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Introduction

One of the remarkable results obtained by the inverse scattering transform method [10]
is that for any localized initial data (i.e. rapidly decreasing with z — +o0) the solution
of the Korteweg-de Vries (KdV) equation

Us — 6uUy + Uggr = 0.

splits into a finite number n (0 < n < o0) of solitons as time tends to infinity (¢ — o0)

[9]. Other integrable nonlinear evolution equations exhibit similar splitting, though the

authors do not know the exact references. This effect is an additional argument in favor

of the physical interpretation of solitons as stable "long-living” particles.

The Cauchy problem for the KdV equation with non-localized initial data ug(z), namely,
2

in the "step-like” form wug(z) ~ %(:l:l — 1) as ¢ — —oo, was solved in 1975 in [3].

N+1
It was proved, that T—I_] soliton-like objects appear in some neighbourhoods G (%)

(N =1,2,...) of the leading edge (the front of the solution). At large times these domains
N+1
are G (t) = {az €R, z>4c — + lnt}. The form of these objects is similar to

ordinary solitons, but their velocities (ciepend on t. In contrast to ordinary solitons, they
are not exact solutions of the KdV equation, however they satisfy it with increasing
accuracy when ¢ — +o00. For this reason such objects are called asymptotic solitons. The
number of these asymptotic solitons infinitely increases when ¢ — 400, if the observation
domain in the neighbourhood of the solution front is extended correspondingly. In a

more general form the same phenomenon is observed also for other non-localized initial
data, as well as for other KdV-like equations ([4]). Physicaly, one can consider this
phenomenon as a manifestation of the fact that any non-localized initial data consists of
an infinite number of solitons, which are gradually ejected at the front. The existence of a
sufficiently wide living space for solitons is a natural (but not the unique) condition for this
phenomenon. As usual, a beam (7'(t),o0) belonging to the positive half-axis z is taken
as the domain, where the solution vanishes or tends to a constant (if there exist solitons
on the background for the corresponding equation). As it was shown in [4], the existence
of a continuous spectrum of multiplicity one of the L-operator of the corresponding Lax
pair is a sufficient (nearly necessary) condition of the splitting. Moreover, the structure of
the simple continuous spectrum of the operator L depends only on the behaviour of the
initial data as £ — —oo. Thus, a wide class of initial data generate the same asymptotic
formulae.

In this paper we study one non-localized solution of the KdV equation, which vanishes
as € — +o0o. Its behaviour at £ — —oo is not well understood yet. This solution
belongs to the closure of the class of reflectionless potentials, which was introduced by
V.A Marchenko and D.S.Lundina in [6, 7] and H. Stephan in [8]. We derive a determinant
asymptotic formula (1.5), which describes the oscillation structure of the solution in the
neighbourhood of the front, and prove that as ¢ — oo the solution splits into an infinite
series of solitons moving along the z—axis to the right. Our method to find and prove
asympotic formulae, being close conceptually to the method proposed in [3], is based
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on the reduction of the problem to the solution of an integral equation with a suitable
degenerate kernel. However, as distinct from [3], where the well-known Marchenko in-
tegral equation is utilized, in the present paper we consider an integral operators acting
on functions depending on the spectral parameter ([5] and [8]). To implement the idea
mentioned above new techniques were developed which can be applied also to the solu-
tion of other nonlinear evolution equations within the framework of the Riemann-Hilbert
problem ([10]).

The proposed method allows one also to investigate the asymptotic behaviour of the

solution in the neighbourhood of the trailing edge (back of solution): Gy(t) as t — —oo,
N+1

and to show that [T] solitons are selected from the solution in this domain. These

solitons move along the z—axis to the left as ¢ -+ —oo and have smaller amplitudes than
those of the solitons at the front.

1 Formulation of the problem and main results

Let ¢(u) be an arbitrary positive function defined on the interval ]a, b[ (b > a > 0) of the
form:

o(w) = (1 — a)*(b— 1)’ po(u),
where @o(u) € C*®[a,b], wo(a) >0, o(b) >0 (a,ﬁ > —%) :

Consider a Fredholm integral equation with respect to the unknown function g(A; z,t) of
the variable A €]a, b[:

_ _ 2
e~ mlz—4p’t)

o(w)g(p;z, t)du = e X (g < X <b). (L1)

Here, the variables z,t € R are considered to be parameters. This equation has an unique
solution g(A;z,t) € C*(a,b), smoothly depending on z € R and ¢t € R. The methods
developed in [5] and [8] allow us to show that the function

b

d [ ean
u(e,t) = 2 [ &M= 0 (u)g s o, t)dp (12)

which is a functional of the solution g of (1.1), satisfies the KdV equation
U — BUUL + Uggr = 0.

