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Optimality conditions and Moreau-Yosida regularization for
almost sure state constraints

Caroline Geiersbach, Michael Hintermller

Abstract

We analyze a potentially risk-averse convex stochastic optimization problem, where the control
is deterministic and the state is a Banach-valued essentially bounded random variable. We obtain
strong forms of necessary and sufficient optimality conditions for problems subject to equality and
conical constraints. We propose a Moreau—Yosida regularization for the conical constraint and
show consistency of the optimality conditions for the regularized problem as the regularization
parameter is taken to infinity.

1 Introduction

Let X; and X, be real, reflexive, and separable Banach spaces, and let (2, F, IP) denote a probability
space, where {2 represents the sample space, F C 2% is the o-algebra of events on the power set of
Q,and P: Q2 — [0, 1] is a probability measure. Consider a convex stochastic optimization problem of

the form
minimize Jy(x1) + R[Jo(z1, 22(); )]

$17$2(')
x1 € C, (1)

Ta(w) € Xoaa(z1,w) as.,

subject to (s.t.) {

where C' C X is nonempty, closed, and convex; X2,ad($1, w) C X5 is assumed to be nonempty,
closed, and convex for all x; € C and almost all w € 2. In the problem (), the control z; is
deterministic and the state x5 is a vector-valued random variable. This is the natural paradigm if one
views x1 as a concrete “decision” that should be made while taking into account uncertainties from
inputs or parameters in the state system. In the classical stochastic optimization nomenclature, x; and
To are called first and second stage variables, respectively; see, e.g., [31}, 41] for an introduction to
two-stage stochastic optimization.

There are numerous applications ranging from economics and finance [29, I30], engineering [14, 135],
and life sciences [15] that can be mathematically expressed as (). Often, historical information (in
the form of a probability distribution) about uncertain demand, performance, or physical parameters
has been collected and one would like to take this information into account while making a decision.
In some settings, it is enough to optimize over these possibilities on average, in which case one
works with a risk-neutral formulation, meaning the measure R is simply the expectation, or average.
However, there are many applications where the average is not desirable, and one works instead with
a different choice of risk functional R : L”(2) — R U {00}, which captures the optimizer's desired
risk tolerance.

For many applications, the spaces X; and X, are Euclidean spaces, which simplifies the analysis
considerably. For instance, in portfolio optimization, the decision variable may be a (finite) vector of
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C. Geiersbach, M. Hintermdller 2

real-valued weights representing the percentages of total cash dedicated to each asset. The second-
stage variable is another vector corresponding to a redistribution of assets after new information is
gathered. However, there are some problems in which the underlying spaces are infinite-dimensional,
for instance, in optimization with partial differential equations (PDEs) subject to uncertainty; see e.g.,
(2,18l [13] 18] 24, 25, 27, 40|, and the references therein. As an example, consider the optimal control
of a stationary heat source over a domain D C R¢, where the conductivity a = a(s,w) is uncertain,
but known to follow a given probability distribution. One seeks a control x; and the resulting solution
Ty = x2(s,w) of the PDE, the latter of which does not exceed a threshold ¢» and, on average, best
approximates some target distribution yp. With v > 0, the model is formally expressed as

o1 o
minimize §E ||$2—yD||%2(D)] +§Hx1H%Q(D)

1,32 (")
x, € C, /
ot =V - (a(s,w)Vaa(s,w)) = x1(s) on D x €, (F)
- To(s,w) =0 on 9D x €,

{E2<S7W) S @Z)(S,W) on D X Q7

where the constraints are to hold almost everywhere in DD and almost surely in 2. Other examples of
conical constraints will be presented in Section To develop optimality conditions for this problem,
a constraint qualification is needed, which implicitly requires that subsets of the given function space
have a nonempty interior. Standard PDE theory (cf. [1]) gives, under mild assumptions on a and
D, a unique solution z5(-,w) € Xy := H}(D) N H?*(D) for every z; € X; := L*(D) and
w € §2. Through embeddings one obtains even x5 (-, w) € C(D), where an interior point condition is
satisfiable. However, without additional structure on €2, x5 as a function in LP(£2, X5) can only satisfy
an interior point condition if p = oc. It is notable that for a deterministic model, i.e., where x5 = (),
the Lagrange multiplier associated with the conical constraint is generally only a measure. It is standard
to employ regularization in numerical procedures to circumvent this difficulty; see [21],122].

In this paper, we are concerned with obtaining strong forms of optimality conditions for a problem
like (1), by which we mean explicit, “almost sure™-type conditions, which are amenable to building
algorithms. The main difficulty here is in applying classical duality theory, where one would expect
a Lagrange multiplier to belong to the space (L>°(€2, X))*, X being a Banach space. A multiplier
from this space cannot generally be represented as a mapping from €2 to, say, X *. Hence the task of
establishing optimality conditions in the strong form, i.e., with almost sure conditions, is quite challeng-
ing. Another difficulty is in the structure of the problem itself, where the optimality conditions should
make explicit the first stage variable’s independence of w. Luckily, insights can be found in classical
literature, above all in the important works by Rockafellar and Wets [36), (37, (38, [39], who developed
theory for the case X = R?. Recently, this theory was revisited in [19] with a focus on the more gen-
eral vector-valued case. The authors proved the existence of integrable Lagrange multipliers under a
relatively complete recourse condition (defined in Assumption [3.6). For many applications, including
the problem (E]) this assumption is too strong. In [19], a regularization was proposed and consis-
tency of the primal problem was analyzed as the penalization parameter is taken to infinity. However,
a systematic analysis for a more general problem class was missing.

Optimality conditions with an application to PDE-constrained optimization under uncertainty were first
presented in [26]. While the framework in [26] allows for generally nonconvex problems, the case
where the feasible set X3 .q(w) contains conical constraints is not covered. Our work is related to a
recent preprint by [17]. As part of this work, a risk-neutral model problem from optimal control is pre-
sented and the authors also propose a Moreau-Yosida regularization to solve their problem. To this
end, they impose more structure on their probability space, which allows for standard arguments via
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Optimality and Moreau—Yosida for almost sure state constraints 3

embeddings. However, they do not obtain strong forms of optimality conditions, which can yield deep
insight into the structure of the optimality conditions for the original problem. The framework presented
in our work is general enough to cover the theory in [17] without additional structure on the probability
space. It is worth mentioning that our work related to the recent trend to include chance constraints in
PDE-constrained optimization under uncertainty [12, (16}, |20]. These models are of interest when devi-
ations from a hard constraint are permissible with a certain probability. Notably, the chance constraint
and regularized “almost sure” models can be shown to be related to one another [17].

We proceed as follows. In Section [2| we present notation and technical results needed for the han-
dling of essentially bounded Banach-valued random variables. Additionally, we recall key properties
of risk functionals. In Section 3} we generalize the risk-neutral framework given in [19] by allowing for
potentially risk-averse objective functions. Additionally, we present necessary and sufficient conditions
without the assumption of relatively complete recourse. While regular (integrable) Lagrange multipliers
do not exist in this case, we show that Lagrange multipliers can be split into regular parts and singular
terms, which can be handled separately. In Section [4] we present the Moreau—Yosida regularization
of almost sure conical constraints and show that the optimality system for the regularized problem is
consistent with the original problem as the penalization parameter is taken to infinity. An outlook is
given in Section

2 Preliminaries

2.1 Background and Notation

Throughout the paper, we denote the dual space of a (real) Banach space X by X* and the canonical
dual pairing by (-,-)x~ x. If X is paired with another space U, we write (-, )y, x to denote their
pairing. The symbols —, —, and —* denote strong, weak, and weak* convergence, respectively;
A : X == Y denotes a set-valued operator from X to Y. We recall that for a proper function
h: X — R U {co}, the subdifferential (in the sense of convex analysis) is the set-valued operator

Oh: X =2 X" tx—{qge X" : (q,y —x)x-x +h(x) <h(y) Yye X}

The domain and epigraph of h are denoted by dom(h) = {z € X : h(z) < oo} and epi(h) =
{(z,a) € X xR : h(z) < a}, respectively. The sum of two sets A and B with A € R is given
by A+ AB :={a+ Xb:a € A b e B}. Anonempty subset K of X is said to be a cone if for
any x € K, t > 0, it follows that tz € K. The indicator function of a set C'is denoted by d- and is
defined by d¢(x) = 0if z € C and d¢(x) = oo otherwise. For a nonempty and convex set C' C X,
the normal cone N¢(z) atz € C'is defined by Ne(x) := {2z € X* : (z,y—z)x» x <0Vy € C}.
We set N¢(z) := Dif x ¢ C. Note that ddc(z) = Ne(z) forallx € C.

Given a Banach space X equipped with the norm ||-|| x, the Bochner space L" (2, X) := L"(Q, F,P; X)
is the set of all (equivalence classes of) strongly measurable functions 4 : 2 — X having finite norm,
where the norm is given by

ol = § Ualls(@llc dB@)r, v < oo

If X = R we use the shorthand L"(£2). An X-valued random variable z is Bochner integrable if
there exists a sequence {,,} of P-simple functions x,, : @ — X such that lim,, o [o,[|#n(w) —
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C. Geiersbach, M. Hintermdller 4

z(w)||x dP(w) = 0. The limit of the integrals of x,, gives the Bochner integral (the expectation), i.e.,

Efa] = /Q 2(w) dPW) = lim | z(w) dP(w).

n—oo Q
Clearly, this expectation is an element of X.

Throughout the paper, we work with parametrized functions of the type f : X x  — Y, and
write f(z;w) for the mapping from X to Y for a fixed parameter w € €). A property is said to hold
almost surely (a.s.) provided that the set (in {2) where the property does not hold is a null set. As an
example, two random variables £, £’ are said to be equal almost surely, ¢ = ¢ a.s., if and only if
P{w € Q: (w) # &'(w)}) = 0. Sometimes we write “for almost every w” to mean a.s.

2.2 Properties of L>(Q), X)

In this section, we present some technical results that will be crucial to characterizing optimality for
problems like (T). Throughout this section, let X be an arbitrary (real) reflexive and separable Banach
space, and let the o-algebra of Borel sets on X be denoted by 5. A function f : X x 2 — R
is called a convex integrand if f(;w) is convex for almost every w. Following Rockafellar [33], this
integrand is called normal if it is not identically infinity, it is (3 x F)-measurable, and f(-;w) is lower
semicontinuous in X for each w € (). An example of a function that is normal is one that is finite
everywhere and Carathéodory, meaning f is measurable in w for fixed x and continuous in x for
fixed w. Normality of f implies that it is superpositionally measurable, meaning w +— f(z(w);w) is
measurable as long as = : {2 — X is measurable.

For a normal convex integrand f, we define the integral functional on L>°(£2, X) by

Iy(x) = / F(a(w); w) dP(w),

i.e., the expectation of the superposition of f. A continuous linear functional v € (L>°(£2, X))* of the
form
(v, 2) (= @x)" L=(2.x) = / (2" (W), z(w))x- x dP(w) )
Q
for some z* € L(£2, X*) is said to be absolutely continuous. A proof of the following result is in [19].

Lemma 2.1. Assume f is a normal convex integrand and f(x(w);w) is an integrable function of w
for every x € L>(2, X). Then I; and I« are well-defined convex functionals on L>(£2, X) and
Ll(Q, X™), respectively, that are conjugate to each other in the sense that

)= s @) a@)ex ) - 1)},

€L (Q,X)

@)= sw { [ @@y ape) - 1.0}

z*€L1(Q,X*)

Furthermore, if v* is an absolutely continuous functional corresponding to a function z* € L' (Q, X7),
then I7(v*) = Iy-(x*), while I7(v*) = oo for any v* that is not absolutely continuous.

Remark 2.2. Since X is reflexive, it satisfies the Radon—Nikodym property; moreover, the underly-
ing probability space is o-finite. It follows that the dual space (L!(€2, X*))* can be identified with
L*>(2, X). Thus the mapping

r s [ (@) ) e dP) = (8,1 o o
Q
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Optimality and Moreau—Yosida for almost sure state constraints 5

is weakly* continuous and convex. Moreover, [+, as the supremum over (z,«) € epi({y) of func-
tionals of the form

¥ (2, 1) ax Lo 0.x) — O

is convex and weakly* lower semicontinuous. A consequence of Lemma[2.1]is that in the case where
f is anormal convex integrand and f(z(w);w) is integrable for all z € L>(Q2, X), we have I7* =
ij* = Iy and thus Iy is also weakly* lower semicontinuous. Another helpful method to prove weak*
lower semicontinuity of /¢ follows from [33, p. 227]: if f is a normal convex integrand and neither /¢
nor [« are identically infinity, then /¢ and I ;- are conjugate to each other.

