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Differentiability properties for boundary control of fluid—structure
interactions of linear elasticity with Navier-Stokes equations
with mixed-boundary conditions in a channel

Michael Hintermuller, Axel Kréner

Abstract

In this paper we consider a fluid-structure interaction problem given by the steady Navier
Stokes equations coupled with linear elasticity taken from [Lasiecka, Szulc, and Zochoswki, Nonl.
Anal.: Real World Appl., 44, 2018]. An elastic body surrounded by a liquid in a rectangular do-
main is deformed by the flow which can be controlled by the Dirichlet boundary condition at the
inlet. On the walls along the channel homogeneous Dirichlet boundary conditions and on the out-
flow boundary do-nothing conditions are prescribed. We recall existence results for the nonlinear
system from that reference and analyze the control to state mapping generalizing the results of
[Wollner and Wick, J. Math. Fluid Mech., 21, 2019] to the setting of the nonlinear Navier-Stokes
equation for the fluid and the situation of mixed boundary conditions in a domain with corners.

1 Introduction

The paper deals with fluid-structure interaction (FSI) problems given by a fluid flow around an elastic
body in a rectangular channel with fixed walls in two space dimensions. The elastic body deforms
under the flow and is modelled by linear elasticity, for the fluid we consider the steady Navier-Stokes
equation with Dirichlet condition at the inlet, no-slip condition on the wall, and do-nothing condition
on the outlet. The configuration is taken from Lasiecka, Szulc, and Zochoswki [LSZ18] who analyze
existence of solutions to this FSI problem and existence of an optimal inflow profile, considered as
a boundary control, which minimizes the drag at the interface of the elastic body and the fluid. Let
g denote the Dirichlet inflow boundary values and (u,w, p) be the solution of the FSI problem af-
ter transforming the variables for the fluid to a reference domain, that means u solves the elasticity
equation, (w, p) is the solution of the Navier-Stokes equation and both equations are coupled via the
traction force at the interface and via coefficients in the Navier-Stokes equation. We show that the
control to state map of the FSI problem

Br(g3/2) — Xp’ g (u,w,p) (1.1)

with ball B,.(G3/2) around zero with radius » > 0 in the space Gs/» defined in and X?,p > 2,
defined in is continuously Frechet differentiable for sufficiently small r. The differentiability is
a crucial property to derive first-order optimality conditions which are usually the starting point for
characterizing optimal controls and numerical schemes to solve such type of optimal control problems.
While the formal derivation of these optimality conditions for similar settings has been considered, see
below, we leave the rigorous derivation of optimality conditions for this specific case for future work.
Difficulties in the analysis to derive Fréchet differentiability arise from the fact that (i) we consider
the nonlinear Navier-Stokes equation, (ii) the problem is formulated in a polygonal domain, (iii)) we
have mixed Dirichlet-Neumann boundary conditions, and (iv) the analysis is considered in a higher
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M. Hintermdller, A. Kréner 2

regularity setting. Differentiability of FSI problems with respect to data has been considered for the
Stokes equation with Dirichlet boundary conditions in smooth domains coupled with linear elasticity in
Wick and Wollner [WW19]. There the differentiability is obtained by the implicit function theorem which
we apply also here following their ideas. Therefore, the linearized Navier-Stokes operator needs to be
an isomorphism in suitable spaces; hence, main parts of the paper deal with the derivation of regularity
results for this equation. We proceed in three steps following the procedure in [LSZ18]: (i) Derivation of
a lower regularity result for the velocity pressure pair in W2 x L? based on Lax-Milgram arguments,
(ii) derivation of a higher regularity result in W22 x W12 which uses estimates from [LSZ18] which
relies on results from the Agmon, Douglis, and Nirenberg [ADN59] theory on ellitpic systems, (iii)
higher p-integrability, namely W2? x 1P on compact subsets using commutator analysis. For the
analysis of linear elasticity we rely on classical theory.

We give an overview about related literature. On FS/ problems: Galdi and Kyed [GK09] analyze
existence of steady FSI problems in smooth domains. Wick and Wollner [WW19] derived as mentioned
the differentiability of steady FSI problems with respect to the problem data in smooth domains. For
an introduction to evolutionary FSI problems we refer to Kaltenbacher et al [KKL™18]; moreover, see,
e.g., Gunzburger et al. [DGHLO03, IDGHL04|, Grandmont and Maday [GMQQ], and Ignatova, Kukavica,
Lasiecka, and Tuffaha [IKLT17].

On optimal control and FSI: In [LSZ18] boundary control of a FSI problem with stationary Navier-
Stokes equation is considered. The authors show existence of a ungiue solution of the underlying
equation under a smallness condition as well as of an optimal control. This paper extends Grand-
mot [Gra02] in the sense that the problem is considered in a domain with corners and with mixed
boundary conditions are allowed. In the later reference an elastic body surrounds the fluid and an
additional volume constraint is imposed while in the former paper the elastic body is surrounded by
the fluid, furthermore, a radial unbounded cost is considered. Rigorously derived first order optimal-
ity conditions have been, to the best knowledge of the authors, not been stated yet for the problem
under consideration. Numerics including formally derived optimality conditions are considered, e.g., in
Richter and Wick [RW13] where optimal control and parameter estimation for stationary FSI problems
are considered.

For control of evolutionary FSI problems see, e.g. Feiler, Meidner, and Vexler [EMV16] who consider
linear FSI systems with coupled linear Stokes equation and wave equation and derive optimality con-
ditions and Moubachir and Zolesio [MZ06] who derive for an optimal control problem for nonlinear
time-dependent FSI problem necessary optimality conditions formally. Existence of optimal control for
the problem of minimizing flow turbulence in the case of a nonlinear fluid-structure interaction models
is considered in Bociu et al. BCMT15].

Finally, we remark that differentiablity properties of shape optimization problems for fluid-structure
interation has been considered in Haubner, Ulbrich, and Ulbrich [HUUZ20].

Notation: Throughout the paper we use the usual notation for Lebesgue and Sobolev spaces. For
spaces of type W*P(Q)? (W*P(£2)?*2 resp.) we often omit the dimension. We define the symbolic
expression

(w - V)w = (w;0;wq, w;0;ws) (1.2)

for w € W12(Qy)? using Leibniz summation convention, and we write divw := 91wy + Oyw,. We

denote V - 0 = (23?:1 %::)1<i<2 for o € W12(Q,)?*2. For matrices B; and B, in R**% we

denote the Frobenius product by A - B := ijzl A;;B,;. Sometimes we write 0 for the zero map.

The dependence of a function f on another function g is indicated by f[g] while the dependence on
the spatial variable = by f(z) = f[g](x). We use the following notation for the Jacobian of the flow
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Differentiability properties for boundary control of FSI problems 3

map  as a function of u

Vo = VU] i= Db [u] = (Ml 31@2) ]

O ®1 02D,

and for the cofactor matrix and determinant of the Jacobian
K := K[u] := K(D®[u]) := det(D®[u])D®[u]~" =: cof (DP[u]),
J = Ju] == J(D®[u]) := det(DP[u).

Moreover, we set

A= Al := Ju)] " K u) K[u] " (1.5)

Further, we use the notation

with outer normal 7, to {25. With
c[u](v7w,z) = ((U ’ K[U]Tv)wuz)LQ(Q) (1.7)

we simplify the notation for the case u equal zero to ¢(, -, ) := ¢[0](-, -, -). We set for matrix K €
R2’2
diver w = (KV) w. (1.8)

For functions f and e and operators D we write for the commutator [f, D]e := fDe + D(fe).
The space of linear bounded mappings from Banach space X; to Banach space X, we denote by
L(Xy, Xy).

The ball of radius 7 > 0 around zero in a Banach space W we denote by B,.(W). Finally, ¢ > 0
denotes a generic constant and ¢. > 0 a constant depending on £ > 0. The Euclidean norm in R% is
denoted by |||

Structure of the paper: In Section [2| we introduce the physical setting as well as the flow map and
transformation rules between the physical and reference domain, in Section[3|we introduce the Navier-
Stokes system, the elasticity system, and the fluid-structure interaction system and prove existence
of solutions, in Section [4] we show existence and a priori estimates for the linearized system in higher
Sobolev norms, and in Section [5|we show the differentiability of the control to state mapping for the FSI
system. In the appendix we recall the transformation of the Navier-Stokes equation and its linearization
to the reference domain.