It is easy to see the solution (1.2) tends exponentially to zero as z — 400, however its
behaviour is unknown as z — —o0.

Remark. Taking into account results of [1], one can suppose that in the case of p(u) =

\/(b — ) — a)po(p), (i-e. the special case & = 8 = 1/2), the solution, defined by (1.2)
asymptotically tends to the periodic one-gap solution of the KdV equation as z — —o0.
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The principal goal of the present paper is to investigate the asymptotic behaviour of
the solution w(z,t) which is determined by (1.1) and (1.2), in the neighbourhood of the
leading edge when t — co. We define the front leading edge as the domain

1
Qb(1) = {az €R: z>4b%— %mtﬂ”ﬂ“]}, (1.3)
where N is an arbitrary positive integer and ¢ > 1.
Let us introduce the notations:
o
Cij: (Z—I_J)‘ (iajzoala"'); (14)

alg1(2b)+Hi+1
cW) = {Ci}V_; is the matrix of order N + 1 with the entries Cjj;

b
I(a,t) = [ 40 (b — u)eo(u)du;

IW)(z,t) = {I;\(z, )}V _o and AWN) (g, t) = CN) () (az t) are the matrix-functions of
order N + 1 with the entries [;;;(z,t) and A;;(z,t) = Z Citlrtj(z,1), respectively.

For fixed parameter b, the numbers C;; are fixed too, but in Theorem 1 we consider Cyg
to be a freely varying parameter.

THEOREM 1. The solution u(z,t), which is determined by (1.1) and (1.2) everywhere
in R?, is represented in the form
2

) =2—v—

U(m7 ) 6:116000

in the domain Gf; = U QF(t) C R?, where E®) is the identity matriz of order N, and
t>1

log det [ E™) + AW (z,£)] + AW (z, 1) (1.5)

the function AWN)(xz t) satisfies the inequalities

AM(g, )| <

Kt—N, as [N+ﬂ+1 ln,/ - > — 4b%t > — N+ﬂ+1 Int, t>1

< N41

B min{Kt—N,K(b_T“)TN}, as z — 4b%t > — N+ﬂ+11 w/ , t>1.

The constants Ky and K depend on the parameters a,b, a, 5 and the function @g(X).
Taking into account inequalities obtained in section 2, it is easy to carry out upper esti-
mates for Ky and K, however they are rather combersome. What is only important for

' ' (™) = > 4p2 N+ﬂ+1
us is that A}l_r)rio AW (g, t) = 0 uniformly with respect to z > 4b°t In ,/ , t>1,
and lim AW)(z,t) = 0 uniformly with respect to z € Qk(¢) for any ﬁxed N.

t—+o0

The figure on the following page shows the solution of the KdV equation calculated by a
numerical approximation of the integral equation (1.2) with a special ¢(u).
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The asymptotic analysis of (1.5) allows us to prove, that solution u(z,t) splits into

N+1
[T—I_] solitons in the domain Q}'(,(t) as t — +o0o. The following theorem holds.

THEOREM 2. The solution u(z,t) can be represented in the form

ey 2
2b 1
u(z,t) = — Lo (_)
(@:%) #—1 cosh? {b (a: — 4b%t + % In t26-148 4 312)} Ji

in the domain Q% (t) as t — +o0o. The numbers = are constant phases, which are given

by
1 , [(k — 1)!]2Agk—1)Agk—1)bak—3+2ﬂ210k—5+4ﬂ

—In
2 eo(8)(5 — @) AP AL
where AT and A} are the determinants of the matricies with the entries (v + k)! and

IF'e+k+1+08) (5,k=0,1,...,n — 1) respectively.

0 _
:Ek— ?

2 Proof of Theorem 1

Let us introduce the Hilbert space Ly, [a, b] of the real functions g(u) on the interval (a, b)

with the norm
1/2

lgll = { / gz(u)w(u)du} ,

where a,b > 0. The function ¢(p) > 0 was intruduced in section 1. In this space let us
consider the operator A, that depends on parameters z,t € R

e~ (Atu)z+a(X3+p)t

A u

[4g] () = [ e(mg(w)du, X € (a,b). (2.1

LEMMA 1. The operator (E + A)™! exists, and satisfies the relation
I(E+A) <1
for all z,t € R (E is the identity operator in Lay,la,b]).

