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I. Introduction

Let us recall the definitions of the Hopfield model [Ho|] and the main quantities of interest. For
a more detailed exposition of the model we refer to [BG3]. Let N be an integer and M:IN — IN
be a strictly increasing function. We set a(N) = w In the present work we will consider
only the case where limy1oo @(N) = 0. We denote by Sy = {—1,1} and S = {-1,1}V the
set of spin configurations, o, in finite, resp. infinite volume. We denote by o; the value of o at
i. Let (Q,F,IP) be an abstract probability space and let {¢![w],?,u € IN}, denote a family of
independent identically distributed random variables on this space. For the purposes of this paper

we will assume that IP[¢ = 1] = 1, but more general distributions can be considered.

We define random maps my[w] : Sy — [—1,1]M®) whose components are given by

N
m [](0) = %Z&f[m]ai w=1,..., M(N). (1.1)

The Hamiltonian of the Hopfield model is now defined as

M(N )
N
p=1 (1.2)
HmN[ 1)Il5
where || - ||2 denotes the £o-norm in IR™. With this Hamiltonian we define in a natural way finite
volume Gibbs measures on (Sy, B(Sy)) via
2—N
punplw](o) = e PHN 1) (1.3)
Znple]

where the parameter 8 > 0 denotes the inverse temperature and where the normalizing factor
Zn plw] is given by
Znplw) =27V Z e PENINO) = g e~ PHNI]() (1.4)
cESN
We furthermore introduce the measures on (IRMW) B(IRM(M))) induced by the Gibbs measures

and the maps my|[w]:

On plw] = uw plw] o mylw] ™ (1.5)

Over the last few years a very satisfactory and complete description of the measures Qn g[w]
has been obtained in the case limp4g M( ) = 0. In particular, in [BGP1], a law of large number
type was proven for the random vectors mN[w], and in [BG1] the associated full large deviation

principle was obtained, without any condition on the speed of convergence of w to zero. In
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such a situation it is natural to also expect a central limit theorem to hold. Such results were in

fact proven in several papers by B. Gentz [Gel], [Ge2] and [Ge3]. However, they required strong

M(N) ( )
N

[Ge3]. In this note we show that the central limit theorem holds under the sole hypothesis that

=0 in

conditions on the speed at which tends to zero, the weakest being limp+4o

limpnrpo ( ) = . Thus, in this regime all the classical theorems of probability theory are now
estabhshed.

We note that the proof of the CLT requires a far more detailed analysis of the local properties
of the measures Qn g then all previous results in the same regime. The crucial ingredient is a local
convexity estimate that was given in [BG2] and the crucial new analytic tool are Brascamp-Lieb
inequalities [BL,HS,N,NS].

In order to state the results we need some more notation and definitions. Let m*(83) be the
largest solution of the mean field equation m = tanh(8m). Note that m*(8) is strictly positive for
all 8> 1, limgroo m*(8) = 1, limg (3([3(3%)) =1 and m*(8) =0 if 8 < 1. Denoting by e* the u-th
unit vector of the canonical basis of IRM we set, for all (p,s) € {—1,1} x {1,...,M(N)},

m{*) = sm*(B)e”, (1.6)
and for any p > 0 we define the balls

B = {x € IRM |||z — m®*)||, < p} (1.7)

For any pair of indices (u,s) and any p > 0 we define the conditional measures!

Qs [wl(A) = O glw](A | BY=?)), A€ BUIRM™) (1.8)

Let X n be a random vector distributed according to Q(“ '5.,\w] and denote by X E\’;ﬂ ,lw] it’s expec-

tation. We want to characterize the distribution of the normahzed centered variable
Xn = VN(Xy - X905 [w]) (1.9)
To do so we consider it’s Laplace transform (recall that X is M (NN)-dimensional):

(u S)
E%‘;?p[ ](t) E/ VN(t,z— XN [w])dQ(u,S) [UJ]( ), tElRM(N) (1.10)

where (-,-) stands for the scalar product in IRM (N) We prove the following theorem:

L All the results of this paper could also be formulated in terms of “tilted Gibbs measure”, i.e. with a symmetry

breaking magnetic field added instead of the conditioning (see [BG3]) for precise definitions.
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Theorem 1.1: Assume limypoo a(N) = 0. Assume that B € IRY\{1} and set

-t (g)?
c(B) = { TRy VA>1 (1.11)
ﬁ ifB<1

There exists a constant c(3) > 0 such that with probability one, for all but a finite number of indices

N, if p satisfies

lm* >p>c(ﬂ){ﬁ/\\/a(N)}+c07‘:l(*m (1.12)

2

for some constant ¢y > 0, then for all t with ||t||2 < co we have

Jim log £3775) [w](t) = 5C(B)II1 (1.13)

Corollary 1.2: Under the assumptions of Theorem 1, for all k € IN, the finite dimensional
marginals of order k of the law of XN under Q(”’ [ | converge weakly, as N diverges, to the
gaussian measure on (IR* B(IR®)) with mean zero and covariance matriz C(B)1 where T is the

identity matriz.