2 The domain

We recall the problem setting from Lasiecka et al. [LSZ18]. Let D C R", n = 2,3, be a bounded
domain with piecewise regular boundary 9D and straight corners as shown in Figure (1L Further, let
(21 and €25 be subsets of D with {2; being a doughnut-like domain with boundary 0€); := I'j,; U T';y.
The exterior boundary of )5 is denoted by sy, := I'iy U I'yan U T'ou. In €21 we consider a problem of
linear elasticity for an elastic body with « denoting the displacement field. In the exterior subdomain
()5 we consider a Navier-Stokes problem for the motion of a fluid with velocity field denoted by 1.

We consider a parallel fluid flow in the channel D containing the elastic body in €2; which deforms due
to the influence of surface forces by the fluid. The original boundary 'y, = I'i[0] of €2; transforms
itself into I'j [u] with elastic displacement u on I'j,;, more precisely

Fim[u]: Fint — l)7 X — T+ U(SC) (21)
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Q2 ‘
—————————————————————————————————— i,—» e
0' Fim[u} m
Figure 1: Domain.
Domains Variables

Original domain | € Qs

Physical domain | Q;[u] Qafu] | (0, D)

Reference domain | € Q| (w,p)

Table 1: Variables in physical and transformed domain.

This leads to a new domain $2[u] with boundaries Ty, Tout, Twar, and T [u]. Variables in the physical
domain are denoted with a tilde, cf. Table [1l The outer normal to {2, is denoted by n, and the one to
Q, [u] by n,. The outer normal to () is denoted by 1.

2.1 The flow map and some transformation rules

In this section we introduce the flow map and study the transformation between the physical and
reference domain. At first, we recall some standard operators. The trace operator (cf. [EG04, Thm.
B.54])

v W2P(Qy) — Wz_l/p’p(f‘im), 2 <p< oo, (2.2)

is surjective and satisfies for u € W27 ()

Iyellwe-1mogy < €llullyzo,) - (2.3)
The corresponding trace operator for any open subset w C I';, U I',,5y we denote by ..

Proposition 2.1 (Dirichlet harmonic extension). For2 < p < oo the harmonic extension
D: W VPP(D) — WP (Qy), mi > Du; =: ¢lmi], i=1,2 (2.4)

defined by
Ap; =0inSy, ¢;=mn;0nTi, ¢ =00n0 \ L'y (2:5)

is well-posed and satisfies the estimate
@il @um < C lvrattillws=1ropm,y, fori=1,2. (2.6)

Proof. We refer, e.g., to Casas, Mateos, and Raymond [CMRQ9, Lem. A.2]. O
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Differentiability properties for boundary control of FSI problems 5

In the following we set @[] := (¢1[m1], d2[n2]) " for ¢; defined in ([@2.4).
Throughout the paper let the integrability exponent p > 2.

Definition 2.2 (Flow map). Foru € W??(),), and ¢ defined in (2.5) the flow map is given by

O: WP(Qy) — W2P(Qlu]), ®[u] == id + ¢(yr,u). (2.7)

Here, ®[u](x) lifts the boundary trace u|r,, = Yr,u € W'~/PP(T},) from the interface Iy into
Qs [u] = ®(Qy), in particular we have Qy = Q[0] = &~ 1(Qp[u]).

We define UP := WP(Q).

From Grandmont [Gra02] we recall the following properties stated there for a three dimensional spatial
setting.

Lemma 2.3. (i) The mapping K : W*P(Q;) — W1P(Qy)
Ku] := cof (V®[u]) (2.8)

is of class C'*° with cofactor defined in (1.4).
(ii) The mapping G: W2P(Q;) — WP(Qy)

Glu] := VO[u (2.9)
is of class C'*°. There exists ary > 0 such that for allu € B, (U?) we have
Glu] = V(id + D(yr,(u)) = id + V(D(r,())) (2.10)
is an invertible matrix in W' (Qy). Moreover, we have
(iia) ®(u) = id + D(qr,,(u)) is injective on Qy,
(i) ®(u): Qg — ®[u]() is a C*-diffeomorphism.
(iii) The mapping A: B,,(U?) — W1?(Qy), with

Alu] := (V(¢[u])) ™" cof (V(¢[u])) (2.11)
is of class C*°.

Moreover, A satisfies a condition of uniform ellipticity over B,., (U?), i.e. there exists a constant 3 > 0
such that
A(u)(z) > pid, forallu € B,,(U?), andallx € Q. (2.12)

Proof. (i) The mapping K [u] belongs to W17 (€),) since W1P(),) is an algebra for p > 2 (see

LemmalC.1]with p = ¢). As a composition of C'>° mappings it is smooth. (ii) For the first statement we
apply the same arguments as in (i). For the second, we use that

®(u) = id + D(yr,,(u)) € WP(Qy), VYu € WP(€Q,). (2.13)

Choosing 71 such that

N 1
HU||W2m(QS) <7, implies ||V(D(7Fimu))||wm(s22) < o (2.14)
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where c is the constant in Lemma [C.1} then id + V(D(I'(b))) in an invertible matrix in WP (€,)
and we get the result.

For the proof of (ii.a) and (ii.b) we refer to Grandmont [Gra02, Lem. 2].

(iii) We recall the ideas from [Gra02, Lem. 3]. Let b € B,. That A[u] € W?(£y,) follows from point
(ii). As for the regularity of A, it is sufficient to show that the mapping:

WP (Qy) — WHP(Qy), T T (2.15)

is infinitely differentiable at any invertible matrix of W1?(£2,). This can be proven by standard ar-
guments, see [Car67, Chap. I]. The condition of uniform ellipticity of A over B, (U?) derives from

continuity and compactness arguments (W17 (),) is compactly embedded in C'(€25)).

For the estimate for the derivative we use the boundedness of A on the bounded set B, (U?). O

2.2 Transformation of integrals

We recall some properties on the transformation of integrals and derivatives under a reference map.
For function 7 on the physical domain €2;]u] we define the transformed function on the reference
domain Qy = ®[u] 1 (Qe[u]) (for given u) by

m(x) :=7(y), y=Pu(z) (2.16)
which is well-defined by Lemma [2.3] (ii). Moreover, we denote the determinant of the gradient of the
flow map by

J(+) := det(DP(-)). (2.17)

As a direct consequence we have Afu] = J[u| ' K[u]" K[u].
Lemma 2.4. Letu € B, (U?) and ® be defined by Proposition[2.7 Then, the following relations
hold:

(i) Volume elements transform as

/ ldy = / J(x)dx, (2.18)
Qa[u] Qo
(i) Boundary elements transform with Jr|u] := || K[u|n.|| as

/ lds, = / Jrulds,. (2.19)

Fuut[u] Tout
(iii) The gradient transforms as

- 1
Vfi(y)=Dd'Vf(x) iff V= jKV. (2.20)

(iv) For the outer normal n,, to 25[u] and n,, to {2y we have

D® Tn, Kn,

= = 2.21
" D T T .
. cof(Volu])n,
p(y)n,ds :/ p(x cof (Volu|)n,|| npds,. (2.22)
[ s, = [ v S et (Fofun|
Proof. We refer to [LSZ18l, Appendix A.1]. O
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Differentiability properties for boundary control of FSI problems 7

2.3 Transformation of the Navier-Stokes equation

We consider the Navier-Stokes system in IR? with viscosity v > 0. We define

13
W= {g € WM(Fm : glor, = 0} for p € {2 2} (2.23)

Let w = (w1, wWs) ' the fluid velocity and  the pressure in the physical domain Qyfu] = ®[u](£2;)
satisfying

(—VvAL Dy + 0V, + (VD) =0 in Qyful,
— VA + 0 Vi + (VD) =0 in Quful,
Vi =0 inQful, (2.24
w=g onlj,
D=0 on [y UTul,
L —vDw-ny+p-ny, =0 onlyy

and given data g € Gy s. Let I'yg := I'iy U L'y U oy, and we have by ® = id, on I'y4 such
that for trial functions 1;1 and 1;2 vanishing on I'yy also the transformed 1 and 15 vanish on I'yy. The
transformed strong form of the Navier-Stokes system in (), is given by (cf. [LSZ18, Appendix A.1]),
see also Appendix [A]

([ vV (Au]Vw) + w(K[u]V)w+ K[u]Vp=0 inQy,
(Ku]V)'w =0 inQy,
S w=g¢g onlj, (2.25)
w=0 onLyyU Dy,
—v(A[u]Vw) - n, + pK[u] - n, =0 on Ty

Since ¢ = id, on I'e,; we have Kn, = n, on ['yy.