In this work, we make extensive use of a decomposition of elements belonging to (L>°(£2, X))*. Note
first that the space of absolutely continuous functionals defined by form a closed subspace of
(L (92, X))* that is isometric to L*(€2, X*). This subspace has a complement consisting of singular
functionals, given in the next definition.

Definition 2.3. A functional v° € (L>(2, X))* is called singular (relative to PP) if there exists a
sequence {F,,} C F with F,,,; C F, for all n and P(F,,) — 0 as n — oo such that v° is
concentrated on {F,}, i.e., (v°, ) (Loo(q,x))*,L=(0,x) = 0 forall z € L*>(£, X) that vanishes on
some F,.

The following Yosida—Hewitt-type decomposition result for vector measures was proven in [23, Ap-
pendix 1, Theorem 3] (with a slight correction to the original proof in [28]). A related result is in [42]
Theorem 4].

Theorem 2.4 (loffe and Levin). Each functional v* € (L>(£2, X'))* has a unique decomposition
vt =0 +1°,
where v is absolutely continuous, v° is singular relative to IP, and

[v* [z 0.0 = vl (2@ + [V 2o (@.x))

Using this decomposition, it is possible to obtain a particularly useful expression for the subdifferential
of integral functionals on L°°(£2, X'). The next result was proven in [19] Corollary 2.7].

Lemma 2.5. Suppose [ is a normal convex integrand. Let = € L*°(€2, X') be a point at which there
exists 7 > 0 and k, € L'(Q) satisfying f(z(w);w) < k,(w) aslong as ||z — Z|| 1= (q,x) < r. Then
v* € (L*(£2, X)) is an element of 0 ¢(Z) if and only if

" (w) € 0f(Z(w);w) as., (3)

where z* € L'(£2, X*) corresponds to the absolutely continuous part v of v*. Moreover, 91;(z)
can be identified with a nonempty, weakly compact subset of LI(Q, X*). In particular, v* belongs to
OI¢(z)ifand only if v° = 0 and v = 2* satisfies (3).

To close this section, we present some auxiliary results for operator-valued random variables that
will be of use later in the paper. Let L(Y, Z) denote the space of all bounded linear operators
from Y to Z (both real, reflexive, and separable Banach spaces). The set L>(2, L(Y, Z)) corre-
sponds to all strongly measurable operator-valued random variables A : Q@ — L(Y, Z) such that
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C. Geiersbach, M. Hintermdller 6

ess Sup,eq || A(Ww)| z(v,z) < co. The adjoint and inverse operators are to be understood in the “al-
most sure” sense; e.g., for A, the adjoint operator is the (strongly measurable) random operator A*
such that for all (y, z*) € Y x Z*,

P{w e Q: (2" Aw)y)z+ z = (A"(w)2", y)y=y}) = 1.

The next two results are proven in Appendix[Al In the proofs, and in other arguments throughout the pa-
per, we make use of the fact that bounded sets in L>°(€), Y") (the dual of a separable space) equipped
with the weak* topology are metrizable; the same applies for L>°(£2, Z). In particular, topological and
sequential notions coincide.

Lemma 2.6. Let A € L>(Q2, L(Y, Z)). Then

(i) The operators A;: L>(Q,Y) — L>*(Q,2),y(-) — A(-)y(-) and Aj: (L=(Q,2))* —
(L>(£2,Y))* are bounded. Additionally, A} maps singular elements of (L>°(€2, Z))* to singu-
lar elements of (L°(€2,Y))*. Moreover, At: L'(Q, Z*) — LY(Q,Y™), 2*(-) — A*(-)2*()
is bounded.

(i) Theoperators Ay: Y — L>=(Q, Z),y — A(-)yand A5: (L>=(Q, Z))* — Y* are bounded.
Moreover, A%: LY(), Z*) — LY(Q,Y*), 2*(-) — A*(-)z*(-) is bounded.

In Lemma the notation A(-)y(-) signifies an element of L>°(£2, Z) with the pointwise action
A y() : Q= Z,w— Alw)y(w).

Corollary 2.7. Let A € L>(Q2, L(Y, Z)). Then the operator A, : L>(,Y) — L>*(Q, Z),y(-) —
A(-)y(-) is weakly*-to-weakly* continuous, and the affine set {y € L>(Q,Y): A(w)y(w ) = b(w) a.s.}
is forall b € L>(2, Z) weakly* closed. Moreover, the operator Ay: Y — L®(Q, Z),y — A(-)y is

weakly-to-weakly* continuous.

2.3 Risk measures

As the class of problems represented by contains risk measures, we briefly mention some prop-
erties that will later be used in the main results. Let L”(£2) be the space of random variables with
p € [1, 00). Throughout the paper, p’ will denote the Hélder conjugate of p, i.e., % + z% = 1. Follow-
ing [4], a risk measure R : LP(§2) — R U {oco} is called coherent, provided it satisfies the following
conditions for &, &’ € LP(Q):

(R1) Convexity: R[N, + (1 — N)E] < AR[E]+ (1 — MR[E] VA€ [0,1],
(R2) Monotonicity: If ¢ < &' a.s., then R[§] < R[¢'],
(R3) Translation equivariance: If ¢ € R, then R[§ + ¢] = R[¢] + ¢,

(R4) Positive homogeneity: If A > 0, then R[X{] = ARI[¢].

Coherent risk measures include, for example, R[{] = E[{], R[{] = sup&, and average value-at-risk
R[£] = AVaR, [¢] (often called conditional value-at-risk). However, some important risk measures do
not satisfy all of these axioms. For the purposes of duality, (R1) and (R2) play a central role, and we
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Optimality and Moreau—Yosida for almost sure state constraints 7

focus on this case. If R satisfies (R1) and is proper and lower semicontinuous, then R is related to its
convex conjugate R* : L” () — R U {oco} by

Rl = sup {E[¢J] - R*[V]}. (4)

Y€dom(R*)
If R[€] is also finite, then the maximum is attained in (@) with

OR[¢] = argmax {E[{] — R[]} (5)
dedom(R*)

It is straightforward to show that if (R2) is satisfied, then ¥} € dom(R*) if and only if > 0 a.s.
Additionally, if R : LP(2) — R satisfies (R1) and (R2) and is everywhere finite, then it is continuous
and subdifferentiable on L?(€2) [41], Proposition 6.5].

While we do not make use of this fact here, it is worth mentioning that the conditions (R3)-(R4) provide
a useful characterization of dom(R*) and the subdifferential. In particular, a risk measure satisfying
(R1)-(R3) is equivalent to the restriction ¥ to the set of probability density functions (cf. [41, Theorem
6.4]), i.e., the set P = {W¥ € LP(Q) : E[¥] = 1,9 > 0as.}. Finally, a risk measure satisfying
(R1)-(R4) implies OR[{] = arg maxq E[§1]. For a more thorough introduction to risk measures,
we refer to [32, 141].

3 Karush-Kuhn-Tucker (KKT) Conditions

We now focus on a particular subclass of (1), namely on convex problems where the set XQ,ad(xl, w)
restricts z5(w) in the form of an equality and conical constraint. As already mentioned in the intro-
duction, under standard assumptions, classical convex duality theory would provide the existence of
Lagrange multipliers in spaces of the form (L°°(£2, X'))*. The formulation of pointwise optimality con-
ditions, which we present in this section, is more delicate.

3.1 Problem Formulation

We first equip the problem with more structure. For the remainder of the paper, X, X5, W, and
R are assumed to be real, reflexive, and separable Banach spaces. We define equality and inequality
constraint by the mappings ¢ : X; X Xo X — Wandi : X; x X5 x ) — R, respectively. Given
acone K C R, the partial order <y is defined by

r<g0 & —rek,
or equivalently, » > 0 if and only if » € K. With
x = (x1,22) € X := X7 x L™(Q, Xy),
we define the problem

minimize {j(z) := Ji(x1) + R[J2(2)]}

zeX
reXyg={reX:z el},
s.t. e(xy,x2(w);w) = 0as.,

i(xy, r2(w);w) <k 0as.
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Throughout our work, we often use the notational convention, where if z € X, Jo(z) is a shorthand
for Ja(x1, x2(+); ). Similarly, if z € X, we write e(z) = e(x1, 22(+);-) and i(z) = i(z1, 22(+); ).
Problem (P) is subject to the following assumptions.

Assumption 3.1. (/) C' C X; is nonempty, closed, and convex and KX C R is a nonempty, closed,
and convex cone.

(if) Ji is convex, lower semicontinuous, and everywhere finite on X;.

(i) Ja(-, -;w) is continuous and convex with respect to X; x X, for almost all w € 2 and for every
(x1,22) € X7 X Xy, the functions J,(z1, z5; -) are measurable on €. For every r > (0 there exists
a, € LP(Q), p € [1,00) such that for almost all w and any ||z1]||x, + ||z2]|x, < 7, we have

| Jo (21, 225 w)| < ap(w). (6)

(iv) With respect to X; x Xs, e(-, -;w) is continuous and linear and (-, -; w) is continuous and K-
convex'] for almost all w € €.
(v) For every (x1,z9) € X7 X X, the functions e(x1, xo; ) and i(x1, xo; -) are measurable on €.
For every r > 0, there exist constants b,.. > 0 and b,.; > 0 such that for any ||z1 || x, + [|z2||x, < 7,
we have

le(zr, mo; w)llw < bre,  |li(w1, 22;w) || < by ass. (7)

(vi) R : LP(Q2) — R is convex, monotone, and everywhere finite.

Remark 3.2. The growth condition (6) in combination with the Carathéodory property ensures that
Jo: X — LP(9) is bounded and continuous; see [26, Theorem 3.5]. Boundedness and conti-
nuity in the case p = o0 is possible under additional assumptions; see [3, Theorem 3.17]. The
conditions (7) ensure e(x1(+), x2(:);-) € L>®(Q, W) and i(x1(:), x2(:);-) € L>®(Q, R) for all
(X1, X2) € L>(, X;) x L>(€2, X,). This structure is used in Theorem [3.9)in connection with the
nonanticipativity constraint.

Remark 3.3. Suppose h: X7 x X5 x  — R is a normal convex integrand and h(z1, zo(w);w)
is an integrable function of w for every = € X. Then = — I},(z) is a weakly* lower semicontinuous
mapping on X . This can be seen by pairing X with X' := X} x L'(2, X}) and arguing that I;, and
I~ are well-defined on X and X', respectively. These functionals are conjugate to each other as in
Lemma 23] with

I« (2') = sup{(2/, ) x» x — In(x)} and I,(x) = sup {{z',x)x: x — Ir-(2')}.
reX z’'eX’
This gives weak* lower semicontinuity using the arguments in Remark [2.2] Here, the weak* topology
coincides with the weak topology on (the reflexive space) X, so one even has weak-weak* lower
semicontinuity of /5, i.e., weak with respect to X; and weak* with respect to L>°(£2, X5). To simplify
the discussion, we will not make the distinction between weak and weak* with respect to ;.

The following result is an adaptation of [26, Proposition 3.8].

Proposition 3.4. Suppose Assumption (3.1(iii) holds and R : L”(€2) — R U {oo} is proper, convex,
monotone, and lower semicontinuous. If R is finite at J5(z), then R o J5 is weakly* lower semicon-
tinuous at .

' K -convexity of i(+, -; w) means

Z()\xl -+ (1 7)\)5?31,)\1324’(1 7A)i’2;w) SK /\7;(56171’2;(&)) + (1 7)\)1'(1?1#2‘2;(.0) V(Il,xz), (SACl,ﬂAS’Q) S X1 X XQ.
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Optimality and Moreau—Yosida for almost sure state constraints 9

Proof. Let f(x1,20;w) 1= Jo(x1, 29;w)I(w), where ¥ € dom(R*) C LP (). This function is
clearly a normal convex integrand since ¥/ > 0 a.s. by monotonicity of /R. Moreover (6) in combination
with ¥ € L () imply that f is integrable on X . Weak* lower semicontinuity of /; on X follows by
Remark[3.3

Now, suppose {z"} C X is a sequence such that 2 —* x. Then

RlJa(z")] = sup {E[Jo(z")V] — R*[J]} > E[Jo(z")0] — R*[0] 8)

Y€dom(R*)

for any # € dom(R*). Since R is finite at Jo(z), it is subdifferentiable there, so (8) holds for 6 €
OR[J2(x)]. With (B) and weak* lower semicontinuity of /; on X', weak* lower semicontinuity of R o J5
at x follows. O

As a result of Proposition Assumption [3.1(iii), and Assumption[3.7(v/)|imply weak* lower semicon-
tinuity of R o J, on X.

