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Derivation of effective models from
heterogenous Cosserat media via periodic unfolding
Grigor Nika

Abstract

We derive two different effective models from a heterogeneous Cosserat continuum taking into
account the Cosserat intrinsic length of the constituents. We pass to the limit using homogenization
via periodic unfolding and in doing so we provide rigorous proof to the results introduced by Forest,
Pradel, and Sab (Int. J. Solids Structures 38 (26-27): 4585-4608 '01). Depending on how different
characteristic lengths of the domain scale with respect to the Cosserat intrinsic length, we obtain
either an effective classical Cauchy continuum or an effective Cosserat continuum. Moreover, we
provide some corrector type results for each case.

1 Introduction

In recent recent years it has been widely observed that mechanical properties of composite materials that
are used in a variety of applications depend on different characteristic lengths that are determined by the
structure itself or the characteristics of an underlying microstructure or a combination of both [ 1,
[ I [ L[ I [ 1 [ ]- This results in corresponding macroscopic properties of the
composite that may be vastly different from the underlying material properties. Moreover, in cases where
these characteristic lengths of the problem become comparable with the characteristic length of the mi-
crostructure, classical theory of continuum mechanics loses its accuracy in describing the mechanical be-
havior of such materials. These type of phenomena described above are often referred to as size effects
and one way of accounting for size effects in composites is to model them using generalized continuum
theories. One of the earliest generalized continuum theories was that of the Cosserat brothers [ ]
where they introduced the notion of the couple stress. Their original development of the theory was
largely underappreciated during their time only to be revisited again in the early sixties onwards [ 1,
[ 1 [ I 1 [ I I ]- Cosserat continuum mechanics incorporates size ef-
fects naturally through an intrinsic length scale parameter /. which, loosely speaking, can be considered
as a measure of the absolute size of the constituents in the unit cell. Generalized continuum theories
are thought to have applications in the modeling of materials with microstructure, such as granular or

fibrous materials, or materials with a lattice structure [ 1L I L[ I [ I [ ]- One of
the methods specifically designed for analysis of highly heterogeneous and microstructured materials is
the theory of homogenization [ 1 [ I LI ]. In this theory, the effective material prop-

erties of periodic structures are defined on the analysis on a periodicity cell, and in turn these properties
depend on the mechanics of constituents and the geometry of the periodic structure but are indepen-
dent of the external boundary conditions and applied forces. They are normally determined in the limit
as the size of the microstructure € — 0. Moreover, homogenization seems like a natural fit to explore
connections between generalized continuum theories and classical theory for heterogenous structures.
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G. Nika 2

Generalized continuum theories fall into two categories: Higher grade theory that introduces higher gra-
dients of the displacement field to the usual strain tensor and higher order theory that includes ad-
ditional degrees of freedom. Regarding the former there is a vast literature of deriving second grade
(and even third grade [ ]) models through homogenization either through two-scale asymptotic
expansions or through variational convergence methods e.g. I'-convergence | 1 [ 1 [ 1,
[ I [ ]. We point out that the authors in [ ] provide a historical perspective and theoret-
ical overview of higher grade continua. Regarding the latter, where one allows for additional degrees of
freedom, as in a Cosserat continuum, a series of works appeared in the late nineties addressing estima-
tion of effective properties of heterogenous Cosserat materials taking into account size effects [ 1,
[ I [ ] In particular, the authors in [ ] consider periodic heterogenous Cosserat material
taking into account a hierarchy of three characteristic lengths when obtaining the homogenous equivalent
medium: the characteristic size of inhomogeneities, the Cosserat intrinsic length of the constituents, and
the typical size of the considered structure. Heuristically, using two-scale expansions, the authors derived
different homogenized models based on how the three characteristic lengths scale with respect to one
another and, moreover, validated their results using finite element calculations.

The aim of this work is to provide the mathematical underpinnings that make the work in [ ] math-
ematically rigorous. Specifically, we consider a periodic Cosserat body €2 with body forces and body-
couples acting on it,

—8%.0]'1‘ - fz =0 in Q, (1 1)
—Ox; 1ji — €ijiojk — gi =0 in{,

with o;; the non-symmetric strain, 11;; the couple-stress, and €;;; the Levi-Civita tensor. Moreover, the

constitutive relations are given by

0ji = Cjirevioe + Bjikekike, i = Brejivee + Ljikerine- (1.2)

where y;; 1= Oxj Uj — €4k is the non-symmetric strain tensor, x;; 1= &Ej ; is the torsion tensor or
curvature-twist tensor or curvature tensor or curvature, u is the displacement, and ¢ is the rotation. In this
work we will assume we deal with centro-symmetric bodies and hence the fourth order tensor B; ., = 0
[ ]. Using the dimensional analysis done in [ ], to obtain the hierarchy of models based on the
scaling of the Cosserat intrinsic length £, with respect to the overall length of the domain £ or the length
of the periodic cell ¢, and the periodic unfolding method we pass to the limit in each case. We obtain
two different effective models: If £./¢ remains constant when £/£ goes to zero we obtain an effective
Cauchy continuum where the effective moduli tensor depends on a standard set of local problems as
in classical homogenization and on a set of local problems that contain the contribution of the rotations.
If £./£ remains constant when ¢/£ goes to zero then we obtain an effective Cosserat continuum. In
both cases we verify the results in [ ]. Additionally, we prove certain corrector type results using the
adjoint of the unfolding operator (the averaging operator).