\

3 Existence of solutions for the considered systems

In this section we consider the nonlinear Navier-Stokes system, the linear elasticity system, as well as
the fluid-structure interaction model.

3.1 The Navier-Stokes system

For m = 0, 1, 2 we introduce

W™P(Qy) = {v € W™2(Qy) : v € W™(8y) for ly C Q2 compact]}, (3.1)
and further the spaces,
WP = W2P () x WP (), W 1= W2(Qp) x Q). (3.2)
For a given compact subset ﬁz C €y we write
W, 8, = W2(Qa) N W22(Qy), W, 5 = W(Qe) NW(Q); 03)
Wé’ =Wya, X W, 4,

note the different meaning of p here as upper and lower index.
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Theorem 3.1. One can choose r > 0, ry > 0, and ro, > 0 such that for all g € B,(Gs/2) and
u € B, (UP) there exists a unique solution (w, p) in B,,(W?) of (2.25). Moreover, for any compact
subset (25 C (, the solution (w, p) € B,,(WE ) depends continuously on g.

2

Proof. We follow closely ideas from [LSZ18]. We consider the fixed point equation

Ny: Bﬁ(W&) — Brl(W?’;Q), (w, p) = N, (w,p), (3.4)
where N, maps for given g € B,(G3)2) the point (@, p) to the solution (w, p) of
(—vV(Vw) + Vp = —vV(V(—Alu] + id)w)
— (w(Ku] —id)V)w — (Ku] —id)Vp in Qa,
dlvz z g—((K [u] —id)V) '@ ':n% (3.5)
w =70 on Dyar U D,
(V0w +p -y = v(0apn — On)W — p(K[u] —id) - ng on Loy

Existence follows by Banach'’s fixed point theorem, see [LSZ18| (68),(85)], using smallness of the data
g.

The continuous dependence on the data follows by the contraction property of ./\/g and the continuous
dependence of the iterates on g. O

Hypothesis 3.2. For givenry > 0 letr > 0 and ry > 0 be sufficiently small such that for all
g € B,(Gs/2) andu € B, (UP) the Navier-Stokes equation (2.25) has a unique solution (w, p) in
B,.,(WP).

3.2 The elasticity system and the traction force

We set B := {¢ € W?P(2;) : (|r, = 0} and define the Neumann harmonic extension

N: WEYPP(TL) = B, v u=: Nu, (3.6)
with u be the solution of
—divolu] =0 in 4,
olu] = Asfu] onQ

o] = Aclu] on 2, -

u=20 onI',

olu]-ny=v-ny onTiy
with outer normal n to Qy strain tensor e(u) = $(Vu + Vu'), Piola Kirchhoff stress tensor
components o = 0;j, %, j = 1,2, 3, and the elasticity tensor A = a;x, 7, 7, k,1 = 1,2, ¢ > 0 with
aijuény > collE®, V&5, &G =&, (positive definiteness), (3.8)
Qijkl = Qglij = Qjigt,  Gijrr € L7°(Q1) (symmetry), (3.9)

vector n; is the unit outward normal along I';,; pointing from €2; to {25. We call u the displacement
field and will also consider the system with inhomogeneous right hand side

—divolu] = f; in 1,
olu] = Aefu] on £y,

(3.10)
u=20 onl'y,

olul -ny=v-ny onTliy.
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Differentiability properties for boundary control of FSI problems 9

Theorem 3.3. (i) For fi € LP(Q) and v € W'=V/PP(T,,) system (B.7) has a unique solution
u € W?P(Q), i.e. the Neumann harmonic extension is well-defined and we have

1Nl < € (1olhyrsmoe + il ) - @3.11)

(ii) Moreover,
S:LP() x WITVPP(D ) — W2P(Q),  (fi,v) — u (3.12)

is continuously differentiable.

Proof. (i) We refer to Ciarlet [Cia88, Thm. 6.3-6 and p. 298], note that I';;; has positive distance to
Fwall U Fout U 1—‘in-

(i) Follows from the linearity of the mapping. O
Next, we define the traction force on the interface I'jy:.
Definition 3.4 (Traction map). Letu € W*P(Q,). The traction force is given by

t: Wz’p(Ql) X W1’2(Qz) — Wl/Q’Z(Fint)a

3.13
(u,p) — t{u, p| ;= plu]K[u] - n, on Ty ( )

with p|u] the pressure in the solution of the Navier-Stokes equation (2.25) and K [u] given by (1-4).

Since p € WP({y) for compact subsets )y C €2, and Klu] in Wh?(Qy) with p > 2, we have
pKu] € W'P(Q,) and so (pK[u])|r,, € WY?2(I',). Note that on the interface I,y we have
w = 0.

3.3 The fluid-structure interation system

For g € BT(gg/g) and f; = 0 we can state the fluid-structure interaction model given as

(2:25) together with u = Nt(u, p) in 3.14)
with N and t defined in (3.6) and (3.13). '
For (AZQ C 29 compact we introduce for 2 < p < oo the spaces
X7 :=UP x W£2, Xy =U"xW, XP:=X'nX}. (3.15)

Theorem 3.5. For any i > 0 there exist an > 0 such that for g € B,(Gs/2) problem (314) has a
unique solution (u, w, p) € B;(X?) which depends continuously on the data.

Proof. We refer to [LSZ18, Thm. 3.2]. The proof uses a fixed-point argument based on estimates
which we already cited in the proof of Theorem [3.1 O
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4 The linearized equations

In this section we analyze the linearized Navier-Stokes equation in the domain €2, and derive regularity
results for its solution using techniques from [LSZ18] which are applied there for the Navier-Stokes
equation.

We introduce the spaces
H:={we W) :w=00nT} Ul U@yt (4.1)
and recall the property that for p > 2 we have WP(Q,) C L9(Q3), 1 < ¢ < oo. Moreover, for
u € UP and (v,w,y) € II_; W1%(Q,)? we define
clu](v,w,y) == ((v- K[u])Vw, y)120,). (4.2)
Lemma 4.1. Letu € U? and (v,w,y) € TI2_,W1%(Qy)?, then can be estimated as

lelu) (v, w, ) < ) [[vllwrzo,yzxe 1wl L2,y 19l 24(0,)2 - (4.3)

Proof. By Sobolev's embedding we have J,v; € L2(QQ) and the functions w; and y; belong to
L*(€2,) and hence,

/|vj8jwizi\dx§/ ]ajvi|2dx/ |wj|4dx/ 2| * de (4.4)
Qo 0y Qo Qs

and we conclude. O

In the following we write ¢(v, w, y) for ¢[0](v, w, y) with 0 denoting the zero map.

4.1 Linearized state equation: Coefficients equal to one

Let
feL*(), fr€L*(), f3 €W V2o, dge€ Gi/a- (4.9)
Let (w,p) € WP solution of the Navier-Stokes equation be given. We consider the linearized
Navier-Stokes system around this point with inhomogeneous right hand side given by
—vAzy, + (WV)zy + (2,V)W + Vz, = f  inly,
_(vy)T'zw = fo in€ly,
Zw = 0g onl, (4.6)
Zw =0 on Dy U Dy,

—V0n2y + 2p - Ny = f3 on Doy

\

Let F': WH2(Qy) — R be given by
F(v) := /(f + fo) - vdx + fa-vdy, ve W2 (), (4.7)
Q Foul

and for w € H we define by : H X H — R, by

by (w,v) = 1// Vw - Vodz + ¢(w, w,v) + ¢(w, w,v). (4.8)
Q

To address the linearized terms a smallness condition on the velocity @ is made, see also de los
Reyes and Yousept [dIRYQ9].
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Lemma 4.2. Forry > 0 sufficiently small we have
ba(v,v) > ¢ HUH%,LQ(%) forallv € Wh2(Qy); (4.9)

moreover, the bilinear form by, (-, -) is continuous.

