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Multicomponent incompressible fluids – An asymptotic study
Dieter Bothe, Wolfgang Dreyer, Pierre-Étienne Druet

Abstract

This paper investigates the asymptotic behavior of the Helmholtz free energy of mixtures at
small compressibility. We start from a general representation for the local free energy that is valid
in stable subregions of the phase diagram. On the basis of this representation we classify the
admissible data to construct a thermodynamically consistent constitutive model. We then analyze
the incompressible limit, where the molar volume becomes independent of pressure. Here we are
confronted with two problems:

(i) Our study shows that the physical system at hand cannot remain incompressible for arbi-
trary large deviations from a reference pressure unless its volume is linear in the composition.

(ii) As a consequence of the 2nd law of thermodynamics, the incompressible limit implies that
the molar volume becomes independent of temperature as well. Most applications, however, re-
veal the non-appropriateness of this property.

According to our mathematical treatment, the free energy as a function of temperature and
partial masses tends to a limit in the sense of epi– or Gamma–convergence. In the context of
the first problem, we study the mixing of two fluids to compare the linearity with experimental
observations. The second problem will be treated by considering the asymptotic behavior of both
a general inequality relating thermal expansion and compressibility and a PDE-system relying on
the equations of balance for partial masses, momentum and the internal energy.

1 Introduction

As a rule, real world fluids – solutions, electrolytes, fluid mixtures etc., but also supposedly pure sub-
stances – are composed of several constituents and are termed multicomponent fluids. Recently, it
has turned out that new energy technologies require a consistent coupling of flow of matter, diffu-
sion, chemical reactions and further purely mechanical phenomena. For fluid mixtures, the resulting
equations raised new interest also in the PDE community. In fact, only few results are available for
reaction–diffusion systems coupled to fluid dynamical equations. Moreover, these results almost all
concern so-called ideal mixtures. Non-ideal fluid mixtures are treated for example in [BDa]. There the
analysis of a general class–one model was presented, without other restrictions on the thermodynam-
ical potential – in this case the Helmholtz free energy – than being a function of Legendre–type.1 In
[BDb], the results of [BDa] for the isothermal case are extended to incompressible mixtures.

For a physical body, the molar volume υ expresses how much volume is locally available per mole. In
a multicomponent system, the amount of matter (how many moles) which is overall necessary to fill
a certain volume depends on temperature and pressure, but also on the composition of the mixture.
This relationship, called the thermal equation of state, is an algebraic equation of the form

υ = υ̂(T, p, x1, . . . , xN) , (1)

1A function f defined in an open convex set D ⊆ RN is called of Legendre–type if it is continuously differentiable and
strictly convex in D and the gradient of f blows up at every point of the boundary of D (see [Roc70], Section 26).
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D. Bothe, W. Dreyer, P.-É. Druet 2

in which the variables T (absolute temperature), p (pressure) and x = (x1, . . . , xN) (mole fractions,
expressing the composition) describe the state of the body, and υ̂ is a constitutive function.

We define incompressibility of a multicomponent fluid as zero compressibility, i.e.

∂pυ̂(T, p, x1, . . . , xN) = 0 , (2)

meaning the pressure–invariance of the molar volume at fixed composition and temperature.

This concept still allows for local changes of the molar volume and the total mass density due to
variations of temperature and/or composition. However, in the present paper we prove by rigorous
asymptotics that the thermodynamical stability of the incompressible phase imposes (in a neighbor-
hood of some reference state) the conditions

∂T υ̂ = 0 and D2
x,xυ̂ = 0 . (3)

In other words, a thermodynamically consistent equation of state for an incompressible fluid mixture
does not depend on temperature and it is linear in the composition,

υ = υ̂(T 0, p0, x) =
N∑
i=1

υ00i xi , (4)

with constants υ001 , . . . , υ
00
N

2. Similar volume constraints have been used to express incompressibility
in [BD15], [DGM13], [DGL14] and [Mil66, JHH96, DNB+15].

As a consequence, the asymptotic model forbids thermal expansion and nonlinear volume effects in
the composition variable, two conclusions that seem counter intuitive. Indeed, in Section 4 we consider
more refined scaling arguments such that these conclusions can be weakened. To this end we study
the full compressible PDE-system of mixtures of fluids. There are flow regimes, where it is necessary
to distinguish between the conclusions of thermodynamically consistent models for compressibility
zero, and the behavior of the solutions to the PDE-system that describe multicomponent fluids at low
Mach–number.

It is well known that the chemical potentials for incompressible multicomponent fluids and for com-
pressible mixtures in the low Mach-number regime are linear in the pressure. In fact, for both cases
the chemical potentials of the N constituents indexed by i = 1, ..., N can be written as

µi = µ̂i(T, p, x1, . . . , xN) = υ00i p+ µ0
i (T, x1, . . . , xN) . (5)

Note that the pressure term in the chemical potentials induces the coupling between transport of
matter, diffusion and chemical reactions. That term leads to a considerable complication of the math-
ematical analysis. Some analysis of weak solutions of the same kind of model was also performed in
[Dru21].

So far we already introduced two constitutive functions, viz. (1) and (5). However, the PDE-system of
a fluid mixture contains further functions of that kind. For example, diffusion fluxes, reaction rates, the
heat flux and the specific enthalpy are likewise given by constitutive functions. In this context there
arises the problem of thermodynamic consistency of the PDE-system because the data for these
functions often result from quite different sources. In this paper we derive all these functions from a
potential, the Helmholtz free energy density, with special features such that thermodynamic consis-
tency is guaranteed. But when we ask for the origin of the free energy function, we are confronted

2 Depending on the context we shall denote the reference values of temperature and pressure by (T 0, p0), respectively
(TR, pR). We use the superscript 00 (resp. R) to denote the values of thermodynamic functions in the reference state.
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Multicomponent incompressible fluids 3

with new problems because free energy models are not directly determined in experiments. Exclu-
sively some derivatives of the free energy are measured. For this reason we shall construct some
representation theorems of the free energy function in terms of independent measurable quantities.

2 Thermodynamics of multicomponent fluids

In this section, a brief introduction of thermodynamic modelling for multicomponent mixtures is given.
The model relies on the treatment that is described in the seminal handbook article by Meixner,
[MR59]. Further details are found in [dM84], [Mül85] and [BD15].

Variables. Consider a multicomponent system consisting of N ∈ N chemical species A1, . . . ,AN

which are assumed to constitute a fluid phase. Locally, we characterize the mixture by the absolute
temperature T , the partial mass densities (ρi)i=1,2,...,N and the barycentric velocity v. These quanti-
ties are the basic variables of the model.

Total mass density, total mole density and the molar volume are defined by

% =
N∑
i=1

ρi , n =
N∑
i=1

ρi
Mi

, υ =
1

n
, (6)

respectively. The positive constants Mi denote the molar masses of the constituents. For brevity in
notation we often use the notation ρ for the vector (ρ1, . . . , ρN), while % is the total mass density. The
molar volume is related to the mass density by

υ =
M

%
, (7)

where M denotes the mean molar mass, i.e.

M = M(x) :=
N∑
i=1

Mi xi , (8)

where the mole fractions are defined as xi := ni/n = ρi/(Mi n).

In single-component fluids the molar volume is defined as the specific volume, namely υ = 1/%. In
fluid mixtures the latter definition is not appropriate. Here the volume is defined as in (7) and is called
molar volume, because its physical unit is [m3/ mole].

Equations of balance. In continuum thermodynamics, the relevant equations to determine the vari-
ables are balance equations for the partial masses, the momentum and the internal energy. These
balance equations read

∂tρi + div(ρi v + J i) = ri ,

∂t(%v) + div(%v ⊗ v + p1− S) = %b ,

∂t(%u) + div(%uv + q) = (−p1 + S) : ∇v .
(9)

Here further quantities do occur that are not in the list of variables: The diffusion fluxes J1, . . . ,JN

and the reaction rates r1, . . . , rN . Moreover, we have the stress which here is decomposed into
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D. Bothe, W. Dreyer, P.-É. Druet 4

pressure p and its irreversible part S. The quantity b is the external body force acting on the fluid.
Finally, there are the specific internal energy u and the heat flux q. Except for the body force, which
is assumed to be given, these objects are called constitutive quantities because they describe the
material behavior of the special fluid mixture at hand.

The diffusion fluxes and the reaction rates are subjected to the constraints

N∑
i=1

J i = 0 and
N∑
i=1

ri = 0 , (10)

such that the balance of total mass becomes a conservation law, the continuity equation

∂t%+ div(%v) = 0 . (11)

Note that balance laws are primarily stated for the partial mass densities ρ1, . . . , ρN . Due to the simple
connection ρi = Mi ni, they imply balance laws for the mole densities n1, . . . , nN as well. However,
unlike the total mass %, the total mole density n is not a conserved quantity if chemical reactions are
involved.

Constitutive equations. The constitutive quantities are related to the variables by constitutive equa-
tions in a material dependent manner.

We assume the Newtonian viscosity model, where the irreversible part of the stress is linear in the
symmetric velocity gradient, i.e.

S = λ (div v)1 + 2 η (∇v)sym with λ ≥ 0, λ+
2

3
η ≥ 0 . (12)

The constitutive equations for the diffusion fluxes and the heat flux rely on the laws of Fick, Onsager
and Fourier, whereupon these quantities are linearly related to the gradients of inverse temperature,
1/T , and of chemical potentials, µi, more specifically

J i =−
N∑
j=1

Mi,j∇
µj
T

+ li∇
1

T
,

N∑
i=1

Mi,j = 0 for all j and
N∑
i=1

li = 0 ,

q =
N∑
j=1

lj∇
µj
T

+ κ∇ 1

T
.

(13)

In (13), {Mi,j} is a symmetric, positive semi-definite matrix. For its relationship with the Onsager
operator, see for instance [Mül85]. The coefficients lj are related to thermo-diffusion (the Soret and
the Dufour effect), while µ1, . . . , µN are the (mass-based) chemical potentials. For details concerning
the modern way of deriving appropriate representations of the fluxes, see [BD15], [BD20] and the
references given there.

The thermodynamically consistent modelling of the reaction rates assumes them exponentially pro-
portional to reaction affinities of the form

∑N
i=1 γ

k
i Mi µi/T , in which γk is the stoichiometric vector

associated with the kth reaction. If there are NR ∈ N0 independent chemical reactions, then a ther-
modynamically consistent choice is

ri = −
NR∑
k=1

Rk

(
1− exp(αk

N∑
j=1

γkj Mj µj/T )
)
γki Mi , (14)
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Multicomponent incompressible fluids 5

in which Rk and αk are some positive functions of the local thermodynamic state. Each reaction
conserves the mass, i.e. we have

∑N
i=1 γ

k
i Mi = 0.

The crucial constitutive quantity relating the chemical potentials to the main variables is the (Helmholtz)
free energy density. It is defined by the combination %ψ := %u−T %s with the internal energy density
%u and the entropy density %s. In the current context, the most general constitutive function for the
free energy density has the form

%ψ = %ψ(T, ρ1, ρ2, . . . , ρN) , (15)

and then the (mass–based) chemical potentials are given by

µi =
∂%ψ

∂ρi
for i = 1, 2, . . . , N . (16)

If the free energy function (15) were given, the second law of thermodynamics implies rules whereupon
the other constitutive quantities can be calculated, viz.

p = −%ψ +
N∑
i=1

ρi µi , %u = −T 2 ∂T (%ψ/T ) , %s = −∂T%ψ . (17)

A proof of this proposition may be found for instance in [BD15].

The existence of a free energy function %ψ(T, ρ1, . . . , ρN) allowing to apply (16) and (17) is a nec-
essary condition to formulate constitutive equations for the fluxes and the reaction rates of multicom-
ponent systems. Moreover, the existence of a free energy function is the guarantor for thermodynamic
consistency of these models. But thermodynamic consistency requires more than the equations (16)
and (17): Additionally, there are some inequalities. Two of them have already been stated for the New-
tonian viscosities, namely (12)2,3. Further inequalities concern the chemical potentials and the specific
internal energy. They read{

∂µi
∂ρj

}
i,j=1,...,N

is symmetric, positive definite and
∂u

∂T
> 0 . (18)

There is a special case for which the system of PDEs resulting from the balance equations (9) is well
studied. This concerns the class of ideal mixtures. Here, the chemical potentials obey

µi = µ̂i(T, p, xi) = gi(T, p) +
RT

Mi

lnxi , (19)

where the functions g1, . . . , gN are the specific Gibbs energies of the pure constituents, R is the
universal gas constant, and xi = ni/n are the mole fractions3. Usually, the specific Gibbs energies
are not explicitly given, rather they must be read off from data tables.

However, there is one exceptional special case. For mixtures of ideal gases, the specific Gibbs ener-
gies may be explicitly calculated from statistical mechanics, resulting in

gi(T, p) = hR
i − T sRi +

RT

Mi

[
(zi + 1)

(
1− TR

T

)
− ln

(( T
TR

)zi+1 pR

p

)]
. (20)

3The construction of %ψ for chemical potentials obeying the additive splitting µ̂i = g(T, p) + ai(T, xi) is recalled in
the Appendix B. It turns out that the choice of the functions ai and gi is subject to mathematical restrictions in order to
guarantee the compatibility with (16) and the thermodynamic consistency.
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Herein, the constants zi indicate one-, two- and more-atomic gases according to the numbers zi =
(3/2, 5/2, 3), respectively. The constants hR

i and sR
i denote the specific enthalpies and specific en-

tropies, respectively. For many pure substances, the entropy constants are determined and tabulated.
This does not apply for the enthalpy constants. For given chemical reactions, the relevant combina-
tions (

∑N
i=1 γ

k
iMih

R
i )k=1,..,NR only may be determined and can also be found in tables. In mixtures

without both chemical reactions and phase transitions the enthalpy constants are not relevant.

General representation for the free energy, Part 1: Preliminaries. The special choices (19) and
(20) are not well suited for the non-ideal case. Thus if we want to study the mathematical properties
of systems that are non-ideal, we are faced with the problem that empirical data do not primarily pro-
vide us with the free energy density as a function of the basic variables: rather they yield expressions
for pressure, specific internal energy and chemical potentials. Consequently, thermodynamical con-
sistency, expressed by the equations (16), (17) and (18), is no longer guaranteed. This observation
leads us to the following problem: Find a general representation of the free energy density in terms of
quantities resulting from a combination of theoretical and measured data.

A preliminary problem arises from the fact that empirical data usually do not use T, ρ1, . . . , ρN as
basic variables. The reason is that in experiments, temperature T , pressure p and the composition
vector, i.e. the mole fractions x = (x1, . . . , xN), are controlled.

While the pressure is related to the basic variables via (17)1, the number fractions obey

xi =
ni
n

= υ ni subject to
N∑
i=1

xi = 1 . (21)

In order to obtain a representation formula for the free energy, we adopt the change of variables

(T, n1, . . . , nN)←→ (T, p, x1, . . . , xN) . (22)

Much easier than (22) is a transformation (T, n1, . . . , nN) ←→ (T, υ, x1, . . . , xN) because the
molar volume υ is introduced by the simple relation ni = υ−1xi for i = 1, . . . , N . Therefore we
perform the transformation (22) by two steps according to

(T, n1, . . . , nN) ←→ (T, υ , x1, . . . , xN) ←→ (T, p, x1, . . . , xN) . (23)

Due to the constraint
∑N

i=1 xi = 1, the number of independent variables does not change here.

For a local thermodynamic quantity f , given by a constitutive function f(T, ρ1, . . . , ρN) of the basic
variables, we denote by f̄(T, υ, x1, . . . , xN) its representation in the variables (T, υ, x), and by
f̂(T, p, x1, . . . , xN) its representation in the variables (T, p, x).

The change of variables (23)2 needs an additional constitutive equation. This is the so-called thermal
equation of state, relating the pressure to the chosen variables. The most general constitutive law we
can expect in the current context is given by

p = p̄(T, υ, x) ←→ υ = υ̂(T, p, x) . (24)

The invertibility of (24) is guaranteed by the convexity of the free energy function. A proof of this
proposition will follow below. More comments on the rules of the combined transformations (23) are to
be found in the Appendix A.

DOI 10.20347/WIAS.PREPRINT.2825 Berlin 2021



Multicomponent incompressible fluids 7

Throughout the present paper, we assume that the molar volume υ can be calculated or measured in
the variables T (temperature), p (pressure) and x (composition). Hence, there is a known function υ̂
such that

υ =
1

n
= υ̂(T, p, x1, . . . , xN) . (25)

If this constitutive equation is given, we can now introduce all thermodynamic quantities as functions
of the variables T , p and x. For example, the partial mass densities obey

ρi = nMi xi =
Mi xi

υ̂(T, p, x)
=: ρ̂i(T, p, x) . (26)

A further important application of the transformation rules concerns the specific heat (at constant
pressure). Its definition requires the knowledge of both the internal energy function u = û(T, p, x)
and the combination ĥ(T, p, x) ≡ û(T, p, x) + pυ̂(T, p, x)/M(x), which is called specific enthalpy.
Then, the specific heat is defined by

ĉp(T, p, x) = ∂T ĥ(T, p, x) . (27)

General representation for the free energy, Part 2: Available data. Depending on the chosen
data, several representation theorems for %ψ can be derived. Unfortunately, the structure of the em-
pirical data–base is somehow confusing. Only the use of the variables (T, p, x) can be taken for
granted. In terms of these variables, the experimental literature often lists the molar volume, the spe-
cific heat and the chemical potentials via the so–called activity coefficients. These are related to the
chemical potentials from (16) by

µi = µ0
i +

RT

Mi

ln(xiγi) . (28)

Sometimes µ0
i is considered as a constant, then the complete (T, p, x) dependence is contained

in the activity coefficients γi. However, one also finds representations of (28) with µ0
i (T, p), then γi

exclusively describes the deviation from ideal mixtures with respect to the composition (see [PLd99]).

From the theoretical point of view we must be especially careful, because here we observe a depen-
dence between molar volume, specific heat and the chemical potentials. In fact, the pressure depen-
dence of the molar volume already uniquely determines the pressure dependence of the specific heat
and of the chemical potentials. Thus only the use of experimental data of the kind

υ = υ̂(T, p, x), cp = ĉp(T, p
0, x) and µi = µ̂i(T, p

0, x) (29)

would lead to thermodynamically consistent constitutive laws.

Our representation theorems for the free energy rely on the following data:

(a) The reference pressure p0 and the reference absolute temperature T 0 > 0,

(b) the molar volume function υ = υ̂(T, p, x),

(c) the specific heat cp = ĉp(T, p
0, x) at a single reference pressure as a function of temperature

and composition,
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(d) the purely compositional dependence of specific entropy s = ŝ(T 0, p0, x) and specific enthalpy
ĥ(T 0, p0, x) at reference temperature and pressure.

In this paper, we prefer to use the specific entropy and the specific enthalpy instead of the chemical
potentials as given data. Then the representation theorems for the free energy function assume their
simplest form. The functional relations between the two data sets can be read off from the formulas of
Appendix A.

General representations for the free energy, Part 3: Final results. Next, we represent the free
energy with respect to the above observations. The proof of the two following propositions is found in
the appendix, Section A.