The paper is organized as follows: In Section 2 we reproduce the dimensional analysis in [ ], pro-
vide some background, and set up the model. In Section 3 we recall the definition of the unfolding and
averaging operators and prove the main results. Section 4 is devoted to proving certain corrector type
results using the averaging operator. We need to remark that we refer to the above as corrector type
results as they involve both the displacement and the rotations unlike in classical elasticity where only
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Derivation of effective models from heterogenous Cosserat media 3

the displacement is involved. To the author’s knowledge, these corrector type results are new in their
entirety. Finaly, in Section 5 we provide some conclusions and remarks.

2 Background and set up of the problem

2.1 Cosserat intrinsic length of the constituents

Let £ be the characteristic length of the domain €2 and £ the characteristic length of the periodic cell. We
define the dimensionless coordinates, displacement, and rotation as in [ 1

w(z?) = =55, ¢i(@7) = p(@). (2.1)

In Cosserat media there is another length scale parameter that is of importance, namely, the Cosserat
intrinsic length ¢, of the constituents [ LI ]. The following nondimensionalization was done
in [ LI ] and we include it here for completion of the presentation. Hence, in accordance with
[ ], the Cosserat intrinsic length is defined as follows,

C=L/12 (2.2)

where £ = max,cy, |Ljini(2)], € = max,ey, |Cjiri(2)], and Y, = (—€/2,¢/2]% is the periodic
cell characterizing the body €2. Addtionally, the non-symmetric strain and curvature non-dimensionalize
respectively as,

’7;2- = Yji and /{;i = 2/{]'1'. (2.3)

Moreover, we define the nondimensional stress, couple-stress, and fourth order material tensors as fol-
lows,

oy = L7 aji, Jike(@") = L7 Ly (), 24
W = (LL) i, Chpe(a”) = €1 Cline()
We remark that the fourth order tensors L7, ,(z*) and C7,,,(z*) are Y* periodic where,
¢ 1 1]¢
Hence, the system of equations in (1.1) scales as,
—Opro5; — fi =0 in €2,
(2.6)

* * .
—az;uji — €0y, —9g; =0 in,
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G. Nika 4

where [, and g are the appropriately scaled body forces and body couples (see [ , Eq. (14), pg.
4589]) and with constitutive laws,

Vi 2
U;i = ;iké’YkZa :U’;i = (5) L;ikg’in (2.7)

Thus, one can generate an € periodic problem by defining the nondimensional number ¢ as the ratio
of £/£ and let ¢ — 0 to obtain an effective medium. However, different cases ought to be considered

depending on how /. scales with £ and £, respectively, as € — 0 [ ]. Here we consider the cases
lefl ~ 1, (2.8)
08~ 1.

2
If /¢ ~ 1 then M;i = (%) L;fikén’,ge, using the definition ¢ = ¢/£ and omitting the * notation,

becomes,

x
[ = Ljikg(g)nig. (HS 1)

2
If £c/£ ~ 1then i, = (%) L7k} becomes,

X
15i = Lijike (E) K- (HS 2)

The former allows one to pass from a Cosserat continuum in the microscale to a Cauchy continuum in
the macroscale, as € — 0, where all the relevant information are now captured in a new homogenized
tensor which can be computed explicitly with the aid of an additional set of local problems. The latter
allows one to obtain a Cosserat effective medium as ¢ — 0.

Notation

In what follows «, 8 € R are generic constants such that 0 < cand 0 < /.

- Throughout the article we employ the Einstein summation notation of repeated indices unless
otherwise stated.

- M (o, B,Q) = {all fourth order tensors in L (£2; R4*4xd%d) acting on matrices such that for
any matrix ( € R™, L(z) ¢ : ¢ > a|¢|?and B|¢|? < L7Y(z) ( : (forae.z € Q}

- Any general fourth order tensor of the form T, () is defined, as usual, by 777, () := Tjjxe (%)

- In addition to the standard Sobolev space H'(2) := W12(£2) we define the following spaces:
Ht () = {we H(Q) | Tr(w) =00nTy}

H(curl; Q) = {w e L2(;RY) | curl(w) € L2(Q; Rd)}
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Derivation of effective models from heterogenous Cosserat media 5

- The third order tensor €, is the Levi-Civita symbol that is equal to 1 if (4, j, k) is an even permu-
tation of (1,2, 3), —1 if itis an odd permuation, and zero if any index is repeated.

- Weset L¢ (x) to be a general place holder under the schemes (HS 1) and (HS 2) as follows,
Lf(z) := &2 L (z) under the scheme (HS 1), (2.10)
L?(z) := L°(z) under the scheme (HS 2). (2.11)

2.2 The model

We consider an elastic composite with periodic microstructure of period £ occupying a region €2 C
Rd, d = 2, 3. The region €2 that the composite occupies, is assumed to be bounded, open, and multiply
connected. Y = (—1/2,1/2]% s the unit cube in R? and Z% is the set of all d—dimensional vectors with
integer components.

For every positive ¢, let N, be the set of all points m & Z% such that e(m +Y) is strictly included in
Q2 and denote by | V.| their total number. Let 7" be the closure of an open connected set with sufficiently
smooth boundary, compactly included in Y. We define, for every ¢ > O and m € N, T}, == e(m+1T)
as the region containing the distribution of space charges and by S5, = 07};, denote the interphase
boundary separating the region from the ambient surrounding material (see Fig. 3.1). We now define the
following subsets of €2:

Oy = U TS, Qo= N\, Q= Q1 UQo U (Upen.S5,).

meENe

Moreover, we denote by OS2 the boundary of 2. The exterior will be denoted by I'g and by S;,,, m € N,
the remaining components of 9€). The vector n will be unit normal on I'g pointing in the outward direction.

The heterogeneous Cosserat continuum is characterized by the following coupled system,

—0y;05,— fi =0 in €2,
u® =0 on Iy,
=0 onT.

