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Unified signature cumulants and generalized Magnhus expansions

Peter K. Friz, Paul Hager, Nikolas Tapia

ABSTRACT. The signature of a path can be described as its full non-commutative exponential. Following T. Lyons we regard its
expectation, the expected signature, as path space analogue of the classical moment generating function. The logarithm thereof,
taken in the tensor algebra, defines the signature cumulant. We establish a universal functional relation in a general semimartingale
context. Our work exhibits the importance of Magnus expansions in the algorithmic problem of computing expected signature
cumulants, and further offers a far-reaching generalization of recent results on characteristic exponents dubbed diamond and
cumulant expansions; with motivation ranging from financial mathematics to statistical physics. From an affine process perspective,
the functional relation may be interpreted as infinite-dimensional, non-commutative (“Hausdorff”) variation of Riccati’s equation.
Many examples are given.

1. INTRODUCTION AND MAIN RESULTS

Write 7 := T ((R?)) = Mgs0(RY)®* for the tensor series over RY, equipped with concatenation product, elements of
which are written indifferently as

x=x@ xM x@ )y =xO4xM4x@ 4.0,

The affine subspace 7y (resp. 77) with scalar component x(?' = 0 (resp. = 1) has a natural Lie algebra (resp. formal Lie
group) structure.

Let further & = F(RY), resp. ¢ = P°(RY), denote the class of cadlag, resp. continuous, d-dimensional semimartin-
gales on some filtered probability space (R, (F¢)¢0, ). The formal sum of iterated Stratonovich-integrals, the signature
of X € ¥¢

t t uy
Sig(X)se =14 Xs s +/ Xsy0dXy +/ (/ Xsu, OquZ) od Xy, +---
S S S

for 0 < s < t defines a random element in 77 and, as a process, a formal 77-valued semimartingale. By regarding the
d-dimensional semimartingale X as 7p-valued semimartingale (X < X = (0, X,0,...)), we see that the signature of X
satisfies the Stratonovich stochastic differential equation

dS = S odX. (1)

The solution is a.k.a. the Lie group valued stochastic exponential (or development) of X € & (75), with classical references
[23,42]; the cadlag case [15] is consistent with the geometric or Marcus [3, 19,33, 40,41] interpretation of (1 )1 with jump
behavior S; = Xt S;_. From a stochastic differential geometry point of view, one aims for an intrinsic understanding of (1)
valid for arbitrary Lie groups. For instance, if X takes values in any sub Lie algebra £ C 7g, then S takes values in the group
G = exp L. In case of a d-dimensional semimartingale X, the minimal choice is Lie((R?)), see e.g. [48], the resulting
log-Lie structure of iterated integrals (both in the smooth and Stratonovich semimartingale case) is well-known. The extrinsic
linear ambient space 7~ D exp L will be important to us. Indeed, writing S = Sig(X)o,¢ for the (unique, global) 77-valued
solution of (1) driven by 7p-valued X, started at So = 1, we define, whenever Sig(X)o,7 is (componentwise) integrable, the
expected signature and signature cumulants (SigCum)

u(T) = E(Sig(X)o,7) € 71, &(T) :=logu(T) € .

Already when X is deterministic, and sufficiently regular to make (1) meaningful, this leads to an interesting (ordinary
differential) equation for k with accompanying (Magnus) expansion, well understood as effective computational tool [4, 26].
The importance of the stochastic case X = X(w), with expectation and logarithm thereof, was developed by Lyons and
coworkers; see [36] and references therein, with a variety of applications, ranging from machine learning to numerical
algorithms on Wiener space known as cubature, see e.g. [38]. In case of d = 1 and X = (0, X,0,...) with a single
scalar semimartingale X, this is nothing but the sequence of moments and cumulants of the real valued random variable
X7t — Xo. When d > 1, expected signature / cumulants provides an effective way to describe the process X on [0, T],
see [10, 35, 36]. The question arises how to compute. If ones takes X as d-dimensional Brownian motion, the signature
cumulant k(T) equals (7 /2)l4, where l4 is the identity 2-tensor over RY. This is known as Fawcett’s formula, [18,38].
Loosely speaking, and postponing precise definitions, our main result is a vast generalization of Fawcett’s formula.

"Diamond notation for Marcus SDEs, dS = S «dX, cf. [3], will not be used here to avoid notational clash with [2,17].
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P. K. Friz, P. Hager, N. Tapia 2

Theorem 1.1 (FunctEqu S-SigCum). For sufficiently integrable X € & (7), the (time-t) conditional signature cumulants
k:(T) =k = log E;(Sig(X):,7), is the unique solution of the functional equation

"
e =Eef [ Haar @)+ [ HEae, @0,

11T T
+ = / H(adk,-) o Q(adk,-)(d[«,«];) +/ H(adk,-) o (Id © G(adk,-))(d[X,«]5) (2)
2 t t

+ MZST (H(adiy-) (exp(AX,) explic,) exp(—k,-) = 1= AX, ) - Aku)},

where all integrals are understood in It6- and Riemann—Stieltjes sense respective/y.2 The functions H, G, Q are defined in
(19) below, cf. also Section 2 for further notation.

As displayed in Figures 1 and 2, this theorem has an avalanche of consequences on which we now comment.

m Equation (2) allows to compute k" = 7(" (k) € (R9)®" as function of k1), ..., k(=D (This remark applies
mutatis mutandis to all special cases seen as vertices in Figure 1.) The resulting expansions, displayed in Figure 2,
are of computational interest.

m The most classical consequence of (2) appears when X is a deterministic continuous semimartingale, i.e. X €
FV°(T5), which also covers the absolutely continuous case with, X € L} _(75). In this case all bracket terms and

loc
the final jump-sum disappear. What remains is a classical differential equation due to [24], here in backward form

- th(T) = H(ath)dxt, —Kt(T) = H(ath)Xt, (3)

the accompanying expansions is then precisely Magnus expansion [4, 25, 26, 39]. By taking X continuous and
piecewise linear on two adjacent intervals, say [0, 1) U [1, 2), one obtains the Baker—Campbell-Hausdorff formula
(see e.g. [43, Theorem 5.5])

k0(2) = log(exp(x1) exp(x2)) =: BCH(x1, X2)

1
=X+ / Y(exp(ad txy) o exp(ad x2))(x1) dt,
0

with

v e
n>0

It is also instructive to let X piecewise constant on these intervals, with AX; = x1, AXy = X2, in which case (2)
reduces to the first equality in (4). Such jump variations of the Magnus expansion are discussed in Section 5.1.

m Writing X — X for the projection from 7~ to the symmetric algebra S as the linear space identified with symmetric
tensor series, equation (2), in its projected and commutative form becomes

FunctEqu #-Cum: &(T) = [Et{f(t,r + %((f( +k)°>th

. . . . ®)

£y (exp (Axu+Axu) - (Axu+Axu))}
t<u<T

where X is a Sp-valued semimartingale, and exp: Sg — S; defined by the usual power series. This includes
of course semimartingales with values in RY, canonically embedded in Sg. More interestingly, the case X =
(0,aX, b{X),0,...), fora d-dimensional continuous martingale X can be seen to underlie the expansions of [17],
which improves and unifies previous results [2,34], treating (2, b) = (1,0) and (a, b) = (1, —1/2), with motivation
from QFT and mathematical finance, respectively. Following Gatheral and coworkers, (5) and subsequent expansions
involve “diamond” products of semimartingales, given, whenever well-defined, by

(Ao B)(T) = E;((A°, B, 7).

All this is discussed in Section 5.2. With regard to the existing (commutative) literature, our algebraic setup is ideally
suited to work under finite moment assumptions, we are able to deal with jumps, not treated in [2, 34]. Equation (5)
has a remarkable interpretation in that it can be viewed as (with jumps: generalized) infinite-dimensional Riccati
differential equation and indeed reduces to the finite-dimensional equation when specialized to (sufficiently integrable)
“affine” continuous (resp. general) semimartingales [13, 14, 32]. Of recent interest, explicit diamond expansions have
been obtained for “rough affine” processes, non-Markov by nature, with cumulant generating function characterized
by Riccati Volterra equations, see [1,17,22]. It is remarkable that analytic tractability remains intact when one passes
to path space and considers signature cumulants, Section 6.3.

2Here o denotes composition, not to be confused with Stratonovich integration odX.

DOI 10.20347/WIAS.PREPRINT.2814 Berlin 2021



Unified signature cumulants and generalized Magnus expansions 3

S¢-SigCum > Fve

/ Hausdorff

continuous

FunctEqu deterministic —) FV ODE
S-SigCum Hausdorff
” FunctEqu > trivial
commutative
/ S¢-Cum
FunctEqu > trivial

S-Cum

FIGURE 1. FunctEqu S-SigCum (Theorem 4.1) and implications

S¢-SigCum > Fve©
/‘ Magnus
continuous /
Recursion deterministic ———— FV
S-SigCum Magnus
Expansion
~
commutative Diamond ) trivial
/ Expansion /

Recursion > trivial

S-Cum

FIGURE 2. Computational consequence: accompanying recursions

2. PRELIMINARIES
2.1. The tensor algebra and tensor series. Denote by T (R9) the tensor algebra over RY, i.e.
T(RY) = (PR,
k=0

elements of which are finite sums (a.k.a. tensor polynomials) of the form

X = Zx(k) = Z x"e, (6)

k>0 wewd
with xK) € (R¥)® x* € R and linear basis vectors e,, = e, ---&;, € (RY)®¥ where w ranges over all words
W = it ---ix € Wy over the alphabet {1, ..., d}. Note x'%) = 2 |w|=k X" ew where |w| denotes the length a word w.

The element ey =1 € (IR")®O = R is neutral element of the concatenation (a.k.a. tensor) product, is obtained by linear
extension of e, e, = ey, where ww’ € ‘W, denotes concatenation of two words. We thus have, for x,y € T(IR"),

Xy = sz],((e)y(k—e) - Z ( Z xW1yW2)ew e T(RY).

k>0 ¢=0 weWd \wiwr=w

This extends naturally to infinite sums, a.k.a tensor series, elements of the “completed” tensor algebra
7= T(RY) = [ [(R)®F,
k=0

which are written as in (6), but now as formal infinite sums with identical notation and multiplication rules; the resulting
algebra 7~ obviously extends T (R9). For any n € N1 define the projection to tensor levels by

Tp T — (RH®" x> x(M,

DOI 10.20347/WIAS.PREPRINT.2814 Berlin 2021



P. K. Friz, P. Hager, N. Tapia 4

Denote by 75 and 77 the subspaces of tensor series starting with O and 1 respectively; that is, x € 7y (resp. 77) if and only if

x? = 0 (resp. x? = 1). Restricted to 7y and 77 respectively, the exponential and logarithm in 7, defined by the usual series,
> 1
exp: o — 71, x> exp(x) =1 +Z — (%),
o k!
: N DT
log: 71 = T5, 1+xlog(1+x) = ZT(X) ,

k=1
are globally defined and inverse to each other. The vector space 7y becomes a Lie algebra with
[x,y] := xy — yx, ady: 7o — Jo, x — [y, X].

Its exponential image 77 = exp (7o) is a Lie group, at least formally so. We refrain from equipping the infinite-dimensional
771 with a differentiable structure, not necessary in view of the “locally finite” nature of the group law (x,y) +— Xxy.

Let (ax )k >1 be a sequence of real numbers then we can always define a linear operator on 7y by
[Z 2 (ad x)kl 1T = To, Yo ) ac(adwk(y),
k>0 k>0

where (ad x)° = Id is the identity operator and (adx)” = adxo (adx)”~! forany n € Ns1. Indeed, there is no convergence
issue due to the graded structure as can be seen by projecting to some tensor level n € N1

n—1
ﬂn(z ak (ad X)k(v)) = ) a7 ((ad(y))
n=0 k=0
n-1 (7)
- aoy(") + Z ay Z (ad x) o...0ad x(/k+1))(y(/1))’
k=1 |lell=n,|€|=k+1
where the inner summation in the right-hand side is over a finite set of multi-indices € = (/1 .. ., lg+1) € (Ns1)¥*" where

|| ;== k+1and||€|| = /1 +- -+ /¢41. In the following we will simply write (ad x ady) = (ad x o ad y) for the composition of
adjoint operators. Further, when € = (/) is a multi-index of length one, we will use the notation (adx/2) - - - ad xk+)) = |d.
Note also that the iteration of adjoint operations can be explicitly expanded in terms of left- and right-multiplication as follows

ad y(/z) .--ad y(’kﬂ) (XL(I“)) — Z (-1) [/] (1_[ y(li+1))x[(1/1) 1—[ y(/jﬂ) ) (8)
k}

IuJ={1,..., iel JjeJ

For a word w € ‘W, with |w| > O we define the directional derivative for a function f: 7~ — R by
(Owf)(a) =& (f(a+ tew))|t:o,
for any a € 7 such that the right-hand derivative exists.

Writem: 7 ® 7 — 7 for multiplication (concatenation) map, i.e. m(a ® b) = ab, in general different from ba, extended
by linearity. For linear maps g, f: 7 — 7 we defineg © f =mo (g ® f), i.e.

(gof)(a®b)=g(a)f(b), a,beT,

extended by linearity.

2.2. Some quotients of the tensor algebra. The symmetric algebra over R, denoted by S(RY) is the quotient of T (R9)
by the two-sided ideal I generated by {xy — yx : x, y € R9}. The canonical projection 7 (R%) - S(R?),x — %, is an
algebra epimorphism. A linear basis of S(R?) is then given by {&,,} over non-decreasing words, w = (i1, ..., i,) € Wd,
with1 <jj <--- <i, <d,n>0.Every x € S(RY) can be written as finite sum,

%= Z Ve,
WE(Wd

and we have an immediate identification with polynomials in d commuting indeterminates. The canonical projection map
extends to an epimorphism 7~ — S where 7~ = T(R9)) and S = S((R?)) are the respective completions, identifiable as
formal series in d non-commuting (resp. commuting) indeterminates. As a vector space, S can be identified with symmetric

DOI 10.20347/WIAS.PREPRINT.2814 Berlin 2021



Unified signature cumulants and generalized Magnus expansions 5

formal tensor series. Denote by Sg and S the affine space determined by X2 = 0 (resp. X2 = 1). The usual power series
in S define éxp: Sg — Sj with inverse log: S; — Sp and we have

exp (x+y) = p(R&P(F), xyeTo
log (xy) = iog(%) +Iog(y), X,y € 7.

We shall abuse notation in what follows and write exp (resp. log), instead of éxp (resp. @).