3.2 Definition of Lagrangians

To obtain pointwise optimality conditions, it will be advantageous to use the decomposition afforded by
Theorem This structure will be used to distinguish between the extended (standard) Lagrangian
associated with the natural pairing and the Lagrangian associated with the weak* pairing. We define
the sets A := L'(Q, W*) x L'(Q, R*) and A° := {\° = (A2, \9) € S x S;}, where S, and S;
denote the sets of singular functionals (as in Definition defined on L>®(Q, W) and L>*(Q2, R),
respectively. We define the dual cones

K®:={r"eR :(r',r)prrg>0 VreK}
Ke:={X €S (N, ) =@r).ro0r >0 Vye L(Q,R) satisfying y(w) € K as.}.

Now, we define the admissible sets Ag = {\ = (A, \;) € A: \(w) € K® as.}and A = {\° =
(A, A9) € A°: X\ € K®} corresponding to the associated dual problem.

Finally, we define the extended Lagrangian over X, x Ay x A{ by

L(z, M\, \°) = Lz, \) + L°(x, \°), 9)

where

Lz, X) := j(x) + (Ae, e(2)) 1 ,w=), Lo @) + (i, (X)) L1, m%), L0 (0, R)
j(x) + E[(Ae, e(@))w=w + (Ni, i(2)) r- R]

is called the Lagrangian and

Lo(x, A°) = (A2, e()) (oo @w))s Los (@w) + (A7, 1(2)) (Lo (9,R))* Lo (@.R) -

By convention, we set L(z, A\, \°) = —ooif 7 € X but (A, \°) &€ Ag x A5, and L(x, A\, \°) = oo

By Theorem[2.4, \. and \; can be identified with elements A% and \? of the spaces (L>°(£2, TW))*
and (L>°(Q2, R))*, respectively. Hence (9) simply corresponds to the standard Lagrangian when

U= L>(Q,W) x L™(Q, R)
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is paired with its dual U*.

We will now present the conditions under which saddle points to the extended Lagrangian L exist. To
that end, let u = (u.,u;) € U be a point in a neighborhood of zero in U. We define the perturbed
admissible set

Fauw ={r € X: 11 € Cie(r1,13(w);w) = ue(w) as., i(z, v2(w);w) <g u;(w) as.}

and the value function

v(u) := inf j(2) + g, (2).

For the existence of saddle points, we impose the following standard assumption.

Assumption 3.5. (i) Fy4,, is bounded for all u in a neighborhood of zero or j is radially unbounded,
meaning ||z||x — oo implies j(z) — oo.
(ff) The problem is strictly feasible in the sense that

0 € intdom v. (10)

The condition is satisfied if v is finite in a neighborhood of zero and corresponds to an “almost
sure”-type Slater condition.

To obtain “regular’ Lagrange multipliers, meaning multipliers with respect to the Lagrangian L, we
make an additional assumption.

Assumption 3.6 (relatively complete recourse). The induced feasible set
C = {x; € Xy: zy € L™(Q, X,) satisfying e(z1, T2(w);w) = 0 as., i(zy, ro(w);w) <x Oas.}
contains the first-stage feasible set, i.e. C' C C.

Assumption is quite strong, essentially requiring the second-stage variable to be feasible for any
feasible first-stage variable. In Section we will see that for problems satisfying this condition,
Lagrange multipliers happen to be more regular. In that case, integrable multipliers in A can be found
and the singular terms from A° vanish.

3.3 KKT conditions

In this section, we present strong KKT conditions without the additional Assumption This leads to
Lagrange multipliers belonging to A x A°, i.e., multipliers have singular parts. Theorem [3.9| uses ar-
guments made in [38] Section 5], where the finite-dimensional case was considered. Many arguments
from [19] can be carried over; we repeat some arguments here and in Appendix [B| for completeness.
First, we obtain the existence of saddle points.

Lemma 3.7. Let Assumption 3.1 and Assumption [3.5] be satisfied. Then there exists a saddle point
(Z, A\, A°) € Xy x Ay x A§ to the Lagrangian L, i.e, the point (Z, A, \°) satisfies

L(Z,\, %) < L(z, M\, A°) < Lz, A\, \°) V(z, A, 0°) € X x A x A°. (11)
Proof. This is proven in TheoremB.2]and [B.3 O
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Optimality and Moreau—Yosida for almost sure state constraints 11

It will be convenient to define the function

U(z1,\°) = inf L%z, \°). (12)

2o €L (Q,X7)

Let us start with a technical lemma, which adapts [39, Theorem 3] to include risk functionals.

Lemma 3.8. Let Assumption [3.1|be satisfied. Then for every (A, A°) € Ag x A, we have
inf {L(z,\)+ L°(z,\°)} = inf {L(x,\) +¢ A}
:J:IEDXO{ (1'7 ) + (l’, )} xlenXo{ (I’, ) + (‘Tl: )}

Proof. To begin, notice that for all z; € C, we trivially have

inf  {L(z,\) + L°(x,\°)} > inf  L(z,A)+  inf  L°(x,\°).

JSQELOO(Q,XQ) IQGLOO(Q,XQ) ’ $2€L°°(Q,X2)

Hence it is enough to show the inequality “<”, or equivalently, that for arbitrary ¢ > 0 and arbitrarily
fixed 2’ := (x1,9'), 2" := (x1,y") € Xy, there exists © = (x1,y) € X, such that the inequality

L(z,\) + L°(2,\°) < L(2",\) + L°(2',\°) + ¢ (13)
is true. Then in combination with the definition will prove the assertion.

Let {F. .} and {F},} be the sets on which \° and \; are concentrated according to Definition
We define F,, = I , U I, and

ny) = JY W) wek,
Vi) {y%w), wEFy

On F,, we have e(z1, y"(w);w) = e(z1,y (w);w) and i(z1, y"(w);w) = i(x1,y (w);w). There-
fore, thanks to Definition 2.3} for 2™ = (z1, ™) we have

(Ac, e(a”) — e(@))we@wy-ro@m) =0, (A7, i(2") = () zo=(o,m) Lo@,r) = 0,
which implies
Lo(2™, \°) = L°(2/, \°) Vn. (14)
Let 1 4 denote the indicator function on A, defined by 14(z) = lifz € Aand 14(z) = 0 otherwise.
Then Jo(x1,y™(+); ) — Ja(x1,y"(+);-) in LP(§2) as n — oo. Indeed,

[ T2(x0, 57 ()5 ) = a0, 5" ()s )

/ o,y >19\Fn<w>+J2<x1,y'<w>;w>mw> Ty o () )] dP(w)
- / a(r, 5 () ) — Ja(an, " (@) ) dP(w)
O\F

+/F |2 (21,9 (W); w) — Jo(x1, v (w); w) [P dP(w).

Since the integrand in the last integral above is bounded and P(F;,) — 0, the last integral vanishes.
We now show that 2™ converges strongly to 2 in X. Notice that

o~ s = 13"~ = esssmply™) — o),
we
= esssup|ly”(w) — y"(w)] x,

wel,

=inf{la e R:P{w € F, : ||y"(w) — ¥ (w)| x, > a} = 0}.
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In combination with P(F,) — 0 asn — oo, the event {w € F), : ||[y"(w) — ¥ (w)||x, > a} has
vanishing small probability for all @ > 0 as n — o0, i.e., in particular for the choice a = 0. Recall that
Jo: X — LP(Q) is continuous by Remark[3.2] Now, continuity of R : LP(€2) — R gives

lim R[Js(z")] = R[Jo(z")].

n—oo

Analogous arguments yield

lim E[(A, e(z™))w+w] = E[(Ae, e(@")w+w],  lim E[(N;,i(z")) g r] = E[(Ni,i(2")) pr g].

n—oo n—o0

As a result, we obtain lim,, o, L(z"™, \) = L(z”, \). In combination with (T4), for any ¢ > 0, there
exists an ng such that for all n > ny we have

L(x™ X))+ L°(z",\°) < L(2",\) + L°(2', \°) + &.
After setting = := x" (for an arbitrary n > ng), we obtain (13). O
Theorem 3.9. Let Assumption 3.1 be satisfied. Then (Z, A, \°) € X x Ay x A satisfies (1) if and
only if there exist p € L'(2, X7) and ¥ € OR[J2(Z)] fulfilling the following conditions:
(i) The function -
w1 = Ji(z1) + (E[p], 21) xx x, + £(21, A°)
attains its minimum over C' at 7.
(i) The function
(21, 22) = Jo(w1, 295 W) (W) + Ae(w), e(xy, To;w))w+w
+ (Ai(w), i(w1, 225 w)) e g — (P(W), Z1) x7 x,
attains its minimum in X; x X5 at (%, Z2(w)) for almost every w € (2.
(iii) It holds that Z; € C and the following conditions hold almost surely:
e(Z1, T2 (w);w) =0,
Ni(w) € K9, i(Z1, To(w);w) < 0, (N(w),i(Z1, To(w);w))pe.r = 0.
(iv) It holds that £(z1, \°) = 0 and
A€ K®, (N i(@)) e 0,m) 10,8 = 0.
The origin of the multiplier p in Theorem will become apparent in the proof. There, in view of
applying the Moreau—Rockafellar theorem, the variable x; € X first needs to be identified with its
corresponding element in the Bochner space L>°(€2, X1 ). This identification is equivalent to imposing

z1(w) = x1, meaning z;(w) = x; a.s. Sometimes, this condition is imposed explicitly in the problem
formulation and is known as a “nonanticipativity” constraint; see [41], Section 2.4].

Remark 3.10. Recall the convention L(z, A\, \°) = —oo if z € Xgand (\,\°) & Ay x AS. Given
A° € A°, we have the implication

e(T1,T2(w);w) =0as., (7T, T(w);w) <gO0as. = L°(z,\°)<0. (15)
Hence conditions (iii) and (iv) imply

0=40(z1,A°) < L°(Z,\°) <0. (16)
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Proof of The-_orem We show that if conditions (i)—(iv) are satisfied, then a saddle point exists.
Notice that ¥ € OR[J5(Z)], @), and (B) imply with { = J(Z)

E[J>(2)0] — R*[0] = R[2(2)]. (17)
Additionally, (@) implies with £ = Jo(x)

BJ()] = RS sup {B[(e)0] R [9)) = R(o)) (18)

Now,

L(z, N X°) = L(z, \) + L°(7, \°)
B 1,(#1) + RIB@)] +E[(e, (@) wew + iy 1(2)) e ] + £(T1, 1)
.LM%WmA)+HM)ﬂj 9]+ B[, e(@)wew + (M, i(2)) ]
—h(ﬁ<[]mhwﬁ%@A) E[J>(2)9) — R*[J]
| E[(Ae, e(Z))ww + (N, il(Z)) rer — (P, T1) x7.x4)
EUmm+mmmm%+amFHEmmm—ww
+ E[(Ae, e())wew + (N i(2)) re.r — (B, 21) x7,x1]

< L(z,\\°) VreX.

E

Note that we used monotonicity of the expectation operator in the second to last inequality above.

To prove that L(Z, A\, \°) < L(Z, A\, \°) forall (A, \°) € A x A°, we first prove L(z, \) < L(Z, \)
for all A € A. Notice this follows if

E[(Ae, e(@))w=w + (A, i(Z)) re.r] < E[(Ae, e(@))ww + (i, i(Z)) e R],

forall A € A. Thisis fulfilled thanks to condition (iii) and the fact that (\;(w), i(Z1, Z2(w); w))per < 0
a.s. for all A € A. Now, it is enough to argue that L°(z, \°) < L°(Z,\°) for all \°> € A°. This is
also clear, since given A° € A° and conditions (iii) and (iv), holds, hence 0 = L°(Z,\°) =
SUPyoepo LO(Z, A°) > L°(Z, \°).

