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1. INTRODUCTION

In the drift-diffusion model of semiconductor devices the free energy has turned out
to be a very useful quantity. Gajewski and Groger [10] applied it in the analysis
of the transient initial-boundary value problem. Gajewski [6], [8] also used it to
control the step width in the time discretization. Considered as a functional of
the carrier densities, the free energy is a thermodynamic potential and a convex
functional. It is a very attractive quantity with both the properties. In the case of
variable temperature, however, the free energy is no convex functional. In [2], [3] we
have started to set up an analogous frame for an investigation of the energy model
of semiconductor devices in a similar way as Gajewski and Groger dealt with the
drift-diffusion model. The present paper is a self-contained continuation of [2].

Two versions of the energy model are presented. In both cases

e we consider balance equations for the carrier densities n and p and a balance
equation for a (generalized) energy density,

e the current equations are formulated in the conjugate variables of the densities,

e the current equations reflect the Onsager symmetry and the positivity of the
entropy production,

e there are convex thermodynamic potentials which allow us to apply the convex
(functional) analysis.

In our opinion these physically motivated properties will be advantageous in the
mathematical analysis of the problems as well as in numerical evaluations.

The difference of the two versions consists in the fact that the generalized density u
of the total energy is balanced in the first version, but the density u; of the interior
energy is balanced in the second version. In the first version the boundary value
problem for the Poisson equation for the electrostatic potential ¥ is considered as a
state equation. The non-local electrostatic interaction implies some thermodynamic
consequences which has been surprising for us, but which has been neither rejected
nor confirmed in some discussions with experts. These consequences seem to be,
moreover, unpleasant from the mathematical point of view. Therefore we prefer a
second way which is completely equivalent to the generally accepted energy model.
The second version can be considered as a Gummel iteration technique adapted to
the energy model. It is possible, because the total energy is the sum of the interior
energy and of the electrostatic energy. This splitting is possible, because we assume
that the dielectric permittivity € is independent of the temperature and the heat
capacity of the lattice ¢z, is independent of the electric field. These assumptions are
generally accepted in the simulation practice. We have included also the first version,
because the arising questions might be of interest beyond the field of semiconductor
theory in fields, where a non-local interaction like the electrostatic one plays a role.

In contrast to [2] we do not only formally discuss the subject, but we introduce
function spaces and investigate the functionals on such function spaces. In this way
we build a bridge to the modern mathematical theories of evolution equations or of
the convex analysis. We present our approach on the half way, because

e we believe that the approach is worthwhile to be introduced,
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e colleagues are invited to overcome the remaining problems on the way to the
proof of existence and uniqueness of solutions,

e the approach should also be introduced to non-mathmaticians which are inter-
ested in this subject or in similar subjects, but which are not so much interested
in the mathematical difficulties and techniques.

The paper is organized as follows. The basic notation and assumptions are intro-
duced in section 2. In this section the free energy as a function of n, p and of the
temperature T is also introduced, because this thermodynamic potential seems to
be the most familiar one and because it represents the assumptions in the most
illustrative way. Furthermore the conjugate variables (£,7,7) of (n,p,u) and the
corresponding thermodynamic potential H(&,n, 7) are derived in a formal way. The
non-local terms in the equations (2.12) arise quite naturally; they causes the ques-
tions and the modifications of the energy model mentioned above. In the section 3
it is shown that the potential H is a concave F-differentiable functional on an open
convex subset of the affine Banach space 2P + H} x H: x (H} N L) = 2P+ Z4. In
this section we take advantage of the moderate growth of Fermi integrals compared
to the exponential function, i.e. we restrict us onto the Fermi-Dirac statistics. Some
remarks which concern the convex analysis are gathered in section 4 in order to re-
late the properties of the energy model to properties on which the mathematical
theory is founded. In the following two sections the approach based on the convex
analysis is presented for the modified energy model and for the conventional energy
model. These sections end with a first a priori estimate for solutions of evolution
equations which are discretized in the time. These physically motivated a priori
estimates are main results of this paper. We hope that they will be useful tools
in the proof of existence (and uniqueness). As mentioned above the mathematical
problems of proving suitable a priori estimates which guarantee the existence of
solutions and other mathematical problems remain open, but the basis for a precise
formulation of the problems is given. In the section 7 we discuss an oversimplified
test example to illustrate our intentions. In an appendix we show that the approach
to the energy model is closely related to the thermodynamics of ideal Fermi gases.

2. NOTATION AND ASSUMPTIONS

We consider a simple, but generally accepted energy model of semiconductor devices.
The device occupies a bounded open region @ C R™ in the Euclidean space of
dimension m = 2 or 3. Let L,(€) with 1 < p < oo denote the Banach space of
measurable functions ¢ on Q for which |¢|, := [ [¢[P dQP < co (p < o0) or which
are a.e. bounded with the least upper bound |¢|s of |¢|. Let LE denote the open
convex set

LI ={r€Lo(): 0<7<7 ae }CLo(Q)

of strictly positive bounded measurable functions on ). Furthermore, H*({2) de-
notes the space of square integrable functions ¢ € Ly(Q) which have square inte-
grable partial derivatives in the sense of distributions. The boundary 0f2 is assumed
to be a regular Lipschitz boundary, which is decomposed in a regular way into a
proper part ' C 99 and its complement. Let denote H} the Banach space

Hy:={¢cH'(Q): ¢=0 on 0Q\T}
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with the norm [|¢|| := [|V¢|2dQ /2. Its dual space is denoted by H~! := (HE)'.
The norm ||.|| is equivalent to the H' norm on Hj, as we consider a measurable
subset T' of the boundary with the surface measure |T'| < |09|.

The energy model which will be considered is, mathematically spoken, a system
of four partial differential equations with suitable boundary conditions and with
suitable initial conditions. The energy model is a phenomenological model. The
states of the semiconductor device are described by three independent state vari-
ables, which are functions or generalized functions on the closure Q of , e.g. the
densities n and p of electrons and holes and the temperature T'. Instead of T the
density u of the total energy can be considered. The evolution of the state is de-
scribed by a system of three balance equations and by the Poisson equation for the
electrostatic potential ¥, which describes the electrostatic interaction. The three
balance equations are the continuity equations

(2.1) n+V-jpo=—R and p+V-j,=—-R

with the net recombination rate R and the conservation law

(2.2) u+V-5,=0

for the total energy. The Poisson equation reads

(2.3) —V - (eV¥)=d+p—n

with the dielectric permittivity e € L} and with a fixed doping profile d. The
mixed boundary conditions are Dirichlet conditions on 9\ I', homogeneous natural
conditions

(2.4) V jn=V-Jp=0 and v-5,=0 on T

with the outward normal unit vector v for the balance equations and a boundary
condition of third type

(2.5) e,V +b¥ =g on T

for the Poisson equation with given functions 0 < b € Ly (I') and g. The mixed
boundary value problem for the Poisson equation is considered as a state equation.
Instead of specifying d and g we write ¥ = UL 44/, where ¥P € H'NL,, is the given
‘exterior’ electrostatic potential due to the doping profile and due to the boundary
values, whereas ¢ = 1,_, € H} is the solution of the corresponding boundary value
problem

(2.6) (P, ¢) := /6V¢V¢ dQ + /1"b¢¢ dl’ = /(p —n)¢ dQ

(¢ € Hy) with homogeneous boundary conditions. This equation is briefly written
as an equation Pi = [p—n]|in H~'. The Green function of this problem is denoted
by P, ie. ¥(z) = [, P(z,y)lp(y) — n(y)] dy. For arbitrary functions 7 € LY N H*,
¢ € H' and x € H; we introduce the notation

(P(1)d,x) := /TEngVX dQ) + /FTbng dl’ =: /Tp[qb, x] d(QQUT)

and the generalized density

ue(d) = 5 [/ + bg75;]
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of the electrostatic energy of the lattice with an electrostatic potential ¢. The
boundary term in (2.6) is responsible for the fact that we have to deal with gener-
alized densities like u, on  or on QU I

Initial values for n, p, and u are ng, po, and ug. This initial-boundary value problem
has to be supplemented by current equations and by specifying the net recombina-
tion rate. These specifications are given later.