Proof. By Lemmal4.1|there exists an ¢ > 0 such that
v(Vu, V) + c(v,w,w) + c(w,v,v)
2 2
2 HVU||L2(Q2) —¢ HU||L2(Q4) — ¢ ||VU||L2(QQ) ||UHL2(Q4) (4.10)
v
Z 5 [0llwr.20,) -

The continuity follows again from Lemma[4.1]and Sobolev’s embedding. O

The weak formulation for (4.6) is given as follows: Find z,, € H solution of

b (2w, V) — z,Vodr = F(v) forallv € H,
o) - [ 5 (v) o

div z, = foin o, Zw = 0gon [,

Theorem 4.3. For ||LZJHW1,2(Q2) sufficiently small system (4.6) (resp. (4.11)) has a unique solution
(2w, 2p) € WH2(Qy) x L*(€) with

zullwrz,) + 12l 20,y < Cllfllw-1200y) + €l fall 20,

(4.12)
+c ”ngW_l/Q’Q(Fout) +c ||<5gHW1/2,2(Fm) .

Note, that this lower regularity existence and the estimate follows by classical Lax-Milgram arguments,
see [LSZ18, Step 1] and also [MR10, Theorem 11.1.2], together with Lemma 4.2

Hypothesis 4.4. Let o, > 0 be sufficiently small such that for w0 € B,, (/WQ’Z’(QQ)) equation (4.6)
has a unique solution (2, z,) € W42(Q) x L*(£s).

Note, that here we consider a higher norm than necessary with respect to Theorem[4.3] This is due to
the fact that later we will also estimate higher norms of w.

4.2 The linearized state equation

Let (w0, p) be given solution of the Navier-Stokes equation (2.25). We consider the in this point lin-
earized equation with inhomogeneous right hand sides chosen as in (4.5) given by

([ —VvA(A[u]zy) + W(K[u]V) 2y + 20 (K[u] V)0 + K[u]Vz, = f  inQ,
(K[u]V) 2y = f2 inQa,
2w =0g only, (4.13)
Zw =0 onDya U Ly,
— VO A 2w + 2K [u] - ng = f3 on Loy

\

We follow the approach from [LSZ18] where the nonlinear Navier-Stokes equation is analyzed and
ideas from Grandmont [Gra02]. We recall a technical result which follows by a Taylor argument.
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M. Hintermdller, A. Kréner 12

Lemma 4.5. For r, and r,, positive and u € B, (U?) andw € B, (X?) and some s > 1 the
following estimates hold:

@) A[L] = id]| oo g,y < cry, (@) [ A@) = id|lyp,) < crs,
(ii)) (K (@) oo gy < (1 +13,), (iv) (K () = id| oo o,y < cry,

as well as
(v)  NV((A@) = id) V)0 4y < e 10]lw2a@,)

forsome s > 1 andq > 2.
Proof. See [LSZ18, Lem. 4.1]. O

We follow ideas in [LSZ18, Prop. 4.2, Lem. 4.3, Lem 4.4, and Lem. 4.5] developed there for the Navier-
Stokes equation to analyze the linearized equation in (4.13). We start with a preliminary consideration
which is later used in (4.29).

Lemma 4.6. Forv € W'P(Qy,) and s € L*(T,,) we have
||US”W*1/2«2(FM) < HU||L<>O(Q2) ”SHW*U?,?(FUU,)' (4.14)

Proof. Since W' C C(€) continuous the product of the trace of v on I'o with s is in L?(Toy) C
W~122(T4y) and we have

[vsllyw-1/22my = sup (Jvlls], [n])r2(ran
/2,2 ) =1 (4.15)
é HUHLOO(FQM) |S‘|W71/2’2(Foul) '

Again using that v is continuous up to the boundary we conclude. O

For given u € B,, (U?) we define a map

T=T, WP = WP (Zy, %) = (2w, %) (4.16)
by rewriting as
( vV (Vzy) + (0V) 2y + (2, V)0 + Vz,
= —vV(V(—Alu| +id)z,)
— (W(Ku] —id)V)z,
— (Z(Ku] —id)V)w
— (Ku] —id)Vz, + f in o, (4.17)
div z, = —(K[u] —id)V) " 2, + fo in Oy,
Zw = 0g on I},
Zw =10 on Dyar U Ty,
( —V0n 20 + 2p - Ng = VOAp)—idnZw — Zp(K[u] —id) - ng + f3 on Toy;

this will allow to define a sequence ((Zuw.ns Zp.n) )new With (2w 0, 2,0) equal to some (Z,, z,) € WP
which we further analyze in Section [4.5]to obtain existence of a solution for (4.13).
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Differentiability properties for boundary control of FSI problems 13

Lemma 4.7. Letr, andr,, positive. Foru € B, (U?) andv € B, (W'?(£,)) we have

[0 (K (@)V)zull 1o,y < ¢+ 1007w [2ullwin,) - (4.18)

Proof. We have

[o(K (1) V2w ) o,y < (@) oo ) 191 2o ) 1V 20 Lo (0)

. (4.19)

and conclude with Lemma[4.5] O

4.3 Lower regularity

We have the following a priori W12 x L?2-estimate without having to take into account the special
situation of mixed boundary conditions.

Lemma 4.8. Let Hypothesis[4.4 be satisfied. For the solution (z, z,) of we have the estimate
1zwllwr2i0) + 120l 1200y < €M lL20n) + € f2ll 2y + llgllwrrea,)

+ el fallw-1/22(0, + 1 [|Zwllwzzq, (4.20)

+ory HEPHWLQ(QQ)

with constant c depending onro ands > 1 andp > 2.

Proof. By Theorem[4.3|we have existence of a unique solution and the following lower regularity result
for the solution (z,, z,) given by

HZMHWLQ(QQ) + HZPHL2(QQ) < C( HfHLQ(Qg) + Hf2HW172(92) + “g”wuza(rm)

Fl fsllw-12200,) + 1F (s 2w, 2) | 2y + [1F2(Z0; )] 12(0,) (4.21)

+ HaA[u]—id,nZwHW—1/2,2(FM) + HEP(K[U’] - id)le/Z?(Fom))u

where

F(u, Zy, zp) == —vV((—Afu] +1id)Vz,)
— Zy(K[u] —id)Vu — 0(K[u] —1d)VZz, — (K[u] —1d)V Z,, (4.22)
FQ(U, Ew) = div(ide[u}T) Zy = <<1d — K[u])V)T © Zy-

We estimate each term separately. Differently to [LSZ18] we have to estimate the linearized convection
term

120 (=K [u] —id)V| 12, < cll=Ku] —id|| 1o (a,) 20l Lo 0y) VOl 120y (4.23)
< orira [|Zwll oo o)

and accordingly,

[ (=KTu] =1d)Vzu|l 120,y < e 1Zwllwr2(,) 101l oo () - (4.24)
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The other terms are treated in the same way, for simplicity we recall here the main steps. For some
s > 1 using Lemmal4.5 4. we have for the diffusion term

IV (Alu] = i) V2l < erf 2wl ay)- (4.25)
Again by [LSZ18, Lem. 4.1] we obtain for the term involving the pressure

|(K 6] = 1)V 120, < 1K) = il ) 1VEl 200y < 71 12 lwnz, (426)
By divig_ gy w = (id — Ku]") - Vw, cf. Appendix we have

HChVid—K[u]T ZUHLQ(QQ) S Hld - K[U]T||Loo(g2) ||2'WHW172(QQ) S C’I"f ||2w||W1*2(Qg) (4'27)
and for the boundary terms

||3A—id,n5w||W1/2,2(p0m) < HA[u] - idHLoo(QQ) Hanzw“vvwﬂ(rw)

_ ) L (4.28)
+ | Alu] = idlypro(ay) 12wz, < et 1Zullwee @,

using for the latter estimate the Neumann trace estimate; note, that we estimate the trace in a higher
norm than necessary here. Moreover, with estimate (4.14)

120 (K] = id)llyy /22 ry,y < HTU] = 14| o ) 120l -17221,)

ol (4.29)
< cry HZPHW*/M(FM) :
Consequently, with (4.25)—(4.28) we obtain the result. O
4.4 Higher regularity
For FF € L2(y), Fy € WH2(€)y), g € G, and F3 € WY/22(T,,,) we consider
—Av+Vqg=F, in€),
dive = FQ, in QQ,
(4.30)

v=g, in Fin U Fwalla
—0p0 4+ q-ny = F3, inTyy.