For the second part of the proof, we show that (z, /_\, 5\0) being a saddle point implies conditions
(i)—(iv). Trivially, (Z, A\, \°) € Xo x Ag x A implies 7; € C, \j(w) € K® as., and \; € K®.
It is straightforward to argue that e(Z;, Zo(w);w) = 0 a.s. and i(Z1, Ta(w);w) <k 0 a.s., since
otherwise one would have sup, ., L(Z, A) = co. Now,

0> L°(z,\°) = ASUE LG, e(@)) (e @wyy- Lo w) + (A, 8(2)) (Lo (9, R))* Lo (R) }-
OE o

Since 0 € K, we obtain

L°(2,2°) = 0
and thus £(Z1,A°) = 0 and (X, i(Z)) Lo (a,r))*,L(2,r) = 0. Analogous arguments can be made
to conclude that (\;(w), (&1, Ta(w); w)) g+ g = 0 a.s. We have shown that conditions (iii)-(iv) hold.

Now, we show that conditions (i)—(ii) must hold. Since (Z, /_\, 5\0) is a saddle point, we have in combi-
nation with Lemma [3.8] that

b«

L(Z,\,\°) = inf L(x,\,\°) = inf {L(x, \) + £(z1,\°)}. (19)

z€ Xy z€Xo

DOI 10.20347/WIAS.PREPRINT.2862 Berlin 2021



C. Geiersbach, M. Hintermller 14

We first work on rewriting the expression L(z, \) + £(x1, A°). We define the convex function

Ji(z1) + (21, X°), =€ X,
Hl(x) - {o; 1 1 else

Additionally, we define the integrand

h2<$1,l‘2;W) = J2($1_, IL‘Q;W)Qg(w) + <5‘e(w)76($1>$_2;w)>w*,w
+ (Ai(w), i(w1, 295 W) e R — RI[V).

Assumption ensures that h, is a Carathéodory, i.e., continuous in (1, z3) for every w and mea-
surable in w for every (z1,x2). Additionally, hs is convex with respect to (z1,xs); recall that the
monotonicity of R implies ¥ > 0 a.s. Additionally, A € A implies \;(w) € K® a.s., giving convexity
of the mapping (71, 72) — (A\;(w), (1, To; w)) g k- As a result, hy is a normal convex integrand.
Let X := L>°(2, X;) x L>(£2, X>). The growth conditions from Assumption[3.1]ensure that for any
r > 0, there exist a, € LP(£2) and positive constants b, . and b, ; such that for all y = (x1, x2) € X
satisfying ||x||x < r, we have

[ha (X1 (W), X2 (w); w)| < |J2(X1_(W)’X2(W)3w)1§(w)\ + \(Xe(w),e(Xl(w_)aX2(w);w)>W*,W\
+ |<)\i(_w)7i(><1(w)a2<2(w);w)>R*,R| +_|R*[79]| i
< Nar(W)|[H(W)] + brellAe(@)lw= + bl Ni(w) [ e + [R*[I]] = Ky (w).

It is straightforward to show that k, € L' (). Since r is arbitrary, ho(x1(w), x2(w);w) is integrable
forall x = (x1, x2) € X. In particular, the functional

Hz(x)=/QJz(Xl(W),Xz(W);W)ﬁ(W)Jr<Ae(W),e(xl(W),Xz(W);w»ww dP(w)

+/Q@'(w),i(Xl(w),Xz(w);w»R*,R dP(w) — R[]

is well-defined and finite on X by Lemma[2.1] We now prove continuity of Hy: X — R by contradic-
tion. Suppose {x"} is a sequence converging to x in X where Hy(x™) does not converge to H ().
Then there exists € > 0 and a subsequence {x"*} such that

| Ha(X™) — Ha(x)| > e. (21)
On a further subsequence (where we use the same labeling) we have that x™* converges point-
wise in w to y a.s. By continuity of (z1,x2) — ha(x1,22;w), we have ho (X" (w), x5* (w);w) —
ha(x1(w), x2(w);w) a.s. Choosing r large enough, it is possible to construct a k, € L*(2) as before
such that

[ha(XT* (W), X5* (w); w)| < kr(w)  as.
Therefore by Lebesgue’s Dominated Convergence theorem, it follows that Ho(x"*) — Ha(x), a
contradiction to (21), proving our claim about continuity of 5. Let v : X — X be the continuous in-
jection, which maps elements of X to the corresponding constant in L>°(£2, X;) and maps each ele-
ment of L>°(£2, X5) toitself. In particular, ¢(Z) = (x1(+), X2(+)) with (x1(w), X2(w)) = (%1, T2(w))
a.s., implying

Hy(u(z)) = /QJg(xl, To(w); W) (W) + Ae(W), e(Z1, ZTo(w); w))ww dP(w)

T / (uw), (@1, Za(); ) - AP(w) — R°[7]
= R[L(Z)] + E[(Ae, e(Z))wew + (i, i(Z)) e ),
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Optimality and Moreau—Yosida for almost sure state constraints 15

where the last equality follows since ¥ € OR[J»(Z)].

Combining (19), and (22), we have

inf L(z,\,\°) = L(z,\,\°) = H\ (%) + Hy(1(Z)).

z€Xo

Since Hs is continuous on X and & € dom(H;) (note x € X implies z; € C), it is possible to
invoke the Moreau—Rockafellar theorem (cf. [10, Theorem 2.168]) to obtain

0 € OH(Z) + O Hy(u(7)).
In particular, there exists ¢ € X* = (L*(£2, X1) x L*>(€2, X3))* such that
—*"q€ 0H (z) and q € 0Hy(1(T)).
From Lemmal2.5] it follows that O H(¢()) consists of continuous linear functionals on L>*(£2, X;) x

L>=(9, X5), which can be identified with pairs (71, ¢2) from a weakly compact subset of L' (€, X}) x
LY, X) such that

(W) = ((1(w), 2(w)) € Oha(T1, T2(w);w) ass. (23)

Let ¢; : X7 — L*(, X1) be the continuous injection such that ¢(x) = (1121, x2). Notice that for
7 € LY(Q, X7), the adjoint ¢} : (L=°(Q, X1))* — X satisfies

(LTQTa$1>Xf,X1 = (q1, L1$1>L1(Q,Xf),Loo(Q,X1) = E[<€71(')7$1>X;,X1] vV, € X;.
Hence t*q = (E[q1], 2) € X x LY(, X3). Thus —1*q € OH,(Z) can be equivalently written as
Hy(z) > Hi(Z) — (E[q1], 71 — T1) xr.x, — E[(G2, T2 — T2) x5, x.)
for all z € X. We obtain from (20)
Ji(zr) + U(z1, A°) > S (Z1) 4+ 0T, X°) — (Elq], z1 — T1)xrx, YV €C (24)

and
E[(G2, 2 — f2>xg,x2] >0 Vry € L™(Q, Xs). (25)
The expression is clearly equivalent to condition (i). Moreover, implies g2(w) = 0 a.s. In
combination with (23), this implies that for all (x1, z3) € X; X X,
hg(l'l,ZL‘Q;W) 2 hg(i’l,fg(W);W) + <(_71(CL)),ZE1 — jjl)Xf,)ﬁ a.s.
From the definition of hs, it follows that
Ja (21, 223 W) (w) 4+ (Ae(w), e(a1, 225 w) ) wew
+ (Ai(w), i(z1, 223 W) Re R — (@1 (W), T1) x5 x,
> Jo(Z1, Za(w); w)I(w) + (Ae(w), e(Z1, To(w); w))w=w
+ (Ni(w), i(Z1, T2 (w); W) re r — (1 (W), T1) x7. 5,

for all (x1,22) € X; X Xs. The inequality is clearly equivalent to condition (i) with p(w) :=
G (w). O
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Remark 3.11. Implicitly proven in Theorem are some additional properties that will later be
convenient. First, f (21, 2o;w) = Ja(x1, 72;w)d(w) is Carathéodory and convex with respect to
(21, z2). The growth conditions ensure that F'(x) = E[f(x1(+), x2(+); -)] is continuous with respect
tox € X = L>®(, X1) x L=(Q, X3). Therefore, an element of the subdifferential 0F'(.(Z)) can
be identified with a pair (¢1, ¢2) belonging to a weakly compact subset in L*(Q, X7) x L'(£, XJ)
such that

$(w) = (d1(w), d2(w)) € f (T1, Ta(w);w) = DJo(T1, T2(w); w)(w)  as.
The equality of the subdifferentials follows since 9> 0as.

Additionally, we show that ( satisfying ( (w) € 0.J5(Z1, T2(w); w) a.s. belongs to the set LP (2, X}) x
LP(€2, X3). By definition of the subdifferential, we have for all Y € X

(C(w), X(W) = Z(w)) xrxxz.x0xx0 < S2(X1 (W), Xo(w); w) — Jo(Z1, Zo(w);w) a

Hence with x := X — T we obtain (C(w), x(w))xrxxzx1xx: < J2(x1(w), x2(w); w) a.s. For any
r > 0, there exists by Assumption[3.1(iii)|a function a, € LP(2) such that |J2(X1(w), o(w);w)| <
a,(w) for x satisfying || x||x < . Therefore

||CT(W)||X;*XX§ = sup <C<w)7X(w>>Xf><X§,X1><X2 < a,(w),
x(@):lIx (W)l xy x x5 <1

so it follows that E[||(;||%-] < oo fori = 1, 2. Since ( is measurable, it follows that { € LP(Q, X}) x
LP(Q), X)) as claimed.

3.4 Existence of regular multipliers

In this section, we refine the results by [19] to include objective functions with risk measures. The
additional Assumption [3.6] ensures that Lagrange multipliers are more regular.

Lemma 3.12. Let Assumption[3.1 Assumption[3.5, and Assumption|[3.6|be satisfied. Then there exists
a saddle point (Z, \) € X, x Ag to the Lagrangian L, i.e., (7, \) satisfies

L(z,)\) < L(z,\) < L(z,\) V(x,)\) € X x A. (27)
Proof. This is proven in Theorem B.2|and Theorem O

Theorem 3.13. Let Assumption [3.1|be satisfied. Then (z,A) € X, x A, satisfies @€7) if and only if
there exist p € L'(Q, X*) and ¥ € OR[J2(Z)] fulfilling the following conditions:

(i) The function
x1 = Ji(@1) + (E[p], 1) x; x,

attains its minimum over C' at 7.

(i) The function

($1,$2)HJ2(I§17$2;W)19( w) + (Ae(w), e(w1, T2; W) wew
+ (Ni(w), i(z1, 225 W) re R — (P(W), 1) x7.x,

attains its minimum in X; x X5 at (Z1, Za(w)) for almost every w € €.
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(iii) It holds that Z; € C' and the following conditions hold almost surely:

. e(Z1, Ta(w);w) = 9,
)\Z(UJ) € K@, i(.ﬁi’l,fQ(W);CU) SK 0, <)\Z~(w),i(:ﬁl,szg(w);w»mﬁ = O

Proof. The proof follows the arguments from Theorem after setting L° = 0. O

In the risk-neutral case R = [, the subdifferential consists of the unique subgradient J = 1. In that
case, Theorem|[3.13|recovers the optimality conditions presented in [19].

4 Moreau-Yosida Regularization

Optimal control problems with state constraints were first handled in [11] and the use of a Moreau—
Yosida regularization for such problems was first studied in [21} 22]. In this section, we detail the use
of Moreau—Yosida regularization for the state constraint

i(x1, ra(w);w) <k 0 (& —i(x,22(w);w) € K) (28)

from Problem (P), i.e., in the novel setting of stochastic optimization problem with almost sure con-
straints.

4.1 Moreau-Yosida Revisited

In applications, it is often the case that K coincides with a cone on a weaker space than R, the space
where K has a nonempty interior. Let (H, (-, -) ) be a Hilbert space. We consider cases in which the
image space R of the conical constraint belongs to a Gelfand triple in the sense that

R H~H < R, (29)

where — denotes the dense and continuous embedding. In particular (h, 7) g« g = (h, )z whenever
r € Rand h € H. We assume the cone K is compatible with a cone K ;7 on the less regular space
H in the sense that Ky N R = K. This construction is quite natural and allows the construction of a
regularization with respect to the weaker H-norm, where computations are cheaper. Notably, since ¢
has an image in R, it follows that

iy, x2(w);w) <k, 0 & i(xg,x2(w);w) <k O. (30)

Examples of applications are given at the end of this section.