2.2.1. The (step-n) truncated tensor algebra. For n € N, the subspace

L= [ ] @4
k=n+1
is a two sided ideal of 7. Therefore, the quotient space 7/ I, has a natural algebra structure. We denote the projection
map by 70, . We can identify 7/ 7, with
n
7-/7 = @(Rd)®k,
k=0

equipped with truncated tensor product,

n

Xy = Z Z x(ﬁ)y(fz) — Z ( Z xW1yW2)eW =
k=0 €1+&,=k weWd, |w|<n \W1wa=w

The sequence of algebras (77 : n > 0) forms an inverse system with limit 7. There are also canonical inclusions

Tk < T for k < n; in fact, this forms a direct system with limit 7 (R). The usual power series in 7" define

exp,: 76” - 71'" with inverse log,, : 7;" - 76”, we may again abuse notation and write exp and log when no confusion

arises. As before, 76” has a natural Lie algebra structure, and 71'” (now finite dimensional) is a bona fide Lie group.

We equip T (R?) with the norm

— (n)
|a|T(Rd)' TSNX|2 |(Rd)®k,

where | - |(gs)ex is the euclidean norm on (RY)®k ~ R4, which makes it a Banach space. The same norm makes sense in
77", and since the definition is consistent in the sense that |a|7, = |a|7, forany a € 7" and k > n and |a|7, = |a|(r)en
for any a € (R9)®". We will drop the index whenever it is possible and write simply |a|.

2.3. Semimartingales. Let 9 be the space of adapted cadlag process X : Q X [0, 7) — R with T € (0, o] defined on
some filtered probability space (R, (F:)o<t<7,P). The space of semimartingales & is given by the processes X € %
that can be decomposed as

Xt = Xo+ My + A,
where M € .. is a cadlag local martingale, and A € ¥ is a cadlag adapted process of locally bounded variation, both
started at zero. Recall that every X € & has a well-defined continuous local martingale part denoted by X° € /. The
quadratic variation process of X is then given by

[X1e = (X9)e+ ), (AX)% 0<t<T,
O<u<t

where (-) denotes the (predictable) quadratic variation of a continuous semimartingale. Covariation square resp. angle
brackets [ X, Y] and (X¢, Y°), for another real-valued semimartingale Y, are defined by polarization. For g € [1, o),
write £9 = LI(Q, F, P), then a Banach space 79 C ¢ is given by those X € & with Xo = 0 and

< 00.

.
Xllea = inf “M”2+ dA
IXer = e i+ [ oad]

Note that for local martingale M € Mo it holds (see [47, Ch. V, p. 245])

1Ml = (M1}

i
For a process X € 9 we define

[ Xlga = || sup_[Xi|

0<t<T

La

and define the space 9 C & of semimartingales X € & such that || X||s¢ < co. Note that there exits a constant ¢; > 0
depending on g such that (see [47, Ch. V, Theorem 2])

I Xllsa < cqll Xllea- ©)

DOI 10.20347/WIAS.PREPRINT.2814 Berlin 2021



P. K. Friz, P. Hager, N. Tapia 6

We view d-dimensional semimartingales, X = ZL X'e; € #(RY), as special cases of tensor series valued semimartin-
gales & (7") of the form
X = Z X*e,

weWy

with each component X* a real-valued semimartingale. (This extends mutatis mutandis to the spaces 9, 4, . Note also
that we typically deal with 75-valued semimartingales which amounts to have only words with length |w| > 1.) Standard
notions such as continuous local martingale X° and jump process AX; = X; — X¢- are defined componentwise.

Brackets: Now let X and Y be 7 -valued semimartingales. We define the (non-commutative) outer quadratic covariation
bracket of X and Y by

X ¥lo= >, X" ¥"]en, @eu, e TOT.
W1,W2€"Wd

Similarly, define the (non-commutative) inner quadratic covariation bracket by

XY= mX YD) = ) ( D [XWRYWZ]t)eWeT;

weWy \Wiwa=w

for continuous 7 -valued semimartingales X, Y, this coincides with the predictable quadratic covariation

(X,Y), = Z ( Z (XW‘,YW2)t)ew€7'.

weWy \wiwa=w
As usual, we may write [ X]] = [X, X]] and (X) = (X, X).

Ft-spaces: The definition of #€79-norm naturally extends to tensor valued martingales. More precisely, for X" e
L ((R9)®) with n € N»q and g € [1, o0) we define

. 1/2
X0 = 11X || yea((meyeny = inf HHM] 22+ |A|1—var;[o;T]H

X(M =M+A L7’

where the infimum is taken over all possible decompositions X = M + A with M € M 1o.((R9)®") and A € ¥ ((R9)®"),

where
T
|A|1—var;[O;T] = 0 sup Z|Af/+1 - Afii < Z / |dA‘5yi’

<t1 <<t <
sh<ostesT 7 weWg,|wl=n

with the supremum taken over all partitions of the interval [0, T]. One may readily check that

IXPlges < D IX*llea;  andfor X € Mg 2 X llyea = NIX]I7 ]l 2o

weWy,|w|=n

Further define the following subspace #9N c 9(76”) of homogeneously integrable semimartingales
27 = {x e (T | Xo = 0, IXll o < oo},

where for any X € & (7N) we define
N

X1 ean = Z (X [Lypann) .

n=1

Note that ||| see.v is sub-additive and positive definite on 79N and it is homogeneous under dilation in the sense that
I8AXI yean = IA] X eans  EaX = (XO,AXD . ANXNY - A e R.
We also introduce the following subspace of & (7")
HO(T) ={XeP(T): XM e, V1 <qg<oo, we Wy}
Note that if X € & (77) such that [|X@™) || ye1v < oo for all N € N» then it also holds X € 6~ (T").

Stochastic integrals: We are now going to introduce a notation for the stochastic integration with respect to tensor valued
semimartingales. Let F : Q X [0, T] — L(7;7) with (¢,w) + F;(w;-) such that it holds

(Fe(X))o<t<T € D(T), forallxe T (10)
and Fi(w;I,) Cc I, foralneN, (w,t) e Qx[0,T], (11)

DOI 10.20347/WIAS.PREPRINT.2814 Berlin 2021



Unified signature cumulants and generalized Magnus expansions 7

where J, C 7 was introduced in Section 2.2.1, consisting of series with tensors of level n and higher. In this case, we can
define the stochastic It6-integral (and then analogously the Stratonovich/Marcus integral) of F with respectto X € & (7)) by

/( . Fe (dXe) =

> weWy veWy, |vi<|w|

/ F._(e,)"dX{e, € L(T). (12)
(0,°]

For example, letY,Z € 9 (7") and define F := Y1d Z, i.e. F;(x) = Y; xZ, for all x € 7. Then we see that F indeed satisfies
the conditions (10) and (11) and we have

(Y_IdZ_)(dX)=/ Y. dX.Z;_ = / ZVyY dx? le,. (13)
‘/(‘0’4] t t t (0 ] t t&t Z Z (O’.] t t t w

> weWy \Wiwaws=w

Another important example is given by F = (ad Y)X for any Y € @ (75) and k € N. Indeed, we immediately see F satisfies
the condition (11) and recalling from (8) that the iteration of adjoint operations can be expanded in terms of left- and
right-multiplication, we also see that F satisfies (10). More generally, let (ax).”, C R and let X € & (7o), then the following
integral

oo n—1

/( . [Z ak(ad Y, )*

k=0

(dX;) = i

/ /+ /
/ adY£2)---adY§k1)(dX£1)) (14)
n=1 k=0 ||€||=n, |€|=k+1 (0.-]

is well define in the sense (13). The definition of the integral with integrands of the form F : Q X [0, T] —» L(7T ® T;7)
with respect to processes X € & (7 ® 7") is completely analogous.

Quotient algebras: All of this extends in a straight forward way to the case of semimartingales in the quotient algebra of
Section 2.2, i.e. symmetric and truncated algebra. In particular, given X and Y in & (S) have well-defined continuous local
martingale parts denoted by X, Y€ respectively, with inner (predictable) quadratic covariation given by

XXy = DT (XYM 6,8,

W1,W2€Wd

Write S™ for the truncated symmetric algebra, linearly spanned by {&,, : w € ‘I//V\d, |lw| < N} and Sé\’ for those elements

with zero scalar entry. In complete analogy with non-commutative setting discussed above, we then write 769N ¢ SP(SéV)
for the corresponding space homogeneously g-integrable semimartingales.

2.4. Diamond Products. We extend the notion of the diamond product introduced in [2] for continuous scalar semimartin-
gales to our setting.

Definition 2.1. For X and Y in & (7") define
(XoV)(T) = Ee((X ¥ r) = Do | D0 (X1 o¥*2)(T) |ew € T
weWy \wiwo=w

whenever the 7 -valued quadratic covariation which appears on the right-hand side is integrable. Similar to the previous
section, we also define an outer diamond, for X,Y € 7, by

XO(T) =E([X Y], ) = D)) (X o¥*)(T)ew, ®ew, €T T

w1,W2 GWd

This definition extends immediately to semimartingales with values in the quotient algebras of Section 2.2. In particular,
given X and Y in #(S), we have

()N(OV)t(T) = IEt(ON(C,vc)t,T) = Z (XM <>vW2)t(7-)éw1 éwz €S,

w1,W1 EWd

where the last expression is given in terms of diamond products of scalar semimartingales.

Lemma 2.2. Let p,q,r € [1,00) such that 1/p + 1/q + 1/r < 1 and let X ¢ ﬂlgc((Rd)®’),
Y e ME ((RH®™), and Z € D ((RY)®") with |, m, n € N, such that | X || yer. || Y || yea- | Z|l- < oo then it holds for

loc
T T
[Et(/ Z,d(X o Y)U(T)) = —[Et(/ Z,_d(X, Y)u).

ald<t<T
DOI 10.20347/WIAS.PREPRINT.2814 Berlin 2021



P. K. Friz, P. Hager, N. Tapia 8

Proof. Using the Kunita-Watanabe inequality (Lemma 7.1) we see that the expectation on the right hand side is well defined.
Further note that it follows from Emery’s inequality (Lemma 7.3) and Doob’s maximal inequality that the local martingale

/0  Zu d(EL(X.Y)7)

is a true martingale. Recall the definition of the diamond product and observe that the difference of left- and right-hand side
of the above equation is a conditional expectation of a martingale interment and is hence zero. O

2.5. Generalized signatures. We now give the precise meaning of (1), thatis dS = S odX, or component-wise, for every
word w € Wy,
ds¥ = ) S™ odx™,
wiwr=w
where the driving noise X is a 7p-valued semimartingale, so that X2 = 0. Following [6, 19, 33, 40, 41] the integral meaning of
this equation, started at time s from & € 77, for times t > s, is given by

1 t
St=§+/( ]Su_qu+§/ Su-d(X), + > Sy (exp(AX,) =1 - AX,), (15)
s,t s

s<u<t

leaving the component-wise version to the reader. We have

Proposition 2.3. Let ¢ € 77 and suppose X takes values in Ty. For every s > 0 and € € 7, equation (15) has a unique
global solution on 97 starting from Ss = €.

Proof. Note that S solves (15) iff 7' S solves the same equation started from 1 € 77. We may thus take ¢ = 1 without
loss of generality. The graded structure of our problem, and more precisely that X = (0, X, X, ...) in (15) has no scalar
component, shows that the (necessarily) unique solution is given explicitly by iterated integration, as may be seen explicitly
when writing out S© =1, St(” = fst dX = X € RY,

2 1 1 1
s = / SV dXy + X — X, + 5XVei 3 D (aX,)? e (RY)®2.
(s.t] s<ust
and so on. (In particular, we do not need to rely on abstract existence, uniqueness results for Marcus SDEs [33] or Lie group
stochastic exponentials [23].) m|

Definition 2.4. Let X be a 7p-valued semimartingale defined on some interval [s, t]. Then

Sig(X|(s,11) = Sig(X)s.¢
is defined to be the unique solution to (15) on [s, t], such that Sig(X)ss = 1.

The following can be seen as a (generalized) Chen relation.

Lemma 2.5. LetX be a Ty-valued semimartingales on [0, T] and0 < s < t < u < T. Then the following identity holds
with probability one, for all such s, t, u,
Sig(X)s,tSig(X)t.u = Sig(X)s.u- (16)

Proof. Call d; ¢ ¢ = S; the solution to (15) at time t > s, started from S; = £. By uniqueness of the solution flow,
we have ®,; o ;s = D, . It now suffices to remark that, thanks to the multiplicative structure of (15) we have
Prsé = £Sig(X)s,e. o

3. EXPECTED SIGNATURES AND SIGNATURE CUMULANTS

3.1. Definitions and existence. Throughout this section let X € & (75) be defined on a filtered probability space
(Q,F, (Ft)o<t<t,P). When E(|Sig(X)y,]) < coforall0 < ¢t < T and all words w € Wy, then the (conditional)
expected signature

ue(T) = E¢(Sig(X)e.7) = Z E((Sig(X)!r)ew € 1, 0<t<T,
weWy
is well defined with [E; denoting the conditional expectation with respect to the sigma algebra 7. In this case, we can also
define the (conditional) signature cumulant of X by

Kt(T) = |Og([Et(yt(T))) S T, O <t< T
An important observation is the following

Lemma 3.1. Given E(|Sig(X){/,|) < coforall0 <t < T andwords w € Wy, thenu(T) € ¥ (T7) andk(T) € ¥ (To).
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Proof. It follows from the relation (16) that
pe(T) = Ee(Sig(0;7) = Ee(SigX)51Sia(X)o7 ) = Sig(X0; | E¢(Sig(X)o.7).
Therefore projecting to the tensor components we have
p(M¥ = 3 (OMISONE(SM0p% ), 0<t<T, weW,
Wiwa=w

Since (Sig(x)a’t)ogtsT and ([Et(Sig(X)&T)ogtST are semimartingales (the latter in fact a martingale), it follows from
Itd’s product rule that g% (T') is also a semimartingale for all words w € Wy, hence u(T) € & (77). Further recall that
k(T) = log(u(T)) and therefore it follows from the definition of the logarithm on 77 that each component k (T)" with
w € Wy is a polynomial of (u(T)")yew,,|v|<|w|- Hence it follows again by 1td’s product rule that k (T') € & (7o). O

It is of strong interest to have a more explicit necessary condition for the existence of the expected signature. The following
theorem below, the proof of which can be found in Section 7.1, yields such a criterion.

Theorem 3.2. Letq € [1,00) and N € N1, then there exist two constants ¢, C > 0 depending only on d, N and q,
such that for all X € 3N

cliXll yean < WISig(Xo,-ll yean < ClIXl ean.
In particular, if X € H€°~(Tp) then Sig(X)o,. € F€>~(77) and the expected signature exists.

Remark 3.3. LetX = (0, M,0,...,0) where M € 4 (R?) is a martingale, then
1/2
Xl yean = 1M1l gean = IIMI712]] pan,
and we see that the above estimate implies that

. (n),1/n
max IIigX)§” 17, < ClIMlyean.

This estimate is already known and follows from the Burkholder-Davis-Gundy inequality for enhanced martingales, which
was first proved in the continuous case in [20] and for the general case in [9].

