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On the existence of weak solutions in the context of
multidimensional incompressible fluid dynamics

Robert Lasarzik

Abstract

We define the concept of energy-variational solutions for the Navier—Stokes and Euler equa-
tions. This concept is shown to be equivalent to weak solutions with energy conservation. Via a
standard Galerkin discretization, we prove the existence of energy-variational solutions and thus
weak solutions in any space dimension for the Navier—Stokes equations. In the limit of vanishing
viscosity the same assertions are deduced for the incompressible Euler system. Via the selection
criterion of maximal dissipation we deduce well-posedness for these equations.
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1 Introduction

The Navier-Stokes and Euler equations are the standard models for incompressible fluid dynam-
ics. Both are a recurrent tools in computational fluid dynamics for weather forecast, micro fluidic de-
vices [26] or industrial processes like steel production [1]. There exists a vast literature concerning
the Navier—Stokes and Euler equations. In case of the Navier—Stokes equation, we only mention here
the existence proof for weak solutions in three dimension by Leray [22] and the weak-strong unique-
ness result due to Serrin [25]. In the context of the Euler equations, the existence of weak solutions
in any space dimension is already known (see [9]) also fulfilling the energy inequality (see [10]). This
result was proven via the convex integration technique. This technique grants the existence of infinitely
many and also non-physical weak solutions. Additionally, it was proven for the Navier—Stokes equa-
tions via similar techniques that there exist infinitely many weak solutions that do not fulfill the energy
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R. Lasarzik 2

inequality [5]. But what is lacking in the literature so far is an existence result for the Navier—Stokes
equations in space dimensions larger than four and a physically motivated selection criterion that
provides well-posedness for weak solutions, which are nowadays well-accepted. The present article
provides a remedy for these shortcomings by introducing energy-variational solutions. As the name
already suggests, this notion of generalized solutions is based on a variation of the underlying energy-
dissipation principle. The definition is very similar to dissipative solutions but it is more selective such
that these solutions are actually equivalent to weak solutions with energy inequality in the case of the
considered Navier—Stokes and Euler equations.

Dissipative solutions were proposed by P-L. Lions [23], Sec. 4.4] in the context of the Euler equations.
The current author applied this concept in the context of nematic liquid crystals [17] and nematic elec-
trolytes [2]. It was observed that natural discretizations complying with the properties of the system,
like energetic or entropic principles, as well as algebraic restrictions converge naturally to a dissi-
pative solution instead of a measure valued solution (see [2] and [19] for details). In comparison to
measure-valued solutions, the degrees of freedom are heavily reduced and no defect measures oc-
cur, which are especially difficult to approximate. The relative energy inequality, which is at the heart of
the dissipative and energy-variational solution concept is also a recurrent tool in PDE theory to prove
for instance weak-strong uniqueness [18], stability of stationary states [17], convergence to singular
limits [13], or to design optimal control schemes [19]. An advantage in comparison to distributional or
measure-valued solutions is that the solution set inherits the convexity of the energy and dissipation
functional, which permits to define appropriate uniqueness criteria [20].

The definition of energy-variational solutions follows a similar idea as the definition of dissipative solu-
tions, both rely on the so-called relative energy inequality, which compares the solution to smooth test
functions fulfilling the PDE only approximately. But the relative energy inequality for energy-variational
solutions is refined such that the resulting inequality becomes an equality for smooth solutions. The
nonlinear-convective terms are not only estimated by the relative energy but included in the under-
lying dissipation potential. Still the properties of the relative energy inequality remain present, it is
preserved for sequences converging in the weak topologies of the associated natural energy and
dissipation spaces. Thus reformulating the weak solution as an energy-variational solution has the
advantage that no strong convergence is needed in order to pass to the limit in this formulation. The
existence result only relies on standard constructive proofs, i.e., a Galerkin discretization in the case
of the Navier—Stokes equations and the vanishing viscosity limit in the case of the Euler equations.

Since the energy and dissipation functionals in the considered cases are convex, the set of energy-
variational solutions is convex and weakly closed. This allows to identify selection criteria in order to
select the physically relevant solution. Following the ideas of [3| [7, [8] [20], we propose the selection
principle of maximal dissipation. This says that the physically relevant solution dissipates energy at
the highest rate, hence minimizes the energy. This principle becomes even more apparent in ther-
modynamical consistent systems, where the maximized dissipation implies maximal entropy (see for
instance [14] and [6, Sec. 9.7]).