At first we give the free energy density with respect to the variables T, ρ, which is needed for the
mathematical treatment starting in Chapter 9:

f(T, ρ) := %ψ(T, ρ) = n(ρ)

∫ p(T, ρ)

p0
υ̂(T, p′, x(ρ)) dp′ − p(T, ρ)

− %
(∫ T

T 0

∫ θ

T 0

ĉp(θ
′, p0, x(ρ))

θ′
dθ′dθ + T ŝ(T 0, p0, x(ρ))− ĥ(T 0, p0, x(ρ))

)
. (30)

In (30), the notations n(ρ) =
∑

i(ρi/Mi) and x(ρ) = ρi/(Min(ρ)) are just needed to switch
between (n1, . . . , nN) and (ρ1, . . . , ρN), while p(T, ρ) is the representation of the pressure in the
main variables following the definition (24). If the function υ̂ is given, the knowledge of the latter function
and of its derivatives results from (25), since π = p(T, ρ) is the implicit solution to

n(ρ) υ̂(T, π, x(ρ)) = 1 . (31)

The representation formula allows to characterize all derivatives of the free energy in terms of the
data. For the convenience of the reader, some related identities are recalled in the Appendix A.

The following alternative representation is needed to perform the incompressible limit. It gives the free
energy density with respect to the variables (T, p, x). Note that in the (T, p, x)−setting, the Gibbs
energy M(x)ĝ(T, p, x) = M(x)ψ̂(T, p, x) + pυ̂(T, p, x) is the relevant potential,

M(x)ĝ(T, p, x) =

∫ p

p0
υ̂(T, p′, x) dp′ (32)

−M(x)

(∫ T

T 0

∫ θ

T 0

ĉp(θ
′, p0, x)

θ′
dθ′dθ + T ŝ(T 0, p0, x)− ĥ(T 0, p0, x)

)
.

Finally the balance of internal energy needs a representation of the specific enthalpy. It reads

M(x)ĥ(T, p, x) =

∫ p

p0
(υ̂ − T∂T υ̂)(T, p′, x) dp′

+M(x)
(∫ T

T 0

ĉp(θ, p
0, x) dθ + ĥ(T 0, p0, x)

)
.

(33)

In using the formulae (30), (32) and (33) one must remain aware of the fact that the free energy might
not be globally smooth on the state space, but only piecewise smooth. Phase transitions can occur
upon temperature, pressure and composition.

DOI 10.20347/WIAS.PREPRINT.2825 Berlin 2021



Multicomponent incompressible fluids 9

Hence, the representation (30) might not be valid globally, but rather in a stable subregion of the state
space. By state space we denote, for the basic variables, the domain

DT,ρ = {(T, ρ) : T > 0, ρ1, . . . , ρN > 0} . (34)

In stable subregions, thermodynamics requires the strict concavity of the entropy function which, for
the free energy, is equivalent to the two following conditions:

� ρ 7→ f(T, ρ) is strictly convex;

� T 7→ f(T, ρ) is strictly concave.

3 Definition of incompressibility and resulting problems.

We now consider the asymptotic behavior of the free energy density and the resulting PDE-system for
an incompressible multicomponent fluid.

Definition of incompressibility. A multicomponent fluid is called incompressible if its molar volume
υ̂(T, p, x) exhibits only a negligible dependence on pressure; that is, the derivative ∂pυ̂ is small
compared to some empirical characteristic value. The incompressible limiting case is defined by

∂pυ̂(T, p, x)→ 0 . (35)

Essentially equivalent definitions are exposed in [BD15], Section 16 and [DGM13].

In the mathematical literature, the term ”incompressible” is a synonym for the relation div v = 0, i.e.
v is solenoidal. Due to the continuity equation, this is equivalent to %̇ = 0 (material derivative).

In conjunction with this definition of incompressibility two different problems will be met. The first prob-
lem already appears for single-component fluids, while the second problem is a feature of fluid mix-
tures: (i) The famous Boussinesq-Approximation embodies div v = 0 and nevertheless allows ther-
mal expansion, i.e. %̇ 6= 0. (ii) In a mixture, as a rule, the volume is not conserved. The standard
example adds the same volume V of water and ethanol under normal conditions of temperature and
pressure, to obtain a mixture which occupies a volume significantly smaller than 2V .

As we will see, this phenomenon likewise leads to %̇ 6= 0.

Incompressibility forbids thermal expansion. The incompressible limiting case was carefully dis-
cussed by I. Müller in his book [Mül85]. He observes at first that the limit (35) may generate problems
with thermodynamic consistency. The subject is controversially discussed even in the case of a single–
component fluid. Here we start the discussion with the fundamental inequalities (18). In Appendix A
we show that the inequalities (18) imply the further inequality

(∂T υ̂)2 ≤ − ĉpM
T

∂pυ̂ , and from (142)1 we have ∂pû = −T ∂T υ̂ − p ∂pυ̂ . (36)

For a single–component fluid, in which caseM is independent of x, both the inequality (36)1 and (36)2
form the basis of the treatment by I. Müller in [Mül85]. I. Müller argues as follows. If ∂pυ̂ = 0, then the
inequality (36)1 implies ∂T υ̂ = 0 as well. Then one obtains from (36)2 that ∂pû = 0.

DOI 10.20347/WIAS.PREPRINT.2825 Berlin 2021
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Particularly the condition ∂T υ̂ = 0 in an incompressible fluid has become known as the so-called
Müller Paradox : It seems to inevitably forbid the famous Boussinesq-Approximation, whereupon an
incompressible fluid may exhibit thermal expansion, i.e. ∂T υ̂ 6= 0. However, at least in liquids the
Boussinesq-Approximation is optimally grounded on experimental evidence.

Due to this apparent paradoxical result, H. Gouin, A. Muracchini & T. Ruggeri again picked up the
topic. The paper [GMR12] weakens the definition of incompressibility and introduces the notion of
a quasi-thermal incompressible body. Indeed, in [GMR12] the authors exclusively discuss the energy
equation (36)2 but not the inequality (36)1. Nevertheless they provide data for two interesting examples
showing that the pressure–dependence of the internal energy can not be neglected, even if ∂pυ̂ → 0
is assumed.

In [BD15] the important role of the inequality (36)1 is also discussed. The authors likewise consider
a single–component fluid and resolve the Müller Paradox on the basis of the PDE-system of motion
of an incompressible fluid. In the current paper we proceed with this discussion in Section 4, but for a
multicomponent fluid.

Incompressibility implies a linear dependence of the molar volume function on the composi-
tion. In this paragraph we derive a further surprising consequence of the incompressibility definition
(35). If we ask for convexity of ρ 7→ f(T, ρ) also for large deviations of the reference pressure, then
the function υ̂ must be linear in the composition variable x. This can be seen as follows.

By means of (30), we compute the Hessian as a sum of three matrices

∂2ρi,ρjf(T, ρ) = Aij +Bij + Cij . (37)

In the variables (T, p, x), the expressions for the matrices A and B are4

Âij =
υ̂

MiMj

∫ p

p0
(D2

x,xυ̂(T, p′, x) [ei − x] · [ej − x]) dp′ ,

B̂ij =− υ̂

MiMj

(υ̂ +Dxυ̂ · [ei − x]) (υ̂ +Dxυ̂ · [ej − x])

∂pυ̂
.

With the auxiliary function F (T, x) := −
∫ T
T 0

∫ θ
T 0(ĉ

0
p(θ
′, x)/θ′) dθ dθ′ − T ŝ00(x) + ĥ00(x), which

is independent of pressure, we obtain for the matrix C the expression

Ĉij =
M υ̂

MiMj

D2
x,xF [ei − x] · [ej − x]

+
υ̂

Mi

(
1− M

Mj

)
DxF · [ei − x] +

υ̂

Mj

(
1− M

Mi

)
DxF · [ej − x] .

We note that B̂ = λ ξ ⊗ ξ is a rank–one matrix, where

λ = − υ̂

∂pυ̂
, ξi :=

υ̂ +Dxυ̂ · [ei − x]

Mi

for i = 1, . . . , N .

For ∂pυ̂ → 0 we have λ = +∞, and we moreover observe that

Âij =
υ̂(T, p0, x)

MiMj

(p− p0)D2
x,xυ̂

∞(T, p0, x)[ei − x] · [ej − x] .

4Remark: For a function φ defined on the surface {(x1, . . . , xN ) : xi ≥ 0,
∑N

i=1 xi = 1}, the expressions

Dxφ · [ei − x] =
∑N

j=1(δij − xj) ∂xj
φ define a tangential differential operator.
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Hence the (T, p, x) representation D̂2
ρ,ρf of the Hessian matrix exists as an operator on the sub-

space {ξ}⊥, and there it is given as

D̂2
ρ,ρf(T, p, x) =

υ̂(T, p0, x)

MiMj

(p− p0)D2
x,xυ̂(T, p0, x)[ei − x] · [ej − x]

+
M(x) υ̂(T, p0, x)

MiMj

D2
x,xF (T, x)[ei − x] · [ej − x]

+
υ̂(T, p0, x)

Mi

(
1− M(x)

Mj

)
DxF (T, x) · [ei − x]

+
υ̂(T, p0, x)

Mj

(
1− M(x)

Mi

)
DxF (T, x) · [ej − x] .

(38)

Due to the condition that D2
ρ,ρf is positive definite, the latter matrix must generate a positive operator

on {ξ}⊥. But in the latter representation, the only contribution varying with pressure is

(p− p0)D2
x,xυ̂(T, p0, x)[ei − x] · [ej − x] . (39)

We conclude that unless D2
x,xυ̂ = 0, we always can find a contradiction to positive definiteness at

finite pressures.

Hence, full exploitation of the inequalities (18) has the following two consequences for the equation of
state of an incompressible fluid:

∂T υ̂ = 0 and D2
x,xυ̂ = 0 . (40)

In other words, as a direct mathematical consequence of the definition (35), the equation of state for
an incompressible fluid would assume the form:

υ = υ̂(T 0, p0, x) =
N∑
i=1

υ00i xi with constants υ001 , . . . , υ
00
N . (41)

Note that, for a mixture allowing independent vanishing of the constituents, the positivity of volume
moreover implies that the constants υ00 are all positive.

4 Thermal expansion and non–solenoidal effects in incompress-
ible mixtures

In this chapter we straighten three items. We show: (i) There is a scaling regime where thermal ex-
pansion is possible in the incompressible limit. (ii) In single-component fluids and in dilute solutions
we have div v = 0 in that scaling regime. This is not true in concentrated solutions. (iii) A linear
dependence of the molar volume on the composition vector, as it is indicated in (41), is nevertheless
capable to describe the observed non-linear composition dependence of the excess volume during
mixing of different fluids.

The compressible fluid equations. In a first step we rewrite the balance equations (9) with respect
to the variables (T, p, x) which are best suited to perform the incompressible limit. To this end the
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partial mass balances are decomposed into N − 1 diffusion equations and the balance equation for
the total mass of the mixture. Recall the definitions (6), (8) and (21) to obtain

Mi xi
υ

(
ln
(Mi xi
M(x)

))•
+ divJ i = ri ,

υ̇ − υ div v =
υ

M(x)
Ṁ(x) ,

M(x)

υ
v̇ +∇p− divS =

M(x)

υ
b ,

M(x)

υ
u̇+ div q = −p div v + S : ∇v .

(42)

Here we used the material time derivative which is defined by ψ̇ = ∂tψ+ v · ∇ψ. Next, we introduce
the general constitutive laws υ = υ̂(T, p, x) and u = û(T, p, x) = ĥ(T, p, x)−p υ̂(T, p, x)/M(x).
The derivatives of ĥ with respect to T and p are substituted by the equations (140) and (142)1 of
Appendix, Section A. Then we obtain

Mi xi
υ

(
ln
(Mi xi
M

))•
+ divJ i = ri ,

∂Tυ Ṫ + ∂pυ ṗ− υ div v =
υ

M
Ṁ −

N∑
j=1

∂xjυ ẋj ,

M

υ
v̇ +∇p− divS =

M

υ
b ,

M

υ
cp Ṫ −

T

υ
∂Tυ ṗ+

M

υ

N∑
j=1

∂xjh ẋj + div q = S : ∇v .

(43)

In order to obtain a PDE-system for the variables (T, p, x,v), we must insert here the various consti-
tutive laws from above: 1. Diffusion fluxes, reaction rates, the irreversible part of stress and the heat
flux according to (12) and (13). 2. Molar volume, specific heat and the specific enthalpy according to
the paragraph Available Data.

To study the incompressible limit of these equations, the crucial object is the constitutive function for
the molar volume υ.

A simple constitutive equation. We assume that the constitutive equation υ = υ̂(T, p, x) has the
form ∑N

i=1 υ
R
i xi

υ̂(T, p, x)
= 1− βTR

( T
TR
− 1
)

+
pR

K

( p
pR
− 1
)
, (44)

describing changes of the molar volume due to thermal expansion, elastic compression and changes
of the composition. We have N + 2 constants: The quantities υRi > 0 are the molar volumes in
a reference state with (TR, pR), β denotes the thermal expansion coefficient and K > 0 is the
compression modulus.

The simple constitutive law (44) allows a detailed and sufficient discussion of the incompressible limit.

The incompressible limit equations. In this paragraph we discuss the incompressible limit of both
the inequality (36)1 and the PDE-system (43). We follow the discussion of [BD15] that is extended
here to liquid mixtures.
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We consider a mixture with water as the solvent, which is indicated by the lower index S. Then we have
υRS = 1/55.4 L/mol for TR = 293 K, pR = 105 Pa (for xR

S = 1). In the neighborhood of this state we
have a thermal expansion coefficient of about β = 2.07 ·10−4 1/K, a bulk modulus ofK = 2.18 ·109

Pa and a specific heat of cp = 4.18 · 103 J/kg/K. Moreover, we need the reference values of viscosity
and heat conduction, which are chosen as ηR = 10−3Pa s and κR = 0.6 W/K/m.

As in [BD15], we introduce a small parameter ε � 1 and two parameters β0, α0 of order one such
that β TR = β0

√
ε and pR/K = α0ε. The choice ε = 10−4 leads to β0 = 6.07 and α0 = 0.46.

Then, up to terms of order ε2, we obtain from (44)

υ̂(T, p, x) =
N∑
i=1

υRi xi

(
1 + β0

( T
TR
− 1
)√

ε+
[
β2
0 (

T

T R
− 1)2 − α0

( p
pR
− 1
)]
ε
)
. (45)

The constitutive law (45) is now used to exploit the inequality (36)1. In this chapter it suffices to simplify
the subsequent discussion by assuming hat the specific heat function ĉp(T, p, x) is given by a positive
constant. Then (36)1 may be calculated in the highest order as

β2
0 ε <

cp T
RMS

pRυRS
α0
TR

T

1 +
∑N−1

i=1 (Mi

MS
− 1)xi

1 +
∑N−1

i=1 (
υRi
υRS
− 1)xi

ε . (46)

Note that the smallness parameter ε from (45) drops out here.

Next we prepare the PDE-system (43). At first we rewrite the equations (43) in a non–dimensional
form. To this end we introduce dimensionless quantities indicated by a prime: (i) time and space as
t = t0t

′, x = L0x
′, (ii) the variables except the dimensionless mole fractions as T = TR T ′,

p = pR p′, v = v0 v
′ with v0 := L0/t0, (iii) reaction rates, molar volume and specific enthalpy as

ri = MS/(υ
R
S t0) r

′
i, υ = υRS υ

′ and h = pR υR
S/(MS T

R)h′, (iv) the fluxes J i = L0/t0MS/υ
R
S J
′
i,

q = κRTR/L0q
′, (v) the irreversible part of the stress S = ηR/t0S

′
.

The phenomena that are included in the current model are diffusion, chemical reactions, convective
and non-convective flow of mass and heat conduction under the force of gravity. These phenomena
are weighted by dimensionless characteristic numbers. To perform the incompressible limit, not all
possible characteristic numbers are needed. The relevant numbers in the context of this paper are
Mach number, Reynolds number, Froude number and Fourier number, respectively. They are defined
by

Ma2 =
L2
0MS

pRυRS t
2
0

, Re =
MS L

2
0

ηR υRS t0
, Fr2 =

v20
b L0

, Fo =
κR υRS t0
MS cR

pL
2
0

. (47)

Written in dimensionless quantities and with the characteristic numbers from (47), the PDE-system
(43) reads

Mi xi
υ

(
ln
(Mixi
M

))•
+ divJ i = ri ,

∂Tυ Ṫ + ∂pυ ṗ− υ div v =
υ

M
Ṁ −

N∑
j=1

∂xjυ ẋj ,

M

υ
v̇ +

1

Ma2
∇p− 1

Re
divS =

M

υ

1

Fr2
e ,

M

υ
cp Ṫ −

T

υ
∂Tυ ṗ+

M

υ

N∑
j=1

∂xjh ẋj + Fo div q =
Ma2

Re
S : ∇v .

(48)
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The primes, indicating the non-dimensional quantities, are dropped here. The unit vector e points into
the direction of the gravitational force whose magnitude is b = 9.81 m/s2.

In order to study the low Mach number limit Ma =
√
ε with finite values of Re and Fo and a fixed ratio

Fr2/Ma, we formally expand the variables according to

T = T0 + T1Ma + . . . , p = p0 + p1Ma + p2Ma2 + . . . , x = x0 + x1Ma + . . . ,

v = v0 + v1Ma + . . . ,
(49)

and correspondingly the further constitutive functions in the relevant equations (48)2,3,4. For example,
the right-hand side of (48)2 yields in the highest order

υ

M
Ṁ −

N∑
j=1

∂xjυ ẋj = υR
S

( 1 +
∑N−1

j=1 (
υR
j

υR
S
− 1)xj

1 +
∑N−1

j=1 (
Mj

MS
− 1)xj

N−1∑
j=1

(
Mj

MS
− 1)ẋj −

N−1∑
j=1

(
υR
j

υR
S
− 1)ẋj

)
. (50)

Discussion of the incompressible limit equations. We start the discussion with inequality (46).
For a single-component fluid we have

β2
0 <

cp T
RMS

pRυRS
α0
TR

T
, implying for water 37.0 < 5618.0

TR

T
. (51)

We conclude that in the highest order the inequality (46) is satisfied even for large deviation of the
temperature from the reference temperature.

Here a short remark on the role of the inequality (36)1 is in order. In the context of thermodynamically
consistent constitutive equations, the inequality (36)1 restricts the class of admissible constitutive func-
tions. In the current study we proposed by (44) an explicit constitutive function for the molar volume.
Thus in this case, the inequality restricts the temperature domain, where the constitutive function (44)
is thermodynamically consistent.

For a multicomponent fluid we obtain from (46) the inequality

37.0 < 5618.0
TR

T

1 +
∑N−1

i=1 (Mi

MS
− 1)xi

1 +
∑N−1

i=1 (
υRi
υRS
− 1)xi

. (52)

We conclude that the highest order of the inequality (36)1 is satisfied even for large deviation of the
temperature from the reference temperature and additionally for large deviation of the composition
from the pure solvent.

Thus the limit ε → 0 allows thermal expansion. Merely at first glance, I. Müllers proposition, incom-
pressibility forbids thermal expansion is well founded [Mül85]. The inequality (52) yields the domain
for T and x, where the Müller Paradox is removed.

Next, we study the incompressible limit of the PDE-system (48). Particularly we ask whether the condi-
tion div v = 0 is compatible with thermal expansion and/or with variations of the composition. At first
we exploit the total mass balance (48)2 in the highest order. Inserting here the molar volume function
(45) and the expansions (49), we obtain

− div v0 =

∑N−1
j=1 (

Mj

MS
− 1)ẋ0,j

1 +
∑N−1

j=1 (
Mj

MS
− 1)x0,j

−
∑N−1

j=1 (
υR
j

υR
S
− 1)ẋ0,j

1 +
∑N−1

j=1 (
υR
j

υR
S
− 1)x0,j

. (53)
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Thus in the incompressible limit for mixtures of fluids we have div v = 0 exclusively for dilute mixtures,
where the mole fractions of the solute are small, i.e. for (xi)i=1,...,N−1 = (x1,i)i=1,...,N−1

√
ε. Note

that thermal expansion is allowed in any case.