Proof. Since a and b > 0, A is a completely continuous operator in Lj,[a,b]. Let
g € Lay,la,b] be the solution of the equation

(E+Ag=f (2.2)

where f € Ly,[a,b]. After scalar multiplication of (2.2) by g, and application of (2.1) and
equality

o0

% = /e_(”-l—}‘)sds,
H

0
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we obtain

b

/ (1) (k)du + / ds (/ ”s‘”(z_“”Zt)so(#)g(u)du) - / FWg(p)e(p)dp.  (2.3)

a

Hence, the homogeneous equation, which corresponds to (2.2), has only the trivial so-
lution, and, consequently, equation (2.2) is uniquely solvable for any f € Ls,[a,b]. In

addition, (2.3) yields
gl < II1]-

Thus the Lemma is proved.e
Using the expansion

e ’L—I—_j) . .
— b— )b — p)
e = X et Ve w)

let us write the operator A as a sum of the two operators

[Angl(0) = [ e =0 S (b XY — (gl

2,7=0
and , (2.4)
[Bugl(n) = [ e OH=tO ST Gl — (b — P p(u)g(u)dp
a (1,7)eR(N)

where the numbers C;; are defined by (1.4) and R(®) is the following set of the couples
(4,5):
R = {(5,7): 0<i<o0, 0<j<oo}\{(,7): 0<i< N, 0<j<N)},

Since 0 < a < A, u < b, C;; > 0 and RW) C 8 {(z,7): @+ 7 =k} the following
k=N+1
inequalities hold

0< Y Culb-Nb-uy< > Cylb—A(b—pup =

(4,7)eR) i+j=N+1
© K k! . 1 & =N+ (b—p)
— b— )b — k—1 —_ = <
k:%:-u ; il(k —2)!(20)*+! ( 2 g 2b k:%f:-u [ 2b B
N+1 N+1
Si (b—X)+ (b—p) 1 _i b—a ‘ (2.5)
2b 2b 1—%2 =2\ b

These inequalities allow us to estimate the norm of the operator By at ¢t > 0:

(N+1)
_ z 3 1 b —a
| Byl|? < // 2(A+p)z+8(N34p)t L (2a) (T) o(N)(p)drdp <
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2

(,5(2) b—a 2(N+1) : B2 _ 2

?

b 2(N+1)
< Yo (%“) (b — g)20+atB)g-20(e)

where

@ozmﬁwdﬂ,fzw—Aﬁt p(€) = &(b+ a) — [€](b— a).

[a

It follows from this that

N4l
b—a\ 2 Wb+ a)t>
||BN||s( . ) Fera,, (2.6)

[N+1+8] b
att>0and { > ———F%—1In

b—a"
Let us estimate the norm of By when

[N +1+8] b [N +1+8] B )
5 In b_a>§> % Int, t>1, §&=z—4b%t.

Using the inequalities (2.5), we can write

b b 2(N+1)
owanasaiasy 1 [(B=A) + (b—
L e e e O

(2a)? 2b
1
= (20,)2 Z ijfk(m,t)fj(m,t), (27)
k+j=2(N+1)
where
b
I(,t) = [ 40 (b — u)i(u)du. (2.8)

a

LEMMA 2. The integrals Ix(z,t) have the following asymptotic representation

k+ﬂ+1f‘(k—|—ﬁ—|—1)

14
Ii(e,t) = 20— e 4 5(1,6),

att — oo and & = z — 4b%t > —t/2.
Here p1 = @o(b)(b—a)®, 11 = (ﬁ)z and I'(z) is Euler’s I'-function. The functions §x(t, )
can be estimated by

T(k+8+2) _
16x(t,€)] < M—+?’/2Dk+ﬂ+2e 10(5)7

where the constant D depends on parameters of the problem, and p(§) = £(b+a)—|€|(b—a).
Proof. Changing variables z = 4%t + ¢ and u = b — v, we find
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b—a
Ii(xz,t) = e ¢ / 2B (b= (b=t k(b _ 1) d. (2.9)

Let us consider the function p = p(v) = 8v(b — v)(2b — v). It can be shown, that there
exists the inverse function v = v(p) with v(0) = 0, and the series

1 2
v=uv(p) =uv1p+ 10"+ ..., (1/1 = (E) )

j—: =vi+2vp+ ..., (2.10)
(b—a—v(p)*po(b—v(p)) =1+ @ap+ ...  (p1=(b—a)po(b))

converge absolutely and uniformly at |p| < p < 1f/b— Let us choose such a number §;, that

0 < & < min {2, p(b—a)} (p(b— a) = a(b? — a?) > 0), and set 6 = v(61) (6 < b—a).