Remark 3.4. When g > 1, the above estimate also holds true when the signature Sig(X)o,. is replaced by the conditional
expected signature p(T) or the conditional signature cumulant k (T'). This will be seen in the proof of Theorem 4.1 below
(more precisely in Claim 7.12).

3.2. Moments and cumulants. We quickly discuss the development of a symmetric algebra valued semimartingale, more
precisely X € & (Sp), in the group Sy. That is, we consider
dS = S odX. (17)
It is immediate (validity of chain rule) that the unique solution to this equation, at time t > s, started at S = f €S is
given by
Si=exp(X; — Xs)E € S

and we also write §s,t = exp(f(t - )~(5) for this solution started at time s from 1 € S;. The relation to signatures is as
follows. Recall that the hat denotes the canonical projection from 7 to S.

Proposition 3.5. (i) LetX,Y € (7)) andZ = / XdY in Ité sense. ThenX, ¥ € & (S) and, in the sense of indistinguishable

processes,
Z-= / Xdy. (18)

(i) Let X € & (Tp). Then STg(X)T . solves (17) started at time s from 1 € S; and driven by X € S (So). In particular
Sig(x)s,t = exp(),\(t - f(s)

Proof. (i) That the projections X, ¥ define S-valued semimartingales follows from the componentwise definition and the
fact that the canonical projection is linear. In particular, the right-hand side of eq. (18) is well defined. Now, eq. (18)
is true whenever X is piece-wise constant. By a limiting procedure, we immediately see that it is also true for general
semimartingales. Part (i) is then immediate. O
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Assuming componentwise integrability, we then define symmetric moments and cumulants by

f,(T) =Erexp(Xr = X¢) = Z [Et(exp(f(r - )?t):T)éw €Sy,
w

Ke(T)=logfa,(T)eSy, 0<t<T.

If X = X, for X € S (T), with expected signature and signature cumulants g and «, it is then clear that the symmetric
moments and cumulants of X are obtained by projection,

U, kK.

Example 3.6. Let X be an R%-valued martingale in %, and X; := f.i] X{é,-. Then

o)

_ 1 n
a.(T) = E E[Et(XT - X",
n=0

consists of the (time-¢t conditional) multivariate moments of X7 — X; € R?. And it readily follows, also noted in [5, Example
3.3], that €:(T) = log (T consists precisely of the multivariate cumulants of X7 — X;. Note that the symmetric moments
and cumulants of the scaled process a X, a € R, is precisely given by §,u and &,k where the linear dilation map is defined

walwl ng

by &,: é, — al¥1é,,. The situation is similar for a - X, a € R?, but now with §,: é,, > a é;" " with a¥ = af‘ ceeay

where n; denotes the multiplicity of the letter / € {1, ..., d} in the word w. O

We next consider linear combinations, X = aX + b(X), for general pairs a, b € R, having already dealt with b = 0. The
special case b = —a?/2, by scaling there is no loss in generality to take (a, b) = (1,—-1/2), yields a (at least formally)
familiar exponential martingale identity.

Example 3.7. Let X be an R9-valued martingale in #€*°~, and define
. 1 o
Xt = Z thé, — E Z <X’, X'/>té,‘j.
i=1 1<i<j<d

In this case we have trivial symmetric cumulants, €;(7) = Oforall 0 < t < T. Indeed, Itd's formula shows that
t — exp(X;) is an Sy-valued martingale, so that

f,(T) = Erexp(Xr — X;) = exp(=X;)E; exp(X7) = 1. 0

While the symmetric cumulants of the last example carries no information, it suffices to work with

d d
~ H H k
X = .51 a'X+ ‘kg 1bjk<Xj,X >
= J.k=

in which case g = u(a, b),k = k(a, b) contains full information of the joint moments of X and its quadratic variation
process. A recursion of these was constructed as diamond expansion in [17].

4. MAIN RESULTS

4.1. Functional equation for signature cumulants. Let X € & (7p) defined one a filtered probability space (2, F, (F¢)o<t<T<co> P)
satisfying the usual conditions. For all x € 7y (or ‘TON) define the following operators, with Bernoulli numbers (Bg ) >0 =
(1,_%’%"')7
o (ad x)¥ - (adx)" © (adx)™
G(adx) = s adx) = 2 s
(adx) /;4) (k+ 1) Q(adx) Z (n+DI(m)!(n+m+2)

N m,n=0 (19)
B
H(adx) := Z ?/:(ad x)k,
k=0 °°

noting G(z) = (exp(z) = 1)/z, H(z) = G™'(z) = z/(exp(z) — 1). Our main result is the following
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Unified signature cumulants and generalized Magnus expansions 11

Theorem 4.1. Let X € F™(70), then the signature cumulantk = k(T) = (log E¢(Sig(X)¢.7))o<t<T is the unique
solution (up to indistinguishably) of the following functional equation: forallO < t < T

-
0= [Et{xt; + l(XC)t T +/ G(adk,_)(dk,) + l / Q(adk,-)(d[«x°,«°],)
2 ’ (t.T] 2 J;

-
+/ (Id © G(adk,-))(d[ X%, «°],) (20)

Y (exp(AXu)exp(K,,) exp(—ky_) — 1 — AX, — G(adx,,_)(AKu))}.

t<u<T

Equivalently, k = k (T) is the unique solution to

)
ko= /( . H(adk, ) (6X,) + 3 / H(ad k) (d(X°),)
1 T
+5 / H(adk,-) o Q(adk,_)(d[«°,«°],)

-
+/ H(adk,-) o (Id ® G(adk,-))(d[X°,«°],)
t

)y (H(adxu,)(exp(Axu)exp(xu) exp(—k,_) — 1 —AXU) —Axu)}.

t<u<T

Furthermore, if X € #€VN for some N € N1, then the identities (20) and (21) still hold true for the truncated signature
cumulantk = (log E;(Sig(X®™); 7))o<t<T-

Proof. We postpone the proof for the fact that k satisfies the equations (20) and (21) to section Section 7.2. The uniqueness
part of the statement can be easily seen as follows: Regarding equation (20) we first note that it holds

[Et{/(tﬂ G(adKU—)(dKu)} = Et{[t,TJ(G(adKU_) - Id)(dKU)} -k, 0<t<T,

where we have used that k7 = 0 (and the fact that the conditional expectation is well defined, which is shown in the first
part of the proof). Hence, after separating the identity from G, we can bring k; to the left-hand side in (20). This identity is
an equality of tensor series in 7y and can be projected to yield an equality for each tensor level of the series. As presented
in more detail in the following subsection, we see that projecting the latter equation to tensor level say n € N1, the
right-hand side only depends on kK for k < n, hence giving an explicit representation k(" in terms of X and strictly lower
tensor levels of k. Therefore the equation (20) characterizes k up to a modification and then due to right-continuity up to
indistinguishably. The same argument applies to the equation (21), referring to the following subsections for details on the
recursion. O

Diamond formulation: The functional equations given in Theorem 4.1 above, can be phrased in terms of the diamond
product between 7p-valued semimartingales. Writing J¢ (7)) = >};.,<7(...) for the last (jump) sum in (20), this equation
can be written, thanks to Lemma 2.2, which applies just the same with outer diamonds,

%(xO X):(T) + [Et{xt,r +/

Gladk,-)(dky) +9:(T)}
(t.7]
T T
“Ef5 [ Qlask, dalewe,(T)+ [ (40 Gladk, ke, ()]

and a similar form may be given for (21). While one may, or may not, prefer this equation to (20), diamonds become very
natural in d = 1 (or upon projection to the symmetric algebra, cf. Section 5.2). In this case G = Id, Q = Id ® Id and with
identities of the form

-
[ 140 @a0w0.(T) = (Ko V)DL, = ~(Xo¥)(T)
t
some simple rearrangement, using bilinearity of the diamond product, gives
1
ke(T) = Ee{Xer}+ S (Xt x0) 0 (X4))e(T) + Ee{de(T)}- (22)
If we further impose martingality and continuity, we arrive at

€0(T) = 3 ((X+K) 0 (X+0)e(T).
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4.2. Recursive formulas for signature cumulants. Theorem 4.1 allows for an iterative computation of signature cumulants,

trivially started from
1 1 1

The second signature cumulant, obtained from Theorem 4.1, or from first principles reads

@ _ 2 ] (1)c> 1/ [ (1 1)] < (1)c> ( (e (1)c>
=E {X + —<X + = , d X\ k
K, A b S o7 2 e K, T

i 2 i
v (5(ax) +Ax§”Ax§”+§(AK,5”) )|

t<u<T

For instance, consider the special case with vanishing higher order components, XD =0,fori#1,andX =X" =M, a
d-dimensional continuous square-integrable martingale. In this case, k(M= ;1(1) = 0 and from the very definition of the
logarithm relating k and p, we have k? = u@ — 2 p™ = 4@ it then follows from Stratonovich-Ito correction that

.
1 1
2
«? = [Et/t (My = M) 0 M, = ZE(M) 7 = E(X")

which is indeed a (very) special case of the general expression for k. We now treat general higher order signature
cumulants.

Corollary 4.2. LetX € 7N for some N € N1, then we have

el = (1)

forallO <t < T andforn € {2,..., N} we have recursively (the r.h.s. only depends on KU),j <n)

n—1

K = E(x(7) + ;Z[Et(<x(k)c,x(n—k)c> T)
t,

+ Z [Et(Mag(K; )¢, 7 +Qua(k; €)1 + Cov(X,k; €)s 7 + Imp(X, K; e)t,T) (23)
|£122, | ll=n
with€ = (h,...,

+---+ /¢ and
1
Mag(k;h, ..., lk)er = — adlrf,/f) ~~~adK,(,lf)(dKf,l'))

k! (t,T]
k

1 k-1
Q ] = —
s hr = 5 33 (07

.
X/ (adk(/3) - adk™ & adklm) . adx(/o)( ﬂ (mc’K(/z)c]l)
t u

1
Cov(X,K: 1y )T = _/ (ld oadk® . _.adKL(l/f))(dl[x(h)c,K(/z)c]l )
’ (k=1) u

(h) (Im) o (Ims1) (1) Ujs1) ()
AX,"V - AX, "k Ry 9t 3 R
. E E k—j u u u u— u—
Jmp(X,x,/1,... /k)tT— (( 1) !( —j)'(k —j)! )

t<u<T 1<m<j<k
1
-4 adK(lz) --adxf,/_k)(AKf,l‘)).

Proof. Recall from Section 2.3, more specifically (14), the definition of the stochastic It6 integral of a power series of adjoint
operations with respect to a tensor valued semimartingale. As in the proof of Theorem 4.1 above, in (20), we can separate
the identity from G and bring the resulting k; to the left-hand side. The recursion then follows from projecting the resulting
form of the equation to tensors of level n € {1, ..., N}. We demonstrate this projection for the first appearing term, which
is the stochastic integral with respect to k. It holds

n
1 / ( I
nnEt{‘/(t,T](G(adKu_) - Id)(dku)} - E, Z o Z /(t . adc'? . ade " (o)

k=1""|iell=n,|tl=k

= Ery ), Mag(ki&)er (,
lell=n
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forall0 < t < T, where in the first equality we have used the linearity to interchange 7, with the expectation and the
explicit form of the projection of a power series of adjoint operations given in (7). The projection of the remaining terms in
equation (20) follows analogously except for the jump part. Regarding the latter, we note again that due to the linearity we
can interchange the projection s, with the expectation and the sum over the interval (¢, T ]. The remaining steps in order to
arrive at the above form of the Jmp(X, k) term are a simple combinatorial exercise. O

We obtain another recursion for the signature cumulants from projecting the functional equation (21). Note that, apart from
the first two levels, it is far from trivial to see that the following recursion is equivalent to the recursion in Corollary 4.2.

Corollary 4.3. LetX € FVN for some N € Ns1, then we have

1
KE”) = [Et(xi,nr)) + Z [Et(HMag1 X,k €)1 + EHMagZ(X,K; €)1 +HQua(k; €)1
1€122, ||€]|=n

+ HCov(X, k; €).7 + HImp(X, k; €)t,r) (24)
with€ = (I, ..., ), i =1, 1€ =k, ||€l|=h+---+ I and

By
HMag' (X, 11, ., e)er = —— / adxf/f)---adxf,’f)(dx,ﬂ"’)
(7]

(k=1)!
2 B2 T () (e y(h)e
HMag“(X,&; /1, ..., lk)er = ——— adk,> ---adk,f (d<x Ve X > )
(k—2)! u
£ Bk -J (lm) (/k)
HQua(k: /i, ..., l)er = Z Gy 2dk (dQua(k; /i, ..., 1))

K
By_
HCov(X,k; /1, ..., lks1)eT =/ Z (kkjyadxu’”) adx(lk)(dCov(X,x;h,...,/j-)u)

B
HIMp(X. k3 11, .. ., l)eT = Z Z (- 1)k-f( kk d '
t<u<T 1<m<j<i<k ( l)
/ Im) o (s ) (Lj+1) I
y adK(/M) g AXL(,1) ... AXL(I )Kz(/ D, I P v, 'Kz(j—)
- mi(m = j)!(k = j)! '

Proof. The recursion follows from projecting the equation (21) to each tensor level, analogously to the way that the recursion
of Corollary 4.2 follows from (20) (see the proof of Corollary 4.2). |

Diamonds. All recursions here can be rewritten in terms of diamonds. In a first step, by definition the second term in
Corollary 4.2 can be rewritten as

1 ¢ -
5 DB xRNy (7).
k=1

Thanks to Lemma 2.2 we may also write
[EtOua(K; e)t’T

k T
1 k=1
~Eef = > (adK,(ff)---ad ¥ o adkfim) --adxg‘}))(d(x(‘”ox“’z))u(T)) :
k!m=2 m-1JJ;

Similarly,

1 T
[EtCOV(X’K;g)t,T:_[Et{W/ (|doadx“3) ~.adxﬁe“)(d(x“‘)ox“”)u(T))}.
“1 J,

Inserting these expressions into Equation (24) we may obtain a “diamond” form of the recursions in H form.

When d = 1 (or in the projection onto the symmetric algebra, c.f. Section 5.2) the recursions take a particularly simple form,
since adx = O for all x € 7g, for d = 1 a commutative algebra. Equation (23) then becomes

1 n-1 B ~
k() =Ee(x(7) + 5 2 (X 48 0 (X9 k0 (T) +E(97 (7))
k=1

where Ji") (T) = Ziej>2, ef=n JMP(X, k; €)1 contains the n-th tensor component of the jump contribution. The above
diamond recursion can also be obtained by projecting the functional relation (22) to the n-th tensor level. We shall revisit
this in a multivariate setting and comment on related works in Section 5.2.
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5. TWO SPECIAL CASES

5.1. Variations on Hausdorff, Magnus and Baker—-Campbell-Hausdorff. We now consider a deterministic driver X
of finite variation. This includes the case when X is absolutely continuous, in which case we recover, up to a harmless
time reversal, t & T — t, Hausdorff's ODE and the classical Magnus expansion for the solution to a linear ODE in a
Lie group [8, 24,25, 39]. Our extension with regard to discontinuities seems to be new and somewhat unifies Hausdorff’s
equation with multivariate Baker—Campbell-Hausdorff integral formulas.