A basic assumption of the energy model is that the principle of partial local equi-
librium can be applied, i.e. in particular

e thermodynamic quantities like the temperature T', the electrochemical poten-
tials v of electrons and w of holes are defined,

e they are (generalized) functions on 2, which may also depend on the time ¢
and

e at any point z €  (and at any time ¢) thermodynamic relations hold like the
state equations

1 1
(2.7) n = N.Fi/, [T(v + ¥ — Ec):| and p= N,Fi), [T

The densities of state N, and N, and the band edges E. and E, are given material
laws and i/, is one of the Fermi integrals

1 * s
fa('f'):m/o mds (a>_1)

(Ev—w—\Il)} .

Since the expressions for electrons and for holes are almost the same, we will often
omit the expressions for holes, in particular, in proofs we often consider devices only
with electrons.

The functions N; and E; (¢ = ¢,v) are functions
N,: QxR — Ry and E;:QxR;— R,

where R, :=]0, oo[ denotes the open real half-line. The functions are assumed to be
measurable in the first argument z € 1, but twice continuously differentiable in the
second argument 7' € R,. They and their derivatives with respect to the second
argument are assumed to satisfy the estimates

O<M§Ni§]\_/:<oo and |E¢|§E’2<oo,
OSaTNiSN:<OO and |07 E;| §E2<oo ,
|02N;| < N’ < oo and |02E;| < E° < o0

a.e. on { X [a,b] for any bounded closed interval [a,b]. It will be convenient to
write briefly N;(T') instead of N;(.,T) or instead of N;[.,T(.)] and N!(T') instead of
OrN;(.,T). We write also N; o T instead of N;[.,T(.)]. Let us, moreover, introduce
the notation N;(1/T) := N;(T) (¢ = ¢,v), E.(T) := E.(T)—9, E,(T) := E,(T)- 7,
&(/T) == E(T)/T (v = ¢,n,p,v), and the functions

(2.8) hi(s,7) = Ne(7)Frpp[—s = &(r)] (5 =¢,n)

and hi(s,7) = No(7)F1/2[E(7) — 5] (k = p,v) on R x Ry. We assume, furthermore,
that the material functions N, and E. (and, correspondingly, N, and E,) satisfy
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the following inequalities

(NIF1p0)?

2.9 N Fapa — N&E (1) F "
(2.9) sa = NE (1) Fapa >

for all (s,7) € R x R, and for almost all z € . This assumption guarantees the
convexity of the functions h; on R x R for a.a. z € {). The assumptions concerning
N, and E; (5 = ¢,n) (or, correspondingly, N, and Ei (k = v, p)) are satisfied in the
model case

N.(T)= NXT3? with Nf €Ll and E.T)=E.c Lo(Q).

A proof and the thermodynamic background are described in the Appendix.

Further material laws are the generalized density f;, of the free energy of the lattice,
i.e. the semiconductor device without the carriers, and the density ¢z of the heat
capacity of the lattice. The function ¢; : @ x Ry — R, is assumed to satisfy
c(.,T) € L}, for all T € R, and to increase monotonely and continuously in the
second argument for a.a. z € Q. As it is commonly done in simulation practice
we assume that the dielectric permittivity does not depend on the temperature and
that the heat capacity of the lattice does not depend on the electric field. As a
consequence the total energy of the system is a sum of the ’interior’ energy and of
the electrostatic energy. Thus the generalized density fr is

fu(T) = il T) + ue(T7)

with a function fi : Q x R, — R which is related to ¢z, by fT cr(8) ds = fi(T) —
Torf(T).

The state space of the energy model is physically described by an expression for the
free energy. We choose

F(n,p,T) := /fLonQ
_ n _ n

_ P - P

(2.10) + /\PD(p—n) + %e|v¢|2 dQ + %/qu/ﬂ dl' =: /f(n,p,T) dQ

~

with a generalized density f(n,p,T).

The following theorem and its proof are not stringent in the mathematical sense, but
yield a thermodynamically motivated description of the semiconductor device as a
system with a non-local electrostatic interaction, i.e. one of the state equations is
a boundary value problem. The thermodynamic background (without electrostatic
interaction) is also described in the Appendix. The theorem is the basis for an
approach to the analysis of the energy model suggested in this paper. Let z denote
the triple (£, 7,7) of state variables which will be introduced in the theorem.
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Theorem 2.1. The state equations (2.7) are compatible with the definition (2.10)
of the free energy, i.e. the functional partial derwatives O, F and O,F satisfy

(OnF(n,p,T),én) = /v5n dQ and (0,F(n,p,T),dép) = — /w5p dQ .

The entropy S = —(0rF(n,p,T),1) with the density s = —0rf(n,p,T) =:
sf(n,p,T), considered as a functional of the densities n, p, and
(2.11) u=us(n,p,T):= f(n,p,T) —TOrf(n,p,T),
18 a concave functional. The conjugate variables of n, p, and u are the state variables
t=—2 — [ |7 70| @T0IV.PG,) d0)
- T _T T(y)_ € y y Yy y)‘ y
- L]
2.12 —/———by¢yPy,. dl'(y) ,
(2.12) |7 7| 0P, ) are)
v s | @Tevee,.) dw)
= — —_ — € .
77 T _T T(y)_ y y Yy y7 y
f .
+ / =~ | oY) Ply,.) dl(y) ,
|7 7| )P, ) arw)

and T =1/T.
The operators Iy(2) : Hy — H™' defined by

Ia(§,m,7)¢ = PP(1)""P{ — Oclhn(§ — ¢, 7) — ho(—1 — ,7)]

are strongly monotone operators.
The congugate potential H of S reads (up to an additive constant)

213)  HEn) = [hlEnn0) - JPCPE) IR+ (PCLC)

with the integrand

T plfo
w0 = [ [ auls) ds do (7 = 1u(v)
- h”(f - C)T) + h"(_g*7 1) - hp(n + C;T) + hP(C*a 1)
and with the solutions ( = (n(2) of the equation IIx(2)( = 0 and (* of the equation
11,(0,0,1)¢* = 0.

We consider state variables z which are triples of functions ¢, n € H'(Q2) and 7 €
LY NH*(Q). The boundary values on 0\ are given by functions £2, n° € H*(Q)
and 72 € Lt N H'(Q). Let denote

Zog = (€0 + Hy) x (n” + Hg) x [(77 + Hy) N LL]

and Zo, := Hy x Hy x (Hj N Ls). Notice that Z,, = Z' is the dual space of the
Banach space Z = H™! x H™! x (H™* 4+ L;) and that there is an open convex
neighbourhood Z* of 0 € Z,, such that Z2 = 2P + Z+ (2P = (¢P 9P, 7P)).

Proof of Theorem 2.1 (for electrons only). Let dn and §T denote arbitrary variations
of n and of T. Formal differentiation of F(n,T), the identity ¥_n_sn = ¥ — VYsn,
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and the Poisson equation (2.6) for s, with the test function ¢ = _, yield

n 1

(8,F(n,T),én) = /T [fl—/lz (ﬁ) + 75 (Ba ¢)] Sn dQY .

The left-hand side is [vén df) according to (2.7).

The assumption (2.9) and ¢, > 0 guarantee the inequality Oruys(n,T) > 0 (cf.
Appendix). The identity (2.11) implies Oruys = T'Orss. Therefore the entropy S can
be considered as a functional of n and u. Eliminating 67 by du = Opusén + OrusdT
one obtains

1 1 1
§s = (Onsy — Tanuf)&n + Tc?u =:¢(n,T)én + Tc?u
with

1 1 n 1
&t(n,T)on = —Tanf(n,T)&n = — {‘7:1/2 (W) + fE'n(T)} on

b
+ ;wwan + 9¥endr -

The functional partial derivative with respect to n is defined by
(8.5 (n, w), 6n) = / £4(n, T)on d2 .
The conjugate variable £ is obtained from the right-hand side.
We consider the quadratic form
625 1= 0,£4(n, T)é'n @ én + 87 (n, T)6'T ® én — %5'T ® bu

and observe that

, e _E _5’n®5n_6T’U«f,
§%s = TV¢5'nV ® Yon T¢5’" ® thendr NF_1/2 T? ’

i.e. the functional S = S(n,u) is a concave functional.

T ® 6T,

Since F/, is a monotone function the strong monotony of II(2) follows easily from

(TIn(2)¢2 — Ha(2)(1, ¢) > (PP(7) "' P(, ¢) > const(7)]|C]|?