Finally we represent the momentum and the internal energy equations for dilute mixtures in the incom-
pressible limit,

v̇0 +∇p2 −
1

Re
divS0 = −β0 (T0 − 1),

M

υ
cpṪ0 + Fo div q0 = 0. (54)

Observe that the higher–order pressure p2 becomes the Lagrange multiplier that guarantees the con-
straint div v = 0 for dilute mixtures and (53) for concentrated mixtures, respectively. The PDE-system
(54) together with div v = 0 constitute the Boussinesq-Approximation.

Thus we have established a thermodynamically consistent limit describing incompressible behavior of
a dilute mixture with diffusion and thermal expansion.

5 Non-linear volume changes during mixing of water and ethanol

It was already noted that the mixing of 1 liter water and 1 liter ethanol under normal conditions, i.e.
TR = 298K, pR = 105Pa, leads to a fluid mixture whose volume is significantly smaller than 2 liter. In
the experiment the mole fractions of the two fluids are controlled. The measured data show a strong
non-linear dependence of the molar excess volume with respect to the ethanol mole fraction (see the
graphics [Dat]). In this section we show that our linear constitutive law (44) is capable to explain the
non-linear phenomenon. To this end we study equilibria in a homogeneous mixture.

A simple mixing model. According with experimental observations (cf. [FI66]) we assume that the
dissolved ethanol molecules form ethanol clusters consisting of κE ethanol units via O-H bonding.
Moreover, a cluster is hydrated by κS water molecules. Thus the chemical reaction reads κA W +
κS E −−⇀↽−− C. However, even the simplest choice of κA = κS = 1 already embodies the principle
phenomenon. The three constituents W, E, C are characterized by the mole numbers NW, NE, NC,
and N = NW +NE +NC is the total mole number. NW, NE, NC are the variables. Initially N0

W =
(1 − x)N0, N0

E = x N0 and N0
C = 0 are given. The quantity x ∈ [0, 1] denotes the initial mole

fraction of ethanol.

We assume an incompressible simple mixture and use the linear constitutive law (44) at fixed temper-
ature. Then the total volume may be written according to (44) as

V = υW NW + υE NE + υC NC with constants υW, υE, υC > 0 . (55)

In order to have in the end a negative excess volume, we must have

∆υ := υW + υE − υC > 0 . (56)

Mass balance for a homogeneous mixture and mass action law. The three variables are deter-
mined by the homogeneous mass balances and by the mass action law, which is for a single reaction
the limiting case R→∞ of (14),

NW +NC = N0
W , NE +NC = N0

E , µW + µE = µC . (57)
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The solution of the mass balances (57)1,2 can be represented by

NW = (1− x− γ)N0, NE = (x− γ)N0 . (58)

The newly introduced variable γ ≡ NC/N
0 will be determined by the mass action law (57)3 for an

incompressible simple mixture, where the (mole based) chemical potentials are given by

µi = gRi + υi(p− pR) +RT ln(
Ni

N
) with constants gRi . (59)

Then γ follows from the algebraic equation (x− γ) (1− x− γ) = K γ (1− γ) where K is defined
as

K(p) := exp
(
− ∆gR + ∆υ (p− pR)

RT

)
, ∆gR := gRW + gRE − gRC . (60)

Since NC ≤ min{N0
W, N

0
E} implies γ ≤ min{x, 1− x} ≤ 1/2, we can solve this equation to the

result

γ = γ(x, p) =
1

2

(
1−

√
1− 4

x (1− x)

1 +K(p)

)
. (61)

Computing ∂pγ we easily show that p 7→ γ is increasing in p because ∆υ > 0. Moreover, x 7→ γ
has a single maximum in [0, 1].

The molar excess volume. We define the molar excess volume as

υE := V E/N0 := V/N0 −
2∑
i=1

υiN
0
i /N

0 implying υE(x, p) = −∆υ γ(x, p) . (62)

The example allows four important conclusions: (i) As a consequence of the linear constitutive law
(44) we would have υE = 0 if the mixing were not accompanied by a chemical reaction. (ii) If there
is a chemical reaction according to our simple model from above, the molar excess volume shows
qualitatively already the experimental observations. (iii) Moreover, the absolute value of the molar
excess volume increases with p which is expected. (iv) An incompressible mixture of fluids may exhibit
changes of its volume.

6 Free energy and chemical potentials for an incompressible fluid

The chemical potentials defined in (16) are the quantities directly driving diffusion and reaction mech-
anisms. At this level too, the incompressible limit has a heavy impact on the limit PDE models. Indeed,
the form of the chemical potentials for an incompressible system are significantly affected by the two
consequences ∂T υ̂ = 0 and D2

x,xυ̂ = 0 exhibited previously (see (40)).

Properties of the free energy density in the incompressible case. Due to the definition (35),
recall that we have υ̂(T, p, x) = υ̂(T, p0, x). Considering the main variables, we have

ρi = ρ̂i(T, p, x) =
Mi xi

υ̂(T, p, x)
=

Mi xi
υ̂(T, p0, x)

.
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Thus we see that the state (T, ρ) in an incompressible system is subject to the constraint

n(ρ) υ̂(T, p0, x(ρ)) = 1 . (63)

A fundamental question is next: In which subset of the state space DT,ρ can we reasonably assume
the pressure–invariance of the volume? In general this will be the case only for a certain neighborhood
B(T 0, ρ0) of the reference state – the one occurring in the formulae (30), (32).

In this paper, we will moreover postulate that incompressibility occurs only inside of regions of stability
of the free energy. Hence, ∂pυ̂ → 0 in a certain region for (T, p, x) presupposes that

D2
ρ,ρf ≥ 0, ∂2T,Tf ≤ 0

in the corresponding region for (T, ρ). In other words, where ever the convexity/concavity conditions
on the free energy are violated, it is not meaningful to perform the limit ∂pυ̂ → 0.

Due to this assumption, either the data in the material laws are so particular as to guarantee global
stability, or the range of temperatures, pressures and compositions for which we can perform the in-
compressible limit must be subject to restrictions. We will discuss both cases in our analysis.

Globally stable incompressible phase.

The first case is assuming that, inside of a certain range of temperatures ]T 0 − δ, T 0 + δ[, incom-
pressibility is valid for arbitrary compositions and pressures. As discussed in section 3, this type of
limit can occur only if the constitutive function υ̂ describing the molar volume is linear in x (see (40)).

Since the inequality (36) requires that the volume of an incompressible system is independent on
temperature, the asymptotic volume υ̂ depends only on composition, and this linearly. Hence, this
type of incompressible system is restricted by the constraint (cp. (41))

N∑
i=1

υ00i
Mi

ρi = 1 with υ001 , . . . , υ
00
N (positive) constants. (64)

Let us first describe in more details the mathematical procedure. We consider a sequence of free
energies {fm} obeying the representation (30) with data υ̂m, ĉmp (p0, ·), ŝm(T 0, p0, ·), ĥm(T 0, p0, ·)
indexed by the large parameter. We assume that these data converge –say uniformly on compact
subsets– while the isothermal compressibility β̂mT (T, p, x) = −∂pυ̂m(T, p, x)/υ̂m(T, p, x) tends to
zero for all (T, p, x). Hence, the asymptotic volume υ̂∞ is independent on p.

Suppose now that ρ 7→ fm(T, ρ) is convex, and T 7→ fm(T, ρ) is concave. We show below that
the limit of fm in the sense of epi-convergence and the representation of the free energy in the main
variables is given by the singular convex function

%ψ = f∞(T, ρ1, . . . , ρN) :=

{
%ψ∞(T, ρ1, . . . , ρN) for

∑N
i=1

υ00i
Mi
ρi = 1 ,

+∞ otherwise.
(65)

Here ψ∞(T, ρ) = limm→∞ ψ̂
m(T, p0, ρ) is the limit of reference free energies corresponding to

the isobaric system at p0. Hence, if the data ĉmp (p0, ·), ŝm(T 0, p0, ·), ĥm(T 0, p0, ·) at reference
pressure/temperature are available, and they all converge in the classical sense to corresponding
limits, we will have

ψ∞(T, ρ) :=− p0

M(x(ρ))
υ̂∞(T 0, p0, x(ρ)) (66)

−
(∫ T

T 0

∫ θ

T 0

ĉp(θ
′, p0, x(ρ))

θ′
dθ′dθ + T ŝ(T 0, p0, x(ρ))− ĥ(T 0, p0, x(ρ))

)
.
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For an incompressible system, the relations (16), (17)1 find natural generalizations in

µ ∈ ∂ρf∞(T, ρ) ,

with the subdifferential operator ∂ of convex analysis or, equivalently5 ,

µi = p
υ00i
Mi

+ ∂ρi(%ψ
∞)(T, ρ) . (67)

As shown in (38), if the pressure is allowed to exhibit large deviations above and below the reference
value p0, the HessiansD2

ρ,ρf
m cannot remain positive semi–definite on all states unlessD2

x,xυ̂
∞ = 0.

Hence, the linearity of υ̂∞ in the composition follows, in the last instance, from the assumption that
the incompressible phase remains globally stable.

This problem can only be avoided by a treatment of the incompressible limit restricted to local stable
subregions of the state space. For instance, it is sensible that a nontrivial matrix

{D2
x,xυ̂

∞[ei − x] · [ej − x]}

in (38) with moderate eigenvalues is compatible with moderate oscillations of p around the reference
value p0 and with the requirement of convexity of ρ 7→ fm(T, ρ) for the free energy. For this reason, it
is desirable to also investigate, as a more realistic concept, the more complex case of incompressibility
being assumed only locally in the state space, for a certain neighborhood of the reference state.

Locally stable incompressible phase.

We do not assume that the incompressible phase is global, but it is located around a reference state
(T 0, ρ0). The smoothness and the convexity/concavity assumptions on the free energy are valid
beyond this neighborhood.

Let us explain what this means. With D̂2
ρ,ρf(T, p, x) denoting the representation in the variables

(T, p, x) for the Hessian of ρ 7→ f(T, ρ), stability means that

D̂2
ρ,ρf(T, p, x) positive definite, ∂̂2T,Tf(T, p, x) < 0 . (68)

We assume that there is a fixed region B̂ of the reference state (T 0, p0, x0) such that the two
conditions (68) are valid and that there are two thresholds πinf < p0 < πsup such that

B̂ ⊃ {(T, p, x) : T ∈]T 0 − δ, T 0 + δ[, p ∈]πinf(T, x), πsup(T, x)[} .

Consider a sequence of free energies {fm} obeying the representation (30). We now study the
asymptotic limit ∂pυ̂m(·, p, ·) → 0 only for p ∈]πinf , πsup[, while assuming that ∂pυ̂∞ < 0 for
p < πinf and p > πsup.

As noted before, we must also have ∂T υ̂m → 0 for all p ∈]πinf , πsup[ and T ∈]T 0 − δ, T 0 + δ[.
Hence the incompressible phase is characterized by the constraint

n(ρ) υ̂∞(T 0, p0, x(ρ)) = 1 . (69)

For states not satisfying this constraint, the free energy will depend on pressure again. Consider ρ
such that n(ρ) υ̂∞(T 0, p0, x(ρ)) > 1. For all T ∈]T 0 − δ, T 0 + δ[, we must have

n(ρ) υ̂∞(T, p0, x(ρ)) = n(ρ) υ̂∞(T 0, p0, x(ρ)) > 1 .

5The function ψ∞ of (66) is defined for all ρ1, . . . , ρN > 0 and differentiable in ρ.
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Since for p > πsup the asymptotic volume is decreasing, we might find a solution π = p(T, ρ) > πsup
to

n(ρ) υ̂∞(T, π, x(ρ)) = 1 .

A similar consideration applies to states such that n(ρ) υ̂∞(T 0, p0, x(ρ)) < 1. For this type of
system, the limit free energy in the sense of epi–convergence (and even of uniform convergence) can
thus be identified as

f∞(T, ρ) =
n(ρ)

∫ p(T, ρ)
p0

υ̂(T, p′, x(ρ)) dp′ − p(T, ρ) + %ψ∞(T, ρ) for n(ρ) υ̂(T 0, p0, x(ρ)) > 1

%ψ∞(T, ρ) for n(ρ) υ̂(T 0, p0, x(ρ)) = 1

n(ρ)
∫ p(T, ρ)
p0

υ̂(T, p′, x(ρ)) dp′ − p(T, ρ) + %ψ∞(T, ρ) for n(ρ) υ̂(T 0, p0, x(ρ)) < 1

As we already stressed, this description is valid in some neighborhood of a stable incompressible
phase characterized by (69), but not globally in the state space. It is to note that f∞ is continuous, and
even continuously differentiable except in points ρ subject to (69). There, it is still sub–differentiable,
and µ ∈ ∂ρf∞(T, ρ) if and only if there exists p ∈ [πinf , πsup] such that, for i = 1, . . . , N ,

µi = p
1

Mi

(
υ̂∞(T 0, p0, x(ρ)) +Dxυ̂

∞(T 0, p0, x(ρ)) · [ei − x(ρ)]
)

+ ∂ρi(%ψ
∞)(T, ρ) . (70)

Comparing (70) with (67), the question whetherD2
x,xυ̂

∞ = 0 is satisfied or not has an essential impact
on the structure of diffusion and chemical reactions in the limit PDEs describing an incompressible
fluid.

Main findings and structure of the paper

Our analysis yields several important conclusions:

� Incompressible mixtures defined by ∂pυ̂ = 0 allow for non–solenoidal effects and thermal
expansion in certain regimes;

� Performing the low Mach–number limit while assuming globally the convexity of the free energy
leads, for multicomponent systems, to the conclusion that incompressibility implies D2

x,xυ̂ =
0. In this case, the asymptotic free energy is a singular function of the main variables, and
approaching free energy functions epi– or Gamma–converge;

� A more careful treatment is based on the assumption that the incompressible phase is (strictly)
included in a region of stability of the phase diagram, characterized by finite pressure thresholds.
The thermal equation of state is singular only inside of these thresholds. Then the asymptotic
free energy is a continuous function, and approaching free energy functions converge uniformly.

The remainder of the paper is devoted to rigorously proving the validity of these limits.

We shall, however, start with some illustrating examples in the next section.

In the section 8 we then introduce somewhat more convenient notations for the proofs, the latter
occupying sections 9–12.
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7 Two examples

7.1 The volume additive case

The thermal equation of state proposed in the papers [DGM13], [DGL14], [DGM18] is

p = p0 +K (
N∑
i=1

υ00i ni − 1) ,

describing ideal electrolyte mixtures with finite volume effects of the ions. HereK is a positive constant
(the compression module), p0 ∈ R is the reference pressure, and υ00 ∈ RN is a fixed vector. Since
the model was used in an isothermal context, the temperature–dependence of the data is not precised
further.

This model, which is slightly different from (44), is equivalently rephrased as (25) with

υ̂(T, p, x) =
K

p− p0 +K

N∑
i=1

υ00i xi .

The constitutive function υ̂ is defined for all T > 0, p > pinf := p0 − K and x1, . . . , xN > 0.
Moreover, it is linear in the composition variable.

Note that for K → +∞ (incompressible limit), we have the properties

pinf(K)→−∞ ,

υ̂(T, p, x)→
N∑
i=1

υ00i xi , ∂pυ̂(T, p, x)→ 0 pointwise.

We can put this example into the framework of ideal mixtures. If we propose the globally convex free
energy

f(T, ρ) =K
N∑
i=1

υ00i
Mi

ρi ln
( N∑
i=1

υ00i
Mi

ρi

)
+ (p0 −K)

( N∑
i=1

υ00i
Mi

ρi − 1
)

+RT n(ρ)x(ρ) · lnx(ρ) ,

we reach (19) with the choice of gi(T, p) := (p0 − pinf) υ00i
Mi

ln(p− pinf).

In the limit of K →∞, the functions ρ 7→ fK(T, ρ) epi–converge at fixed T to the limit

f∞(T, ρ) =

{
RT n(ρ)x(ρ) · lnx(ρ) if

∑N
i=1

υ00i
Mi
ρi = 1 ,

+∞ otherwise.

7.2 The non–ideal case

We revisit the example proposed in [BD15], Sec. 16. In this case, the thermal equation of state is

p = p0 +K
( n
n0
− a(T, x)

)
,
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in which a is a given function, K the constant compression module and p0, n0 reference values. This
is equivalent with choosing υ̂ nonlinear in x via

υ̂(T, p, x) =
1

n0 (a(T, x) + p−p0
K

)
. (71)

The representation formula (30) yields the free energy f(T, ρ) = fmech(T, ρ) + ftherm(T, ρ), in
which

fmech(T, ρ) :=n

∫ p

p0
υ̂(T, p′, x) dp′ − p

=K
n

n0
ln

n

n0
−K n

n0
(1 + ln a(T, x))− p0 +K a(T, x)

with n = n(ρ), p = p(T, ρ) and x = x(ρ). The terms in ftherm are given as

ftherm(T, ρ) = −%
(∫ T

T 0

∫ θ

T 0

ĉ0p(θ
′, x)

θ′
dθ′dθ + T ŝ00(x)− ĥ00(x)

)
with data ĉ0p = ĉp(p

0, ·), ŝ00 = ŝ(T 0, p0, ·) and ĥ00 = ĥ(T 0, p0, ·) that we do not specify further.

By elementary means we compute the Hessian {D2
ρi,ρj

fmech} (see (37)). We next want to discuss
the convexity/concavity of this free energy. For η ∈ Rn arbitrary, we define

ξi = ηi −
xi
υ̂
η · {1N (υ̂ −Dxυ̂ · x) +Dxυ̂} for i = 1, . . . , N .

One can verify that∑
i,j

MiMj ξi ξj
∂2f

∂ρi∂ρj
= υ̂

∑
i,j

ηi ηj

∫ p

p0
(D2

x,xυ̂[ei − x]·[ej − x]) dp′

+
∑
i,j

MiMj ηi ηj
∂2ftherm
∂ρi ∂ρj

.

Assume that f is convex in ρ, which is necessary for a stable phase. ForK → +∞, the latter implies
that

0 ≤
∑
i,j

MiMj ηi ηj
∂2ftherm
∂ρi ∂ρj

+
p− p0

a3(T, x) (n0)2
×

×
∑
i,j

ηi ηj

[2

a
ax(T, x)[ei − x] ax(T, x)[ej − x]− ax,x(T, x)[ei − x][ej − x]

]
.

Since η ∈ RN was arbitrary, we obtain from the requirement of stability that the matrix

MiMj
∂2ftherm
∂ρi ∂ρj

+
p− p0

a3(T, x) (n0)2

[2

a
ax(T, x)[ei − x] ax(T, x)[ej − x]− ax,x(T, x)[ei − x][ej − x]

]
must be positive definite. Clearly, if a is an arbitrary function, this condition cannot be valid for all
temperatures, compositions and pressures.
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For the stability of the incompressible phase, it must further hold that

0 ≥ ∂2T,Tf = n(ρ)

∫ p(T, ρ)

p0
∂2T,T υ̂(T, p′, x(ρ)) dp′ − n(ρ)

(∂T υ̂)2

∂pυ̂
− % ĉ0p(T, x(ρ)) ,

which is equivalent to

n

n0
(∂Ta(T, x))2 ≤a2(T, x)

(% ĉ0p(T, x)

K
− ∂2T,Ta(T, x) (1− n

n0 a
)
)

=
a2(T, x)

K

(
% ĉ0p(T, x)−

∂2T,Ta(T, x)

a(T, x)
(p− p0)

)
.

