In particular, C' can be chosen independently of s € R and
w € (0,wp).

Note that if s € wZ, then estimate (3.7) implies v € L4(£2), which yields v € D(A,,), where D(A,,)
is defined in (1.5). But a similar inclusion cannot be obtained if s € wZ. This observation is in complete
accordance with (1.7).

Working within a framework of absolutely convergent Fourier series, we can then employ Theorem|3.1
on the level of the Fourier coefficients to derive well-posedness of the time-periodic problem (1.2). As
will become clear from the proof, to conclude existence of 7 -periodic solutions, it is important that the
constant C' in can be chosen uniformly for s € ?Z.

Theorem 3.2. Let ) = R? or Q) C R? be an exterior domain with C®-boundary. Let T > 0 and
0 <w < wy andletq € (1,3/2) and f € LI(T x Q)3. Then there exists a unique T -periodic
solution (u,p) € XL(T x Q) x YT x Q) to (1.2) that obeys the estimates

18su +w(er Au— er Az - Vu) [ aray) + [V2ullarpaw)) + [[VRllaca)
HIVullamusosoy) + lullamuso-zo@) + IPllacise-ow) — @2)
< Cl[fllacracoy

for a constant C' = C(€, q,wq) > 0. In particular, C' can be chosen independently of w € (0, wy
andT > 0.
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The Stokes resolvent problem for flow around a rotating obstacle 7

Remark 3.3. In contrast to the other terms in estimate (3.1), the term ||dist(s,wZ) v||, does not
directly correspond to any of the terms in (3.2). However, going through the proof of Theorem[3.2] one
may derive an additional estimate. Decompose the set of Fourier indices into A; := {k € Z : 2%/{: €
wZ} and Ay == {k € Z : ¥k € wZ} and split the velocity field u accordingly as

27 - 27
u=uV +4?, V= E wp el TR )= E ug TR
ke Ay kcAsz

Then the estimate
2
o 6 || 5 mipagayy < CNFlacrzae

follows, where
dy 7 = inf dist(Q—Wk,wZ) ke, 2—7Tk§ZwZ = inf< |al :O#aeQ—WZ—i-wZ .
’ T T T

Of course, this estimate only provides new information when d,, > 0. A classical argument shows
that this is the case if and only if 2% /w € Q.

4 The resolvent problem in the whole space

We begin with the study of the resolvent problem (T-7) in the case 2 = R3, where it simplifies to

{z’sv—i—w(el/\v—el/\x-Vv)—Av—i—Vp:g in R?, @.1)

dive =0 inR3.
In this section we show the following result on well-posedness of (4.1).

Theorem 4.1. Letw > 0 and s € R. Foreach g € LI(R?)? there exists a solution (v,p) €
WEI(R?)? x WhY(R?) to that satisfies
Idist(s, wZ) vlly + [lisv + wler Av = e Az - Vo)l + [ V20l + [ Vplly < Cllgll, 42

as well as

IVUllag/3-g) + IPll3g/3-0) < Cllglly  ifg <3, (4.3)
vll3q/(3-29) < Cllglly g <3/2,

for a constant C' = C(q) > 0. Moreover, if (w,q) € L (T x R3)3"! is another distributional
solution to (4.1), then the following holds:

i IFV2w, isw + w(e; Aw — e; Az - Vw) € LI(R3), then

isw + w(e; Aw — eg Az - Vw) = isv + w(eg Av — ey Az - V),
Viw=V*, Vq=Vp.

ii. Ifq<3/2o0rs¢ wZ,andifw € L"(R?)? for somer € (1,00), thenv = w andp = q+ ¢
for a constant c € R.
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T. Eiter 8

In order to prove Theorem [4.1] we first consider the auxiliary problem

{isu +0u—Au+Vp=7f inT x R3, @5)

divu=0 inT x R?,

which can be regarded as a mixture of the Stokes resolvent problem and the time-periodic Stokes
problem. In contrast to the original time-periodic problem (1.2), the differential operator associated
with has constant coefficients, which enables us to express its solution via Fourier multipliers.
Since is a problem in the locally compact abelian group G := T x R3, we work with multiplier
arguments in this group framework. This is more involved compared to the usual Euclidean setting, and
for a detailed introduction to this theory, with a focus on the analysis of the Navier—Stokes equations,
we refer to the book chapter [6] as well as to the monographs [26, 5]. The main tool for the derivation
of L? multiplier estimates is the so-called transference principle for multipliers, which goes back to de
Leuuw [2] and was generalized by Edwards and Gaudry [3, Theorem B.2.1]. In our investigation we
employ the following special case.