Then, taking into account the equality (b — v) = vP(b — a — v)*po(b — v) and (2.9), we
write

)
I(z,t) = e~ 2 / e2”£e_p(”)t1/k+ﬂ(b —a—v)%po(b— v)dv+

_ob¢ / V)t k+ﬂ(b —a—v)%po(b—v)dv = I (z,t) + I} (z,1)

It’s easy to see, that

I"(z,1) < goePOe-o1t L ;i)’f;;*“, (2.11)
where
%o = max o o(A),  p(&) =& +a)—[¢|(b—a).
Let us estimate the integral I!(z,¢). Using (2.10), we obtain
E(p)(b = a — v(p))*po(b — v(p ))j; = 1y TP pEHE 4 IR (),
(2.12)

P = 1+ pE(p,¢),
at |p| < 6;. The functions ®x(p) and E(p, &) can be estimated as follows:

|E(p, )] < Al€|e2EI+9),
(2.13)
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®i(p) < (k+ B +1)B*F g,
The constants A and B depend only on a,b and ¢o()), and are determined by

A = max 2v(p)
p<8; P ’
B:fi%f{max{ # ’ (#) (P)l,lG'(P)|}7
where
G(p) _ I/I(p) SDO(b - V(p)) (b —a— V(p))a‘

o(b) (b—a)
According to (2.12), the integral I} (€, k) can be represented in the form

i dv
Bi(6,0) = €7 [ I (5)(5 — 0 () als — vlp) oo -

— (Plyf-l-ﬂ-l—le—zbf/e—ptpk-l—ﬂdp _ (Plyic-l-ﬂ-l-le—zbg/e_ptpk+ﬂdp+
4y
et [ e BB p,€) + Ba(p))dpt
0

2b£/ —pt k+ﬂ+2E(p E)Pr(p)dp = ZI (&1).

7=0

It is evident that
—2b¢

16, t) = @I T (ke + B+ 1)y thtB+1

Taking into account (2.13), we obtain estimates for the other summands:

i, e
(6,0)] < a2}k + B+ e g,
_ob¢
|I,£2)(f;t)| < (A|f|66(|£|+£) +(k+ 8+ 1)901Bk+ﬂ+1) I'k+6+ Z)tk""ﬂ"'z’

e~ 20E+6([€|+€)

(&) < (B + B+ Da €| ABH Dk + 64 3) 55—

Hence
—2b¢

/ €
Ik(f) ) 1 V{H_IB-H (k —I_B + 1)tk+,5+1 + 5k(£7 )7
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where it is implied that the function d;(&,t) obeyes the estimation

Nk+B8+2) & _
|5]Ic(€,t)| < -HC-I-,B—+3/2D1+IB+26 p(¢)

at ¢ > —t'/2. The constant D; depends on A, B, p;,v; and §y, i.e. on parameters of the
problem. The last statements and inequality (2.11) conclude the proof. e

Inserting the asymptotic expressions for the integrals I,(z,t) obtained in Lemma 2 into
(2.7), we get

BANH2OIN(9(N + 2 + B))
2 —2p(¢
| Bw||* < A TTE) e~206)

and, consequently,

|Bw|| < Kyt (2.14)

at &€ > —Wlmt, where Ky is a constant depending on N, @wo(A), and the problem
parameters a, b, @ and 8. The inequalities (2.6) and (2.14) give us a necessary estimations
of the norm of By.