Here 075, is the stress while 15, is the couple stress. Moreover, u° and ¢° are the displacement and rota-
tion vector fields, respectively. The system of equations (2.12) characterizes the mechanical deformation
that the body undergoes. The equations are fully coupled and the system is closed with homogeneous
Dirichlet boundary conditions on I'g. In addition to computing the displacement we must also compute

the rigid rotations which makes for a fully coupled system of partial differential equations.

.Z’] 7
(non-symmetric) strain tensor and K?,L- is referred to as the torsion tensor (or curvature-twist tensor or
curvature tensor or curvature).

Strain and torsion tensors. Define 75; := 0y,u; — €gjip} and K5; := Oy, 7. The term 5, is the

Constitutive relations. The stress is related to the strain though the fourth order material tensor Cj‘ike("’)
by the relation,

o5 = ClineVees (2.13)
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G. Nika 6

Iy

Ty

Figure 2.1: Schematic of the heterogeneous Cosserat medium in vaccum

while the couple stress is related to the curvature through the fourth order material tensor E;M(x) by
the relation

15 = Liigekke- (2.14)

The tensors Cf‘iu and L;M are linear isotropic tensors in each phase and have the following form

[ 1,

Chire(®) = (pe(@) + ac(x)) 0jk dir + (p1e(®) — () dj0 dit. + Ae(Z) 6 Okes (2.15)
Z?iké(ﬁ) = (0=(x) + 0:(x)) 61 0i¢ + (0=(x) — 0:(x)) dj¢ Sir + B (@) dij Opees (2.16)

respectively. The coefficients iz (z) := piz (%), ae(®) := a (£), Ac(z) := A (2), B-(z) := B (%),
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Derivation of effective models from heterogenous Cosserat media 7

0=(x) := 0 (%), 0-(z) := o () are material parameters that are piecewise constant in each phase
and periodic.

The thermodynamic stability relations immediately yield that C']E-i/u = C}ieﬂ and EjM = Lim. More-
over, from the constitutive laws we have assumed above, (2.13) and (2.14), we content ourselves in the
case of “centrosymmetric medium” (see [ D).

2.3 Assumptions

We frame the heterogeneous Cosserat continuum model (2.12), (2.13), (2.14) under the following general
assumptions:

B Q) is a bounded, multiply connected domain such that mes(I'g) > 0, mes(S7) > 0, and S N
S5 = Dfor £ # p.

B I'g and S} are surfaces of class C?, S,NS; = () for p,q € Nowithp # g, and g N S§ = ()
forevery £ € N..

B The functions f and g are such that f € L?(Q; R?) and g € H(curl, Q).
B The fourth order material characterization tensors are such that ;iké(m) € M}(a, 3,9) and

L% (@) € 91} (o, B, Q).

Existence and uniqueness. The Cosserat brothers [ ] developed their theory to be derived from
the principle of least action of Hamilton. Starting from total energy of the system described in (2.12),

1 1 ~
85['0,1/)]:2/QC€fyzyda:+2/§2L€n:mdx—/gf-vdx—/gzg-¢dz, (2.17)

where C¢ v : v = C’;M Yer Vji and L k0 K = L, Kk Kji-

One can readily observe that the above energy is sequentially weakly lower semicontinuous and coersive
by [ , Thm. 3.1] (see also [ LI 1) in H%O(Q,Rd) X H%O (€2,R?) and, moreover, the
following estimates hold under (HS 1) and (HS 2), respectively:

1/2

(e g ey + (N2 mey + 196 IF20imaa) )) )
2.

, , 1/2 (2.18)

< (If 122 0m) + 9320z -

1/2 1/2
(||U5||§J%O(Q;Rd) + H‘PSHfL@O(Q;Rd)) <c (Hf”%Q(Q;]Rd) + ||g||%2(Q;Rd)> ) (2.19)

for some generic constant c independent of £. Additionally, it is convex in the arguments Vu and V.
Hence, using the compact embedding of Rellich-Kondrachov we can apply the direct method to obtain
existence and uniqueness. Hence, we can characterize the solution to (2.12) as the unique minimizer of,

(’U,E’ (Ps) = argmin(mp)eH%o (Q,R%) XH%O (Q,R%) Ee [’U, ’(p] (2.20)
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By computing the first variation of €. we obtain the Euler-Lagrange equations,

e (0% _ oo N dr e [ e %Y e [ (Fv ) d —
/Qajk <8xj ezjkle) dx /Q,uji oz, dz /Q(flvl—i-glwz)dm—o. (2.21)

If we group terms in the Euler-Lagrange equation above we obtain the weak form of (2.12) which reads
as follows: Find (u®, %) € H} (€, R?) x Hf (2, R?) such that,

/ o5 8%_ dz —/ fivide = 0forallv € H%O (Q,RY), (2.22)

QO 837] QO

/ue'i O dx — / Eijko';lg W; de — / gi ¥;de = Oforalle € Hllx (Q,Rd) (2.23)
J al'j 9] J Q 0

Using (2.22)—(2.23) we can recover the strong form of the equations in (2.12) in the sense of distributions
as usual.

3 Homogenization of the Cosserat continuum

In the next two subsections we recall the of definitions and properties of the periodic unfolding and
averaging operators [ , , . ] and present our main results. We will list some
of their properties, leaving the interested reader to consult [ , , ] for further details
regarding proofs.