In [20], the set of dissipative solutions together with the energy functional is identified as a suitable
convex structure on which such a minimization problem can be defined. The resulting maximally dis-
sipative solution is indeed well-posed in the sense of Hadamard. The result of the article at hand
applies this technique to energy-variational solutions such that the selected solution actually is a weak
solution, which is nowadays well-accepted. Via the selection criterion of maximal dissipation, we may
select a unique weak solution. This corresponding result may be formulated as well-posedness for
maximal dissipative weak solutions.

It is worth noticing that in the framework of the relative energy inequality it is possible to pass to

DOI 10.20347/WIAS.PREPRINT.2834 Berlin 2021



On the existence of weak solutions in the context of fluid dynamics 3

the limit in the quadratic convection term without any strong compactness argument. Only arguments
from the direct method of the calculus of variations are needed. It is possible to pass to the limit in the
quadratic term, since it is dominated by the energy in the relative energy inequality. This provides a new
tool for the existence of energy-variational and thus weak solutions to nonlinear evolution equations.
Usually compact embeddings and a priori estimates of the time derivative are used to infer strong
convergence via some Aubin—Lions argument (compare to [28]). Depending on the strategy of such an
existence proof, often an a priori estimate for a fractional time-derivative is deduced. These ingredients
are irrelevant in the present proof, since it only relies on weak convergence in natural spaces and
the weakly-lower semi-continuity of the underlying energy and dissipation functionals. The proposed
technique seems to be very powerful and easily adapted to other systems of PDEs. Hence, this gives
hope that the new approach may allows to prove the existence of energy-variational and thus weak
solutions to some PDE systems, where this seems to be out of reach with other available techniques.
This includes multidimensional conservation laws [3], liquid crystals [18], heat-conducting complex
fluids [21], or GENERIC systems in general (see [14] and [20]).

Plan of the paper: After providing some notation and preliminaries in Section the different so-
lution concepts of weak, energy-variational and minimal energy-variational solutions are defined in
Section Then, we state the main Theorems in Section [2.3]and prove them afterwards (see Sec-
tion [3).

2 Definitions and main theorems

2.1 Preliminaries

Before, we provide the definitions and main results, we collect some notation and preliminary results.

Notations: Throughout this paper, let Q C R? be a bounded Lipschitz domain with d > 2. The space
of smooth solenoidal functions with compact support is denoted by ‘K,fj’o(Q;Rd). By LZ(Q) and
Hj ,(Q) we denote the closure of ;7 (Q:R?) with respect to the norm of L?(Q) and H'(Q),
respectively. Note that L2 (Q) can be characterized by L2(Q) = {v € L*(Q)|V-v=0inQ,n-v =
0 on dQ}, where the first condition has to be understood in the distributional sense and the second
condition in the sense of the trace in H’1/2(8Q). The dual space of a Banach space V is always
denoted by V* and equipped with the standard norm; the duality pairing is denoted by (-,-) and the
L2-inner product by (-, -). The symmetric part of a matrix is given by Asym := %(A +AT) forA e R4,

For the product of two matrices A, B € R?*¢, we observe

A:B=A:B,, itAT=A.

Furthermore, it holds a®lz :A=a-Abfora,b € RY A c R and hence a®a :A = a-Aa =
a-Agma. We define ¢ € Z([0,T]) by ¢ € €'([0,T]) with ¢ >0, and ¢’ < 0 on [0,T] as well as
¢(0)=1and ¢(T)=0.

We use the standard notation (Hj (Q))* = H~'(Q). For # € W'*(Q;R?), (V¥)sym — denotes the
Vv

largest eigenvalue of the matrix —(V#)gym,

(V¥)sym,— = (sup - (aT : (Vf’)syma)> .

la|=1

By I, we denote the identity matrix in R4*? and by R :=[0,0) the positive real numbers.
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R. Lasarzik 4

The following lemma provides the connection between the almost everywhere pointwise formulation
of an inequality with the weak one.

Lemma 2.1. Let f € L!(0,7T) and g € L*(0,T) with g > 0 a.e. in (0, T). Then the two inequalities

T T
- [ ' wst)ar—g0)+ [ o()f e <0
0 0
for all ¢ € €([0,T)). and

t
g(t)—g(0)+/ f(s)ds <0 forae.te(0,7) (1)
0
are equivalent. See the notations for the definition of ([0, T7]).

See [20, Lemma 2.4] for a proof. Additionally, we use a lemma that provides the lower semi-continuity
of convex functionals.