Theorem 4.2. LetG .= T x R? and H := R x R3. Foreach q € (1,0) there exists a constant
C, > 0 with the following property: If a continuous, bounded function M : H — C is an LI(H)
multiplier, that is,

Vhe S (H): Hﬁgl [MfH[hH ”Lq(H) < Cum||h|Laca
for some C); > 0, then the restriction m = M }ZXRI“ is an LY(G) multiplier with

Vo e (G ||F5 [m Folol) | ue < CuCullgllin

This result enables us to reduce Fourier multipliers in G = T x R3 to Fourier multipliers in the
Euclidean space H = R x IR*, where more classical tools for the identification of L.¢ multipliers are
available. This strategy is used several times in the proof of the following theorem that establishes
existence of solutions to in an L7 framework.

Theorem 4.3. Letw > O ands € R, and set T, := 2= andT := R/T,Z. Foreach f € L¢(T xR?)?
there exists a solution (u, p) to (&5) with

u € WHI(T; LY, (R?)*) N LA(T; Wil (RY)?),  p € LA(T; Wit (RY)

loc loc loc

that satisfies
|dist(s, wZ) ull, + |lisu + Oull, + | Vull, + | VPll, < Cll £l (4.6)
as well as
IVulluaesae-o@e) + IPlompzc-omey) < Clflle g <3, 4.7
[l paqrsare—2a@sy < Cllfllg  ifqg<3/2, (4.8)

for a constant C' = C(q) > 0. Moreover, if (w,q) € LL (T x R*)3*! is another distributional
solution to (4.5), then the following holds:

i IfV2w, isw + dyw € LYT x R?), then

isw+ 0w = isu+ O,  V?w=V?u, Vq=Vp.
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The Stokes resolvent problem for flow around a rotating obstacle 9

ii. Ifq <3/2o0rs ¢ wZ, and ifw € L'(T;L"(R3)3) for some r € (1,00), thenu = w and
p = q + d for a (space-independent) functiond: T — R.

Proof. At first, we show that it suffices to consider s € R with |s| < w/2. Indeed, for s € R there
exists £ € Z suchthat |s — wl| < w/2.We sets = s —wl and ft,z) = f(t,z)e" and assume
that (w, q) is a solution to satisfying (4.6)—(4.8) with s and f replaced with s and f respectively.
We now define the 7,-periodic functions u(t, z) = w(t,x) e “* and p(t, ) == q(t, z) e~ Then
(u, p) satisfies the original problem and the corresponding estimates (4.6)—(4.8). Therefore, it is
sufficient to treat the case |s| < w/2 in the following.

In the case s = 0, the system (4.5) reduces to the classical time-periodic Stokes system, for which
existence of a solution (u,p) was shown in [27]. More precisely, in [27] the right-hand side was de-
composed as f = fy + f1 with

:Af@@&, filt.2) = f(t,2) — folo), (4.9)

and existence of a solution (u, p) = (up + w1, Po + p. ), decomposed in the same fashion as f, was
shown, which satisfies

||V2U0||Lq(R3) + IVoollars) < Cill follLagrs),

10sut ||Laerxrs) + [V lLarsrs) + | VL Laerxrs) < Coll follLa(rxre)

for constants C; = C1(q) and Cy = Cs(q, T.,)- In particular, combining these inequalities, we end
up with (4.6) with the constant C' = C'; 4+ (5. Moreover, by a classical scaling argument we see that
the constant C in (4.6) is independent of 7. Finally, (4.7) and (4.8) follow from Sobolev’s inequality in
space.