(¢ = (o — (1). Since equations with continuous strongly monotone operators have
an unique solution, we denote ( = (5(z) the solutions of the equations II(2)¢ = 0.

The conjugate potential of S(n,u) is defined by
F 1
A7) = [n+rud2 =St = [n+ 150, T) d.

We get an explicit expression if we eliminate n and T on the right-hand side by ¢
and 7 = 1/T. The integration of the initial value problem

“TOrfi(T) + Fi(T) = / e1(v)dy

with the initial value fi(1) at 7' =1 yields

—fL / / y)dy do .
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The summand

i 1 1
g;:/T(y)e(y)v¢(y)vyP(y,.) dQ(y)Jr/F@b(y)lﬁ(y)P(y,-) dl'(y)

n (2.12) satisfies

/ (on dQ = (P(), sn) = / 'P(r)ydn dQ
i.e. P{ = P(7)% and thus
PP(7)"'P{ = Py = —[n] = —[N.Fip(—€+ (- &),
ie. (= (& 7) = (. So far we obtain

H( )= ; )0, ) /fL dQ+/// y)dy do dQ

_ / N(T)\Fyyal—6 + ¢ — Ea(r)] dS2 + / n¢ dO+ 1< P(r), ) -

The last two summands on the right-hand side can be transformed according to
1 1 1 _
[0 d0 4 SR = (P, Q)+ S(PC) =~ (PG P(r) PO

Since an additive constant does not play an essential role, we set

H(¢r):= H(¢ ) - H(0,1).

This completes the proof of the Theorem 2.1.

3. THE STATE SPACE OF THE ENERGY MODEL

The aim of this section is to establish the functional H of Theorem 2.1 and its
properties on the open convex set Z2 C 2P + Z,,. We start with an elementary
lemma which, from the mathematical point of view, illustrates some advantages of
the Fermi-Dirac statistics compared with the Boltzmann statistics.

Lemma 3.1. The following estimates with real numbers a > —1, p > 1 hold for
functions £ € Loo(R), w € HY(Q) oru € Ly(Q):

| | .
(31) Wfa('f') S 1 + mmax (0,7’) +l (7’ S R),
(3.2) [Falt = E)lpjarr) < Apa+ Balulp™,
(3.3) |.7:a(w - 5)|6/(a+1) < A.+ Ba||w||a+1 .

The constant B, > 2°T1/T(a + 2) can be arbitrarily chosen, but the constants A, ,
depend on |E|w and on the choice of B,.

Proof. The first inequality follows from the estimates

ar g% e <] g (a’,r,)a—l—l /00 e
d ds < ~—r— atl d
/0 1 + e T s+ /a'r 1 + e T s = a+ 1 t+a . 1 + e(a—l)s—l—s—'r S

(ar)>tt N a
a-+1 a—1
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(0<r, 1<a)witha=2.

To prove the other inequalities, we observe that the function r — 8P~ —(r4+a)P +¢
on the closed positive real half-line with parameters p, G > 1 has only one extremal
point and that the function attains its minimal value there. This fact implies the
estimate

(34) oy <per (G2) 1
(r > 0). Now we apply (3.1), i.e.
|Fou(u — E)| < ¢+ cmax (u — &,0)*" < ¢+ ¢(|u| + [E)*
and
| Falu = E)lppary <l 4 c(ful, + |€],)

The estimate (3.4) applied to the second summand on the right-hand side yields
the second assertion. The last assertion is a consequence of the Sobolev imbedding
theorem. 0

Lemma 3.2. The operators I,(2) (z € Z2) introduced in the Theorem 2.1 maps
Hj into H™'; they are hemicontinuous and strongly monotone.

Proof. The operators P(c¢) (¢ € L)) are linear isomorphisms between Hy and H ™.
The functions /\/C]-"l/g(—erE—En) belong to Lg/5 — H™! according to the preceding
lemma. Therefore II4(z) maps Hj into H™! and is strongly monotone. To prove
the hemicontinuity we consider

[(Frja(u +tx) — Fija(u + sx)]¢ = X¢/ F_172(u +yx) dy

for arbitrary u € H} + Lo, X, ¢ € H and t > s. The Holder inequality for three
factors can be applied to the right-hand side. Choosing p = 12, g = r = 24/11 we
obtain

t t
|x¢/ F_12(u+yx) dyl < |x|q|¢|q/ | F_1/2(u +yx)lp dy = O(|t — s|)

according to (3.1) and (3.3), i.e. the function ¢ + (II,(2)(C + tx), #) (( € H}) is

continuous on [0, 1]. O

We remember that the equations IIx(2z){ = 0 in H~' have uniquely determined
solutions ¢ = (x(z) (cf. e.g. [19]).

Theorem 3.1. The ezpression (2.13) in the Theorem 2.1 defines an F-
differentiable functional H on Z2 the differential of which satisfies

(dH(zy) — dH(z1),62) <0 (6z:=29— 21 #£0) .

Proof. The proof is carried out for a system with electrons only. Let y; (z = 1,2)
denote the value of any state variable y in the state (¢;,7;) and dy := yo — y1. The
functions (;, ¢* € H} are well defined. Let w; denote briefly the argument —&; +(; —
En(7i) in the Fermi integrals. The integrability of the functions N.(7;)Fi/2(w;) and
Nc(1)F3/2[¢* — En(1)] follows from Lemma 3.1, i.e. the expression (2.13) is defined
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on Z2. We have already differentiated the functional H in a formal way, i.e. we
already know the expression dH, but we have still to prove that the expression

F.=H,— H — /5§n1 + 81ug(ng, 1/m) dQ2

satisfies F' = o(||6¢|| + ||07]| + |67 |eo) and F < 0 if ¢ @ 67 # 0.

We have
I'ta (o4+71)
/ / / ) ds do dQ
1/n

- / No(72) Faalws) — No(ra) Fajaleon)
+ 8énqy — ST N (1) F3y2(wr) + 67E,,(11)n1 dS

— (PG, P(r)"PG) + (PG, P(r) T PG) — 3 (P, )

We add the identity

0— / 5¢ny dO + (Paby, 5C) = / 5¢n1 d + (P(72)s — P(m)r, 1)

I'ta (o4+71)
// / ) ds do dQ
/7

— /[NC(TQ) — Ne(m1) — 6T N(11)] F3)2(w2) d

and obtain

— /NC(Tl) [.7:3/2((412) — Fajo(wr) — 5w.7:1/2(w1)] dQ
+ /[55,1 — 67E](11)]n1 dQ

- %(P(Tg)%,iﬁz) + (P(71)t2,91) — %<P(T2)¢17¢1>

I'ta
// / ( ) L dz do df)
z4+1) (24 7)?

— /(57’)2/ / ./V-C”(Tl + Z5T) dz dyfg/g(W2) df)
0 0
1

NC(T1)5W/ [Fija(wr 4 ydw) — Fija(wr)] dy dQ

0
1 ry
+ /(57’)2n1/ / EL" (1 + 207) dz dy dQ
o Jo
1
(

P(72)6¢,5¢) .

2
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The identity
On(é1,m1)C — Ta(ée, )G
=P[P(n)™ = P(n) '[P,
+ [NC(Tl)fl/z(wz + 06+ 6E) — Nc(7'2)'7:1/2(w2)]
== PP(Tl)_lp((ST)P(Tg)_lpgg

§E+6¢
N [Nc(n)(&? 1 6¢) / Fosjalwn + y(5€ + 56)] dy — SN j(ws)

with P(72)"'P({; = 1, yields an estimate for 8¢, since the inverse of the strongly
monotone operator I1,(€;,71) is Lipschitz continuous. We have , indeed,

16¢]| < || Ta(€1, 71)¢2 — Mn(€r, 71) Gl

and

IPP(11) P (87 ) sl g < c||P(67)%2|| -1

< ¢ sup (P(67)s, = ©
- ||><||§1< (o)) 142

The other summands can be estimated as in the proof of the preceding lemma.
In this way we see that any summand is bounded from above by a bound, which
contains a factor like ||0¢]|, ||67||, or [67|co-

(P87 )b, 1ha) < €]dT[oo|[2]] -

An estimate for 47 is obtained in a similar way. There is the identity

14 (&1, 71) P P(11) b — IIn(&r, 71) P P (1)
= Py + [N-c(Tl)j:l/z[Wl + P P(m)s — Cl]]
= [Ne(m1)Frjalws + 6E 4 6 + PP (71)3hy — (o] — Ne(72)F12(w2)]
= [Nc(Tl) (-7:1/2(002 + 08 + 86) — -7:1/2(602)) — SN Fij2(w2)
+ No(m1) (Frjel@ — PTIP(87)ha) — Fipa(@)) ]

with {; — P7'P (1 )¢, = P7'P(67)¢; and & := wy + 6& + 6¢€.