Lemma 2.2. Let A C R%"!be a bounded open set and f : A x R" x R" =R with d,n,m > 1,
a measurable non-negative function such that f(y,-,-) is lower semi-continuous on R" x R™ for

a.e.y € A, and f is convex in the last entry. For sequences {u; hreny C L. (A;R") and {v; hren C

loc
L} .(A;R™) as well as functions u € L{. (A;R") and v € L _(A;R™) with

loc
w,—u ae.inA and vy —v inLl (A;R")

it holds
timinf | £0r0)v0))dy > [ F0ru0).v0))d.

The proof of this assertion can be found in [16].

2.2 Definitions

First we recall the Navier—Stokes and Euler equations,
ov+V-(v@v)—vAv+Vp=f and V.v=0 inQx(0,T),
v(0)=vg inQ, 2)
v(I-n®n)v=0 and n-v=0 ondQx(0,7T).

By writing the boundary conditions in this way, the system incorporates the Navier—Stokes system with
no-slip conditions for v > 0 and the Euler equations for v = 0. Indeed, for v > 0, the tangential and
normal part of the velocity field vanish such that this is equivalent to v =0 on dQ x (0,T). For the
case of v =0, i.e., no friction, only the normal component vanishes on the boundary. The underlying
natural energy and dissipation spaces are given by X, = L(0,T; L2 (Q)) N L*(0, T;H&G(Q)) for
v>0and X, =L*(0,T;L2(Q)) for v = 0 and the space of test-function is given by Y, = H>(Q) N
Hj (@) N L4Q) for v > 0 and Yy = WH(Q) N Hj ;(Q) for v = 0. The space Y is chosen
smooth enough such that the Stokes operator (for v > 0) and the convection term map Yy, to L2 (Q).
This is obvious for the Stokes operator. In case of the convection term, we observe for v > 0 that
H?(Q) — W124/(d=2)(Q) such that Halder's inequality implies

SR - - <112
1@ VI¥l20) < Wlla@)lI V¥l 22 ) < IWllE, for v >0.

The case of v = 0 follows by similar arguments . The right-hand side f is assumed to be in Z,, where
Zy:=L*(0,T;H 1 (Q))DL'(0,T;L*(Q)) for v > 0 and Zy := L' (0, T;L*(Q)) for v = 0.
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On the existence of weak solutions in the context of fluid dynamics 5

Definition 2.3 (weak solution). A function v is called a weak solution, if v € X,, fulfills the energy
inequality

1 t t t
§||v||§2(g)‘0+/0 v||Vv||§2(Q)dsg/0<f,u>ds forae. 7 € (0,T) 3)

and the weak formulation

T T T
—/0 /Qv8,(pdxdt+/0 /Q(vVv:Vgo—(v@)v):Vq))dxdt:/o (f,q)>dt+/gv0~(p(0)dx
(4)

for every @ € €1([0,T)) ®‘€C‘.’7"G(Q;Rd).

Remark 2.1. The previous definition differs from the usual definition of weak solutions to the Navier—
Stokes equations, since no regularity for the (fractional) time-derivative of v is assumed such that we
formulated the time-derivative in a weak sense. This is somehow also the difference in comparison to
previous existence proofs, where a bound on the (fractional) time derivative together with a compact
embedding was used to apply some Lions—Aubin argument, in order to pass to the limit in the nonlinear
term in the weak formulation. In this article, no strong convergence is needed. The convergence in the
nonlinear term can be deduced, since it is dominated by the energy in the formulation of the relative
energy inequality.

We define the relative energy & by
o1 12
AW) =SV =772 » (5a)
2 (Q)
the relative dissipation %, by
Hool9) = VIV =Vl g = [ (6=9)- V)0 —5) - Fdx+ )0 =g (5D)
for v > 0, where the regularity measure %5, is given by

3 S e s 2 d
H®) = K 0) = el ) tor s+ =1, 50

where ¢ can be calculated according to the estimate below. In the case v = 0, the relative
dissipation % is given by

Wo(v|p) = /Q W =) - (V9)ym(v — 9) dx + H0 () Z (v]P). (5d)

The regularity measure changes to % (¥) = 2[|(V¥)sym —[|1=(q), Where (V¥)sym — denotes thel
argest eigenvalue of the matrix —(Vfi)sym (see . Finally, the solution operator .27, is given by

(y(9),) = (Op+ (V- V) — VAV — f ), (5e)

which has to be understood in a weak sense, at least with respect to space.