Now let us consider the case 0 # |s| < w/2. At first, let f € (T x R3)3. Computing the
divergence of (4.5);, we obtain Ap = div f. By means of the Fourier transform .% on the locally
compact abelian group G := T x R3, we conclude — |¢|*.Z¢[p] = i€ - Fa|f], so that

p=9Z[E%fdﬂ} Vp—fc[ﬂﬁg

In particular, p is well defined as a distribution in ./ (), and by continuity of the Riesz transforms
L9(R?) — L?(R3), which can be extended to continuous operators L¢(G) — L4(G), we conclude

G’[f]:|- (4.10)

IVplly < Cllfllg- (4.11)

Next we apply the Fourier transform to (4.5),. In view of (4.10), this leads to the representation formula

u= 25" mZqf — V]| = F' [m <I fﬁ 5)%;[]-‘]} (4.12)
where I € R3*3 is the identity matrix and
1
ZxRP SR k&)= .
me SR m(k;¢) is+iwk+|§|2

Since 0 # |s| < w/2, the denominator

Dy(k,€) = is + iwk + |€*

DOI 10.20347/WIAS.PREPRINT.2876 Berlin 2021



T. Eiter 10

in the definition of m has no zeros (k,£) € Z x R3, so that m is a well-defined bounded function.
Hence u € .¥/(G) is well defined by means of a Fourier multiplier in G To deduce estimate (4.6), it
remains to derive ¢ estimates for dist(s, wZ) u, isu + Oyu and V?u, that is, estimates of isu, O;u
and V2u. In virtue of the representation formula we have

isu=Fg' —mg (I - %) JOZG[.]C]:|7
ou=Fg" -ml (I ij E)ﬁg[f]} , (4.13)
0;0u = 9\51 T (I ij f)QQ\G[JC]]

with mg, my, mje: 7 X R? — R defined by

is iwk =&
N M R X (s M LG A X S

for j,£ = 1,2,3. We setm := {mo,ml,mjg 25,0 e {1,2, 3}} Then the L? estimate follows
if all m € m can be identified as LI(G) multipliers. For this purpose, we employ the transference
principle from Theorem[4.2] Let y € C*(R) with 0 < x < 1 and such that x(z) = 0 for |z| < 1/2
and x(z) = 1for |x| > 1. We define the functions My, My, Mj;: R x R* — C,

5]6@ ( ?77)
Dy(n,6)

mo(k’, 5) =

z'sx(l—l—%) zwnx(l—i—w’)
Ds(n,f) ’ (77 6) ’

and we set 0 = {MO, My, Mo : 3,0 € {1,2,3}}. Observe that

My(n,§) = Mi(n,§) = Mje(n,€) =

W W
x(1+?77)=0 it s + wn| < |s]/2, X(1+?77)=1 it |s +wnl > [s],

so that the numerator of each term vanishes in a neighborhood of the only zero (7, §) = (—s/w, 0) of

the common denominator D (7, £). We thus conclude that every multiplier M € 9t is a well-defined
continuous function. Moreover, we have mg = M|, oo m1 = Mi|, oo and mje = M|, ...
Hence, by the transference principle from Theorem all elements of m are LY(G) multipliers if all

elements of 9 are L(R x R?) multipliers. By employing the technical inequalities

wn s
54w 232:‘ ‘g‘ ‘§1+‘ (g?),
| nl = lsl/ Dy(n,§) s+ wn s+ wn
s +wn| < s ‘%’<1+‘ il 77’<2

a lengthy but elementary calculation shows
sup{[n* " 050, M(n,€)| : a € {0,1}, 5 € {0.1}°, (n,€) eRx R’} < C

for all M € 90 and for an absolute constant C' > 0 that is independent of s. By the Marcinkiewicz
multiplier theorem (see [20, Corollary 5.2.5] for example), we conclude that M is an LI(R x R3?)
multiplier such that

Vhe SRR || Fples [MPars[h]] g < CllAlqs
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The Stokes resolvent problem for flow around a rotating obstacle 11

where C' = (C'(q) is independent of s. Since all M € 9% are continuous, the transference principle
(Theorem[4.2) now implies that all i € m are L4(G) multipliers with

Vge S (G): |1Fg' [mZalglllle, < Cligl

where C' = C(q). By combining these estimates with the continuity of the Riesz transforms, the repre-
sentation formulas in yield (4.6). Estimates and now follow from Sobolev’s inequality.
In summary, for f € .’(G) we have now constructed a solution to with the desired properties.
A classical approximation argument based on the estimates (4.6)—(4.8) finally yields the existence of
a solution for any f € LI(G).