3.1 The periodic unfolding and averaging operators

We define the following domain decompositions:

Q7 :=int (uﬁeK;a(eJr Y)) with K = {E ezl e(l+Y)C ﬁ} , (3.1)

QF == int (Uéest(ﬁJr Y)) with K := {e €2 e(l+Y)NQ# V)} : (3.2)

Additionally, we define AZ := Q\QC . It is now evident that Q- C Q C QI (see Fig. 3.1 (left)) and
moreover, one can show that mes(Q\QZ) — 0 1.

Let [z]y = (|21],-- -, |2a]) denote the integer part of z € R? and denote by {2}y the difference
z—[z]y which belongs to Y. Regarding our multiscale problem that depends on a small length parameter
e > 0, we can decompose any x € R? using the maps []y : R +— Z% and {-}y : R — Y the
following way (see Fig. 3.1 (right)),
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Derivation of effective models from heterogenous Cosserat media 9

0 € R?

L)

Figure 3.1: Unfolding operator on a periodic grid

For any Lebesgue measurable function ¢ on ) we define the periodic unfolding operator by,

o (c[2]y +ey) forae (z,y) €O xY

(3.4)
0 fora.e. (z,y) € A; x Y.

T(p)(x,y) = {

Proposition 3.1. For any p € [1,+00) the unfolding operator T. : LP () — LP(Q2 X Y') is linear,
continuous, and has the following properties:

ii.

i

Vi.

Vil

T.(p) = To(¢) T-(1)) for every pair of Lebesgue measurable functions ¢, 1) on

For every p € L'(£2) we have,

i r@ened = [ ded= [ e [ @i e

Y| Jaxy O Q. AT

1% L irery < [YIV2 6] o ey for every o € LP(Q)
T:(p) — @ strongly in LP(Q2 x Y') forp € LP(Q)) ase — 0

If{:}< is a sequence in LP(S2) such that p. — ¢ strongly in LP (), then T-(¢-) — ¢ strongly
inLP(QxY)

If o € LP(Y) is Y-periodic and ¢-(x) = ¢ (2) then T:(z) — ¢ strongly in LP(Q2 x Y) as
e—0

Ifd. — ¢ in H'(SY) then there exists an non-relabelled subsequence anda ¢ € L2(Q); H b (Y))
such that

a. T(¢:) — ¢ in L2(Q; HL(Y))
b. T.(Vé:) = Vb + Vydin L2(Ax Y)
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G. Nika 10

vii. Let {¢-}. € H'(Q) and assume that {¢.}. is a bounded sequence in L*(Q) satisfying
€ [[V@ell2(rey < ¢ (c is a constant independent of €) then there exists an non-relabelled

subsequence and a ¢ € L*(Q; H1,,(Y)) such that

a T.(¢e) — ¢ in L2(Q; HL(Y))
b. e (Vo) = Vydin L2(Q2 xY)

In a similar fashion we define the averaging operator U : LP(Q x Y') — LP(Q) for p € [1,400),
which acts as a pseudo-inverse of the unfolding operator, by:

©(3)(x) = {({Y P (c[E] +e2,{%}) dz forae.x € Q_ 56)

forae.x € A,
Proposition 3.2. For any p € [1,+00) the averaging operator U, : LP(2 X Y') +— LP(Q) has the

following properties:

i. if{we}e € LP(2xY') is a bounded sequence such thatw, — w in LP(Q x Y') ase — 0 then

U (ws) — /Y w(-y) dy in LP(S). 67)

Ifw is independent of y then the convergence above is strong (see [ , Cor. 2.26, pg. 1599]).
ii. If{w.}. is a sequence in LP(SY) then the following are equivalent:

a T.(w;) > winLP(QxY)
b. welg- — U(w) — 0in LP(2)

iii. If {w.}< is a sequence in LP(Y) then the following are equivalent:

a T(we) = win LP(Q x Y) and [, |we|P dz — 0
b. we — U-(w) — 0in LP(Q)

3.2 Main results

3.2.1 Homogenization under the HS 1 scheme

Theorem 3.1. If (u®, %) is the solution set to (2.12) then, under the HS 1 scheme, there exist u’ €
HY(Q;RY), ul € L2(Q; HL,,.(Y;RY), o0 € L2(; HY . (Y;R?)) such that

per per

T(u®) — u® in L*(Q; HY(Y;RY)) (3.8)
T.(Vu®) — V'l + Vyu! in L2(Q x Y;R*) (3.9)
T(p%) = ¢ in L2(Q; H (Y;RY)) (3.10)
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Derivation of effective models from heterogenous Cosserat media 11

and (u®, p°, u') is the unique solution set of

1 _
/ Cjik@(y) (aa:gug + aa:gullg - eykﬂpg - 7€V’ing) (a$z‘/j + 8yi W]) dy dx
QXY 2

) (3.11)

— / €vij Qv (axZVJ + 8inj) dyd:z: + / fl Vide =0,
2 Jaxy Q

forall V € HE(Q;RY) andW € L2(Q; HL(Y;R%)). If in additionu' and " have the following form,

ui (2,9) = ¢ (y) o, ui (@) + ci(2) (3.12)

oO(@,y) = & (y) O, uf () (3.13)

and we select W = 0 then equation (3.25) takes the following more familiar form:

1
/ O'%H ({')IJV; der = 2/ €vij v 8%‘/] dx —|—/ fZVde, (3.14)
Q Q Q
where ofjﬂ = (ij%q (%q ud — %emj g,,) is the Cauchy stress in classical elasticity with symmetry
O'?]ﬁ = a]e-ff and
o, = / Ciine(y) (Okp e + 0y, (17 — eureh?) dy. (3.15)
Y

Furthermore, ¢ k€ and 13 k€ are the local solutions satisfying the following variational problems,