Theorem 5.1. Let X € "V (7y), and more specifically X: [0, T] — Tg deterministic, cadlag of bounded variation. The
log-signature Q; = Q;(T) = log(Sig(X);,7) satisfies the integral equation

T 1
Q(T) = /t H(ad Q,-)(dX%) + Z ‘/o Y(exp(ad 8AX,) o exp(ad Q,))(AX,) db, (25)

t<u<T

with W(z) := H(log z) = log z/(z — 1) as in the introduction. The sum in (25) is absolutely convergent, over (at most
countably many) jump times of X, vanishes when X = X¢, in which case eq. (4) reduces to Hausdorff's ODE.

(i) The accompanying Jump Magnus expansion becomes Qg” (T) = Xng) followed by

Q"(T) =x{") + Z (Hl\/lag1 (X, Q; €)¢.7 + HImp(X, Q; €)t,r)
[€1>2,]l¢ll=n
where the right-hand side only depends on Q%) k < n.
(ii) If X € "V (V) for some linear subspace V C Ty = To(R?)), it follows that, for all t € [0, T],
Q(T) e L :=Lie(V) c T, Sig(X)¢.7 € exp(L) C T,
we say that Q;(T) is Lie in V. In case V = R? one speaks of (free) Lie series, cf. [36, Def. 6.2].

Proof. Since we are in a purely deterministic setting the signature cumulant coincides with the log-signature k;(7T) =
Q:(T) and Theorem 4.1 applies without any expectation and angle brackets.
Using AQ, = Q, — Q,_ = Q, — log(e®*e®) we see that

‘
(N = [ Haag ) - Y aa,

t<u<T

= /T H (ad Qu—)(dxz) - Z (€2, — BCH(AXy, Q4))

¢ t<u<T

T 1
= / H(ad Q,-)(dX{) + Z / Y(exp(6 ad AX,) o exp(ad Q,))(AX,) d6,
t t<u<T Y0
where we used the identity
1
BCH(x1,x2) — X2 = log (exp(x1 ) exp(xz)) —Xp = / Y (exp(@ adx;) o exp(adxy))(xq) dé. (26)
0
m]
Remark 5.2 (Baker—Campbell-Hausdorff). The identity (26) is well-known, but also easy to obtain en passant, thereby
rendering the above proof self-contained. We treat directly the n-fold case. Givenxy, . .., X, € 7o one defines a continuous
piecewise affine linear path (X; : 0 < t < n) with X; — X;_1 = x;. Then Sig(X|(;—1,1]) = Sig(X);-1,; = exp(x;) and by
Lemma 2.5 have Sig(X)o,» = exp(x1) - - - exp(x,) and therefore
Qo = log(exp(xy) - - - exp(x,)) =: BCH(X1,...,Xp).

A computation based on Theorem 5.1, but now applied without jumps, reveals the general form

n—1 1
BCH(x1,...,X,) =X, + Z/ Y (exp(6 adxy) o exp(ad xg41) o -+ - o exp(ad x,,)) (xx) d6
k=10

= Sxit g 2+ 5 3 (Do b xg1] + D, b xi1])

i i<j i<j
1 1
~ 5 2o D el = o 3D Dy %111 -+
i<j<k i<y
The flexibility of our Theorem 5.1 is then nicely illustrated by the fact that this n-fold BCH formula is an immediate
consequence of (25), applied to a piecewise constant cadlag path (X; : 0 < t < n) withX. — X;—1 = x; on [i — 1,1).
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5.2. Diamond relations for multivariate cumulants. As in Section 2.2 we write S for the symmetric algebra over RY, and
So, S for those elements with scalar component 0, 1, respectively. Recall the exponential map exp : Sp — S¢ with global
defined inverse log. Following Definition 2.1 the diamond product for Sp-valued semimartingales X, ¥ is another Sp-valued
semimartingale given by

(Xo¥)(T) = [Et(<)~(c’ vC>t,T) = Z([Et<)~(w1svwz>t,T)éw1 éw,,

with summation over all wq, wo € Wy, provided all brackets are integrable. This trivially adapts to SN -valued semi-
martingales, N € N1, in which case all words have length less equal N, the summation is restricted accordingly to
|wy + |wo| < N.

Theorem 5.3. (i) Let= = (0,=(V, =@ ) be an Fr-measurable random variable with values in So(R?), componentwise
in L>~. Then
K¢ (T) = log E; exp(=)
satisfy the following functional equation, forallQO < t < T,
_ 1
K[(T) = [Et;+§(KO K)t(T)+J]t(T) (27)
with jump component,

J/(T) = [Et( > (eAK“ - AKU)

t<u<T

= [Et( D (%(Aﬂm? + %(AKUP +- ))

t<u<T
Furthermore, if N € Ns1, and = = (=, ..., =N js 7 -measurable with graded integrability condition
I1= v <00, n=1,..,N, (28)
then the identity (27) holds for the truncated signature cumulant K(®N) := (log E;(Sig(X®™)), 7))o<t<T with values in
S (Rd)
5 .

Remark 5.4. Identity (27) is reminiscent of generalized Riccati equations for affine jump diffusions. The relation is, in a
nutshell, that (27) reduces to a PIDE system when the involved processes have a Markov structure. (We will make this point
explicit in Section 6.2 below, even in the fully non-commutative setting.) These PIDEs reduce to generalized Riccati under
appropriate (affine linear) structure of the characteristics. The framework described here however requires neither Markov
nor affine structure. We will show in Section 6.3 that such computations also possible in the fully non-commutative setting,
i.e. to obtain signature cumulants.

Proof. We first observe that since = € £>~, by Doob’s maximal inequality and the BDG inequality, we have that X; := E;=
is a martingale in 7%~ (Sp). In particular, thanks to Theorem 3.2, the signature moments are well defined. According to
Section 3.2, the signature is then given by

Sig()~()t,7 =exp(= - E;=),
hence k:(T) = K:(T) — X;.

Projecting Equation (21) onto the symmetric algebra yields
- 1, 1 -
ke(T) = [Et{xt,T + §<Xc>t,r + §<K(T)c>t,T + (X, k(T) e

N Z (eAXU+AKu(T) —1-AX, - AKU(T))}

t<u<T

1 -
- [Et{E + (KT er+ Y, (eAKuU) —1- AKU(T))} — X,
t<u<T
and eq. (27) follows upon recalling that (IK o K)(T) = E(IK(T)°)¢.7. The proof of the truncated version is left to the
reader. |

As a corollary, we provide a general view on recent results of [2,17,34]. Note that we also include jump terms in our
recursion.

Corollary 5.5. The conditional multivariate cumulants (IK¢)o<¢ <7 of a random variable = with values in So(RY), compo-
nentwise in L°°~ satisfy the recursion
.I n
K" = E(Z") and K" =E(Z")+ PKB oK) (M +IN(T) for nz2 (@)
t
k=1
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with
n
1
e S5 wom s
t<u<T k=2 " ||€||=n,|8|=k

The analogous statement holds true in the N -truncated setting, i.e. as recursion forn = 1, .., N under the condition (28).

Example 5.6 (Continuous setting). In case of absence of jumps and higher order information (i.e. J = 0,=( = =) =

. = 0, this type of cumulant recursion appears in [34] and under optimal integrability conditions =) with finite N.th
moments, [17]. (This requires a localization argument which is avoided here by directly working in the correct algebraic
structure.) 0

Example 5.7 (Discrete filtration). As opposite of the previous continuous example, we consider a purely discrete situation,
starting from a discretely filtered probability space with filtration (#;: ¢t = 0,1,..., T € N). For = as in Corollary 5.5, a
discrete martingale is defined by [E; exp(=), which may regard as cadlag semimartingale with respect to F; = F¢1> and
similar for IK;(7") = log E; exp(Z) € Sy, i.e. the conditional cumulants of =. Clearly, the continuous martingale part of
IK(T) vanishes, as does any diamond product with (7). What remains is the functional equation

Ke(T) = Ee(2) + Je(T) = E () + [Et( ET: (e —1- A[Ku))

u=t+1

As before, the resulting expansions are of interest. On the first level, trivially, KE” = [Et(E“)), whereas on the second level
we see

-

2 - — —

K (T) = EEP) +Ee( Y (B (ZD) - Eur (27))?)
u=t+1
which one can recognize, in case =@ =0as energy identity for the discrete square-integrable martingale €, := [EUE“).
Going further in the recursion yields increasingly non-obvious relations. Taking =? = =) = ... = 0 for notational
simplicity gives
-
3
K (T) = Ee| D (8= 1) +3(8 = €y ) {Euk (£, £y 7 — Eurk(, e)u_1,r})

u=t+1
It is interesting to note that related identities have appeared in the statistics literature under the name Bartlett identities, cf.
Mykland [44] and the references therein.

¢

5.3. Remark on tree representation. As illustrated in the previous section, in the case where d = 1, or when projecting
onto the symmetric algebra, our functional equation takes a particularly simple form (see Theorem 5.3). If one further
specializes the situation, in particular discards all jump, we are from an algebraic perspective in the setting of Friz, Gatheral
and Radoici¢ [17] which give a tree series expansion of cumulants using binary trees. This representation follows from the
fact that the diamond product of semimartingales is commutative but not associative. As an example (with notations taken
from Section 5.2), in case of a one-dimensional continuous martingale, the first terms are

Kt(T)=o+%v+%%+%%+%v+...

This expansion is organized (graded) in terms of the number of leaves in each tree, and each leaf represents the underlying
martingale.

In the deterministic case, tree expansions are also known for the Magnus expansion [25] and the BCH formula [7].
These expansions also in terms of binary trees, but this time they are also required to be non-planar to account for the
non-commutativity of the Lie algebra. As an example (with the notations of Section 5.1), we have

Qt(T)=.+%§, é{ %

In this expansion, the nodes represent the underlying vector field and edges represent integration and application of the the
Lie bracket, coming from the ad operator.

Since our functional equation and the associated recursion puts both contexts into a single common framework. We suspect
that our general recursion, Corollary 4.2 and thereafter, allows for a sophisticated tree representation, at least in absence of
jumps, and propose to return to this question in future work.
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6. APPLICATIONS

6.1. Brownian and stopped Brownian signature cumulants.

6.1.1. Time dependent Brownian motion. Let B be a m-dimensional standard Brownian motion defined on a portability
space (Q, F, P) with the canonical filtration (%;);>0 and define the continuous (Gaussian) martingale X = (X;)o<¢<7 by

t
xtz/ o(u)dB, 0<t<T,
0

with o € L%([0,T],R™*?). An immediate application of Theorem 4.1 shows that the integrability condition X =
(0, X,0,...) € S is trivially satisfied. The Brownian signature cumulants k(T) = log(E;(Sig(X), 7)) satisfies
the functional equation, with a(¢t) := o(t)o(t)” € Sym(RY ® RY),

r
k:(T) :/t H(adk,(T))(a(u))du, 0<t<T. (30)

Therefore the tensor levels are precisely given by the Magnus expansion, starting with

-
Kf”(T) =0, Kiz)(T) = %/ a(u)du,

t
and the general term

(M) =0, kN(T)= > HVag’ (XK &)t
[€]1>2,]|¢]=2n

Be [T an (2:1)
= Z = adk,; " ---adk, “(a(u))du.
llell=n-1 ‘

Note that k;(T) is Lie in Sym(R? ® R?) < Tg, but, in general, not a Lie series. In the special case X = B, i.e. m = d and
identity matrix o = Iy = 27:1 eii € Sym(R? ® RY), all commutators vanish and we obtain what is known as Fawcett's
formula [16,18].

ke(T) = 3(T = t)lg.

Example 6.1. Consider B, B? two Brownian motions on the filtered space (Q, 7, P), with correlation d(B', B?); = pdt
for some fixed constant p € [—1, 1]. Suppose that K', K?: [0, 0)? — R are two kernels such that K (t,-) € L?([0, t])
forall t € [0, T], and set

X! = X} +/t K'(t,s)dB., i=1,2
0
for some fixeq initial values ).((;’ on. Note that neither process is a semimartingale in general. However, for each T > 0,
the process £;(T) := E[ X7] is a martingale and we have
E(T) = Xé+/0tl<"(T, s) dB,
that is, (51 , 52) is a time-dependent Brownian motion as defined above. In particular, one sees that

t t
fo K'(T,u)?du pfo K'Y (T, u)K*(T,u)du '

a(t) = p i KT, u)K?(T,u)du Jo KA(T,u)?u

Equation (30) and the paragraph below it then give an explicit recursive formula for the signature cumulants, the first of
which are given by

(1) =0,
T T

K(z)(T)Zl ./t /6uK1(T,r)2drdU pft /OUK1(TJ)K2(T,r)drdu

t

2 p-/tT./OuKl(T7r)K2(T»r)drdu /tT/(-)uKZ(T7f)2drdu

(1) =0,

o) 15 Tt
Kk, (T)= 3 Z [/ / (aij(u)ajrj (r) — ajj(u)ajj(r)) drdu|ejjij.

i =1t u
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We notice that in the particular case when K' = K? = K, the matrix a has the form

a(t)z/otK(T,u)zduX(; ’1’)

Therefore, we have a(t) ® a(t’) — a(t’) ® a(t) = Oforany t, t’ € [0, T]. Hence, in this case, our recursion shows that
forany p € [-1,1],

1 T u
KEU(T) =0, Kﬁz)(T) = —/ / K(T, r)2drdu x (1 p),
2Jt Jo p 1
andKi")(T)=Ofora||0£t§7'andn23. o

6.1.2. Brownian motion up to the first exit time from a domain. Let B = (B;)¢>0 be a d-dimensional Brownian motion
defined on a filtered probability space (2, ¥, [P) with the canonical filtration (#;)¢>0 and a possibly random starting value
Byp. Assume that there is a family of probability measures {P*}, crs on (L, 7)) such that P*(Bp = x) = 1 and denote by
[EX the expectation with respect to PX. Further let " C R be a bounded domain and define the stopping time 71 of the first
exit of B from the domain I, i.e.

T =inf{t >0]| B, € [}

In [37] Lyons—Ni exhibit an infinite system of partial differential equations for the expected signature of the Brownian motion
until the exit time as a functional of the starting point. The following result can be seen as the corresponding result for the
signature cumulant, which follows directly from the expansion in Theorem 1.1. Recall that a boundary point x € 9l is called
regular if and only if

P*(inf{t >0 | B, €I} =0) = 1. (31)

The domain I is called regular if all points on the boundary are regular. For example domains with smooth boundary are
regular and see [30, Section 4.2.C] for a further characterization of regularity.