It remains to prove the uniqueness assertion for arbitrary s € R. We consider the difference (u, E) =
(u —w,p —q) € LL_(G)*™, which is a solution to with f = 0. As above, computing the
divergence of both sides of (4.5),, we conclude Ap = 0, which implies supp .-Z¢[p] C Z x {0}. Since
an application of Z; to @B), leads to D, (k, £).Z¢[U] = —i&.Fa[p] with Dy(k, €) = is+iwk—+|¢|,
we deduce

sSupp [DSU{;?&)’?G{E[H CZx {0}

Since D;(k, &) can only vanish for ¢ = 0, we deduce supp Z¢[u] C Z x {0}. Hence, u € L{, .(G)
implies supp Zgs[u(t,-) C {0} fora.a. t € T, so that u(t, -) is a polynomial for a.a. t € T. In the
same way we show that p(¢, -) is a polynomial for a.a. ¢ € T. This has the following consequences
in the two distinguished cases. In case E]we have V21, Vp € LI(G). Since both are polynomials
in space a.e. in T, this is only possible if V2t = 0 and Vp = 0. In virtue of #35);, this also implies
ist + Oyu = 0, which shows the assertion in this case. In case fii]we have € L!(T; L™ (R?)? +
L"(R3)?) with ro = 3q/(3 — 2q) if ¢ < 3/2,and ry = q if s & WZ. Since u(t, -) is a polynomial for
a.a.t € T, this is only possible if u = 0, and returning to (4.5),, we also conclude Vp = 0. In total,
this completes the proof. O

Now let us consider the modified time-periodic Stokes problem with rotating effect

{isu—i—@tu—i—w(el A —e At -Vu) —Au+Vp=f inT xR’ 4.14)

divu=0 inT x R?,

which differs from by the rotational term w(e; Au — e; Az - Vu). In the particular case that the
angular velocity of the rotation w coincides with the angular frequency 2% associated to the time period
T, this rotational term can be absorbed in the time derivative by a suitable transformation. In this way,
we reduce to (4.5), and we transfer existence and uniqueness as well as a priori estimates from

Theorem Observe that the restriction w = 2?“ is crucial for this procedure.

Theorem 4.4. Letw > 0 ands € R, and set T, := 2= andT = R/T,Z. Foreach f € L4(T xR?)?
there exists a solution (u, p) with

we WH(T;LE (RY)Y) N YT W2RY), e LI(T; WhI(R?)
to that satisfies
|dist(s, wZ) ul|, + [[isu+ Gru+w(ey Au—ey Az - V)|, + | V2ul, + Vel < Cllfll, (4.15)
as well as and for a constant C' = C(q) > 0.

Moreover, if (w, q) € L .(T x R*)3*! is another distributional solution to (@14), then the following
holds:
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i IFV2w, isw + dyw + w(e; Aw — ey Az - Vw) € LY(T x R3), then
isw + dw + w(eg Aw — ey Ax - Vw) = isu + duu + w(e; Au — ey Ax - V),
V2w = Vu, Vq = Vp.

ii. Ifq < 3/2o0rs & wZ, and ifw € LY(T;L"(R3)3) for somer € (1,00), thenu = w and
p = q + d for a (space-independent) functiond: T — R.