2
Remark: The same result was obtained in [Ge3] under the stronger assumption limp+o M A(,N) =0.

We will see in the sequel that, due to the sharp concentration properties of the measure

Qg\';,’;) ,lw]; the centering X Sv ) plw] obeys the following bound:

Lemma 1.3: Under the assumption of Theorem 1.1, with probability one, for all but a finite

number of indices N,
HX%‘;L [w] — m(®)

< (1.14)
where
a(NV)

m*

(1.15)

™
Il
)]

(=)

for some constant ¢y > 0.

The remainder of this paper is organized as follows. We only present the proof of Theorem
1 in the case where 3 > 1, the case 8 < 1 being trivial 2. Moreover, in order to avoid having to
distinguish several cases and since we are mainly interested in the regime of parameters not covered
in [Ge3] , we will assume that M(N) > (log N)2. It is however not difficult at all to treat the case
M(N) < (log N)2. In fact, wherever estimates of the form e~*™ appear, they can be replaced by

e=°VN if so desired by trivial modifications. The basic structure of the proof is as follows:

2 The situation at B = 1 as well as the limits 3 — 1 taken in various ways are up tp now completely

uninvestigated and promise a rather rich and complex structure.
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(i) Using the Hubbard-Stratonovich transformation, show that for p chosen as in (1.12), the

Laplace transform (1.10), [/g\,;,ﬁs) , can be expressed in terms of the Laplace transform L',g\’,"ﬁs’)p

of a smoothed version Q(“’ ) of the measure Qg\’i’;?p.

(ii) Show that the measures ég\’;;) , for all p satisfying (1.12) are equivalent.

(iii) Choose p as the lower bound in (1.12) and, using the results of [BG2], show that the corre-

NV (z

sponding measures have densities of the forms e~ ) with V strictly convex; moreover, the

Hessian of V' is uniformly close to a multiple of the identity.

(iv) The Brascamp-Lieb inequalities, together with a simple reverse [DGI], now yield asymptotically

coinciding upper and lower bounds on the Laplace transform which imply Theorem 1.1.

Assuming (ii), we present (i), (iii) and (iv) in Section 2. This represents the essential and
original part of the proof. While the results of (ii) use by now quite standard techniques and are
not very original, they require rather lengthy computations. We give them in Section 3; readers

not interested in these technicalities are advised not to read that section.

Notation and conventions: Before giving the proofs, let us fix some general conventions on
notation. From now on the parameter p in X %ﬂ ,lw] is fixed and chosen as in (1.12). We will then
simply write

X = X0, lw] (1.16)

and no confusion should arise from this. In general, in order not to overburden the notation, we
will suppress part of or all of the subscripts 8, IV, p when we feel that this cannot be confusing. We
will also often suppress the explicit dependence of several quantities on 8 and IN: mostly we will
write m* = m*(8), M = M(N), a = a(N). Finally, let us insist that to simplify the notation, the
dependance of various random quantities on w will be made explicit only when we want to stress

the random nature of these quantities.

Acknowledgements: We thank J.-D. Deuschel, G. Giacomin and D. Ioffe for informing us of

their results in [DGI] concerning the reverse Brascamp-Lieb inequalities prior to publication.

2. Proof of Theorem 1.1

In this section we give the main part of the proof of Theorem 1.1. We recall first the Hubbard-

Stratonovich transformation [H,S].

M/2
Let Nﬁ]‘;{, be the gaussian measure on (IR™, B(IR™)) with density (%) exp {—30N]|z[|3}

with respect to Lebesgue measure in IR™ . The Hubbard-Stratonovich approach consists in consid-
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ering the convolution

Ong = Onp*ND% (2.1)
instead of the measure Qy g itself. The resulting measure QN,g is absolutely continuous and has
density

1
—— exp {~@ws(2)) (2.2)
N.,B

with respect to Lebesgue’s measure in IRM . The function & ~,3(2) can be computed explicitly and

is given by
1, 1 o
onp(2) = 52l - 35 > IncoshB(é;,2), z€IR (2.3)
=1

Note that under our assumptions on «a, the measures @N,ﬁ and Oy g have the same convergence

properties as for large enough N, the gaussian N, p%[v gets concentrated sharply on a sphere of radius
Va/B.

In complete analogy with (1.8) to (1.10), we introduce the conditional measures

QW) (A) = Qu(A | B¥9), A e B(IRM) (2.4)

and, for Zy distributed according to ég\’,‘ﬁs)p we consider the Laplace transform

>y Z(1s5) ~
a0 = [T Nage (), e m 25)

of the normalized centered variable Zy = v/ N(Zn —7(”’5)), where Z**)

For later convenience, we also introduce the quantities

is the expectation of Zy.
~(1.s Z) (9 ~(ps
LY (1) = e/NGZTT =X £led) (1) (2.6)

We will proof in the remainder of this section the analog of Theorem 1.1 for the function £ (t)

ﬂ7N7ﬁ
with p = p(IN) that tends to zero as N tends to infinity.