Given a parameter v > 0, the Moreau—Yosida regularization (or envelope) for dx,, is given by the
function 57 : H — R with

B1(k) = inf {1, () + Ik — ol }

Clearly, 57 has the property that 57 (k) = 0 whenever k € K, and otherwise 57 (k) > 0. Addition-
ally,

g (k) = mf f {0rc, () + Ik =yl } = —Hk—WKH( )17 (31)
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where T, : H — Kp, k — argmin,c {0k, (y) + ||k — yl||n} denotes the projection onto K.
Let Ky = {h € H: (h,k)y > 0Vk € Ky} denote the dual cone to K. The projection 7, onto
a nonempty, closed, convex cone K i admits the characterization (cf. [7, Proposition 6.27])

mk,(x)=p & peKy,(pr—pyg=0,andp—2x€ K. (32)

Moreover (cf. [7, Proposition 12.29]), 57 is Fréchet differentiable on H with the gradient V37 =
’}/(idH — 7TKH).
The following result is proven in Appendix [C]and is needed in the following Lemma4.2|

Lemma 4.1. Let Y and Z be real Banach spaces and X C Z be a nonempty, closed, and convex
cone. Suppose f : Y — Zis K-convex and g : Z — R is convex having the property that g(z) = 0
if z€ K.Then go (—f) is convex.

Lemma 4.2. Under Assumption x — E[B37(—i(x))] is weakly* lower semicontinuous on X for
any v > 0. Moreover, we have E[37(—i(x))] = 0if and only if i(x1, 22 (w); w) <k 0 as.

Proof. First, we prove that h(xq, xe;w) := 7 (—i(x1,x2;w)) is a normal convex integrand. Since
the indicator function dx,, is a proper, convex, and lower semicontinuous function on H, 37 is a
convex, real-valued, and continuous function (cf. [7, Proposition 12.15]). In particular, 57 is a normal
integrand, so w — [7(f(w)) is measurable for any measurable mapping f : 2 — R. Continuity of
both 57 and 7 imply continuity of & on X7 x X5; convexity of h on X; x X5 follows by Lemma 4.1

As a result, h is a normal convex integrand.

Letr > 0 and suppose (1, x2) € X x X, satisfies |21 || x, +||z2||x, < r.Since0 € K = KyNR
and 7k, is nonexpansive, we have thanks to the characterization

b, ea;w) = Zl|=ilwr, e ) = iy (<ilen, 22 0))|[

< (=i, z20) = Ol + (175, (0) — 7y, (=i, 223 w)) [7r)

< 2yli(zr, w25 0) 5y < 2veb];,

where b,.; is defined as in Assumption and ¢ > ( depends on the embedding constant from
R — H.Hence h(xy,z2(w);w) is integrable in w for all . Weak* lower semicontinuity of ;, follows
by Remark The second statement is clear when considering in combination with 37 > 0 and
p7(k) =0ifandonly if k € Kp. O

In the introduction, we already gave one example (E]) of an application to PDE-constrained opti-
mization under uncertainty. Now, we will consider three representative examples of the almost sure
constraint from the same problem class. Additionally, we provide their regularization functions.

Example 4.3 (Mixed control/state constraints). Assume X, = H'(D), X, = H = L*(D), and
Ky={z€ H:z(s) >0ae.inD}.Fora € L*(, X,), the pointwise almost sure constraint

Ta(s,w) < a(s,w) +exy1(s), ae.se€ D, as we
has the form with i(z1(-), z2(-,w);w) = x2(-,w) — a(-,w) — exy1(+). In the case € = 0,
R = Hl(D) and we have a stochastic version of state constraints originally investigated by [11].

In the case ¢ > 0, R = L*(D), and we have a stochastic version of a bottleneck constraint as
investigated by [9].
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By (31).
. i
Br(=i(@i(0), 2o, w)iw)) = 5 [max(0, 2a(+,w) — a(r,w) = g21()) |22y,
where max is defined pointwise in D.

Example 4.4 (Volume constraint on state). Assume X, = H'(D), H = R = R,and Ky = R,.
For b € L>°({2), the constraint

/ To(s,w) ds < b(w), as.w e
D

takes the form i (x5 (-, w);w) = [, 22(s,w) ds — b(w) and the regularization function is given by

2

(i) = 3 s (0, [ aa(s.0) 05 - ) )

Example 4.5 (State gradient constraint). Assume X, = H'(D), H = R = L*(D), and Kp is the
same cone as in Example For ¢ € L>(§2, H), the almost sure constraint

|Vza(s,w)le < Y(s,w) ae.se D, as we-f)

takes the form i(xs (-, w); w) = |Vaa(-,w)|s — ¥(+,w). The regularization is

B (—i(za(, w)sw)) = %HmaX(O» Vs (- w)l2 = (-, 0)[72(p)-

4.2 Convergence of Regularized Problems

We now discuss the Moreau—Yosida regularization of the conical constraint from Problem (P). To that
end, we define the family of regularized problems, parametrized by v > 0, by

minimize {7 () := j(x) + E[87(~i(x))]}
{ v €C, (P")
s.i.

e(zy, ro(w);w) =0 as.

Problem is interesting in its own right. Due to the linearity of the constraint, in the case where j is
quadratic, it is related to a subproblem used in sequential quadratic programming.

Thanks to Assumption the functions e(-, -;w) are Fréchet differentiable with partial derivatives
that are bounded and linear, i.e., e, (w) € L(X;, W). Without loss of generality, affine terms can be
incorporated in the objective function, so by linearity,

e(x1, To;w) = ez, (W) + ey, (W),

We focus on the case where Problem (P) does not satisfy the relatively complete recourse condition.
This occurs naturally when the equality constraint has a unique solution for every z; € C'. Then it is
clear that the relatively complete recourse condition will not be satisfied except for trivial choices of K .

For the next results, we need the following additional assumptions.
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Assumption 4.6. (i) e, (w) is a linear isomorphism for almost every w and 6;21 € L>(Q, L(W, Xs)).
(i) 1 is continuously Fréchet differentiable on X; x X5 for almost every w with partial derivatives sat-
isfying i, (21, xe;-) € L®(Q, L( Xk, R)) for every (x1,x2) € X1 X Xoand k = 1,2.

(i) If z7 —* T and j(27) — j(Z), then ||] || x, — [|Z1] x,-

Remark 4.7. For the consistency of the primal problems, shown in Proposition [4.8] we only need
Assumption By Assumption for every z; € C), there exists a unique solution x5 €
L> (2, X5) such that
_ -1
1a(w) = —e,, (W)eg, (W) (33)

Thanks to the additional structure afforded by Assumption it is in fact enough to require that
j is radially unbounded with respect to x; only (instead of x). Assumption [4.6(iii)| is a property that
is satisfied in combination with (33), e.g., if J; is a p-strongly convex function, as is the case for the
Tichonov regularization Ji(z1) = af|z1]|%,,« > 0. To see this, notice that by (33), the control-
to-state operator S(w) : X7 — X, 1 — x2(w) is a linear mapping for almost every w. The

N

reduced functional Jy(x1) := R[Jo(z1, S()x1; )] is therefore convex. It is straightforward to prove

'~

that j(z]) := Ji(x]) + Jo(x]) = j(x7) is a u-strongly convex function over X;. Note that if 27 —*
T, then x] —* Z1 and thus the convex combination 2/ := tz] + (1 — t)Z; € C satisfies z; —* 7
forany ¢ € [0, 1]. By weak* lower semicontinuity and convexity of j as well as j(z7) — j(Z),

J(1) < liminf j(2]) < limsup j(z/) < limsuptj(29) + (1 - t)5(z1) = j(21),

Yo y—r00 y—r00

~

meaning lim., o j(tz] + (1 — t)Z,) = j(Z,) forany ¢ € [0, 1]. Now, zi-strong convexity of j gives

~

lim pt(1 = t)]a] = 2llx, + lim j(ta] + (1= 6)71) < lim ¢j(2]) + (1~ 1)j(21)
y—+00 y—00 y—00

& I pt(1— 1] — 2%, <0,
Y—00
which gives ||z]||x, — ||Z1]|x, as required.

The first result concerns optimality of limit points of solutions to Problem (P7).

Proposition 4.8. Suppose Problem (P) satisfies Assumption Assumption and Assump-
tion [4.6(/)] Then there exists a solution 7 € X to Problem (P7) for all v > 0. Additionally, given
{¥n } with v, — 00, weak* limit points of {27 } solve Problem (P).

Proof. Let Fl, .= {x € X : 1 € C,e(x1,z2(w);w) = 0 a.s.} denote the feasible set for Problem
(P7). From (33), we have

2]l 2 (@.x2) < ey 1looe@.cwixoll€a 21l Loy < ella]lx, - (34)

Either boundedness of C' or radial unboundedness of j imply boundedness of j7 over F,,. Thus a
minimizing sequence {z"} C F., exists such that
lim j7(2") = j7 := inf j7(x). (35)
n—>00 zeF),
If C'is bounded, then implies =" is bounded in X for all n. Otherwise, if j is radially unbounded,
then for every ¢ > 0 there exists r > 0 such that for all n satisfying ||z"||x > 7, we have j¥(z") >

j(x™) > c. Choosing c large enough produces a contradiction to (35). Hence z" is bounded for
all n, so there exists a subsequence {n;} such that 2 —* x7. Assumption guarantees that
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Proposition [3.4] and Lemma [4.2] apply, from which we deduce weak* lower semicontinuity of j7. As a
result, we obtaln

JT <5 @7) < lim (@) = 57

Notice that C' is closed and by Corollary. v, is weakly* closed. Hence 7 € F, and therefore 27
is an optimum for Problem (P7).

Now, observe a sequence {z?"} of optima to Problem with ~,, — oo. If Z is an optimum of
Problem (P), then by optimality,

jlar) < gr(am) < gr(e) = 5(7). (36)

In fact implies that {27} makes up a minimizing sequence for j. Again, boundedness of C' or
radial unboundedness of j imply boundedness of {7 }. Therefore, there exists a subsequence {n; }
such that 7 —* Z. Weak* lower semicontinuity of j gives j(Z) < j(Z). Now, it is enough to show
feasibility of Z, since from feasibility one must conclude j(Z) = j() by optimality of Z. Notice that j
is bounded over [, so from (36), we have

E[g™ (—ifa™+))] = BEE[|—i(ae) = me, (=i(a™) 5] < e

Using the weak* lower semicontinuity granted by Lemmal4.2] we obtain the convergence E[|| —z'(x%k )—
iy (—i(27))||%] — 0 as k — oo, meaning —z(xl,xQ( J;w) € K as. by Lemmal4.2] Feasi-
bility of & for Problem (P) now follows by closedness of C' and Corollary 2.7} In closing, we have
jlamm) = j(&) = j(z) since
j(#) < liminf j(7) < limsup j(2™) < j(7) = j(3). @7)
Yn—00 Y —$00

O

In the following, we analyze the convergence of Lagrange multipliers as v — o0. To that end, it will be
helpful to first formulate more explicit optimality conditions for Problem (P), and after that the explicit
conditions for Problem (P7). In what follows, we use the abusive notation e, for adjoint operator from
(L(Q, W))* to (L>°(£2, X;))* and e (-) for the adjoint operator from L'(Q, W*) to L'(Q, X;)
as described in Lemma [2.6] Similarly, %, (Z) is the shorthand for the operator from (L>(f2, R))* to
(L>°(2, X;))* whereas i, (Z1, T2(-); -) represents the operator from L' (2, R*) to Ll(Q X7).