Corollary 6.2. Let c RY be a regular domain, such that

supEX(7f) < oo, neNyj. (32)

xel

The signature cumulant k ¢ = log(E(Sig(B)¢arr ) of the Brownian motion B up to the first exit from the domain I" has
the following form

Kt = 1{t<Tr}F(Bt)’ t > O,
where F = 3,152 ewFY with F* € C°(T,R) N C2(I", R) is the unique bounded classical solution to the elliptic PDE

d
—AF(x) = Z H(ad F(x))(e,-,- + Q(ad F(x))(d,-F(x)®2) +2e;G(ad F(x))(d,-F(X))), (33)

i=1

for all x € T with the boundary condition F|sr = 0.

Proof. Define the martingale X = ((0, Barr»0,...))tz0 € S (%) and note that [(X).,| = 7r. It then follows from
the integrability of 71 that X € €~ (75) and thus by Theorem 3.2 that (Sig(X)o.¢)t>0 € F€(71)*°~. This implies that
the signature cumulant k+(7) := log(E;(Sig(X):,7)) is well defined for all 0 < t < T < oo and furthermore under
(component-wise) application of the dominated convergence theorem that it holds

Kt = T“L“oo'(t(T) = T'i’ﬂoo log(E;(Sig(X):,7)) = log(E¢(Sig(B)tasr,)), t 2 0.

Again by X € J%°~(7y) it follows that Theorem 1.1 applies to the martingale (X;)o<¢<7 for any T > 0 and therefore
k (T) satisfies the functional equation (21). It is well known that all martingales with respect to the filtration (%;)o<¢<7 are
continuous, and therefore it is easy to see that also k (T) € ¥ ¢(75). Therefore (21) simplifies to the following equation

AT AT
k:(T) = 1{t<Tr}[Et{%/ H(adk,) (1) du +/ %H(adku) o Q(adk,)(d[x.k],)
¢ t

TAT
+/ H(adk,) o (Id® G(adxu))(d[[X,x]]u)}, (34)
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where we have already used the martingality of X and the explicit form of the quadratic variation (X), = l4(¢ A 7r) with
lg = X%, i € (RY)®2. It follows that k() = k(T)(") = 0 and for the second level we have from the integrability of 71
and the strong Markov property of Brownian motion that
@_1 . _1 x
k" = 2la lim Ee(1(¢<ery(tr AT = t)) = §|d1 (t<rry EX(Tr)|x2p,, t20.

Now note that the function u(x) = EX(tr) for x € [isin C°(T,R) N C2(I",R) and solves the Poisson equation
—(1/2)Au = g with boundary condition u|sr = 0 and data g = 1. Indeed, since I is regular and g is bounded and
differentiable, this follows from Theorem 9.3.3 (and the remark thereafter) in [46]. Moreover from the assumption (32) we
immediately see that v is bounded on T and it follows from Theorem 9.3.2 in [46] that u is the unique bounded classical
such solution. Thus we have shown that the statement holds true up to the second tensor level with F") = 0 and F? = 1,u
under the usual notation F") = 3 \_ e, FY.

Now assume that the statement of the corollary holds true up to the tensor level (N — 1) for some N > 3. Then, for any
n, k < N we have by applying Ité’s formula

d tATF
[«™.c®] =Z/ (9F" (Bu)) ® (F ¥ (By)) du, t 20,
£ Jo
and

d tATE
HX,K(")]I =Z/ e ® (F " (B,)du, t>0.
toiado

Further define the function GV by the projection under 7y of the right hand side of (33) multiplied by the factor 1/2. Then
applying Theorem 4.1 to X(%N) on the probability space (Q, 7, [PX) we see that it follows from the estimate (72) that there
exists a constant ¢ > 0 such that

T
sup fEX{ / |G<N>(Bu)|du} < csuplIXOM |l o1 pry = csup Ex (1)) < o0
0 xel xel

xel

Therefore it follows, from projecting (34) to level N and using the dominated convergence theorem to pass to the T — oo
limit, that & V) is of the form

T j—
€™ =1 e FM (B with FV(x) = EX{ /O G<”>(Bu)du}, xel.

Furthermore, by the assumption it also holds that G¥ € C'(T) for all w € Wy, |w| = N. Therefore we can conclude
again with Theorem 9.3.3 in [46] that F* € C%(T, R) N C?(T, R) solves the Poisson equation with data g = G for all
words w with |w| = N. The statement then follows by induction. |

Example 6.3. Forn € {1,...,d}, let D" be the open unit ball in R" and define the (regular) domain ' = D" xR9" c RY.
Further note that it holds

r=inf{t >0| B, ¢} =inH{t >0]||(B],...,BN)| > 1}.

Hence we readily see that 71 satisfies the condition (32). Applying Corollary 6.2 it follows that the signature cumulant of the
Brownian motion B up to the exit of the domain I is of the form k; = 1{t<Tr}F(Bt), where F satisfies the PDE (33). Recall
that F(") = 0 and projecting to the second level we see that

~AF?D(x) =14, xel;  FP|yr=0.

The unique bounded solution the above Poisson equation is given by

.I n
F? (x) = E|d(1 - Zx,?), xer.

i=1

More generally, we see that the Poisson equation Au = —g on I" with zero boundary condition, where g: ' — R is a
polynomial in the first n-variables, has a unique bounded solution u which is also a polynomial of the first n-variables of
degree deg(u) = deg(g) + 2 and has the factor (1 — X7, x,.2) (see Lemma 3.10 in [37]). Hence it follows inductively
that each component of F" is a polynomial of degree n with the factor (1 — 7=1 xl.2). The precise coefficients of the
polynomial can be obtained as the solution to a system of linear equations recursively derived from the forcing term in (33).
This is similar to [37, Theorem 3.5], however we note that a direct conversion of the latter result for the expected signature to

signature cumulants is not trivially seen to yield the same recursion and requires combinatorial relations as studied in [5]. ¢
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6.2. Lévy and diffusion processes. Let X € & (R?) and throughout this section assume that the filtration (%7 )o<¢<7 is
generated by X. Denote by £, the Dirac measure at point a € R, the random measure ,uX associated to the jumps of X
is an integer-valued random measure of the form

p* (w;dt, dx) = Z T(AX; (0)#0} € (s,AX; (w)) (AE, dX).
s>0
There is a version of the predictable compensator of ,uX, denoted by v, such that the R9-valued semimartingale X is
quasi-left continuous if and only if v(w, {t} x RY) = O for all w € Q, see [28, Corollary I1.1.19]. In general, v satisfies
(|x|2 A1) #v € A, i.e. locally of integrable variation. The semimartingale X admits a canonical representation (using
the usual notation for stochastic integrals with respect to random measures as introduced e.g. in [28, 11.1])

X = Xo+ B(h) + X+ (x — h(x))  p* + h(x) = (u" = V), (35)

where h(x) = x1|x|<1 is a truncation function (other choice are possible.) Here B(h) is a predictable R9-valued process
with components in ¥ and X ¢ is the continuous martingale part of X.

Denote by C the predictable RY ® R9-valued covariation process defined as C7 := (X"¢, X/°). Then the triplet
(B(h), C,v) is called the triplet of predictable characteristics of X (or simply the characteristics of X). In many cases
of interest, including the case of Lévy and diffusion processes discussed in the subsection below, we have differential
characteristics (b, ¢, K) such that

dB; = bs(w)dt, dC; = ¢¢(w)dt, v(dt,dx) = K;(dx; w)dt,
where b is a d-dimensional predictable process, c is a predictable process taking values in the set of symmetric non-
negative definite d X d-matrices and K is a transition kernel from (Q x R,, B89) into (R9, 89). We call such a process /6

semimartingale and the triplet (b, c, K) its differential (or local) characteristics. This extends mutatis mutandis to an ‘7(')N
(and then 7p) valued semimartingale X, with local characteristics (b, ¢, K).

While every It6 semimartingale is quasi-left continuous it is in general not true that k is continuous (with the notable exception
of time-inhomogeneous Lévy processes discussed below) and therefore there is no significant simplification of the functional
equation (21) in these general terms. The following example illustrates this point in more detail.

Example 6.4. Take X € Z(R9) and then d = 1, so that we are effectively in the symmetric setting. In this case
éxp(k:(T)) = E:(éxp(XT — X;)), in the power series sense of enlisting all moments with factorial factors. These can
also be obtained by taking higher order derivatives at u = O of [Et(e“(XT’X‘)), now with the classical calculus interpretation
of the exponential. The important class of affine models satisfies

E¢(eX774%) = exp(p(T — t,u) + (W(T - t,u) — u) X;)

In the Levy-case, we have the trivial situation W (-, u) = u, but otherwise (¢, ¥) solve (generalized) Riccati equations and
are in particular continuous in T — t. We see that, in non-trivial situations, the log of [Et(e“XT‘“Xf) and any of its derivatives
will jump when X jumps. In particular, «;(T) will not be continuous in ¢, even if X is quasi-left continuous. Let us note in
this context that, in the general non-commutative setting and directly from definition of k,

exp(k¢-) = E¢—(exp(AX;) exp(k:)) = E;—(expk:)

where the second equality holds true under the assumption of quasi-left continuity of X. If we assume for a moment
Ft— = F¢, then we could conclude that k;— = k; and hence (right-continuity is clear) that k; is continuous in t. Since we
know that this fails beyond Lévy processes, if follows that such left continuity of filtrations is not a good assumption, at least
not beyond Lévy processes. o

6.2.1. The case of time-inhomogeneous Lévy processes. We consider now a d-dimensional time-inhomogeneous Lévy
processes of the form

t t
X = / b(u)du+/ o(u)dB, +/ / x (u* = v)(ds, dx) +/ / x p* (ds, dx), (36)
0 0 (0,¢] J x| <1 (0.t] J|x|>1

forall0 < t < T,with b € L'([0,T],RY), o € L%([0,T],R™?), B a d-dimensional Brownian motion, uX is
an independent inhomogeneous Poisson random measure with the intensity measure v on [0, T] X R, such that
v(dt,dx) = K¢(dx)dt with Lévy measures K¢, i.e. K;({0}) = 0, and

!
2 (o]
/O /Rd(|x| A 1K (dx)dt < oo,

and measurability of ¢t — K;(A) € [0, o], any measurable A C R. Consider further the condition

v
//|x|NuX|>1/<t<dx)<oo, @7)
0 R4
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for some integer N € N 1. The Brownian case (30) then generalizes as follows.

Corollary 6.5. Let X be an inhomogenous Lévy process of the form (36), such that the family of Lévy measures
{K¢}s>0 satisfy the moment condition (37) for all N € Ns1. Then X € >~ (R%)and the signature cumulant k; :=
log(E;(Sig(X):,7)) satisfies the following integral equation

T
K = / H(adk,)(y(u))du, O0<t<T, (38)
t
where a(t) = o(t)o(t)T e R ®@ R c 5 and
1
y(t) = b(t) + Ea(t) + ‘/Rd(exp(x) =1 =x1x<1)Ke(dx) € To. (39)

In case the Lévy measures {K;}+~q satisfy the condition (37) only up to some finite level N € N1, we have X € SN and
the identity (38) holds for the truncated signature cumulant in 75” .

Remark 6.6. Corollary 6.5 extends a main result of [19], where a Lévy-Kintchin type formula was obtained for the expected
signature of Lévy processes with triplet (b, a, K). Now this is an immediate consequence of (38), with all commutators
vanishing in time-homogeneous case, and explicit solution

k(T)=(T - t)(b+ %a+/Rd(exp(x) -1- x1|x|51)K(dx)).

Proof. Assume that the Lévy measures {K;};-o satisfy the condition (37) for some N € N . We will first show that
X € %N([R{d). Note that the decomposition (36) naturally yields a semimartingale decomposition X = M + A, where the
local martingale M and the adapted bounded variation process A are defined by

M = / o(u)dBy + (xTix<) # (¥ =v), A= / b(u) du+ (xT 1) % 1
0 0
Regarding the integrability of the 1-variation of A we have first note that it holds

:
Al 7] =/ 16w du + (x1Tpepor) * 15
0

Define the increasing, piecewise constant process V' = (|x|1x|>1) * u* . Since b is deterministic and integrable over the
interval [0, T] it suffices to show that V7 has finite Nth moment. To this end, note that it holds

-
E(Wr) = /0 ‘/|X>1|X|Kt(dx)dt < o0,

Further it holds for any n € {1, ..., N} that

n—1

n
U Z vy - ( )vf_(Avs)"‘k
0<t<T 0<t<T k=0
and by definition AV; = |AX¢|1|ax,|>1- Now let n = 2 and k ,n — 1} then we have

(Z VE(AV)™ k) (// sk_|x|"_th(dx)dt)
|x|>1

0<t<T
s[E(Vf)/ / Ix|" % K¢ (dx)dt < oo
0 |x|>1

It then follows inductively that [E(VT”) is finite for all n = 1, ..., N and hence that the 1-variation of A has finite N-th
moment.
Concerning the integrability of the quadratic variation of M, let w € {1,..., d}, then it is well known that (see e.g. [28, Ch.

Il Theorem 1.33])
(X" <1) = (W =v)) = (X211 #vr,

where (M) denotes the dual predictable projection (or compensator) of [ M]. Further using that the compensated martingale
(X1 x<1) * (uX — v) is orthogonal to continuous martingales, we have

T T
w _ ww w2 00,
(M )7-_/0 a (t)dt+/0 ‘/|X|<1(x ) K¢ (dx)dt <
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Now let g € [1, o), then from Theorem 8.2.20 in [11] we have the following estimation
E([M*]1) < cE[(M™) +0§1:ET(AM;V)2‘7 < c((M™)YT +1) < oo,

where ¢ > 0 is a constant depending on g.

We have shown that X = (0, X,0,...,0) € #€VN and it follows from Theorem 4.1 that the signature cumulant k; =
log(E;(Sig(X):,7)) satisfies the functional equation (21). On the other hand, it follows from the condition (37) that 1) in (39)
is well defined. Now define kK = (K;)o<:<7 by the identity (38). Noting that K is deterministic and has absolutely continuous
components it is easy to see that K also satisfies the functional equation (21) for the semimartingale X. It thus follows that
K and K are identical. o

6.2.2. Markov jump diffusions. The generator of a general Markov jump diffusion X is given by

L) = Y B (0af(x0+ . al (x0)g0f (x) + /Rd (f(x +y) = F(x) =1y Zy"a,-f(x))K(x, dy), (40)
7 i

i
where the summations are over /,j € {1,...,d}, b: RY - R?anda: R » R? @ R (symmetric, positive definite)
are bounded Lipschitz, K is a Borel transition kernel from RY into R? with K (-, {0}) = 0 and

sup/ (Iy2 A 1)K (x.dy) < co.
xeRd JRI

Note that (the law of) X is the unique solution to the martingale problem associated to £. That said, the extensions to
Markov processes with differential characteristics (b(¢, x),a(t, x), K(t, x,dy)), with associated local Lévy generators [49]
is mostly notational. For the construction of general jump diffusions and their semimartingale characteristics see e.g. [28, Ch.
l1.2.c] and [27, XI11.3].