Proof. The proof is based on the idea to absorb the rotational term w(e; Au — e; Az - Vu) into the
time derivative by the coordinate transform arising from the rotation matrix

1 0 0
Qu(t) =0 cos(wt) —sin(wt) | . (4.16)
0 sin(wt) cos(wt)

Let f € L4(T x R®)? and define the vector field f by

ft,2) = Qu() f(t, Qu(t) ).
Then f € L4(T x R?)? since T = R/7,Z with T, = 2. By Theorem there exists a solution
(u,p) to (with f replaced by f), which satisfies the estimates (4.6)—(4.8). We now define the
T..,-time-periodic functions
u(t,z) = Qu(t) "alt, Qu(t)r),  p(t,z) = p(t, Qu(t)z).
Since Qu(t)x = wey A[Qy,(t)z] = Qu(t)[w ey Az] for any = € R?, a direct computation shows
owu(t, z)
= Qu(t)[0wu(t, Qu(t) Tz) + wer Au(t, Qu(t)'z) — wer A[Qu(t) Tz] - Vu(t, Qu(t) " 2)].
Moreover, we have
Ali(t, 1) = Qu(t)Au(t, Q,(t) " z), O(t, r) = Qu(1)oyu(t, Qu(t) " z),
Vp(t, 7) = Qu(t)Vp(t, Q1) '), diva(t, z) = divu(t, Q,(t) "z).
Consequently, (u, p) is a solution to (4.14) and satisfies the estimates (4.15), (4.7), (4.8).
For the uniqueness statement, we set
it 0) = Quiult, Qu()2),  Blta) = p(t,Qu(d) )
Wt @) = Quthw(t, Qu(t) ), (t,a) = q(t, Qu(t) 'x),
f(t.2) = Qu(t) f(1,Qu(t) ).
Mimicking the above calculations, we see that (u, p) and (w, 7) are solutions to with the same

right-hand side f. The uniqueness statement now follows from the corresponding statement in Theo-
rem O

Observe that, by simply considering s = 0 in (4.14), we would obtain the original time-periodic prob-
lem (1.2), and Theorem [4.4] yields existence of a unique solution to this problem. However, since we
required w = 2?” in Theorem we only obtain well-posedness in this special case, and w and T~
cannot be chosen independently.

In contrast, if we consider time-independent solutions (u, p)(t,z) = (v, p)(z) to for s € R,
we obtain the resolvent problem (4.1), where the T -dependence does not appear anymore. From
Theorem[4.4] we can thus extract Theorem[4.1] as the final result of this section.
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The Stokes resolvent problem for flow around a rotating obstacle 13

Proof of Theoremddl For the proof we set T := R /T Z with 7 = 2T. Atfirst, let g € L?(R?)* and
define f(t,z) = g(z). Then f € LI(T x R3)3, and by Theorem |4.4|there exists a solution (u, p) to

(4.14). Then
v(z) = /u(t, r)dt, p(z)= /p(t,x) dt,
T T
defines a solution (v, p) to (4.1), and estimates (#.2)—(#.4) follow directly. With regard to uniqueness,

observe that every solution to (4.1) is a (time-independent) solution to (4.14), so that the uniqueness
statement follows immediately from Theorem |4.4 O

5 The resolvent problem in an exterior domain

After having established well-posedness of the resolvent problem (4.7) in R?, we next consider the
corresponding problem in an exterior domain €2 C R?, given in (1.1). The aim of this section is a proof
of Theorem At first, we address the question of uniqueness by considering (1.1) for g = 0.

Lemma 5.1. Let Q) C R be an exterior domain of class C1'. Letw > 0, s € R, and let (v, p) be
a distributional solution to (1) with g = 0 and V?v, d1v, Vp € L4(Q) for somer € (1,00) and
v € L"(Q) forsome s € (1,00). Thenv = 0 and p is constant.

Proof. The proof follows exactly as in [7, Lemma 5.6], where the statement was shown for the case
s € w. Therefore, we only give a brief sketch here. The idea is to employ a cut-off argument that
leads to a Stokes problem on a bounded domain and to the resolvent problem in the whole space,
both with error terms on the right-hand side. Using classical elliptic regularity of the Stokes problem
and regularity properties for established in Theorem one can then show that

Vr € (1,00) 1 isv+ e Av —e; Az - Vo, Vv, Vp € L™(Q),
,00] : Vv e L"(Q),
Vre (3,00 : veLl'().