The following proposition, whose proof will be given in Section 3, assures that this implies that

Eg” }\S,?ﬁ(t) converges to the same limit.
Proposition 2.1: Assume that 3 > 1. There exist finite

positive constants ¢ = ¢(8),¢ = &(8),¢ = ¢(B) such that, with a probability one, for all but a
finite number of indices N, if p satisfies

sm* > p > () { b A Va) (2.7)

then, for all t with ||t||s < oo,



£ (1) (1— M) < e—ﬁlltlliﬁéu}\s,)

BN W) <em™M 4 LY (1) (1+e7M)  (2.8)

B,N,p
it) for any p satisfying (2.7)

LY (1) (1—e7M) < LU (8) < eM + LY (1) (1 + e~*M) (2.9)

iit) for any p satisfying (2.7)
‘(Y(M’S) _ 75)“7‘9)’t) ‘ S ||t||26_EM (210)

Remark: Note that (iii) implies that
ln £45) (6) — In LY, (0)] < VAV |t]l2e~*M (2.11)

which under our assumption M(N) > (In N)? tends to zero.

We now want to compute the Laplace transform Zg” }\S,)ﬁ(t) for p = p(N) that tends to zero as
N tends to infinity.

Proposition 2.2: Assume that 3 € IR"\{1} and set:
AB) =161 —(Bm*(8)?) - (2.12)
Let a(N) and p(N) be decreasing functions of N that go to zero as N goes to infinity and satisfy

(N) > 2,/5%) . (2.13)

Then with probability one, for all but a finite number of indices N,

[£]]2(1 — 3pe~ ™)
2B(A(B) +v(N))

“(u,s Py pe~M
< In Z05(0) < St (2.14)

where

A =5 [35/B+ V@) + oy B+ ¢ 2] (2.15)

for some strictly positive constants ¢ and c'.

We recall a few notation and definitions. Let S and T be two M x M real symmetric matrices.
The matrix norm is defined by
T = sup |(z,Txz)] (2.16)

aiflafl=1
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We say that T is non negative, and we write T > 0, if (z, Tz) > 0 for any = € IR™. More generally,
we say that T > S or S < T if T — S > 0. For any function V: IRM — IR, we will denote by

V2V (z) it’s Hessian matrix at z.

Lemma 2.3: Let a(N) and p(N) be decreasing functions of N that go to zero as N goes to
infinity. Assume that 8 # 1. Then with a probability one, for all but a finite number of indices N,
for all v in the set {v € IR™ : ||v]|2 < p(N)}, we have:

0 < (A(B) =Y (N)T < V2&g n(mBY +v) < (A(B) + v(N)T (2.17)

where v(N) is defined in (2.15).

Proof: We will only give the proof of the upper bound. The proof of the lower bound is very
similar and can already be found in [BG2], [BG3]. A straightforward computation gives

N
V2 n(m) +0) = 1 BA+ 53 gl tanh(B(m €] + (6:,v) (2.18)
=1

Our strategy will be to show that V2® can be rewritten as it’s dominant contribution, A\(8)1, plus
terms that will either have small norm or be non negative. We will then make use the two following

facts: for any real symmetric matrices 7" and S,
i)ifS>0thenT+S>T.
ii) if T =tI + S with ||S|| < s for some constants ¢ and s, then T' > (¢t — )1

Introducing a parameter 0 < 7 < 1 that will be appropriately chosen later, we decompose
V2 as
V2op n(mD +0) = XTI+ Ty + To+ Ts + Ty + T (2.19)

where

T, =B[tanh®(Bm* (1 — 7)) — tanh?(Bm™)|1
Ty =B(1 — tanh?(Bm* (1 — 7)))(1 — A)

N
. B
Ty = — tanh® (Bm* (1 = 7)) = > €8 1) ¢,y 2 rme)
i=1
(2.20)

% fiﬂ{|(si,v)|<m*}[tanhz(ﬁ(m*&l + (&, v))) — tanh?(Bm* (1 - 7))]

% EL€:T{ (61 0) 3 wm-y tanh? (B(m* €} + (€:,)))



It is easy to verify that Ty > 0 and T5 > 0. Thus, by i),
V28 n(mD +0) > AB) T+ Ty + To + T (2.21)

and we are left to show that T, T and T3 have small norms. Let us treat T3 first. Trivially,

IT1|| =B tanh®(Bm*(1 — 7)) — tanh?(Bm*)|
Bt (2.22)
1—17

<2f|tanh(8m*(1 — 7)) — tanh(8m™)| <

Let A(N) = A(N) denote the M x M random matrix with elements + Zivzl ¢F'¢Y The smallness
of ||T»|| comes from the well know fact (see e.g. [G]) that, for small «, the matrix A(N) is very
close to the identity. In particular, it follows from Theorem 4.1 of [BG3] that, for large enough N,

there exists a numerical constant K such that, for all € > 0,

P[|ANN) - T| > 2y/a+a+€ < Kexp <—N(1+I}/a)2 (*/1:\/5“_1) ) (2.23)