The expected signature of X was seen in [19] (in [45] for the continuous case) to satisfy a system of (linear) partial
integro-differential equations (PIDEs). Passage to signatures cumulants amounts to take the logarithm, which represents a
non-commutative Cole—Hopf transform, with resulting quadratic non-linearity, if viewed as 77-valued PIDE, resolved thanks
to the graded structure so that again a system of (linear) PIDEs arises. In the proof of the following corollary we will show
how this PIDE can be derived from Theorem 4.1.

Corollary 6.7. Let X be a d-dimensional Markov diffusion with generator given by (40), where the transition kernel K have

uniformly bounded moments of all orders, i.e.

sup (/ |y|”K(x,dy)) <oo, neN. (41)
Rd

xeRd

Then X € J*~ and the signature cumulant is of the form
Kt(T) = V(t, th T) = V(t, Xt),

where v = 3, v¥ey, is the unique solution withv* € C ;‘2( [0,T] x R R) for all w € Wy of the following partial
integro-differential equation

—[6+ L]v=H(ad v){b+ %a + % Zj} a’ Q(adv) (v ® ov) + ;a’jejG(adv)div} (42)

+ '/[Rd {H(adv)(exp(y) exp(vot,)exp(-v) —1— 1|y|§1y) —(vorT, —v)}K(-, dy),

on [0, T] x R9 with terminal condition v(T,-) = 0, where T, (t,x) = (t,x+y).

Proof. First note that X has the semimartingale characteristics (B, C, v) where (see [27, XII1.3])
dBt = b(th)dt, dCt = a(th)dt, V(dt, dX) = dtK(Xt,,dX),

with respect to the truncation function A(x) = 1 |x|<1- Further denote by ,uX the random measure associated with the jumps
of X and recall the canonical representation (35). We can easily verify that the boundedness of b and a, and the moment
condition (41) implies that X = (0, X,0,...) € #*~ (compare also with the proof of Corollary 6.5). It then follows from
Theorem 4.1 that k (T) = (E¢(Sig(X)¢,7))o<¢<T is the unique solution to the functional equation (21).

Now assume that v is the (unique) solution to the above PIDE with v¥ € C;’z([O, T] x R R) for all w € Wy (this
is really an infinite-dimensional system of linear PIDEs, solved inductively upon projection to the linear span of e,, with
|w| < ¢, for £ € N1, see that standard results as found in [12, Section 12.2] and references therein apply). Then define
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KeS(To)byk: :=v(t,X;)forall0 <t < T and note that €, = v(t, X;_). We are going to show that also K also
satisfies the functional equation (21).

Since X solves the martingale problem with generator £ and v is sufficiently regular it holds

.
& = —E,(v(T, X7) —v(t, X)) = [Et( —/ [0 + L]v(u, Xu—)dU)- (43)

On the other hand, we can plug in K into the right-hand side of (21). We then obtain for the first integral inside the conditional
expectation

/ H(adEu_)(qu)zf H(ad&,)(dB, +dXS) + W (uX = v), + W uX,
(0,t] (0,¢]

where
W, (y) = H(adk,_)(h(y)), and W¢(y) = H(ad&:)(y — h(y)),

forall0 <t < T and y € RY. Similarly we have

Z {H(adl?u_)( exp(AX,) exp(K,) exp(—K,-) — 1 — AXU) - AEU} =Jdx*uf,

O<u<t

where0 < t < T and y € RY
Ji(y) = {H(ad v)(exp(y) exp(v o 7,) exp(—v) — 1 - y) ~(vor, - v)}(t, X.).
Finally for the quadratic variation terms with respect to continuous parts we have
U, = /Ot H(ad Eu_){d<x>u + (Id @ G(ad&,-))(d[ X%, &°],) + Q(adiu_)(d[[kc,kc]]u)}

= Z /taUH(ad v){e,-j +(1d© G(adv))(&; ® gv) + Q(adv)(Iv ® ajv)}(t, X,-)du
ij /0

t
= / H(adv)(u(u, X,_))du.
0
Provided that we can show the following integrability property holds for all words w € Wy
T w —Ww
[E(/ [{H (ad ") (b(Xyo) +uu, X, )} |du + (IW* 2 + W] + [9%]) = VT) < oo, (44)
0
it follows that

[Et{ /(m H(ad&y_)(dXy) + Ut +d *,,,;fT}
- [Et{ /T H(ad&,_)(dBy,) + Upr + (J — W) vt’T}
=Eef [ (a0 ruw X0 + [ 000 - WK O ap) o)

T
= [Et( - / [ + L]v(u, Xu_)du).
t
where in the last line we have used v satisfies the PIDE. Since the above left-hand side is precisely the right-hand side of
the functional equation (21), it follows together with (43) that K satisfies the functional equation (21).

Note that in case the integrability condition (44) is satisfied for all words w € ‘W, with |w| < n for some length n € N4
it follows that the above equality holds up to the projection with (g ). For words with |w| = 1 the condition (44) is an
immediate consequence of X € #€%~. It then follows inductively, by the same arguments as in the proof of Claim 7.12 that
(44) is indeed satisfied for all words w € W.

Since k(T) is the unique solution to (21) it then follows that € = k(7).
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6.3. Affine Volterra processes. For /i = 1,2 let K’ be an integration kernel such that K’(t,-) € L2([0, t]) for all
0 <t < T andlet V' be the solution to the Volterra integral equation

t
V/ =v0'+/ Ki(t,s)\[VidW/, 0<t<T,
0

with VJ > 0, where W and W2 are uncorrelated standard Brownian motions which generate the filtration (%)o<¢<7.
Note that in general V'is nota semimartingale. In particular this is not the case when K'isa power-law kernel of the form
K(t,s) ~ (t —s)"="/2 tor some H € (0, 1/2), which is the prototype of a rough affine volatility model (see e.g. [31]).
However, a martingale &' (T) is naturally associated to V' by

ET)=FE.(Vi), 0<t<T.

In the financial context, §i(T) is the central object of a forward variance model (see e.g. [22]). It was seen in [17] that the
iterated diamond products of 51 (T) are of a particularly simple form and easily translated to a system of convolutional
Riccati equations of the type studied in [1], [22] for the cumulant generating function. We are interested in the signature
cumulant of the two dimensional martingale X = (£'(T), £2(T)).

Corollary 6.8. It holds that X = (0, £'(T)e; + E2(T)ey, 0, ...) € H™ and the signature cumulant k:(T) =
log E¢(Sig(X);.7) is the unique solution to the functional equation: forall0 < t < T

T . . 1 77
Z / H(adk,)(ei))K'(T, u)ZVLjdu + > / H(adk,) o Q(adk,)(d(kex),(T))
t

1
k:(T) = —[Et(a
=127t

;
+Z/ H(adk,){e;G(adk,)(d(¢'(T) ok)u(T))}|.

=129t

Proof. Regarding the integrability statement it suffices to check that V}' has moments of all order for / = 1, 2. This is indeed
the case and we refer to [1, Lemma 3.1] for a proof. Hence we can apply Theorem 4.1 and we see that k satisfies the
functional equation (21). As described in Section 4.1 this equation can be reformulated with brackets replaced by diamonds.
Further note that, due to the continuity, jump terms vanish and, due to the martingality, the 1t6 integrals with respect to X
have zero expectation. The final step to arrive at the above form of the functional equation is to calculated the brackets
(E(T),E(T)). From the definition &(T) and V/ we haveforall 0 < t < T

§;(T)=[Et(vc;+/o K'(T,s),/v;dwsw/ K’(t,s)\/Vs’dWS’) =v0'+/O K (T, s)AVidW..
t

Therefore and due to the independence we have (¢'(T'), £2(T)) = O and for the square bracket we have d(¢'(T), &'(T)): =
K(T, t)2Vidt. o

The recursion for the signature cumulants from Corollary 4.3 are easily simplified in analogy to the above corollary. In the
rest of this section we are going to demonstrate explicit calculations for the first four levels. Clearly, due to the martingality
the first level signature cumulants are identically zero kM (T) = 0. In the second level we start to observe the type of
simplifications that appear due to the affine structure

. . T . .
€)= 3 Y eu@() o8 M) = 3 Y el [ KT V)

i=1,2 i=1,2 ¢
1 T 2gi
=3 Z ei | K'(T,u)*&(u)du,
=12 t
where §£(u) =E;(V/)forall0 < t < u < T. The third level is of the same form

€OT) =2 3 @€ (T) ok (TT)

i=12
1 "7 240 i i
=3 Z eiii KI(T, $)2K' (T, u)K' (s, u)ds | (u)du,
i=1,2 t u
where we have used that for any suitable 7 : [0, T] — Ritholdsforall0 < ¢t < T

/Th(u)gg'(u)du = /OTh(u)vo"du—/Oth(u)vu"du+/ot(/Th(s)/<f(s, u)ds)\/;,deJ.

u
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The fourth level starts to reveal some of the structure that is not visible in the commutative setting
4 1 T L - . . T )
k(1) =) {g [e77. ei] / ( / KI(T, s)f’dS)K’(T, u)* €1 (u)du + eiji / H(T. u):;<u>du},
i=1,2 t o t
where {i,7} = {1,2} and h' is defined by

1

T 2
h'(T, u) =§(/ Ki(T, s)zKi(u, s)ds)

1 T T ) ) ) )
+ E/ (/ K'(T,r)2K'(T,s)K'(r, s)dr)K’(T, $)K'(s,u)ds, 0<u<T.
u S

7. PROOFS

For ease of notation we introduce a norm on the space of tensor valued finite variation process, which could have been
introduced already in Section 2.3, was however not needed until now. Let g € [1,00) and A € "V ((R?)®") for some
n € N1 then we define

All-ya = [[Allya(rayen = |“A|1—var;[O,T]”£q'
It is easy to see that it holds ||A||#s < ||Al|-y¢ and this inequality can be strict.

Further for an element A € 7 ® 7 we introduce the following notation

A= Z AM W e, ®e,, A"V R,

W1,W2€'Wd

and for /1,1, € N1

AR = Z ewiw, ® A2 € (R)®N @ (RN®2 c T @ T

[wil=h,|wa|=l
Next we will proof two well known lemmas translated to the setting of tensor valued semimartingales.

Lemma 7.1 (Kunita-Watanabe inequality). LetX € ¥ ((R9)®") andY € & ((R9)®") then the following estimate holds

a.s.
XY arory + ) IAXAY < T VX > VIYwelr

0<t<T |w1|=n [wa|=m

< eVIXI7IVILY] 7,

where ¢ > 0 is a constant that only depends on d, m and n.
Proof. From the definition of the quadratic variation of tensor valued semimartingales in Section 2.3 we have

-
[(XE, YO 1 varjo7) + Z |[AXsAY| < Z /0 [d(X*1¢, y¥2°) | + Z |AX§V1AY;’Q

O<s<T [wy |=n,|wa|=m 0<s<T
XTIVl

IA

Iwi|=n,|wa|=m
<dmm2 137 xnly [ [yl
lwil=n lwa|=m
< d""|[X]7 IV,

where the first estimate follows form the triangle inequality, the second estimate from the (scalar) Kunita-Watanabe

inequality [47, Ch. I, Theorem 25] and the last two estimates follow from the standard estimate between the 1-norm and the
2-norm on (R9)®™ =~ RI", |

A

In order to proof the next well known lemma (Emery’s inequality) we need the following technical

Lemma 7.2. LetA € ¥ ((RY)®™), Y € P((R))®),Z € P ((RY)®™) then it holds

/ Y,_dA,Z,_ < / [Ys-Z_||dAs]
(0,-] 1-var;[0,T] (0.7]
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where the integration with respect to |dA| denotes the integration with respect to the increasing one-dimensional path
(IAl1_yar 0.0 Jo<e<T- Further, letY' € D ((R9)®"), 2" € D ((RY)®™) and let (At)o<¢<T be a process taking values in
(Rd)®m ® (RY) @M’ such that AY"Y2 € Y for all wy, wy € W, with |wy| = m and wp, = m’. Then it holds

< / |YY'ZZ'|s_|[dm(A)s],
1-var;[0,T] 0.7]

where (YIdY’)(A) = YAY’ is the left- respectively right-multiplication by Y respectively Y’.

' / (Ys-1dY: ) © (Zs-1dZ;_)(dAj;)
(0]

Proof. Let0 < s <t < T thenit holds

/ Yo dAZ,| < / I¥o-Z,||dA -
(s,t] (s,t]

Indeed, as it follows e.g. from [50, Theorem on Stieltjes integrability], we can approximate the integral in the left-hand side
by Riemann sums. Then for a partition (¢;);=1..._x of the interval [s, t] we have

k-1

Z Yfi*(Atm - Ati)zti*
i=1

k-1 k-1
= Zlvt,‘*(Al‘m - Ati)zti*| < Z’Ytifzfi*”Atm - Ati"
i=1

i=1

where the last inequality follows from the fact that for homogeneous tensors x € (R9)®” and 'y € (R?)®" it holds that
|xy| = |yx| < |x]||y|. Regarding the 1-variation we then have

k
/ Y. dA.Z,_ = sup Z / Y, dA.Z_
(0,-] 1-var[0,7]  O0sti<-<te<T 5=31J (ti.tia ]
k

< s ) ¥e-Zo-ldA|
(ti.tin1]

0<t; <<ty <T =4

_ / 1¥,-Z,_|[dAs.
(0,7]

Regarding the second statement we see that forany 0 < s < t < T we have

/ (Y,—ldY/,_) ® (Z,-1dZ,,_)(dA,)
(s.t]

< / YY'ZZ'|,_|dm(A),|
(s,t]

Indeed, we approximate the integral in the right-hand side again by a Riemann sum. Then for a partition (¢;);=1,._« of the
interval [s, t] then we have

k=1

Z(YrinY;/__) ©) (Zti—IdZ;;—)(Atm - Afi)

i=1

~

-1
th—eW1 Y;;—th—ewzz;,-—(Atm - Atf)

HM

=T lwr |=m. wz =

-1

< > Ye-Yi 2,2, ||m(A,,) - m(A)],
i=1

~

!

where the last inequality follows from the definition of the norm on (homogeneous) tensors and the definition of the
multiplication map m. We conclude analogously to the proof of the first statement. O

Lemma 7.3 (Emery’s inequality). LetX € ¥ ((R9)®"), Y € D ((R9)®) andZ € D ((RY)®™) then for p, q € [1, o) and
1/r=1/p+1/q it holds

’ / Y, dX,Zs_
(0.-]

where ¢ > 0 is a constant the only depends on d and m.