Next we multiply (1.7), by v*, the complex conjugate of v. The above regularities enable us to integrate
the resulting identity over {2z and to pass to the limit R — oo. Arguing as in [7, Lemma 5.6], one

obtains
O:is/]v|2dx+/|VU|2dx.
Q Q

This yields Vv = 0 and, in view of the imposed boundary conditions, v = 0. From ({.1); we finally
conclude Vp = 0, which completes the proof. O

In the next step we derive suitable a priori estimates by a cut-off procedure. We begin with the following
intermediate result. For simplicity, we only consider the case ¢ < %

Lemma 5.2. Let Q) C R3 be an exterior domain of class C*', and A > 0, w > 0 and s € R. Let
q € (1,00) and g € L4(Q)3. Consider a solution (v, p) to (1-1) that satisfies

isv +w(e Av — ey Az - Vo), V2, A, Vp € LI(Q)?
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andv € L (Q)3,p € L™(Q) for some ry, T € (1,00). Fix R > 0 such that Q) C Bg. IfA\ =0
andq € (1,3/2), then (v, p) satisfies the estimate

|dist(s, wZ) vl|, + [lisv + w(er Av —e; Az - V)|, + | V20, + [Vl
+ Vll39/-g) + [[Vll3g/(3-20) + lIPll39/(3-0) (5.1)
< C(Hqu + (1 + W)HUHLq;QR + ||p||q;QR + |5|||U||—1,q;QR)

for a constant C' = C(q, ), R) > 0.

Proof. Estimate (5.1) can be shown by a classical cut-off procedure. We skip the details here and
refer to [7, Lemma 5.7], where the related resolvent problem

isv+w(er Av—ep Ax - Vo) + ANow—Av+Vp=g inQ,
dive =0 in{, (5.2)
v=0 ondf2

in the case A > 0 and s € wZ was considered. In the present situation one may proceed in the very
same way by invoking estimates (4.2)—(4.4) from Theorem [4.1] as well as the uniqueness result from
Lemmal.dl O

Based on a compactness argument, we now show how to omit the error terms on the right-hand side

of (5.1) and to infer the estimate (3.1).

Lemma 5.3. In the situation of Lemmal5.let A = 0, ¢ € (1,3/2) andw € (0, wy] for some wy > 0.
Then (v, p) satisfies estimate for a constant C' = C'(q, §2, wp) > 0.

Proof. We employ a contradiction argument and assume that there exists no constant C' > 0 with
the claimed properties such that (3-1) holds. Then there exist sequences (s;) C R, (w;) C (0, wo],
(v;) € W2I(Q)3, (p;) € WEU(Q), (g;) € LU()3 with

loc loc
dist(s,w;Z)v;, is;v; + w;(er Av; — ey Az - Vuy), V3u;, Vp; € LY(Q)%,
such that

[dist(s;, w;Z)vjllq + [lisjv4w;(er Avy — er Az - V)|l + [[V205llq + Vsl 5.3)
+ ||ij||3q/(3*q) + ||Uj||3q/(3f2q) + Hpj||3q/(3*q) =1

and

li il, = 0.

Jlim [lg; ]l
Moreover, there exist sequences (r;) C (1,00), (T;) C (1,00) such that v; € L7(Q)3, p; €
L7 () for all j € N. Observe that the left-hand side of (5.3) is finite by Lemmaand can thus be
normalized as in (5.3). By the choice of a suitable subsequence, we may assume that w;, — w €

[0,wp], s; = s € [—00, 00] and dist(s;,w;Z) — § € [—wy/2,wy/2] as j — oo. For the moment
fix R > 0 with 9€2 C Bp. In virtue of (5.3) and the estimate

175505l s
< lisjv; 4+ wjler Avy — eg Ax - V) [l gag + llwi(er Av; —er Az - Vg gap (5.4)
< lisjuj + wj(er Avy — er Az - Vuy)llg + wo ([0l gser + BRIV lgs0r),
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The Stokes resolvent problem for flow around a rotating obstacle 15

the sequences (isjvj}QR), (vj}QR) and (pj|QR) are bounded in L4(Qg), W24(Q ) and Wh4(Qp),
respectively. Upon selecting suitable subsequences, we thus obtain the existence of w & LfOC(Q)?’,
v € W2I(Q)? and p € WLY(Q) such that

loc loc
iSjUj —w in Lq(QR), v; — v in W2’q(QR>, pj — D in Wl’q(QR).