In particular, choosing € = ¢/In N/N for some constant ¢ > 0 sufficiently large, (2.23) reduces to

PJIA(N) — 1| > 2v/a + a + ey/InN/N] < —

S Nz
Finally we are left to estimate ||T3]|. But this was already done in [BG2] (see equations (4.77)-
(4.79) together with Proposition 4.8). We rephrase this result hereafter in the particular (simpler

but weaker) form we need: for all p > 0,

N
) 4
P [Seulg’ 1) €& mizrmey |l = 20 (e, Tm /p)] <3 (2.24)
vEPe =1
where .
T(e,a/p) < C [e—“—?ﬁ) w7 +alne| +2) + 2%] (2.25)

for some constant C' < oo (C = 25). Therefore, collecting (2.22), (2.23), (2.24) and the definitions
of T, and T3 we have, with a probability larger than 1 — %,

1T+ 1Tl + 1T < 27 4 B(2v/a + a + e/ mMN/N) + 26T(ay rm* /o) (2.26)

—1—-7

where we made used of the trivial bounds 0 < tanh?z < 1. It only remains to choose the parameter

7. Setting 7 = ,/p, we get that, for large enough N,

Ty ||+ || T ||+ T5) < B [2\/ﬁ+ (2\/&+a+c %) +25 (2 p+a(/lna| +2) +228) | (2.27)
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where the r.h.s. is easily seen to be bounded by v(N) if a and p are small. The lower bound in
(2.17) then follows from (2.27) and (2.21) by ii) and an application of the Borel-Cantelli Lemma.
This concludes the proof of Lemma 2.3 {

The following slight generalization of the Brascamp-Lieb inequalities will be our crucial tool

to exploit Lemma 2.3.

Lemma 2.4: Assume that the positive numbers £,8 and p satisfy the relations

p>K\/5E (2.28)
where
K0S 9 imk (2.29)
0448~ '

Let V: IRM — IR be a non-negative function such that for all € B,
0<(L—80)I<VV(z) < (L+0)I (2.30)

Denote by IEy the expectation with respect to the probability measure on (B,, B(B,))

e—NV(z)][{meBP} " (2.31)
fB e—NV(z)gM 4 :
Then, for any ¢t € IRM,
Jells er < By (VN(t,z — By (z)))’ < I8 +er (2.32)
£+46 - ’ )
" 1213 1213
tl3 VN(t,z—Evy (z)) tlla
l—er<InlE ' v < — L= 2.33
2 +q) r=infbve S2e-5 " (2:33)
where "
2pe~

Proof: Let us first consider (2.32). Note that the upper bound would simply obtain from an
application of the Brascamp-Lieb inequalities [BL] if it were not that the measure (2.31) has support
in a ball of finite radius. Because of this we will have to be a little more careful and take into account
“boundary effects” which, as we shall see, do nothing but create asymptotically negligible small
terms. Similarly, the lower bound will essentially result from a “reverse” Brascamp-Lieb inequality
recently obtained by [DGI]. Our proof is based on a representation which was originally introduced
by Helffer and Sjéstrand [HS]. It was recently used by Naddaf [N] and Naddaf and Spencer [NS] who
noticed in particular that this representation provides a very simple way of proving the Brascamp-

Lieb inequalities.



We proceed exactly as in [HS]: given a temperate function f:IR™ — IR and a constant b, we
consider the differential equation
f=Lu+b (2.35)

where the operator L is defined as
= (VV)-V+A=e"VVve Ny

Then observe that integrating by parts,

b= By f — / v (Vu@) oD g, (2.36)
B, fB,, e"NV(E=)dMg .

Assume that u is a solution of (2.35). Integrating by parts again, the correlation IEy[fg] of two

temperate functions f and g with (to simplify) IEy f = IEy g = 0 can be expressed as

e—NV(z) "
A g(Vu(:c))fB NV (@) g, d"z (2.37)

By[fg) = By (Vg, Vu) + /B

while
Vf=(L+V?V)Vu (2.38)
But L is positive and, by assumption, so is V2V (z) for all z in B,. Therefore L+ V2V is invertible

and (2.37) together with (3.53) entails

. ) B e~ NV(=) "
IEv[fg] = NIEV(Vg, [L+ V*V(z)]""Vf)+ /BP V- g(Vu(:c))pr NV @) g, d%z (2.39)

=[1]+[2]

We are now ready to prove (2.32). Set f(z) = g(z) = V' N(t,z — IEy(z)). Then
1] = By (Vf(), L+ V7V (@) V() = By (L L+ V@) ) (240)

Upper and lower bounds on the latter quantity are easily established. From the positivity of L and

the assumption that V2V (z) > (£ — §)T uniformly in the ball B, it immediately follows that

Iz

t 2
By (t,[L+ V*V(z) ') < % (2.41)
On the other hand, as noted in [DGI], the Legendre-Fenchel transform of the quadratic form

+(t,[L 4+ V2V (z)]7't) being well defined we can write:

By (t,[L+ V?V(z)] ") =2IEy { sup (t*,t)— (", [L+ V2V(m)]t*)}
t*e M
>2 sup IEv [(t*,t) — 3(t*, [L + V2V ()]t")]
* ERM
=2 sup IEy [(t*,t) — 3(t*, V?V (2)t")] (2.42)
* ERM
>2 sup {(t",t) — 3(£+0)¢7|3}
t*cIRM
14113
C(£+9)
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where we used in the fourth line that Lt* = 0 and in the fifth line that, by assumption, V2V (z) <
(£+ 0)T uniformly in the ball B,,.