Note that the solution operator does not include boundary conditions, since they are encoded in the
underlying spaces. This may changes for different boundary conditions.
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R. Lasarzik 6

Remark 2.2. The relative dissipation %, is chosen in a way that it is nonnegative, convex, and weakly-
lower semi-continuous. Indeed Holder’s, Gagliardo—Nirenberg’s, and Young'’s inequality provide the
estimate for v > 0

| (v=9)-9)6=9)-5x| < HV—T’HLP(Q)HVV—Vf’HLz(Q)Hf’Hsz/(p—z)(Q)

(1+a)
< cpllv=lja g IV = V33, ||v||L2p/p2><) (6a)

2/1 o) ~
< IV = ¥l g + eI 5~ P

where o is chosen according to Gagliardo—Nirenberg’s inequality by

a=d(p—2)/2p for d<2p/(p—2).

In the case of v = 0, we may estimate
- N - 1 -
(v=9) @ (v—=7):(VP)sym) < 2||(Vv)sym-,—”L“’(Q)EHV_VH?}(Q)~ (6b)

The estimate (6) imply that %4, is non-negative. Since # is quadratic in v and non-negative, it is a
standard matter to prove the convexity of the mapping v — #4 (v|V). The mapping v — #4,(v|-) is
continuous in the strong topology in Hé’G(Q) and L2(Q) for v > 0 and v = 0, respectively. Thus this
mapping is weakly-lower semi-continuous (see for instance [12, Chap. 1, Cor. 2.2]).

Definition 2.4 (energy-variational solution). A function v is called an energy-variational solution, if
v € X, and the relative energy inequality

%(v(z)|f;(t))—|—/ot(7/v(v’f;)+ (y(3(1)),v =) el P ITq5 < R(vo|p(0)) e A Pds  (7)

holds for a.e. 7 € (0,7) and for all it € €1 ([0,T]; Yy).

Remark 2.3 (Properties of energy-variational solutions). An energy-variational solution fulfills certain
standard properties of generalized solutions concepts. If a strong solution exists locally-in-time, every
energy-variational solution coincides with this strong solution as long as the latter exists. This is the
so-called weak-strong uniqueness property. On the other hand, if the energy-variational solution en-
joys sufficient regularity, than it is again a unique strong solution. An advantage of this formulation in
comparisson to the standard weak formulation is that the set of energy-variational solutions is by its
definition weakly sequentially closed in the weak topology of the natural energy and dissipation spaces
(see [20)).

Remark 2.4 (Comparison to dissipative solutions). The difference of the proposed energy-variational
solution framework in comparison to dissipative solutions lies in the definition of the relative dissipa-
tion #,. In dissipative solution concepts, the terms in the relative dissipation were only estimated from
below by zero (see [23] and [20]). The new insight is that these terms in #;, can be kept and don’t have
to be estimated. This also leads to the fact that the relative energy inequality is actually an equality for
smooth solutions. Indeed in this case the energy inequality (3) is an equality and thus also the relative
energy inequality. Especially, the energy-variational solution concept is independent of the choice of
the regularity measure %75.

Definition 2.5 (minimal energy-variational solution). A function u is called a minimal energy-variational
solution, if u € X is the solution of the following optimization problem

T
mi}rgl/ &(u(t))dr such that u is an energy-variational solution according to Definition
ueX Jo
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On the existence of weak solutions in the context of fluid dynamics 7

Remark 2.5 (Selection criterion). The proposed selection criterion relies on the insight that a physically
relevant solution dissipates energy the most (see [7] or [8]). This leads to a minimized energy (com-
pare the energy inequality (3), which is formally an equality). In a thermodynamical consistent system,
the energy would be constant, but the maximized dissipation leads to a maximized entropy (see [14]
for instance). This criterion was introduced as the entropy rate admissibility criterion [8]. There are dif-
ferent works on the entropy rate admissibility criterion applied to different systems. For instance, in the
case of scalar conservation laws it was shown that this criterion coincides with the Oleinik-E condition
and thus the usual entropy admissibility criterion for solutions with finitely many shocks (see [8] or [6]
Thm. 9.7.2] for the result). Since this criterion was proven to select the physically relevant solution in
these scarcely available examples of nonlinear PDEs that are well understood, it may also does this
for more involved systems (like the ones we consider here).

One may chooses different selection criteria. All results also hold, in case that the function fOT &(-)dt
is replaced by any other strictly convex function on X,,.