Now let us return to the equation (1.1) and rewrite it in the form

g+ Ang+ Byg=7f (2.15)

in Ly,[a,b], where the operators Ay and By are determined by (2.4). Here Ay is the
operator with the degenerate kernel. According to (2.6) and (2.14), the norm of the
operator By becomes small if N — co or ¢ — oo in the corresponding range of . The
solution of (2.15) is represented in the form

9 =9gn + dn, (2.16)

where gy is the solution of the equation

gy + Angy = f. (2.17)
Therefore
5N == —(E + A)_lBNgN. (218)
According to (1.2)
d
z

where f = f(u) = e *(==*’%) The parentheses denote the scalar product in Ly,[a, b].
The self-adjointness of A in Ly,[a,b], (2.16) and (2.18) allow us to write

(£,9) = (f,95) + (f,6w), (2.20)
(£,65) = (f,(E+ A)Bygn) = ((E + A", Bygn) =
= (gn + 6N, Bngn) = (gn, Bngn) — ((E + A)" Bygw, BNQN) : (2.21)

In section 3 we will show, that

(f,9n)| < CN (2.22)
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for £ > —Wlmt, t > 1, where the constant C does not depend on N, ¢ and t.
Therefore, by the virtue of the positiveness of Ay, from equation (2.17) follows that

llgn||? < CN. (2.23)

Applicating this inequality, (2.6), (2.14) and Lemma 1 to (2.21), we obtain

N+1
. ) K, b—a\ 2 [N+1+5] /b
(f, 6n)] < mm{TN’NKI (%) } wEETTE Ry
,ON)| < :
Kg", as — N+1+ﬂ In w/ ->¢(> - N+1+ﬂ Int, t > 1,

where the constants K} and K’ depend on the function ¢o()) and the problem parameters
a,b,a and 8. Taking into account (2.18) and Lemma 1, it is easy to show that the function
F(z) = (f,én) can be continuated up to a function F(z) of exponential type 3b from the
real axis into the complex plane C. In a similar way one can prove that the estimates
(2.24) hold for the function F'(z) when z belongs to any beam z = £+1in, ¢ > —W Int.
Hence, due to the Cauchy theorem we conclude that estimates of the type given by (2.17)
are valid for the function

A(N)(ma t) = 2%(][7 5N)7 (225)

i.e. the last conclusion of Theorem 1 concerning the residual AV)(z,¢) is proved.
According to (2.19) and (2.20), we have to show that

(fign) =

8
(N) 4 ()
5 Indet [E®) 4+ ANz, )] . (2.26)

Let us find the solution gn(A;z,t) of the integral equation (2.17) with the degenerate
kernel

An(, pyz, 1) = e AHm=ra(+u Zo”b— (b — uYp(p),
2,7=0

which corresponds to the operator Ay (2.4). Taking into account the specific form of the
kernel, we seek for the solution in the form

v(X;z,t) ng (z,t)( )\)ke_A("”_‘p‘Zt). (2.27)

Substituting (2.27) into (2.17) we obtain a system of linear algebraic equations for the

functions g,(cN) = g,(cN)(a:,t):

N
N)—I_ZAI(CIJV)gJ(N) :5]607 kZO)"'aN;

3=0

where §go =1 and dggp =0for k=1,..., N,

N
Ai(c];[) = A](CIJY)(m,t) = Criliyj(z,1).

=0
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The integrals [x(z,t) were defined by (2.8).
The solution of this system is given by

D

g (z,t) = D’(“Tm, (2.28)

?

where DV)(z,t) = det {E(N) + AWV (g, t)} is the determinant of the matrix E™V)+AW)(z, 1)
with the entries é;; + Az(-jv)(a:,t) (2,7 =0,...,N), and D,(CN)(a:,t) is the determinant of the
matrix obtained by replacing the k-th column of the matrix EW) 4 AW)(z ¢) by the
column (1,0, ...,0)*.

It follows from (2.26) and (2.28) that

GWM)(z
(f)gN) = ‘D(Tiﬂf)a

z,t)

where G(V)(z,t) is the determinant of the matrix obtained by replacing the first line of
the matrix E®) 4 AWN)(z,¢) by the line {I(z,v), [i(z,v), ..., In(z,y)}. Therefore,taking
into account that AWN)(z,t) = CM)IW)(z, ¢) and setting Coo as a varying parameter, we
obtain (2.18). Thus, Theorem 1 is proved. e.

3 Proof of Theorem 2.

Let us denote via DW)(z t; Xo, ..., A\y) the determinant of the matrix A®) 4+ AWN)(z 1),
where AN) = diag()o, ..., Aw) is the diagonal matrix depending on N + 1 parameters
Xo, ..., An. It is evident, that D&Y Nz, t;1,...,1) = DM (z,t) = det {E(N) —I—A(N)(a:,t)}.