Hence, letting K → +∞ at fixed (T, p, x), we see that ∂Ta = 0 is a necessary requirement.

Overall, for a neighborhood of stability around the reference point (T 0, p0, x0) we get the conditions

a(T, x) = a(T 0, x) =: a0(x) ,

MiMj

̂∂2ftherm
∂ρi ∂ρj

(T, p, x) +
p− p0

a0(x)3 (n0)2
×

×
[ 2

a0(x)
a0x(x)[ei − x] a0x(x)[ej − x]− a0x,x(x)[ei − x][ej − x]

]
− positive definite.

We now assume that the Hessians of the thermal part are positive semi–definite at (T 0, p0, x0).

Then there is a neighborhood BT 0, x0 of (T 0, x0), such that for every (T, x) ∈ BT 0, x0 , we can find
thresholds πinf(T, x) and πsup(T, x) for which all states (T, p, x) subject to

(T, x) ∈ BT 0, x0 and πinf(T, x) ≤ p ≤ πsup(T, x)

belong to a stable incompressible phase. Inside of this domain, the limit free energy is of the form

f∞(T, ρ) = ftherm(T, ρ)− p0 . (72)

In order to obtain an epi–convergence result for this case, we can start from a slight modification of
the constitutive equation (71). Instead of a constant K , we choose 1/K = β̂m(T, p, x) such

lim
m→∞

β̂m(T, p, x) =

{
0 if πinf(T, x) ≤ p ≤ πsup(T, x) ,

β̂∞(T, p, x) > 0 otherwise.

Assuming that the free energies fm can be constructed globally convex, we find a non-singular epi–
limit f∞ matching the desired function (72) in the stable incompressible region.

8 Additive decomposition of the free energy

In order to study the incompressible limit and the convexity properties, we introduce a decomposition
of the solution formula (30), that we judge useful in order to extract the contributions that are essentially
affected by the mechanical properties of the system.
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The volume and the Gibbs potential

Making use of the identities ni = ρi/Mi and xi(ρ) = ρi/(Mi

∑N
j=1(ρj/Mj)), n(ρ) =

∑N
j=1 nj ,

we define a further function

V (T, π, ρ) := n(ρ) υ̂(T, π, x(ρ)) (73)

where π is a free variable. The function V is dimensionless. It is readily checked that the map ρ 7→
V (T, π, ρ) is positively homogeneous for all (T, π). Moreover, the definition (25) is simply equivalent
to

V (T, p, ρ) = 1 . (74)

We may compute that

∂ρiV (T, π, ρ) =
1

Mi

υ̂(T, π, x(ρ)) + n(ρ)
N∑
k=1

∂ρixk(ρ) ∂xk υ̂(T, π, x(ρ)) .

Recall that the composition vector x is subject to the constraint
∑N

i=1 xi = 1 and that the function υ̂
is measured only for such physical states. Hence, the functions υ̂ possess only tangential derivatives
in x. For a function φ depending on x, natural tangential derivatives are given by

∂τxiφ(x) := φxi(x)−
N∑
j=1

xj φxj(x) = Dxφ(x) · [ei − x] . (75)

This makes sense with arbitrarily chosen differentiable extension outside of the surface
∑N

i=1 xi = 1,
and is independent of the extension. Then

∂ρiV (T, π, ρ) =
1

Mi

(υ̂(T, π, x(ρ)) + ∂τxi υ̂(T, π, x(ρ)) . (76)

As an illustration, for an ideal mixture characterized by the potentials µi = gi(T, p) +RT/Mi lnxi
(cf. (19)), we have

V (T, π, ρ) :=
N∑
i=1

∂πgi(T, π) ρi, ∂ρiV (T, π, ρ) = ∂πgi(T, π) . (77)

Interpretation of the function V

With ψ being the specific free energy and ψ̂ its representation in the variables (T, p, x), the Gibbs
density g(T, p, x) is introduced via (32). The connection with the free energy results from (26) and
(32), and is directly given as

f(T, ρ1, . . . , ρN) = %ψ(T, ρ1, . . . , ρN) = % g(T, p(T, ρ), x(ρ))− p(T, ρ) . (78)

Together with (17)1, this also shows that

g(T, p(T, ρ), x(ρ)) =
1

%

N∑
i=1

ρi µi , (79)
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or equivalently, with µ̂i(T, p, x) = ∂ρif
(
T, ρ̂(T, p, x)

)
,

g(T, p, x) =
1

M(x)

N∑
i=1

xiMi µ̂i(T, p, x) . (80)

We introduce Mi µ̂i =: µ̂mol
i , the molar–based chemical potential. With the help of (32), we find that

∂p(M g) = υ̂, ∂τxi(M g) = µ̂mol
i − x · µ̂mol . (81)

Using (79), we see that x · µ̂mol = M g and might also rephrase (81)2 as

∂τxi(M g) +M g = µ̂mol
i .

Hence, building the p derivative yields ∂pµ̂mol
i = ∂τxi υ̂ + υ̂. We thus see with the help of (76) that

∂ρiV (T, π, ρ) =
1

Mi

∂pµ̂
mol
i (T, π, x(ρ)) = ∂pµ̂i(T, π, x(ρ)) . (82)

We might call V the volume potential, because for π = p, (82) shows that the derivatives ∂ρiV (T, p, ρ)
are the partial volumes per unit mass of the species Ai.

In all subsequent considerations, the primitive of V in the pressure variable, denoted by V̄ , plays an
important role. Normalized at the reference pressure p0, this function has the expression

V̄ (T, p, ρ) :=

∫ p

p0
V (T, p′, ρ) dp′ .

Clearly, (81)1 implies that

g(T, p, x) =
1

M(x)

∫ p

p0
υ̂(T, p′, x) dp′ + g(T, p0, x) . (83)

Now, (83) shows that V̄ (T, p, ρ) = % (g(T, p, x(ρ)) − g(T, p0, x(ρ))). Invoking (82), we in par-
ticular have

∂pV̄ (T, p, ρ) = V (T, p, ρ), ∂ρiV̄ (T, p, ρ) = (µ̂i(T, p, x(ρ))− µ̂i(T, p0, x(ρ))) .

The mechanically neutral part of the free energy.

Using the function g, we introduce

k(T, ρ) :=% ψ̂(T, p0, x(ρ)) = % g(T, p0, x(ρ))− p0 n(ρ) υ̂(T, p0, x(ρ)) . (84)

If all data needed in the formula (30) are directly available, then

k(T, ρ) =− %
(∫ T

T 0

∫ θ

T 0

ĉp(θ
′, p0, x(ρ))

θ′
dθ′dθ + T ŝ(T 0, p0, x(ρ))− ĥ(T 0, p0, x(ρ))

)
− p0 n(ρ) υ̂(T, p0, x(ρ)) . (85)

The function ρ 7→ k(T, ρ) is positively homogeneous, which implies that−k+ρ ·∇ρk = 0. Hence k
contributes to the free energy without contributing to the pressure (see (17)1). For this reason we might
call this function mechanically neutral. As an illustration, in the typical example of an ideal mixture, we
obtain the expression

k(T, ρ) =
N∑
i=1

µ0
i (T ) ρi +RT n(ρ)

N∑
i=1

xi(ρ) ln xi(ρ), µ0
i (T ) := −p0 ∂pgi(T, p0) . (86)

In the case that all data needed in the formula (30) are available, the function k is just an abbreviation
for (85). It is however possible that the free energy is constructed from other data. In this case it might
be useful not to further specify k.
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The additive splitting

We can now rewrite (30) as

f(T, ρ) = k(T, ρ) + p0 V (T, p0, ρ) + V̄ (T, p(T, ρ), ρ)− p(T, ρ)︸ ︷︷ ︸
=:fmech

. (87)

We note that f is the sum of k(T, ρ) + p0 V (T, p0, ρ) –which is positively homogeneous in ρ– and
of the mechanical part fmech involving the pressure.

In the introduction of the present paper, the free energy was constructed by means of the integration
method of classical thermodynamics to obtain the formula (30). From now on, we shall adopt a slightly
different viewpoint in order to study asymptotic limits: We assume that the function V of (73) and the
function k of (84) are the relevant objects. Recall that, in fact, these new ”data” are constructed from
the thermodynamic functions υ̂, ĉp(p0), ĥ(T 0, p0) and ŝ(T 0, p0).

9 The free energy function as a mathematical object

9.1 Some preliminary remarks

So far we mainly addressed the meaning of the free energy function within classical thermodynamics.
From this viewpoint, the formula (30) and its reformulation (87) are meaningful for all temperatures
and densities around the reference state (T 0, ρ0) of a certain physical system. The original data,
or the inferred ”data” V and k in (87), can be evaluated at (T, p(T, ρ), x(ρ)) for all (T, ρ) in this
neighborhood. If this region is moreover stable in the phase–diagram, the function f in (87) has to be
postulated convex in ρ and concave in T , for otherwise the data must be rejected as incompatible with
the second law of thermodynamics.

Considering now the PDEs (9)1 of mass transport in multicomponent systems, a description of the free
energy which is only local leads to state–constraints. These PDEs would loose the parabolic structure
if the convexity/concavity behavior of the free energy is violated in a neighborhood of the solution. A
local description of the free energy generates rather severe obstacles to solution, approximation or
convergence analysis with available methods.

From this viewpoint, the best case is a description of the free energy for the entire state space (T > 0
and ρ1, . . . , ρN > 0 arbitrary)! Moreover, as long as we do not expect phase–transitions of the
material, this description would be a stable one –by which we mean that f is convex in ρ and concave
in T for all states.

Such global free energy models can be constructed. The simplest procedure is to assume that the
data in the formula (87) are extrapolated in such a way that they can be evaluated at arbitrary (T, ρ).

We shall next implement this idea into some mathematical formalism. Let us at first introduce the
notations

RN

+ :={ρ ∈ RN : ρi ≥ 0 for i = 1, . . . , N} ,
S1
+ :={y ∈ RN

+ : |y|1 = 1} ,
S2
+ :={ν ∈ RN

+ : |ν|2 = 1} ,

where |x|r := (
∑N

i=1 |xi|r)1/r is the r−norm (here r = 1, 2).
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The function υ̂ occurring in (25) is a positive function of the variables T, p, x defined in a set

Dυ̂ ⊆ R+ × R× S1
+ .

The proper range of pressures and compositions for which the volume of a mixture exhibits a smooth
dependence –or can be measured at all– is obviously a delicate topic: We think of limited possibility
of the measurement apparatus, of phenomena like phase transitions, or of complex mixtures, for in-
stance electrolytes, where the charged constituents cannot vanish independently of each other. For
the reasons mentioned just before, we now assume that the volume function υ̂ possesses a domain
of the form

Dυ̂ :=]Tinf , Tsup[×]pinf , psup[×S1
+ . (88)

The latter means that υ̂ is well-defined for all possible compositions vectors x ∈ S1
+ inside of some

thresholds pinf < psup ∈ R ∪ {+∞} of pressure, and 0 < Tinf ≤ Tsup ≤ +∞ of temperature
which will be assumed independent of each other.

Minimal regularity assumptions are that the function (T, p) 7→ υ̂(T, p, x) is continuous for all x ∈
S1
+ fixed, and that the map x 7→ υ̂(T, p, x) possesses continuous extensions up to the boundary of

S+
1 (class C(S

1

+)) for all p ∈]pinf , psup[. For short, we write

υ̂ ∈ C(]Tinf , Tsup[×]pinf , psup[×S1

+) . (89)

The positively homogeneous volume-potential V introduced in (73) is then defined in

DV :=]Tinf , Tsup[×]pinf , psup[×RN
+ .

Under the assumption (89), we have V ∈ C(]Tinf , Tsup[×]pinf , psup[×RN

+ ).

If υ̂ is strictly positive, which is an obvious physical requirement, then

V (T, p, ρ) > 0 for all ρ ∈ RN

+ , ρ 6= 0 and all (T, p) ∈]Tinf , Tsup[×]pinf , psup[ . (90)

Next we want to evaluate the free energy formula for all states. This implies that we must find solutions
to the equation (74) for states ρ with arbitrary small or large norm. Hence it is necessary that the
asymptotic values of V obey

lim
p→pinf

V (T, p, ρ) = +∞, lim
p→psup

V (T, p, ρ) = 0 for all ρ ∈ RN
+ . (91)

Since we consider the system in the range where it is stable, then surely

υ̂(T, p2, x) < υ̂(T, p1, x) and V (T, p2, ρ) < V (T, p1, ρ)

for all x ∈ S1
+, ρ ∈ RN

+ and pinf < p1 < p2 < psup . (92)

To see that this condition is necessary in a smooth setting, we recall that the mass densities as
functions of the variables (T, p, x) are defined via (26). We rephrase (17)1 as p = −f(T, ρ̂) +∑N

i=1 ρ̂i µ̂i, with f = %ψ, ρ̂ defined via (26), and µ̂ := ∇ρf(T, ρ̂) depending on T , p and x.
Differentiation with respect to p yields

1 = ρ̂ ·D2
ρ,ρf(T, ρ̂) ∂pρ̂ = − υ̂p

υ̂
ρ̂ ·D2

ρ,ρf(T, ρ̂) ρ̂ , (93)

proving that υ̂ must be strictly decreasing in p for convex f .

For a strictly decreasing volume function, we can define the concept of a thermal equation of state.
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Definition 9.1 (Thermal equation of state for the pressure). Assume (89), and that the function π 7→
V (T, π, ρ) satisfies the conditions (91) and (92). Then there exists p ∈ C(]Tinf , Tsup[×RN

+ ) such
that (74) is valid if and only if p = p(T, ρ). Note that pinf < p(T, ρ) < psup by definition.

Remark 9.2 (Threshold of pressure). In consequence of (89), (90) and (91), we note that for a finite
upper pressure threshold psup < +∞, the molar volume satisfies υ̂(T, psup, x) = 0. Of course,
it is perfectly meaningful to formulate a free energy model under the restriction that its validity does
not apply to pressures exceeding some number psup. This is in the present context the source of
conceptional difficulties though, because it seems to imply that we can have volume zero at finite
pressures. Mathematically, we will see that it is not possible to construct a free energy function of
Legendre–type on RN

+ for models having a finite pressure threshold from above. Thus, it is certainly
reasonable to assume that

psup = +∞ .

9.2 A PDE for the free energy

For T fixed, the reference isobar S0 = S0(T ) at given p0 is defined as

S0 = {ρ ∈ RN
+ : V (T, p0, ρ) = 1} .

This is a well–defined hyper–surface in RN
+ : For x ∈ S1

+ fixed, the line {t x : t > 0} intersects
S0(T ) in exactly one point ρ = ρ̂(T, p0, x) with ρ̂ defined in (26).

We can then directly verify that f defined by (87) solves the following first order linear PDE boundary-
value-problem (bvp), in which the temperature is only a parameter:

−f(T, ρ) + ρ · ∇ρf(T, ρ) =p(T, ρ) for ρ ∈ RN
+ , (94)

f(T, ρ) =k(T, ρ) for ρ ∈ S0(T ) . (95)

If the ”data” V and k are not smooth – for instance merely continuous – the formula (87) does not
provide a continuously differentiable solution to the equation (94) anymore. Still, in the case that f is
convex in the variables ρ1, . . . , ρN , we can prove (see the Appendix) that it is sub–differentiable and
satisfies

−f(T, ρ) + ρ · µ = p(T, ρ) for all ρ ∈ RN
+ such that ∂ρf(T, ρ) 6= ∅, µ ∈ ∂ρf(T, ρ) , (96)

where ∂ρf is the subdifferential of ρ 7→ f(T, ρ).

The free energy of an incompressible system cannot, however, be interpreted as solution to (94) or
even (96). The reason is simple: the incompressibility is defined as ∂pV (T, p, ρ) = 0, so that the
definition of a function p(T, ρ) as implicit solution to V (T, π, ρ) = 1 is ill posed.

In order to study singular limits, we shall therefore rely on an equivalent formulation of (94), (95) which
avoids introducing the function p(T, ρ) explicitly. Due to (74) and the definition (84), the function f
also solves the first order nonlinear bvp

V
(
T, −f(T, ρ) + ρ · ∇ρf(T, ρ), ρ

)
=1 for ρ ∈ RN

+ , (97)

f(T, ρ) =k(T, ρ) for ρ ∈ S0(T ) . (98)
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The concept of solution for the problem (97), (98) can as well be generalized in the framework of
convex analysis as follows: Find a free energy function f : ]0, +∞[×RN

+ → R ∪ {+∞} such that

V
(
T, −f(T, ρ) + ρ · µ, ρ

)
= 1 for all ρ ∈ RN

+ s. t. ∂ρf(T, ρ) 6= ∅, µ ∈ ∂ρf(T, ρ) , (99)

f(T, ρ) = k(T, ρ) if ρ ∈ S0(T ) . (100)

Such weaker solutions to the problem (94) are precisely the relevant class to study mathematically the
incompressible limit. We next define the concept of a solution to the Gibbs-Duhem/Euler equation6.

Definition 9.3. Assume that V ∈ C({T}×]pinf , psup[×RN

+ ) is given, and that p ∈ C({T} × RN

+ )
is the corresponding thermal equation of state for the pressure.

(1) We call f = f(T, ·) ∈ C1(RN
+ ) a classical solution to the Gibbs-Duhem equation if the identity

−f + ρ · ∇ρf = p is valid in RN
+ (cf. (94)). We call f(T, ·) a classical solution of Legendre–type

if the two following additional conditions are satisfied:

� f(T, ·) is strictly convex;

� f(T, ·) is essentially smooth (see [Roc70], page 251): limm→∞ |∇ρf(T, ρm)| = +∞ for
all {ρm}m∈N ⊂ RN

+ approaching a boundary point of RN
+ .7

The solution is moreover called co-finite if ∇ρf(T )
(
RN

+

)
= RN (∇ρf(T, ·) is surjective from

RN
+ onto RN ).

(2) A (strictly) convex function f = f(T, ·) : RN
+ →] − ∞, +∞] is called weak solution to the

Gibbs-Duhem equation if f is not identically +∞, and for every ρ ∈ RN
+ and µ ∈ ∂ρf(T, ρ), the

identity V (T, −f + µ · ρ, ρ) = 1 is valid (cf. (99)). If ∂ρf(T, ρ) = ∅, the condition is assumed
to hold vacuously. We call f(T, ·) co-finite if the subdifferential ∂ρf(T, ·) maps RN

+ onto RN .

Remark 9.4. For a co-finite, strictly convex function f with domain in RN
+ , the convex conjugate

f ∗(x) := supρ∈RN
+

(x · ρ− f(ρ)) is continuously differentiable in the whole of RN . From the point of
view of mathematical analysis of models for multicomponent mass transport in fluids, this property is
very important, as shown in [DDGG20], [Dru21], [BDa], [BDb].

9.3 Mathematical properties of the solution formula

The equations (94), (95), in which T is only a parameter, determine the free energy function uniquely.
A-posteriori it will of course be necessary to verify the concavity in the variable T , which imposes
compatibility restrictions on the data V and k. As far as only the integration of the PDE is concerned
we shall, for the sake of simplicity, not include the temperature in the notation.