2.3 Main results

The main results of the paper at hand are the following

Proposition 2.6. Let v € X. Then v is an energy-variational solution solution according to Defini-
tion[2.4]if and only if it is a weak solution according to Definition

Remark 2.6 (Comparison to measure-valued solutions). In the case of the Euler equations (v = 0
in (2)), measure-valued solutions are well-known since the seminal work of DiPerna nad Majda [11]. It
was already observed in [4], Prop. 2] that the expectation of the oscillation measure of the generalized
Young measure associated to a measure-valued solution is indeed a dissipative solution due to Li-
ons [23} Sec. 4.4] (compare to [4]). The same assertion holds true for the proposed energy-variational
formulation and thus, also weak solutions.

Theorem 2.7. Let Q C R? for d > 2 be a bounded Lipschitz domain, v > 0. Let Z, #,, #, and
<7y be given as above in ().

Then there exists at least one energy-variational solution v € X, to every vy € L%,(Q) and f € Zy in
the sense of Definition [2.4]and thus also a weak solution according to Definition (2.3).

Remark 2.7. In the case of d = 2,3 or 4, the existence of weak solutions to the Navier—Stokes
equations is well known (see for instance [28]). Due to Proposition this also proves the existence
of energy-variational solutions. The new result of the preceding theorem is expanding these existence
results to any space dimension. Additionally, the technique of the proof is essentially new, since is only
relies on the reformulation of the problem and weak convergence arguments.

Theorem 2.8. Let Q C R? for d > 2 be a bounded Lipschitz domain, v > 0. Let Z, #,, #,, and
<y be given as above in (5).

Then there exists a unique minimal energy-variational solution v € X, to every vy € L%,(Q) and
f € Zy inthe sense of Definition and the minimal energy-variational solution depends continuously
on the initial datum and the right-hand side in the following sense: If (v, f") — (o, f) in L2 (Q) X Zy,
then to every n € N, there exists a minimal energy-variational solution v"* € X, and it holds v" N
v in X,. Especially, this minimal energy-variational solution is indeed a weak solution according to
Definition
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Remark 2.8. The continuous dependence result is rather weak, it only holds in the weak topology.
This means that small differences in the initial value or right hand side may lead to large differences
due to oscillations. This is not surprising, if one thinks about turbulence in fluids. Nevertheless, this is
the first well-posedness result for the Navier—Stokes and Euler systems involving weak solutions.

3 Proofs of the main theorems

3.1 Equivalence of weak and energy-variational solutions

First, we show that weak solutions are equivalent to energy-variational solutions. The if-direction is
very similar to the proof in [20].

Proof of Proposition[2.6 Let v be a weak solution to the Navier—Stokes and Euler equations (2) with
energy inequality according to Definition[2.3]for v > 0.

For a test function # € €' ([0,T];Yy), we find by testing the solution operator <%, (¥) by ¢¥ with
¢ € €1([0,T)) and standard calculations that

[ ot mar=
1
/¢ Ol dt+/ v||vV||§2(Q)—<f,fz>)dt—¢(0)§||v(0)||§2(g), (8)

Testing again the solution operator .7, (¥) by ¢v and choosing @ to be ¢ in [@) with ¢ € €1([0,T))
(or approximate it appropriately), we find

—/()T(])//Qv-\"zdxdt-l—/T(P/ (2vVyv:Vi— (v®Vv): Vi+ (¥-V)v-v)dxds
_/ (et (¥),v)dr+ (0 )/Q fz(O)dx+/OT¢><f,9+v)dt. 9)

Reformulating (3) by Lemma[2.1] adding (8), as well as subtracting (9), let us deduce that

T 1 _ r .
- /O 0 SV =Pl 72t + v /0 0| Vv— V9|75 g d — 9(0 )—Hvo— 50)] 720

T
—/ <p/ ((ff-V)f)-v—(v®v):Vf:)dxdt+/ 0 (y(3),v—P)dt <0 (10)
0 Q 0

for all ¢ € C([0,T]). Note that C([0,T]) C closq1 o 7)) ([0 TD(%”E([O, T)). We adopt some stan-
dard manipulations using the skew-symmetry of the convective term in the last two arguments and the
fact that v and ¥ are divergence free, to find

—/ (5-V)5-v— (V) : Vi) dx = —/ (v-V)(v—¥) -5+ (7 V)5- (v— 7)) dx
Q Q

- —/Q((v—ff)-V)(v—fz)-ffdx
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On the existence of weak solutions in the context of fluid dynamics 9

forv > 0and

—/Q((f)-V)f)~v—(v®v):Vfi)dx:/Q(v—f))T-(W)sym(v—f))dx
/((v ) @) : Vvdx+/ (7-V)p- (v —9)dx
—/ Sym(v—f))dx

for v =0.