As in the proof of the preceding lemma we get upper bounds for the absolute values
of the diverse summands of the sum F such that each bound is quadratic in the
small terms ||6¢||, |67||, or [67|co-

We set x; := & — ;. The difference F' can be written in the form

I'ta o 1 1
F:—// /cL< ) dz do df)
o Jo z+1) (z+7)?

/ [hn(X27 T2) — hn(Xl; Tl) — 5Tafhn(X17 Tl) - 5X6xhn(X17 Tl)] dQ

~ S(P(m)59,54)

such that /' < 0 obviously holds because of the assumption (2.9). 0
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4. CONVEX ANALYSIS

The convex analysis is often presented in connection with proper convex lsc func-
tionals on real reflexive Banach spaces (lsc means lower semicontinuous) or with
monotone operators which map a real reflexive Banach space into its dual space,
and many statements rest on the fact that bounded closed convex sets in reflexive
Banach spaces are weakly compact. The theory can partially be carried over to
proper convex w*lsc functionals on the dual space E’ of a real Banach space E or
to monotone operators which map E’ into E, because the bounded closed convex
sets in E’ are weakly* compact.

Let, e.g., ¢o denote a convex F-differentiable functional on an open convex subset U
in an affine dual space fo + E' of a real Banach space E such that the F-derivative
d¢o maps U in E. The functional —H on Z2 in the preceding section is an example.
The functionals f — ¢o(g)+(f —g,ddo(g)) (g € U fix) are weakly* continuous affine
functionals on fo + E’ which satisfy ¢o(f) > ¢o(g) + (f — g,0¢0(g)) for all g € U.
Therefore

¢(f) := sup [ ¢o(g) + (f — g, do(9)) |

gevu

defines a proper convex w*lsc extension of ¢y onto the whole affine Banach space
fo+ E'. Let ¢’ denote the conjugate functional

¢'(z) = (f = fo,z) = #(f)} -

sup {

FefotE'

The biconjugate functional on fy + E,
¢"(f) = ilelg{(f — fo,z) — ¢'(=)} = &(f) ,

coincides with ¢, since ¢ is the upper envelope of a family of weakly* continuous
affine functions. Therefore the relations

(41)  =z€d4(f) & f-foedd(z) & ¢(z)=(f—foz)—¢(f)
hold. In particular, for f — fo € U the equivalence

pEdbelf) & f-foeddlo)
holds. Let H_ denote the corresponding extension of —H from Z2 onto the whole
affine Banach space 2P + Z... The subdifferential O H_ coincides on Zg with the
F-derivative —dH. The following proposition is adapted from a well known result

(cf [4], Prop 2.13, p.41).

Proposition 4.1. Let E be a real Banach space and E' its dual space. For any
proper convez w*lsc functional F on E' the subdifferential OF C E'x E 1s surjective
if and only if

foranyz € E.
Proof. 1) If the condition is satisfied, then the functional F(f) — (f,z) attains its

minimum in some point fq, since w*lsc functionals attain their infimum on weakly*

compact sets. Thus F(f) — (f,z) > F(fo) — (fo,z), i.e. z € OF(fo).
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2) Let OF be surjective, but let us assume that there is an unbounded sequence
(fn) in E' for which there is an z € E such that F(f,) — (fn,z) < a < oo holds for

all n. As a consequence of the 'resonance theorem’ ([17]) there is a z € E such that
(fn,2) — oo. Thereis an g € E’ such that z+2z € 0F(g) because of the surjectivity.
Therefore the inequality F(f.) > F(g) + (fn — g, + 2) holds in contradiction to
the unboundedness of ({fn, 2)), namely,

(far2) < F(fn) = (fn,2) = F(g) + (g:2 + 2) <a—F(g) + (9,2 + 2) .
U

The space Zy is densely and continuously imbedded into H = Ly(2) x Ly(f2) X
Ly(Q). Thus we have an evolution triple Z,, — H — Z, which allows to introduce
the Banach space

W(S)={2€ Ly(5,Zs) : 2€ Lx(5,2Z) } — C(S,H)
on any compact interval S of time with the norm ||.||w defined by

12l = 112112, (5,700) + 11201 Z55,2) -

In contrast to the usual evolution triples V< H < V' the Banach space Z, is
not reflexive, but we have V = Z' and V' = Z such that the weak* compactness
substitutes the weak compactness in some sense. (We consider also the possibility
to substitute the third factor of H by the direct sum Ly(Q2) @ La(I'). The choice of
one of the two alternatives seems to be related to the formulation of the boundary
value problem for the Poisson equation and the choice of P. The choice is relevant
with respect to the initial-value problem, because the initial values are naturally

chosen in H!)

5. THE ENERGY MODEL, TIME DISCRETIZATION AND REGULARIZATION

The current equations of the energy model are
Jn = —Dpn(Vv + P,VT),
J» = Dpp(Vw — BVT),
Ju=—KVT + (TP, +v)jn + (TP, — w)Jp,

with the diffusion coefficient (or, as a matter of scaling, the carrier mobility) D,
the thermoelectric power P; and with the total thermal conductivity

k =k +n(A/T — DuP2T) + p(Xp/T — DpP2T).

(cf. [15] or [16]). The electrochemical potentials v and w have the opposite sign as
the quasi-Fermi levels ¢, and ¢, in [15]. These current equations can be written in
a more symmetric form, namely,

jn _U/T
(5.1) 5 | =DV [  w/T
Ju 1/T
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with
nTD, 0 nT2D, (P, + %)
D= 0 pT D, pT?D, (P, — &)
nT?D, (P, + %) pT*D, (P, — %) D
and

2 3 v\? 3 w2
D:Tn+nTDn(Pn+T) —|—pTDp(Pp—T) .

We do not yet specify the coefficients, which are state variables, but we remark
that the matrix D is a symmetric positive semi-definite matrix in accordance with
the Onsager principle. As a model case we mention the material functions D, =

Dg, TP e.g. B, = —1/2, and then

v b
P+ —==—-4p8. E.—9
7 2—|—ﬁ + 7( )
and, similarly,
w 5
Pp_fz§+ﬁp_T(Ev_\I})

(cf [13]).
We observe the discrepancy between the thermodynamic forces in (5.1) and the
conjugate variables (¢,7,7) of (n,p,u). If we derive, however, current equations
from the entropy balance equation (a suggestion made by W. Muschik, Berlin) then
we get the equation

i :
(5.2) » | =DV {n

Ju T
in a similar way as the conjugate variables were determined in the preceding section.
Therefore we suggest to modify the conventional energy model by substituting (5.1)
by (5.2). We do not have the competence to decide which of the current equations

(5.1) or (5.2) are the correct equations, but we believe that it is a reasonable question
for experimenters and for more physically educated specialists.

Under suitable assumptions on the coefficient matrix D in the current equations a
monotone potential operator 0,A(n,p,T,.) is defined with the potential

1
A(z) = A(n,p, T, 2) := §/Vz -D(n,p, T)VzdQ .

The functions n, p, and T are not considered as the state variables related to z here,
but they are considered as suitable measurable positive parameter functions. The
potential is F-differentiable (with respect to z) and its derivative has values in Z.