Proposition 9.5. Suppose that V = V (T ) ∈ C1,2(]pinf , psup[×RN
+ )∩C(]pinf , psup[×RN

+ ) satisfies
V > 0, ∂pV < 0 at all (p, ρ) ∈ DV :=]pinf , psup[×RN

+ . Suppose that p0 ∈]pinf , psup[ is a fixed
reference value. For (p, ρ) ∈ DV we introduce the primitive

V̄ (p, ρ) =

∫ p

p0
V (p′, ρ) dp′ , (101)

6Note that for the integration of (94), the temperature can be treated as a parameter.
7Essential smoothness for a strictly convex function implies that the classical Legendre transform and the operation of

convex conjugation are equivalent.
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and we denote by p ∈ C1(RN
+ ) ∩ C(RN

+ ) the associated equation of state according to Def. 9.1.
Assume that k ∈ C2(RN

+ ) is a positively homogeneous function. Then the formula

f(ρ) := k(ρ) + p0 V (p0, ρ) + V̄ (p(ρ), ρ)− p(ρ) (102)

provides the unique classical solution of class C2(RN
+ ) to the bvp −f + ρ · ∇ρf = p in RN with

f(ρ) = k(ρ) if p(ρ) = p0 (cf. (94), (95) or, equivalently, (97), (98)). The derivatives of the solution
satisfy

∂ρif(ρ) =p0 Vρi(p
0, ρ) + kρi(ρ) + V̄ρi(p(ρ), ρ) , (103)

∂2ρi,ρjf(ρ) =p0 Vρi,ρj(p
0, ρ) + kρi,ρj(ρ) + V̄ρi,ρj(p(ρ), ρ)

− 1

Vp(p(ρ), ρ)
Vρi(p(ρ), ρ)Vρj(p(ρ), ρ) . (104)

The solution is (strictly) convex whenever the function ρ 7→ p0 V (p0, ρ) +k(ρ) + V̄ (p, ρ) is (strictly)
convex for all p ∈]pinf , psup[ or, equivalently, if it is (strictly) sub-additive.

We next study additional properties of the solution.

Proposition 9.6. We adopt the assumptions of Prop. 9.5 and assume that

(a) psup = +∞;

(b) limp→+∞ V (p, ρ) = 0, limp→pinf V (p, ρ) = +∞ for all ρ ∈ RN
+ ;

(c) limp→+∞ V̄ (p, ρ) = +∞ and limp→pinf V̄ (p, ρ) = −∞ for all ρ ∈ RN
+ ;

Assume further that k ∈ C2(RN
+ ) is a given positively homogeneous convex function and there exist

p0 ∈]pinf , +∞[ such that:

(d) The positively homogeneous function k̄(ρ) := k(ρ) + p0 V (p0, ρ) is convex and its restriction to
S1
+ is strictly convex and essentially smooth;

(e) For all pinf < p1 < p2 < +∞ the quantity infp∈]p1, p2[ |k̄ρ(y) + V̄ρ(p, y)| tends to +∞ for
y ∈ S+

1 , y → ∂S1
+;

(f) supy∈S1
+
{p0 V (p0, y) + k(y) + V̄ (pm, y)} → −∞ for pm → pinf ;

(g) infy∈S1
+
{p0 V (p0, y) + k(y) + V̄ (pm, y)} → +∞ for pm → +∞;

(h) For all y ∈ S1
+ and p > pinf , the matrix D2

ρ,ρk̄(y) + D2
ρ,ρV̄ (p, y) possesses N − 1 positive

eigenvalues.

Then f defined by (102) is the unique co-finite, classical solution of Legendre–type to−f+ρ·∇ρf =
p such that f = k on the surface {ρ ∈ RN

+ : V (p0, ρ) = 1}. Moreover, f belongs to C2(RN
+ ) and

D2f(ρ) is positive definite for all ρ ∈ RN
+ .

A proof for the two Propositions 9.5 and 9.6 can be found in the appendix, section C.
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Thus, due to the Gibbs-Duhem equation, the free energy obeys the representation (87). Now, the data
in this formula are also restricted by the requirement of concavity in temperature. In order to verify the
validity of this condition, we compute

∂2T,Tf(T, ρ) =∂2T,Tk(T, ρ) + p0 ∂2T,TV (T, p0, ρ) +

∫ p(T,ρ)

p0
∂2T,TV (T, p′, ρ) dp′

− ∂TV (T, p(T, ρ), ρ)

∂pV (T, p(T, ρ), ρ)
. (105)

Hence, in addition to the restrictions formulated in the Propositions 9.5 and 9.6, the functions V and
k are restricted by the condition that the right-hand side in (105) is negative.

To be even more specific, employing the full formula (30) and using this time the representation in the
variables (T, p, x), we obtain

∂2T,T f̂(T, p, x) =− 1

υ̂(T, p, x)

(∂T υ̂(T, p, x))2

∂pυ̂(T, p, x)
+

1

υ̂(T, p, x)

∫ p

p0
∂2T,T υ̂(T, p′, x) dp′

− M(x)

υ̂(T, p, x)

ĉp(T, p
0, x)

T
, (106)

and the data in (30) are restricted, for all relevant (T, p, x), by the inequality∫ p

p0
∂2T,T υ̂(p′, ·) dp′ − M(x)

T
ĉp(p

0, ·) < (∂T υ̂)2

∂pυ̂
. (107)

10 The convergence result

The main result in the mathematical part of the paper concerns deriving the volume constraint which
defines the incompressible limit and the structure of the free energy. Let T ∈]Tinf , Tsup[ be fixed. We
consider a sequence of volume functions

{V m(T )}m∈N ⊂ C1,2(]pminf , +∞[×RN
+ ) ∩ C(]pminf , +∞[×RN

+ ) . (108)

The reference value p0 belongs to ]pminf , +∞[ for all m. We define

pinf := lim sup
m→∞

pminf ,

and we assume that pinf is any real value or {−∞}.
As to the general procedure, we assume that for all values of the parameter m, a free energy function
fm(T, ·) is globally available on RN

+ and ρ 7→ fm(T, ρ) satisfies all conditions for a smooth co-finite
function of Legendre–type.

To construct this function, we consider sequences {V m(T )} with the regularity (108) and, for all m,

{km(T )} ⊂ C2(RN
+ ), subject to ρ 7→ km(T, ρ) pos. homog. and convex on RN

+ . (109)

For each m, we assume that the pair of V m(T ) and km(T ) satisfies the assumptions of Prop. 9.5
and 9.6. Then, there is a unique classical co-finite solution of Legendre–type fm(T ) ∈ C2(RN

+ ) to
the problem (94), (95) (equivalently (97), (98)) with data V m(T ), km(T ).

We further assume some natural convergence properties for the data V m and km: These are:
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(i) V m(T ) converges uniformly on compact subsets of ]pinf , +∞[×RN

+ , and D2
ρ,ρV

m(T ) con-
verges uniformly on compact subsets of ]pinf , +∞[×RN

+ .

(j) There exists a function k(T ) such that km(T, ·) → k(T, ·) uniformly on compact subsets of

RN

+ and D2
ρ,ρk

m(T, ·) converges uniformly to D2
ρ,ρk(T, ·) on compact subsets of RN

+ . Moreover,
the limit k(T ) is essentially smooth on S1

+ and D2
ρ,ρk(T, y) possesses N − 1 strictly positive

eigenvalues for all y ∈ S1
+.

Then we prove that also fm(T, ·) converges, and we derive necessary structural consequences for
the limit. As mentioned in the introduction, the structure of the limit depends on the range of pressures
for which we have pressure-independence of the volume, and we consider two cases: Incompressibility
in the entire state space or incompressibility in a bounded subregion.

In the first scenario, we let the isothermal compressibility tend to zero in the entire domain of definition.
This case exhibits two striking features: First, the incompressiblity constraint is necessarily linear;
second the free energies epi–converge ([RW09], Def. 7.1), or Gamma- or Mosco-converge8 to the
limit free energy.

Proposition 10.1. In addition to the assumptions (108), (109), (i) and (j) for V m and km, we assume
that pinf = −∞, and that

(k) ∂pV m → 0 pointwise in ]−∞, +∞[×RN
+ .

Let V ∞(ρ) := limm→∞ V
m(p0, ρ) and assume that V ∞ is strictly positive on RN

+ \ {0}.

Then there is a fixed vector ῡ ∈ RN
+ such that V ∞(ρ) =

∑N
i=1 ῡi ρi. The convex function

f∞(ρ) :=

{
k(ρ) if V ∞(ρ) = 1 ,

+∞ otherwise,

is the limit of {fm}m∈N in the sense of epi-convergence, and f∞ is a strictly convex weak solution to
(97), (98). Moreover, for all (µ, ρ) ∈ RN × RN

+ the following statements are equivalent:

(1) µ ∈ ∂f∞(ρ);

(2) µ = p ῡ +∇ρk(ρ) with p = (f∞)∗(µ), (f∞)∗ being the convex conjugate of f∞.

The pressures pm(ρ) = −fm(ρ) + ρ · ∇ρf
m(ρ) satisfy the set convergence

Graph(pm) = {(ρ, pm(ρ)) : ρ ∈ RN
+} −→{(ρ, −f∞(ρ) + µ · ρ) : ῡ · ρ = 1, µ ∈ ∂f(ρ)}

= {(ρ, p) : ρ > 0, ῡ · ρ = 1, p ∈ R} ,

where −→ denotes the set convergence of Painlevé–Kuratowski in RN+1 (see [RW09], Ch. 4).

This type of limit describes the free energy of an incompressible phase assumed globally stable. The
linearity of V ∞ is a major drawback with respect to description of real incompressible mixtures. In the
next situation, we can avoid this conclusion by suitably restricting the incompressible phase.

8Since we are in a finite-dimensional convex setting, these concepts are all equivalent.
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Proposition 10.2. Assume (108) and (109), (i) and (j) for V m and km. Suppose that pinf ∈ R, and,
instead of (k), that

(k’) For x ∈ S+
1 , there are real numbers a(T, x) < p0 < b(T, x) such that ∂pV m(T, π, x) → 0

for all π ∈]a(T, x), b(T, x)[.

For the limit function V ∞ we moreover assume that:

(l) ∂pV ∞(T, p, ρ) < 0 for all p < a(T, x(ρ)) and all p > b(T, x(ρ)). Moreover, for all x ∈ S1
+,

lim
p→+∞

V ∞(T, p, x) = 0 ,

lim
p→pinf

∫ a(T, x)

p

V ∞(T, p′, x) dp′ = +∞, lim
p→+∞

∫ p

b(T, x)

V ∞(T, p′, x) dp′ = +∞ ;

(m) |∇ρV
∞| ≤ C in ]pinf , +∞[×RN

+ for some constant C > 0.

Then the threshold functions a, b are subject to the necessary condition

inf
π∈[a(T, x), b(T, x)], η∈RN

(
D2
ρ,ρV

∞(T, p0, x) + πD2
ρ,ρk(T, x)

)
η · η ≥ 0 for all x ∈ S1

+ .

Moreover, for all ρ ∈ RN
+ subject to V ∞(T, p0, ρ) 6= 1, the equation V ∞(T, π, ρ) = 1 possesses a

unique solution π = p(T, ρ) and{
p(T, ρ) > b(T, x(ρ)) if V ∞(T, p0, ρ) > 1 ,

p(T, ρ) < a(T, x(ρ)) if V ∞(T, p0, ρ) < 1 .

At fixed T , the functions {fm(T )}m∈N converge uniformly on compact subsets of RN
+ to the continu-

ous convex function

f∞(T, ρ) :={
k(T, ρ) + p0 V ∞(T, p0, ρ) + V̄ (T, p(T, ρ), ρ)− p(T, ρ) for ρ s. t. V ∞(T, p0, ρ) 6= 1 ,

k(T, ρ) for ρ s. t. V ∞(T, p0, ρ) = 1

and f∞(T ) is a strictly convex weak solution to (97), (98) for V = V ∞. A point µ ∈ RN belongs to
∂ρf

∞(T, ρ) if and only if one of the two following conditions is valid:

Either V ∞(T, p0, ρ) 6= 1 and µ = p0 V ∞ρ (T, p0, ρ) +∇ρk(T, ρ) + V̄ρ(T, p(T, ρ), ρ)

or V ∞(T, p0, ρ) = 1 and µ = p V ∞ρ (T, p0, ρ) + ∇ρk(T, ρ) with a number p subject to
a(T, x(ρ)) ≤ p ≤ b(T, x(ρ)).

For all ρ subject to V ∞(T, p0, ρ) 6= 1, the pressures converge as functions of (T, ρ) and we have in
fact pm(T, ρ)→ p(T, ρ).

The condition (l) corresponds to requiring that we have a meaningful compressible model below and
beyond the pressure thresholds a, b, while (m) is a simplifying assumption. Note also that, if we
assume b = +∞ (only a lower pressure threshold), then we obtain a mixed version of the limit. We
will however not sketch this interesting case here.

In both cases we also recover, for variable temperature, the Müller–”paradox” under the following
general assumptions:
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(o) The function T 7→ km(T, ρ) is twice continuously differentiable on ]Tinf , Tsup[ for all ρ, and the
convergence ∂2T,Tk

m → ∂2T,Tk holds pointwise in ]Tinf , Tsup[×RN
+ ;

(p) The function T 7→ V m(T, p, ρ) is twice continuously differentiable on ]Tinf , Tsup[ for all (p, ρ),
and ∂2T,TV

m → ∂2T,TV
∞ pointwise in ]Tinf , Tsup[×]pinf , +∞[×RN

+ ;

(q) For all m the condition ∂2T,Tf
m < 0 is valid on ]Tinf , Tsup[×RN

+ . [In other words, the pair of
(V m, km) satisfies the compatibility conditions necessary for ∂2T,Tf

m < 0 being true (cp. (105))].

Lemma 10.3. If we adopt all assumptions of Proposition 10.1 and moreover (o), (p) and (q), then
∂TV

∞ = 0.

If we adopt the assumptions of Proposition 10.2, and (o), (p) and (q), then ∂TV ∞(T, π, ρ) = 0 for
all (T, π, ρ) subject to π ∈ [a(T, x(ρ)), b(T, x(ρ))].

The next sections are devoted to the proof of these statements.

11 Passage to dual variables

In this section we set up the main technical tool for performing asymptotic limits in the main variables. In
the incompressible limit, the function V is independent of pressure on parts of the interval ]pinf , +∞[.
We claim that it is useful to look at the equation (94) from the more abstract viewpoint of (97), that
is, we rephrase the Gibbs–Duhem equation as V (−f + ρ · ∇ρf, ρ) = 1 on RN

+ . This formulation
possesses another interpretation in terms of dual variables. Indeed, assuming that a co-finite solution
f of Legendre–type on RN

+ to the equation

p(ρ) = −f(ρ) +
N∑
i=1

ρi ∂ρif(ρ) in RN
+ (110)

is at hand, then we are allowed to introduce on RN the Legendre transform g of f via g(∇ρf(ρ)) :=
−f(ρ)+ρ ·∇ρf(ρ). Since f is convex, we may also introduce on RN the conjugated convex function
f ∗ via

f ∗(x) := sup
ρ∈RN

+

{x · ρ− f(ρ)} for x ∈ RN .

Essentially smooth, strictly convex functions satisfy g = f ∗ and ∇xf
∗ = (∇ρf)−1 : RN → RN

+ ,
which induces a helpful reformulation of the equations (97).

Lemma 11.1. Assume that f is a function of Legendre–type on RN
+ solving (94) or, equivalently, (110).

Then, the function g = f ∗ ∈ C1(RN) is strictly convex on RN , and it solves the first order non-linear
PDE

V (g, ∇xg) = 1 in RN . (111)

Suppose, conversely, that g ∈ C1(RN) is a strictly convex solution to (111) in RN such that the image
of∇xg isRN

+ . Then f := g∗ is of Legendre–type onRN
+ . Moreover, the identity g(∇ρf) = ∇ρf ·ρ−f

is valid on RN
+ .
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Proof. Under the assumptions of the Lemma, the relation (110) means nothing else but p(ρ) =
g(∇ρf(ρ)). For x := ∇ρf(ρ), that is, ρ = (∇ρf)−1(x), we have V (p(ρ), ρ) = 1 if and only
if V (g(x), ∇xg(x)) = 1. The additional properties follow from the main theorem on the Legendre
transformation ([Roc70], Theorem 26.5).

In the next statement, we shall treat asymptotic limits in general, considering the limit model of con-
verging sequences of volume functions {V m}m∈N and {km}m∈N. Afterwards, in the next section, we
will consider specifically the incompressible limit.

Lemma 11.2. Consider sequences

� {pminf}m∈N of real numbers;

� {V m}m∈N ⊂ C1,2(]pminf , +∞[×RN
+ ) ∩ C(]pminf , +∞[×RN

+ ) of positive, in the first variable
strictly decreasing functions;

� {km}m∈N ⊂ C2(RN
+ ) of positively homogeneous functions.

We define k̄m(ρ) := km(ρ) + p0 V m(p0, ρ), and we denote by Hm(p, y) the matrix

k̄mρ,ρ(
y

V m(p, y)
) + V̄ m

ρ,ρ(p,
y

V m(p, y)
)− V m(p, y)

V m
p (p, y)

(V m
ρ (p, y)⊗ V m

ρ (p, y)) .

We assume that

(1) pinf := lim supm→∞ p
m
inf belongs to [−∞, +∞[;

(2) There exists the pointwise limit V (p, ρ) := limm→∞ V
m(p, ρ) for all (p, ρ) ∈]pinf , +∞[×RN

+ ;

(3) There exists the pointwise limit k(ρ) := limm→∞ k
m(ρ) for all ρ ∈ RN

+ ;

(4) lim infm→∞ infy∈S1
+
|k̄m(y) + V̄ m(p, y)| → +∞ for p→ pinf and p→ +∞.

Moreover, for all pinf < p1 < p2 < +∞ and y0 > 0, we assume that

(5) lim infm→∞ infp∈]p1, p2[ |k̄mρ (y) + V̄ m
ρ (p, y)| → +∞ for y → ∂S1

+;

(6) lim infm→∞ infp∈]p1, p2[, y∈S1
+ : infi=1,...,N yi≥y0 λmin(Hm(p, y)) > 0.

If there is a unique classical co-finite solution fm of Legendre–type to (97), (98), then

(i) For each m ∈ N, there is a unique strictly convex function gm ∈ C2(RN) solution to (111) for
V = V m, with boundary condition gm = p0 on

Sm0 :=∇ρ(p
0 V m(p0, ·) + km(·))(RN

+ )

={x ∈ RN : x = p0 V m
ρ (p0, r) + kmρ (r) for a r ∈ RN

+} ;

(ii) There is a convex function g ∈ C2(RN) such that gm → g in C1(K) for all compact K ⊂ RN ,
and g is a solution to V (g, ∇g) = 1 in RN , with g(x) = p0 if and only if x ∈ S0. Here S0 is the
set of accumulation points of the family of manifolds {Sm0 }m∈N;
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(iii) The image of∇g satisfies

∇g(RN) =
⋃

p∈]pinf ,+∞[

{ρ ∈ RN
+ : V (p, ρ) = 1} ;

(iv) The convex conjugated function f := g∗ is a strictly convex function, which is finite and subdif-
ferentiable in the set∇g(RN) and otherwise infinite. It is a weak solution to (97), (98);

(v) f is the limit of fm in the sense of epi-convergence, meaning that

f(ρ) = inf{lim inf
m→∞

fm(ρm) : ρm → ρ} .