1
/Y Clike (2 Okp Oqe + ayﬁg,’jq> Dy, v;dy = 0 forallv € H;er(Y :RY), (3.16)

1
/y Cjikl <2 5kp (5(1@ + €vkr §£q> (93/1.11]' dy =0 forallv € Héer(Y; Rd). (3.17)

Proof. The weak form (2.21) of the Cosserat continuum reads: Find (u®,¢°) € H%O(Qo;Rd) X
HE (€5 RY) such that,

z
/ Ciike (g)(amui — €ukepy) (Oz,;vi — €vijiby) dx
0 ) (3.18)
—/ €% Ljike ( ) Oz, % O, j dx — / (fivi+ git) de = 0.
Q Q

3

Unfold the above expression using Proposition 3.1 properties ., ii., and iv) and obtain,
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/Q C]zké (al'eui) - 61/]%%(3018/)) (TE (8wjvi) - Gyij‘fs(d}z/)) dy dx

XY

[P L) T 0 T (01,0) dy e @19
XY

[ ) + )T ) dydz =0,
QxYy

Setwv := V(z) and ¢ := ¥(z) for any test functions V' € C§°(£2; R?) and ¥ € C5°(£2; R?) in (3.19)
and using (2.18) and Proposition 3.1 vzz. and viii. we obtain, as € tends to 0,

/ Cjine(y) (Ou,up + Oy, — e 0 (2,Y)) (On, Vi—e€vi V) dy da
v (3.20)

—/(fz'Vz'+gi‘1’i)d$=0
Q

Select now test functions of the form v = v := e U(z) W (£) where U € C§°(Q2) an €
H! (Y;R?). ltiscleatthatv® — 0in L?(Q; R?). Moreover, we have 0, V5 (x) = €0, U (x ) ( /e)+

per

U(x)0,, Wi(x /<) which implies T2 (0, v5) — 8y, W(,y) in LQ(QXY) ase — Owhere i(Z,y) =

x;U;
Ux) W (y). Likewise, we select as test function for the rotations ¥ = ¥° := ¢ ®(x ( ) where
P e CP(N)and E € H;er(Y,Rd) with %° — 0in L2(;R?) and Z(9,,45) — 8%_1(:1:,3/) in

L*(2 x Y)ase — 0 where Z;(x,y) := ¥(x)Z;(y). Hence, unfolding (3.19) with the above test
functions we obtain,

/ C]'Lk@ (a;wuz> - 61/]6276(9015/)) ( (6xjvz) GVZ]%(wi)) dy dz

QxYy

[P L) T 0 T (005) dydn B2
Qxy

—/ (Z(fi) T (v5) + T(9:) T (¥5)) dy dz = 0.
QxY

Letting € tend to zero in (3.21) we obtain,

/Q Cjire(y) (awug + (‘?yeu,lC — €kt gog(:v,y)) U(z) 0y, Wi(y) dy dz = 0. (3.22)
XY

Defining W (z, ) := U(z)W (y) and adding (3.20) and (3.22) we obtain,

/ {Cjike(y) (Orgupt + Oyyuif, — €vie wg(w,y))} (%Vé + 0y, Wi — em'j\lfu) dy dx
[95°9%

/{sz—i—gZ Z)}dyd:z:—o

(3.23)
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(V;RY) in L2(; H, (Y;R?)) the result holds for all W (z,y) €

per

By the density of C3°(Q) ® H],,
L2(Q; HE (Y;RY)).

per
The above equation is not immediately in a form that we recognize. However, using the properties of the
Levi-Civita tensor, we can re-write g; = %eipq €jpq 95 Grouping the terms in (3.23) by test function we
obtain,

1 _
/ {C]zkﬂ(y)(aﬂﬁgug + aygullg — €Eukt Sog(xvy)) + = fsijgs} (896]‘/; + ayj W’L) dy dx
Qxy 2
1
B / {C]zké(y) (aﬂﬁzug + ayeullc — Cuke SOg(xay)) + 9 €sij gs} €vij \Ilu) dy dx
QxY

1
_/ {fl Vi+ iesij s az]%} dydx =0. (3.24)
Q

From here we can obtain two sets of equations. By considering, first, that (V, W, ¥) = (V,W,0) we
have,

1 _
/ {Cjikk(y) (Owyug + Oy, — euke £ (.9)) + 5 €si gs} (02, Vi + 0y, W;) dy dz
Qxy (3.25)

1 _

By considering (V, W, ¥) = (0,0, ¥) we have,

1
—/ {Cjz‘k;é(y) (Opuf) + Oy, up — €uke 0o (T, Y)) + 5 €sii gs} €vij Uy dyde =0. (3.26)
QxY

If in (3.25) we select V' = 0 we can see that both u' and <p0 depend on V,u® linearly. In some
sense, this could be interpreted that the macroscopic displacement has contributions from microscopic
displacements and rotations, independently. Hence, the form of u' and <p0 look as follows,

ui (z,y) = ¢ y) Op,ufl(2) + ci(2) (3.27)

oO(@,y) = & (y) O, u () (3.28)

where the correctors CM and fkg are the local solutions satisfying the following variational problems,

(M € Hy (Y;RY), / ¢ dy =0,
. Y (3.29)
/Y Ciike (2 Okp Oge + 8y[C,fq> Oy, vjdy = Oforallv € ngr(Y; Rd),
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épq € Héer(Y; Rd)a Agpq dy =0,

(3.30)
1
/ Cjine <2 Okp Oge + €vie fly)q> Oy,vj dy = Oforallv € H;er(Y; Rd).
Y
Existence and uniqueness for (3.29) follows from classical theory of variational inequalities [ ]. While
for problem (3.30) one can show existence (up to an additive constant) as in [ , Thm. 3.4, pg. 45].