Typical net recombination rates used in the drift-difftusion model are R =
r+(n,p, T)(np—n?) with the intrinsic carrier density n; or R = v, (n,p, T)(e"™™ —1)
with a positive function 71 : R3 — R,. As the temperature is more or less a scaling
parameter in the drift-diffusion model, we also regard the net recombination rate

R=ry(np,T) [ "™ —1] =ri(n,p, T)(e7 = 1),
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which is advantageous in some sense as we will see below. The advantage of this
expression is also preserved in the case

1
R=ri(np, T)(™ = 1) = r_(n,p, T) e T i (n,p,T)

If n, p, and T are positive real numbers, then

gl(napa T7 z) = 'r‘_|_(n,p, T)(é- + n + e—ﬁ—n)
or

1
92(n7p7 T7 z) =Ty (napa T)(é- + 77) +re (napa T)Te_(g-l—n)T

are differentiable convex functions of z = (¢,7n,7) € R? (,which do not depend on 7).
Under suitable assumptions on r,, r_ and on the parameter functions n, p, and T
the convex differentiable functions g(n,p, T, z) define proper convex lsc functionals

G(n,p,T,.) on Ly(0) by

Gln,p, T,2) = / gln(z), p(z), T(2), 2(=)] d9

(G(n,p, T, z) = co if the integrand is not integrable). Since 2P + Z,, is continuously
imbedded in L,(2)3, G is a proper convex lsc functional also on 2P + Z,,, such that
G(n,p,T,z) := [;G[n(t),p(t),T(t),2(t)] dt is also a proper convex lsc functional on
2P + L,(S, Zs,). The effective domains of definition of the functionals G(n,p,T,.)
and G(n,p,T,.) do not contain interior points, since there are L, functions u arbi-
trarily close to 0 such that e™ is not integrable. Therefore we will regularize g by
substituting the factors e ¢ and e~ by convex functions with bounded derivatives
such that the regularized potentials é(n, p,T,.) and C;(n, p,T,.) are F-differentiable
on the whole space and such that the derivative attains values in Z or in Ls(S, Z).

The evolution equation

n Vé }ii
ol » |+V-|D| Vg +| R | =0
U \Ya 0

with a regularized recombination term can be considered as an equation
(5.3) OdH_(z) + 0,A(n,p, T, 2) + 8,G(n,p,T,2) =0
in Ly(S, Z) for functions z € 2z + Ly(S, Zo, ) with values 2(t) € Z2 for a.a. t € S.

The initial-value problem for (5.3) on a finite closed time interval S = [0,7%] is
discretized in time now. Let denote ty = kT*/M discrete times (k =0, 1, ..., M),
A = M/T*, yr the value of a state variable y at time ¢ ( no, po and ug or Tp
are given initial data) and Ay := yr — yx—1. A discrete version of the initial-value
problem for the evolution equation (5.3) reads

(5.4)
dH_(z) + Aar [dAk_l(zk) +dék_1(zk)] —dH (z.1) (k=1,2, ..., M)

with Ag_1(2k) := A(nk-1,Pk-1, Tk—1, 2k). The sum rule can be applied to the func-
tionals H_, Ax_; and ék_l such that we have a finite sequence of minimum problems
with the proper convex w*lsc functionals H_ + A(Ag_1 + @k_l). Notice that the
minimum problems generalizes the equations (5.4) in so far as the F-derivative dH_
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is substituted by its multivalued subdifferential extension. A priori estimates will be
necessary which guarantee that the 7, are strictly positive. The functionals satisfy
the surjectivity condition in the Proposition 4.1 such that a generalized regularized
solution of the discretized problem exist (details have to be checked yet!).

We are interested in the question, whether the conjugate functional of the convex
extension H_ can be applied to get first a priori estimates as in the case of the
drift-diffusion model.

For any (affine) Banach space X let LY (S,X) C Ly(S,X) denote the space of
step functions u which are constant wu on |tg_1,%], and Cp(S,X) C C(S,X) N
H'(S, X) the space of continuous functions with the values uy, at the discrete times
tr which are afline between the discrete times. We define discrete time derivatives
dwu € LY (S, X) for functions u € LY (S, X) with initial values uo € X, namely
Oyu = Anr(uk — ug—1) on Jtg_1,tx]. The integral of this function with respect to
time with the initial value wugo is just Lyjju € Cum(S, X) with the values ug. We
introduce, moreover, the map T}y : LY¥(S, X) — LY (S, X) by [T%ulx := ug_1.
The discretized problem (5.4) can be considered as the problem

(5.5)  8%dH_(z) + 0, A(THn, T%p, TRT, 2) + 0,G(THn, T%p, TRT, 2) =0

in Ly(S, Z) for functions z € 2P + LY (S, Z,,). Let us assume that we would have a
solution 2™ € 2P + LM(S, Z,,) with pM = dH_(2M) for each large natural number
M. What about upper bounds

(5.6) S}\l/lpmax[ 12" — 2P| 1y(5,20) » 10526™ |2a(s,2) > 1Z53p™ le(smy | 7

Let S_ denote the conjugate functional on Z of H_,

S (p)= sup {(pz—2")—H(2)}.

262D 47

The biconjugate functional H_” of H_ coincides with H_, because H_ is an upper
envelope of weakly* continuous affine functions on 2P 4+ Z,,. Moreover, the relations

p€BH_(2) © z2—-20€d8S_(p) < S_(p)=(p,z—2)— H_(2)
hold, in particular, we have
p=dH_(z) & 2-2€dS_(p) © S_(p)=(dH_(2),z—2")— H_(z)
for z € ZD. The definition of the subgradient yields
S—(pr) = S-(pr-1) < (pr — pr-1,26 — 27)
~MdAr_1(2k) + dGr_1(2), 2 — 2°)

for solutions 2z — 2P € Z4 of the equation

8{ H-(2t) + MAk-1(2t) + Gr-1(21)] } 3 pra
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and for pr, € 0H_(2). Summing up the estimates for a single time step, we get the
physically motivated a priori estimates

S_(pk) + Mur > ([dAj1(2;) — dA;_1(2P)] + [dG51(2;) — dGj_1(2P)], 2 — 2°)

(5.7) < S(po) = Am Yy (dA;1(2") + dG;1(2P), 2z — 27)

1

(k =1,...,M), which we had in mind from the beginning. Note that all the sum-
mands on the left-hand side are non-negative, but sharper estimates from below will
be necessary for finding upper bounds (5.6).

6. THE CONVENTIONAL ENERGY MODEL

The fact that the total energy is the sum of the electrostatic energy and of the
interior energy allows still another approach. We change the notation in this section
slightly.

The state variables n, p, T, v, w, 7 = 1/T, N., N, ..., E,, and &, have the
same meaning as before, but u denotes the density of the interior energy. We set
¢ :=—v/T,n:=w/T, and we introduce {, = ¢ — 7V and (, = n+ 7¥. We consider
2 := (Cn, G, 7) =: (¢, 7) as independent state variables. The carrier densities read
n = No(7)F12[—Cn — E(7)] and p = No(7)F1/2[E(7) — &) in these variables. The
Dirichlet data on 82\ T are given now by functions (¥ € H*(Q2)? and by ¥P 7P as
above. As before there is an open convex set ZT C Z., such that

22 = (P + (HEP) x (2 + HY) N LE] = 2P + 2F

holds. The evolution equation of the energy model with the (conventional) current
equation (5.1) reads

n V¢ —R
(6.1) |l p | +V-|D| Vn = —R
U \Y% UV - (jp — In)

We test the equation with functions z. Since

(V ) jn; €n> + (V ) jp: Ep) + (V ) ju77_'> o (‘I’V ) (jp o jn)ﬂ_—>
= <v'jn7§n‘|‘\:[}7_'>—I_(v'jlhgp_\:[;%) + <v'j’u77—->7

we get
(.G + 15,60+ (i) + [ R(G+G) dn
ln + 97 ¢
—/v G — U7 . DV| 1] do=o0.

Before we discretize the evolution equation with respect to time, we introduce a
convex function A_ on the open half-space R x R x R,. This function is defined for
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any point z = ((n, (,7) € R X R X Ry by

/ / ) ds do + ha(Ca, 7) — (2, 7P)

(6'2) + hp((paT) - hp( pD:TD)

with a fixed point 2P € R x R x R,. We notice that the partial derivatives are just
—Vh_(z) = (n,p,u) according to the state equations used in this preprint. This
function is extended to a proper convex Isc functional on R* by

(6.3) h_(¢,7):= sup [ h-(y,s)+ (¢ — y)ayh(y, s)+ (r— s)@sh(y, s)].

(y,s)ER?X R4
We set
H_(z) = / h_[z(z)] dz = /h_[z] dQ
Q
for functions z € Ly(Q)3, if h_ 0 2 € L;(Q), but 400 elsewhere.