Proof. (i). By assumption, there is for everym ∈ N a Legendre solution fm to the problem V m(−fm+
ρ · ∇fm, ρ) = 1 on RN

+ with fm = km if V m(p0, ρ) = 1. The convex conjugated functions gm

are global solutions to V m(gm, ∇gm) = 1 (cf. Lemma 11.1). Since fm = km for ρ ∈ Γ0 := {ρ :
V m(p0, ρ) = 1}, there must exist λ = λ(ρ) such that

∇ρf
m(ρ) = ∇ρk

m(ρ) + λ(ρ)V m
ρ (p0, ρ) for all ρ ∈ Γ0 .

We multiply with ρ, use the positive homogeneity of km and V m(p0, ·), and for all ρ ∈ Γ0 it follows
that

p0 + fm(ρ) = ρ · ∇ρf
m(ρ) = km(ρ) + λ(ρ)V m(p0, ρ)

= km(ρ) + λ(ρ) = fm(ρ) + λ(ρ) .

Hence λ(ρ) = p0 and ∇ρf
m(ρ) = ∇ρk

m(ρ) + p0 V m
ρ (p0, ρ) = ∇ρk̄

m(ρ) for all ρ ∈ Γ0. Since
for ρ ∈ Γ0, it holds that gm(∇ρf

m(ρ)) = p0, we have shown that gm = p0 on Sm0 = ∇ρ(k
m(·) +

p0 V m(p0, ·))(RN
+ ).

(ii). To prove the existence of a limit, we next show that for K ⊂ RN compact, there is K ′ ⊂
RN

+ compact and independent on m such that ∇gm(K) ⊆ K ′. Consider x ∈ K arbitrary and
m fixed. Due to the representation (103), there are unique y = ∇gm(x)/|∇gm(x)|1 ∈ S1

+ and
s = pm(∇gm(x)) such that x = ∇ρk̄

m(y) + V̄ m
ρ (s, y). Multiplying with y we see that x · y =

k̄m(y) + V̄ m(s, y), and this yields

inf
j≥m, y∈S1

+

|k̄j(y) + V̄ j(s, y)| ≤ |x|∞ ≤ sup
x∈K
|x|∞ .

We infer that lim infm→∞ infy∈S1
+
|k̄m(y) + V̄ m(s, y)| ≤ supx∈K |x|∞. Thus, owing to assumption

(4), there must exist certain constants p1, p2, depending only on K , such that pinf < p1 < s < p2 <
+∞. Since x = ∇ρk̄

m(y) + V̄ m
ρ (s, y), we next infer that, for these numbers,

sup
x∈K
|x| ≥ inf

j≥m, p∈]p1, p2[
|∇ρk̄

j(y) + V̄ j
ρ (p, y)| ,

hence lim infm→∞ infp∈]p1, p2[ |k̄mρ (y) + V̄ m
ρ (p, y)| ≤ supx∈K |x|. This time invoking (5), we see

that y remains in a compact subset of S1
+ being independent on m. We conclude for x ∈ K that the

point (y, s) such that x = ∇ρk̄
m(y)+V̄ m

ρ (s, y) is in some fixed compact subset of S1
+×]pinf , +∞[,

independently on m.
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Consider now a point ρ in the image ∇gm(K) ⊂ RN
+ . Then ρ = |ρ|1 y where, as just shown, y

belongs to some compact subset of S1
+ independently of m. Since V m(s, ρ) = 1, it follows that

|ρ|1 = 1/V m(s, y). Hence

1

V m(p1, y)
≤ |ρ|1 ≤

1

V m(p2, y)

where p1, p2 depend only on K . This shows that ∇gm(K) ⊂ K ′ for all m, where K ′ is a compact
subset of RN

+ .

Now, we invoke the assumption (6). Note that for ρ ∈ RN
+ , the formula (104) yields D2fm(ρ) =

Hm(s, y) where y = ρ/|ρ|1 and s = pm(ρ). Assumption 6 implies that there is m0 = m0(K) such
that, for all m ≥ m0,

inf
ρ∈K′

λmin(D2fm(ρ)) ≥ inf
j≥m, p1≤s≤p2, ρ∈K′

λinf(H
j(s,

ρ

|ρ|1
)) > 0 . (112)

For ρ ∈ K ′ and x ∈ K connected via ρ = ∇gm(x), the Hessian of fm and gm are inverse to each
other: D2gm(x) = [D2fm(ρ)]−1. Hence (112) yields supx∈K, j≥m λmax(D

2gj(x)) < +∞ for all
m ≥ m0(K).

We thus have shown that lim supm→∞ ‖gm‖C2(K) < +∞ for any compact subset of RN . This
implies the existence of a convex limit function g ∈ C2(RN) such that (passing to a subsequence if
necessary) gm → g and ∇gm → ∇g uniformly on compact subsets of RN . As a corollary, the limit
satisfies V (g, ∇g) = 1 in RN , where V is the pointwise limit volume function.

To finish the proof of (ii), it remains to discuss the boundary conditions. We consider the accumulation
set S0 = {x ∈ RN : ∃mk →∞, xk ∈ Smk

0 , xk → x}. If x ∈ S0, then obviously gmk(xk) = p0,
which implies that g(x) = p0 by the uniform convergence. If now x ∈ RN is fixed and such that
g(x) = p0, we can find for allm ∈ N a number λm such that gm(x+λm 1N) = p0. To show this, we
remark that gm(x+λ 1N)−gm(x) ≥ λ∇xg

m(x)·1N = λ |∇xg
m(x)|1 by the convexity of gm. Thus

gm(x+ λ 1N)→ +∞ for λ→ +∞. Moreover, gm(x+ λ 1N) ≤ gm(x) + λ |∇xg
m(x+ λ 1N)|1.

Hence |∇xg
m(x+λ 1N)|1 → 0 for λ→ −∞, since otherwise pminf = inf gm = −∞, a contradiction

to the choice of finite pminf . Now we use the identity V m(gm(x+λ 1N), ∇xg
m(x+λ 1N)) = 1, which

implies that

V m(gm(x+ λ 1N), ymλ ) =
1

|∇xgm(x+ λ 1N)|1
, ymλ :=

∇xg
m(x+ λ 1N)

|∇xgm(x+ λ 1N)|1
.

Passing to the limit λ → −∞, it follows that limλ→−∞ V
m(gm(x + λ 1N), ymλ ) = +∞, which is

impossible if gm(x + λ 1N) does not tend to pminf . Thus, λ 7→ gm(x + λ 1N) attains every value in
]pminf , +∞[ and we must have p0 = gm(x+ λm 1N) for some λm. Since

|p0 − gm(x)| = |λm|
∫ 1

0

∇xg
m(x+ θ λm 1N) · 1N dθ ≥ |λm|

supp=θ gm(x)+(1−θ) p0, y∈S1
+
V m(p, y)

,

we see that λm → 0. Thus x+ λm 1N ∈ Sm0 converges to x, which was chosen an arbitrary point of
the level-set g(x) = p0. It follows that S0 = {x : g(x) = p0}.
(iii). Next we characterize the image of∇g. If ρ ∈ ∇g(RN), then ρ = ∇g(x) for some x. Since {x}
is trivially a compact set, we prove as above that ρ ∈ RN

+ , and for p = g(x) we have V (p, ρ) = 1.
Thus∇g(RN) ⊆

⋃
p>pinf

{ρ ∈ RN
+ : V (p, ρ) = 1}.
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We show the reverse inclusion. Since ∇gm(RN) = RN
+ , the image of ∇gm contains all vectors of

the form y/V m(p, y) where y ∈ S1
+ and p ∈]pinf , +∞[ are arbitrary. In fact one can show as above

that
y

V m(p, y)
= ∇gm(xm) for xm = ∇ρk̄

m(y) + V̄ m
ρ (p, y) = ∇ρf

m(y/V m(p, y)) . (113)

For i = 1, . . . , N , the convexity of k̄m yields t k̄mρi (y) ≤ k̄m(y+ t ei)− k̄m(y) for all |t| smaller than
half of the distance of y to ∂RN

+ . Since k̄m converges pointwise, we see that {|∇ρk̄
m(y)|} must be

bounded. Due to the assumption (6), the Hessian of ρ 7→ k̄m(ρ)+ V̄ m(p, ρ) is positive semi-definite.
Thus, this function is convex, and the same argument as just seen for bounding |∇ρk̄

m(y)| implies
that |∇ρk̄

m(y) + V̄ m
ρ (p, y)| is also bounded. By this argument, also the sequence {xm} in (113) is

bounded, hence there is some accumulation point x = limxm. Passing in (113) to the limit, we find
that y

V (p, y)
= ∇g(x). Since y ∈ S1

+ and p ∈]pinf , ∞[ were arbitrary, ∇g(RN) contains all vectors

ρ ∈ RN
+ such that V (p, ρ) = 1. This proves that

∇g(RN) =
⋃

p>pinf

{ρ ∈ RN
+ : V (p, ρ) = 1} .

(iv). We define f = g∗. Since g is smooth, f is essentially strictly convex (cf. [Roc70], Th. 26.3).
Moreover, f is finite and subdifferentiable at every ρ ∈ ∇g(RN). A point x belongs to ∂f(ρ) if and
only if ρ = ∇g(x) and g(x) = −f(ρ) + x · ρ ([Roc70], Th. 23.5). By these means, we show that

V (−f(ρ) + ρ · x, ρ) = 1 for all ρ ∈ RN
+ , x ∈ ∂f(ρ) .

Note that in a point ρ ∈ RN
+ such that ρ 6∈ ∇g(RN), we have ∂f(ρ) = ∅ and the latter condition holds

vacuously. If −f(ρ) + ρ · x = p0 for some ρ ∈ RN
+ , x ∈ ∂f(ρ), then ρ = ∇g(x) and g(x) = p0.

which means that necessarily x ∈ S0. Thus, we can approximate x with points xm ∈ Sm0 . For
ρm := ∇gm(xm), we have by construction km(ρm) = fm(ρm) = ρm · xm − p0. Thus, as m→∞
we find that k(∇g(x)) = limm→∞ ρ

m · xm − p0 = ∇g(x) · x − p0 = f(∇g(x)), where k is the
pointwise and uniform limit of the convex functions km. This achieves to prove that f is a weak solution
to the bvp (97), (98). (v). Let us show that the function f̃(ρ) := inf{lim infm→∞ f

m(ρm) : ρm → ρ}
is nothing else but f . At first, the definition of convex conjugates yields fm(ρm) ≥ ρm·x−gm(x) for all
x ∈ RN , and therefore lim infm→∞ f

m(ρm) ≥ g∗(ρ) = f(ρ) for arbitrary sequences ρm → ρ. This
shows that f̃ ≥ f . On the other hand, for every fixed x ∈ RN and ρm = ∇gm(x), the definition of
the subdifferential of gm yields fm(ρm) = x ·∇gm(x)− gm(x)→ x ·∇g(x)− g(x) = f(∇g(x)).
Thus for all ρ ∈ ∇g(RN), we obtain that inf{lim infm→∞ f

m(ρm) : ρm → ρ} ≤ f(ρ). For
ρ 6∈ ∇g(RN), we have f(ρ) = +∞ and f̃ ≤ f is obviously true. Thus f̃ = f .

12 Incompressible limits

We now consider the case of a small isothermal compressibility, which we mathematically express
by choosing a sequence of functions {V m}∈N such that ∂pV m → 0 as m → ∞. In which precise
meaning we assume this convergence is stated immediately below.

For a given positively homogeneous convex function km, we solve the problem

V m(−fm + ρ · ∇fm, ρ) =1 in RN
+ , fm = km for V m(p0, ρ) = 1 , (114)

and shall exhibit the mathematical consequences of the assumptions that 1) the problems (114) pos-
sesses a classical solution fm of Legendre–type in the sense of Definition 9.3 and 2) ∂pV m → 0.
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12.1 Proof of Proposition 10.1

Under the assumption (k), we can readily verify that the limit function V ∞ is globally independent of p

and belongs to C∞,2(R× RN
+ ) ∩ C∞,0(R× RN

+ ).

Adopting the assumptions of Proposition 10.1, we find unique classical co-finite solutions of Legendre–
type to (114). We go for applying Lemma 11.2 and want to check the assumptions (4), (5) and (6).

In order to first verify (4), we recall the definition of k̄m(·) = km(·) + p0 V m(p0, ·) in order to bound

|k̄m(y) + V̄ m(p, y)| ≥ |V̄ m(p, y)| − |km(y)| − |p0| |V m(p0, y)| (115)

≥
∫ p

p0
V m(t, y) dt− |km(y)| − |p0| |V m(p0, y)| .

Therefore, exploiting the uniform convergence (i) and (j),

lim inf
m→∞

inf
y∈S1

+

|k̄m(y) + V̄ m(p, y)|

≥ lim inf
m→∞

∣∣∣∣∣
∫ p

p0
inf
y∈S1

+

V m(t, y) dt

∣∣∣∣∣− lim sup
m→∞

sup
y∈S1

+

(|km(y)|+ |p0|V m(p0, y))

= |p− p0| inf
y∈S1

+

V ∞(y)− sup
y∈S1

+

(|k(y)|+ |p0|V ∞(p0, y)) . (116)

Since we assume (i), we obtain infy∈S1
+
V ∞(y) = min

y∈S1
+
V ∞(y) > 0 because V ∞ is assumed

strictly positive. This verifies the assumption (4) of Lemma 11.2.

We next check 11.2, (6), by proving a bound from below for lim infm→∞ λmin(Hm(p, y)) on compact
subsets of ]−∞, +∞[×S1

+ with p ∈ [p1, p2] and infi=1,...,N yi ≥ y0 > 0. Recall that

Hm(p, y) = D2k̄m(
y

V m(p, y)
) + V̄ m

ρ,ρ(p,
y

V m(p, y)
)− V m(p, y)

V m
p (p, y)

V m
ρ (p, y)⊗ V m

ρ (p, y) .

Using the positive homogeneity of V̄ m in the second argument and the convergence (i), (j), it is readily
verified for (p, y) ∈ R× S1

+ that

V̄ m
ρ,ρ(p,

y

V m(p, y)
) = V m(p, y) V̄ m

ρ,ρ(p, y)→ (p− p0)V ∞(y)D2V ∞(y) . (117)

Moreover, using that km and V m(p0, ·) are positively homogeneous, the convergence (j) yields

D2k̄m(
y

V m(p, y)
) = D2km(

y

V m(p, y)
) + p0 V m

ρ,ρ(p
0,

y

V m(p, y)
) (118)

=V m(p, y) (D2km(y) + p0 V m
ρ,ρ(p

0, y))→ V ∞(y) (D2k(y) + p0D2V ∞(y)) .

Consider for η ∈ RN arbitrary the vectors ξm := η−(V m
ρ (p, y) ·η/V m(p, y)) y. Since V m

ρ → V ∞ρ
uniformly of compact sets of R× S1

+ (this follows easily from (i), (j)), we see that

ξm → ξ := η −
V ∞ρ (y) · η
V ∞(y)

y .

Using that V m
ρ (p, y) · ξm = 0, we check by means of (117) and (118) that

Hm(p, y)ξm · ξm = (D2k̄m(
y

V m(p, y)
) + V̄ m

ρ,ρ(p,
y

V m(p, y)
))ξm · ξm

→ V ∞(y)D2(k + p V ∞)(y)ξ · ξ = V ∞(y)D2(k + p V ∞)(y)η · η . (119)
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If now D2V ∞(y) would possess a negative eigenvalue, then we would find some p ∈]0, +∞[ such
that, in view of (119), the matrixHm(p, y) already possesses a strictly negative eigenvalue form suf-
ficiently large. But recall that Hm(p, y) = D2fm(y/V m(p, y)), with D2fm strictly positive definite
on RN

+ by assumption. Hence, avoiding a contradiction is possible only if all eigenvalues ofD2V ∞(y)
are nonnegative.

Next, for every positive eigenvalue ` of D2V ∞(y), we can choose some eigenvector η such that
D2V ∞(y)η · η = `. With the help of (119) again, it follows that Hm(p, y)ξm · ξm < 0 if p is
sufficiently small, namely if ` p < −λmax(D

2km(y)) and m is sufficiently large. Since fm is a C2

strictly convex function for all m, all eigenvalues of D2V ∞(y) can only be trivial, meaning that the
limit function V ∞ must be linear in ρ.

In other words, we have shown that there exists a vector ῡ ∈ RN such that V ∞(ρ) = ῡ · ρ on RN
+ .

In order to conclude that ῡ ∈ RN
+ , it is sufficient to recall that, by assumption, V ∞(y) > 0 for all

y ∈ S1

+.

We now come to the direct verification of the assumption (6) of Lemma 11.2. For η ∈ S2
+ arbitrary,

Hm(p, y)η · η = V m(p, y) (D2k̄m(y) + V̄ m
ρ,ρ(p, y))η · η − V m(p, y)

V m
p (p, y)

|V m
ρ (p, y) · η|2 . (120)

Consider arbitrary pinf < p1 < p2 < +∞ and y0 > 0. Since V ∞ is linear, D2V̄ ∞(y) = 0. For
m→ +∞, the assumption (j) implies that

sup
p∈[p1,p2], inf y≥y0

λmax(V̄
m
ρ,ρ(p, y)) ≤ sup

p∈[p1, p2], inf y≥y0
|V̄ m
ρ,ρ(p, y)−D2V̄ ∞(y)| → 0 . (121)

Similarly, supp∈[p1,p2], inf y≥y0 λmax(D
2V m(p0, y)) → 0. Using (j) again, we then verify that the ma-

trix D2k̄m(y) + V̄ m
ρ,ρ(p, y) possesses N − 1 strictly positive eigenvalues for large m. In particu-

lar, this matrix is strictly positive definite on {y}⊥. For fixed y, we now choose some orthonormal
basis {ξ1, . . . , ξN−1, y/|y|} of RN . For arbitrary η ∈ RN , it is then possible to find coefficients
a1, . . . , aN−1 and b to represent

η =
N−1∑
i=1

ai (ξ
i −

V m
ρ (p, y) · ξi

V m(p, y)
y) + b y .

Due to (i), (j), V m
ρ → ῡ and V m → V ∞ > 0 uniformly on compact subsets of R × S1

+. Hence, for
all y ∈ S1

+ such that inf y ≥ y0 > 0 and all p ∈ [p1, p2], there is a constant independent on m such
that |η| ≤ c (|a|+ |b|). Using (120) it is readily seen with Π = [ξ1, . . . , ξN−1] that

Hm(p, y)η · η =V m(p, y) ΠT(D2k̄m(y) + V̄ m
ρ,ρ(p, y))Π a · a− (V m(p, y))3

V m
p (p, y)

|b|2

≥V m(p, y) [λ+min(D2k̄m(y))− λmax(V̄
m
ρ,ρ(p, y))] |a|2 − (V m(p, y))3

V m
p (p, y)

|b|2

≥1

c
V m(p, y) min{[λ+min(D2k̄m(y))− λmax(V̄

m
ρ,ρ(p, y)), −(V m(p, y))2

V m
p (p, y)

} |η|2 .

Here λ+min denotes the smallest strictly positive eigenvalue of a symmetric, positive semi–definite
matrix. Since for some c0 > 0 independent on m, we have infp∈[p1,p2], inf y≥y0 V

m(p, y) ≥ c0, we
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deduce that

inf
p∈[p1,p2], inf y≥y0

λmin(Hm(p, y))

≥ c̃ min
p∈[p1,p2], inf y≥y0

{
λ+min(D2k̄m(y))− λmax(V̄

m
ρ,ρ(p, y)),

(V m(p, y))2

V m
p (p, y)

}
.