This determinant is a polynom with respect to Ag:
DM (2,45 X0y oo, An) = Aowe v + dodr AnDS (2, 1) + Aodida. Ay D (z, )+

Foot Ao An—1an DY (2, 1) + Ao Ao AnDE (2, t) + .+ (3.1)
Fhow iy A D) L (2,) + DI (z,1),

where D{F) (z,t) is the determinant of the matrix of the order k with the entries A;;, (z,1)

21 - Zk

(r,p = 1,...,k); the hat means that the corresponding parameter is absent. Taking into
N

account, that A, = ¥ Cy;14k(z,t), we obtain from Lemma 2 that
j=0

g

—2bk¢
k e
D, (z,t) = det C®) det 1™ (z,¢) + d¥)(z,t) = det C®) det TW = ETH +d¥(z,1)
when 1y = 0,2 =1,...,5. =k —1,1.e. as 11 + 1o+ ... + 14 = k(kz_l), and
—kp(¢€)
D.@,8)] < O e
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when 27 + 25 + ... + 1% > ﬂ%l Here ¢ = = — 4b%t, p(§) = £€(b+ a) — |€|(b — a), C*) and
I'®) are matricies of order k with the elements C;; and Fz(- ) — 1 I/Z+J+'B+ M'e+54+8+1)
(3,7 =0,...,k— 1) respectively, I'(z) is Euler’s I-function, and the functions d*)(z,¢) and
dgk)(az, t) satisfy the estimates

e~ kp(€)

k
d®)(z,1)], 7% T

M (,1)| < G

Setting A\, =1 (¢ =0, ..., N) in (3.1), it follows that

—2bk¢

N
det [E®) 4 A (z,1)] = 1+ 3" det C®) det T+) - el

k=1

L+ 8k(z,1)), (3.2)
where the functions 8x(z,t) satisfy the estimats

Ci
Sef@ 1)l < - (3.3)

(%)

A more detailed analysis of the determinants D;" .
functions with respect to  and the parameter Cyo obey the same estimates:

shows, that the derivatives of these

5.
oz |’

0?8
0%z

C
< 7 (3.4)

Remark. The last estimates follow also from the possibility to continue analytically the
functions 8 = dx(z,t, Coo) into the strips |ImCoo| < C and |Imz| < C with respect to z
and Coo. The estimates (3.3) remain valid there.

064,
0Co0|’

Let us take the advantage of the following equality, which is proved, for example, in [2]:
kdet CF) = det 0¥V,

where C((,k) is the matrix of the order k& with the elements KZ:—JJ,)—' (2,7 =0,..,k—1), and
Cl(k_l) is the matrix of the order k — 1 with the elements KZ:—JJ,)—' (,7=1,..,k—1).

From this we obtain the relation

0
0Coo

det C™*) = 2bk det O™ |¢ _ s - (3.5)

Now, taking into account Theorem 1 and (3.2)-(3.5), we obtain asymptotic formula for
the solution:

d ) e—2bk£ 1
u(z,t) = _Zd—len ll + kz:l det C*) det I'( G +ﬂ)L_z » +0 <%> (3.6)

in the domain Qf(¢) = {az > 4b% — o lnt[N"'l"'ﬂ]} as t — oo.
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Introduce the notations:
N —2bk¢

e
AN(f,t) = 1+kz_:1pktk(ki+ﬂ)’ (37)
k 2a A (k) A (k)
Py, = det CF) det D) = k%(b)(b_ a)"A1 A ; (3.8)
1:[1(i!)zbk(3k+2ﬂ)2k(5k+4ﬂ)
=0

where Agk) > 0 and Agk) > 0 are the determinants of the matricies of the order k with
the entries (¢ 4+ j)! and I'(s + 7+ 1+ 8) (¢,7 =0, ...,k — 1) respectively. (They are positive
since both are Gramm’s determinants.)