Lemma 4.9. Suppose Assumption [3.1) Assumption [3.5, and Assumption [4.6( (i) are satisfied.
Then there exists a saddle point (z, A )\O) of the Lagrangian L. Furthermore the existence of the
saddle point is equivalent to the following necessary and sufficient optimality conditions: there exist
pE LI(Q,Xik),_?? S 3R[J2(_)] n e Jl(fil) f S Nc(fl), andC = (CvaZ) S LP(Q,X;() X
LP(Q, X5) with ((w) € 0J2(Z1, Ta(w); w) such that

i(Z1, To(w);w) <k 0, Ni(w) € K%, <5\i(w),i(i’l,xg(w);w»g*ﬁ =0, (38f
; (38g

n+E[p] +e; X+ i (T)A; + £ =0, (38a)

e;2A§ +i5 (Z)A; =0, (38b)

51(@9(&1) &, (W) Ae(w) + 15, (71, Ta(w); w) Ni(w) — p(w) =0, (38c)
G (w ) ( )+ €5, (W) Ae(w) + 15, (T1, Zo(w); W) Ai(w) = 0, (38d)

T €C, e(Zy,Ta(w);w) =0, (38e)

)

)

)

X €K, (XLi(®)) w @Ry L) =

with pointwise conditions holding for almost all w € 2.
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Proof. By Lemma [3.12 a saddle point (Z, \, \°) exists, and so we can apply Theorem The
conditions (38€)—(38g) are trivially satisfied. Minimizing J1(x1) + (E[p], 1) x» x, + £(z1, A°) in 23
over (' is equivalent to minimizing

F(x) == Ji(x1) + (E[p], 21) x7.x, + (A €(@)) (poo (@, Lo (@,
+ (A7, 1(2)) (Lo (0, R))* Lo (,r) + 0c (1)

over X. In combination with (38¢€)—(38f), the condition £(Z;, \°) = 0 implies the minimum in the
definition of can only be attained at Z5 by Remark[3.10] Hence condition (i) of Theorem [3.9]is the
same as 0 € OF(z). All terms in I other than ¢ are continuous on X. Thus the sum rule for the
subdifferential applies (cf. [10, Theorem 2.168]) and we have after exploiting differentiability afforded
by Assumption [4.6(if)| the expression

oe (Vi) + (FLEEE ET) - (6

Note that the corresponding adjoint operators are well-defined by Lemma|2.6] The existence of 77 and

¢ as well as (382)—(38b) follow. Condition (ii) of Theorem|[3.9]yields

0 € I(J2(Z1, To(w); w)I(w)) + ({%{(ei( <) )(Jr;Jr(fjj’(j;l(,c;Z( ))A () )( )}( )}> '

Since ¥ > 0 ass., I(Jo(71, jg(w)'w)ﬁ(w)) = 8.J5(Z1, T2 (w); w)Y(w). Hence there exists ((w) €
0J5(Z1, To(w); w) such that (38 ) are satisfied a.s. The fact that ¢ € LP(€2, X}) x LP(£2, X3)
follows from Remark [3.11]

O

Now, we formulate the optimality conditions for Problem (P7). We define the corresponding Lagrangian
by L'Y(J}, /\) = j’y(‘r) + EK)‘ev e(x»W*,W]

Lemma 4.10. Suppose Assumption Assumption and Assumption [4.6(/)H4.6(ii)| are satisfied.
Then there exists a saddle point (27, A7) of the Lagrangian L. Furthermore, the existence of the
saddle point is equivalent to the following necessary and sufficient optimality conditions: there ex-
ist p7 € LYQ,XY), 07 € OR[Jao(a")], 7 € O0Ji(a), & € Ne(x) and (7 = (¢],(3) €
LP(Q, X7) x LP(Q, X3) with (7(w) € 8.J5(x7, 2)(w): w) such that

n' +Elp]+¢ =0, (392)

¢ (W) (w) + €3, (W) AL (w) + 47, (2], 23 (w); w) A (w) — p7(w) =0, (39D)
G (W) (W) + e, (WAL (W) + i3, (2], 23 (w); w) A (W) =0, (39¢)

] € C, e(x],r)(w);w) =0, (39d)

N (w) =7 (i(a], 23 (w);w) + Ty (—i(a], 23 (w);w))) in H, (3%)

with pointwise conditions holding for almost all w € 2.

Proof. By Assumption we have that the set C' is contained in the induced feasible set for x4
givenby C' = {z; € X, : 35 € L=(Q, Xs) s.t. e(z1, 72(w); w) = 0 a.s.}. Hence Assumption
is satisfied for Problem (P”) and Lemma can be applied to the Lagrangian L7, giving the existence
of a saddle point (27, 7). Now, Theorem [3.13|can be applied.

Condition (i) of Theorem [3.13|clearly translates to (39a). As discussed in Subsection[4.1] 57 is Fréchet
differentiable on H with V37 (k) = y(k — 7k, (k)) € H — R*. By the chain rule,

02,87 (=121, 205 w)) = —iy, (21, 225 w) VB (—i(w1, 225 w)).
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Defining A} (w) = —V 37 (—i(x1, 22; w)), we get the expression (39€). Condition (ii) of Theorem[3.13]
amounts to
(w1, 295 w) i= Jo(1, 225 ) (W) + B (—i(21, 22(w); W)
<)‘7< ) (xlvx?aw»w*,W - <:0'Y(w)7 x1>X*7X1

attaining its minimum at (2], z4(w)), i.e., 0 € Jdf(z], z(w);w), which yields (390) . The
remaining conditions follow directly from Theorem(3.13 O

The following characterization of the multiplier A, will be useful later.

Lemma 4.11. For all £k € Ky, we have

and
(A (), i(z], 23 (w);w))m = —(N (W), k)

Proof. Thanks to and (39¢), we have \](w) € K}, a.s. and thus the expression holds.
Additionally, implies (A (w), Tx,, (—i(x], 23 (w);w))g = 0, so

N (W), k)i = (N (@), ey (=i, 23 (w); )i (41)

Adding (A (w),i(z], x5 (w);w)) g to both sides of gives

(A (W), i), v (w);w) + k)i > 0.

O

Let X := X x A x LY(Q, X7) x X7 x X7 x (L', X7) x L'(Q, X3)). In the following, we use
the shorthand ¢ := (¢, ¢q) = ({797, (5 97). We define the primal-dual path

CT = {(‘r’77/\77p7’777’£"/’¢“/) S X: /7 S [T7 OO)}

Proposition 4.12. Let Assumption Assumption[3.5] and Assumption hold. Then, for
every r > (, the path C, is bounded in X.

Proof. Bounding of 7, n7, ¢7. Making the same arguments as in Proposition 27 is bounded
independently of -y, from which boundedness of 77 immediately follows. Notice that 97 € OR[Ja(x7)],
implying boundedness of 7. Using the relations @) and (5), since E[J5(x7)9"] = R[J2(x7)] +
R*[¥"], and by Remark [3.11] ¢” (after identification) belongs to IE[J5(z7)¥7], boundedness of 7
and v/ implies boundedness of ¢7.

Bounding of /\Z. In the following, statements written as depending on w are to be understood as
holding almost surely. From (10), there exists 7 > 0 such that for all v = (u.,u;) € B,.(0) =
B,¢(0) X B,.;(0) C L*®(Q,W) x L>(Q, R), there exist k € K and 2° = (2, 23(-)) satisfying
2V € C and

€ay (W) T3 (W) + €0, (W)2] — te(w)
—i(}, 1p(w);w) — u;(w)

0
k. (42)
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Now, combined with Lemma gives

(AN (@), ws(w))i = (] (w), i), 25(w); w) + wi(w)) i — (N (w), (27, 23(w); w))z
= —(N (W), k) — (N (w), (a7, 25 (w); w))z
< (N (W), i(a], 23 (w);w))m — (N (W), (a7, 25(w); w))a
< (N (W), i, (2], 23 (w)s w) (2] — 21)
+ (N (W), o, (2, 23 (w); w) (23 (w) — 25(w))) 1,

where we used convexity of (x1,x2) — (A, (21,22, w))y in the second inequality. Recalling

and using (39b)—(39d), we obtain

(A (W), wi(W)) per < (P (w) — @] (W), 2] — 20) xs x, — (83 (W), 23 (w) — 25 (w)) x5 Xa -
Thus
(Elp" — ¢1], 2] — 2¥) x: x, — E[{¢3, 23 — 29) x5 x,)
(=& =" —E[$]],2] — 2} x: x, — E[(3, 2] — 29) x; x.)
(—n" = E[¢]], 2] — 2¥) xr x, — E[(¢3,23 — 29) x3,x,] (43)
U x4+ 97 o @xy) 1] — 28l x,
_l_

P51 (@.xp)

(A Uz)Ll(Q R*),L>(Q,R)

<
<
<
<

Ty — x2||L°°(Q X2)5

where in the third inequality we used £ € N¢(z7), and in the fourth inequality we used Jensen’s and
Holder’s inequalities.

In the following, we use a generic constant ¢ > 0, which is independent of w and takes potentially
different values at each use. Since x7, 1”7, and ¢ are bounded independently of -, yields

(A ui) o p) Lo () < € < 00

and hence

1 1
H/\Z”Ll(Q,R*) < - sup {<)\zay>L1(Q,R*),Lm(Q,R)} < —c < o0.
r yeBr,i(O) r

Bounding of X}, p7, £7. Now, and Assumption [4.6(/)H4.6(ii)| yield

ANt @w=y = =€y (5, (2N 4 d3)|| L1 W)
< iy, (@A + Dl LX)
< c(IIN lr,rs) + |Dallzr@,xz)) < € < oo

Additionally, gives

107 | ,xn) = @] + e AL 45, ()N | Lrexn)
< et lo@xry + 1IN Iz @w + [N [|or@,rs)) < ¢ < oo,

Finally, combined with Jensen’s inequality yields

1€7]

x; +E[||p7]

xp < | x;] <e< oo
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We now show optimality of accumulation points of the primal-dual path C,. Here, a central diffi-
culty is that the Banach—Alagolu theorem gives weak* compactness of a closed bounded subset of
LY, X*) (X being a generic reflexive Banach space) as a dual of another Banach space. It is not
clear what form the predual takes. Another difficulty is that weakly* compact subsets of L(2, X*)
are not weakly* sequentially compact.

We will use two tools to circumvent these difficulties: first, we will identify L'(€2, X*) with a closed
subspace of the bidual space (L'(Q2, X*))** = (L>(€, X))*. This is always possible, and in our
setting, this corresponds to the relationship between absolutely continuous functionals and their inte-
grable functionals via the expression (2). The absolutely continuous functional corresponding to \” is
denoted by \7; the other functionals are defined similarly.

To circumvent the second difficulty, we will work with a net (generalized sequence) in Cy instead of
a sequence. Given a directed set I on which a relation < is defined, which is reflexive, transitive,
and directed, a net (2%),c; on X isamap z : [ — X. A net (y”)sc is a subnet of (2%)a¢s via
o :J — TLitforall f € J,y® = 2% and for every oy € I, there exists 5, € J for which
Bo =< B implies oy < ¢(5). We remind that  converges to an accumulation point z if (z%),e; lies
eventually in every neighborhood of z, i.e., for any neighborhood V' of x, there exists oy € I such
that for all & = «, we have z® € V. For our purposes, the choice (I, <) = ([0, 00), <) will be
sufficient. Notably, topological notions of closure and continuity carry over for nets. We will write —,
—, —* to emphasize topologies when taking limits. Nets on compact sets in Hausdorff spaces have
the following convenient property: there exists a subnet that converges to a point in the set; see, e.g.,
[7, Section 1.7] for definitions and properties.

Theorem 4.13. Let Assumption [3.1] Assumption [3.5] and Assumption [4.6] hold, and observe the net
generated by the primal-dual path (27", X", p¥", 7", €', ¢7/)“/€[0,oo) C Cy, with ¢ = (V"9 Then
there exists for J C [0, 00) a subnet (27, A\7%, p?% 07, &7, $7*) e, a sequence v, C J with v, —
00, and an accumulation point (Z, X', o/, 7, @), (e LP(Q, X7) x LP(Q, X3), and J e L’ (Q)
such that

1 27 = 2zin X,
2 A0 —* X in (L>®(Q, W))*,
3 A% =" Nin (L®(Q, R)),
4 pre —* plin (L=(Q, X1))%,
5’ —7nin X7,
6 & 4fin X7,

~

76T ol in (1290, X0))* x (L(2, X)) with 970 —* Din 17 (52) and (7 () = {(w)
in X7 x X5 as.