Making use of the fact thatD2k̄m(y) is strictly positive on {y}⊥ (cf. (j)) and of (121), we infer thatHm

satisfies the requirement (6) of Lemma 11.2.

We also notice that the assumptions (i) and (j) imply that V m
ρ → V ∞ρ = ῡ uniformly on compact

subsets of R× RN
+ . Thus, for all −∞ < p1 ≤ p ≤ p2 < +∞ and y ∈ S1

+, we see that

lim sup
m→∞

|V̄ m
ρ (p, y)| ≤ (|p1|+ |p2|) |V ∞ρ (y)| = (|p1|+ |p2|) |ῡ| .

It therefore also follows that

lim inf
m→∞

inf
p∈]p1, p2[

|∇ρk̄
m(y) + V̄ m

ρ (p, y)| ≥ |∇ρk(y)| − |p0| |ῡ| − (|p1|+ |p2|) |ῡ| , (122)

and 11.2, (5) follows because we assume in (j) that the limit k is essentially smooth on S1
+.

The assumptions of Lemma 11.2 are verified, which ends the proof of the main Proposition 10.1.

Proof of Proposition 10.1, main argument. Since the assumptions of Lemma 11.2 are verified, we find
a strictly convex co-finite weak solution f to the problem (97), (98) for V = V ∞(ρ). The convex
conjugate g := f ∗ belongs to C2(RN) and is a convex solution to ῡ · ∇g = 1 in RN . Moreover, due
to 11.2, (iii), the image ∇g(RN) is nothing else than S = {ρ : ῡ · ρ = 1}. Thus f is finite only on
states satisfying ῡ · ρ = 1. Due to (98), f = k in this set.

In order that µ ∈ ∂f∞(ρ), we must have∇g(µ) = ρ. This means that ρ ∈ ∇g(RN), hence ῡ ·ρ = 1
is necessary. Under this condition, the set ∂f∞(ρ) is not empty, and it consists of all µ ∈ RN such
that f∞(r) ≥ k(ρ) +µ · (r− ρ) for all r ∈ RN

+ . Thus, restricting to r ∈ S, we see that µ ∈ ∂f∞(ρ)
implies that k(r) ≥ k(ρ) + µ · (r − ρ) for all r ∈ S. Since S is planar, the tangential part of µ can
only be the tangential gradient of k at ρ, and there must exist a p ∈ R such that µ = ∇ρk(ρ) + p ῡ.

Conversely, if there is some µ0 in ∂f∞(ρ), then clearly µ0 + p ῡ ∈ ∂f∞(ρ) for all p ∈ R. This is
due to the fact that the g is affine with slope one in the direction of the vector ῡ, which belongs to the
kernel of the Hessian D2g. This achieves to show the characterization of ∂f∞, hence the claim.

Proof of Lemma 10.3. The condition ∂2T,Tf
m < 0 means that

0 >∂2T,Tk
m(T, ρ) + p0 ∂2T,TV

m(T, p0, ρ) +

∫ pm(T,ρ)

p0
∂2T,TV

m(T, p′, ρ) dp′

− (∂TV
m(T, p(T, ρ), ρ))2

∂pV m(T, pm(T, ρ), ρ)
. (123)

Now we fix (T, p, x) and choose ρmi = ρ̂Mi (T, p, x) which converges toMi xi/υ̂
∞(T, p0, x) = ρ̄.

Owing to the convergence assumed in the statement of Lemma 10.3, it follows that

0 ≥∂2T,Tk(T, ρ̄) + p0 ∂2T,TV
∞(T, p0, ρ̄) +

∫ p

p0
∂2T,TV

∞(T, p′, ρ̄) dp′

+ lim inf
m→∞

(∂TV
m(T, p, ρm))2

|∂pV m(T, p, ρm)|
.
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Using the definition of V m, we then see that

lim inf
m→∞

(∂TV
m(T, p, ρm))2

|∂pV m(T, p, ρm)|
= lim inf

m→∞

1

υ̂m(T, p, x)

(∂T υ̂
m(T, p, x))2

|υ̂mp (T, p, x)|
,

and the latter quantity is positive infinite unless ∂T υ̂m(T, p, x) → 0. This completes the proof of
Lemma 10.3.

12.2 Proof of Proposition 10.2

In view of the assumption (k), the limit function V ∞(T ) = V ∞(T, p, ρ) is independent of p in the set
of all

(T, p, ρ) s. t. T ∈]Tinf , Tsup[, ρ ∈ RN
+ , p ∈]a(T, x(ρ)), b(T, x(ρ)[ ,

but it continues to depend on p elsewhere.

Next we proceed to checking the assumptions of Lemma 11.2 for this new case. In checking the
assumption (4), we argue like in (115), (116) and we now find that

lim inf
m→∞

inf
y∈S1

+

|k̄m(y) + V̄ m(p, y)|

≥ lim inf
m→∞

inf
y∈S1

+

∣∣∣∣∫ p

p0
V m(t, y) dt

∣∣∣∣− lim sup
m→∞

sup
y∈S1

+

(|km(y)|+ p0 |V m(p0, y)|)

= inf
y∈S1

+

∣∣∣∣∫ p

p0
V ∞(t, y) dt

∣∣∣∣− sup
y∈S1

+

(|k(y)|+ p0 |V ∞(p0, y)|) .

Next we observe that

∫ p

p0
V ∞(t, y) dt =


−
∫ a
p
V ∞(t, y) dt− (p0 − a)V ∞(p0, y) for p < a ,

(p− p0)V ∞(p0, y) for a ≤ p ≤ b ,∫ p
b
V ∞(t, y) dt+ (b− p0)V ∞(p0, y) for b < p .

Making use of (l), property (4) of Lemma 11.2 is obvious.

We can check the requirement of Lemma 11.2, (6) with the same arguments as in the preceding
section. The only difference is that we must not require that the limit function V ∞ is necessarily linear.
Recall that for all a ≤ p ≤ b, the matrix D2V ∞(p, y) = D2V ∞(p0, y) is independent on p. The
argument following (119) implies that, for p ∈ [a, b],

V ∞(y)D2(k + p V ∞)(y)η · η ≥ 0 for all η ∈ Rn, y ∈ S1
+ .

Hence, in the local case, the requirement of convexity implies that the thresholds a, b are restricted
by the condition

D2(k + p V ∞)(y) positive definite for all y ∈ S1
+ and all p ∈ [a(T, y), b(T, y)] .

Finally, we use (m) and we find that

lim inf
m→∞

inf
p∈]p1, p2[

|∇ρk̄
m(y) + V̄ m

ρ (p, y)| ≥ |∇ρk(y)| − C (|p0|+ |p1|+ |p2|) ,

and the condition (5) of Lemma 11.2 is valid whenever k is essentially smooth on S1
+. Thus, by means

of the Lemma 11.2, we can establish the following claims.
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Lemma 12.1. Under the assumptions of Proposition 10.2, the function ρ 7→ V ∞(p0, ρ) is convex
on RN

+ . For all ρ ∈ RN
+ such that V ∞(p0, ρ) < 1, there is a unique p(ρ) ∈]pinf , a[ such that

V ∞(p(ρ), ρ) = 1 and the map ρ 7→ p(ρ) belongs to C1({ρ : V ∞(p0, ρ) < 1}). Similarly for all
ρ ∈ RN

+ such that V ∞(p0, ρ) > 1, there is a unique p(ρ) ∈]b, +∞[ such that V ∞(p(ρ), ρ) = 1
and the map ρ 7→ p(ρ) belongs to C1({ρ : V ∞(p0, ρ) > 1}). The function

f∞(T, ρ) :={
k(T, ρ) + p0 V ∞(T, p0, ρ) + V̄ (T, p(T, ρ), ρ)− p(T, ρ) for ρ s. t. V ∞(T, p0, ρ) 6= 1 ,

k(T, ρ) for ρ s. t. V ∞(T, p0, ρ) = 1 ,

is a co-finite strictly convex weak solution to the problem (97), (98) for V = V ∞. We have fm →
f∞ (epi-convergence). A point µ ∈ RN belongs to ∂f∞(ρ) if and only if one of the two following
conditions is valid

Either V ∞(p0, ρ) 6= 1 and µ = p0 V ∞ρ (p0, ρ) +∇ρk(ρ) + V̄ρ(p(ρ), ρ);

Or V ∞(p0, ρ) = 1 and µ = p V ∞ρ (p0, ρ) +∇ρk(ρ) for a a ≤ p ≤ b.

Note that, since the threshold functions a and b are finite, the convergence of Lemma 11.2 can be
improved to uniform convergence. We start from the representation

fm(ρ) := km(ρ) + p0 V m(p0, ρ) + V̄ m(pm(ρ), ρ)− pm(ρ) for ρ ∈ RN
+ . (124)

We show that for all ρ such that V ∞(p0, ρ) < 1 the pressures converge, i.e. pm(ρ) → p(ρ),
where p(ρ) < a. Indeed, if V ∞(p0, ρ) < 1, then V m(p0, ρ) < 1 for m large. Thus the number
pm(ρ) belongs to the interval ]pminf , p

0[, implying that the sequence pm(ρ) is bounded. Let π be any
accumulation point. As V m converges uniformly, we get 1 = V ∞(π, ρ). If π ≥ a(T, x(ρ)), then
V ∞(π, ρ) ≤ V ∞(p0, ρ) < 1. Thus π < a(T, x(ρ)). But in the interval ]pinf , a[, V ∞ is strictly
decreasing in the first variable. Hence π = p(ρ) is the unique solution in ]pinf , a[ to V ∞(π, ρ) = 1.

Similarly, for all ρ subject to V ∞(p0, ρ) > 1, we show that pm(ρ) → p(ρ) with p(ρ) > b being
the unique solution to V ∞(π, ρ) = 1. To show that the sequence pm(ρ) is bounded, we employ the
following argument: Suppose that lim sup pm(ρ) = +∞. Then for K sufficiently large, we find m0

appropriate such that V m(K, ρ) ≥ 1 for m ≥ m0. Passing to the limit, V ∞(K, ρ) ≥ 1, and for
K →∞ we must violate the assumptions (l).

Hence the sequence {fm(ρ)} defined in (124) is bounded for every ρ ∈ RN
+ . A classical result of

convex analysis [Roc70] shows that fm converges uniformly on compact subsets of its domain to its
pointwise limit. This pointwise limit being finite, it must be identical with the epi–limit f∞ of Lemma
12.1.
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A Pieces of thermodynamics

Variables. We consider a fluid mixture consisting of N chemical species A1, . . . ,AN . Locally it is
characterized by the quantities

T - (absolute) temperature and (ni)i=1,2,...,N - mole densities . (125)

These N + 1 quantities constitute the set of basic variables.9 In the context of experimental data and
microscopic modeling other but equivalent sets of variables will occur.

Total mass density, total mole density and the molar volume of the mixture are defined as in (6). We
recall that the mole/number fraction of constituent Ai is given by xi := ni/n = υni (cf. (21)). The
(Helmholtz) free energy density has the form

%ψ = %ψ(T, n1, n2, . . . , nN) . (126)

Comparing with (15), some small readjustments are necessary. We now introduce the (molar–based)
chemical potentials via

µi = µmol
i :=

∂%ψ

∂ ni
for i = 1, 2 . . . , N. (127)

While the definitions (17)2 and (17)3 of internal energy and entropy are unaffected, the Gibbs–Duhem
equation (17)1 assumes the form

p = −%ψ +
N∑
i=1

ni µi , (128)

and the positivity requirement of (18)1 is equivalent with{
∂µi
∂nj

}
i,j=1,...,N

is symmetric, positive definite . (129)

9 Following the viewpoint adopted so far, the main variables are T and the partial mass densities ρ1, ρ2, . . . , ρN .
With the simple connection ni = ρi/Mi where Mi > 0 is the constant molecular mass, we can associate with

every thermodynamic function of the main variables f(T, ρ1, . . . , ρN ) a transformed function of the variables in (125)
via f̃(T, n1, . . . , nN ) := f(T,m1 n1, . . . ,mN nN ) . Working directly with the transformed function f̃ significantly
simplifies the calculations resulting from the change of variables. From now and for the remainder of the appendix, we use
T and n1, . . . , nN as main variables and we skip the˜or mol superscripts.
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Objectives and motivations. The knowledge on the constitutive functions results either from exper-
iments or from atomistic models. The exploitation of atomistic models relies on the laws of statistical
mechanics. If statistical mechanics is fully exploited, it directly yields the free energy density as a
function of the basic variables in (125).

Then the other constitutive functions are calculated by means of the thermodynamic relations (16)
(resp. (128)) and (17). However, frequently one meets the situation that atomistic models are not fully
exploited. Rather, they solely provide relations between some of the derivatives of the free energy
function. Usually this restricted knowledge is supplemented by experimental data on other derivatives
to achieve the full picture. For example, pressure, specific volume, specific heats and chemical po-
tentials may be constructed from experimental data essentially resulting from different sources. In this
case we are confronted with the problem of consistency of all these data.

The main problem we want to solve next answers the question: Which derivatives of the free energy
function can be given consistently and which properties must they have in order to construct the free
energy function in terms of these derivatives?

Different representation theorems are possible, depending on the provided data. An important aspect
concerns the employed variables since, in experiments, the basic variables are not under control.

Change of variables. Most thermodynamic experiments control at least temperature and pressure
or, alternatively, temperature and the specific volume. Particularly in chemical experiments the pres-
sure is controlled and should be included in the list of variables. In the following we treat both cases
and to this end we change the variables according to (cf. (23))

(T, n1, . . . , nN) ↔ (T, υ, x1, . . . , xN−1) ↔ (T, p, x1, . . . , xN−1) . (130)

The variable transformation (130)1 is simple. It uses ni = υ−1xi for i = 1, . . . , N and xN =
1−

∑N−1
j=1 xj . The change of variables (130)2 needs the thermal equation of state (see (24))

p = p̄(T, υ, x) ↔ υ = υ̂(T, p, x) .

Next we use a generic function f(T, n1, . . . , nN) to define two new functions,

f̄(T, υ, x) := f
(
T,

1

υ
x
)

and f̂(T, p, x) := f̄(T, υ, x)|υ=υ̂(T,p,x) . (131)

The derivatives of the new functions f̄ and f̂ can easily be calculated. We have for (131)1

∂T f̄ = ∂Tf, ∂υf̄ = − 1

υ2

N∑
j=1

∂nj
f xj , ∂xi f̄ =

1

υ
(∂ni

f − ∂nN
f) , (132)

and for (131)2 we obtain

∂T f̂ = ∂T f̄ + ∂υf̄ ∂T υ̂ , ∂pf̂ = ∂υf̄ ∂pυ̂ , ∂xi f̂ = ∂xi f̄ + ∂υf̄ ∂xi υ̂ . (133)

Consequences for the variables (T, υ, x). We apply the transformation identities (132) to the ther-
modynamic equations (126)–(128) (see also (15)–(17)). The simple proofs of the following results are
left to the reader.
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In the new variables, the mass density obeys %̄(υ, x) := υ−1M(x). For the specific free energy
function we now have ψ̄(T, υ, x) := ψ(T, υ−1x). Then, we obtain

∂T ψ̄ = −s̄(T, υ, x), ∂υψ̄ = − 1

M(x)
p̄(T, υ, x), ∂xi(%̄ψ̄) =

1

υ
(µ̄i(T, υ, x)− µ̄N(T, υ, x)) .

(134)
The specific internal energy transforms as ū(T, υ, x) := u(T, υ−1x). This representation of the
specific internal energy with respect to the variables (T, υ, x) is known as the caloric equation of
state. Its derivative

c̄υ := ∂T ū(T, υ, x) (135)

defines the specific heat (at constant volume). Two further derivatives of the caloric equation of state
read

∂υū = T ∂T p̄(T, υ, x)− p̄(T, υ, x) implying ∂υ c̄υ = T ∂2T,T p̄(T, υ, x) . (136)

We conclude that the volume dependence of both the specific internal energy and the specific heat is
already given by the thermal equation of state. Thus their measuring is not needed!

The specific entropy transforms as s̄(T, υ, x) := s(T, υ−1x) and satisfies

∂T s̄ =
c̄υ
T
, ∂υs̄ =

1

M(x)
∂T p̄ , s̄ = − υ

M(x)
∂T p̄+

1

M(x)

N∑
j=1

∂T µ̄j xj . (137)

In analogy to the caloric equation of state we find that the volume dependence of the specific entropy
is likewise given by the thermal equation of state.

In the new variables, the chemical potentials are given by µ̄i(T, υ, x) := µi(T, υ
−1x). Their deriva-

tives with respect to T and υ read

∂T (µ̄i − µ̄N) = −υ ∂xi(%̄s̄)(T, υ, x), ∂υ(µ̄i − µ̄N) = −∂xi p̄(T, υ, x) . (138)

Once again the important role of the thermal equation of state shows up. It determines the volume
dependence of the chemical potentials as well.

The equations of this paragraph constitute the basis to derive representation theorems for the Helmholtz
free energy as a function of the variables T, υ, x. These representation theorems must be consulted
to answer the question which data can be used to construct a free energy function consistently.

Consequences for the variables (T, p, x). Next we apply the transformation identities (133) to the
thermodynamic equations (134)-(138). However, with respect to the variables (T, p, x) the most suited
potential is not the Helmholtz free energy density but the specific Gibbs free energy g := ψ + p %−1.
The following results are represented in an analogous manner as before.

Consider the Gibbs free energy function Mg = M(x)ĝ(T, p, x) := M(x)ψ̂(T, p, x) + p υ̂(T, p, x)
and obtain from (126)-(128)

∂T (Mĝ) =−M(x)ŝ(T, p, x), ∂p(Mĝ) = υ̂(T, p, x) ,

∂xi(Mĝ) = µ̂i(T, p, x)− µ̂N(T, p, x) .
(139)

Note that here the potential property of the free energy function concerns Mg rather than %g as one
would expect at first glance.
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In the (T, p, x) setting, the heat density, which is also called enthalpy density, %h := %u + p is
more important than the internal energy density %u. We calculate the enthalpy according to Mh =
M(x)ĥ(T, p, x) := M(x)u(T, υ̂(T, p, x), x) + p υ̂(T, p, x). The derivative of the specific enthalpy
with respect to T ,

ĉp := ∂T ĥ(T, p, x) (140)

defines the specific heat (at constant pressure). Its difference to the specific heat at constant vol-
ume,(135), is easily calculated by means of (133)1, to the result

cp − cυ = − T

M(x)
(∂T p̄)

2 ∂pυ̂ . (141)

Corresponding to the equations (136), we now have

∂p(M ĥ) = υ̂(T, p, x)− T ∂T υ̂(T, p, x) implying M ∂pĉp = −T ∂2T,T υ̂(T, p, x) . (142)

In the (T, p, x) variables, we observe a corresponding behavior to the (T, υ, x) setting: The pressure
dependence of the enthalpy function and the specific heat as well is already given by the thermal
equation of state, now represented by υ̂(T, p, x).

This is also true of the specific entropy, which is given by s = ŝ(T, p, x) := s̄(T, υ̂(T, p, x), x). It
satisfies

∂T ŝ =
ĉp(T, p, x)

T
, ∂pŝ = − 1

M(x)
∂T υ̂(T, p, x), ŝ = − 1

M(x)

N∑
j=1

∂T µ̂j xj . (143)

Finally, we define the (T, p, x)-representation of the chemical potentials, viz.