< cllYZ||pq (mayetsm) X yep ((me)2n)s
_ygr((Rd)®(l+n+m))
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Proof. Let X = Xo + M + A be a semimartingale decomposition with My = Ag = 0. Then it follows by definition of the
H€"-norm and the above Lemma 7.2

1/2
/ Ys_dXsZs- < ‘ / (Ys_IdZ;_)®%d[m Mm],| + / Ys_dAsZ,-
(0.-] Fer (0,7] (0,-] 1-var;[0,T ]| pr

1/2
< ' / |V, 2o 2| Jaiml, ||+ / Ve Zo||dA|
©T] ©0T] rr
< Y.z |(|[M]]!/? A
< || sup_|YsZs|({I[ ]T|1—var'[0'TJ+| |1—var;[0,T]
0<s<T e rr
< cll¥Zllgo ||l IMI7| + 1As ] _varjo. 71| oo

where we have used the generalized Hélder inequality and the Kunita-Watanabe inequality (Lemma 7.1) to get to the last
line. Taking the infimum of over all semimartingale decomposition M + A yields the statement. O

The following technical lemma will be used in the proof of both Theorem 3.2 and Theorem 4.1.

Lemma7.4. LetX,Y € ¥(TN), N € Nsy, g € [1,00) and assume that there exists a constant ¢ > 0 such that

Y ganin < & 37 XD Wggamin = IXD oy, 1 =1, N,
llell=n
where the summation is over € = (h,...,I;) € (Ns1Y,j € Nsy, [|€]l =11 +-- -+ 1;. Then there exists a constant C > 0,

depending only on ¢ and N, such that
WYl zean < ClIXI zean

Proof. Note that forany n € {1,..., N} it holds
) 1/n 1/1 N1/l )
(D X oms = IX D) < D AXD Y )07 (XY 0
llel=n llell=n
ho g ) it/ h gt 1
< Z (;”X ygansn + o+ X any,

llel=n

n
-
<en D X o
i=1

where ¢, > 0 is a constant depending only on n and second inequality follows from Young’s inequality for products. Hence
by the above estimate and the assumption we have

N N n
1 Nnl/i
I¥lean = DIV, < Vmen > S IXONYL, < CliXllyean,
n=1

n=1 i=1

where C > O is a constant depending only on ¢ and N. m]
7.1. Proof of Theorem 3.2.

Proof. Denote by S = (Sig(X)o.r)o<t <7 the signature process. We will first proof the upper inequality, i.e. that there exists
a constant C > 0 depending only on d, N and g such that

ISl sean < ClIXIl ypa.n - (45)
According to Lemma 7.4 it is sufficient to show that for all n € {1, ..., N} it holds
Call8™ lgamin < " IX lgansy <= IX D] ypawiy =: P (46)
ll€ll=n

where ¢, > 0 is a constant (depending only on g, d and n). Note that it holds

/ / / - /
PEIX D ganry = > o IR amsy <+ IX | yansn = o (47)
llell=nl€|<2 llell=n.1¢1<k

forany k € {1,..., N} and

/i .
pr < > o XU s+ IXD L ypann < €'f (48)
lIell=n
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where ¢’ is a constant. We are going to proof (46) inductively.

For n = 1 we have 8" = x(V) — Xé” =X e #9N and therefore the estimate follows immediately. Now, assume that
(46) holds for all tensor levels up to some level n — 1 with n € {2, ..., N}. We will denote by ¢’, ¢”” > 0 constants that
only depend on n, d and g. Then we have from (15)

t
s”= 3 /Sf,’f)dxf,/1)+

1 t
—/ sV d(x(e x(h)ey,
llell=n,l¢]<2 0 0

lel=n.2=¢]<3
(lji-1) /
i A%, axg

DI e

llell=n, |€|>20<u<t
For the first term in the above right-hand side we have by Emery’s inequality (Lemma 7.3) the following estimate

"l / / /
/ s ax{" < DT 18 g XMW yan, < ¢y
llel=n.lel<2 0 yean/n lell=n.le|<2

where the last inequality follows from the induction claim and (47). Further, from the Kunita-Watanabe inequality (Lemma 7.1)
and the generalized Holder inequality, it follows that for all /1, /, € N1 with /1 + /; < n we have

H(X(/z)c’ x(hey

1y (2) (h)
ooy <€ IXE gan IX

Then we have again by Emery’s inequality, the induction base and (47) that it holds

t
/ S[(,If)d(X(IZ)C,X(/3)C)u < c'pyg.

llell=n,2<¢|<3*° SeaNin

Finally we have for the summation term

(up AXS? - Ax(W
s, =R

i — 1)1
[[€]|=n, |€]>20<u<t (/ D! HpaN/n
< sy AX,(,/k’1)|---)AXL(,/3) AxYV ax(?
|1€]|=n, |€]>2l[0<u<t LaN/Iwl
/ k- / I /
<& Z IS¢ k)“y;i”“‘ |[xe oHyiN/,H X 3>||y£w,3 Z )Axg‘)Ax§2)|
llell=n, |€]>2 O<u<t LAN/(h+1p)

<c”py

with the last inequality follows again by the Kunita-Watanabe inequality and the induction basis. Thus we have shown that
(46) holds foralln € {1,..., N}.

Now we will proof the lower inequality, i.e. that there exists a constant ¢ > 0 depending only on d, N and g such that
cliXll sean < ISl Aean (49)
Therefore define X" := (0,X,...,X(",0,...,0) and note that it holds
X ean = 11X | yean = (8 [l yean < ISl yean-

Now assume that it holds
gn—1
X" Ml pean < SN span

n)

forsome n € {1,..., N}. It follows from the definition of the signature that S = Xét

from the upper bound (45), which was already proven above, that
lISig(X" o, llsesn < CIX" M lyean < CClISll yean

+ Sig(X" )(()"t) and further we have

Then we have

IR gan = X" e + XYY,
< ISl yean + 11811100, + ISig(X" )T,
< ISl yean + ISl yean + NISig(X™ o, l yean
< c”lIsll yean-
Therefore, noting that XN = X, the inequality (49) follows by induction. [}
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7.2. Proof of Theorem 4.1. We prepare the proof of Theorem 4.1 with a few more lemmas.
Lemma 7.5. Let N € N then we have the following directional derivatives of the truncated exponential map expy : ‘76” -
‘7;N
(0w expy) (x) = G(adx)(ew) expy (X) = expy ()G (-adx)(ew), x €T,
(3w O expp) (x) = Q(adx) (e ® ew) expy (x), x € 5",

for all words w, w’ € Wy) with1 < |w|, |w’| < N, where G is defined in (19) and forx, a, b € 76”

QO(adx)(a ® b)

1

G(adx)(b)G(adx)(a)+/ 7[G(radx)(b), e"%*(a)] dr
0

ZNZ (a0)"(6) (adX)™(a) ZNI [(adx)"(b). (adx)"(2)]

(n+ D (m+1)! (n+m+2)(n+Dim!~

n,m=0 n,m=0

Proof. The projections of the of the map expy : ’76” — ‘7}” to each tensor component is polynomial in the tensor
components of 76’\’. Therefore the map is smooth and in particular the first and second order partial derivatives exist in all
directions. For the explicit form of the first order partial derivatives we refer to [21, Theorem 7.23] for a proof. For the second
order derivatives we follow the proof of [29, Lemma A.1]. Therefore let x € 75” and w, w’ arbitrary with 1 < |w/, |[w’| < N.

Then we have by the definition of the partial derivatives in 75” and the product rule

0, (0 expp (X)) = %(G(ad x+tey)(ey ) expy (X + teW))L:o

- %G(adx + teW)(eW/)‘t=0 expy (x) + G(adx) (e, )G(adx)(ew) expy (x).

From [21, Lemma 7.22] it holds exp(adx)(y) = expy(X)y expy(—x) for all x,y € 7(')’\’ and it follows further by
representing G in integral form that

T dt

d d/ [
—G(adx+tew)(ewx)| = (/ exp('radx+tew)(ewz)d'r)‘
dt t=0 0
' d
=/ —(expN(T(x+teW))eWr expN(—T(x+teW)))| dr
o dt t=0
1
=/ TG (ad 7x)(ey ) expy (TX) ey expy (—TX) dT
0
1
—/ Texpy (TXx)e, expy (—7x)G(ad 7x) (e, ) dT
0
1
=/ 7[G(Ttadx)(ey),exp(T adx)(ey )] dr.
0
Then the proof if finished after noting that

(tadx)” (tadx)™
dr

1 t N
/0 'rG('radx)(eW)exp('radx)(e.,,/)d'r=/O T,,;o e poy
/t N (adx)" (adx)™ Temin
= Z T dr
0 n,m:O(n+1)! m!
N

= (adx)"(ad x)™
= H;O (n+D)Imi(n+m+2)

Lemma 7.6. Let N € N>y andx € TV, then it holds

Q(adx)(A) = Q(adx)(A),

forall A € T,N & TN with symmetric coefficients A¥*2 = AWz
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Proof. Let N € N»q andx € ’76N be arbitrary. Then from the bilinearity of @(ad x) and the symmetry of A we have, with
summation over all words w1y, wp with 1 < |wq], [wa| < N,

N
~ _ wi, Wy (adx)"(ew,) (adx)"(ew,) = [(adx)"(ey,), (adx)"(ew,)]
Q(adx)(A)—w;VZA n;:O( (n+1)! (m+1)! * (n+m+2)(n+1)m! )

D Awhwz(nmi_ (ad%)"(ew,) (ad )" (ey,)

= (n+1)! (m+1)!

. (@dx)"(ey,)(adx)" (ey,) — (adx)™(ey, ) (ad X)”(er))
(n+m+2)(n+1)Im!

N
w1,W2 (ad x)n(eW1) (ad x)m(eWQ)
W;f (;O ) (m+1)

(adx)"(ew,)(adx)" (ew,)  (adx)"(ew,)(adx)" (ew,)
(n+m+2)(n+)iml (m+n+2)(m+1)!n!)

N n m
Z AWIW2 Z (2m+2) (adx) (3W1)(adX) (ewz) (A) - Q(adx)(A).

— e (n+DIm+D(n+m+2)

Lemma 7.7 (Ito’s product rule). LetX,Y € 9(71"") for some N € N1, then it holds

X:Y: — XoYo :/ (dX,)Y, +/ X, (@dY,) +m([X,Y]o7), O<¢t<T.
(0,¢] (0,¢] ’

Proof. The statement is an immediate consequence of the one-dimensional [t&’s product rule for cadlag semimartingales
(e.g. [47, Ch. II, Corollary 2]) and the definition of the outer bracket and the multiplication map in Section 2.3. m|

Lemma7.8. LetX € 3)(‘75’\’) for some N € N1, then it holds

expy (Xe) — expy (Xo) = / Gl(adX,_) (dX,) expy (X_) + /0 Q(ad X, ) (d[X%, X°],) expy (X,_)

(0]
+ 3 (expn(X) — expy (X,o) — Glad X, ) (AX,) expyy (X,-) ).

O<uc<t

forallO <t <T.

Proof. The projections of the of the map expyy : ‘76” — 71”"’ to each tensor component are polynomial in the tensor
components of 7," and therefore the map is clearly smooth. Further 7,V is isomorphic to R? with D = d + - - - + d" and
we can apply the multidimensional 1t6’s formula for cadlag semimartingales (e.g. [47, Ch. I, Theorem 32]) to obtain

on () ~opn () = Y. [ (o emm ) ox;

1<|w|<N

1 t
t > [)(dmdmexpN)(Xu_)d<XW‘C,XWZC>,,

1<|wy |, lw2| <N

+ 30 (expn () —exon () = D (9w expn) (X, ) (AXY))

O<u<t 1<|w|<N

forallO < t < T.From Lemma 7.5 we then have for the first integral term

(v expy) (X ) oXY = ) /(Ot] G(ad X,_)(ey) expy (Xy_) X

1<iwi<n ¢ (O] 1<|w|<N

[ )ox) ewnx.o).
(0,¢]

and analogously

D (Qwexpn) (X )(AXY) = D7 Glad X,y )(AX,) expy (Xyo).

1<|w|<N 1<|w|<N
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Moreover, from Lemma 7.8 and the definition of the outer bracket in Section 2.3

t
(Ow, O, exppy ) (Xy—)d(X™1€, X*2¢),, = /0 Q(adX,—) (d[X°, X°],) expp (Xu-).

1<|wi L lwz| <N ¥ (Ot

Since [X¢, X°], € 75"’ ® 76"’ is symmetric in the sense of Lemma 7.6, we can replace Q with Q in the above identity. O

Lemma7.9. LetX € ¥ (T5) and letA € "V (Tg). Forany k € Ns1 and € = (11, ..., I¢) € (Nsq)X it holds

t t
/(aXm(,IZ)~-ade,’“)(dAf,’1)) szk“/ |x§’2)mxf,’k)
0 0

forall0 < t < T. Furthermore, let (A¢)o<t<7T be a process taking values in 7o ® Ty such that A¥""2 € V for all
wi, Wy € Wy. Thenitholds forall0 <t < T

t
/ (ad X ad XU @ ad X ... ad xf,’“) (dAﬁ’“’”)
0

dAf,’”|,

t
Szk—z/ ‘Xﬁlay,_xs/k)
0

dm(A(/“/?))‘.

Proof. We expand the iterated adjoined operations into a sum of left- and right tensor multiplications and apply Lemma 7.2.
Note again that for homogeneous tensors x and y it holds |xy| = |yx|. Therefore the statement follows by counting the
terms in the expansion. m]

Lemma 7.10. Let N € Nsq, Ax,y, Ay € T, and define the function
f:[0,1] x[0,1] — 7?”, (s,t) > f(s,t) = expy(sAx) expy (y + tAy) expp (-y).
Then f(0,0) = 1 and the first order partial derivatives of f at (s, t) = (0, Q) are given by

(05F)|(s,0)=(00) = AX,  (0:F)|(s,t)=(0,0) = G(ady)(Ay).

Further the following explicit bound for the second order partial derivatives holds

sup |(V2F ™)) 60| < cn Z (|Ax</1>| + ‘Ay(“)|)(‘Ax(’2) + )Ay(lz) )2/3 ez,
0<s,t<1 _
liell=n, |€]>2
foralin € {2,..., N}, wherec, > Qisaconstant, € = (I1,..., 1) € (Ns1)X with|€| = k and z; := max{|Ax"]|, [y"|, | (y+

Ay) DY foralll € {1,...,N —2}.

Proof. The tensor components of f (s, t) are polynomial in s and ¢ and it follows that f is smooth. From Lemma 7.5 we
have that the first order partial derivatives of f are given by

(0sF)|(s,t) = G(ad sAx)(Ax) expy (sAx) expy (y + tAy) expy (-y),
(0:F)|(s,t) = expp (sAX)G(ady + tAy) (Ay) expy (y + tAy) expy (-y).