To conclude the proof of (2.32) we are left to estimate the the second term, [2], in the right
hand side of (2.37). Notice that the difference between Helffer and Sjostrand formulation of the
covariance and (2.37) lies in the presence of this term only. Inserting our choice of f in [2] we get,
by and application of the Schwartz inequality together with the Gauss-Green-Ostrogradskii-Stokes

formula on exterior derivatives [A],

oy < 2o Js, &I e)
T L—-6 [y e NV My

P

(2.43)

where S, denotes the sphere in IRM of radius p and centered at zero. Remembering the assumption
(2.28) on p and making use once again of the upper and lower bound (2.30) on V2V (z), classical
gaussian type estimates yield:

fSp e—NV(z)dM—l(m)

fB,, e—NV(z)gM 4

Sexp{—M [ﬁ;—gK—l—an}} <e ™M (2.44)
To prove (2.33) let us set f(z) = vN(t,z) and V,(z) = V(z) + s% for s € [0, 1]. Then note

that on one hand,
1 s
lnlEVe(f_EVf) = / ds/ ds'lEVS, (f — IEVS,f)2 (2.45)
0 0

while on the other, V2V, (z) = V2V (z). Therefore applying (2.32) to the summand in the r.h.s. of
(2.45) immediately yields (2.33). Thus Lemma 2.4 is proven.<

Proof of Proposition 2.2: Proposition 2.2 this is an immediate consequence of Lemma 2.3
and Lemma 2.4 since the condition (1.12) on p always allows us to chose p = p(N) with p(N) a
decreasing function of N that goes to zero as IV diverges. This concludes the proof of Proposition

2.2.

Assuming Proposition 2.1, this concludes the proof of Theorem 1.1., since the difference be-
tween the logarithms of all Laplace transforms for different p goes to zero by (ii), the difference
arising from the different centering between Land £ goes to zero by (iii), and the original Laplace
transforms £ are related to £ by (i). $<

3. Proof of Proposition 2.1

We conclude the proof of Theorem 1.1 by proving Proposition 2.1. It is largely based on results
from [BG2] which we collect in Theorem 3.1 and Lemma 3.2 below. For any p > 0 and & € IRM

11



we define the ball B,(z) = {y € E{M‘Hm —yll2 < p}, and we denote by BE(x) it’s complement in
IRM. We recall from (1.7) that B,()”’s) = B,(m{**)) where the points m(**) are defined in (1.6)
and we denote by R, the complement of the union of these balls:

R, = U Bi») (3.1)
pef{l,....M(N)},se{—1,1}

Note that the balls in the previous union are disjoint provided that p < m*/+/2.

Theorem 3.1: ([BG2], Theorem 1).There exists v, > 0 and finite positive constants ¢y > 1/2,
c1 > 0, such that for all B > 1, for \/a < v.(m*)?, if p > 02 then, with probability one, for all

m*

but a finite number of indices N, for all z € R,
o - ® L1y > *)? inf — sm*(8)e"||2 3.2
pn ()=o) zaam)? il e (@] (32)

With the notation of Theorem 3.1 we have:

Lemma 3.2: For all 8 > 1 and \/a < v,(m*)?, if o2 < p < m*/\/2 then, with probability

m*

one, for all but a finite number of indices N, for all p € {1,...,M(N)}, s € {—1,1},

)

Qg (BY") > em#0M (3.3)

ii) there ezists a constant cg > 0 such that

éﬁ,N (Rp)

— < eme2fM (3.4)
Q,B,N (Bgﬂas))
i) for all b> 0 such that p+b < v/2m*,
Qﬁ,N B(I‘yZ)
1< ( or ) <1+e2PM (3.5)

where ¢y is the constant appearing in (3.4).