Remark 3.1. Equation (3.30) is a new local problem that does not appear in the classical homogenization
approach. Its appearance is solely a contribution of the non-symmetric part of the strain tensor and upon
closer examination, the local problem is one that involves rotations (or curls) which implies that certain
curvature-twist effects are present in the microscale. Moreover, these curvature-twist effects manifest
themselves macroscopically as part of the effective material tensor of a linear elastic material and not
independently.

Returning to (3.25) and substituting W =0,u! and <p0 from (3.27) and (3.28) respectively, we obtain,

1
/ Uf]ff Oy, Vidz = 2/ €vij Gv O,V dx + / fi Vi de, (3.31)
Q Q Q
where 1
afjﬁ = (C;g,q &rquo — vy g,,), (3.32)
and
Cipg = /Y Ciine(y) (Ohp Oqe + 0y, G — ure&l?) dy. (3.33)
Using equation (3.26) we see that Ufjﬁ = Ujff»f exactly like the Cauchy stress in classical linear elasticity.
These are precisely the homogenized equations obtained by [ ] using two-scale expansions under
their scheme HS1. O

Proposition 3.3. If we use the notation 5; := Oy, ui — €xji}, 'y% = iju?, and ’y}i = 8yju11 —
ekjigag then under the assumptions of Theorem 3.1 we have the following convergence results,

lim [ C(x)~ : 7 dax = Cly) (W ++Y: (Y +~Y) dydx (3.34)
=0 Jq Qxy
lim Cé(xz)~° :y“dx = 0. (3.35)

Proof. Using the weak lower semicontinuity of the integrals, the fact that tensors C* and Lf belong in
Mi(a, B,), and properties of the limit infimum we obtain,

Cly) (V' ++") : (1° ++") dyde <lim inf/ T.(C%) T(7°) : T(7°) dydz
Qxy =0 Jaxy
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gliminf/ T(C)T(7°) : T-(7°) dydx + liminf/ T (LF) T (k%) : T(K°) dyda
Qxy Qxy

e—0 e—0

éliminf{/ T(C°) T (7°) - ‘Zé(vg)dyder/
e—0 QOxY QXY

Sliminf{/ CEVE:’yEd.’I:—i-/EEf@E:ﬁEdm}
e—0 [¢) 0

zliminf/ (f -u*+g-¢°) dydz
QxY

e—0

T(LF) T2 (K°) : T (k°) dydx}

e
QXY

= Cly) (VW ++": (" ++") dyde, (3.36)

which is precisely (3.34). We remark that the last equality came from equation (3.23). Moreover, (3.34)
implies (3.35). O

Remark 3.2. Immediately one can observe from Proposition 3.3 that the following result holds,

lim T.(C%) T.(¥°) : T.(7°) dydz = Cly) P+ : (P +9)dydz  (3.37)
e=0 Joxy QOxY

Corollary 3.1. The Cosserat strain «° converges strongly in L?(Q x Y ; R4*%),

lim 7. (7°) = 7° + 41 in L2(Q x V; R¥*%) (3.38)

e—0

Proof. By expanding the square of the expression below we have,

i YC(y)(‘Zé(VE) = =) (R() =2 =) dydz

= CY)Z(7°) : T-(7°) dydz — CY)T() : (° — ') dyda (3.39)
(9559 axy

- C)("* —+") : Z(y°) dydz + C)(" =" : (" —+") dyda.
QOxY QOxY

The first term converges from (3.37) while the rest of the terms converge by (3.9) and properties of the
unfolding operator. Hence, all the terms on the right hand side above sum to zero in the limit and the
result follows. O

3.2.2 Homogenization under the HS 2 scheme

Theorem 3.2. If (u,®) is the solution set to (2.12) then, under the HS 2 scheme, there exist u’ €
HY(Q;RY), ul € L2(Q; HY,,.(Y;RY), o € HY(RY), ot € L2(Q; HY,,.(Y;R?)) such that,

per per

T.(uf) — u® in L?(Q; H*(Y;RY)) (3.40)
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T.(Vu®) — Vul + Vyul in L2(Q x Y; R*9) (3.41)
T(p%) — ¢ in L*(2; H' (Y;RY)) (3.42)
T (V) — Ve + V! in L2(Q x YV; R (3.43)

and (u®,u', ", ') is the unique solution set of

Cine (W) (02t + Ok = euneil) (02 Vi + 0, W — 240, dy
QxY
- /Q . Lijice(y) (0w, 00 + Oye01) (02,5 + 0,5;) dy da (3.44)
X
—/ fiVi+giV;idx =0,
Q

forall V€ H}(Q;RY) andW € L2(Q; H(Y;R%)). If in additionu' and ' have the following form,

uzl (x,y) = CZPQ(y) (8a:puq( ) — 5qu¢g($)) + Ki(x) (3.45)

oy (@,y) = &U(Y) Or,0(x) + ri(x) (3.46)

and we selectW = 0 and Z = 0 then equation (3.44) takes the following form:

| € (00,18 = ) 0V = W) da = [ 00,009, do

(3.47)
—/Q(fiVi+gi‘I’i)d$=0,
where
Cjezfzf?q /Y Cjire(y) (Okp Oeg + 0y, C17) dy, (3.48)
L$ipg = /Y Liike(y) (Orp 0eq + 0y, E07) dy, (3.49)

with (P4 and £P? being the local solutions on the unit cell satisfying the second order elliptic problems,

¢" € HL,(V;RY), / ¢Pdy =0,
Y (3.50)