Let K € C'(£2) localize v away from the external boundary 02, and set €2, := supp(k). Here, we
rely on estimates provided in Lasiecka et al. [LSZ18, equation (44)] given by

11 = ®)vllpzzoy + (1= K)dllwiz@, < it = R)Fl 2,

(4.31)
+ (1 - R)FQHWLQ(QQ) + H9||W3/2,2(rm) + ||F3||W1/2,2(rom) :

Remark 4.9. The authors in [LSZ18] refer here to the notion of ellipticity for systems introduced in
Agmon, Douglis, and Nirenberg [ADN59], see also Maz’ya and Rossmann [MR10, Sec. 1.1.3], and
Bouchev and Gunzburger [BG09, Appendix D]. Following Benes and Kucera [BK16, Appendix] the
regularity is established at first locally for boundary points on the Dirichlet boundary part, the Neumann
boundary part, and then for the two corners where the different types of boundary conditions meet (the
less standard result), see [LSZ18, Appendix A.3]. With cut-off functions the solutions are localized and
the estimates are derived using [BG09, Thm. D.1]. Using the compactness of ) global regularity is
achieved.

DOI 10.20347/WIAS.PREPRINT.2871 Berlin 2021



Differentiability properties for boundary control of FSI problems 15

We define
S = WO () N L2(Qy) x W () X Ggjo x WY (To), 1/ > 2, (4.32)

and assume

<f7f27guf3) GSp/‘ (433)

We introduce

Zw,a = RZy, Zw,b = (1 - K')Zw’ (434)
Zpa = K2, Zppi= (1 — R)zp

)

implying 2, = 2y + 2wp and 2, = 2, , + 2,5 and write the solution (z,, z,) of @-17) as the sum
of (2w,as Zp.a) @Nd (245, 2p5) being solutions of the following two systems localized in the interior and
close to the boundary:

( UV (Viwa) + Vipa = —UV((—Afa] + id)VZp.a) + v[V((—Afu] +id)V), #]Z,

= (Zu(K[a]) V)@) — mio((K[u]) V)2
— k(Ku) —id)Vz, — [k, vV?)2, + [k, V]2, + K,

. . ) . (4.35)
div 2y,q = divia—k(a) Zw,a + [k, div] 2y,
+ [divig_ g7 [g]; K] 2w + K fo,
\ Zwa = 00n 0y,
and
(
—vV (V) + Vi, = —(1 — k) (VV((—A[u] +id)Vz,)
—Z (K [u] V)0 — 0 (K[u]V)Z,
— (Ku] — id)Vzp) +[1 = K, vV?)2y
(4.36)

— 1=k, V]z, + f,
div zpp = (1 — £)(divig_ g 7[5 Zw) + [1 — &, div]z, + fo,
Zwp = (1 —K)0g = gon [,
Zwp = 0 on Lanr U L,
{ —V0nZwp + 2pp - Ny = —O0afa]—idnZw + Zp(K[U] —id) - ng + f30n Ty

Lemma 4.10. Let Hypothesis|4.4 be satisfied. For every ¢ > 0 we have forp' = 2, and s > 1 that

Wh2(Q9) S CH(fa f27 g, f3>H32 + Crig szzl’HWZQ(Qg)

+ cr1 | Zplly2ay) T € 1Zwllwea,) + ¢ 12wl 2y (4.37)

HZUJ,bHWQ»Q(Q2) + [[2p

tc HZPHL2(QQ) + ez || Zullyazqy)-

Proof. In the following we omit the first term in the estimate on the right hand side, since its derivation
follows easily. By (4.31) we have for the solution of equation (4.36)

10 = 9)zullwzy + 10 = 8)2pllwragay) < F ]2

4.38
R e 2 (4.38)

HWl’Z(Qg) HW1/22 (Tout) + ’ ||W1/2’2(Fout) ’
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where
FY:=(1-k) (uV((—A[u] +id)Vz, )+ 0 (- K[a]) V) z

+2u((~K[a)V)o — (K[a) - idW%)

+[1 =k, vV?2, — [1 — &, V]2, = Zli (4.39)
i=1

FY o= (1 — k)(divig_g (g Zo) + [1 — &, div]w =: I; + I5,

Fl = z,(K[a] —id) - ng,

Fy = Oap-ian.
Note, that in the following we consider general L4, ¢ > 1, and not only L? estimates to include
also estimates needed for the subsequential lemma in which instead of (z,,z,) € W the pair
(2w.as 2wp) € WP will be considered implying that below higher regularity has to be assumed for
terms involving ||z ||y 2.0 (- We have with ¢ > 2 for the linearized convection term using Sobolev
embedding TWV%2(y) C WH9(Qy)

||[2 + I3||Lq((22) < ||K[u]||W17q(QQ) ||w||L°<>(QQ) ||2w||w2a2(§22)
Il 120l o) @220, (4.40)

< era([Zullwee ) + 1Z0ll 1o 0,)-

Moreover, following [LSZ18]|, with Holder’s inequality with suitable ¢; > 1 and ¢» > 1 satisfying
1/qg=1/q + 1/¢> and Lemmal4.7|

[11]] paayy < cllALE] = id] o q,) I Zwllw2a(0,)
+ || Ala] = id|l e 0,) 12002 0,) (4.41)

< cr} ||ZWHW2»Q(92);

for the later estimate we used that for g; = (qq1)/(q1 — ¢) the inclusion TW24(Q) C W41 (Qy) is
continuous. Using that the appearing commutator lose one order of differentiability we get

115 + ]6||Lq(92) < C(”ZWHWL‘Z(QQ) + ||ZpHLq(92)) (4.42)
which can be further estimated in the case ¢ = 2 by (4.20). Further, we have for ¢ = 2 that

||‘[4||L2(Q2) < ||K[u] - id“]po(%) ||Vzp||L2(92) < cry ||VZPHLQ(Q2) : (4.43)

Note, that the boundary terms are not relevant for the system in the variables (zwﬂ, zm) considered in
the subsequential lemma, so we consider here only the case ¢ = 2. We have with Holder’s inequality

225 < clzp(Ku] = id) - sl 2

HW1/2»2(FM) (Tout)

<c H’ZPHV[/L?(QQ) 1K [u] — idHLoo(QQ) (4.44)

ol o 1] =iy,
Now, using that the composition for ¢ > 2

VoDonp,: WH(Qy) = WH(Qy), urs Vo(u) (4.45)
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defines a continuous inclusion we have together with Lemma [4.5] that
[ K u] — id||WLq(Qg) <c ||u||$/[/2«q((22) (4.46)
and we can conclude

HFngwl/Q,Q(FOUt) S ||ZPHW1a2(Qg) <HK[U] — 1dHL°°(Qg) + ||K[U] — 1dHW1‘1(Qz))

(4.47)
< cry ||ZPHWL2(Q2)'
Next, we have as in the estimate
||F32HW1/2’2(Fout) < Criq sz,me/Q,Z(Qz)- (4.48)
For ¢ > 2 we have using Appendix [C]and that
HI7HW1,q(QQ) <c HﬂHWQJJ(Ql) ’|5w,wa2,q(QQ)
+id = K(@)]| oo gy 12wt llwago, (4.49)
(«) (922)
<cry ng,bHqu(gb)'
Moreover, we have
1 sllwr2i0,) < N1 =k, diviw|lyeq,) < cllwllyizg,) (4.50)

using that [(1 — x), divjw = V(1 — k) - w. The norm on the right hand side can be further estimated
using again (4.20).