Theorem 6.1. The functional H_ on ZL is conver and F-differentiable with
dH_(2) € Z.

Proof. The proof is carried out for a system of electrons only. Let y; (z = 1,2)
denote the value of any state variable y in the state ({;,7;) and dy := y2 — y1. The
integrability of the functions h_; follows from the estimate (3.3) in Lemma 3.1 with
w = (, &= &E(mn). We already know the derivatives of h_ such that we have to
prove that

O<F:=H ,—H ;+ /5§n1 + 87uif(ng, T1) dQ = o(||6C|| + |67 + [67|oo)

for small ¢ & §7 # 0. The following formula, in which d?h,, denotes the matrix of
the second-order partial derivatives of the function A, on R x R, is checked at the
end of the Appendix (if 2P and z are identified there with z, and 2, respectively).

// / ——dyda 40
(6.4) +/(§§ ) /0 /()dzhn(§1+35§,71—|—357) ds dt(gg) dQ .

Since there are bounds 0 < 7 < 7; < 7, we have an upper bound C|é7|2, /72 for the
first summand on the left-hand side of (6.4). According to our assumptions on the
material laws N, and E, the non-negative second summand can be estimated by a
sum of terms

1 pt
C/ |5C|j|57|2‘j/ / Fajr—i|—C — $8¢ — E(my + s67)] ds dt dO
o Jo
(7, k €{0,1,2}). The summands can be estimated from above by
gt
Clé7127|6C % / / |\ Fapa[—C — 86¢ — E(m1 + 867)]|p; ds dt
o Jo

(po=1, p1=6/5, py=3/2). According to Lemma 3.1 we have
| Faj2—k(—C — &) |2q;/(5—-20) < Ag; 372k + Bg/g_k|§|gj/2_k )
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These estimates imply the assertions of the theorem, because

5 5 3 15
QiR <(C-RS<<sh.

O

The potentials §(n,p,T,z) on R®, G(n,p,T,z) on Ly(Q)® and G(n,p,T,2) on
L[S, Ly(Q)3] of the preceding section are used here with ( instead of (£,7)
there. This change is possible, because the potentials depend on z via the sum
(o + G = €+ 1. We have to find, moreover, a suitable function space on which the
potential

1 Cn + VT Cn + 9T
b(n,p, T,¢,Z) = §/v Cp — T ) D(’)’L,p,T)v CP — T dQ

T T

in z = ((,7) is well defined for measurable positive parameter functions n, p, T,
and for parameter functions ¥ which are solutions of the Poisson equation PW¥(t) =
[d —n(t) + p(t)] in H™* for functions ¥(t) € gl 4 H; with the operator

(Px, ¢) rZ/evx-Vqé d9+/r(bx—g)¢ dr .

The functions ¥ will belong to the space ¥P + V, where V, := {u € W, () :
ulsg\r = 0} is chosen with a parameter p > 2 (cf [12]). Therefore the function
spaces ¥ € U2 NE VpNLyand 1 € D4 VpN L, with a reflexive function space V,N L,

instead of H} N Lo, where the parameter p near 2 and a large g are chosen such
that % + % < 1, might be reasonable candidates (cf [9], [12]).

The evolution equation (6.1) with the regularized net recombination rate R instead

of R reads
(6.5)

OpdH_[2(t)] + 0. Bn(t), p(t), T(¢), ¥ (1), 2(t)] + 0:G[n(), p(t), T'(t), 2(t)] = 0 .
The system of equations which arises if this equation is discretized in the time reads
(6.6)  0{ H_(z) + Ane[Br-1(zk) + Gr-1(26)] } 3 pr—1 (pr—1 € OH_(2-1))

(k =1, ..., M), but it has to be supplemented by the Poisson equation P¥, =
[d —ng +pi] (K =0,1, ..., m) in H! for functions ¥ € ¥P + H!. Tt might be
advantageous to apply the non-linear Poisson equations Py = [d — npe¥+~ -1 4
pre¥*—1~¥+] instead of the linear ones.

The density u of the interior energy of the system as a function of n, p and T reads

T
u = uig(n,p,T) = / cL(y)dy + nEé(l/T)—l—TzNC'(T)]:s/zoj:l_/lz [NT(LT)]

PEL(LIT) + TNV Fao 73 [

(E/(1/T) = E.(T)—TE!(T)). The conjugate function
(67) s(p)= sup {(pz—2")—h_(s)} >0

26}22 ><R+
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of h_ can be alternatively described on the domain

A=( p=—1|1p :0<n,p,T » CR?
uis(n,p,T)
by means of the conjugate variables. The identity

=) = (7 =77) //+ o iT+s<1 ﬂi oo di
+;(%:fg)-/Ol/osdzha[(can)+t<<£—can Mdsar( @75 )

on A is checked at the end of the Appendix. It holds analogously to the equation
(6.4) in the proof of Theorem 6.1. Analogous properties has the conjugate functional
S_ of H_ on L(Q, R?) which is also defined by S_(p) = [, s— |dzifs_op€
Li(Q), but S_(p) = oo elsewhere (cf [4]).

As in the preceding section we get the physically motivated a priori estimates

S_(pk) + Mur > _([dBj_1(2;) — dB;_1(2")] + [dGj_1(2;) — dG;_1(2")], 2 — 2°)

k

(6.8) < S_(po) = Am Y (dBj-1(2") +dG;1(2P), 2z — 2°)

1
(k=1,..., M) for solutions 2™ = (M ..., 2M) of the discretized equation (6.6).

7. AN ILLUSTRATIVE TEST EXAMPLE

Let us consider the problem
(’I’L—|—R,p—|—R,u):0, ,0(0):,00-

We discuss a model case only, i.e. the material laws are c¢(y) = ¢ > 0 constant,
No(T) = N,773/2 and Ea(T) = TE, with constants N, > 0 and E. > E,, r(n,p,T) =
r T3e Ed/T =, rin;(T)? with a positive constant r; > 0 and with the gap width
E, = E. — E, > 0. Even this simple example is fairly illustrative. Our approach
requires some ideas from [10], although a lot of technical problems are avoided.

Let us consider the problem more directly, before we apply the calculus of the
preceding section. We introduce the sum Z := (, + (,. The carrier densities n
and p changes in a (short) time interval according to én = ép = —r(e™? — 1), i.

Z and the change dn = dp have the same sign. Because of both the 1nequaht1es
Oruis > cr, > 0 and Onpuis + Opuis > E. — E, = E; > 0 the change én is connected
with a change 87 of the opposite sign and with a change §Z = AST — Bén with
coefficients A > E;/T? and B > 0. The change §Z has the opposite sign as Z, i.e.
Z — 0 in a monotone way.

In this example there is no reason to prefer the Fermi-Dirac statistics to the Boltz-
mann statistics, and we will take sometimes the last one, because formulas are more
transparent. The following arguments show (in the case of Boltzmann statistics)
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that the initial-value problem has an unique solution. The charge and the energy
are conserved, 1.e.

(7.1) p—n = po—no =: Qo,

1 1
(7.2) T + §(Eg +3T)(n+p) = uo+ §(EC + E,)Qo .
We consider the case of Boltzmann statistics and introduce the variable ¥ =
e ?. The two conservation laws admit exactly one state for each Y €
[min(1,e7%), max(1,e%)]. To see this, we set X = N.e‘» and substitute the

state equations in the conservation laws. The conservation of charge yields

n = /Y n(T) + Q34 - Qo/2 .
The conservation of energy reads then

1 uo 4 (E.+ E,)Qo/2 + c1Ey/3
Y ; T 2 Q2 4 = - g9
\/ nlT) o 3" E, +3T

for T > 0. Since uo + (E. + E,)Q0/2 > 0, the equation has exactly one solution if
and only if

Eg\/Ym(O)2 +Q3/4 < uo+ (Ec + E,)Qo/2 .

This condition is fulfilled, since

1
uo + (B + Eu)Qo/2 = cpTo + (3To + E_(,)\/Yom(To)2 +Q6/4> 5 Eg|Qo -
This fact guarantees the uniqu solvability.