Evaluating at s = t = O we obtain the first result. Now let n € {2, ..., N}. Then it follows from Lemmas 7.5 and 7.9 that
we can bound the second order derivatives as follows

sup (ass f(n))|(s,t)

0<s,t<1

< sup 1|7r(n> (Q(ad sAx) ((Ax)*?) expp (sAx) expy (y + tAy) expp (-y))|

0<s,t<

<c, > I |Ax Dz, -z,

lieli=n, |£]>2

sup (dttf(n))|(s,t)

0<s,t<1

< sup 1|7r<n) (expy (sAX)Q(ady + tAy) ((Ay)®?) expy (y + tAy) expy (-y))|

0<s,t<

<cy DL IayPay?z, -z,
lell=n, |£]>2
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and
sup (3ef )| (s)
0<s,t<1
< . sup 1|7t(,,) (G(ad sAx) (Ax) expy (sAx)G(ady + tAy) expy (Y + tAy) expN(—y))‘
<s,t<
<cy DL IaxM)ayB |z, -z,
ll€ll=n, |€]>2

where ¢}, c;/, ¢;/’ > 0 are constants and the second statement of the lemma follows. O

Lemma 7.11. Forall N € Nyy and allx € 78” it holds
H(adx) o G(adx) = Id.

where G and H are defined in (19). Hence, the identity also holds for all x € Tq.

Proof. Recall the exponent generating function of the Bernoulli numbers, for z near O,

o Be z o 1 er-1
— 7z = s G(z) = z5 =

e B AP Wil

Therefore H(z)G(z) = 1 identically in a neighborhood of zero. Repeated differentiation in z then yields the following
property of the Bernoulli numbers

H(z) =

n=

n
By 1
——F =0, neN;.
| (n— | =
= k! (n—k+1)!
Hence the statement of the lemma follows by projecting H (ad x) o G(ad x) to each tensor level. O

We are now ready to give the

Proof of Theorem 4.1. Since 7o n)Sig(X) = Sig(X®M)) for any X € & (75) and all truncation levels N' € N1, it suffices
to show that the identities (20) and (21) hold for the signature cumulant of an arbitrary X € #€"-V. Recall from Theorem 3.2
that this implies that Sig(X) € #¢"-N and thus the truncated signature cumulantk = (E¢(Sig(X)¢,7))o<e<r € S (T,") is
well defined. Throughout the proof we use the symbol "<" to denote an inequality that holds up to a multiplication of the
right-hand side by a constant that may depend on d and N.

Recall the definition of the signature in the Marcus sense from Section 2.5. Projecting (15) to the truncated tensor algebra,
we see that the signature process S = (Sig(X)o.¢)o<t<T € 9(7]“’\’) satisfies the integral equation

1 t
S; =1 +/( | Sy_dX, + 5/ S,d(XC), + Z Su_(expy(AX,) — 1 = AX,), (50)
0,t 0

O<u<t

forO < t < T. Then by Chen'’s relation (16) we have
E:(Stexpy (k7)) = E¢(Sig(X)o,7) = S:E(Sig(X)s,7) = Srexpy(ks), 0<t<T.

It then follows from the above identity and the integrability of St that the process S expy (k) is a ‘7TN-va|ued martingale in
the sense of Section 2.3. On the other hand, we have by applying It6’s product rule in Lemma 7.7

Scexon (o) — 1= /(Ot]wsu)expN(xu_)wL /M Su-(dexpy(k,)) + m([ S exon ()], )

+ Z AS, Aexpy(ky)

O<u<t

Further, by applying the It6’s rule for the exponential map from Lemma 7.8 to the 76N-valued semimartingale K and using
(50), we have the following form of the continuous covariation term

m(l[/(o’-] Sy—dX¢, ./(0,-] G(adk,_)(dk?) expN(Ku_)Ho’u)

/ Su-(1d © G(adk,-)) (d[ X, k°],) expp (Ku-)
(0.t]

m([[sc’ expy (KC)]]O,t)

and for the jump covariation term

D ASiAexpy(ky) = ) Su-(expn(AX,) = 1) (expy (Ky) expy (ko) — 1) expp (Ky-).

O<u<t O<u<t
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From the above identities and again with Lemma 7.8 and (50) we have
Stexpy(ks) —1 = / Sy-d(L, +k,)expy(ky-), 0<t<T, (51)
(0.2]
where L € 3)(75/\’) is defined by

1 C
Le=Xe+ (X + D (exon(AX,) = 1 - AX,) + /«m(G — Id) (adk,_) (dk,)

O<u<t

.\ Avt %Q(adku_)(d[[Kc’Kc]]l) + Z (expN(KU) expN(—Ku_) -1- G(adKu—)(AKu))

O<uc<t

+ (Id © G(adk,-))(d[ X, «°],) (52)
(0,¢]

+ Z (expn (AXy) — 1) (expy (ky) expy (—kyu-) — 1)

O<uc<t

1
=X+ §<X°>t + (G —Id)(adk,_)(dk,) +V; +C; + J¢,
]

(0,t
with V, C,J € ¥ (7o) given by

1 ‘ c c

Ve = 5/0 Q(adk,-)(d[k°,«],),

C = / (14 © Gadk, ) (d[X%,£°]],).
(0,¢]

Ji = Z (expn (AXy) expy (ky) expy(—Kky-) — 1 — AX, — G(adk,-) (Aky)).

O<u<t

Note that we have explicitly separated the identity operator Id from G in the above definition of L. The left-hand side in (51)
is a martingale and therefore L +k is a 75N-valued local martingale. Let (74 )¢>1 be a sequence of increasing stopping
times with 7, — T a.s. for K — oo, such that the stopped process (L¢ar, +K¢ar, Jo<t<T IS @ true martingale. Using further
that k7 = O we have

Kinge = Ee{lTaroene ), O0<t<T, keNy. (53)
Claim 7.12. It holds that
MLl ernv < XN et (54)

Note that this justifies the use of the dominated convergence argument for passing to the limit in (53), which proves equation
(20), and hence the first part of Theorem 4.1.

According to Lemma 7.4 it suffices to show that forall n € {1, ..., N} it holds
L gganin < 3 XD Nygann == XD oy =: o,
lIell=n
where the summation above (and in the rest of the proof) is over multi-indices € = (/1,...,/;) € (Ns1)/, with |£] = j and

€l =k +---+1;. For M € Moo (T,") and A € ¥ (T,") define

P A = Z {Iw/N(M(h),A(h)) . ;Ij/N(M(Ij)’A(Ij)) <o, n=1,....N,
[Iell=n

where for any g € [1, c0)

gq(M(”,A(D):=‘“[M(O]TP/2+IA(”ILNWJQTﬂ

ra’
Note that it holds
/ /i
Pan < 2 (Pia+Pia) < Pl (55)
llell=n

Furthermore, it follows from the definition of the #€9 norm that
7= inf pla,
Px =, Pma
where the infimum is taken over all semimartingale decomposition of X.
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Now fix M € Moo (T,") and A € "V (7" arbitrarily, such that X = M+ A and pj; , < coforalln € {1,...,N} (sucha

decomposition always exists since X € &‘61”\’). In particular it holds that M is a true martingale.
The estimate (54) then follows from then following claim, which we are going to proof inductively.
Claim 7.13. Foralln € {1,..., N} it holds

IL ] yensn < piaas

(56)

and further there exits a semimartingale decomposition k(" = Kén) +m™ +a withm” e 4 ((R)®") and

a(™ e ¥ ((RY)®") such that ||a” ll-ywin < pyaandincase n < N —1it holds

"™ (m™.a™) < p .

Proof of Claim 7.13. We first proof the induction base n = 1. Note that we have L") = X()| and therefore
I flgen < VMY, AD) = oy .
Using that M is a martingale we can identify a semimartingale decomposition of M by
m = () -E(a?). A 0sesT.
In case N > 2, we further have from the BDG-inequality and the Doob’s maximal inequality that
g 5o = (7)== Ja)

and this shows the second part of the induction claim.

< ol

Il % " < Pl

Q)
<l

LN ~/N/n

Now assume that N > 2 and that the induction claim (56) and (57) holds true up level n — 1 for some n € {2, ...

Note that L") has the following decomposition
L(”) - {M(n) + N(n)} + {A(n) + %(XC>(H) + B(ﬂ) + V(”) + c(”) + J(ﬂ)}’
where N € M 0. ((R9)®") and B(™ € ¥ ((RY)®") are defined by

N = 7, / (G - 1d)(ad K, ) (d,),
(0,¢]

B(n) = T(p) / (G — Id)(adxu_)(dﬁu)
(0,¢]

witha = mon (@ +---+a"V) e ¥ (V) andm = mon) (MD +- -+ m™) € A (T).

From Lemma 7.1 and the generalized Hélder inequality we have

n n
(e pp(n—i)c (i)
< <
YN/ = Z’KM M > YNin ZZHM ”%N“
i= =

It follows from (57) and the induction basis that for all / € {1, ..., n — 1} it holds that

H<Xc><n> M=

< n
‘%N/(n—o S Pua:

I / / /
e e = e =k yewn < paaas
and further that
IEIN /
KT = sup |K£)|,

/ / / / / /
v e D llgpmin = Mkl ewn < 11+ leD =k gpmin < plga-

From the definition and linearity of Q(adx) (x € 76”), Lemmas 7.1 and 7.9 we have the following estimate

|v<">

1—var;[0,T]

A

/ (ad . adelm @ adkelm) .. ~adxﬂ’i))(d[[m“)im(’ﬂ"]] )
O u

lell=n,1€]|22 m=2 1-var;[0,T]

k

SN [LXRMNCICHE

llell=n,1¢]1>2

N

A

e

d|<m(/‘)c,m“’2)c>

lleli=n.le|>2 !

A

(57)
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It then follows from the generalized Hoélder inequality

||V(n) < ” (1) ‘ " m(n)” |m(/2)
/N/n ||€||— o122 P N/l3 A geN/h HeN/l
3 pl\I]I,A e 'pl\;I,A
[Iell=n,|€]>2
< Puas (62)

where the second inequality follows from the induction basis and the estimates (61) and (57), noting that ||€|| = n and
|/] > 2 implies that /1, ..., /; < n— 1, and the third inequality follows from (55). From similar arguments we see that the
following two estimate also hold

HC(n) N < / (Id ® ad K,(,’E) ...ad K,(,Ii))(d[[M(’1)°, m(/z)c]l )

H€||:n,|f|22 0 u nvN/,7

S HK(I3) e ‘ M(h)H ”m(IZ)
liell=n,|€]22 SN HeNIN HeN/I

S Pua )

and
(m) () o ]
HB yum S HK SN/l ‘ o S P (64)
llell=n,1€]22

For the local martingale N we use Lemmas 7.1 and 7.9 to estimate its quadratic variation as follows

1
L= 5, e s o)
T iendmierz2 7 ©-1 .
s / adk(? - -adki™ © adk ™) - ~adk,(,/_k))(d[[m(l1)’m(h)ﬂ)
lell=2m|¢] =41 (O.T] u
I3% i*
s <k N m ] [me ]

llell=2n,|¢] >4
Then it follows once again by the generalized Hélder inequality and the induction basis that

(n) n
”N sown S PmA- (69)
Finally let us treat the term J(" _ First define
z! = sup (max{A }), I={1,...,n=1}
O<u<T
and from(61) it follows that for all / = {1,...,n — 1} it holds
I /
12 goir < 20X ggmn + Pl gpmir < 20X g + NS i gpmir S prane (66)

Then by Taylor’s theorem and Lemma 7.10 we have

|J(n) i O;T ‘n(n)(expN(AXu) exppy (Ku) expy (—Ku_) — 1 = AXy — G(adKu_)(AKu))|
N (|Ax<">) e ]) (|ax(? |+ |acl?)
lell=n.]1¢]1=2 0
< (wxw NN [ [N B RN )
\|f||=n,|\€|>2

Hence it follows by the generalized Hélder inequality that

(m) / Ij (h) (h)
(VL T YO = P .01y (Xl e "L
[IEll=n.]1€]|=2
()
eNIl eNIk
< Pma (67)

where the last estimate follows from (66), (60) and (55).
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Summarizing the estimates (62), (63), (64), (65) and (67) we have
||,_<n>

< HM(H)
HEN/n ~

e

e

oo

~/N/n
o

~4/N/n
e

HEN/n
e

HeN/n

+ HB(n) (68)

~+/N/n 4/N/n ~/N/n ~/N/n
< Puas
which proofs the first part of the induction claim (56). Then it follows form dominated convergence theorem that projecting
(53) to the tensor level n and passing to the k — oo limit yields
k" = [Et(L(T";), 0<t<T.

Since M(™ and N are true martingales (for the latter this follows from (65)), we are able to identify a decomposition

€™ = k(" +m™ al py

al” = —{A(") + %<X°>(”) +B™ v 4 4 J(”)}

m'" = [E(a(T")) - [Et(a(T")), 0<t<T.
Again from the estimates (62), (63), (65) and (67) it follows that

”a(n)““VN/n < an,A

and incase n < N — 1 it follows from the BDG-inequality and Doob’s maximal inequality that

(n) (n) (n) _ (m\ _ (n) n
[ e = ™ = ) o = [ECE) =) < o = Pln
which proofs the second part of the induction claim (57). |

Note that since (X°), V, C and J are independent of the decomposition X = M + A it follows from taking the infimum over all
such decompositions in the inequality (68) that

H(xc>(") + ”B(”) + HV(") + HC(”) + HJ(") < pl (69)
4/ N/n 4/ N/n 4/ N/n 4/ N/n AN/~ x>
foralln € {1,..., N}. The same argument applies to k£ and the estimate (60) and we obtain
(n) n
[0 < P% (70)

foralne{1,...,N—=1}.

Next we are going to show that k satisfies the functional equation (21). Recall that L + k € J%.oc(']a’v). From Lemma 7.11
we have the following equality

t
/ H(adk,)(d(Ly +Kky)) = K¢ — Ko + Ly
0
forallO < t < T, where
— 1 c
L, = H(adk,_){dX, + 5d<x Y, +dV, +dC, +dd, |. (71)
(0,]

From Lemma 7.3 (Emery’s inequality) and the estimates (69) and (70) it follows

(M (2) ool (h) cy(h)
AT ] IO e S
=n
A R DR S BN
4N/ 4/ N/h 4/ N/h
< x>
Hence by Lemma 7.4 it holds

IENsern < X e (72)

Now note that we have already shown in Claim 7.13 that & = kg + m + a, where m € (75”) anda € “V(’]BN) which
satisfies that ||a(™ ||y < coforall n € {1,..., N}. Together with the above estimate it then follows that k + L is indeed a
true martingale and therefore

K¢ = E(ET,,), 0<t<T,

which is precisely the identity (21). O
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