By a Cantor diagonalization argument, we obtain a subsequence such that the limit functions w, v, p
are independent of the choice of I2. Moreover, the uniform bounds from (5.3) imply weak convergence
of a subsequence in the corresponding spaces, which implies

16v]|g + [[w + w(er Av — ey Az - Vo)l + V0], + [ VDl
+ IVVll3g/3-9) + [[V][3g/(3-29) + [IPll3g/3—) <1

Firstly, we can now perform the limit j — oo in (1.1) (v, p, g is replaced with v;, p;, g;) and deduce

w+w(eg Av—eg Az - Vo) —Av+Vp=0 in{,
divo =0 in{, (5.5)
v=0 in0Q.

Secondly, the compact embeddings W29(Qz) < Wh4(Qp) < LI(Qg) — W, "(Qg) imply the
strong convergence

’iSjUj —w in W_l’q<QR), v; — v in Wl’q(QR>, pj — D in Lq(QR)

By Lemmal5.2)we have (5.1) with v, p, g replaced with v;, p;, g;. Employing (5.3) and passing to the
limit 5 — oo in this inequality leads to

1< G((l + W)HUHLq;QR + ”qu;QR + ||w||—17Q§QR)' (5.6)

We now distinguish the following cases:

i. If |[s] < coandw = 0, then w = isv and simplifies to the classical Stokes resolvent
problem with resolvent parameter is. If s # 0, this yields isv = Av — Vp € L9(Q), so that
v € W29(Q)). Uniqueness in this functional framework is well known, so that v = Vp = 0; see
[11] for example. If s = 0, then is the steady-state Stokes problem and v € L3%/3729)((Q))
implies v = Vp = 0 as follows from [12, Theorem V.4.6] for example.

ii. If |s|] < ooandw > 0, then w = isv and (5.5) coincides with with ¢ = 0. Employing
Lemmal5.1/and v € L3/G=9(Q), we conclude v = Vp = 0.

iii. If |s| = oo, we note that for every R > 0 such that 92 C Bp, estimate implies
|vjllg0r < Cr/|s;| for some R-dependent constant C'. Passing to the limit j — oo and
employing that R was arbitrary, we deduce v = 0 in €2, and reduces to w + Vp = 0,
which, in particular, yields w € L?(2). Since we also have divw = 0 and w|aQ = 0, this
equality corresponds to the Helmholtz decomposition in L?(£2) of the zero function. By unique-
ness of this decomposition, we conclude w = Vp = 0.

Finally, in all three cases we obtain w = v = Vp = 0, which also yields p = 0 due to p €
L3‘1/(3_Q)(Q). In total, this is a contradiction to inequality (5.6) and finishes the proof. O
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After the derivation of suitable a priori estimates in Lemma we next show the existence of a
solution to the resolvent problem ((1.1) for a sufficiently smooth right-hand side g.

Lemma 5.4. Let Q) C R? be an exterior domain of class C3. Let A > 0, w > 0, s € R and
g € C5°(Q)3. Then there exists a solution (v, p) to (1) with

Vg e (1,3/2): (v,p) € XZ () x YI(Q).

Proof. Existence for the related resolvent problem in the case s € wZ and A > 0 was shown in
[7, Lemma 5.11] in full detail based on energy estimates and an “invading domains” technique together
with L estimates similar to (3.1). The proof for for general s € R, which means for A =0,
follows along the same lines, which is why we only give a rough sketch here.

First of all, we choose I > 0 such that 9§ C Bg. For m € N with m > R we first consider the
resolvent problem (1.7) on the bounded domain €2,,, = Q N B,,, that is,
1SV + w(ey Avy, —ep Az - Vo) — Avy, + Vpy, =g inQp,
divo, =0 in,,,
Uy, = 0 on 0€2,,.