Inserting this into (T0), adding as well as subtracting %%, (v).% (v|#) and replacing ¢ by @e~ Jo #v(¥)ds
(or approximate it appropriately), we conclude

T 1 . s
= [ 93 I0 =20l gy B 81— 2 oy —5(0) g

T . B
+/ o (o W]p) + (o (9),v — ) &~ s 7681 g5 <
0

for every smooth function # € €1 ([0,T];Yy) and all ¢ € Z([0,T]). Lemmaand multiplying the
resulting inequality by e/0% ()95 implies (7).

Now, we assume that v € X, is an energy- -variational solution according to Definition [2.4] Multiplying
the relative energy inequality (7) by e~ Jo A (¥)ds gng applying Lemma (2.1), we find

T t
—/0 o' R(v]p)e A de¢+/ 0 (W (VI9) + (o (7),v — 7)) e~ S D)3 4
—Z(vo[p(0)) <0 (11)

for all ¢ € Z([0,T)). Via defining @(¢) = ¢ (r)e~ o495 and the product rule ¢'(¢) = (¢'(¢) —
0 (1) (3(1)))e oA P)ds e fing

T T
—/0 @’%(V!f’)df+/() @ (P (v[p) + (2 (¥),v —¥) — Ay () Z(v[V)) di — Z (v |9(0)) < O
for all @ € €([0,T]). Applying again Lemmaand the Definition of #;,, we observe
t t
%(v|f))’0+/0 v||Vv—Vf»||§2(Q)—(((v—f;)-V)(v—fz),fz)+<Mv(f:),v—fz>dsg0 (12a)

forv>0anda.e.r € (0,T) as well as

t

A (v[v)

0

for v =0and for a.e.t € (0,T). For the solution operator .27, we find

/t (y(%),v — D) ds

0
1 ¢t
— 310l + [ (@) 4V (V5,99 = 59)— (7 V)0 —9).9) — (.- 5) ds
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R. Lasarzik 10

Inserting this into (12), we may deduce

for a.e. t € (0,T). Again the skew-symmetry of the trilinear form in the last two entries is used.
Choosing ¥ = aii and multiplying the inequality by 1/ for a > 0, we find

1 /1 t !
5 (3l + [ VI - )
~ (v,

0—/(:v(Vv,Vﬁ) —(v®v), Vi) — (v, 34@) — (f,E@)ds <O (13)

for a.e. r € (0,T). Note that the term ((v- V)¥,¥) vanishes since v is solenoidal. For ¢t — oo the first
line in (13) vanishes and in the resulting inequality we may observe that &z occurs linearly such that by
inserting & as well as —it, we receive an equality,

t

— (v,it) —/Otv(Vv,Vﬁ) —((vev);Vit) — (v,0t) — (f,ia)ds =0.

0

for a.e. t € (0,T). Multiplying this resulting equation by ¢’ with ¢ € €>°([0, 7)) and integrating over
(0,T), we may observe via integration-by-parts and defining ¢ = @it the weak formulation ().

O

3.2 Existence of energy-variational solutions

In order to prove the existence of weak solutions, we use a novel technique. By passing to the limit
in the relative energy inequality, we do not need any strong compactness arguments, which was es-
sential in previous proofs to pass to the limit in the nonlinear term. Usually an a priori estimate of the
(fractional) time-derivative is needed in order to apply some Aubin-Lions compactness argument. This
is circumvented by the formulation of the relative energy inequality and only relying on weakly-lower
semi-continuity of the associated functionals.

Proof of Theorem|[2.2. The proof is based on the usual Galerkin approximation together with standard
weak convergence techniques. We divide the proof in different steps

Step 1, Galerkin approximation: Since the space H&_G(Q) is separable and the space of smooth

solenoidal functions with compact support, ‘Kc"fg(Q;Rd), is dense in H&G(Q), there exists a Galerkin

scheme of H} ;(Q), i.e., {Wy }nen with closy1 (g (limy e Wy) = Hj (Q).Let P, : L2(Q) — W,
b YG b

denote the L%(Q)-orthogonal projection onto W,,. The approximate problem is then given as follows:
Find an absolutely continuous solution v"* with v"(¢) € W, for all t € [0, T] solving the system

(V' '+ (V- VW' w)+v(WhVw) = (fiw), VvV'(0) =Py forallweW,. (14)

A classical existence theorem (see Hale [15, Chapter I, Theorem 5.2]) provides, for every n € N, the
existence of a maximal extended solution to the above approximate problem on aninterval [0,7,)
in the sense of Carathéodory.
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Step 2, A priori estimates: It can be deduce that 7,, = T for all n € N, if the solution undergoes no
blow-up. With the standard a priori estimates, we can exclude blow-ups and thus deduce global-in-time
existence. Testing by v"*, we derive the standard energy estimate