Now, setting ¢ = 2 we conclude. O

4.4.1 Interior estimates

For references on IP—estimates for the Stokes equation we refer to Amrouche and Rejaiba [AR14],
Hieber and Saal [HS18], Solonnikov [Sol01]. We recall an interior estimate for the Stokes equation,
note that in this case there arises no difficulty from mixed boundary conditions. We set

F = —uV((—Ala] + id)Vzy.) — v[V((—Ald] +1id)V), £z,

— ﬁ(éw((K[ﬂ])V)w + w((Ku])V)z, + (Ku] — id)Vzp>

(4.51)
+ [k, vV2]20 + [, V]2, + K f,
Fy = divig_ga)m Zw.a + K, div]zy, + [divia- k(a), £]2e + £ fa.
Lemma 4.11. Choosingp = p' > 2 we have
H"ﬁszWlp(Qg) + HHZpHWw(m) <c HFaHLp(QQ) + HDanl,p(QQ) . (4.52)
Proof. For a proof see [MR09, Thm 11.3.4]; we use the fact that kw € W()l’z(QK). O

Lemma 4.12. Let Hypothesis|4.4 be satisfied. Then, we have for solution (z,,, z,) of (&.35) fore > 0

sz,an2,p(92) + Hzp,a”wlyp(gb) < cl[(xf, "if2)HLp(Q,i)xW1m(Qn)
+cl|(f, f2, 95 f3)ll g2 + e HZUMIHWZP(Q?) +cry HZwHWZ?(QQ)

o B (4.53)
+ Ccry <HZp)aHW17p(92) + HZpHWl,Q(QQ)) +e <||Zm”w2,2(92) + HZP”WLQ(QQ))

+ e (lzullwrey + 12l -
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Proof. (i) We start with (4.52). Recalling ideas from [LSZ18], to estimate || (K [u] — id)Vzy[[ 15 (o,

we cannot use an estimate as (4.43) in a higher LP—norm, since we have no W1?(£2,) regularity of
the pressure up to the boundary. Hence, we use the property of the communtator that

k(K [u] —id)Vz, = (K[u] —id)Vz,, + (K[u] —id)[V, k]2, (4.54)
and that the commutator looses one derivative
\V, k| 2=V (kzp) — V2, = (VK)2, + kV2, — kVz, = 2,Vk (4.55)
implying that
l£(K u] =1d)V 2|l 1o, < € 1K (w) = 1d]| Lo 0, [12p.allyrnoy)
+c(w) (1K [u] = 1d| oo ) 1120l 1oy
< || Ku] = id]| Lo 0, 1 2p.allwrn o)

+ e[| Ku] = id]] oo 0, 20l w120y

(4.56)

using the continuous embedding W2(Q,) C LP(€y), p < oo. This term can then be estimated as
in (4.43).

(i) Using estimates from the proof of Lemmal4.10} estimates for the commutator, and the consideration
from (i) we obtain

IEN Lo,y < i lZwallwniay) + crallZwllwzzq,)

+ i (Bnallwisay + Il ey )

t+c ||zw”W1,p(QQ) +c ||ZP||LP(Q2) tc ||"{f||LP(QN) )

(4.57)

||F2(1||W1,p((22) < cn ||2w,a||w2,p(92) tc ||2w||Lp(QQ) t+c ||/€f2”W1,P(QN) :

For the terms ||z lyy1.0(q,) + € |29l £o(,) We cannot apply (4.20) directly for p > 2. Using Ehrling’s
lemma we have for e > 0

”ZwHWl,p(QQ) <e sz||w2»2(92) +Ce ||Zw||wl»2(92) (4.58)
which yields
||Zw||wlyp(§z2) tc ||Zp||Lp(QQ) < 5(||Zw||w2v2(92) + ||Zp||wl,2(92)) (4.59)
+ ce(ll2uwllwrzgay + 1Pl 12(0,))
which allows to sublimate the higher order terms and gives, with ¢ arbitrarily small, the result. O

4.5 Limit behaviour

The map (4.16) defines an iteration scheme generating a sequence of iterates
(Zwns Zpn) = (Zw,as Zpa) + (2w 2pp) € WP (4.60)
We will verify that it converges for n — oo towards the unique solution (z,,, zp) e WP of @.17). For

an €]0, 1] we will estimate

”Zw,n-H - Zw,nHWwf22 + ”me-i-l - sz,nuwpf22 S 77( ”Zw,n - Zw,n—IHWwf22
(4.61)

+lznn =il )
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for an arbitrary compact subset (AZZ C . Then, there exists (Z,,%,) € Wg and sequence
2
((zw,na Zp,n))ne]N - W£2 such that

Zwn = Zw N W, g, asn — +oo,

_ . (4.62)
Zpn = ZpinW, 5, asn — +oo.
with (2, Z,) the unique solution of (4.17). This idea is taken from Grandmont [Gra02].
Next, we show the strategy in detail.
4.5.1 The linearized state equation: Contraction property
Let Yy := (2, 20), Ya = (22, 22), and Y; := (2}, 20), i = 1,2, with
Yi=TY;, Y,=TY,. (4.63)
Our aim is to show that
Y1 = Yallyr = HT(K_?2>HW£’ SUHE_EHWE (4.64)
Q2 Qo Qo
where 17 < 1 uniform in (Alg. From the definition of the map 1" we write
(—vV(V2,) + Vz, = —vV((—Au] +id)VZ,)
—W((K[u])V)z, — 2,((K[u]) V)
— (K[u] —id)Vz, + f = D(Y;) inQ, 4.65)
div 2}, = divig_g7) 2 + f2 = B(Y;) inQy '
zfu =g onlj,
—v0n 2L+ z;n = —GA[U}_idefU + EE(K[U] —id)-n+ f3 onDyy
fori = 1, 2. Denoting Y := Y; — Y5 we obtain the equation for
Y=Y -Y,=(Z,,%2,) (4.66)
in terms of Y; € B,.(W?):
-vV(VZ,)+VZ, = D(Y1) — D(Y5) in s,
div Zw = B(Y/l) — B(Y/Q) = divid—KT(u) Zw in QQ, (4 67)
Zw =0 on T U T, '

— V0, Zy + Zyn = —QA(U)_idjnZw + Zy(K[u] —id) - n, on oy
Lemma 4.13. Let Hypothesis[4.4 be satisfied. For the solution of we have
||Zwsz,2(92) + ||Zp||wl,2(92) < C(Tf + 7+ T2)(“Zw‘}w2,2(92) + ||Zp||W1,2(QQ)) (4.68)

where Z,, := z. — z2 and Z,, := 2; — 25.
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Proof. We proceed similarly as in Lemma using also Theorem [4.8} we estimate

ID(R) — DY) 2y = [V (~Alu] + i)V Zu | 1,

+lo(~K[u))V)Zw = Zu(K[u] V)| 12, .
+ [[(K[u] = i)V Z | 120 '
< 0(7’1 + Tf + 7“2)<||ZwHW2,2(92) + HZPHW%?(QQ)>'
For the term B(Y;) we have by that with 1/p; + 1/py = 1/2,p1 > n,
||B(Y1) - B(E)HWI,Z(QQ) = Hdivid—K[u]T ZwHW1,2(QQ)
< ||1d - K[U]HWLIH(QQ) HZw}lwlﬁpz(QQ) + ||1d - K[u]||L°°(Qz) HZwHW2=2(Qz) (4.70)
< llid = Klullygron gy | Zell oy + 110 = Kldl oy 1 Zallpoooy
< cry HZWHWM(QQ)
and on the boundary I'y;
~VO0n Ly + Zp - Ny = —Oaju)—idn Zw + ZpK[u] “Ngy — Zp “ T (4.71)
From Lemmal[4.10Qlit follows that
1Zollwe2,) + 1 Zollyr20,y < €[[D) = D(V2)|| o gy
+c HB(E) - B(}_/Q) HWLQ(QQ) +c ||_aA[u]fid,nZwHW1/2,2(FM)
+e||ZKa] - na | yjoagry, + 12 el - (472)
Using estimates and for the boundary terms we conclude. O

Lemma 4.14. Let Hypothesis [4.4 be satisfied and additionally, 11 > 0 and ro > 0 be sufficiently
small. Then, the map I’ defined by (4.16) satisfies for some ) < n < 1

1T = Ya)llwy < Y1 — EHWS% (4.73)
2

for ?22 C )y compact.

Proof. As a consequence of the previous lemma it remains to prove the contraction property with
respect to higer p-integrability on compact subsets.