We have \. = A% + X2, A= Ao Xe, = p* +p° and ¢ = ¢* + ¢° for the abso-
lutely continuous functionals A¢ € (L*°(Q, W))*, Af € (L>(, R))* p* € (L>(Q, X1))*, and
¢° € (L®(Q,X1))* x (L®(, X3))*, corresponding to \. € LY(Q,W*), A, € L'(Q, RY),
pe LN XT), and ¢ € (LY(Q, X7) x L'(Q, X3)), respectively. Finally, the accumulation point
(:E',S\,S\O,,é, 5°,0, €, b, QASO) satisfies the following conditions: € 0.J1(Z1), = Ne(), J e
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OR[J2(2)], {(w) € BJa(d1, E(w); w) a.s., and:

N+ ER] 4+ 07 + e A +in ()X +6=0,  (44a
G5+ ef N 4t (2)A =0, (44b
$1(w) + €5, (W)A(w) + 3%, (@1, Z2(w); W) (w) — p(w) = 0, (44c

~

Po(w) + €5, (W) Ae(W) + 4%, (#1, Za(w); w)As (w) = 0

1 € C, e(y,Ta(w);w) =0, 44e
i(8, Ba(w);w) <k 0, A(w) € K& (\i(w),i(21, Z2(w);w))ge.r = 0, (44f
A€ K®, (Ai(2)) (L)L (um) = 0, (449

with pointwise conditions holding for almost all w € (2.

Proof. Characterization of accumulation points and topologies. By Proposition for every r > 0,
the path C, is bounded in X, in particular for » = 0. Thus C is weakly* compact and hence there
exists a subnet (27, X7, p7, 17, &7, ¢7) s C Cp such that (after identifying absolutely continuous
terms), we have (27, A7, p7¢, 07, &7, ¢7) —* (&, N, o/, 7, £, ¢'). Note that the decomposition of
accumulation points, i.e., X, = A2+ A2, X, = A¢ + A2, o/ = %+ (°, and ¢/ = ¢* + ¢° follows from
Theorem 2.4

One can prove j(z7) — j() for the subnet (27).¢ exactly as in Proposition 4.8} see in particular
(37). Together with Assumption |4.6(iii), we obtain ||x]||x, — ||Z1]|x, as n — oo and thus ] =1
in X;. From the formula we have

esssupl|zy (w) — Z2(w) | x, = esssuplle,; (w)eq, (W) (2] — 1)l x,,
weN weN

and hence x4 — iy in L>(Q, X5). We obtain 27 — Z in X.
Verification of (&4c). From (39b), we have for all ;1 € L>(£2, X;) and all y

0= (o1 + €5, (DA () + g, (a1, 23(); ON () = 97 ) 2 xp) Lo @.x0)-
Notice that

B (0], ) rrxs) o @x) = (P17 M) (Loe(@,x1))7 Lo (@,x0) — (@1, 1) (Lo (9,x1)) Lo (2,X71) DY
weak* convergence of ¢ in (L>(€, X7))*.

B Using the identity for absolutely continuous functionals (2) combined with Lemma [2.6|we have

(€2, (AL(), >L1(QX*)L°°(Q x) = (A €, () Lrewy) 2w
= (A% €, () (Lo @)y Lo (W)

— <;\e76951('):u('))(LOO(Q,W))*,LOO(Q,W) = (€5, Ae» 1) (L (9,X1))*, Lo (2,X1)
by weak* convergence of A% in (L (€2, W))*.
B From strong convergence of (7)..; and weak* convergence of \"* in (L*>°(2, R))* we have
(05, (21, 25(); N (), ) prxs) oo @xn) = N () (2], 29 (4); ) () L1 r7), Lo (. R)
= (Nt (21, 23 () () @m) L @.R)
= Ny (81, 82 (); V() o @um Lo (@r) = (i (T1, 825 ) Niy 1) (2o (@,%1))* L (@.X1)
where we used the continuity of the partial derivative afforded by Assumption [4.6(i/)|
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u <PW>H>L1(Q,X1*),L°°(Q,X1) = <p%aaM)(LOO(Q,Xl))*,LOO(Q,Xl) — <p%a>M>(LW(Q,X1))*,L°©(Q,X1)
by weak* convergence of p* in (L>°(£2, X1))*.

Thus
0= (d] +ep A, + iy (T)N, = P, 1) (Lo (2,x1))7, L (@, x1) -

The sets A; and S; denote the sets of absolutely continuous functionals and singular functionals,
respectively, defined on L>(€2, X;). By Lemmal2.6] it follows that

(G e X+ L @A — )+ (91 e X+ L (@A - %) = 0.

TV
€S EAl%Ll(Q,Xf)

The spaces A; and S; are complementary spaces, so A; N S; = {O} This implies

OF + €5 A+ ik ()N — p° =0, (45)
O e, A+ (B)A — 5t =0, (46)

The expression (46) immediately implies that (44c) is satisfied.

Verification of and (44d). Analogously to the prior step, we have from forallv € L>(Q, X»)
and all ~y

0= (3 + 5, (DN () + g, (7,23 (); IN (), V) pr g, x5), 100, X0)-
Hence
0= (¢ + ez, A + i, (DN, V) (120(0,X2))",L20(9,Xa)
Grouping by singular and absolutely continuous terms, we obtain and (44d).

Verification of (@4a) and (@4e€). The expression (44e) follows from Corollary[2.7|and the fact that C' is
closed. From (39a), we have for all p € X;

0=(E["]+n"+ & mx;.x
= (p* ,M>(L°°(Q,X1))*,L°°(Q,X1) + "+ &7 ) xp X0
After plugging in (45), the accumulation point therefore satisfies
0= (" + % 1) (= (050 Lo @.x1) + (0 + &, 1) xr x,
= (E[p] + % + €5, A2 + 05, (D)7 + 7+ € ).,
for all 1 € X, which is equivalent to (44a).

Verification of (44f) and (44g). We proved i(&1, #2(w); w) <k 0in Proposition/4.8| Forall v, \] (w) €
K. Itfollows for all € L>(€, R) satisfying 7(w) € Ky N R = K that

0 <E[(N,7)u] =E[N,r)re r] = (A", 1) (Lo (@,r)* L (0 R)-

Therefore
0 < (A) + AL, 1) (oo (,R)* Lo (9, R) -

Since \{ and \; belong to complementary subspaces, we conclude

Ai(w) € K®as. and A e K®. (47)
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By weak* convergence of A/, strong convergence of &7, and continuity of x — (1, z2(+); ), we

have
E[(N, —i(z],25(-); )] = (AT, —i(2], 23(); ) (Lo (u.R))* L= (2.R) 48)
— (N, —i(Z1, 22(-); ) (poo (. R))* Lo (,R) = 0
Notice that for all 7,

E[(\, —i(27)u] = VE[(i(27) + 7k, (—i(27)), —i(27)) ]

—E[lli(a)[[H] + VE[(7ry (=i(27)) = T, (0), —i27)) ]
—E[|
—E]]

IAIA

(") (
(i) 1] + V[l 7w, (—i(2)) = 7, (0) L li(2) 1]
(=) 1] + AE[lli(2) 1] =0,

where we used monotonicity of the expectation operator, nonexpansivity of the projection operator, as
well as 0 € K. This combined with yields

W), i(81, Z2(w); W) per = 0, and (A2, i(2)) (Lo (.r)) Lo () = 0

Sequential statements. We note that X; and L>°(€2, X5) are metrizable spaces. Note that X is
reflexive. From the subnet (27,17, £7).,¢, it is therefore possible to extract a subsequence 7,, — 00
such that 7 — &, n’» — 0, and 7 — &.

Convergence of elements from subdifferentials. Strong convergence of 27* and weak convergence
of & € Ne(x]™) imply & € Ng(i1). By the same reasoning, 7 € 0.J1(&1). We now reveal the
structure of ¢ = Y™, where 9" € IR[Jo(x™)] and (" (w) € D Jo(x]", x)" (w);w) as.
Clearly, 7 is bounded in L¥' (£2) due to the boundedness of 27", hence on a subsequence (we use
the same labeling) there exists a Je LV (Q) such that 97 —* 0. Therefore, strong convergence
of 27 to & implies U € OR[J2(&)]. Moreover, for almost every w, the sequence (7 (w) is bounded
in X7 x X3 due to the boundedness of 27, hence there exists a subsequence {n;} and a limit
point ((w) such that (™ (w) — ((w). From the convergence =" — #, we have on a further
subsequence (with the same labeling) the pointwise convergence 27+ (w) — #(w) a.s. and hence
C(w) € 8J5(#1, #2(w);w) as. The fact that ¢ € LP(, X7) x LP(Q, X3) follows by Remark

O

The system in Theorem |4.13|is not necessary and sufficient for optimality since it is not generally
guaranteed that the sequence given by ¢ = 97" has a limit of the form 195’ as required by (38¢c)—
(38d). Moreover, the system contains the singular terms éo. However, there are two relevant
cases in which it is possible to show the stronger result.

Corollery 4.14. With the same assumptions as in Theorem [4.13, assume additionally that R = E.
Then ¢ = (, ¢° = 0, and the system is necessary and sufficient for optimality.

Proof. In the case where R = [, we have ¥ = J = 1 for all ¥ > 0. Hence from ((w) €
0Jy(%1, 22(w);w) as. and ¢ = (7 (after identification) belongs to JE[.J5(x7")], which using
strong convergence of 27 implies that ¢ € IE[.J5(#)]. From Lemma we obtain that ¢° = 0. By
Lemma[4.9] the conditions posed by are now necessary and sufficient. O

Corollary 4.15. With the same assumptions as in Theorem assume additionally that Jo(+, -; w)
is continuously Fréchet differentiable on X; x X5 with derivative D J5(-, -; w) for almost every w; for
every r > O there exists a, € LP(§2) suchthat D Jy(xy, 295 w) < @, (w) as. for |21 ]| x, + |22l x, <
r. Then <b 19( (bo = 0, and the system (44) is necessary and sufficient for optimality.
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Proof. Fréchet differentiability of .J, implies the subdifferential is a singleton, i.e., 0.J(x1, To;w) =
{DJ5(x1,x9;w)}. From strong convergence " — Z in X one has (potentially on a subsequence,
where we use the same labeling) (z]", 23" (w)) — (%1, Z2(w)) a.s. In particular it follows by conti-

nuity of the derivative that
(" (w) = DJoy(2]", 27 (w);w) = DJy(21, Za(w);w) = C(w) in X¥ x X5 as.

Together with the growth condition and Lebesgue’s Dominated Convergence theorem, we have strong
convergence (™ — C in LP(Q, X7) x LP(€, X3). We now prove that ¢ — ¢ = 9 € Y :=
LY(Q, X7) x LY, X3). Naturally, we have

(0, ")y y = (0, 0 (" = ))yey + (0,9 gy Yo € V. (49)
Notice that
(0,9 (C" = )y < 0l (97" = )l prer x5+ 07 (" — o)l @.x3))
andfori =1, 2,

196" = Ol = [ I97@)(G ) = Gl 3B)
= [ @G @) = Gl )

<" @ 16" = Gill e, x),

where we used Holder’s inequality in the last step. Combining this with strong convergence (7 — é
and boundedness of 17, the first term on the right hand side of disappears in the limit. For the
second term on the right hand side of (49), we have

(0,97 ()yey = Z /S)@i(w),m" (W)f(w»xi,xi* dP(w)

- Z /Q 97 (@) (v (), C(@))x,.x; dP(w).

Notice that (v;(-), {(-)) x; x+ € LP(S2) by the regularity of C. Hence 07" —* 4 gives (v, 977 () y- 3 —
(v,9¢)y- y for all v € Y*. Returning to [@9), we obtain (v, 37 )y- 3 — (v,9)y- y forallv € V*.
Since ng = 195 € Y, the singular term ngSO vanishes, and the system (44) is necessary and sufficient
for optimality. O

To close this section, we discuss the situation where the adjoint variable A} is more regular than our
strict framework would suggest. The choice of IV and R clearly need to be compatible with the interior
point condition for the original problem. However, for Problem (P7), the condition is trivially
fulfilled as long as e,, is surjective. Without the restrictions on W, it is possible to gain additional
regularity in the adjoint variable \) if we view the state ] in a less regular space, a fact that can be
exploited in computations. In the following lemma, we make this idea more precise.