Lo ! 2 1 2 '
§|’vnHL2(Q)+v/() vanHLz(g)dS: §||an0||L2(Q)+/O (f,v')ds. (15)
For f € Zy = L*>(0,T;H '(Q)) ® L' (0,T;L*(Q)) for v > 0, the right-hand side can be estimated

appropriately. Indeed, there exist two functions f, € L*(0,T;H~'(Q)) and f, € L' (0,T;L*(Q))
such that we may estimate with Hélder’s, Young’s, and Poincaré’s inequality that

) < 2N e+ 5 U1y + Ul (I By +1) - (16)

Inserting this into allows to apply a Version of Gronwall’s Lemma in order to infer that {v"} is
bounded and thus weakly* compact in X, such that there exists a v € X, with

Vi Sy inX,. (17)

Step 3, Discrete relative energy inequality: In order to show the convergence to energy-variational
solutions, we derive a discrete version of the relative energy inequality. Assume # € C'([0,7];Yy).
Adding and tested with —P,¥ (and integrated in time), we find

%HV"H%z(Q) + V/Ot (W, VW' — VP, ¥)ds =
S0l [ U9 = B+ @O0 B+ (07 VW B ds. (19
For the Solution operator .7, we observe that
(Ay(PV), V' — P,v) =
(O, P, V") — a,% 1% 72 @+ (VES, W' = VED) + (B - V)Pb. V") — (f V" — Bib).

Adding to as well as subtracting from the term [; (o, (P,¥),v" — P, V) ds leads to

1 n ~ ! ! n ~ ) ~
Sy _P"v"l%z(g)‘o+/() (VIVV" VP3| + (4 (BiF). " Bi9) ) o5
t
:/ (V)W'. 29) + (B V)PV ) 0.
0

By some algebraic transformations, we find

(V- VW' PW)+ (B V)R, V")
= (V"= Pw)-V)(V' — B),P,¥)
+ (P V)(V' = P9, Bo) + (P - V)P V' — Pb) .
(19)

For the first term on the right-hand side of (19), we observe

VIVY' — VB3| 20, — (V' — Bi¥) - V)V — Bi¥).Bib) = # (V'|Bi¥) — H (Ba¥) R (V" |E.)
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For the second term on the right-hand side of (19), we find with an integration-by-parts (or the usual
skew-symmetry in the second two variables of the trilinear convection term) that

(- V)(V' = B,¥),P,) + (B9 V)P V' — B,o) = 0.

In order to find the discrete version of the relative energy inequality, the term 7, (P, )% (v|P,¥) is
added and subtracted such that applying a version of Gronwall’s lemma implies

ot ~ t S 4 ~
R(V'|P)e oA FPIOT 4 / (W4 (V" |P¥) + (ot (Pa9),V" — By#)) e o v (Bi)dT g
0
< Z(Pwvo| Pi(0)) (20

fora.e.r € (0,7)and v > 0.
Step 4, Passage to the limit: Via Lemma [2.1] this inequality may be written as

T .
- | oA |ps)e BN
0
T S A ~
- / O (W (V'|By¥) + () (By) V" — Pyv)) e 0 VBT g 5 < (P | P,(0))
0
forall ¢ € C([0,T)). Since 6 (Q;RY) is also dense in Yy, we may observe the strong convergence

of the projection P, i.e.,

(21)

This together with allows to pass to the limit in the first two terms via the weakly-lower semi-
continuity of the convex functionals & and #, (see Lemma and Remark [2.2). Since V" only
occurs linearly in the last term on the left-hand side, we may also pass to the limit in this term. Indeed,
the time derivative may be interchanged with the projection P, such that

where it was used that P, is an orthogonal projection. This together with imply that the consistency
error vanishes, i.e.,

! S a -
/ O (At (V)—y (BV), V" _Pnf’>€_'[6‘)£/"(Pﬂv)des
0
T ‘X ~
= v/ ¢ (Vv — VB3, W' —VE¥)) o= o A (Pw)dT 4 ¢

0
T \ )
+ | o((F=Pw)-V)o+ (B V)(F— Pp), V' — Pyp) e JoAvBP)dT g
0
S VIVE= VBl 200 7.2 IVV' = VB 1200 7:22(0))
+ V- Pnf’HLZ(o,T;Ld/Z(Q)) HVf’HLm((),T;LM/(d%) Q) [v* — Pnf’HLZ(o./T;LZd/(H)(Q))