µi = µ̂i(T, p, x) := µ̄i(T, υ̂(T, p, x), x) .

The functions µ̂i(T, p, x) satisfy

∂T (µ̂i − µ̂N) = −∂xi(M(x)ŝ)(T, p, x), ∂p(µ̂i − µ̂N) = ∂xi υ̂(T, p, x) . (144)

The equations of this paragraph constitute the basis to derive representation theorems for the Gibbs
free energy function.

Inequalities. It is useful to list and prove the relevant inequalities between some of the introduced
quantities. From the inequalities (18) (cf. (129)), we may derive further inequalities, viz.

∂υp̄ < 0 , ĉp > c̄υ > 0 , and (∂T υ̂)2 ≤ − ĉpM
T

∂pυ̂ . (145)

The proof of (145)1 starts from the Gibbs-Duhem equation (128)1 for p = p̄. Differentiation with respect
to υ yields, after some simple rearrangements,

∂υp̄ = − 1

υ3

N∑
i,j=1

xi
∂µj
∂ni

xj < 0 , (146)

where the inequality in (146) is due to (129)1.

The proof of c̄υ > 0 relies on the inequality (18)2 and chooses f = u and f̄ = ū in the identity
(132)1. Then, together with (146), the inequality ĉp > c̄υ is a direct consequence of (141).
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Free energy representations in general. Two crucial facts can be read off from the experimental
literature:

(i) Exclusively the functions

υ = υ̂(T, p, x), cp = ĉp(T, p, x), µi = µ̂i(T, p, x) . (147)

are directly accessible in experiments.

(ii) The most simple task is the measurement of the thermal equation of state (147)1. Calorimetric
experiments to determine the specific heats (147)1,2 are much more involved than pressure-
volume-mole fraction measurements. The most complex procedure is needed for the experi-
mental determination of the chemical potentials (147)3.

Based on these facts we assume that the thermal equation of state, i.e. (147)1, is completely given. In
other words, we know the function (147)1 with respect to all variables (T, p, x).

Then from (142)2 we conclude that the specific heat (147)2 must be measured with respect to the
variables (T, x) for only one pressure value p = p0. Below we see that the chemical potentials must
solely be measured with respect to the mole fractions x for a single pair (T = T 0, p = p0).

Representation theorem for the specific entropies s = s̄(T, υ, x) and s = ŝ(T, p, x). The
representations of the free energy functions need in advance a corresponding representation of the
specific entropies. It reads

s̄(T, υ, x) =
1

M(x)

∫ υ

υ0

∂T p̄(T, V, x) dV +

∫ T

T 0

c̄υ(ϑ, υ0, x)

ϑ
dϑ+ s̄(T 0, υ0, x) . (148)

We conclude that s̄(T, υ, x) can be calculated via the complete thermal equation of state p̄(T, υ, x)
and the specific heat c̄υ(T, υ0, x) for one value of the specific volume. There remains to determine
the composition dependence of the specific entropy at a single pair (T 0, υ0).

For s = ŝ(T, p, x) we obtain

ŝ(T, p, x) = − 1

M(x)

∫ p

p0
∂T υ̂(T, p′, x) dp′ +

∫ T

T 0

ĉp(ϑ, p
0, x)

ϑ
dϑ+ ŝ(T 0, p0, x) . (149)

The proof of (149) starts with (143)2, yielding

ŝ(T, p, x) = − 1

M(x)

∫ p

p0
∂T υ̂(T, V, x) dV + s̄(T, υ0, x) . (150)

Next we calculate s̄(T, υ0, x) by means of (143)1, resulting in

s̄(T, υ0, x) =

∫ T

T 0

∂ϑc̄υ(ϑ, υ0, x) dϑ+ s̄(T 0, υ0, x) , (151)

which is inserted into (149). In an analogous manner we may prove (148).

These representations for the specific entropies are among the building blocks for the construction of
the free energy functions.
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Representation theorems for the free energy functions %ψ = %̄(υ, x)ψ̄(T, υ, x) and Mg =
M(x)ĝ(T, p, x). We show that the free energy functions can be constructed from the functions

p̄(T, υ, x), c̄υ(T, υ0, x), µ̄i(T
0, υ0, x)

or (152)

υ̂(T, p, x), ĉp(T, p
0, x), µ̂i(T

0, p0, x) respectively.

The representation for the free energy function %ψ̄(T, υ, x) reads

%ψ̄(T, υ, x) = −1

υ

∫ υ

υ0

p̄(T, V, x)dV − M(x)

υ

∫ T

T 0

dϑ

∫ ϑ

T 0

dϑ′
c̄υ(ϑ

′, p0, x)

ϑ′

+
M(x)

υ

(
ψ̄(T 0, υ0, x)− (T − T 0)s̄(T 0, υ0, x)

)
. (153)

This representation of the free energy function makes essential use of the assumption that the consti-
tutive functions (152) are known, either by experiments or from microscopic modelling.

To prove (153), we start with (134)2. Integration with respect to υ yields

ψ̄(T, υ, x) = ψ̄(T, υ0, x)− 1

M(x)

∫ υ

υ0

p̄(T, V, x)dV . (154)

Then we use (134)1 to analogously determine ψ̄(T, υ0, x). The result is

ψ̄(T, υ0, x) = ψ̄(T 0, υ0, x)−
∫ T

T 0

s̄(ϑ, υ0, x)dϑ . (155)

The term ψ̄(T 0, υ0, x) is calculated from (128)1, and reads

ψ̄(T 0, υ0, x) = − υ0
M(x)

p̄(T 0, υ0, x) +
1

M(x)

N∑
j=1

µ̄j(T
0, υ0, x)xj . (156)

These three intermediate results are inserted into each other. The resulting equation is finally multi-
plied by %, which completes the proof of the construction of the free energy function (153).

The representation for the free energy function M(x)ĝ(T, p, x) reads

Mĝ(T, p, x) =

∫ p

p0
υ̂(T, p′, x)dp′ −M(x)

∫ T

T 0

dϑ′
∫ ϑ′

T 0

dϑ
ĉp(ϑ, p

0, x)

ϑ

− (T − T 0)M(x)ŝ(T 0, p0, x) +M(x)ĝ(T 0, p0, x). (157)

There are two options to express the second line. We may assume that the specific entropy s(T 0, p0, x)
and the specific enthalpy h(T 0, p0, x) are given. Then we have

−(T −T 0)M(x)ŝ(T 0, p0, x)+M(x)ĝ(T 0, p0, x) = −TM(x)ŝ(T 0, p0, x)+M(x)ĥ(T 0, p0, x) .
(158)

Secondly, if we know the chemical potentials µi(T 0, p0, x) and their derivatives ∂Tµi(T 0, p0, x), the
functions s(T 0, p0, x) and g(T 0, p0, x) may be substituted by

ŝ(T 0, p0, x) = −
N∑
i=1

∂Tµi(T
0, p0, x)xi and ĝ(T 0, p0, x) =

N∑
i=1

µi(T
0, p0, x)xi . (159)

To prove the representation (157), at first we integrate (139)2 with respect to the volume. Then (139)1
at (p0, x) is integrated with respect to temperature. This leads to (157). The first option (158) simply
follows from the decomposition of the Gibbs free energy (157) into entropy and enthalpy. The second
option relies on the Gibbs-Duhem equation (128) specialized to the Gibbs free energy and (143)3.
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B Ideal mixture

Assume that the chemical potentials obey the additive ansatz

µ̂i(T, p, x) = gi(T, p) + ai(T, xi) for i = 1, . . . , N . (160)

Here we consider given regular functions gi(T, ·) : ]pinf , +∞[→ R and ai(T, ·) : ]0, +∞[→ R.

First using that µi = ∂ni
%ψ, we obtain via differentiation of (160) that

∂2ni,nj
%ψ = ∂pgi(T, p) ∂nj

p+ a′i(T, xi) ∂nj
xi . (161)

We multiply with nj ni and sum over i, j = 1, . . . , N . We have
∑

j nj ∂nj
xi = 0 and, moreover,∑

j nj ∂nj
p = D2

n,n(%ψ)n · n > 0, we obtain that

D2
n,n(%ψ)n · n (1−

N∑
i=1

∂pgi(T, p)ni) = 0⇐⇒
N∑
i=1

∂pgi(T, p)ni = 1 .

Now, we multiply (161) with ni and sum over i = 1, . . . , N . Since ∂nj
p =

∑
i ni ∂

2
ni,nj

%ψ, it follows
that

N∑
i=1

ni a
′
i(T, xi) ∂nj

xi = 0 for all j = 1, . . . , N ,

which we can rephrase as

xj a
′
j(T, xj) =

N∑
i=1

x2i a
′
i(T, xi) for all j = 1, . . . , N .

From the latter relation we readily see that, necessarily,

a′j(T, xj) =
c(T )

xj
for j = 1, . . . , N

implying that aj(T, xj) = c(T ) lnxj + Cj(T ) .

With the molar based chemical potentials, we have the general relationship
∑

i µ̂i xi = M(x) ψ̂+p υ̂.
It implies that υ̂ =

∑
i xi ∂pµ̂i. For an ideal mixture, it thus follows that

N∑
i=1

∂pgi(T, p)xi = υ̂(T, p, x) .

Hence we must require that

N∑
i=1

∂2p,pgi(T, p)xi < 0 for all x ,

which is possible only if p 7→ gi(T, p) is strictly concave for all i.
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If
∑N

i=1 xi ∂
2
p,pgi(T, p) < 0 for all x, we introduce p(T, n1, . . . , nN) as the root of the equation∑N

i=1 ni ∂pgi(T, p(T, n)) = 1, and %ψ is, up to a function solely of temperature, defined via the
formula

%ψ = n

(
N∑
i=1

xi gi(T, p(T, n1, . . . , nN)) + c(T )x · lnx+ C(T ) · x

)
− p(T, n1, . . . , nN) ,

in which xi = xi(n1, . . . , nN) = ni/n.

To verify that %ψ is concave in T , we compute the second derivatives, given as

∂2T,T%ψ =
N∑
i=1

ni (c
′′(T ) ln xi + C ′′i (T ))

+
N∑
i=1

ni ∂
2
T,Tgi(T, p(T, n))−

(
∑N

i=1 ni ∂
2
T,pgi(T, p(T, n)))2∑N

i=1 ni ∂
2
p,pgi(T, p(T, n))

.

Sufficient conditions for ∂2T,T%ψ < 0 are, therefore, c′′(T ) ≥ 0 and

T 7→ Ci(T ), (T, p) 7→ gi(T, p) concave for all i = 1, . . . , N .

Up to the functions c and C of temperature, the free energy is completely determined from the as-
sumption (160).

C Proof of the Propositions 9.5 and 9.6

Defining f as in the statement of Prop. 9.5, the assumptions yield directly f ∈ C1(RN
+ ). By direct

computation, use of ∂pV̄ (p(ρ), ρ) = V (p(ρ), ρ) = 1 implies that

∂ρif(ρ) =p0 Vρi(p
0, ρ) + kρi(ρ) + V̄ρi(p(ρ), ρ) + (V̄p(p(ρ), ρ)− 1) pρi(ρ)

=p0 Vρi(p
0, ρ) + kρi(ρ) + V̄ρi(p(ρ), ρ) . (162)

Hence, both k and V̄ being positively homogeneous in ρ, we see that

ρ · ∇ρf(ρ) = ρ ·
(
p0 Vρ(p

0, ρ) + kρ(ρ) + V̄ρ(p(ρ), ρ
)

= p0 V (p0, ρ) + k(ρ) + V̄ (p(ρ), ρ) .

Thus, ρ ·∇ρf−f = p, which is (94). For ρ satisfying p(ρ) = p0, the definition of the pressure implies
that V (p0, ρ) = 1. Since V̄ (p0, ρ) = 0 by definition, it holds that f(ρ) = p0 V (p0, ρ)+k(ρ)−p0 =
k(ρ). This verifies (95). In order to show that the solution is unique, assume that f 1, f 2 both solve
(94), (95). We see that f 1 − f 2 =: d is positively homogeneous, and we must have d(ρ) = 0
whenever p(ρ) = p0. For each fixed ρ, we have V (p0, λ ρ) = 1 for λ = 1/V (p0, ρ). Thus,
p0 = p(λ ρ), and λ d(ρ) = d(λ ρ) = 0 implies that d ≡ 0. This shows that f 1 = f 2.

Next we prove the additional properties of the solution f .

Since V and k are both of class C2(RN
+ ), the formula (162) shows that∇ρf is differentiable, and that

∂2ρj ,ρif = p0 Vρj ,ρi(p
0, ρ) + kρj ,ρi(ρ) + V̄ρj ,ρi(p(ρ), ρ) + Vρi(p(ρ), ρ) pρj(ρ) (163)

= p0 Vρj ,ρi(p
0, ρ) + kρj ,ρi(ρ) + V̄ρj ,ρi(p(ρ), ρ)− 1

Vp(p(ρ), ρ)
Vρi(p(ρ), ρ)Vρj(p(ρ), ρ) .
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Here, we also used the equation V (p(ρ), ρ) = 1 to compute ∂ρp = −Vρ/Vp. Thus, if the Hessians
D2
ρ,ρ(p

0 V (p0) + k+ V̄ (p))(ρ) are positive semi-definite for all p ∈]pinf , psup[, it follows that D2f is
positive semi-definite.

Since ρ 7→ p0 V (p0, ρ) + k(ρ) + V̄ (p, ρ) is positively homogeneous, these Hessians possess
necessarily a kernel containing {ρ}. We can verify for arbitrary η ∈ S2

+ and p = p(ρ) that

D2
ρ,ρf(ρ)η · η = (p0 Vρ,ρ(p

0, ρ) + kρ,ρ(ρ) + V̄ρ,ρ(p, ρ))η · η − 1

Vp(p, ρ)
|Vρ(p, ρ) · η|2 . (164)

Choose now an orthonormal basis {ξ1, . . . , ξN−1, ρ/|ρ|}. For ρ ∈ RN
+ and p > pinf , we can verify

that the N − 1 vectors ξi− (Vρ(p, ρ) · ξi/V (p, ρ)) ρ, together with ρ, form again a basis of RN . For
any η ∈ RN , we thus find coefficients a1, . . . , aN−1 and b to represent

η =
N−1∑
i=1

ai (ξ
i − Vρ(p, ρ) · ξi

V (p, ρ)
ρ) + b ρ .

Hence, we find a number c = c(ρ, p) such that |η| ≤ c (|a|+ |b|). Define the matrix Π ∈ RN×(N−1)

with columns given by the vectors ξ1, . . . , ξN−1. Using (164), it is readily seen that

D2
ρ,ρf(ρ)η · η = ΠT(p0 Vρ,ρ(p

0, ρ) + kρ,ρ(ρ) + V̄ρ,ρ(p, ρ))Π a · a− (V (p, ρ))2

Vp(p, ρ)
|b|2

≥ λmin(ΠT(p0 Vρ,ρ(p
0, ρ) + kρ,ρ(ρ) + V̄ρ,ρ(p, ρ))Π) |a|2 − (V (p, ρ))2

Vp(p, ρ)
|b|2 . (165)

If p0 Vρ,ρ(p0, ρ) + kρ,ρ(ρ) + V̄ρ,ρ(p, ρ) possesses N − 1 strictly positive eigenvalues, it is posi-
tive definite on {ρ}⊥. Hence, the choice of the ξi implies that λmin(ΠTD2(p0 V (p0, ρ) + k(ρ) +
V̄ (p, ρ))Π) > 0. It follows from (165) thatD2f(ρ)η ·η ≥ c |η|2, showing thatD2f is strictly positive
definite a every point of RN

+ .

In particular, f is strictly convex. To show that f is of Legendre–type, it remains to prove that f
is essentially smooth. Consider an arbitrary sequence {ρm} ⊂ RN

+ such that ρm → ρ ∈ ∂RN
+ .

The first case is ρ = 0. In this case the equations V (p(ρm), ρm) = 1 imply for the fractions
ym := ρm/|ρm|1 that V (p(ρm), ym) = 1/|ρm|1. In turn, this yields lim supm→∞ p(ρ

m) = pinf .

Otherwise, we would find a subsequence, a number p1 > pinf , and y ∈ S1

+, such that V (p1, y) =

limk→∞ V (p(ρmk), ymk) = +∞ in contradiction to the fact that V ∈ C(]pinf , psup[×S1

+). Next,
using the homogeneity of degree zero of Vρ and kρ, we compute

ym · ∇ρf(ρm) =ym · (p0 Vρ(p0, ρm) + kρ(ρ
m) + V̄ρ(p(ρ

m), ρm))

=p0 V (p0, ym) + k(ym) + V̄ (p(ρm), ym)

≤ sup
y∈S1

+

(p0 V (p0, y) + k(y) + V̄ (p(ρm), y)) .

The assumption (f) now implies that lim supm→∞ y
m · ∇ρf(ρm) = −∞. Clearly, it follows that

|∇ρf(ρm)| → +∞. The second case is ρ 6= 0, so that the sequence {ρm} is uniformly bounded
and bounded away from zero. The equations V (p(ρm), ρm) = 1 imply that p(ρm) remains in a
compact set [p1, p2] ⊂]pinf , psup[. Moreover, since |ρm|1 ≥ c0 > 0, we see that the fractions
ym = ρm/|ρm|1 must tend to a boundary point of S1

+. Hence

|∇ρf(ρm)| ≥ inf
p∈]p1, p2[

|p0 Vρ(p0, ym) + kρ(y
m) + V̄ρ(p, y

m)| ,
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and in view of the assumption (e), it follows that lim infm→∞ |∇ρf(ρm)| = +∞. This concludes the
proof that f is essentially smooth.

We now discuss the conditions in order that f is co-finite. Recall that psup = +∞ in the statement of
Prop. 9.6. First we show that |∇ρf(ρm)| → +∞ for |ρm| → +∞. Since V (p(ρm), ym) = 1/|ρm|1,
we find that lim infm→∞ p(ρ

m) = +∞. Otherwise V (p1, y) = limk→∞ V (p(ρmk), ymk) = 0 for

some subsequence, finite p1 and y ∈ S1

+. Thus

ym · ∇ρf(ρm) =p0 V (p0, ym) + k(ym) + V̄ (p(ρm), ym)

≥ inf
y∈S1

+

(p0 V (p0, y) + k(y) + V̄ (p(ρm), y)) .

In view of the assumption (g), we infer lim infm→∞ |∇ρf(ρm)| = +∞.

Consider the set ∇ρf(RN
+ ) := {µ ∈ RN : µ = ∇ρf(ρ) for some ρ ∈ RN

+}. This set is closed.
Indeed, if {µm} ⊂ ∇f(RN

+ ) converges to some µ ∈ RN , then any sequence {ρm} ⊂ RN
+ such

that µm = ∇ρf(ρm) must remain in a compact of RN
+ . Otherwise, we can find a subsequence such

that either {ρmk} tends to a boundary point of RN
+ or to +∞. Then the previous arguments show

that |µmk | = |∇ρf(ρmk)| tends to infinity, in contradiction to the fact µmk → µ. Thus ∇ρf(RN
+ ) is

closed. Hence we infer that∇ρf(RN
+ ) does not possess any boundary points. For if µ would be such

a boundary point, then µ ∈ ∇ρf(ρ) for some ρ ∈ RN
+ , and the inverse mapping theorem implies that

there are neighborhoods of ρ in RN
+ and of µ ∈ RN such that∇ρf is a bijection therein.
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