Proof: (3.3) and (3.4) were proved in [BG2]. As it will be useful to us later on, let us mention
that in the course of the proof of (3.3), we established in particular that:

A (;L,s) M/2
Oo. () Zon _(BNNY L ot N (5= im0
o—BNT; x (mG D) o

>e—63,6M

{zEB,(,”’S)} (36)
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for some constant cs > 0. The lower bound of (3.5) is immediate while it’s upper bound is a direct
consequence of (3.4). To obtain it we write Bf)’jr’z) =By B‘()’i’z) \ B¢ But if p+b < m*/v/2
then B,()’i’,f) \ B ¢ R, so that

M <1+ _ QN (R,) <1+e M (3.7)
G (B[()M,s)) S G (B‘()u,s)) <

A main tool to compare the measures éﬁ, ~ and Qg n will be to use the strong concentration

properties of N, p%[v This is the content of the next

Lemma 3.3: Foralléd >0 seta=4d+ ﬂMN Then, for all p > a,

Nin (Bp-aly = @) = € 2N < Wiaep, () S NGN (Bpaaly — @) +2e7 2V (3.8)

Before proving Lemma 3.3 let us show how it enables to relate the measures of balls:

Lemma 3.4: For alléd >0 seta=0d+ ﬂMN Then, for all p > a,

Op.n (Bp—a(m(“’s))) —e I < g,y (Bp(m(”’s))) < Opn (Bp+a(m("’s))) +2e”#N (3.9)

Proof: By definition of é we have:
Qv (BY)) = / N3k (Bo(mt*) — 2)) dQg v () (3.10)

Lemma 3.4 is an immediate consequence of the above identity and the estimates (3.8) of Lemma

3.3.%

Proof of Lemma 3.3: The basic ingredient of the proof is the following gaussian isoperimetric

type inequality:
Lemma 3.5: for all§ >0 seta=4§+ ﬁMN Then,

N (BE(0)) < e~ 38N (3.11)

Proof: It is a simple consequence of the following well-known “gaussian” concentration inequality

(see e.g. [LT]): denoting by IE s the expectation with respect to J\/’é‘j{, we have, for all § > 0:
_gN92
Nin {llzlla > Eyllz]l2 + 6}) < e PN (3.12)

13



As direct computation yields IE yr||z||3 = ﬁMN we have, by the Schwartz inequality, [Ex||z]|2 < 4/ ﬁMN,
which together with (3.12) entails (3.11).$

Now to prove the lower bound in (3.8) let us consider the quantity Né‘;fv (Bp—a(y — x)) and

rewrite it as
Nﬂ]‘;[\l (Bp—a(y - z)) = p—a + v]p—a (313)

where

8N M/2 a2
Ip—a = (ﬁ dM ze 2ANIl ”2]I{z+z€Bp_a(y)}I[{z€Ba(0)}

oy . (3.14)
Jp—a = <§> /dMZC_%ﬁN”z”g]I{z+z€Bp_a(y)}]I{z€Bg(0)}
Then note that on the one hand,
Jyu < (B—N>M/2 / dMze 3PNIZIR T pe )y < €7 3N (3.15)
pma S| oo {zeB5(0)} =

where the last inequality is nothing but Lemma 2.3. On the other hand, using that

IiztzeB,_ o)} LzeB.(0)) < LizeB,w)} LzeBa(0)}5

1. <(” " dM ze= 3PNzl T <1 1
p—a < | S ze”? {2€B, )} NzeB.(0)} < TioeB, ()} (3.16)

2T

and inserting (3.15) and (3.16) in (3.13) gives the lower bound of (3.8). To prove the upper bound,

we consider the quantity J\/’é‘fv (Bp+a(y — x)) and rewrite it as
Nt (Bota(y —2)) = Ipta + Jpta (3.17)

Trivially, Jp+a > 0 while, using that ]I{z+:ceBp+a(y)}]I{zeBa(0)} < ]I{zeBp(y)}]I{zeBa(O)};

™
BN\ M/ 1N 3.18
> Tfaen, ) [1 -2 (g dMze™2 N ey oy (3.18)

2 Naen, () [1 - 26—%mv52]

BN\M? 1 ipnpa
Ipia > (2—> /d ze 2PNV e g, (y)} MaeB, (v)} L{zeBa(0)}

where the last inequality again follows from Lemma 2.3. (3.18) together with (3.17) gives the bound
of (3.8). This concludes the proof of Lemma 3.5.{

We are now ready to prove Proposition 3.1.

Proof of proposition 3.1, part i): Assume that p and a are chosen in such a way that both

satisfy the assumptions of Lemma 3.3 and Lemma 3.4. We will first prove an upper bound on Ef,” -2)
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in terms of £*). Remembering the definition (2.5) of /") we have:
Qo (BE)) £430, (1

M/2 .
1 (ﬂ_N> /sze—,@N@g,N(z)-H/N(t,z—X(”’s))]I

" Zsn \ 27 {zeBy7}
M/2 o
:_Zl (gﬂ) /sze—%ﬂN||z||§+\/N<t,z—X“" ))EaeﬁN(mN(v),Z)]I{ o)
BN \ 2T 2€B
—VN (X ") . . M/2
€ 1pN|mn(0)+ =2 ( BN / M _—3BN|z—(mn (o) + 52213
R (O svrlle (22 dMze”? avn )l .
Z37N € ( 2 > =€ {zEB,(,”’ )}
—VN(#X* ) ) e
:e Zﬁ . lEaezﬂN“mN(a’)‘Fﬁm”zNﬂl\]JV (Bp(m(p,s) _ (mN(a) + ﬂ\t/ﬁ)))
’ (3.19)
Therefore using the lower bound of (3.8),
LY () < Ty + T (3.20)
where
_13N52+L £|2 o
=_2" ool B, 38N Imn (@) +VN (tm (o) -X %)
Qp,N (Br(a”’s)) Zg.N
3.21
_ e2s ll: 1BN|mn (o)I34+VN (t,mn (o)X **) 20
T2 = Eg'ez ]I{mN(a)+t/\/NEB‘(,‘_L,_’:)