/ Cjine(y) (5k’p Og¢ + %Cz’iq) Oy, wj dy = 0 forallw € Héer(Y; Rd)v
Y
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d _
e e Hlu(viRY), | etay o,
(3.51)
/ Liiee(y) (Orp Sqe + 0, &07) Oy,v; dy = 0 forallv € H] . (Y;RY),
Y

Proof. Once again, we start with the weak form (2.21) of the Cosserat continuum (in this scheme the
tensor L* scales with 1 instead of £%): Find (u, ¢°) € H}(Qo; R?) x Hf, (€;R?) such that,

xr
/ Cike (*) (Dot — €vkepy) (O;vi — €vijthy) da
Q g

- (3.52)
—/ Ljike (*) Oz, P, O,y dx — / (fivi + givi) dz = 0.
Q € 9)
Unfold the above expression using Proposition 3.1 properties ., ii., and v) and obtain,
/Q . Cjire(y) (T-(0x,ui) — €uneT(25)) (T (On;vi) — €vij T(vy)) dy da
X
[ L) T 0 T (01,0) dy e 359)
XY

[ T + T T ) dyda =0
QxY

Select the same test functions as before. Namely, setv := V() and 9 := ¥(x) for any test functions
V € C(Q;RY) and ¥ € C5°(2; R?) in (3.53) and using (2.19) and Proposition 3.1 vii. we obtain,
as € tends to 0,

[ Coe®) (Ou) + Or el (00, = cvig ) dy do
XY

- /Q v Ljiké(y) (836@ 302 + ayz 9011;) 8xi\1/j dy dzx (3-54)
X

—/(fi‘/%+gi‘1’i)d$=0,
Q

Select now the test functions from before v = v° := e U(x (’é) andy =Y =¢ (:L' JE(2).R
call that v — 0,%° — 0in LQ(Q,Rd) and 7 ( xﬂf) =y (z,y), 7-(0 v vi) — Oy, Wiz, y)
in L2(Q x Y).

With the above test functions we obtain,

/ Cjikﬁ(y) (390@“2 + axgull;_euk%@g) ayz'Wj dy dz

Qxy (3.55)

—/Q ; sz‘ké(y) (6965902 + 8?;@9011:) a%'Ej dy dz =0,
X
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Adding (3.54) and (3.55) we obtain,

/ Cjikg(y) <8Wu2+6xeu}g — el,kgnpg) (835]% + ({9in]' — Em‘j\I/u) dy dx
QxY
- /Q | Lyew) (O 28+ 04 21) (00 ¥+ 0,5 dy e (356)
X
—/(fz'Vi—ng‘lii)dm:O.
Q

Using the density of C§°(€; R?) in Hf, (;R?) and C§°(Q) ® H}o, (Y RY) in L2(Q; H.(Y; RY))
the result holds true for all V' € Hp (€; RY) and all W € L2(Q; HL..(Y;R9)).

per
Taking (V,W,¥,E) = (V,W,0,0) we obtain,

Cjike(y)
QxY

/N

On ) + Otk = evneil) (9, Vi + 0, W) dy s — / fiVide =0. (357)
Q

Taking (V,W,¥,E) = (0,0, ¥,Z) we obtain,

- / Cjikﬁ(y) (aﬁgu2+8$[u]£ - 6uk€‘103> €vij v, dy dx
QxYy

_ /Q | Lyuelw) O + 0, 0h) (00,9 + 0,5 dydz - (059
X

—/gi\IIidflJ:O.
Q

Moreover, if we select V' = 0 in (3.57) we obtain that u! has the following form,

ui (2,Y) = CF(Y) (0n, g (@) — evpgpl (@) + k(). (3.59)

While, if we set ¥ = 0 in (3.58) we obtain ¢! the following form,

ou(@,y) = E(y) O, 00(x) + Ki(), (3.60)
where ¢P? and £P7 satisfy (3.50) and (3.51), respectively and x;(x) is some generic constant function
in y. We remark that existence and uniqueness for {¥? and &P follow from the theory of variational
inequalities.

Rewriting, (3.56) and substitutingin W = 0,Z = 0, u', and ¢ from (3.57) and (3.58), respectively and
factoring out common terms we obtain,

C;lf;q xp q 6VPQ@3> (axzvj - 51/2']'\1’1/) dz / L;g)q 6 0 axi\ljj dx
(3.61)

—/(fi‘/%-i-gi‘l’i)dﬂ?—o,
Q
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where
ce = /Y Ciike(y) (Okp 02 + 0y, (29 dy, (3.62)
@%ZL%W@@MWWM%@- (3.63)
O

Remark 3.3. Under the HS 2 scheme we obtain an effective Cosserat continuum in (3.61). As a result
we have two sets of effective coefficients in (3.62) and (3.63). One that relates the non-symmetric strain
tensor to the stress and one that relates the curvature-twist tensor to the couple stress. Unlike in the first
homogenization scheme, HS 1, the curvature-twist effects manifest themselves as a separate equation.