It is interesting to see that the conservation of the energy and of the charge do
not yield too much a priori estimates. We have seen only three non-trivial bounds,
namely,

T < i[uo‘F(Ec—l-Ev)Qo/Z] , ntp< Ei[uo+(Ec‘|’Ev)Q0/2] ,  |Qo| < max(n,p).

g

Of course, there are more bounds in connection with 0 < |Z| < |Zy|, but the
question is to have bounds which are easily evaluated.

With the potentials A_ and g which were introduced in the preceding sections the
initial-value problem can be written in the form

(7.3) p+0.9(T,z)=0, p=dh_(z), p(0)=po.
The evolution equation can be considered as a family of problems
(7.4 Budh_[3(2)] + 0.9[T(2), 5()] =0, 2(0) = 2o

depending on a parameter z € (). The problem is compatible with the Dirichlet
data on 89 \ I if and only if R = RP = 0 there. This condition is satisfied if
the electron-hole equilibrium is assumed to hold on the Dirichlet boundary (in the
simulation practice this equilibrium is accepted on the Dirichlet contacts). We start
with a regularized problem

(7.5) Budh_[z(t)] + 8,5[T(t), 2(£)] = 0, 2(0) = z .

Let 0 < T < T < oo be suitable bounds for the temperature, n := n;(T) and
7 := n;(T), and let ex denote the convex differentiable function which coincides
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with the exponential function e on the interval [~ K, K] and which is affine on
either side of the interval. We set

§(T, z) := ry max{n, min[n,(T), n]}*[Z + ey2,|(—2Z)] =: 7(T)|Z + e3)2,|(— Z)] .

The regularization does not concern neither the conservation of charge, the con-
servation of energy nor our argumentation above. A solution Z of the regularized

problem (7.5) is therefore also a solution of the problem (7.4), if the bounds T and
T are suitably chosen.

The time discretization of the regularized test problem (7.5) with M equidistant
discrete times ¢ty > 0 = ¢y reads

(76) d[ h_(zk) + )\Mgk_l(zk) ] == dh_(zk_l) (k = 1, ceey M) .

The existence of solutions of the discretized test problem is guaranteed, at least in
case of Boltzmann statistics, as

lim h_(C,T) + )\g(To, C) + <,00, z> = +00

max (7,1/7,|¢|)—>o00

is satisfied for any positive parameters A, To, no, and po (cf Proposition 4.1). This
can be seen from

B:=h_((,7) + A§(To,() + (po,2) = B+ cr(r —logT) + Fo(Z + ez)z,/(—Z)

+ {NCT_?’/ze_C"_EcT + no(Cn + Eer) + gnoT + ng max (0, log % — g)]

3 3
+ [NUT_3/26E”_CP +po(G — Eu7) + §p07' + po max (0, log ]Z\)/_—O — 5)]

with constants B; and 79 > 0. The difference B — B; is a sum of four non-negative
summands B, + Bz + By, + B, with limpyax (r,1/r)—00 Br = 00 and limz|,. Bz = 00;
if max(7,1/7) and Z remain bounded, but { — oo, then either (, + E.7 — +00 or
G — By — +o0.

The definition of the subgradient yields the estimates

5 (pr) = 5 (prs) < (dh_ () — dh_ (1), 24 — 2P)
(7.7) = —Anr(dge-1(zk) — dg-1(2"), 2 — 27)
— Ar{dgr_1(2P), 2, — 2P)
(k=1, ..., M, Ay =T*/M).
In the following we prove the convergence of Rothe’s method of discretizing the time,

i.e. we give an existence proof. The proof is based on these physically motivated
estimates and on a coercivity estimate

(7.8) (0,3(T, 2) — 0,4(T,w),z —w) >~|Z — W|

with a positive constant . Such an estimate holds with a constant v = 5(T, T, | Zo|).
The solutions of (7.6) are considered as step functions 2™ € LY (S, R?). We use the

notation H_(2M) = fOT* h_[2M(t)] dt etc as in section 5.
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Lemma 7.1. Let 2™ ¢ LY(S, R®) be a solution of the equation (7.6). Then the
following estimates hold uniformly with respect to M, i.e. with positive constants

¢;(S) which do not depend on M:

1ZM|ys) < s-(po) + cr(S) ,
080 |a(sms) < (S),
', oes |l < e(S) (k=1 ., M),
0<c5(5)§7',£v[ < ¢6(S) k=1, ..., M),
[GRl_s [GR]. < wlS) (k=1 .., M),
G Lais), 16 o) < cs(S) -

Proof. Summing up the corresponding estimates (7.7) one gets the estimates

s—(pr) + A Z(dflj—l(zj) - dﬁj—l(zD)a 25 — ZD>

(7.9) < s (po) = A Y _(dg;-1(2"), 2 — 27)
U

(k=1,...,M). We regard s_ > 0 and apply the coercivity estimate to the second
summand on the left-hand side and Young’s inequality to the right-hand side. Thus
we get the first estimate. The second estimate, which obviously implies the third
one, is an immediate consequence of the equation 9%5p™ = —0,G(aMTM M) with
oMTM — TM on Jt,_,,t). From the first estimate follows, in particular, that
the right-hand side of (7.9) is bounded from above by a constant s_(po) + Ca(S).
Therefore the estimates
M D
cL 10ng—D—1+T—M <s_(p') <s—(po) +ealS) (k=1 .., M)
k

hold, which imply the fourth estimate. The fifth estimate is a consequence of the
last two preceding ones and of the state equations for the densities n and p. The
last estimate follows from the first one and from the preceding one, since

12, 2 |[Cal+ |22 — |[Ca] -1z, — 1[Gl
and [GalZ, = |[Ca]+1Z, + |[Ca]-1Z,-
Lemma 7.2. There is a solution z € Ly(S, R®) of the initial-value problem (7.5).

Proof. Since the sequences (M), (9530™) in Ly(S, R?) and (L%pM) in C(S, R?) are
bounded, there is a subsequence (M) such that the sequences

o 2M =4 — 2% in Ly(S, R?) and L%lle =w; — w* in H(S, R?)

weakly converge. Since the Dirac measures on S belong to H'(S)’ the convergence
o) er(t)  (t€S)

holds. We get also
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o pMi(t) = p(t) = w*(t) a.e.on S

because |LY pM — pM|, s rs) < AM[05pM|. Since H'(S) is compactly imbedded
into Ly(S, R?)
o p, w — w* in Ly(S, R3).

Let be [a,b] C S any subinterval and p any element of the effective domain of s_.
Then the estimate

/ (p—w*(t),z*(t) — 2°) dt = lim [ (p —w(t), z(t) — 2P) dt

> 00 a

< timswp [ fs-(p)—s-lp@)) &t < [ [s-(p) = s-"(0)]

l

holds because of the lower semi-continuity of s_. This estimate with an arbitrary
subinterval implies the pointwise estimate

(5~ w'(8),2*(t) — 2P) < 5. () — 5" (1)
a.e.on S, ie. 2*(t) — 2P € 8s_[w*(t)] a.e. on S and the identity
(7.10) s ()] = s-(pn) = [ (67(),2°(s) - 2P) ds

forallt € S.
The identity

0 = lim (81’\’21le + dglzi(t)], z1(t) — 2*(¢)) dt

{00 S
= lim | [ (O™, 2(t) — 2°)
(@ (2),2(0) — 2P) + (dala(®)] — dgl2(0)) ) — () ] e
< lim sup { _Jwi(T™)] )+ / 2PY dt + |G + Gt — G — C;|L2(5)}
{00 S
< lim sup { s-[w*(T™)] +/ ZP) di + |G + G — € — C;|L2(S)}
{00 S

yields the convergence of the sums
® (i + G — (4 (5 in Ly(S)

i.e. the convergence of the gradients
o dG(z) — dG(2*) in Ly(S, R%).

Using the convergence properties the limit [ — oo can be taken in the problem
953 0™ + dG(z) = 0 and in the relation p* = dH_(z), i.e. z* is a solution of the
problem (7.5) and thus of the problem (7.3). O
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Let us mention Gajewski’s method of proving the uniqueness. Its starting point is
the identity

s_lpu(8)] + s_[pa(t)] — 25_[p(2)]

:/0 [{p1(5), 21(s) — 2(s)) + (pa(s), 22(s) — 2(s))] ds
= —/0 [ (dglz1(s)], 21(s) — 2(s)) + (dglz2(s)], 22(s) — 2(s)) | ds ,

where z; and 2z, denote two solutions of the initial-value problem (7.3) with the
same initial value, p denotes the arithmetic mean of the p; and z(s) = 2P + dp(s).
Notice that z1(s) — z(s) & —[za(s) — 2(s)]. The idea of the method is to use the
convexity of s_ or A_ and of g to get an estimate from below on the left-hand side
and an estimate of the integrand from above on the right-hand side and to apply
Gronwall’s lemma.