Then from (3.6) and (3.7) follows that

d2 A A — (A 2
u(z,t) ~ un(z,t) = —2d—£21nAN(5,t) o NN( v) (3.9)
E=x—4b%t N
and ¥ "
9 9 (’L — k)zpipke—z vt
AfA — (Ay)? =48 Y e —. (3.10)

2,k=0
Let us cover the domain ¢ > —(2b)~* In ¢¥+1+# by the intervals

ar(t) = {—(2b) ' Int*TPTE < ¢ < o0},

a,n(t) = {_(Zb)_l In t2n+'5+5 < f < _(2b)—1 In t2(n—1).|.[5_,5}7

afag(t) = {—(2”)_11“[““” <é< —(26)_11111&2[%]"‘#’—5}‘

Taking into account (3.7) and (3.10), we obtain

P _16—2(n—1)b§' P e—2nb§'
2 n n —1/2
A= [ o | O (),

and

2P. P._ e—2(2n—1)bf
" _ 1 \2 2 nin-1 -1/2

when € € a,(t) and t — 400. Hence, by virtue of (3.6) and (3.9) follows that
N1
[ 2 ] 2b2

ule,f) == nz::l cosh? {b (:1; —4b% + % In g2n=148 m%)}

+0 (t—l/z)

uniformly with respect to £ = z —4b%t € a,(t), where z = % In PP’_‘I . Thus, together with
(3.8) we obtain the required asymptotics of the solution in the domain Qy(t). Since {%}
solitons are confined in Qx(¢), and the integral of each of them convergs, we simultaneously

obtain the inequality (2.22). This concludes the proof.e
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4  Asymptotic behaviour of solutions as ¢t — —oo.

The method developed in the previous sections allows us to study the asymptotic be-
haviour of the solution u(z,t) (determined everywhere in R? by (1.1) and (1.2)) in the
domains

[N +1+ ¢

Qn(t) = R': 4ot —
~(®) {aze x> 4a 5

1n|t|}, t< -1

as t — —oo. We call these domains neighbourhoods of the trailing edge (back of the
solution), since u(z, t) exponentially vanish as  — +o0 and the graph of u(z, t) is moving

to the left as ¢ — —oo. It turns out, that u(z,t) also splits into {%} asymptotic solitons

in the domain Qy as ¢ — —oo. These solitons have the amplitude 2a* < 26 and move to
the left. The exact result is contained in the following

THEOREM 3. The solution u(z,t) of the KdV equation has the following asymptotic

representation

2

[
1
u(z,t) = — 2a? cosh? [a (az — 4a%t + 9 In¢2n—1te 4 mg)]

1 a

+1]

M‘

£
Il

in the domains Qy(t) ast — —oco. Here, 2 are constant phases, which are determined
by

_ i In [(n - 1)!]2 Agn_l)Ag"_l)a6"—3+2a210n—5+4a

2a @o(a)(b— a) ATAL

?

where Ag") >0 and Ag") > 0 are the same determinants as in Theorem 2.

Let us outline the key points of the proof. For simplicity we set @ < b < 2a. Using
expansion into a series

L@ G,
m_i;() ’i!j!(Za,)H—j—I—l (A—a,) (/L—a),

which convergs absolutely and uniformly as a < A, p < b, we approximate the operator
A (see (2.1)) by an integral operator Ay with a degenerate kernel. We obtain estimates

for the norm of the operator By = A — Ay, which are similar to those given by (2.6) and
(2.7):

N+1

b—a [%5] (b—a)ﬂb [N +1+ q] a
B < -~ t _ -1 t —1
1wl < ( a ) 2a(2a—b)9007 at {> 2a o b—a’ < ’
and .
B < ] ATE ty< ot !
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[N +1+ ¢ a [N +1+ q]
— In >E>
2a b—a 2a

at Int, t< —1, £ =z — 4a’t,

b
where Ii(z,t) = [ e =% (4 — a)*p(u)du.

To estimate the integrals Ix(z,t), we prove an analogue of Lemma 2:

LEMMA 3. The integrals I(z,t) have the following asymptotic representation

k+a+1
Ii(z,t) = 24 [k totl) s (1 +0 <i>>

g Vi

ast — —oo and ¢ = z — 4a’t > —+\/t, where @, = woa)(b— a)ﬂ and vy = (i)z'

Thus the problem is reduced to the solution of an integral equation with the degenerate
kernel

An(\ piz,t) = Z e M= HATHA () — a) (1 — a) i (u),
2,7=0

where o
(2 4+ )1(=1)""
ig!(2a) i1

1

After solving this equation the asymptotic behaviour of the solution at ¢ —+ —oo can be
investigated in a same way as in the previous case. As the result we obtain the asymptotic
formula of Theorem 3.
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