By formally testing with the complex conjugates of v,,, and Pq, Av,,, where Pq,  is the Helmholtz
projector in L(€2,,,), one can then derive the a priori estimates

||’Um||6§Q7n + ||va||2§Q'm S C||g||6/57

where the constant C' > 0 is independent of m; see the proof of [7, Lemma 5.11] for further details.
In order to derive a uniform estimate on the full second-order norm, we employ the inequality

IV*0llzg,, < C(Pa, Awlzq,, + [Vwl2e,,)

forall w € Wy (Qm)? N W22(Q,,)? with div w = 0. Since we assumed 9Q € C?, the constant C
can be chosen independent of m; see [21, Lemma 1]. Based on these formal a priori estimates and
a basis of eigenfunctions of the Stokes operator on the bounded domain §2,,,, we can then apply a
Galerkin method to conclude the existence of a solution (v,,,, Py, ), which satisfies the a priori estimate

[vmlle;m + [ VUm 120, < Clllgllsss + llgll2),

where (' is independent of m. After multiplication with suitable cut-off functions, one can then pass
to the limit . — oo, which leads to a solution (v, p) to the original resolvent problem (1-1). Finally,
another cut-off argument that uses the uniqueness properties from Lemma reveals that (v, p) €
Xg ,(82) x YI(Q) forall g € (1,3/2). O

After having shown existence of a solution for smooth data g, we can now combine the previous
lemmas to conclude the proof of Theorem by an approximation argument.

Proof of Theorem[31l In the case 2 = R? the statement follows from Theorem above. In the
case of an exterior domain €2 C R?, the uniqueness statement is a consequence of Lemma5.1] and
estimate was shown in Lemma It thus remains to show existence of a solution for general
g € L1(Q)3. To this end, consider a sequence (g;) C C(£2)* converging to g in LI(Q2)3. By
Lemmachere exists a solution (v;,p;) € X7 (2) x Y(Q2) to with g = g, foreach j € N.
From Lemmal5.3|we infer that (v;, p;) is a Cauchy sequence in the Banach space X¢, ,(Q) x Y9(€).
Therefore, there exists a unique limit (v,p) € X7 (£2) x Y?(Q2), which is a solution to (T.1). This
completes the proof. O
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6 The time-periodic problem

Now we consider the time-periodic problem and prove the well-posedness results from Theorem
For the proof, we reduce to the resolvent problems for each Fourier mode, which can be
solved by means of Theorem Due to the a priori estimate (3.), these solutions constitute a
summable sequence in a suitable space, so that the associated Fourier series forms a solution to the
time-periodic problem (1.2).

Proof of Theorem[3.2 Let f € A(T;L%(2)3). Then there exist f;, € L4(Q)3, k € Z, such that

fltx) =" fula) 7M.

By Theorem there exists a solution (uy, px) € X! 5., (©2) x Y(Q) to

z%’rkuk + w(e; Aug — e; Az - Vug) — Aug + Vp, = fir inQ,

divup, =0 in{, (6.1)
ur, =0 ondf,

which satisfies
73 keur, + wler Aug, — er Az - V)l + [Vl + Vg
+ IVukllsg/-g) + lunllsas-20) + [Pkllsg/3-0) < Cllfilg
for C' as in Theorem[3.1] Since C' is independent of k, the series
u(t,w) =Y up(2) T, p(ta) =Y pilx) T, 62)
keZ keL

define a pair (u, p) € XI(T x Q) x V(T x ), which satisfies estimate (3.2) with the same constant
C and is a time-periodic solution to problem (1.2).

It remains to prove the uniqueness statement. For this purpose, consider a solution (u, p) € X4(T x
Q) x YUT x Q) to (-2) with right-hand side f = 0. Then the Fourier coefficients (ug,pr) €

X? 5, () x YUQ), k € Z, defined by (6.2), are solutions to problem with fi = 0. From
T

Theorem [3.1] we thus conclude (ug, i) = (0,0) for all k € Z, so that (u, p) = (0,0). This shows

uniqueness of the solution and completes the proof. O
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