We have not checked whether this method is applicable to this example, but we
have some doubts because the quadratic form d?g is rather degenerated.

8. APPENDIX

Lemma 8.1. Let two real functions 0 < N € C*(R}) and £ € C*(R,) be given.
The function hn(z,7) = N (t)Fs2[—z — E(t)] on R x R, is convez if and only if €
and N satisfy the condition

(N Fipa)”

8‘1 » _ 877 >
(8.1) N Fypo — NE Fiyp > NF /s

Proof. The positivity 0 < A guarantees hngzz > 0. The condition (8.1) is just the
inequality hprr > h2__/hnzs, which implies that the eigenvalues of the matrix d?h,,

of the second-order partial derivatives 0,0,h, = hnyy are non-negative, i.e. the
function h,, is convex. O
Let us denote the partial derivatives of h, by h,, = —n and h,r = —u. If we

introduce the notation T = 1/7, N(7) = N(T) and E(T) = TE(1/T), then we see

n = N(T)Fy [—m - %E(T)] ,

w = nB(T) — nTE(T) + T*N'(T)Fyy 0 i} {L} —uy(n,T)
N(T)
i.e. h, is a thermodynamic potential of a Fermi gas with a state density N(T') of
quasi-particles with the chemical potential —z in a potential E(T'); n is particle
density, and u is the energy density of the gas. The density of the free energy of
such a gas is

n

} — TN(T)Fap0 Fij} [%} +nB(T) .
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The familiar thermodynamic relation us(n,T) = f(n,T) — TOrf(n,T) as well as
the identities

(8.2) —s¢(n,T)=0rf(n,T) = —nz — ur — hy(z, T)|_(n,u):(hm,hm) ,

(V' Fipa)”

T26 T = ” o gy o
Tuf(n, ) ./\/-.73/2 N .71/2 Nf_l/g

are checked by elementary calculations. According to the last identity, the condition
(8.1) in the Lemma 8.1 means that the Fermi gas has a positive heat capacity. The
identity (8.2) says that the negative entropy considered as a function of the densities
n and u 1s a convex function and the thermodynamic potential which is conjugate
to h,,.

In the model case N(T') = NT3/% and E(r) = ET with real constants N > 0 and F
the heat capacity is

9 5 73
Orug(n, T) = N(T) <§f3/2 - 7_11//22) .

The following lemma, the proof of which has been given by my colleague H. Stephan,
shows that the condition (8.1) of the Lemma 8.1 is fulfilled in the model case.

Lemma 8.2. The inequality
Jf:'2
F

holds everywhere on the real line for any o > —1.

1
1+ ——)Fas —
(‘|‘a_|_1)7:+1

Proof. Since F! > 0 everywhere on the real line, the inequality is equivalent to
Gla+1)G(a—1) — G(a)® >0

with the function

[e o] ta Oota—l—let—u
= 1 dt = dt = [ dpa(t).
Glo) =(a+1) [ it = [ St = [ anat)

We observe G¥)(a) = [(logt)*dp,(t) for the k" derivative with respect to . The
2

Jensen inequality is applied with the convex function z*, i.e.

([10g dpa®)] [ doa(e)? < [(og0Pdpate)] [ dpatt),
ie. G(a)G"(a) > G'(a)?. The function H(a) := log [G(a)] satisfies

[G(a)G"(a) = G'(a)’] > 0,

1.e.

log [ Gla)
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The inequality of the lemma can be written in the form
S FanFlL > P FanFl = P
The sign of the difference on the right-hand side of the inequality is also of interest
(cf. [7]).
Lemma 8.3. The inequalities
Fulo) _ Folu)
Falv) = Falu)
hold for any Fermi integral F,, o > —1.

(u < v)

Proof. The difference

e [T e e e F) R
A:=(a+1)e /0 mdt/o (1_|_et—v)2dt[j-“é(v) B fé(u)]

can be written in the form
[e o] ta t [e o] ta—l—l t [e o] ta t [e o] ta—l—l t
A:/ 7edt/ 7edt — / 7edt/ 7edt
o (eu _I_ et)2 o (e'u _I_ et)2 o (e'u _I_ et)2 o (eu _I_ et)2
= [lter+ (e + e = (e + (e + Y lyda

= (e’ — e¥) /(ey —e")ydd = (e’ —¢e¥) /> (e —e®)(y—z)dA > 0

with the measures

o, :z—I—yd d
z*y*e*Vdzdy
d = =d
oY) = (o (e 1 o ile 4 (e v HY2)
and dA(z,y) = [(e* + €”)(e¥ + €%) + 2e¥T + 2e"1¥]|du(z,y) on R?. O

Since F!(u) > 0 for any a > —1 the concavity of the functions F;' o F,yy is
rigorously proved for any a > —1.

It might be desirable to have convex functions h,, which are defined on the whole
plane and which differs from h,, for large temperatures only. We have, however, the
following 'no go’ lemma.

Lemma 8.4. There is no C? function N' > 0 on the real line such that N’ < 0 on
R and that h,(z,t) = N(t)F3/2(—z — tE) is convez on R?.

Proof. Let us assume that such a function A would exist. In the case £’ = 0 the
condition (8.1) reads

NN Fir
(N7)2 F_1/2F3/2

0 S (Nl)zf_l/gfg/g l——1—|—1—

or, in other words,

.7:12/2 (73/2)I<<£>2 N”_(M)z __{ 1 }'
F_172F3y2 \Fij2) — \ N’ N N a (log )Y/
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for all ¢t and all z. With regard to the preceding lemma there is a constant ¢ > 0
with ¢ < —[1/(log o/\/)']' for all ¢ > to. Let t; > 0 be fixed, z; := (log o) (¢1).
Then the inequality

21

log oV <0

(o5 0 Y(0) < 15—
holds for ¢ < ¢; and implies the inequality N (¢) > N (¢1)[1 + c21(t1 — t)]_l/c there,
but the inequality contradicts the assumption. O

In the case of Boltzmann statistics the situation is quite different. The function

h_(z,t) = N(t)e®*¢® with two real functions 0 < A" € C*(R,) and £ € C?(R,) is

convex if
e (A
N N ’

ie. if (logoN — &)” > 0 holds. Let a real function 0 < N € C?(R,) satisfy
N’ < 0 < (logoN)”. Then there are functions 0 < Ng € C?*(R) for any 8 €]0, 1[
which is equal to A on the interval ¢ > § and satisfy N < 0 < (logoN3)” o

R, such that hg(z,t) := N3(t)e®*E is a convex function on the whole plane. The

function
Z 21 2 2
togeralt) = 2 (1-p+2) - Loy
2 2 22y

on the interval ¢t < B with 2, := (logoN)®)(B) (k =0, 1, 2) is a suitable continua-
tion of log o V. For functions £ € C?(R, ) instead of ¢tE more technical refinements
are necessary.

We bring the Appendix to an end with a proof of the formula (6.4) for a system
with electrons only.

5-(p) = (py2 — 2°) — h-(2)|pan_(o

— —n(¢ — ()~ u(r — ) / / )dydo — ha(C,7) + ha(¢®,77)
bl 70) = 6, 7) = (€7 = 0cha(6,7

/ / y)dydo + (1 — 72)8uhn((,7)
/ /1/0 y)dydo

+ha(CP,77) = ha(C,7) = (€7 = )0chn(C, ) — (77 — 7)0:ha(C, )

-I.[ _CL( ) dy do

—oA{&mm+a@—0n+u#hwn—@mxm»ﬁ
—ﬂA{&mm+a@—0n+u#t¢n—&M@n»ﬁ,
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p) = / / —CL (—) dy do
2 Js Y Y

D _ 1 pt D _
_|_<7C_D_7C_>./O/0dzhn[§+s(§D—(),T—I—S(TD—T)]dsdt(f_D C)

-7
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