Pl =(0,7504 ) IV = VP 20, 7:22(0)) V" = PVl 120 73020002 () -

Weak convergence of v" in L2(0,T; H} ,(Q)) implies that the norms of v on the right-hand side
are bounded independent of n. The strong convergence allows to pass to the limit on the right-
hand side, which vanishes. The strong convergence of the projection P, to the Identity on L2 (Q)
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as n— oo allows to pass to the limit in the initial values, too. energy-variational Step 5, Vanishing
viscosity limit: Now, we focus on the case vV = 0. Therefore, we consider the sequence {vV}VG(OJ)
of energy-variational solutions to the Navier-Stokes equations according to Theorem for v—0.
These solutions fulfill Definition with Wy given by (Bb). Inserting # = 0 in this definition, we find
the usual energy estimate such that with the usual estimates of the right-hand side, i.e., with
f1 =0 (Note that Zo = L(0,T;L%())), we deduce the weak convergence in the energy space,
ie.,

v 2y inX.
with Xo as given above by Xg := L=(0,T;L%(Q)). Now, we need to alter the formulation of the

relative energy inequality. Following the steps as in the proof of Proposition we observe that v¥
fulfills the inequality

t
%(vvw)\;Jr/o v||Vv"—V\7||%2(Q)—/Q((vv—fi)-V)(vv—f))-f)dx+(dv(fz),vv—f))ds§0

fora.e. € (0,T) and all # € €' ([0,T];Yy), where ., is given by (see for the preceding
inequality). With the usual skew-symmetry in the last two entries of the trilinear form, we find

— (W =9)- V)" =9),9) = (v =) @ (v} = 9),(VP)gym) ,
and adding and subtracting % (9)Z (v" V), Gronwall's lemma, as well as Lemma[2.1]imply

[ g e o
0

! t ~
+/ ¢ (VHVVV—Vf7|’1%2(g)—I—%(vv|\7)—|—<dv(f;),vv_f,>> o Jo Ho@)ds
0
<Z(v[¥(0))

forall ¢ € €([0,T]) and v € €1([0,T]; YoNH?(Q)) and all v > 0.

The dissipative term v ||VvY — V‘N’Hiz(m

remains true for all v without this term. Then passing to the limit with v — 0, we observe that % and
W) are weakly-lower semi-continuous such that the inequality still holds when passing to the limit in
this terms. Concerning the last term on the left-hand side, we observe that vY only occurs linear such
that the weak convergence suffices to pass to the limit in the v-independent terms. For the Laplace
operator in the solution operator .27,,, we observe that

t
V/O (Vo; W = Vo) ds < VV[IVWY = Vil 204 0.1) VYV 20x 0.1)

SC\/VHV‘;HLZ(QX(O,T))_)O asv—0.

may be estimated from below by zero such that the inequality

By Lemma (2.1), we find that the relative energy inequality (7) is fulfilled in the limit v — 0. This proves
the existence of energy-variational solutions to the Euler equations and thus the assertion.

O

Remark 3.1. The proof for the Euler equation is also possible via the Galerkin scheme. But the proof
is done here via the standard vanishing viscosity method for convenience. This also provides some
insight, why the dissipative formulation is also valuable in the singular limit analysis.

The Galerkin proof can also be seen as a version of Lax theorem. If the scheme is stable with
respect to the relative energy inequality, i.e., fulfills and the consistency error vanishes, i.e.,
oty (V) — 2, (B,v) — 0 in X}, as n— oo for smooth functions, then the numerical scheme converges.
The discrete solution operator .7, may be chosen differently.
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3.3 Well-posedness of minimal energy-variational solutions

Proof of Theorem|[2.8. The assertion is a consequence of [20, Thm. 2.3]. Formally, the considered
problem does not fit into the setting of [20], since the relative dissipation %, is defined differently. But
since the proof only uses the convexity and lower-semi continuity of R and %, (see Remark[2.2), it
can line-by-line be applied to the redefined version of #,. Therefore, we do not copy the proof here.

In short, the convexity and lower semi-continuity of & and #, allow to prove the convexity and weak-
closedness of the set of the energy-variational solutions. Thus, the minimizer of Definition [2.5 exists
and is unique due to the strict convexity of the energy functional. The continuous dependence follows
due to the convergence of the relative energy inequality for the given convergences of the right-hand
side and the initial value. We refer the reader to [20] or [24, Chapter. 4] for details.

O
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