Proposition 3.4. If we use the notation 5; := Oz U§ — €kjiPhs ’y% = élvju? — ekﬂgog, ’yjl»i =
Oy, uf — enjipr, K= 0y, Y, and k' := 0, ! then under the assumptions of Theorem 3.2 we have

the following convergence results,

lim (Ce(a:) Vit + Lo (x) K /<c€> dz
e—0 9]

(3.64)
—/Q y (CH) P+ : (P +Y) + L) (0 + 61 : (0 + K1) dyde

lim (C’E(x) Nyt 4 LE(®) kS RE) dx = 0. (3.65)
e—0 oz

Proof. As before, using the weak lower semicontinuity of the integrals, the fact that tensors C*¢ and Le
belong in Mfl(a, B, ), and properties of the limit infimum we obtain,

Cly) (10 +7Y) : (10 + ) dyder + / Liy) (50 + 51+ (50 + i1 dyda

Qxy QxYy
<lim inf/ T.(C°) T-(7°) : - (7°) dydzx + lim inf/ T(LF) T (k°) : (k%) dydz
e—0 QxY e—0 QxY

< liminf { | e men s ayae+ [ m@) ) s ) dydx}

e—0 OxY

<liminf{/ Cey° yad:z:—i—/ Lok K,ad.’li}
e—0 0 Q
:liminf/ (f-u*+g-¢°) dyde
e—0 QOxY
:/ (f -’ +g-¢") dydo
QOxY
— [ Cw 060 dyde+ [ L) (6 k) (0 + k) dyd, (@)

QxY QxyY
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which is precisely (3.64). We remark that the last equality came from equation (3.56). Moreover, (3.64)
implies (3.65). O

Remark 3.4. Immediately one can observe from Proposition 3.4 that the following result holds,

lim | (T(C7) () s Ty) + (L) T k) : () ) dyda
e~V Jaxy

[ cw) (1Y) (0 44 dyda + / Ly) (R + 1Y) : (k0 + &) dyde
aOxyY QOxY

(3.67)

Corollary 3.2. The following convergence results hold for the Cosserat strain and curvature-twist tensors,
lim0 T.(v°) = A+ 4L in L2(Q x Y; R¥*9) (3.68)
E—r

lin(1) (k%) — &+ kL in L2(Q x YV; R¥*9) (3.69)
e—

Proof. By expanding the square of the expressions below we have,

- CW)NL() =" =) (Z(°) =7 — ") dydz

+ / L) (T(5) — 1° — k1) : (T(5°) — K0 — ) dydle
QxyYy

= Cy) () : Z(v°) dydz — Cy)Z(): (° —+') dydz

QOxY aOxY (3‘70)
- Cly)(" — ") : Z(y°) dydz + Cy)(° =" : (7" —~") dydz

QxY QOxY
[ L) medyds — [ L) (0 - k) dyde

QxY QXY

—/ L(y)(x° — &1 : T.(k°) dydzx + / L) (k" — &) : (k° — k') dydz

QxYy QxYy

Combining terms, using (3.37) and (3.40)—(3.43) we obtain that the right hand side is zero and the results
follows. =

4 Some results regarding correctors

In this section, we provide some results that can be interpreted as “corrector” type results for a Cosserat
continuum under each homogenization scheme. Classical correctors in the theory of homogenization
for linear elasticity, transform the weak converge of the displacement u® — ul to strong convergence
by subtracting a term involving the gradient of u” and the local solutions on the unit cell. Given that
kinematics of a Cosserat continuum are more convoluted, it is not immediately clear what the form of a
corrector should be.

The correctors are obtained using the averaging operator in (3.6) as is done in [ ]- Hence, we do
not require any additional regularity assumptions of the local solutions (3.29), (3.30), (3.50), (3.51) as is
done in standard homogenization problems (see e.g. [ D-
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4.1 Correctors under HS 1 scheme

Theorem 4.1. Under the assumptions of Theorem 3.1 we have the following strong convergence,

e =AY — ’U,S(’yl) —0in LQ(Q,RdXd) (4.1)

Proof. Using (3.34), (3.35), (3.38), and Proposition 3.2 iii. we have,

~E — ‘Zle(fyo) — Zlg(’yl) —0in LQ(Q; RdXd). (4.2)

Since ’yo is independent of ¥y we can use Proposition 3.2 % to obtain,

2. (v°) = ~%in L?(Q; R¥9), (4.3)

Hence, the results follows. O

4.2 Correctors under HS 2 scheme

Theorem 4.2. Under the assumptions of Theorem 3.2 we have the following strong convergence results,
7 =% —au(y') = 0in L2(Q, R*9) (4.4)
KE — k) — U (k) = 0in L2(Q, RP?) (4.5)
Proof. Using (3.64), (3.65), (3.68), (3.69) and Proposition 3.2 7. we have,

v = U(y") = U(y") = 0in L2(Q; R™Y). (4.6)

kS — (k) — U (k') = 0in L2(Q; RTXY). (4.7)

Since both 'yo and x° are independent of y we can use Proposition 3.2 ¢ to obtain,

U(7") = 1 in L(Q; R™Y), (4.8)
and

2. (k%) — k%in L?(Q; R¥9), (4.9)
Thus, completing the proof. O
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5 Conclusions

We derived effective models for a heterogeneous Cosserat continuum taking into account the Cosserat
intrinsic length of the constituents by the method of homogenization and periodic unfolding. In doing so,
we provide rigorous proof to the results obtain in [ ] by two-scale expansion.

Depending on how the Cosserat intrinsic length scales with respect to the characteristic length of the
domain or the chatacteristic length of the periodic cell, we are led to two different effective models. The
first effective model is of a classical Cauchy continuum where all the information regarding displacements
and rotations at the unit cell are contained in the fourth order stiffness tensor characterizing the material
and can be computed by the help of two local problems one of which is related to the curvature-twist. The
second effective model is of an Cosserat continuum with two fourth order effective tensors relating the
non-symmetric strain to the non-symmetric stress and the curvature-twist to the couple stress, proving
new constitutive laws for Cosserat media.

Additionally, we provide some corrector type results using the averaging operator for each of the effective
models. By and large the results should hold true in the case where one of the materials is a void by
adjusting the unfolding and averaging operators, respectively, as in [ 1.
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