We recall the function <. We remark that the commutator has for sufficiently smooth v the property
that
[k, DyJv = —Dy(kv) + kDyv, [k, D?Jv = —D?*(kv) + kD?v. (4.74)

Hence, we have

vV (VZyao) +VZ,, = k(DY) — DYs)) + [x,vD2] Z,

+ [/{, V]Zp in Qg, (4.75)
div Zy o = k(B(Y1) — B(Y2)) + [k,div]Z, inQy '
Zw,a =0 on I_‘int U Fin U Fout-
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with Z,, 4 := 21 22 and Z,, = z; o zﬁ - Since the commutators loose one order of derivative

we can derive higher Lebesgue integrability, i.e. for (w, p) € W22(Qy) x W12(Q,)
H[’fa D?g]wHLp(QQ) <C ||w||W1,p(QQ) <c ||w||W272(92) )
1[5, div]w|[yn0,) < Cllwllyisg,) < cllwllyzzg, (4.76)

(%, V]pHLP(QQ) <C ”p”Wl’z(Qg) :

Similar as in the proof of Lemma |[4.12| we estimate the norms ||x(B(Y;) — B(Yg))”wl,p(%) and

|<(D(Y1) — D(E))HWLP(QQ). Here we use the same trick as in that proof to obtain higher p-
integrability, namely we switched around the order of x and the differential operators in the term with
coefficient A[u] as well as in the divergence term and introduce a commutator as correction term.

Applying further the estimate of Lemma[4.13]to the terms we obtain finally
“Zw,a”W?m(Qz) +11Z ,a“Wl,p(QQ) <c(ri 4]+ 1) HY”WS’; : (4.77)

Thus, for 71 > 0 and ro > 0 sufficiently small we obtain the result.

O

Theorem 4.15. Let Hypothesis[4.4 be satisifed and additionally T > 0 andry > 0 sufficiently small.
For data satisfying the regularity assumption in @.33), w € B,,(W?*?(£,)), andu € B,,(U?) the
linearized equation has a unique solution (z,, z,) € WP. Moreover, the solution is bounded
by the data, we have

< ~ ~
1w, 2p)llwe < elfllr@anrzan + elfallwir@owize, w.78)

+elloglwarmamy +cllfsllwiza,,

for compact subsets ﬁg C Q,.

Proof. The existence follows by the procedure described at the beginning of Section and the
contraction property given in Lemma The estimate follows from the boundedness of the operator
T shown in Lemma [4.10| and and sublimating the with powers of 7; weighted terms by the left
hand side. O

Hypothesis 4.16. Letr; > 0 and ro > 0 be sufficiently small, such that for w € /WQ’p(Q2) and
u € B, (UP) the linearized equation (4-13) has a unique solution in WP satsfying estimate (4.78).

5 Differentiability

In this section we show the main result, the differentiability of the mapping which maps the infow
profile g to the velocity-pressure-deformation triple (u, w, p) of the fluid-structure interation system.
We follow in parts ideas from [WW19] where linear elasticity is coupled with the Stokes equation with
Dirichlet boundary conditions in a smooth domain. In a first step we consider the differentiability of the
data-to-solution map g to (w, p) for the Navier-Stokes system and in particular of the traction operator
T.
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We introduce two systems, which will appear to be the linearized systems with respect to inflow data
g and with respect to perturbation u, namely

([ —vV (A[u]Vw,) + dw, (K [u] V) + (K [u]V)dw,
+K[u]Vép, =0 in (g,
diVK[u]T 511}9 =0 in QQ, (51)
dw, = d0g on I,
dwy =0 on Lyar U Dy,
\ — V0 n0Wy + 0pg K [u] - 1y =0 on Iy
and
( —vV (A[u]Vow,)+dw, K [a|Viw + wK[u|Vow, — K[a]Vip
= — W K'[t]6uV + ywV (A (4)0uV i)
— K'[a]6uVp in Q,
diVKT(ﬂ) 5wu = diVKT(a)(;u W in QQ,
w =20 on [y,
w =0 on l'yar U Dy,
( —v0aj)0wy, + OpK 4] - ny = vOarajsunw — pK'[U]ou - n, on Doy
(5.2)
For given (1, §) € B,, (U?) x B,(G3/2) we write the Navier-Stokes equation as
e: XP X Gyo — S, e(u,w,p,g) =0, (5.3)
with
—vV(A[u]Vw) + w(Ku|V)w + K[u|Vp
(K[u]V)Tw
= 5.4
e(u,w,p, g) wlr, — g (5.4)

—v(A[u]Vw) - n, + pKlu| - n,

Lemma 5.1. The function e defined in (5.3)—(5.4) is continuously differentiable.

Proof. The statement follows by the regularity of the appearing functions and the smoothness of A
and K, see Lemmal[2.3| O

To apply the implicit function theorem we show that the derivative of e with respect to (w, p) defines
an isomorphism in a solution (u, w, p, §) of (5.3).

Let & € W>P(Q) and (w,p) € WP the corresponding solution of the Navier-Stokes equation
(2:25). Moreover, let (F, F, g, F3) € S”'. Recalling Hypothesisand , we consider the solution
(2w, 2p) € WP of

D pye(t, 1, P, §) (2w, 2p) = (F, F?, g9, F)". (5.5)

By Theorem the solution is well-defined and we have

||(Z’LU7 Zp)||WQ«P(QQ)QWQ’Q(QQ)Xlep(ﬁz)ﬁWLQ(Qz) S ¢ ||FHLP(§2)0L2(QZ) (5 6)

+c ‘|F2||W1,p(§2)mwly2(92) t+c ||9||W3/2,2(rim) +c ||F3”W1/272(Fmt) :
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Lemma 5.2. Let Hypothesis and hold and @z C 2y compact.

(ia) The mapping N : B, (U?) X B,,(Gs/2) — WgZ with (u, g) — (wlu, g], plu, g]) is continuously
differentiable.

(ib) Letu € B,,(UP) be fixed. The derivative (dw,, dp,) of

is given by (6.7).
(ic) Let g € B,(Gs/2) be fixed. The derivative (dw,,, dp,,) of

B, (U?) — W&, u— (wlu], plul) (5.8)

is given by (5.2).

(ii) The mapping
F: B,,(UP) X B,(Gs/2) — W' V/PP(T,),
(u, 9) = t(u,p) = plulK[u] - n,

is continuously differentiable.

Proof. (ia) To show continuous differentiability of (w][-], p[-]), we employ the implicit function theorem.
We note that
Dwpye(u, w,p, g): WE — 8", (5.10)

corresponds to the transformed Stokes operator on the left given by
—vV(Alu]Vow) + dw(Ku]V)w + w(K[u]V)ow + K[u]Vip
(K[u]V)Téw

5w’Fin
—v(A[u]Véw) - n, + pKlu] - ny

(5.11)

We observe that Dy, ) e(u, w, p, g): Wé’Z — S” is an isomorphism by Theorem [4.15(and estimate
given there, cf. (5.6).

(ib) With De(u, w, p, g)dg given by

(0, 0, 65, 0)" (5.12)
the derivative ((5wg, 5pg) with respect to g is given as the solution of
Dwpye(u, w,p, g)(dwg, 6pg) = —Dge(u, w, p, g)dg (5.13)

or equivalently by (5.1). A solution exists by Theorem and is bounded by the data, the result
follows.

(ic) Analogously, the partial derivative D, e(u, w, p, g)du is given by

—vV(A'u]ouVw) + w(K'[u]ouV)w + K'[u]éuVp
E)K’[u](SuV)Tw
—v(A'ulduVw) - n, + pK'[u]du - n,

(5.14)
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and can be written as
Dwpye(u, w, p, g)(0wy, 6py) = —Dye(u, w,p, g) (5.15)
or equivalently by (5.2). Since
—uV (A (2)6uVD) + 0 K'[i)6uVd + K'[a)suVp € WOP(Qy) N L (),
—v(A'[u)]suVw) - n, + pK'[u]d - n, € W/P2(T) (619)

for p > 2, the right hand side in (5.15) has the suitable regularity and we conclude again with Theo-
rem

(i) Follows directly from (ia). Note, that here we use that in the interior we have higher p-integrability
and that I[';; is bounded away from I'q. O

Lemma 5.3. Let Hypothesis[3.3 and[4.16| be satisfied. For g € B,(Gsj) andu € B,,(U?) and F
given in (56.9) we have foranye > 0

d
H—F (w,9)|| <e (5.17)
du L
F
with Ly = L(W?P(Q,), W=1/P»(T,)) provided that r and r, are sufficiently small,
Proof. We write
F(u,g) = 7(u, N(g, u)). (5.18)
By Lemma 5.2]and applying the chain rule, we get for any direction du € W?>?($;) that
© F(u,g)0u = S r(u, N (g, 0))0 .19
—F(u, g)ou = —7(u, ,u))ou. .
du g du g