é,@,N (Bﬁ”’s)) Zg,N

To bound Ty we will first make use of (1.14) from Lemma 1.3 to write that ||7(“’s)||2 < p+m* and

thus 1 2 1 2
o~ EBNE 424 [¢]3

T, < VNIt (5+m*) [ o38N [lm (@)[3+VN (tma (@) (3.22)

Qs N (Br(:”’s)) Zg,N
On the other hand, it is immediate to see that for IV large enough, on a subset of Q of probability
going to one exponentially fast, |my(o)|2 <2 (c.f. e.g. [BG2]). Therefore, on that subset,

1 2 1 2
—18N&2+ L |t
2 23 2 ~ *
Ty <€ eV NItz (p+m" +2)

= éﬂ,N (B‘(),L,s))

<o~ $BNE+55 1t +(p+m" +2)VN|[t]+38M

(3.23)

<e~ 38N +4VN||t|2+38M

where the second inequality follows from (3.3) and where we used in the third one that g | 0
as N 1T oo while m* < 1 and ||¢||2 is finite. Let us now turn to the term 75. Just note that

{a | mn (o) +t/VN € Bf)i’z)} C {a | mn (o) € B;(:II:)+||t||2/W} so that we immediately have

Qs (B(MS) )

ptat|tl/VN

Q&N (BE)M,S))

Ty < etz LU (1)

(3.24)
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and all we need to do is to show that the last ratio is close to one. Treating it’s numerator with
the help of the upper bound of lemma 3.5 we have, if p 4+ 2a + ||t|l2/VN < m*/V/2,

Qv (BY o) < S G B
éﬁ,N (B,g“’s)) a éﬂ,N (B;(IH’S)) éﬂ,N (B,(;”’s)) (3.25)

<14 e 2PM | 9= 3ONT +30M

where we have used the upper bound from Lemma 3.3, iii), to bound the first term in the right
hand side of the first line and the estimate (3.3) from Lemma 3.3, i), to bound the second term.

Finally inserting (3.24) in (3.25) yields
T < sty p(1s8) (1 (1 4 g=c2BM | 9,~1BN&*+18M 3.96
25e€ () (1 +e +2e (3.26)
and (3.23), (3.26) together with (3.20) give

e—ﬁlltllég(/ﬁ\sr?p(t) < e BN +4VN|tla+38M E};’f}\sr?,,(t) (1 4 e2BM 26—%ﬂN52+%ﬂM) (3.27)
From this we see that § must be chosen in such a way that the first term in (3.27) vanishes while
at the same time the last factor goes to one as N goes to infinity. Clearly the only constraint lies

in making the first term small. Distinguishing the two cases M < +N and M > N we set

5 (B+8litll2 +2c4) 50w M < VN (3.28)
B+ 8l +2¢0) 2L it M > VF '
for some constant ¢4 > 0. With this choice we have,
e—%ﬂN52+4\/N||t||2+%ﬁM < e_C4{\/N/\M} < e—caM (3.29)
and,
eme2PM | 9e—3BNE+3BM < 3o—csM (3.30)
for some new constant c¢5 > 0. Collecting (3.27), (3.28) and (3.30) finally yields,
e I LY (1) < emeM 4 LU (1) (1 + e M) (3.31)

The proof of the corresponding upper bound on L in terms of £ follows the same pattern.

Starting from (3.19) and using this time the upper bound of (3.8) we get

LYW () > T + T (3.32)
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where T} = 277 > 0 and T3 is defined exactly as T, but with the characteristic function of the
event {mN(a) +t/VN € B(’"s)} replaced by that of the event { ~n(o) +t/V/N € B(“’s)}. Thus,

pta
assuming that p — (2a + [|t]|2/vN) > 0

Qs (BI el /\/N)

T’ 625 llel3 E(ﬁljl’\‘;?p( ) (H’s) (3.33)
Op,n ( )
and proceeding as in (3.25), substituting the upper bounds by the appropriate lower ones,
(1,8) 5 (1:8) 1 g ns2
5.7 (B o) e (B i) o erfN
O (m,8) - O (1,8) O (m,8)
() C () G (@)

> 1 e dONT oM

>1—e uM
where the last line follows from the choice of § made in (3.28). Therefore, inserting (3.34) in (3.33),

Ty > et £n0) (1) (1 — e=oaM) (3.35)

7 ,P

From this and the fact that 77 > 0, (3.32) yields

e BB LD, (0 > £, (1 - em™) (3.36)