Lemma 4.16. Under the same conditions as Lemma [4.10, suppose further that X, and W are
continuously embedded in X, and W, respectively. Suppose e(-, s w) E LX) x XQ,W) and
€, (W) € L(Xo, W) is alinear isomorphism for almost every w € Qwith e, € L®(Q, L(W, X,)).
Additionally, suppose i(-, -; w) is continuously Fréchet differentiable on X1 X X2 for almost every w
with partial derivative satisfying i, (1, 2; ) € L>(, £L(Xa, R)). Then A belongs to L'(€, W*).
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Proof. From we immediately obtain
M (W) = e (WG (W) (W) + i, (21, 73 (w); w) AT (W) € W

The fact that A € L' (2, W*) follows by the assumptions. O

5 Conclusion and Discussion

In this paper, we presented optimality conditions for a large class of potentially risk-averse convex
stochastic optimization problems. The applications in mind involve optimal control problems, where
the control belongs to a Banach space and is coupled to a state, which is a vector-valued random
variable. [19] already presented optimality conditions under the assumption of relatively complete
recourse, which — while not satisfiable for nontrivial problems with additional state constraints — is
satisfied for a sequence of regularized problems. In this paper, we strengthened the [19] results by
presenting optimality conditions without this assumption, resulting in optimality conditions having sin-
gular Lagrange multipliers. Additionally, we formulated optimality conditions general enough to handle
problems having risk measures in the objective.

As the second main contribution, we showed that regularized problems using a Moreau—Yosida reg-
ularization for the conical constraints are consistent with the original problem as the penalization pa-
rameter is taken to infinity. While [19] already showed consistency with respect to the primal variables
for a specific example, we generalize these results further and show consistency with respect to dual
variables.

The results presented here provide the framework for constructing algorithms via a penalization ap-
proach. For algorithms, it is preferred to work with sequential statements as opposed to nets. This is
possible on sets of vanishingly small measure using the following result.

Lemma 5.1 ([6]). Suppose X is a reflexive Banach space and {f,} C L'(Q, X) is a bounded
sequence. Then there exists f € L'(Q, X) and a subsequence {fn,} and nonincreasing sequence
of sets £y, € F with limy_,, P(E)) = 0 such that

Jn, = [ in LYQ\Ey, X)
for every fixed k.

A drawback of Lemmam is that one does not know the sets F;.. Closing this gap will be the subject
of future study. Additionally, it is planned to carry over our theory to the setting of generalized Nash
equilibrium problems, where players’ strategy sets are coupled, e.g., over a PDE and additionally
physical requirements lead to a constraint on the state.
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A Essentially Bounded and Strongly Measurable Linear Opera-
tors

Proof of Lemmal2.8. (i) First, notice that for any y € L>(2,Y"), we have

[AC) Y lle@.2) < Al @.cvz) [yl L= @y) < oo

Since the product of strongly measurable functions is again strongly measurable, A(-)y(:) : Q@ — Z
is strongly measurable, meaning A;: L>(Q,Y) — L>(Q, 2),y(-) — A(-)y(-) is well-defined
and bounded. Hence the adjoint operator A7 : (L>(2, Z))* — (L*(£,Y"))* is bounded. Now, let
w® € (L>(2, Z))* be a singular functional, i.e., by Definition[2.3|there exists a sequence {F},} C F
with F,.1 C F, such that P(F,,) — 0 and (w®, 2)(L=(0,2)).1=@,z) = 0forall z € L®(Q, 2)
satisfying z(w) = 0 for all w € F,, (for some n). For this same sequence { F}, }, let y be an arbitrary
element of L>°(2,Y") satisfying y = 0 on F,,. Then linearity of .A(w) implies A(w)y(w) = 0 for all
w € F, and so with A1y = A()y(-) we have

(ATW°, y) (e ))r e @y) = (W AC)Y(4)) (Lo (9,2))7, L (0,2) = 0.

Since y is arbitrary, Ajw® is a singular element of (L°°(€2, Y'))*. Finally, if z* € L'(Q, Z*), we have

JA*() 2" ()l oy < A |z @.czeyopll 2"l e,z

meaning A*: LY(Q, Z*) — LY(Q,Y*), 2*(-) — A*(-)z*(-) is bounded.

(ii) The second part of the proof follows using analogous arguments to the above. O

Proof of Corollary[2.7. (i) Let {y,} be a sequence in L>(2,Y") with y,, —* . We need to show that
Yy, —* Ajy. We have for all z* € L'(Q2, Z*) and all n

(2", Awyn) L1 (@.2%) L .2) = B2 (), AC)yn () 2+ 2]
= EKA*()Z*()? yn('»Y*,Y] = <~A>{Z*> yn>L1(Q7Y*),L°°(Q,Y)
Hence as n — o0,

(2", Aryn) L1 (0,29, 10(Q,2) — <AT2*,ZQ>L1(9,Y*),LOO(Q,Y) = (", Ail) 1 (@.z7).0@.z).  (50)
Therefore Ay : L®(Q,Y) — L*>(Q, Z) is weakly-to-weakly* continuous. If y,, belongs to the set
E:={ye L>(Q,Y): Aw)y(w) = b(w) a.s.} for all n, then 0) gives E[(z*(-), A()7()) z= 2] =
E[(2*(-),b(-)) 2= 7] for all z* € L'(Q, Z*). Thus A(w)g(w) = b(w) a.s, meaning 7 belongs to the

set I/, making E weakly* closed.
(i) The second claim follows using similar arguments after noting that Y is reflexive and taking

Yn — U O

B Existence of Saddle Points

In this section, we adapt proofs from [19] to include an objective containing the term R [.Jo(x)] instead
of E[J2(x)]. Additionally, we omit the abstract constraint z2(w) € C5 a.s.
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We define the dual problem

maximize {g(/\) = ;g)f(L(x, )\)} (D)

AEA

By basic duality, the question of the existence of saddle points is the same as identifying those (Z, \)
for which the minimum of Problem (P) and maximum of Problem (D) is attained, i.e.,

inf P = inf sup L(x, \) = sup inf L(z, \) = supD.
z€X \ecA ( ) AcA TEX ( )
Let p(z,u) = j(z) if © € Fau and p(z,u) = oo otherwise. This function is related to the
Lagrangian by the relationship ¢ (z, u) = supyca{L(x, A) — (u, A)ya }. Additionally, it is related to
the value function through v(u) = inf,c x ¢(z, u). Obviously, v(0) = inf P.

We proceed by first proving weak™* lower semicontinuity of ¢.

Lemma B.1. Let Assumption [3.1]be satisfied. Then the function ¢ : X x U — R U {co} is weakly*
lower semicontinuous.

Proof. Let X' = X} x L'(€Q, X3), which can be paired with X. Let Y := X x U and denote the
pairingon Z := X' x A by

(Y, 2)v.z == (x,2") x x + (U, \)ya. (51)

Since Y = Z*, the topology induced by the pairing coincides with the weak™ topology on Y. We
define ¢ (x) = j(z) + dc(z1) and

0, ife(xy,zow) = ue, i(T1,Tow) <k u;,

@2(1‘1,1’2,1@&]) = {

oo, otherwise.

Obviously, ¢(z,u) = ¢1(x) + E[pa(x1, z2(:), u(-))]. Let (-, )y’ z denote the pairing of Y’ :=
X1 x Xo x (W x R)with Z' := X} x X5 x (W* x R*); then the conjugate integrand to 5 is
given by
p3(2sw) = sup {(y/, ')y .z — 2y w)}-
y' ey’

Defining h(y';w) = 0 for y' = (21, x2,u) we have h(y';w) < @o(y';w) a.s. The function h is
trivially a normal convex integrand that is integrable on X x U. Thus with the conjugate integrand h*,
I, and I),- are conjugate to each other by Lemma 2.1 meaning that I+ # oo.

Since b < @, we have h* > 3, and hence there exists a point z € Z such that I:(z) < oo.
Since there clearly exists a point such that /.., is finite, it follows that /.., and Lp§ are conjugate to one
another and are weakly* lower semicontinuous; see Remark 2.2]

Notice that J; + d¢ is weakly* lower semicontinuous, since it is weakly lower semicontinuous with
respect to the natural pairing on the reflexive space X;. Hence, together with Proposition [3.4], we
have weak* lower semicontinuity of ;. O

Theorem B.2. Let Assumption and Assumption [3.5(/)| be satisfied. Then
—o0 < minP = supD,

meaning that the primal problem (P) attains its minimum, and the minimal value coincides with the
supremum of the dual problem (D), which need not be attained.
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Proof. If Fyq,, is bounded for all u in a neighborhood of zero, then there exist closed, convex, and
bounded sets C; C X; and Cy C X, such that if x € Fuq,, then xy € C) and x5(w) € Cy
a.s. Then the statement follows by [19, Theorem 3.4]. Otherwise if j is radially unbounded, then
the statement follows by [19, Corollary 3.5]. In both cases, we take advantage of the weak* lower
semicontinuity of ¢ as proven in Lemma[B.1] O

We now define the extended dual problem by

(AA°)eAXA° zeX

maximize {g(A, A°) := inf L(x, A, AO)}. (D)

Clearly, (A, 0) = g(\) and thus sup D < sup D. Additionally, sup D < inf P, since by (15), we have

sup g\ A°) = sup  inf{L(x,\) 4+ L°(x,\°)}
(AA°)eAxA® (AA0)EAx AC TEX

<inf sup {L(x,\)+ L°(z,\°)}.

TEX (X A°)EAXA®

Theorem B.3. Let Assumption [3.1]and Assumption [3.5(ii)| be satisfied. Then

inf P = maxD < oo, (52)
meaning that the dual problem @b attains its maximum and the maximum value coincides with the
infimum of the primal problem (P), which needs not be attained.
Proof. Assumption guarantees that v is bounded above on a neighborhood of zero, so
follows by, e.g., [34, Theorem 17]. O
Theorem B.4. Let Assumption Assumption 3.5(i)} and Assumption [3.6]be satisfied. Then

inf P = maxD < oo,

meaning that the dual problem (D) attains its maximum and the maximum value coincides with the
infimum of the primal problem (P), which needs not be attained.

Proof. This proof follows exactly with the same arguments used in [19, Theorem 3.8]. We repeat them
here to keep the paper self-contained. Assumption [3.6]implies

gAAT) < g(A) V(A A°) € Ag x AG. (53)
Then in combination with Theorem B.3] this implies
max D < supD < maxD,

and the proof is done since a solution (A, A°) of (D) gives a solution A of (D).

To show (B3), let (A, A°) € Ay x Af be arbitrary. We skip the trivial case g(A, A\°) = —oo and obtain
by Lemma|[3.8|that
gAA%) = inf {L(z,A) + £(a1, X%) . (54)
TEXQ
We now define

inf Lz, \), ifz; €C,
h(l’l) = T2€L>°(0,X2)

00, else
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and
k(l’l) = —g(ﬂfl, )\O).

Notice that g(A, \°) = inf, ex, {h(z1) — k(x1)}. Additionally, h # oo is convex and k > —o0
is concave. In fact, since g is finite, k cannot be identical to oo and i must be proper. Therefore by
Fenchel’s duality theorem (cf. [B, Theorem 6.5.6]), with h*(v) = sup,, cx, {(v, 21)x7 x, — h(71)}
and k*(v) = inf,, ex, {{v, 21) x7 x, — k(21)}, we have

g\, A") = max {k"(z) = h*(21)}- (55)

1

Let 7 denote the maximizer of (55), meaning g(\, A°) = k*(z3) — h*(x7). Then by definition of h*,
we have for all x; € X that

h(z1) = (27, 1) xp.x, = G(A, A°) — K7 (7). (56)
Likewise by definition of £ and £*, we get
U1, A%) + (27, 1) xp x, > k¥ (7).

It is straightforward to see that £(x1, A\°) < O forall z; € C. Indeed, x; € C implies that there exists
axy € L®(Q, Xy) satisfying e(x, z2(w),w) = 0 and i(zy, x2(w),w) <k 0 as. In particular
L°(xz,\°) < 0and we get

(1, m1)xy,x, 2 k¥ (a7)

forall z, € C' > C. From we thus have for all ; € C'that h(z1) > g(\, A°) holds, and hence
L(ZE, )‘> 2 h(xl) Z g<)‘7 )‘O)

forallz € Xy and all (A, \°) € A x A°. It follows that g(\) > inf,cx, L(z, A) > g(\, \°) and we
have shown finishing the proof. O

C Additional Proof

Proof of Lemmal4.dl By K-convexity of f, there exists k € K such that for all A € [0, 1] and all
y,9eY

—fy+ (1 =XNg) =k =Af(y) = (1 =) f(®).

Therefore
g(=fQy+ 1 =Ng) =gk = Af(y) = (1 =) f(5))
< g(k) +9(=Af(y) — (1= f(@))
< Ag(=f(y) + (1= Ng(=F (D)),
where we used convexity of g for both inequalities. O
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