By Theorem [3.1] we can choose for & > 0 the radii 7 > 0 and r; > 0 sufficiently small such that
p € B(;(Wp). Using the smoothness of the outer normal on the interface taking into account that 'y
is bounded away from Iy, and recalling that p > n we have

< ||Zp,aK[u]||W1,p(§2) + \|pa[u]K'[u]5U||W1,p(§2)

d
H—f(u, g)ou
du W1=1/P:p(Tiny)

(5.20)
< Nzpallwro@y 1K [u]llws @,

+ ||pa||wl,p(§2) ||K/[u]5u||wl,p(§2)

with S/_\ZQ C 25 a compact subset containing €2;. Note, that in we use higher p-integrability of p,
whose support is bounded away from the boundary. Now, using the estimate in Theorem applied
to (5.2), we have for any v > 0 and data sufficiently small that

<y l0ullyen@,y < v loullyz-1/mr,
W1-1/P.p(Diy) W2r () WEHPp (L) (5.21)

<cy “(Su”WQ,P(Ql)

d
H@}"(u,g)éu

which shows the assertion. O

We state the main differentiability result on the mapping of the data to the solution of the fluid-structure
interation problem.
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Theorem 5.4. Letr > 0 be sufficiently small. Then, the mapping

II: B (Gss2) — X7, g (ulg], wlg], plg]) (5.22)
with (ulg], w(g], p[g]) solution of is continuously differentiable.

Remark 5.5. Here, it is not necessary to assume Hypothesis [3.3, or[4.76 explicitly, since by
Theorem|3.5 the existence of a solution of the FSI problem is in ball of radius 7 which we can choose
arbitrary small ifr > 0 is chosen accordingly sufficiently small. This guarantees implicitly the existence
of a solution to the Navier-Stokes equation making Hypothesis[3.3 redundant as well as a sufficiently
small bound on the velocity of the Navier-Stokes equation and the solution of the elasticity system
making Hypothesis[4.16 and so also Hypothesis[4.4 redundant.

Proof of Theorem We follow ideas from [WW19]. Existence of a solution of the fluid-structure
interaction problem follows by Theorem|3.5| We have (u, w, p) = II(g) and

u=>9 (fl, F(D(ryu), g)) (5.23)

with S defined in Theorem[3.3]and F given in (5.9). Since (w, p) depends continuously differentiable
on (u, g) by Lemma it is sufficient to show differentiability of the mapping g — wu given by the
above fix point relation (5.23). We apply the implicit function theorem. We note that

D2S(f1,f (D(m,u),g))  WITVPP(Qy) — 2P (Qy) (5.24)

corresponds to the solution operator for the elasticity problem (3.7), see Theorem and is hence,
bounded. For

D, F(D(vr,u), g)(6u): WP(Q) — W1/PP(Ty,) (5.25)

we use that by Lemmathe norm || D, F||, . can be made arbitrarily small choosing  sufficiently
small and taking the continuous dependence of the solution of the FSI problem on the data into ac-
count, see Theorem Thus, id — DyS o D, F is invertible. By the implicit function theorem we
obtain the continous differentiability of the mapping I1.

A Transformation of the Navier-Stokes equation

Following [LSZ18] we state the strong and weak formulation of the Navier-Stokes equation in the
physical and reference domain. We have for the velocity (w0, Wy) and pressure p in the physical
domain Qs[u]

—vAL D + 0 Vi + (VP =0 in Qyful,
—VA Dy + 0 Vg + (VP)a =0 in Qpul,
divid =0 in Qyul,
R (A.1)
w=0dg only,
w=0 onDyyUJiy,

—vDWw -ny+p-n, =0 onlgy.
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Transforming to a weak form by multiplying with a test function, integration over (2;[u|, and apply
integration by parts we obtain

—v [ 9 Van,ds, + v / (Vehy) T (Vb )dy
Cout QZ[U}

+ D1(@TV)ydy + [ Pip(ng)ids, (A.2)
QQ[U] l_‘oul

—/ ﬁ(Vz/le)ldy =L+ L+ I3+ 14+ 15 =0.
Q2 u]

We have by (2.19), (2.20), and (2.21) on the do-nothing outflow boundary part

Il = =V wlvwlndey
FOU‘

= v [ (G V)T Klujn,

e I [ulne || ds,
Fou [ T |

= -V w1<VU)1)T (%KTK> nxdsx

Tout

= —v wl(le)TAnxdsx.

FDU!

For the diffusion term we have using (2.20)

_[2 = l// (V@El)T(Vzbl)dy
Qa[u]

1 1
1// (=KVi) (=K Vw,)Jdy
0, J J

v /Q (Vaby) " A(Vw, )da

=v Y1(n) AVw,)ds, — v V' (AVw, )dz.
Q2

Tout

The convection term transforms using (2.20) as follows

. 1
I3 = Y1 (0 V)i dy = wlejKleJd:c: Y’ KVwdz. (A.5)

Qz[u] Qo Qo

For the boundary pressure term we have by (2.19) and (2.21)

I4 = ilﬁ(nyhdSy

LCout

Kn
= U (p a ) | Kl ds, (A.6)
/r [ Kn.ll /4

= 1p(Kny)ds,.

FOUI
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Finally, for the volume pressure term we have

]5 = —/ ﬁ(Vl;l)ldy
Qalu]

= —/ p(KVr ) de (A7)
Q2
=— [ p(Kng)dsy + | ¢rpdivy(Kp)ide,
Cout Q2
where
div, (Kp)1 = Oy, (k11D) + O, (k12D). (A.8)

Summarizing we obtain the weak formulation

—v | Y (Vwy) " Angds, + v / (Vi) T A(Vw, )dz
Tout Q2
(A.9)
+ [ w KVwdz + Uip(Kng)1ds, + [ 1y divy(Kp)ide =0

Qo Cout Q2

y/ (Vi) TA(Vwy)de + [ yw' KVwdz
Q2

Q2

+ [ ¢ dive(Kp)de = favds + fudzr  (A10)

Qo Tout Qo
and equivalently in strong form
—vV(Au]Vw) + w(Ku|V)w + K[ul]Vp =0 inQy,
divgryw =0 in€y,
w=29¢g only, (A.11)
w=0 on[yyUI@py,
— V0w + pKul -ng =0 on gy

B Transformation of the linearized Navier-Stokes equation

For the velocity (w1, w9) and pressure p in the physical domain 2, [u] we have

VA Ey, + W Vi, + 20V + (VE)1 =0 in Qafu],
VA Zyy + W Vi, + 20 Vidg + (VZ)2 =0 inQfu],
divz, =0 inQul,
Zw =0g onlY,
Zw =0 onTyu Uy,
—VOnZy + Zp -y =0 on Doy

All linear terms are transformed as for the Navier-Stokes equation. The first term of the linearized
convection term transforms using (2.20) as follows

; 1
Yy (0 V)2, dy = ¢1wT3Kva1Jda;= Viw' KV z,,dz (B.2)

Qalu] Qo Qo
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and the second one accordingly. That means we have for the transformed equation in strong form

( UV (Au]V2p) + 20(K[u] V) + (K [u]V) 2 + K[u]Vz, =0 inQy,
div gy T 2w = in €2y,
zZw =0 onIYy, (B.3)
Zw =09 on Dya U Dy,
~VOau) . 2w + 2pK[u] -, =0 on Doy

C Some properties

Lemma C.1 (Algebra property). Let$) C IR? be open and bounded. Furthermore, letp and q be real
with2 < p < oo, p > q > 1. Then, forv € W'P(Q) andu € W14(Q), the product uv belongs to
Wh4(Q), and we have

[wvllra@) < Qllullyo) [0l - (C.1)

Proof Immediate.

With the embedding of Sobolev in Holder spaces we have for p > 2
W2P(Qy) € CMP(Qy) € C%'(Qy) for some B > 0 (C.2)
and so [Ali16, p. 338 and p. 325]
[Vl = Wllconyy < cllvllweng, forv € WAP(Qe). (C3)
For w € W12(€,)? and recalling K [u] we have the following calculus rules:

div(Ku]) =0 (Piola’s identity),
divig_ g w = ((i[d = K[u])V)'w =divw — K[u]" - Vw = (id — K[u]") - V.
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