If thus p satisfies the various constraints appearing in the course of the proof, then (3.31) and
(3.36) are the desired upper and lower bounds of (2.7). We are left to show that our choice of §
allows us to choose such a p. More precisely, this will be the case if we can choose p such that
p+2a+ [[to/VN < m*/v2, and p— (20 + [t]]»/VE)

definition of a we have

ﬁ. Inserting our choice of § in the

< [(B+8||t||2 + 2¢4) + 1]2 1;; i M <VN

:[(ﬁ+8“t“2+264)+1]%\}— M it M > /N

g

(3.37)

Since ||t||2 is finite, ||t]la/v/N < a for large enough N in both cases so that our conditions are
fulfilled for p taken as in (2.7). This concludes the proof of part i) of Proposition 3.1. {

Proof of proposition 3.1, part ii): Let p and p satisfy the assumptions of the proposition and
take & as in (3.39). Remembering the definition (2.5) of £U*") (see also the first equality in (3.19))

we have

LYY, () =Ty + Ty (3.38)
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T = t
F= 5 (p) H
’ ) (3.39)
2
Ty =— 1 (ﬁ_N> /sze—ﬂN%,N(z)+x/ﬁ(t,z—f(”'s)) e
Qﬂ,N (Bgﬂas)) Z,@,N 27 {ZEBP \Bﬁ }
With our choice of p and é and since g > cog, Lemma 3.3, iii), applies and yields
éﬂ,N (B(_ﬂ,s))
1> — VA T S (3.40)
Qﬂ,N (B‘(,”’s)) 1+ e—¢2
Thus
LY (1) > Ty > LY (1) (1 — e=e2PM) (3.41)
It now remains to prove an upper bound for fg. Making use of Theorem 3.2 we have
~ e—BN2s n(mbY)
=7 )
Qp,N (Bp”’s ) Zg,N
M/2 —_
x (ﬁ_N> / dM ye—BNer(m™)? [z=m ) |3+ VN (£,2= X7 (3.42)
2

{renirage}
o M/2

<e—BM VN (t;m) X7 (ﬂ—N> /dM"e_ﬁNCI(m*)z”uugwﬁ(t’")H{H I2>p
< . ull2>p}

where we used (3.6) to bound the ratio appearing in the first line, and performed the change of

variable u = z — m(#*). Now by (1.14) (¢, m#*) — 7(”’5)) < ||lt||2p- Therefore, classical gaussian
tails estimates yield

T, <ocsBM VNtls (ﬁ_N

M/2
> /dMue_ﬂNcl(m*)zIIUII§+\/N(t,u)]I
2m {lu

l2>p}

ll#)12 M/2
<o csBM VR tl25 oy (ﬁ_N> / M o= BNer(m* 2 lulld
- 2

BVNcy(m*)2

{uuuzzfs—¢} (3.43)

lle) 2
SG_CSﬂMev N||t||zpe Bey

P o —vBNecy (m*)? (ﬁ— Itll2
m (&

2 M/2
;a\/ﬁcl(m*)z) ( 1 )
c1(m*)?(1 =)

for any 0 < v < 1. As Np? = é2M and since p > p, we easily see that, for N and ¢(8) large enough,

0< Ty <e M (3.44)

for some constant cg > 0. Combining (3.44), (3.41) and (3.38) proves part ii) of Proposition 3.1.
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Proof of Proposition 2.1, part (iii): : We proceed as in the proof of part (i). Note that
5 (1:9)) (7%
Op v (B A

1 BN\ M/ M. —BN®
- (= - g,~(2) 1
Zon (27r> /d ze (z,1) {zEBI(J,L,s)}

1 ,BN M/2 u
= — —_— d _ﬂN(I)’@’N(z) t ]I H,s
Zg,N (%) / “ (m ) {zeB("7}
1

BN\ M2 1 i
=7 (2—> /sze_fﬂN”z"ZIEgeﬁN(m”(”)’z)(Z—mN( ) +mn(o
B’N ﬂ-

M/2
__t (ﬁ_N> /dM vem PN [ PN (mx (0)2) (1 (o)
Z37N 2w

{ EB(" S)}

{ eB)
M2 N
"‘KIN (g_i:’) /sze—,@N‘:I)ﬁ,N(Z) (z — % Z{ tanh(B(&:, ) {zeBy")

= (1) + (1)

(3.45)

Term (I) is dealt with exactly as was done in the estimations for the Laplace transforms. We do
not repeat the details. (I7) is a boundary term: Namely,

M/2
(IT) ﬁN; (g—N> / ( )szV-(te_ﬁNq)ﬁ'N(z)) (3.46)
B,N Vs BP“’S

and so just as in the estimate of the term [2] from (2.39), we get that

|| 2 A(B) — (V) Itz -
|(IT)| < N oXP <—M [QW —1In 2]) ﬁN (3.47)

Putting this together concludes the proof of the Proposition and hence Theorem 1.1.<$
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